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ABSTRACT

EXTREMAL PROBLEMS ON BERGMAN SPACES Al
AND BESOV SPACES

Alper Bala
M.S. in Mathematics
Advisor: Hakk: Turgay Kaptanoglu
May 2022

Extremal problems in different function spaces have long been investigated. Fer-
guson provides a method, using Bergman projections, to solve certain types of
the extremal problems in Bergman spaces for 1 < p < oo in his work [3]. Later
the method is extended to weighted Bergman spaces for 1 < p < oo in [13]. Now,
we extend this method to the p = 1 case. The two cases differ in the structure
of Bergman projections and dual spaces. First, we define some function spaces,
namely weighted Bergman spaces, the Bloch space, Besov spaces, and show the
usage of Bergman projection on these spaces. Then, we find some conditions to
ensure the existence of unique solutions for extremal problems. Later, we use
Bergman projection to find a candidate function for the solution in the p = 1
case, and we prove that the candidate function is the solution if it never attains
the value 0. Finally, under special conditions, we solve a similar problem in Besov
spaces.

Keywords: Weighted Bergman spaces, extremal problems, Besov spaces, Bergman
projections, Bloch space.
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OZET

Al BERGMAN UZAYLARI VE BESOV UZAYLARINDA
EKSTREMAL PROBLEMLER

Alper Bala
Matematik, Yiiksek Lisans
Tez Danmigmani: Hakk: Turgay Kaptanoglu
Mayis 2022

Ekstremal problemler, uzun siiredir farkli fonksiyon uzaylarinda incelenmistir.
Ferguson [3]'teki ¢aligmasinda, 1 < p < oo i¢in Bergman uzaylarinda, Bergman
izdligiimlerini kullanarak 6zel formdaki ekstremal problemleri ¢ozmek igin bir
yontem geligtirmistir. Sonra, bu yontem [13]teki ¢alismada yine 1 < p < oo ol-
mak tlizere agirlikli Bergman uzaylarina genellestirilmistir. Simdi, biz bu yontemi
p = 1 durumuna genelliyoruz. Bu iki durum Bergman izdiigiimlerinin ve dual
uzaylarmin yapisinda ayrigiyor. Once fonksiyon uzaylarimiz olan Bergman, Bloch
ve Besov uzaylarini tanimliyoruz ve Bergman izdiigtimiiniin kullanimini gosteri-
yoruz. Ardindan, ekstremal problemimizin bir tek ¢oziimiiniin varligin1 saglamak
icin gerekli kogullar1 buluyoruz. Sonrasinda, Bergman izdiigiimiinii kullanarak
p = 1 durumu igin ¢oziimiimiize bir aday fonksiyon buluyoruz ve eger bu fonksiyon
hichir zaman 0 degerini almiyorsa gercekten de onun ¢oziim oldugunu gosteri-
yoruz. Son olarak, ozel sartlar altinda, benzer bir problemi Besov uzayinda

¢OzZUyoruz.

Anahtar sozcikler: Agirlikli Bergman uzaylari, ekstremal problemler, Besov
uzaylari, Bergman izdiigtimleri, Bloch uzay.
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Chapter 1

Introduction

Extremal problems and the solutions of the extremal problems play important
roles in complex analysis. These problems have long been studied in different
function spaces. Various authors studied extremal problems in Hardy spaces
such as Rogosinski and Shapiro [11] or Khavinson [9]. More recently, extremal
problems have been investigated in Bergman spaces AP; for example, Hedenmalm
[4] studies zero sets of Bergman functions using extremal problems. In this thesis,
we will study extremal problems on weighted Bergman spaces and Besov spaces.

In [3], Ferguson uses Bergman projections and the representations of the linear
functionals in the dual space. By doing that the author can find solutions to
specific types of extremal problem in Bergman spaces for p > 1. In [13] this
method is generalized to weighted Bergman spaces and to points other than the
origin. However, these results can be further generalized to the p = 1 case with
modifications. The dual space of the Bergman space when p = 1 is called the
Bloch space, and it plays an important role to make such modifications. Moreover,
in some special scenarios, we can solve similar problems in Besov spaces using

the same method.

In Chapter 2, we introduce our function spaces, namely, weighted Bergman
spaces, Bloch space, and Besov spaces. We give important properties of such
spaces to be used in later chapters. In Chapter 3, we calculate Bergman projec-

tions of certain functions explicitly. We give the notion of the kernel of a linear



functional in the same chapter, and lastly, we define the Mobius expansions of
analytic functions. In Chapter 4, we define our extremal problems. We also, pro-
vide theorems that ensure the existence and the uniqueness of the solutions both
for p > 1 and p = 1. For p > 1 our problem have always a unique solution. On
the other hand, for p = 1 it depends on the kernel of linear functionals. But, for
most of the cases, we show that the problem has a unique solution as well. In the
Chapter 5, we provide a candidate for the solution of some extremal problems,

and we state under which conditions the given candidate is the solution.



Chapter 2

Analytic Function Spaces on the
Unit Disc

In this section we will examine weighted Bergman, Bloch and Besov spaces. The
material in this section is standard and can be found in books on Bergman spaces

such as [2] and [5]. For this reason, we will omit most proofs.

2.1 Weighted Bergman Spaces

We mostly work with weighted Bergman spaces, so it is important to understand
the theory. First, we will introduce some notation.

Notation 2.1.1. Unit disc will be denoted by D and normalized area measure
will be denoted by dA := 7~ 'dx dy. It is a finite measure and the area of unit
disc is 1 with respect to this measure. We will also use some standard weights
on these spaces. Let a > —1, then our standard measures will be denoted as
dite(2) = (a + 1)(1 — |2*)*dA(2) = (o + 1)(1 — |z + yi|*)*7'dody. With this
definition the measure of the unit disc is [ du, = 1. Also, L? will denote the

D
space of all measurable functions f on the unit disc such that

= { [ 11GPda(a)} < .

3



Now we are ready to give our definition.

Definition 2.1.2. Let p > 0 and o > —1. The Bergman space A? consists of all
analytic functions f on D such that the Bergman norm is finite, that is,

| fllaz == {/D|f(z)|pdua(z)}l/p < 00.

The next theorem states that the name “Bergman norm” is not a coincidence.

Theorem 2.1.3. Bergman norm is a true norm if and only if p > 1 and A® is a
Banach space in this case. Moreover, AL is a Hilbert space if and only if p = 2.

We will work only on the case p > 1, so we can use normed space ideas. Our
next theorem will tell us that growth rate of a function in a Bergman space cannot

be arbitrarily large.
Theorem 2.1.4. Suppose p > 0,a > —1 and f € A? . Then for all z € D,

Flaz
‘f(Z)‘ < (1 _ |’|Z|!;4(2+a)/p'

Corollary 2.1.5. Suppose p > 0, > —1 and f € AP. Suppose also K C D
1s compact. Then there is a constant C depending on «,p, K such that for all
f e AP and for all z € D,

sup [ £(2)] < C| flaz-
zeK

Second corollary is more interesting

Corollary 2.1.6. A? is a closed subspace of LP.

Proof. We will follow the proof in [16]. We have to show that AP is complete.
To do that take a Cauchy sequence {f;} in A2. There is a function f € L such
that fj converges to f in L. By Corollary 2.1.5 {fx(z)} is uniformly Cauchy on
every compact subset of D, and so converges uniformly on every compact subset
of . Since each f; is analytic, the limit function f coincides almost everywhere

with an analytic function. n



Here an interesting question is that which functions belong to these spaces.
The answer depends on parameters « and p of course. However, the following
theorem tells us a simple set of functions is included, and they are enough to

. . ap
approximate functions in A?.

Theorem 2.1.7. Polynomials are included and dense in every A2 for p > 0 and
a>—1.

Now, we shift our focus to properties of these functions related to operator
theory. From Theorem 2.1.4 we can say that the point evaluation functional
z +— f(2) is a bounded linear functional on A? for every z € D. If we restrict our
attention to the Hilbert space case, by the Riesz representation theorem, there is
a unique function h, € A2 such that

/f o) djta(10).

Definition 2.1.8. Let K,(z,w) = h.(w) where h, is defined as above. We will
call K,(z,w) the reproducing kernel of A%. Tt is clear from definition that the
reproducing formula

/f (2, 0) dta(w)

holds.

The next theorem states that it is possible to find an explicit formula for
K, (z,w).

Theorem 2.1.9. K,(z,w) is holomorphic with respect to z and conjugate holo-
morphic with respect to w. Moreover, the explicit form of K,(z,w) on D is

1

Ky(z,w) = (R

Here we will make an important observation. The reproducing formula is valid
in particular for polynomials. But polynomials are dense in each A?. This leads

us to an important theorem.
Theorem 2.1.10. f(z /f (z,w)dpe(w) for all f € AP where p > 1.

5



Now, we are ready to introduce one of the most important concepts in Bergman
spaces. A2 is a closed subspace of the Hilbert space L2, so there exists a unique
orthogonal projection from L2 to AZ2.

Definition 2.1.11. The orthogonal projection P, : L? — A? is called the

Bergman projection.

It is easy to give an explicit formula for P, f.

Theorem 2.1.12. Let f € L2, then P,f(z) = / J(w) dpte(w).

D (1 — zw)Z—i—oz

Proof. Let us write ko_.(w) = K,(z,w) . We know P,f € A2 and f — P, f 1 A2.
Moreover, note that K,(z,w) € A2 as a function of z, so

Paf<z> - <Pozf7 ka,z> - <Paf7 ka,z> ot <f - Paf7 ka,z)

R e ) a

1 — zw)

The explicit formula for P, f enables us to expand projection ideas to bigger
families of spaces. In the formula above we can take f from any AP and from
Theorem 2.1.10 the formula makes sense in those spaces. However, the question
is whether this projection is a bounded linear operator or not. The next theorem
answers this question. It is [5, Theorem 1.10].

Theorem 2.1.13. Let o, 8 > —1 and 1 < p < oo. Then Ps is a bounded operator
from LE to AP if and only if a+1 < (B+1)p. Moreover if f € A, then Psf = f.

Note that if p > 1 we can take a = 3 in this theorem and obtain that P, :
Lr — AP is bounded. However, we need to take 8 > « to obtain a bounded map
P : L. — AL. In this thesis we will especially focus on the p = 1 case. This
theorem states we should be careful about projection ideas as p = 1 case can be
different. Lastly, we will look the dual space of AP, the space of bounded linear
functionals on A?P.

Theorem 2.1.14. Suppose 1 < p < oo, p ' +q ' =1 and a > —1. Then the
dual space of AP is (AP)* = A% with equivalent norms, that is, for any ® € (A,)*,

there exists a unique function in AL such that for any f € AP we have

B(f) = {f.g)a = /D £ (w)g(w) dptalw).
6



The next result is a key for most of our calculations. It is contained in [5,
Theorem 1.16].

Theorem 2.1.15. Suppose f € AP and g € L%, where 1 < p < oo andp '+q¢ ! =

1. Then
/ JPogdite — / 17 da.
D D

Theorem 2.1.14 gives us the dual space of A? for p > 1. However, to work on
the case p = 1, we should also look at the dual space of A.. It can be identified
with the Bloch space. At this point, it is wise to introduce our second function

space.

2.2 Bloch Space

Definition 2.2.1. The Bloch space B consists of all analytic functions f on D
such that

1flls = iﬁg(l —12))|f(z)| < .

Here ||f||5 is called the “Bloch norm” even though it is not an actual norm.
However, || f|| = | f(0)|+] f||5 is a true norm. Let us denote bounded holomorphic
functions by H*°. Our next theorem tells at least bounded holomorphic functions
belongs to the Bloch space. It is from [16, Proposition 5.1].

Theorem 2.2.2. H>® C B. Moreover, ||flls < ||fl|le for all f € H*.

An interesting observation is that log(1 — z) € B but log(1 — 2z) ¢ H*. Hence,
the relation H*> C B is proper. Now we will introduce two operators.

Notation 2.2.3. To ease our writing we will use the following two operators.
Suppose f and g are analytic on D. Define

2f'(2)
24+«

Daf(z) = f(2) +

Y

24+«
1+«

lag(z) = (1= [21*) Dag(2).

7



The next two results show us the duality between Al and B. The second result

is from [6].

Theorem 2.2.4. Suppose a > —1, then P, : L™ — B is bounded. Moreover, if
f € B, then P,1,f(z) = f(2).

Theorem 2.2.5. The dual space of Al can be identified with B. For any linear
continuous functional ® : AL — C, there erists a unique element g € B such that

for every f € Al
= / flag dpta.
D

Our last theorem is analogous to Theorem 2.1.15.

Theorem 2.2.6. Suppose f € Al and g € L*. Then

/ JTaPog dpte = / 77
D D

Proof. The proof is a straightforward calculation. We will follow the proof in
[13].

- 2 _—
| TPigaua = [ £~ ) DaPagle) (o)

1
_ /D f(z)i %D, / m i (w) dpta(2)
= [tem. [ 5 _g(;;))mdua(w)(a +2)(1 - [£2)"dA()
= [ 100 [ G ) dioa(2)
- [ % Apa () djto (2)
:/DM/D%C%H ) dpto(w /f 9(w) dpia(w).
We used Fubini’s theorem and Theorem 2.1.13 on the last line. O]

Before closing this chapter, we will introduce our last function spaces.



2.3 Besov Spaces

The Bergman space AP is meaningful only when a > —1. If we try to expand
our function spaces to cover the parameter range less than or equal to —1, we
should look at Besov spaces. We will use ¢ instead of « to indicate that we work
in Besov spaces and not in Bergman spaces. Interestingly, the reproducing kernel
K,(z,w) can be generalized for ¢ < —1, and it is the starting point for us to
define Besov spaces. First we give a notation.

I'(a+b)

I{a) where I' is the gamma

Notation 2.3.1. Pochhammer symbol is (a), :=

function.

Definition 2.3.2. For ¢ > —2, we let

1 2+,
K (z,w) = T = ]; - t (2w)

We denote the coefficient of (2w)* by cx(q) in either case.

In the previous section, we saw the same explicit formula for ¢ > —1, but with
this definition we use it up to —2. For ¢ < —2 the other formula is valid. We will
not discuss how we generalize K,(z,w) for ¢ € R in this thesis. Instead we will

use it to define Besov spaces. Now, we introduce more notation.

Notation 2.3.3. Let ¢ € R, we will define dv,(z) = (1 — |2]?)9dA(z). We also
ck(s+1t)

, where
ck(s)

use the following notation to shorten our calculations di(s,t) =

¢ is as defined in Definition 2.3.2.

Here dv, is the non-normalized version of our standard weighted du,. However,
the biggest difference is that it is no longer required that ¢ > —1 which means
that v, is not required to be finite either. Before giving the definition of Besov

spaces, lastly we introduce two familiar but slightly different operators.



Notation 2.3.4. Suppose f(z) = Y -, axz" is an analytic function on D with
a;, € C. Then we define

L f(2) = (1= [2*)'Df (2),

DLf(z) = i ar di(s, t)2".
k=0

It can be shown that D, of Notation 2.2.3 is equal to D} of Notation 2.3.4, and
24+«
I, =
+ «
purposes but here we do not normalize v,. Now we are ready to define Besov

I'. The multiplicative term is added earlier for normalization

spaces.

Definition 2.3.5. Let ¢,s,t € R and p > 0. The Besov space BY consists of all
analytic functions f on the unit disc such that

/|I§f|pdyq < 00
D

for some s, t satisfying the relation ¢ + pt > —1.

The next theorem shows us the parameter s in Definition 2.3.5 can be chosen as
any real number and finding only one candidate for the parameter t is sufficient.
It is in [7].

Theorem 2.3.6. Let ¢ € R and p > 1. If an analytic function f satisfies
/D|I§if]pd1/q < oo condition for a pair si,t; € R with ¢ + pty > —1, then

/ \ILfIP dv, < oo for all s,t € R satisfying the relation q + pt > —1.
D

By this theorem, we can finally understand the functions that belong to BY.
Clearly I? is the identity operator. Hence if ¢ > —1, B? consists of the same
functions as those in Al, because if we take ¢ = 0 the definition of B gives
the exact definition of the Bergman space (normalization of the measure in AP
does not affect the elements in these sets). Hence we can see Besov spaces as
the generalized version of Bergman spaces or we can see Bergman spaces as a
subfamily of Besov spaces. Also by this setting it is possible to embed Besov
spaces in the Bergman spaces. An analytic function f belongs to BY if and only

10



if D!f € A}, for ¢ + pt > —1. The operator D! is an invertible operator
that preserves analyticity and the inverse operator is (D!)~! = D_!,. The next
theorem enables us to define norms on Besov spaces.

Theorem 2.3.7. Suppose ¢,s,t € R andp > 1. If q+pt > —1 and f € BY, then

1/p
11 = [ 1041Pae
D

makes BE space a normed space.

There are infinitely many choices for a norm and even though the space is the
same B?, the norm defined on this space may be different for the different choices
of s,t. However, all these norms are equivalent. One can consult [7] or [6] to

learn more about Besov spaces.

11



Chapter 3

Bergman Projections and

Kernels of Functionals

In this section we will compute Bergman projections of some important functions.

Moreover, we will find representations of functionals in the dual spaces.

3.1 Bergman Projection of Functions

Proposition 3.1.1. Let o« > —1 and m,n € Z+ U{0}. Then

1+m—n),zm™"
( )

Pa m—=n —
(z72") 2+a+m—n),

for m > n, and equals 0 otherwise.

Proof. Let us first observe that if b € Z*, (a), = (a)(a +1)---(a + b — 1).

1 o0
Moreover, if |z| < 1 and a > 0, then | = Z %zk which is a binomial

12



expansion. Then
Po(zmzm) = / W (1 — )~ dp, ()
D
m—n 24+ a)k g
:/w w Z%zkwkdua(w)

k

_Z 2+a)k k/w wnJrde( )
—i-Oz L+ a)en k/ / m—(n+k)) m+n+k<1 )aﬂ_—ldedr

Z 1+OK k:+1 k/ (zo( —(n+k))) ( ) 1d9/ m+n+k(1 —T2)a2d7"
0 0
Z (1

1
+ )kt 286(m,n + k)/ rm R (1 — )22 dy
0

k

1 y 1

: —( (—i_a_)m TH zm_”/ u™(1 — u)*du
m—n)! 0

- I'24+a+m—n) I'm+1)I'(a+1)
T+ a)(1+m—n) T(m+a+2)
(I +m—n),zm"

- (24 a+m—n),

m—n

We exchange the order of integration and summation using Fubini’s theorem. For
z € D it is clear that the expression on the second line is absolutely convergent.
We used the relation between the beta function and the gamma function when
evaluating the integral. Also J(-,-) stands for the Kronecker delta function.
Lastly, the result is obviously 0 if m < n. O

The theorems below can be found in [13] for p > 1. We prove them for p = 1.

Proposition 3.1.2. Let g € AL, and a € D. Then we have

(%

P, <W@) = (H%«); @ (2+ a)jw—wu_%‘w'

The result holds also when g € AP with p > 1.

Proof. Let’s first define the step function. u(t) = 1 for t > 0 and 0 otherwise.
1 1 1

a—1la—2 a—(—k)
13

Moreover, note that (a), = for negative integer k. In the



calculations, some of the functions may not be defined at some points. However,
all such terms also have a step function that takes the value 0 as a multiplicative

term, and treating these terms as 0 causes no problem. Let’s write g(z Z 2"

and y, = (2+ a+n),.a"z". We first look at the left hand side of the equation In
the first line, we interchange summation and integration, and then we interchange
the order of double summation. We justify the interchanges at the end of the

proof.

[
M
WE

@
Il
=)
B
Il
o

(a)
(2 + q +n);

2!

[
WE
M8

£
I
I
o

01

substituting ¢ = r + k, and using Proposition 3.1.1, we obtain

ok N 2ot rin
an Z it o)l (1+7r+n)pz""u(r +n)

Ek< i wu(r +n)[24+a+ n)ﬂ”zﬂ)

-
M g
2|

k=0 r=—k (k?—i-?”)'
:z”ic_dk i": (1+74n)
g I 1)

b
Il
o

r=max(—n,—k)
oo

1+r+n)
ra” Z yr—( (—;_{_—;)‘) u(r + k).

ig
WE

ol

=0 r=—mn

Now let us look at the right hand side:

n

1 n N (a) 27
T 25 ) T e

n =0

n inl oo 0 L tzt(9 -
jzoj.(n—]).(Z—i—@‘i‘])n—j — P t!
S (30 2 L 0 Do) (57 20
— g AN+ at iy po ¢!
n > — = - (k+1—(n-— j))nfjn! (24+a+ ) —t+j—n t+j—n
=z L - ; a z
20T i Rrat i
P — kN (B + 1= (n—j))nyn!
k=0 j=0 t=0 thjt(n —j)



Now we replace 7 by n — j. By doing that, we sum the same terms but in reverse
order. Also, we can change the order of summation if one sum contains only

finitely many terms. If we do those, the right hand side of our equation is

:zan (Zztlj n—j k?—i-l—j)]yt J)
k=0 t=0 j

Now we put t = j + r. Then right hand side becomes

Y wmat Yy Z G P (k41 =J)julr+7).

- e’ Ljl(n = 5)!

If we look at the expressions of the left hand side and the right hand side, it is
obvious that if we can show

v n!

il(n — j)!

(1+7r+n)
T MY = 2

1(k+1=j)julr+j)

forany n > 0, k > 0 and r > —n, then the proof will be completed. This equality
is true for » < —k. To see that, observe that the left hand side is 0 for r < —k.
But also, (kK + 1 — j)u(r + j) = 0, because either j > —r > k which makes
(k+1—j); =0or —r > j which makes u(r+ j) = 0. Hence it is enough to show

n

1+r+n) n!
( (k+7")!> :Z(J+7")'J I(n — j)! (k1= gulr+3)

holds for n > 0, kK > 0 and » > —min{n, k}. Writing the Pochhammer symbol
in terms of factorials, this is equivalent to showing that

min{n,k
(r+k+mn)! i

nlk! 1 .
(r +n)l(r + k) ; gl — NIk — ) +T)!“(7’+J)-

In the last equation nothing will change if we exchange n and k. Hence, without

loss of generality, we can assume k > n. Let’s say k = n—+ s for a positive s. Let’s
m!

also say r +n = m > 0, multiply both sides of the above equation by — and

n

also replace j with n — j as before. By doing that our job is simplified to showing

") :;(T) (2 Yutm )

for every positive m,s,n.

15



Now we state a combinatorics question. Let’s say there are m+s-+n items and

<m+n—|—s

we want to choose n of them. Obviously we have way to choose

them. Now we seperate our items into two groups as m items in the first group
and n + s items in the second group. Now we can choose n items from these

two groups. Let’s say we choose j items from the first group and n — j items

m\ [n+s
from the second one. Hence we have < ) < + ) ways to choose. However, if
J

n—7
+ .

" S)u(m — j) for

n—7

0 < j < n, we must obtain the number of ways of choosing. Hence we end up

with (m + 7S S) = Z (m) (n + 8) u(m — j), which is the desired result.
J

n n —
=0 J

m
m < j, there is no way to do this. Hence, if we sum ( ) (
J

Now as we promised, we justify that we can change the order of projection

and summation. We have

n

Po(Tgrand®)) = B i P )

_ /DZ (2+a—|—n adwtg(w) Ayt (10),

(1 _ Zw)2+oz

but

/Z‘ 2+a+n (1 g>(2+()ldua( 1| < oo,

because
o0

glllel” §= 2+atniz g, w)

p |a — zw|?t il

< o0
i=0

since a,z € D are fixed and g € Al. Therefore,
2" — — 2+ a+n) i+n TN
Po( [ gram(2)) = 3 a Pal g (2)).
But we also have
i+nzrk > i+nz—k
+n k crw'™ "W _ cLw' W
P<;sz /Zl—zw2+adﬂa( )_315111/3 de’u“(w)'

Since the Taylor series of g(z) is uniformly convergent on every compact subset
o0

of D, for any 0 < R < 1, we can find Ng such that | Z c,w"| < 1— R. However,
k=Ng

16



since Np increases without bound as R — 1~ and the integral is 0 if £ > i + n,

N ST i+n
) R Ckw1+nwk CszJrn —k

lim E = dia(w) = lim 5 — djia(w)
R=1- 4= Jpp 1—zw R—1- 1 — 2wt

i+n itn—%k i+n 00
_ Z Gw w dﬂ (U)) _ Z H—n—k ZP H—n—k

p— (6% (0%
D k=0 (1= zw)*e k=0 k=0

Now the only remaining job is showing that double summation can change
its order. This can be shown by showing the elements present in the double
summation are absolutely summable. We have already proved

oo o0

2 N .
k=0 i=0 &
- Znl . 2+a+y Lot
= . . . G(k+1—(n—j))p_a =
;J!(n—J)!(Haﬂ)n j ,; ’ ;

If we change @ with |a| and z with |z| we see that

i |2n!  leellal* "k +1— (0= 5))ny

2= DR+ a+ . & (1= Jazl)

< O3 (el HalF(k + 1),

k=0
for a constant C. ¢(z) = chzk has radius of convergence at least 1, so there
k=0
1—

is a positive integer K such that if k > K we have |¢,|Y*F < 1+ la | That is,

2|al

1+ ]al\* : -

|cxl|al® < <%> . If we apply the ratio test, we find Z(|Ck|1/k|a|)k(k‘+1)n <
k=0

oo since a € D. Since Al contains all AP with p > 1, this proposition is also true

when g is taken from AP. O

Corollary 3.1.3. Let f be a polynomial of degree N and g € Al. Then P,(fq)
is a polynomial of degree at most N. This result is true even when g € AP with

p > 1 just as Proposition 3.1.2 1s.

Proof. Take a = 01in Proposition 3.1.2. Then it is clear that P, (2"g) is polynomial
of degree at most n. Since P, is a linear operator, the result follows. n

17



3.2 Kernels of Some Functionals

Definition 3.2.1. If 1 < p < oo, ® € (A2)* is given and p~' + ¢~ = 1, then

there is a function ke € A% such that ®(f) = /f( Vko(2)djia(z) by Theorem
D

2.1.14. We call kg is the kernel of the functional ®.

If p=1and ® € (AL)* is given, then there is a function ks € B such that
O(f) = /f( )Ioko(2)dpa(2) by Theorem 2.2.5. We again call kg the kernel of

D
the functional ®.

Even though we used the same word “kernel” in this definition, one should not
confuse it with the reproducing kernel. Here we define the kernel of a functional
and it is a way to represent the functional in the dual space.

Here, we define kernels of functionals significantly differently for p > 1 and
p = 1 cases. Hence, the results related to kernels can be expected to be different.
In [13], [3] some important results of these kernels were studied for p > 1. In this
thesis we focus on the case p = 1.

Proposition 3.2.2. Let f € A forp>1,a €D andn=0,1,2,....The kernel
of the functional ® : f — f™(a) is

(4 2),2"

k =—
@(2) (1 _ EZ)Q'H)H_”

Proof. This result is quite unexpected since the definitions of the kernels for p = 1

and p > 1 are different. Since definitions are different, we will seperate the proof

into two parts. First we will do the proof for p > 1 by using ideas in [13], [3].

Then we will do the proof for p = 1. Suppose p > 1. If we think of a as a variable

in the unit disc, we obtain

J"K,
1) = (o) = o [ Kl ) et = [ 1072 dp o),

O"K,(a, z)
T. SO

O"Kala,z)  (2+a)B+a)...(n+1+ a)?n  (a42),2"
oan (1 — az)?totn (1 —@z)2tatn’

18

hence the kernel kg is equal to the expression

k’q;(z) =



Next let us consider the case p = 1. If we put § = a + 1, then

/ f(z ot 2))2+a+n)dua(z)
/ f(z { 15_ ;1?5% n z(g I 1>n ((1 _ ;Z’;mmﬂ dpg(2)
/f ﬁ+16+1+" {1+Bil(n+azﬁl+_#)1 dps(2)
= [ rogat 22% g ().

The last line is very similar to the kernel of the case p > 1. The proof for p > 1

in reverse order will enable us to reach our goal. So,

8"K
[ e 1_@ 5)+2+n ) = [ 1) PEAGE) g

dan/Kﬁw ) dps(2)
ffn)

and hence we have proved that even for p = 1, the kernel is ke(z) =
(o +2),2"

(1 _ az)2+a+n'

B > a so the operator Ps is bounded on Al and for a function f € Al we

have Psf(a) = /DKg(a, 2)f(z) dusg(z) = f(a). O

In the last line we have used Theorem 2.1.13. In our case

3.3 Mobius Expansions

In this section, we will define an expansion for analytic functions. It is analogous
to the Taylor expansion and the same as the Taylor expansion for a = 0.

Definition 3.3.1. Let a € D and @ > —1. We will denote w := 12 —_a . Any
—az

analytic function f(z) where z € D can be uniquely written as

1

f(Z) = w <Co + clw +

(1—a 'w+ +—w +- )

2!

We will call this expansion the M6bius expansion at the point a and the coeffi-
cients ¢, the Mobius coefficients at a.
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Note that w = 0 if and only if 2 = a. It is easy to see these coeflicients are

uniquely determined when we notice z = o —|—_a and
1+aw
dk d* W+ a \24a,, Wt+a
o dwk <( az)"" f(2) ‘ dw* ( al +Ew) f(l +6w)

w=0 w=0

The next proposition will be vital for upcoming chapters.
Proposition 3.3.2. Let a € D and f be an analytic function on D such that for

n > N its Mobius coefficients at a are ¢, = 0. If g € AL, also P,(fg) is an
analytic function such that for n > N its Mobius coefficients are d,, = 0.

z
. It is also

Proof. First, note that —— ( : )0( )+ (1= |a?)

. First, note tha = — -

roof. First, n vV - a a

z z—a\% a 1 z—a

clear that -~ :< _) + =
1—az l—az/ 1—la]? 1—|af?1—az

indicate that linear combinations of

(z—a>0<z—a>1 <z—a>N
1l—az/ '\1—az/ '~~~ '\1-—az

are the same as those of

z 0 z 1 z N
(1—6,2) ’(1—62) "”’<1—6z) '

However, from Theorem 3.1.2 it is clear that P,(fg) is a linear combination

z 0 z 1 z N
of ( — ) , < — ) ey ( — ) . Hence it is a linear combination of
1—az 1—az 1—az

1—az

. These two observations

<1Z__;Z>O, (f__;Z)l, cee <1Z__;Z>N. So P,(fg) has the form claimed. O

Our next proposition shows Mobius expansion at the point a and Taylor series

expansion around a are related to each other.

Proposition 3.3.3. Let a > —1 is given. Let f; and fy be two analytic func-
tions on unit disc such that their first N +1 Mobius coefficients agree with each

other. Then fi(a) = fa(a), fi(a) = fi(a),..., 1(N)(a) = féN)(a). Likewise, for
two analytic functions g1 and g2 on unit disc if we have gi(a) = ga2(a), gi(a) =
(N) (N)

gy(a),....qy (a) = gy '(a), then their first N + 1 Mébius coefficients are the

same.
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Proof. Take an analytic function f on unit disc and call its Mobius coefficients
at a by ¢,. Both statements in the proposition clearly hold for N = 0 because
fla) = (1_’2% and ¢y = f(a)(1 — |a*)*"*. Suppose the proposition holds
up to N — 1. We will prove it also holds for N. It is easy to check that if

z—a df dr 1
= —w" =0if k < d —w™ =————ifk=m.
v 1—az deF o ! mat dk " e (= a®)m 1 .
Hence if we take Nth derivative of f, we obtain
1 c c ()
Mgy = (—— 2w NN
fa) = <(1—az)2+a<co+clw+2!w LAY L )) —a
i ) e (a )+ )
= hy(a,co,...,cn— —_— a,Coy ..., CN— —_—
1 y L0 Y N—-1 (1 i |a|2)2+a 2 s €O ) N—-1 (1 o |a|2>NN'

where the functions h; and hy are known functions for a given N. If for two
functions the first N Mo6bius coefficients are the same, then their Nth derivatives
at the point a will be equal to each other, because the expression (1) is valid for
both. Likewise, if two functions agree up to the Nth derivatives at the point a,
then they also agree up to (N — 1)th derivatives at the point a. From induction
hypothesis, this shows that the first N — 1 Mobius coefficients of both functions
are the same. But, this also shows that h; and hy values are the same for both
functions. By (1) it should be also true that their Nth Mdébius coefficients are

the same. O]
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Chapter 4

Extremal Problems

4.1 Definition and Properties of Extremal Prob-

lems

In this chapter, we define our extremal problems and prove some important the-

orems related to them.

Definition 4.1.1. Let 1 < p < oo, « > —1 and ® € (AP)* are given. Suppose
we want to find g € AP with ®(g) = 1 such that

lgll.az = inf{|[2]Laz - b € A7, ®(h) = 1}.

This problem will be called an extremal problem and a solution G € AP of this

problem will be called an extremal function.

The following proposition shows that there is an equivalent problem. Moreover,
the solutions of the original problem and the equivalent problem can be obtained

from one another.

Proposition 4.1.2. Suppose that F' € AP is a solution of the following problem.
For a given ® € (A?)* we find f € AP with || f|lar =1 such that

O(f) = sup{®(n) : [[A]Laz = 1, ®(h) > 0} = |||
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Then F/®(F) is an extremal function for our original extremal problem. Like-
wise, if a solution of our original extremal problem is G, then G/||G|la» is a

solution of this new problem.

Proof. We will follow the proof given in [13]. If F solves the new problem, let’s

F
show B(F) is a solution of the original extremal problem.
H F ‘ T 1
O(F)llaz  |R(F)] (2 suppear [R(R)]/][A]].az

s

Hence if we can find a solution for this new problem, we can find a solution for

= mf{|[hllag < h € A2, B(h) = 1.

in
heAP,

our original problem. The converse is also true. Suppose G is a solution for our
original problem. Then

CID( G )— L = sup L sup @( Ga>

IGllaz/  nfe=1 IGllaz  e@=1 IGlan  a@=1 MGz
= sup q)(h)’
1Pl 45 =1
(e
SO # is a solution for the new problem. O]
AL

The most obvious question that comes to mind for a given extremal problem
is whether there is a solution or not. To answer this question first we should give
some definitions.

Definition 4.1.3. A Banach space X is called strictly convex if for all x1, 25 € X
T )

1
and x1 # T Wehave§ ‘<1

ol [zl
Definition 4.1.4. A Banach space X is called uniformly convex if for all 21, x5 €
X such that [|z1|| = ||z2]| = 1 the following statement is true. For every e > 0,
there is a 0 < 6 < 1 such that ||1(z; + 25)|| > 1 — ¢ implies ||z; — 25| < e.

The proposition below states that being uniformly convex is stronger than

being strictly convex.
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Proposition 4.1.5. If a Banach space is uniformly convex, then it is also strictly

convet.
Proof. One can consult [2]. O

Our next two theorems enable us to talk about unique solutions of extremal
problems on Bergman spaces. They are from [2].

Theorem 4.1.6. In a convexr subset of a strictly convexr Banach space, there is

at most one element of minimal norm.

Theorem 4.1.7. Each closed convex subset of a uniformly convexr Banach space

contains a unique element of minimal norm.

We will apply these theorems when the Banach space is L? and the convex
subset is the subspace A2. For all p > 1 it is known that L? spaces are strictly
convex. Thus if we have a solution for our extremal problem, then it is unique.
Also, it is known that if 1 < p < oo, the space L? is uniformly convex, but L! is
not (one can consult [2]). Hence in A? for 1 < p < oo our extremal problem has a
unique solution. We will especially investigate the case p = 1 in this thesis. It is
clear that if a solution exists, it is unique. So, the question is whether a solution
exists or not. Our answer will depend on a property of functionals we are dealing
with, and as we can see, majority of most useful functionals have this property.
We will give a different proof for an existence theorem in [13]. First we give some

notation.

Notation 4.1.8. Let C(D) denote the Banach space of all complex functions on
D with [|.]lsc norm. Let M (D) denote the Banach space of all regular complex
Borel measure in D normed by ||v|| = |v|(D), where |v| is total variation of v.

Theorem 4.1.9. M (D) = C(D)* isometrically. So, for every ¥ € C(D)*, there
is a unique v € M (D) such that ¥(f) = Jp fdv for every f € C(D).

The theorem below is from [12, Theorem 8.2].

Theorem 4.1.10. Let {f,,} C AL, A € M(D) and f, dpo — d\ weak* in M(D) =
C(D)*. Then there exists an f € AL, such that d\ = fdji,.
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Proof. The proof works for any region with smooth boundary. In our case, 0D
is smooth. Let C>°(D) denote the infinitely differentiable functions of compact

support in D. By hypothesis, for every ® € C(D / fnq)dua — / ®dX. In

particular, this works with ®(2) = (a + 1)7'(1 — |2|*)~
Y € C°(D). Thus for all n,

/fncbdua /fn (1= 1) T2~ |2 /fn 92 dnz),

which is equal to

(D), where

%

22’/ d(fatdz) = 2i fatvdz =0
D oD
by the Stokes theorem and since i) has compact support in D. So

Ja=pprSae = [ Lae)=o

By the Weyl lemma [10, Page 243], x has the form dk(z) = f(z) du(z) for some
f € HD). Then dA\(z) = f(2)(1 — |2]*)%du(z) = (1 + o) f(2)dua(z). But
by hypothesis A € M (D), so ||A|| < oo and / |f(2)|dua(z) < oo, which means
feAl 0 O

The lemma below is also from [12] and [8].

Lemma 4.1.11. Let f,, f € Al and o > —1. Then f, — f weak* in A}, if and
only if {|| fallar } is bounded and f,(z) = f(z) for all z € D.

Now we are ready to state when our extremal problem has a unique solution.

Theorem 4.1.12. Let ® € (AL)*. By Theorem 2.2.5, there is a unique ke such
that for all g € AL, ®(g9) = /g(z)]ak¢(z)dua(z). Let’s also suppose I,ke €
D

C(ﬁ). Then our extremal problem in Definition 4.1.1 has a unique solution.
That is, there exists a unique f € Al such that ®(f) =1 and

I fllay, = inf{l[g]las : g € Ay, ®(9) =1},
Proof. We adapt the proof of [1, Theorem 2.2] to our case. Let’s take a sequence
{gn} C AL with ®(g,) = 1 such that
Tim flgnllay = inf{llgllay : g € A5, ®(g) = 1}.

25



This shows that {g,du.} € M(D) C C(D)* is a bounded sequence. By the
Banach-Alaoglu theorem, there is a subsequence {g,,, } such that g, du, — d\ €

M (D) weak*, that is, lim /gnmhdua = / hd\, for all h € C(D). By Theorem

4.1.10, there is an f € Al such that d\ = fdu,. Hence g,, — f weak™ and by
Lemma 4.1.11 g, (2) — f(z) for all z € D. In particular, with h = I,k¢ we have

i [ g Toko dta = lim @00, =1 = [ Flaka den = 2(5)

m—00 m—00

By Fatou’s lemma, || f|| 41 < limy, o0 ||gn,, [|a1 < 00. So

£z = inf{llgllay : g € Aq, P(9) = 1}.

Thus f solves our extremal problem. The uniqueness follows from the strict
convexity of AL. O

We will now give some properties of the extremal function. First, we give some
notation. Then, we will prove three useful lemmas two of which are from [13].

Notation 4.1.13. Let z € C. Then sgn z := ‘Z7| for z # 0 and sgn 0 := 0.

Lemma 4.1.14. Suppose f € AL, & € (AP)* for 1 < p < 0o and ®(f) =1. Then
f solves the extremal problem in Definition 4.1.1 if and only if || f||az < || f+h| 4z
for all h satisfying ®(h) = 0.

Proof. Suppose f solves the extremal problem. For any h satisfying ®(h) = 0 it
is obvious that ®(f + h) = ®(f) + ®(h) = ®(f) = 1. Since f solves our problem
it is clear that || f|| 42 < || f+h||4z. Now let’s look at the other direction. For any
g such that ®(g) = 1, we will prove || f|||4z < [|g]laz. To do that, let’s observe
that ®(g — f) = 0. From our assumption || f|l42 < |[f+9— fllaz = llgllaz. O

Lemma 4.1.15. Suppose / |fldp = /fgd,u, geL® |gl <1and f(z) #0
D D

almost everywhere. Then g = sgn f almost everywhere.

Proof. First we prove |g| = 1 almost everywhere. Let U, := {2z : |g(z)| <1— 2}
where n =1,2,.... We have
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Jurtdn= [ Astdus [ 1nanz] [ godul+] [ sadu
D D\Upn Un D\Un Un
> ‘/fgdulz/\fldu,
D D
and hence

=] [ foan| < [ \gta< (1= 1) [ 1n1an

for every n. Hence the measure of each U, should be 0 and also measure of
U,~, Uy, is 0. This proves that |g| = 1 almost everywhere. Now let’s define h by
g = h sgn f for some h € L*®. So |g| = |h||sgn f| and |h| = 1 almost everywhere.
Now take any A C ID. We have

st [ istauz | [ iman| ] [ snan] 2| [ ignan] = [ 15100

So for any measurable A C D we have/|f|du—/|f|hdu Hence/\f|(1—

h)dp = 0. Now, suppose the measure of the set {z € D : h(z) # 0} does
not equal 0. Then it is clear that there exist 0 < 6 < 7/2 such that the set
B :={z e D: Arg{l — h(z)} < 6} has positive measure. From simple geometry
it can be seen that if z € B, Re{l — h(z)} > 2cos? 6 so we have

\/Blfl(l—mr: (/B|f|Re{1—h}du>2+(/B|f|1m{1—h}du)2
2400849‘/Byf|du‘2>0

which contradicts the above observation. Hence |h| = 1 almost everywhere and

g = sgn f almost everywhere. O]

Lemma 4.1.16. Suppose that X is a closed subspace of L., f € L. and f # 0

almost everywhere. Then /(Sgn?)hd,ua = 0 if and only if |f|lzz < ||f + hllze
D
for every h € X.

Proof. (=): Without loss of generality we can assume || f||z1 = 1. Let g = sgn f;
so g € L™ and ||g||z = || f|lzy = 1. Then for each h € X we have

[l =1= /ngdua = /D(f+ h)gdpie < /Dl(f+ h)g|dpia.
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If we apply the Holder inequality to the last expression we obtain

/D ((F + Wgldpa < 1+ Blloslgllze = 1 + Allos.

(«<): The condition ||f|[zy < [|f + hl|zy for all h € X along with f # 0
almost everywhere implies that f ¢ X. By the Hahn-Banach theorem there
is an M : L, — C with |[M|| = 1 such that Mf = |/ f||;, and Mh = 0 for
any h € X. By the Riesz representation theorem, there is a ¢ € L* such that
Mf = [, fadpa = |[fllis, where [M] = [lgllz= = 1 and Mh = [, hgdpr, =
0. Then |fll;x = [y lfldua = [y fgdua. If f # 0 almost everywhere, this
condition is equivalent to ¢ = sgn f by Lemma 4.1.14. Finally, Mh = 0 yields

/(sgnf)hdua = 0. O
)

Now we are ready to give some properties of our extremal functions. They are
from [13] and [15]

Theorem 4.1.17. Suppose 1 < p < oo, ® € (A2)*, and O(f) = 1, where f € AP.

The following are equivalent:

(i) f solves the extremal problem in Definition 4.1.1.

(i1) For any h € AP, we have

(o

/D 1P sen T = (111 ®(8).

" /1P~ sgn f
P=%segn
ke = P, .
’ ( [mals )

The proof can be found in [13]. In this thesis we will be interested in the case
p = 1. Surprisingly, a similar theorem can be proven. In [13] the theorem below

is stated without proof. We provide a proof here.

Theorem 4.1.18. Suppose ® € (AL)*, and ®(f) = 1 where f € AL. The

following are equivalent:

(i) f solves the extremal problem in Definition 4.1.1.
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(ii) For any h € AL, we have

(o%

/D (sgn hdjia = ||l B(h).

(iii)

kg = Pa(ﬁ).

Proof. (ii) < (iii): Suppose (ii) holds. Then for any h € AL,

B senf sgn f
(k) = /Dhnfrm pho= /D““P“(Hfm)d““’

where the last line is immediate from Theorem 2.2.6. The converse is obvious if

we read these equalities in reverse order.

(i) & (ii): Note that null® is a closed subspace of Al and f # 0 almost ev-
erywhere. By Lemma 4.1.14 and Lemma 4.1.16 it is clear that condition (i) is
equivalent to say that for any h € Al with ®(h) = 0, [;(sgn f)hdp, = 0. Since
®(f) =1 it is clear that for any h € Al ®(h — ®(h)f) = 0. So, for any h € A}
it is true that [ (sgn f)(h — ®(h)f)dpua = 0 and this means it is equivalent to
(ii). O

4.2 Generalized Extremal Problems

Now we will generalize the problem given in the previous section. We still use
terms extremal problems and extremal functions though.

Definition 4.2.1. Let 1 < p < 0o, a > —1 and ®q,..., Py € (AP)* are given.
We will try to solve the following problem. Find g € A? with ®1(g9) = a4,
®y(g) = ag, ..., Pn(g) = an such that

9]l az = inf{[[A][ 4z : h € AL, ®1(h) = a1, P2(h) = ag, ..., Pn(h) = an}
where a; € C.

Our next goal is to solve this version of the extremal problem. However first

we should prove the following useful lemma.
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Lemma 4.2.2. Let V be a wvector space over compler numbers and let
V. Py, ..., Py be linear functionals on V. Then ﬂ;\;l null®; C null¥ if and
only if there are complex numbers cy, such that U(v) = S cx®x(v) for every
velV.

Proof. If there are such ¢, € C, it is clear that ﬂ;vzl null®; C null¥. Let’s
prove the other direction. If ¥ = 0, take all ¢, = 0. Hence we can assume
U £ 0. We will use induction. First we prove this theorem holds for N = 1.
Suppose null®; C null¥. Take an element v; € V such that ¥(v;) # 0 then

we know ®(v;) # 0 too. For an arbitrary v € V we have ®;(v — 4?11((@@1))”1) =

®q(v) — 511((1)”1))@)1(1)1) = 0. Since null®; C null ¥, then V(v — 511((:1))1)1) = 0 too.
Y (v1)

Hence, if we define ¢; = 575, we obtain that for any v € V, ¥(v) = c1®1(v).
So, for N =1 the theorem holds.

Now suppose the theorem holds for N — 1 functionals; we will prove it also

holds for N functionals. If for any 1 < k < N, null®, C ()jZ1 null ®;, then
itk
obviously this theorem holds; just take all ®;’s except ®;, and apply this theorem

for N — 1 elements. So we can assume for any 1 < k < N, null ®; is not subset
of ﬂ;vzl null @;. Let us take v, € V such that vy € ﬂﬁvzl null ®; \ null ®;, for each

J#k J#k
1 <k < N. Now we take an arbitrary element v € V' and compute
<I>1(v) (I)Q(U) CDN(’U) )
Dplv— v — Vg — o — v
k( By(v1) | Dafva) Ox(on)
0, (v) ®y(v) Py (v)
= &p(v)— 01, k)P — 0(2,k)® — = (N, k)P
k(v) ) (1, k)@ (vy) (1) (2, k) @2 (v2) B (o) (N, k)®n(vn)
Dy (v)
=0 ———=0 =0.
k(V) By (00) k(Uk)
Hence, this element is in the intersection of the null spaces of the functionals &,
k=1,...,N, and hence in the null space of V. If we define ¢;, = ;k ((?k)) we see
that
Di(v)  Dalv) D (v) -
Ulo— Py — 2Py — o= v):\va— cxPr(v) = 0.
( ®i(v1) | Da(va) On(on) ) kz:; KP(v)
and so theorem holds for N functionals too and we are done. O]
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Now we are ready to give one of the most important theorems in this thesis.
Its initial form will be given for 1 < p < oo, however we will prove that the
theorem can be generalized to p = 1 case too.

Theorem 4.2.3. Let 1 < p < o0 and Py, P, ..., Px € (AP)* be linearly inde-
pendent. For F' € AP we have

IFll = inf {1l : @1(/) = @1(F), ... Ox(f) = @ (F) }

if and only if Py(|F[P"'sgnF) is a linear combination of the kernels of
Oy, ... Dy.

This theorem is from [13, Theorem 3.2.6] and the proof can be found there.
The proof however, does not touch the case p = 1. In fact this theorem can be

generalized even for p = 1 if we consider the different meaning of the kernel for
p=1.

Theorem 4.2.4. Let &1, ®y,..., Oy € (AL)* be linearly independent. For F €
AL we have

IFllay, = inf {1 lLag : @1(/) = @1(F),...., O (f) = Bx(F) |

if and only if P,(sgn F) is a linear combination of the kernels of ®1,...,Py.

Proof. First suppose P,(sgn F') is a linear combination of kg,, ..., ks,. Let h €
Al be such that ®;(h) = 0for 1 < j < N. Then by Theorem 2.2.6 and Definition
3.2.1,

][ a2 Z/DFSganua :/DFIaPa(SgnF>d:ua Z/D(FJrh)IaPa(SgnF)dua

— [ W) gn P < [ 1(F 4 Wldsa < 1F+ .
D D

So, we have ||F||a1 < ||F + h|lar. If we call f = F + h, ®;(f) = ®;(F) so F
is extremal. Next suppose ||F||a1 = inf{||f\|A5 Oy (f) = O(F),...,On(f) =

@N(F)}. Let h # 0 and h € AL be such that ®;(h) = --- = ®y(h) = 0.
Since there are only finitely many functionals ®; such a function h exists. Then
|F|lay < ||F 4+ hl[ax by the extremality of F. Applying Lemma 4.1.16, for X =
ﬂnN:1 null ®;, we have [ (sgn F)hdji, = 0 and so Io I, P, (sgn F)hdy, = 0. Define
U(f) = [, fTaPal(sgn F)dpg for f € Al By Lemma 422 ¥ = 3% | ¢;®;. Thus
P,(sgn F'), which is the kernel of ¥, is a linear combination of kg, ..., ke ]

N
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Chapter 5

Solving Extremal Problems

5.1 Bergman Projection Methods on Extremal

Problems

In this section we will find the solutions of certain extremal problems explicitly.
We will choose our functionals as @, : f — f%*)(a) which are evaluations of kth
derivatives at a € D. First we will prove two fundamental theorems for the cases
1 < p<ooandp=1. The first one is from [13], however here it is more general.

Theorem 5.1.1. Suppose a € D and 1 < p < oo. Also suppose F' € AP and
the Mdébius coefficients of FP/? at a are ¢,. If ¢, = 0 for every n > N and
Fri2=t e AL then

1E|Laz, = nf{[| fllaz : f(a) = F(a),..., f™(a) = F™M(a)}.

That means F' is a solution for our extremal problem.

Proof. Observe that |F|P~'sgn F = FPPE" 7! Tt s also true that FP/2 € Al

We know P, (|F|P~'sgn F) = Pa(F’p/QFp/2 ). Proposition 3.3.2 shows us in fact,
Pa(Fp/QFp/Q_l) has the same form as FP/2| that is, for n > N its Mdbius coeffi-
cents are zero. Hence for suitable b, € C we have

)
-1 z—a
Fo(|F["™" sgn F) Z bk z)2otk
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But the proof of Proposition 3.3.2 also indicates that the right side is in the linear
(o +2),2"
W
of kg, ke,, ..., ke, where & : f — f®(a). Now, applying Theorem 4.2.3 gives
us the desired result. O

span of . However, by Proposition 3.2.2 it is a linear combination

In the theorem above we implicitly assumed there is an analytic function F?/2.
For even integer p, it exists obviously. However, for other p values it may not be
the case. However, if F has no zeros in I then we can define FP/? analytically
for some branch of the power function. Now we will also look for the case p = 1.

Theorem 5.1.2. Suppose a € D and h(z) is an analytic function on D such
that its Mobius coefficients at a are O after the Nth term. If ﬁ € Al then
F(2) := h*(z) satisfies

1FlLaz = nf{l|f]lay : f(a) = F(a),..., f(a) = FM(a)}.
Proof. P,(sgnF) = Pa(hﬁ_l), so it has the same form as h(z) by Proposition

3.3.2. The rest of the proof is the same as that of Theorem 5.1.1 only with the
difference that we use Theorem 4.2.4 instead of Theorem 4.2.3. [

The theorem below gives us a candidate for a solution.

Theorem 5.1.3. Leta € D and 1 < p < co. Suppose

G(Z) = m(bO‘f‘blw—i“Fﬁw )
where w = 1Z —_a , that is, Mdobius coefficients of G(z) at a are 0 except for
—az

finitely many terms. If G has no zeros in D and also G*=2/P € AL, then F := G*/?
satisfies

1E 4z, = it {|| flLaz : f(a) = F(a),..., [N (a) = F™M(a)}.

In other words, F' is the solution of the extremal problem in Definition 4.2.1.

Proof. Since G(z) # 0 for all z € D, we can define F' := G?/P. Hence F?/? = G,
and Theorem 5.1.1 and Theorem 5.1.2 give us the desired result. The solution is
unique because of strict convexity of L?, and Theorem 4.1.6. m
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5.2 Examples of Solutions for p =1

In [13], the solutions of certain type of extremal problems are found with similar
methods. However, the method there does not work for p = 1. In this thesis, we
generalize it to p = 1 and examples below show that we can use Theorem 5.1.3
to solve similar problems.

Example 5.2.1. Let a € D, ¢y € C and ¢y # 0. Suppose that F € Al is the
solution of the following extremal problem: F(a) = ¢y and

£y, = inf {|f|Lay = f(a) = co}-

By Theorem 5.1.3 our candidate for this function is

(=)

To ensure F(a) = ¢o, we should choose by = cp/*(1 — |a|2)2+°‘ for some branch of

1-— a) Y
( |a| )2 @+ . It is clear that

1 (1—az)*te )
A

the square root, so our candidate is F'(z) = ¢

_ 2\2+a
G(z) = Cé”(%) has no zeros in D and G(z)_ = (

belongs to Al. This justifies the use of Theorem 5.1.3. So

1— 2\ 2(2+4a)
F(z)= co( ’iL| )

1—az

is the solution of our extremal problem. In [14], the same problem is solved and

the same answer is found by another method.

Example 5.2.2. Let a € D and ¢; € D. Suppose that we try to find F' € A},
such that F(a) =1, F'(a) = ¢; and || F[| 41 is minimum. From Theorem 5.1.3 our
candidate for the extremal function is

Fz) = ((1 _ ;z)”a (bo-+ 1Z—_6az>)2'

Here F(a) = 1 so by = (1 — |a?)*™. Now, taking the derivative gives

Fl(a) = (b1+(1(—|a|)> (2+a)a) = ¢;. From there we obtain b, =
—az

= a5

e =)
34

(24 ) ] Hence if the function




ci(1—lal?)

1—az

is in A} (it also means that G(z) has no zeros in D), then

- (e (0t e (20 o g 22 ))

—az)?te 1—az

is indeed our solution.

In the next section we will see that similar methods work for Besov spaces.

5.3 Extremal Functions for Besov Spaces

This method can be used in Besov spaces in some special cases. Suppose that
we work in BY for 1 < p < oo and ¢ < 1. If the functionals ®; are chosen as
@y : F — F®(0) we can still solve extremal problems.

Example 5.3.1. Suppose we try to solve following extremal problem: Let 1 <
p<oo,q<—1ands,teR. Also, suppose s > —2 and denote o := ¢+ pt > —1.
Find F' € B? such that F'(0) = 1 and F'(0) = ¢; and the norm of F' which is

defined as || F|| g == || DiF ||, , = —IDLF || 47 is minimum. If we use Notation
2 t

2.3.3, it is easy to see di(s,t) = W The direct conclusion is that F'(0) =
S)k

1 if and only if (DLF)(0) = 1 and that F’(0) = ¢; if and only if (DLF)'(0) =
2+ s+t

Sy c1. Hence, if we call G := D!F then our question transforms to the
s
2 t
following one. Find G € AP such that G(0) = 1, G'(0) = %cl and
s

|G| oz is minimum. It is the same question as in Example 5.2.2 where the only
difference is p > 1 now. Similar calculations like those in Example 5.2.2 show
that if H'=%? € Al and H(z) never attains 0, then we can find a solution for
this problem, where
p(2+s+1t)
2(2+s)
A straightforward calculation gives us F' = (D!)~'(G) = (D)~} (H?/?). We find
/p
_ p(2+s+1t) 2
F(z)=Dg, | (14 B2 |
(Z) s+t ( + 2(2 + S) 1z
35
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The example above shows us this method can be used to find extremal func-
tions on Besov spaces. It is restrictive though if we consider evaluations at a
point other than 0, since then computations become much harder, and we will
not touch that case in this thesis. However, if a relation between Mobius coeffi-
cients and D! can be found, then this method would be promising to solve such
questions.
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