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ABSTRACT

Quantum computing offers novel approaches for solving computationally hard
problems. In this thesis, we present a quantum algorithm based on the quan-
tum simulation of Schoning’s algorithm for solving the 3-SAT problem. We first
introduce the concept of quantum-simulated classical absorbing random walk on
a hypercube and illustrate the idea using Markov chains. Then we describe the
quantum algorithm that is built on the mentioned concept for solving the 3-SAT
problem. The algorithm starts by creating the equal superposition of all assign-
ments to the variables representing the vertices of a hypercube. The next state
is determined by querying the oracle that checks whether a clause is satisfied or
not. Accordingly, one of the variables from an unsatisfied clause is flipped as in
Schoning’s algorithm. The resulting algorithm finds the solution with a probabil-
ity that is equivalent to the expected success probability of Schoning’s algorithm
starting at all possible initial states. The algorithm uses a linear number of qubits
in the number of variables provided that reset is possible and its performance is
demonstrated through several 3-SAT instances. Its performance is compared to
Grover’s algorithm, and the proposed algorithm outperforms Grover’s algorithm

in most cases for the number of gates and depth.
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OZETCE

Kuantum hesaplama, hesaplama agisindan zor problemleri ¢ozmek igin yeni yakla-
simlar sunar. Bu tezde, 3-SAT problemini ¢6zmek igin Schéning’in algoritmasinin
kuantum simiilasyonuna dayanan bir kuantum algoritmasi sunuyoruz. Ilk olarak,
bir hiperkiip iizerinde kuantum simiilasyonlu klasik sogurucu rastgele yiirtiytis
kavramini tanitiyoruz ve bu fikri Markov zincirlerini kullanarak gosteriyoruz. Daha
sonra 3-SAT problemini ¢6zmek i¢in bahsedilen konsept tizerine insa edilen kuan-
tum algoritmasini acikliyoruz. Algoritma, bir hiperkiipiin koselerini temsil eden
degiskenlere tiim atamalarin egit siiperpozisyonunu olusturarak baglar. Bir son-
raki durum, bir tiimcenin karsilanip kargilanmadigini kontrol eden kahin sorgula-
narak belirlenir. Buna gore, bir doyumsuz tiimceden gelen degigkenlerden biri,
Schoning’in algoritmasinda oldugu gibi ters gevrilir. Ortaya ¢ikan algoritma,
tiim olas1 baglangig durumlarindan baglayarak Schoning’in algoritmasinin bekle-
nen basari olasiligina esdeger bir olasilikla ¢oztimii bulur. Algoritma, sifirlamanin
miimkiin olmasi ve performansinin birkag 3-SAT o6rnegi araciligiyla gosterilmesi
kosuluyla, degisken sayisinda dogrusal sayida kiibit kullanir. Performansi Grover’'in
algoritmasiyla kargilagtirilir ve onerilen algoritma, ¢ogu durumda kapi sayis1 ve de-

rinlik i¢in Grover’'in algoritmasindan daha iyi performans gosterir.
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CHAPTER I

INTRODUCTION

Quantum computing offers novel approaches for solving problems that are compu-
tationally hard for classical computers. The most eminent examples can be listed
as Shor’s factoring algorithm [1], and Grover’s search algorithm [2]. Grover’s al-
gorithm provides quadratic speed-up for any classical algorithm that uses brute
force [3], yet there exist quantum algorithms with a better speed-up for particular
problems. Hence, for which problems and to what extent quantum computing will
bring advantage is still a field for investigation. The development of new tech-
niques and tools and exploration of new algorithms are mutually advancing each
other.

The problem of determining whether a logical statement consisting of boolean
variables has a satisfying assignment or not is known as the Boolean satisfiability
problem (SAT) problem. It is the first problem that is proven to be NP-Complete
[4, 5]. k-SAT problem is a special case of SAT where each clause can have at
most k literals. Due to its simplistic nature, a vast amount of research has been
conducted for finding reductions from the other problems to 3-SAT and more
efficient algorithms for the 3-SAT problem itself.

One of the most respected works regarding the k-SAT problem was due to
Schéning [6]. The proposed algorithm suggests randomly creating an initial as-
signment and then creating new assignments with the guidance of the unsatisfied
clauses. A new assignment is created by picking a literal from an unsatisfied
clause and flipping the corresponding variable. After iterating the procedure for
3n times, the probability that a satisfying assignment is found is (%)", where n is
the number of variables. Hence, the algorithm has an expected runtime of O(%n).

An improvement to Schoéning’s algorithm is presented by Hofmeister et al. [7]



through a modification of the initialization step of the algorithm. Instead of start-
ing with a random assignment, some assignments are eliminated depending on
the clauses, improving the expected runtime to ((1.3302"). Extending the initial-
ization idea in [7], Baumer et al. proposed an algorithm with expected run-time
O(1.3290™) [8]. Some other randomized algorithms for 3-SAT following the same
line of work include [9, 10, 11].

One of the first attempts in solving the 3-SAT problem using quantum comput-
ing was due to Ambainis. In [12], Ambainis showed that Grover’s Search provides
quadratic speed-up over Schoning’s algorithm by replacing the classical repeti-
tion with the amplitude amplification procedure [3], thus obtaining a runtime of
O(1.153...™). Barreto et al. replaced the local search in Schoning’s algorithm with
quantum spatial search and combined it with neighborhood search [13]. In addi-
tion, experimental results were provided by simulating the algorithm using parallel
computing. Recent work by Dunjko et al. [14] offers a hybrid algorithm, which
uses less quantum resources compared to [12] and provides polynomial speedup
over Schoning’s algorithm. The algorithm uses a divide and conquer approach,
where the small quantum device comes into play for small instances.

In this work, we introduce a quantum algorithm for the 3-SAT problem that is
obtained by simulating Schoning’s algorithm quantumly. It is an application of the
quantum-simulated absorbing random walk concept we introduce in this thesis.
The idea is to use ‘probabilistic coin flips’ to create mixed states that simulate a
classical random walk. Beginning at an initial superposition of multiple starting
points, the absorbing states are reached with a probability that is equal to the
average of the probabilities of a classical random walk starting at all possible initial
states. We then enhance this idea by incorporating Schoning’s algorithm into the
picture. Basis states represent different bit assignments to the variables and at
each iteration, one of the qubits that correspond to a literal from an unsatisfied
clause is flipped. The resulting quantum algorithm provides the solution to the

3-SAT algorithm with a probability that is equivalent to the expected success



probability of Schoning’s algorithm started at all possible initial states.

We run the algorithm on different 3-SAT instances and demonstrate its per-
formance. The newly proposed quantum algorithm uses a linear number of qubits
in the number of variables, provided that reset is possible in the quantum device.
We also compare its performance with Grover’s algorithm on the number of gates
used and the depth of the circuit. The proposed algorithm outperforms Grover’s
algorithm in most cases for all metrics including the number of gates and depth.

The rest of the thesis is structured as follows. Chapter 2 presents the back-
ground information. Chapter 3 demonstrates the quantum-simulated classical ab-
sorbing random walk algorithm. Chapter 4 proposes the new algorithm for solving
3-SAT problem. In Chapter 5 we discuss our results. Finally, we conclude with

Chapter 6 and give insights on future work.



CHAPTER 11

BACKGROUND

This chapter will cover the topics necessary to follow up on this work including a
brief introduction to quantum computing, Qiskit, the 3-SAT problem, and random

walks.

2.1 Quantum Computing

We will cover quantum computing concepts in this section. For further informa-
tion, we the refer reader to [15].

Classical computation utilizes bits to store information. A bit can exist in one
of the states, either 0 state or 1 state. On the other hand, quantum computers store
information in quantum bits, also known as qubits. A qubit has many different
features from a bit however, one of the main reasons that they differ from each
other is called superposition. The state of a qubit in superposition is described
by a linear combination of the states 0 and 1. However, whenever it is observed,
it is either in a 0 or a 1 state. Despite that, operations performed on the qubit
in superposition prior to observation may affect the probability of 0 or 1 being

observed when the qubit is measured.
2.1.1 Qubit

State 0 is represented as |0) and state 1 is represented as |1) in quantum computa-
tion. This notation is also known as the Dirac notation. A qubit can be expressed

as

W) = ]0) + B [1)

where o and 3 are complex numbers called the amplitudes. In this notation, the

absolute squared value of the amplitude is equal to the probability of observing



the state, therefore, the equation |a?| + |3%| = 1 must hold since the sum of the
probabilities must be equal to 1.

A qubit can be also thought of as a two-dimensional unit column vector.

(07

B

) =

Hence, ket notation |.) represents a column vector. One can use the bra notation

(.| to represent the complex conjugate transpose of the vector. For example,

(Y| = l o f* ] :
We use (1|¢) to represent inner product and |¢) (1| to represent outer product
of vectors.
The inner product of any given quantum vector is equal to 1, therefore, we can
state that the norm of any quantum vector is 1. The inner product is calculated

as follows.

(V|g) = { U1 o } : o = Y191 + Va2

2

For any given quantum vector, the inner product must be equal to 1. Below you

can see the outer product calculation representation.

b1 G191 P1¢o
’ { 1 Yy } =
o G211 Do

2.1.2 Mixed States

Quantum states described above are also known as pure states. Pure states are
represented by ket vectors and satisfy all the mentioned properties. Suppose that
we prepare the quantum state |1)s) with probability ps. What we end up with is a
mixed state, which is a statistical ensemble of the pure states [1)s). A mixed state

can be expressed using a density matrix p which is obtained as follows:



p= Zps |77Z}s> <¢s| (1)

2.1.3 Multiple Qubit Systems

A multiple qubit system represents the system that is obtained by combining
multiple single qubit states. We express the resulting state mathematically using
the tensor product. Let [10) = a1]0) + b1 |1) and |¢) = a2 |0) + be |1). The tensor

product of the states |1)) and |¢p) can be expressed as follows:

1) @ [¢) = (a1|0) + b1 [1)) ® (a2 [0) + b2 |1)) (2)

= a1a2 |00> + Glbg ’01> + b1a2 ’10) + blbg |11> . (3)

The symbol ® is often omitted.
In a multi-qubit system that consists of n qubits, there are possible 2™ basis

states and the corresponding state vector has 2" entries.
2.1.4 Evolution

The evolution in quantum systems is linear. Quantum operators, which are square
matrices, must preserve the norm of a given input vector and they need to be
reversible due to the law of quantum mechanics. For an operator to be reversible,
one should be able to tell the input of the operator just by looking at the output.
For example, the classical AND operator is not a reversible operator, because we
can not tell what the input was certainly when the given output is 0. The matrices
corresponding to the quantum operators are known as unitary matrices. A matrix

is unitary if;

UUt=UU =1 (4)

where UT refers to the conjugate transpose of U.



2.1.5 Quantum Circuit Model

The quantum circuit model is very similar to classical circuits. The main difference
is that the quantum circuit model uses quantum logic gates to perform operations.
Quantum gates are different from classical gates. However, we are in need of
classical gates more than often because most of the problems we are trying to
solve are constructed using classical logic. But it is possible to emulate the effects
of classical gates by using quantum logic gates.

As mentioned above, quantum computers are not designed to store information
in the same way as classical computers. Therefore, a different set of gates is needed
to manipulate and use information in quantum computing. FEach and every one of
them can be represented by unitary matrices. We will be discussing some of the

fundamental gates, and demonstrate their matrix representations.
2.1.5.1 Hadamard Gate

Hadamard gate can be used for creating an equal superposition of the basis states.

2.1.5.2 Pauli-X Gate

The Pauli-X gate or X gate is a single-qubit rotation through 7 radians around

the x-axis. It is the NOT operator which maps state |0) to |1) and vice-versa.

2.1.5.3 Pauli-Y Gate

The Pauli-Y gate or Y gate is a single-qubit rotation through 7 radians around

the y-axis.



2.1.5.4 Pauli-Z Gate

The Pauli-Z gate or Z gate is a single-qubit rotation through 7 radians around the

Z-axis.

2.1.5.5 CNOT Gate

CNOT gate requires two qubits to be performed. One qubit would be the control
qubit while the other one would be the target qubit. A Pauli-X gate is performed

on the target qubit if the control qubit is in state |1).

1000
0100
CNOT =
0 001

0010

2.1.5.6  Toffoli Gate

Toffoli gate is also known as Controlled Controlled NOT gate (CCNOT), it is
similar to the CNOT gate, however, 3 qubits are needed to perform this operation.
The first two qubits are control qubits and if both are in state |1), a Pauli-X gate

is performed on the third qubit.
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2.1.5.7 Multi-Controlled Gate Structures

Any of the given gates above can be implemented in such a way that they are
controlled by multiple qubits. An example of a multi-controlled NOT gate can be

seen in Figure 1.

| ||
.

I

Figure 1: Exemplary multi-controlled NOT gate, where |g3) is the target qubit.

2.2 Qiskit

Qiskit is an open-source framework for quantum computing provided by IBM
[16]. Qiskit allows users to benefit from both IBM quantum computers and the
simulator. Real quantum computers currently involve noise and they are limited
in the number of qubits and connectivity. IBM quantum computers have a certain
set of basis gates so that any quantum circuit is decomposed into that set of gates

before it is run on the machine. This process is also known as transpilation.



2.3 3-SAT Problem

A logical formula is said to be in Conjunctive Normal Form (CNF) if it is expressed
as a conjunction of clauses, where each clause is a disjunction of literals, each
literal being either the variable itself or its negation. Deciding if there exists
an assignment to the literals that make the logical formula true is known as the
satisfiability problem (SAT).

3-SAT is a derivative of SAT problem where each clause is in CNF form and
contains exactly 3 literals. 3-SAT is especially interesting since it is the derivation
of SAT which is NP-hard with the lowest number of literals in a given clause.
An instance of the 3-SAT problem consists of n variables xg,x1,...,2,_1 and k
clauses. Given 4 variables xg, x1, 9, x3, below is an example of a 3-SAT instance

with 3 clauses.
(ZEO V T V ZL‘3) N (l’o V —T9 V _|J}3) VAN (_‘l’o V -1 V _|JZ2)

2.4 Random Walks

In this section, we will describe the idea of simulating a classical absorbing random
walk on a hypercube using a quantum circuit. We will start with some background

information on classical random walks and quantum walks.
2.4.1 Classical random walk

Consider an n-dimensional hypercube with 2" vertices, whose vertices are labelled
by z125 ... x, where z; € {0,1}. Two vertices z and y are connected iff > | |z; —
y;| = 1, that is, if their Hamming distance is equal to 1. Now let’s consider a
random walk on this hypercube. Beginning at some initial vertex x;, a particle
moves to one of the neighboring vertices with probability 1/n. We are particularly
interested in absorbing random walks. A node x; of the graph is an absorbing state
if given that the particle is at z; the probability that it stays at z; is equal to
1. Suppose there is a single absorbing state, and the random walk starts at the

vertex 0. It is proven that the expected time until the particle reaches one of

10



the absorbing states for a symmetric random walk on an n-dimensional hypercube
which is known as the absorbing time is ©(2") and that is independent of the

location of the absorbing vertex [17].
2.4.2 Quantum walk

The randomness of Quantum walks is caused by a different reason from the clas-
sical random walks. The reason for the randomness of the classical random walk
is the probability of reaching the next given state. Whereas the randomness in
quantum walks is mainly caused by the superposition of the states. Quantum walk
is not within the scope of this work, this section is mentioned for completeness.

Discrete-time quantum walks (DTQWSs) introduced by Ahoronov et al. [18] are
the quantum analogues of the classical random walks. Each vertex corresponds to
one of the basis states of the quantum circuit. Single step of a DTQW is defined
by U =S5"-(C® I) where C is the coin operator and S is the shift operator. The
coin operator is responsible for determining the direction of the walk. Selecting
C' as the Grover’s diffusion operator [2] which is defined as 2|¢) (¢)| — I where
) = \/Lﬁ S [i), one obtains symmetric DTQW on the hypercube [19].

There are different ways to define absorbing time for quantum walks. In [19)],
absorbing time is defined as the probability that the absorbing vertex is eventually
reached divided by the expected time to eventually reach the absorbing vertex.
Through numerical simulation, it is shown that the absorbing time grows as n'?,
exponentially faster than the classical walk when 1" is the absorbing vertex.

The idea of symmetric DTQW is used to define a search algorithm on the n-
dimensional hypercube where one of the vertices is marked, and the coin operator
works as an oracle, behaving differently on marked and unmarked vertices [20].

The proposed algorithm makes O(+/2") queries to the oracle.

11



CHAPTER III

QUANTUM-SIMULATED CLASSICAL ABSORBING
RANDOM WALK

We will now consider the classical random walk algorithm implemented using a
quantum circuit. We again assume that the vertices of the graph are represented
by the basis states of the quantum circuit. For an n-dimensional hypercube, we
construct a circuit with n + 1 qubits where qubits qo, q1, ..., ¢,_1 represent the
vertices and ¢, is the output qubit. We suppose that the oracle function f,(-)
takes as input a basis state and outputs 0 if the input state represents the marked
vertex w, and 1 otherwise. f,(-) can be also called with a state in superposition.

The algorithm is presented below.

Algorithm 1 Quantum-simulated classical absorbing random walk

Input: Oracle function f,
Generate an equal superposition of 2" states
Repeat
Gn ¢ ful0, @1, - Gn-1)
y < random integer between 0 and n — 1
CNOT(gn, qy)

Let us investigate the steps of the algorithm in more detail. We start with the
initial state |0)®", apply the Hadamard operator to each input qubit, and obtain

the following state:

2" —1

) = jQ_nZu 0). (5)

Now we run the oracle function to check if the vertex is marked or not. This

results in the following state:

2m—1

w) ﬂ_nZwa , (6)

where f,,(7) is 1 if 7 is not the marked vertex and 0 otherwise.

12



At this stage, we apply a CNOT gate controlled by the output qubit, where
the target qubit is picked randomly using a probabilistic coin flip. Let us illustrate

it through an example. Suppose that n = 2 and 11 are the marked vertices.
1
1) = 5(100) 1) + [01) [1) + [10) [1) + [11) [0)) (7)

Assume that the first qubit is picked randomly. We apply CNOT and obtain the

following state:

V) = %(|10> 1) + [11) [1) +00) [1) + [11) 0))

1 1 1 10) + |1>>
=-100) ® 1) + = [10) ® |1) + —= [11) @ | ——=—+ 8
510 @)+ 310 e )+ s e (P )
After applying CNOT, we reset the output register. Note that the probability of
measuring state [11) has increased from 1 to 3.

The procedure can be summarized with the Markov chain given in Figure 2.
Note that |11) is the absorbing state in this example. The states of the Markov
chain are the different superpositions of the quantum state of the circuit. The
transitions between the states take place as a result of the random coin flip. The
initial state is the equal superposition state of the input register. Then with prob-
ability %, NOT gate is applied to either the first or the second qubit if the state is
not |11). The amplitude of |11) increases or stays the same after any transition.
Note that the described procedure above is different from the traditional DTQW
that was explained previously. There are no additional coin states, and the evo-
lution is taking place in mixed states. The key driver of the walk is the existence
of the absorbing state.

In general, after the application of the first CNOT, the overall state |¢;) of the

quantum circuit can be expressed by the following mixed state:
2

p=> % |014) (Dral, (9)

i=1
where |¢11) = 3 [10) + 3 |00) + \% 11) and |¢12) = 5 (01) + 3 |00) + \/Li |11). After

the second step, the state is expressed as
4

1
P2 = Z Z ‘¢2,i> <¢2,i|7 (10)

i=1

13



1/2

1 1 1 1
=100y +=|01) + =[10) + =[11
2100} + 2101y + 5]10) + 7{11)

1/2

=110y + =]00) + —|11
S110) + 2100} + —[11)

V2

1/2

1/2

1/2

1 1 ‘/17

2

V3

1
Z100) + —
2100+

111)

V3

1
=101y + —|11
-1

Figure 2: Markov chain representation of the quantum-simulated classical absorb-

1/2

ing random walk procedure.

where |¢g 1) =

3100) + 5 [11) and [¢2.4)

If we generalize it to the case of n-dimensional hypercube, after step ¢, the

1115

state of the system is expressed by

nt

3110) + 3 [00) + 5 [11), [22) =
1110y 4 2 [11)

1/2

1
—|10) +
5110)

V3

—11
i)

1/2

3101) + 5 [11), [én3) =

1
pe= 7 |9na) (Duil-

i=1

1101) +

(11)

Each |¢;;) represents the state that can be reached as a result of the random
moves of the particle on the n-dimensional hypercube with [1%") as the absorbing
state, given that it starts in the equal superposition state.

On an n-dimensional hypercube, the classical random walk can start from any

14
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Figure 3: Probability that the absorbing state is reached after each iteration for
the quantum-simulated classical absorbing random walk. The bottom of each
shaded area corresponds to the classical random walk started at the initial state
0™, which is the worst-case scenario. The marks correspond to the average case.

one of the 2" states and the initial state plays an important role. For instance,
starting in state 00, it is not possible to reach state 11 after 1 step but starting
in state 10, the probability to reach state 11 is % after one step. The quantum-
simulated classical random walk simulates the classical random walk started in
different initial states simultaneously. Assuming that the marked state is |1)*"
and the computation starts in the equal superposition state, the probability to
observe state |1>®" after ¢ steps is exactly equivalent to the probability of observing
1" averaged over all possible initial states after ¢ steps. We will use the term
expected probability to refer to the average probability of reaching a particular
state using classical random walk, considering all possible initial states. In general,
the diagonals of the density matrix corresponding to the mixed state p, give the
expected probability to reach each state after t steps.

The idea discussed above is plotted in Figure 3. The bottom of each shade
denotes the probability to reach 1™ when the initial state is 0™ in a classical random

walk, corresponding to the lowest probability. Note that the largest probability

occurs when the initial state is 17, i.e. the trivial probability of 1 and this is not

15



depicted in the figure. The marks on the graph depict the probability to observe
|1)®" using the quantum-simulated classical absorbing random walk, which also
corresponds to the expected probability for the classical walk. Hence, we can
conclude that using this approach where the main ingredient is superposition, we
can simulate all branches of a probabilistic random walk simultaneously using a

quantum circuit.
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CHAPTER IV

A QUANTUM ALGORITHM FOR THE 3-SAT
PROBLEM

In this chapter, we will describe a quantum algorithm for solving the 3-SAT prob-
lem, inspired by the random walk approach discussed in the previous section and

Schoning’s algorithm.

4.1 Schoning’s algorithm

Schoning’s algorithm [6] can be viewed as an improvement to the classical ab-
sorbing random walk on the hypercube. In the classical random walk, each step
is taken randomly. This corresponds to flipping the value of one of the literals
at random. In Schoning’s algorithm, first, a clause that is not satisfied by the
assignment is picked, and then a literal from that clause is flipped. The algorithm

is presented in Algorithm 2.

Algorithm 2 Schoning’s algorithm [6]

Input: A 3-SAT instance ¢ with n variables and k clauses
Guess an initial assignment a € {0, 1}"
Repeat for 3n times:

if ¢ is satisfied then

Stop

C <« a clause not satisfied by the assignment

x < a random literal from C

Flip value of x

Given a 3-SAT instance, let a* be the satisfying assignment. Schoning’s algo-
rithm can be viewed as a Markov chain whose states are labeled by the particular
state’s Hamming distance to the solution. There is a designated start state from
which there is a transition to state j with probability (?)2*", representing the ini-
tial random assignment. Suppose that state 0 is the absorbing state corresponding

to the solution. Then from each state j, there is a transition to state j — 1 with

17



1

5, and to state j + 1 with probability at most % The proba-

probability at least
bility that the satisfying assignment is reached in 3n steps is greater than or equal

471
t03.

4.2  Quantum-simulated classical absorbing random walk
algorithm for 3-SAT

Combining the quantum-simulated absorbing random walk approach with Schoning’s
algorithm, we present the quantum algorithm in Algorithm 3. What we end up
with is a quantum simulation of classical Schoning’s algorithm, where instead of
a single initial state, all possible initial states are simulated simultaneously. We
have a small improvement over Schoning’s algorithm when selecting the randomly
flipped bit, as we keep a list of random selections to avoid the same clause to be
selected again as long as there are clauses that are not selected yet.

We start with an equal superposition of assignments to the variables and follow
the idea in Schoning’s algorithm. f, is the oracle function that returns 0 if the
clause C, is satisfied and 1 otherwise. Given a 3-SAT instance with n variables, we
will use the n-qubit register to represent the variables and a single qubit output

register to store the output of the oracle function.

Algorithm 3 Quantum-simulated Schoning’s algorithm

Input : A 3-SAT instance with n variables and k clauses
Generate an equal superposition of 2" states
Tlist < [ ]
Repeat:
r <— random integer between 1 and k not in 74
Tyist-append(r)
Qn < fr(q07 qi, - .- 7Qn—1)
x + random literal from C,

CNOT(¢n,q2)
if length(ry;s) = k then
Tlist < [ ]

reset g,

Let us investigate the steps of the algorithm in more detail. We start with the

initial state |0)®™ and apply Hadamard operator to each input qubit and end up
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with the following state:
2n—1

W) = Z /i) 10 (12)
In the next step, a random clause C’r Wthh is not previously selected is picked

and it is checked whether the variable assignment represented by ¢ satisfies C,. or

not, and this information is stored in the output register.
n—1

Here f,(i) = 1 if the assignment ¢ does not satlsfy C, and 0 otherwise. Next, we

randomly pick one of the variables that appear in C, and apply a NOT operator
to the corresponding qubit controlled by the output register. The output register
needs to be reset and then the same procedure is repeated by picking another clause
randomly. Note that resetting is available in some of the quantum processors like
those provided by IBM, but alternatively, one can use a new qubit for the next
iteration. It is important to note that once all the clauses are picked at least once,
then the picked clause list is reset and the same clauses start to get picked again.

Let us express the state of the system using mixed states approach as in Section
3. In this discussion, we will not consider the steps in which no variable is negated.
The qubit on which the NOT gate will be applied depends on the chosen clause
and a clause is chosen randomly at each step. Hence at the first step, it is possible
to apply NOT gate to one of the qubits in set k1 = {q1,¢2, ..., qx, }- Note that the
probabilities may not be equal as the same variable may be shared with different
clauses, leading to a higher probability of negation for the corresponding qubit.
The general state of the system after the first application of the NOT gate is given
by

1]

P11 = Zpl,i |¢1,i> <¢1,z‘|, (14)
i=1

where py ; is the probability that qubit ¢; is negated at step 1 and |¢; ;) is the state
reached after ¢; is negated at step 1. Based on the the probabilistic choices taken

at each step, the state of the system after ¢ steps will take the form

|k1llm2l-|me]

Pt = Z Pt |¢tz> <¢tz’ (15)

i=1
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Note that there are |k1||x2|- - |x¢| possible probabilistic choices until step ¢ and
pri denotes the probability of each. Here |¢;;) is the state reached at step t, as
the result of the probabilistic choice enumerated by <.

Now let us consider classical Schoning’s algorithm. Let P(a,t,s) denote the
probability of observing state s at time ¢ given that initial state is a. This prob-
ability would be alternating within a range between [0, 1]. If we were to simulate
Schoning’s algorithm starting from all possible one of the 2" states, we would ob-
tain the following expression for the expected probability of reaching state s at

time ¢:

Plt,s) = 5o 3 Pla,t,s). (16)
This expression also coincides with the probability to reach any given state s using
the quantum-simulated Schoning’s algorithm, since we start in equal supeposition
of all 2" basis states. Hence, the diagonal entry of the density matrix p; corre-
sponding to the solution of the 3-SAT instance equals the average probability that
the solution is obtained using Schoéning’s algorithm after ¢ steps (where clauses
are selected randomly at each step and selected clauses are appended to a list as
in the algorithm we proposed) started with all possible initial assignments to the

variables.

4.3 Implementation details

We utilised Qiskit [16] quantum programming framework provided by IBM to
implement the proposed 3-SAT algorithm. The code is available at [21]. Now we
will give the implementation details of the different components of the algorithm.

Let us consider how one can verify whether an assignment to the variables is
satisfying or not for a clause by a quantum circuit, which we call the clause oracle.

We will demonstrate the idea using the following 3-SAT instance:
(IEO V -1 V 513'3) N (1’0 vV T2 \Y _|£L’3) A ("iL‘o V -1 V _|.T2) (17)

The circuit given in Fig. 4 demonstrates the oracle function for the first clause.
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Figure 4: The oracle circuit sets |q4) to |1) if the clause is not satisfied and to |0)
otherwise.

The oracle function imitates the clause by applying NOT operators to the
variables that are actually negated in the clause. Then, the function applies a
NOT operator to the variables that are present in the clause it is inspecting.
Later it performs a multi-controlled NOT operation to qubit g4 with three control
qubits. This series of operations can be thought of as the OR operation in classical
computation. We uncompute by applying back the NOT operators to the variables
that were initially negated. Finally, we apply a NOT operator to g4 to output 1 if
the result of the OR operation is 0, indicating the clause is not satisfied.

The random flip circuit given in Figure 5 aims to flip a random variable that is
present in the clause if the current assignment is not satisfying. |g4) is used as the
control qubit for the CNOT operator with the target qubit being the randomly
chosen variable from the clause. Finally, we apply a reset operation to have ¢, as
a usable qubit in the upcoming iterations. Note that to avoid reset, one needs to
use new qubits at each application of random bit flip.

Oracle circuits constructed using the idea described above are repeated for
randomly picked clauses, aiming to find and correct the unsatisfied clauses. It is
important to mention that the random bit flip circuit is only a demonstration as
we do not know which variable will be flipped beforehand as it is picked randomly.
The circuit given in Figure 6 shows the general structure. The oracle function
described in 4 will be denoted O and the random bit flip circuit given in Figure

5 will be denoted by R and they are applied for m times where m denotes how
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N>

0) -

Figure 5: Random flip circuit flips the value of a qubit controlled by |g4) and then
resets |qq).

many times this process will be repeated.

y
D B B A

Figure 6: General structure of the circuit for solving the 3-SAT problem.

Assuming that the reset operation is available, the algorithm uses n + 1 qubits
where n is the number of variables. To implement multi-controlled NOT operation,
the ancilla-free approach may be used from [22]. In this case, the depth of the
circuit is O(nm), and the number of required gates is O(n?*m). If one uses O(n)
ancilla [23], then the number of qubits will be still linear in the number of variables,

and the circuit will have depth O(mlogn) and use O(nm) gates.
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CHAPTER V

RESULTS

In this chapter, we present the results obtained by running the proposed algorithm
on 3-SAT instances. We generated 50 different 3-SAT instances with a variety of
n and k values, n ranging from 3 to 7 and k ranging from 3 to 13. 10 instances
are generated for each n value. All of the results are obtained using the Qiskit
simulator. In Table 1, the ratio of the number of satisfying assignments to the
whole space 2" is listed together with the number of iterations required to achieve
90% accuracy for some of the instances. The selected instances are picked so that
we can demonstrate the importance of the satisfying ratio and how it is related to
both n and k values. The information regarding the remaining instances can be
found in the appendix.

The accuracy of the proposed algorithm increases with the number of iterations
as expected. Figures 7(a)-7(e) demonstrate the change in accuracy with respect
to iterations for different instances. An instance that reaches the goal accuracy
fast and another that reaches slowly is chosen for demonstration purposes for
each n value. Each experiment is repeated 40 times and the results are averaged.
The initial accuracy depends on the specific instance i.e., the ratio of satisfying
assignments has a huge impact on how quickly the solution is found. Figure 7(f)
demonstrates the number minimum and maximum iterations needed for different
n values to reach 90% accuracy. Also, the figure illustrates that different iterations
might be needed for the same n value.

Table 1: Satisfying assignment ratio and the number of iterations needed to reach
90% accuracy for each 3-SAT instance.

(m, k) [(3,3)](3,6)]|(4,6)|(4,10) (57 ]| (5 10) | (6,8) | (6,12) | (7,9) | (7, 13)

Ratio 0.62 0.25 0.50 0.38 0.44 0.34 0.31 0.36 0.33 0.28

Iterations 3 26 3 8 10 18 19 12 8 26
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Figure 7: In Figures (a)-(e), the change in accuracy with respect to the number
of iterations is given for instances with different n values. The accuracy values
are calculated by taking the average of 40 distinct calls to the algorithm. Among
10 instances for each n, two of the instances are picked for visualization. Figure
(f) illustrates the minimum and maximum steps needed to reach %90 percent
accuracy for different n values.

The iteration count increases depending on how hard it is to find a satisfying

solution and increases as n increases as can be seen from Table 1. The ratio value

demonstrates the possibility of finding a satisfying assignment with a random



guess. As n increases, the probability of finding a satisfying assignment by a
random guess decreases as well, which is the main factor determining the required
number of iterations. This is evident as different number of iterations are required
for instances with the same n values.

The proposed algorithm uses an oracle to check whether each clause is satisfied
or not. Another oracle-based approach for solving the 3-SAT algorithm is Grover’s
search algorithm. Proposed by Lov Grover [2], Grover’s search algorithm solves
the following problem: Given a function f : {0,1}" ~— {0,1}, it finds out the
inputs x for which f(z) = 1. The function f is the oracle. One can think of the
domain of f as the search space, and those inputs x for which f(z) = 1 as the
marked elements or the solutions. For instance, in the case of the 3-SAT problem,
the search space consists of assignments to the binary variables, and the oracle
checks if an assignment is satisfying or not and returns 1, iff it is a satisfying
assignment. Given that there are N = 2" elements in the search space, Grover’s
algorithm requires O(\/N ) queries to the oracle and provides quadratic speedup
compared to the best classical algorithm for the task.

Grover’s algorithm consists of 2 phases implemented by oracle and diffusion
operators. For the oracle, we allocate n qubits to cover each variable. For each
clause i, the clause oracle O; is applied where the target of the multi-controlled
NOT operator is the n+4’th qubit. Finally, a multi-controlled NOT operator with
the controls on the k qubits, and the target as the output qubit is applied. To
change the sign of the marked elements, 7Z gate is applied on the output qubit.
The multi-controlled NOT operator can be implemented using k£ — 1 ancilla or no
ancilla at all; however, note that the no-ancilla version requires more gates and
depth. Depending on which implementation is used, we end up with a circuit
using n + k + 1 and n + 2k — 1 qubits respectively, but let us note that more
efficient oracle construction might be possible.

The diffusion phase is implemented through the standard application of Hadamard

gates, NOT gates, and multi-controlled Z operator. Multi-controlled Z operator
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is implemented by applying Hadamard to the target qubit, multi-controlled NOT,
and applying Hadamard again. Based on the choice of Multi-controlled NOT
operator, we again end up with two possible implementations.

We implemented Grover’s algorithm using both the ancilla and no-ancilla ver-
sions of the multi-controlled NOT operator and compared them both with each
other and with the proposed algorithm. One of the implementations needs an ex-
cessive amount of qubits to perform, whereas the other demands more gates and
circuit depth. One could alternate between those two implementations to perform
most efficiently in different scenarios. For the sake of demonstration, we have kept
all of our instances within the qubit need of the highest demanding algorithm.
However, it is important to mention that the proposed algorithm utilizes much
less qubit resources compared to both implementations of Grover’s algorithm. Our
algorithm demands n+ 1 qubits to perform in Qiskit, whereas Grover’s implemen-
tations demand n + k + 1 and n + 2k — 1 respectively. We transpiled the circuits
using the basis gate set of {Id, R, S,, CNOT,NOT}, which is the set of basis gates
used by IBM quantum computers [24]. Under these circumstances, the algorithms
are run until reaching %90 accuracy and the depth and gate count comparison of
the algorithms can be seen in Table 3. We have chosen those ten instances to be
able to demonstrate the importance of the k value with a given n value and also,
the importance of the n value itself. The gate count represents the count of the
CNOT gates since they are the ones that heavily affect the performance of the
circuit.

It is safe to assume that Grover implementations can slightly outperform the
proposed algorithm when the initial success ratio is too low. (The ratio of satisfy-
ing assignments can be found in Table 1). However, in most cases, the proposed
algorithm outperforms both implementations of Grover’s algorithm for each met-
ric. In addition, we can see that both implementations of Grover’s algorithm need

dramatically more resources for some particular instances. That is related to the
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Table 2: Circuit depth and the number of CNOT gates are compared for the
proposed algorithm and the two different implementations of Grover’s algorithm
for reaching %90 accuracy.

Proposed Algorithm | Grover (No ancilla) | Grover (Ancilla)
(n, k) | Depth | #CNOT | Depth | #CNOT | Depth | #CNOT
(3, 3) 116 35 372 192 259 96
(3, 6) 645 196 486 266 277 102
(4, 6) 116 35 2009 1096 1039 432
(4, 10) 231 70 9288 o478 1357 240
(5, 7) 277 84 3815 2100 1577 660
(5, 10) 346 105 3134 1848 434 186
(6, 8) 484 147 1196 696 345 156
(6,12) | 323 98 32927 19704 1309 684
(7, 9) 231 63 1969 1204 371 180
(7, 13) 645 196 21349 12836 1847 1008

needed iteration count in Grover’s algorithm, which depends on the ratio of sat-
isfying assignments. The main advantage of the proposed algorithm results from
the oracle construction which checks whether a single clause is satisfied at a time,
instead of checking the whole instance.

Finally, it is important to mention one major flaw of Grover’s algorithm, re-
garding the 3-SAT problem. If the initial satisfying ratio is approximately %50,
Grover’s algorithm can not improve the accuracy. No matter how many iterations
are run, the result will be approximately %50. Whereas the proposed algorithm
does not have such constraint, and would reach the aimed accuracy value, regard-
less of the initial satisfying ratio, given the necessary amount of resources. The
first instance with n = 4 and k = 6 values that can be seen from Appendix A is
an example to this situation. One can read how many iterations are needed to
reach %90 accuracy using the proposed algorithm. However, it is not possible to

reach that accuracy with Grover’s algorithm.
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CHAPTER VI

CONCLUSION

To conclude, in this work we have proposed a quantum algorithm to solve the 3-
SAT problem which is based on parallel simulation of Schoning’s algorithm using
a quantum circuit. We first presented a quantum circuit to simulate classical
absorbing random walk on the hypercube. Combining the proposed approach with
Schoning’s algorithm, we presented the algorithm for solving 3-SAT. We simulated
the algorithm on different 3-SAT instances and the results were promising as high-
accuracy solutions were obtained using a small amount of resources. Also, it is
observable that the proposed algorithm performs better than Grover’s algorithm
with respect to gate count and circuit depth for the same accuracy levels.

For the future work, we would like to compare the proposed algorithm with

different quantum-based algorithms and observe how it can perform against them.
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APPENDIX A

ALL TEST CASES AND GENERATED RESULTS FOR
THE PROPOSED ALGORITHM TO REACH %90
ACCURACY

Table 3: Satisfying assignment ratio, the step count to reach %90 percent accuracy,
depth of the circuit and the number of controlled NOT gates used are reported
for each generated instance.

(n, k) | Ratio | Step | Depth | #CNOT (n, k) | Ratio | Step | Depth | #2CNOT
(3, 3) 0.625 5 116 35 (5,9) 0.34 16 369 112
(3, 3) 0.625 4 93 28 (5,9) 0.34 15 346 105
3,4 | 05 11 254 77 (5,9) | 031 15 346 105
3,4 | 05 6 139 2 (5,10) | 0.34 20 461 140
(3,5) | 0.38 16 369 112 6,8 | 031 21 184 147
(3, 5) 0.38 18 415 126 (6, 8) 0.34 15 346 105
(3,6) | 025 28 645 196 6,9 | 037 21 553 168
(3, 6) 0.25 29 668 203 (6, 9) 0.33 18 415 126
(4, 6) 0.5 5 116 35 (6, 10) 0.30 19 438 133
(4, 6) 0.56 6 139 42 (6, 10) 0.38 15 346 105
4,7) 0.38 13 300 91 (6, 11) 0.28 22 507 154
(4, 7) 0.44 10 231 70 (6, 11) 0.44 10 231 70
(4, 8) 0.44 8 185 56 (6, 12) 0.36 14 323 98
(4,8) | 038 11 254 77 (6,12) | 0.30 21 184 147
(4,9) | 038 9 208 63 (7,9 | 033 10 231 70
(4,9) | 0.44 9 208 63 (7,9 | 0.39 9 208 63
(4, 10) 0.38 10 231 70 (7, 10) 0.38 10 231 70
(4, 10) 0.38 10 231 70 (7, 10) 0.32 18 415 126
(5, 7) 0.44 12 277 84 (7, 11) 0.28 21 484 147
5,7) 0.31 15 346 105 (7, 11) 0.37 12 277 84
(5,7) | 0.44 8 185 56 (7,12) | 023 29 668 203
(5,8) | 0.34 16 369 112 (7,12) | 0.24 23 530 161
(5, 8) 0.47 8 185 56 (7, 13) 0.28 28 645 196
(5, 8) 0.34 16 369 112 (7, 13) 0.23 24 553 168
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