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In this thesis, we, first, study the dynamics of different quantumness measures,

such as entanglement and beyond (quantum discord and measurement induced

disturbance) as well as Bell non-locality under decoherence. We, second, focus

the ability of the considered quantum correlation measures to detect the critical

points of quantum phase transitions.

First, we have studied the dynamics of quantum correlations such as entangle-

ment, Bell non-locality and quantum discord between identical and unidentical

atoms interacting with a single-mode cavity field and subject to cavity decay.

The effect of single atom detuning, cavity decay rate and initial preparation of

the atoms on the corresponding correlation measures have been investigated un-

der rotating wave approximation by numerically solving the standard Lindblad

quantum optical master equation. High quantum discord is found to be induced

regardless of the magnitude of the cavity decay rate, while entanglement and Bell

non-locality stay zero for an initially product states. Quantum discord is found to

increase in a certain time period under dissipation, while entanglement decreases

for the initial state that both atoms are in their excited states. For some type of
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initial states and identical atom case, cavity decay is shown to drive the system

to a stationary state with high entanglement and quantum discord.

Second, we have investigated the dynamics of entanglement and quantum

discord between two identical qubits resonantly interacting with a common sin-

gle mode leaky cavity field beyond the rotating wave approximation (RWA) for

general Werner-like initial states. The dynamics have been numerically investi-

gated by using recently derived Lindblad type quantum optical master equation

[F. Beaudoin, J.M. Gambetta, A. Blais, Phys. Rev. A 84 (2011) 043832] and

compared with the dynamics investigated by ad hocmaster equation, the so-called

standard Lindblad quantum optical master equation. Contrary to previous in-

vestigations of the same model in the dissipative regime by using the standard

Lindblad quantum optical master equation at ultrastrong coupling regime, we

have found that the atom-field steady states are cavity decay rate independent

and have a very simple structure determined solely by the overlap of initial atomic

state with the decoherence free state which is valid for all coupling regimes. Non-

RWA dynamics are found to have remarkable effects on the steady state quantum

discord and entanglement that cannot be achieved under RWA conditions, for in-

stance, they can induce steady state entanglement even for the initial states that

have no overlap with the decoherence free state.

Finally, we have investigated the quantum phase transitions in the ground

states of several critical systems, including transverse field Ising and XY models

as well as XY with multiple spin interactions, XXZ and the collective system

Lipkin-Meshkov-Glick models, by using different quantumness measures, such as

entanglement, quantum discord, measurement-induced disturbance and Bell non-

locality. We have basically analyzed the performance of different quantumness

measures, especially measurement-induced disturbance and Bell non-locality to

detect the critical points of quantum phase transitions. Measurement-induced

disturbance is found to detect the first and second order phase transitions present

in these critical systems, while it is found to fail to signal the infinite-order phase
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transition present in the XXZ model. Remarkably, Bell non-locality is found to

detect all the phase transitions, even when quantum and classical correlations are

zero for the relevant ground state.

Keywords: Quantum Correlations; Open Quantum Systems; Quantum Phase

Transitions.
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ÖZET

Ferdi Altıntaş

Doktora, Fizik Bölümü

Tez Danışmanı: Prof. Dr. Resul Eryiğit

Ocak 2013, 98 sayfa

Bu tezde ilk olarak farklı kuantumluk ölçütlerinin, dolaşıklık ve ardı (kuantum

geçimsizlik ve ölçüm bağlı rahatsızlık) gibi ayrıca Bell lokalsizliğinin, eşevresizlik

altında dinamiklerini inceledik. İkinci olarak, ilgilendiğimiz kuantum korelasyon

ölçütlerinin kuantum faz geçişlerinin kritik noktalarını tespit etmedeki yetenek-

lerini çalıştık.

İlk olarak, tek modlu sızdıran kavite ile etkileşen iki özdeş ve özdeş olmayan

atomlar arasındaki dolanıklık, kuantum geçimsizliği ve Bell lokalsizliği gibi kuan-

tum korelasyon ölçütlerinin dinamiklerini inceledik. Tek atom bozunumu, kavite

bozunma oranı ve atomların ilk hazırlanma durumlarının kuantum korrelasyon

ölçütlerindeki etiklerini standart Lindblad optikal master denkleminde dönen-

dalga yaklaşımı (DDY) altında numerik çözümüyle incelenmiştir. Yüksek kuan-

tum geçimsizliğinin kavite bozunum oranı büyüklüğünden bağımsız olarak or-

taya çıkar iken, dolaşıklık ve Bell lokalsizliğinin zaman içinde sıfır kaldığı bu-

lunmuştur. Tüm atomların uyarılmış olduğu ilk durumda, kuantum geçimsizliğin

enerji kaybı altında belirli zaman aralığında arttığı bulunurken, dolaşıklığın aza-

ladığı gözlenmiştir. Bazı başlangıç ve özdeş atomlar için, kavitedeki bozunumun

sistemi yüksek dolanıklık ve kuantum geçimsizliğine sahip kararlı bir duruma

sürüklediği ispatlanmıştır.
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İkinci kısımda, genel Werner-tipi başlangıç durumları için DDY ardında tek-

modlu sızdıran kavite alanı ile rezonans haliyle etkileşen iki özdeş kübit arasındaki

dolanıklığı ve kuantum geçimsizliğin dinamiği araştırıldı. Bu dinamik son za-

manlarda türetilen Lindblad tipi kuantum optiksel master denklemi kullanılarak

[F. Beaudoin, J.M. Gambetta, A. Blais, Phys. Rev. A 84 (2011) 043832]

nümerik olarak incelendi ve daha önce dinamiği araştırılan ad hoc master den-

klemiyle, diğer bir adıyla standart Lindblad kuantum optiksel master denklemi,

karşılaştırıldı. Şuana kadar ki sızdıran sistemlerde standart Lindblad kuantum op-

tiksel master denklemi kullanılarak yapılan araştırmaların aksine, biz yaptığımız

çalışmalarda atom-alan durgun durumlarının kavite bozunum oranından bağımsız

olduğunu ve sadece üstüste binen başlangıç durumlarıyla eşevresiz serbest du-

rumlarının belirlediği oldukça basit bir yapı olduğunu gösterilmiştir. DDY ol-

mayan dinamiklerin, DDY şartlarında elde edilemeyen kuantum geçimsizliği ve

dolanık üzerinde dikkat çeken etkileri olduğu bulunmuştur. Örneğin, eşevresiz

serbest durumlar ile üstüste binmeyen başlangıç durumları için bile durgun du-

rum dolanıklığı oluşturulabilir.

En son olarak, dolaşıklık, kuantum dgeçimsizliği, ölçüm bağlı rahatsızlık ve

Bell lokalsizliği gibi kuantumluk ölçütlerini kullanarak, Ising, XY, XYT, XXZ ve

LMG modellerinin temel durumlarındaki kuantum faz geçişlerini çalıştık. Farklı

kuantum correlasyon ölçütlerinin, özellikle ölçüm bağlı rahatsızlığının ve Bell

lokalsizliğinin, kuantum faz geçişlerinin krıtik noktalarını gösterme performansını

temel olarak inceledik. Ölçüm bağlı rahatsızlık ölçütünün incelediğimiz kritik sis-

temlerdeki birinci ve ikinci dereden tüm faz geçişlerinin saptar iken, XXZ modelin-

deki sonsuz seviyedeki kuantum faz geçişini göstermede başarısız olduğu bulundu.

Dikkate şayan bir şekilde, Bell lokalsizliği ölçütünün ilgilendiğimiz temel durum-

lardaki kuantum ve klasik correlasyonların sıfır olduğu durumlarda bile tüm faz

geçişlerinin yakaladığı bulundu.

Anahtar Kelimeler: Kuantum Korelasyonları; Açık Kuantum Sistemleri; Kuan-

tum Faz Geçişleri.
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CHAPTER 1

INTRODUCTION

Entanglement, which is a purely quantum mechanical phenomena, states that

two or more particles can become somehow quantum correlated so that they al-

ways share the same properties even they are separated form each other by large

distances. It is a kind of quantum correlation shared by multi-parties and has no

classical counterpart. Indeed, entangled states are shown to be the most useful

and necessary type of quantum correlation for a set of important quantum in-

formation and computation tasks, such as quantum teleportation [1], superdense

coding [2] and quantum cryptography [3]. Moreover, the quantum computers will

be expected to be directly implemented by the use of the quantum entanglement.

On the other hand, the most useful part of entanglement can be determined by

the violation of Bell inequalities where this part is often called nonlocal entangled

correlations [4, 5, 6]. In fact, the nonlocality as measured by the violation of Bell

inequalities is a strong signature of the inseparability of a quantum state and

signifies entangled states whose correlations cannot be reproduced by a classical

local hidden-variable model. Although, the presence of entanglement does not

always imply the violation of Bell inequalities, the violation of Bell inequalities

always implies entanglement. Such entangled states violating Bell inequalities are

shown to play a central role in some applications in quantum information science,

such as to guarantee the safety of device-independent key distribution protocols

in quantum cryptography [7, 8, 9]. On the other hand, the absence of entangle-

ment does not always mean the non-existence of all quantum correlations. In fact,

there are quantum correlations beyond entanglement that can even exist in some

separable mixed states. Several measures have been proposed to characterize

and quantify quantum correlations beyond entanglement [10, 11, 12]. One such
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a measure of quantum correlations, that is called quantum discord (QD) [10], is

shown to be useful in DQC1 (deterministic quantum computation with one quan-

tum bit) [13], Grover search [14] algorithms and remote state preparation [15].

Indeed, QD can be non-zero for some separable mixed states, actually, as shown

by Ferraro et al. that almost all bipartite quantum states have non-zero quan-

tum discord [16]. Beside original quantum discord, its geometric and entropic

versions as well as measurement-induced disturbance have also been introduced

very recently as a measure of quantum correlations beyond entanglement for

multipartite states [12]. In fact, what these quantumness measures account for

a given state and their role in the protocols of quantum information science are

still under debate. The general definitions and more explanations for the entan-

glement, Bell nonlocality and quantumness of correlations beyond entanglement

have been discussed in details in Chapter 2.

Maintaining entanglement and other types of quantum correlations is not easy,

when the system is in contact with an environment which leads to decoherence.

Therefore, the study of the dynamics of different quantumness measures under

environmental-induced-noise and finding the conditions for which the quantum

correlations last longer or preserved are the most important aspects for the proto-

cols of quantum information and computation processing [17, 18, 19, 20, 21, 22].

In fact, as shown by many groups, entanglement is very fragile and can cease to

exist in a finite time under dissipation and dephasing processes. This phenom-

ena is named by Yu and Eberly as entanglement sudden death (ESD) [17]. On

the other hand, the quantum correlations beyond entanglement, such as QD, are

more robust against the environmental-induced-noise; they decay exponentially

or suffer only instant death [18, 19]. In fact, quantum discord compared to en-

tanglement has remarkable behavior under dissipative and decohering systems.

Exhibiting noise-free-area for a finite time interval [20], increasing under local

memoryless noise acting on only one party of the two qubit system initially in

a fully classical state [21] and being maximal for a separable state in the long
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time limit under classical memoryless noise(s) [22] are the remarkable examples

of these novel behaviors of QD, while entanglement dies very quickly or is not

induced for those situations.

The main investigation of quantum optics is the description of the light-

matter interaction. The single-mode spin-boson model, the so-called quantum

Rabi model, is the simplest possible physical model that describes the interaction

of a two-level atom (a qubit) with a quantized single mode electromagnetic field (a

harmonic oscillator) [23]. Indeed, this simple model has been used to understand

a wide variety of phenomena in quantum optics and condensed matter systems,

such as quantum dots, trapped ions, superconducting (artificial) qubits, optical

and microwave cavity QED, among others [24, 25, 26, 27, 28, 29, 30, 31, 32].

Despite its old age and numerous investigations over the last few decades, the

spectrum of the Rabi model has been given only recently in a closed form as the

solution of a polynomial equation with a single variable [33]. On the other hand,

Rabi model is quite simplified and can be solved analytically when the excitation

non-conserving terms, the so-called counter-rotating terms that are responsible

for simultaneously exciting or de-exciting the atom and field, are ignored [34].

This approximation is known as the rotating wave approximation (RWA) which

reduces Rabi model to Jaynes-Cummings model and has been widely used in

quantum optical settings. The RWA is valid only at weak atom-field coupling

strengths and nearly resonant conditions. Indeed, the typical quantum optics

experiments are performed at microwave to visible light range of electromag-

netic wave spectrum where the atom-field coupling strength is several orders of

magnitude smaller than the transition frequencies of the atom and the field, so

that RWA is inherently justified for those parameters. Despite being an approx-

imation, the analytical achievements of RWA have successfully explained many

novel phenomena and experimental results, such as Rabi oscillations [35], squeez-

ing [36], non-classical [37] and Fock [38] states, collapse and revivals of atomic

inversion [39] and entanglement between atoms as well as atom and field sys-
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tems [40]. However, with the recent developments in the area of circuit and

cavity QED systems [24, 25, 26, 27, 28, 29, 30, 31, 32], ultra and deep strong

light-matter couplings became experimentally achievable which makes it neces-

sary to use full Rabi model to explain all the dynamical and statistical properties

of these systems.

The discussion of the role of counter-rotating terms on the atomic dynamics

has received plenty of attention, recently [41, 42, 43, 44, 45, 46]. Although the

effects of these terms are extremely small and averages to zero over a very short

time scale for the weak coupling regime, they, nonetheless, cause significant shifts

in the dynamics of the system at intermediate to deep interaction strength region.

Generation of photons [41] and entanglement [42] from zero excitation initial

state, bifurcation in the phase space [43], a fine structure in optical Stern-Gerlach

effect [44], Bloch-Siegert shift [45] and chaos in the Jaynes-Cummings model [46]

are the remarkable examples of these novel effects and none of them are observed

under RWA. On the other hand, the significance of the counter-rotating terms,

especially for multipartite and dissipative systems, is still under debate and one

of the main focus of this thesis will go along this direction.

Since any realistic quantum system inevitably interacts with the outside world,

the environmental-induced-noise leads to qubit relaxation and dephasing as well

as cavity relaxation in circuit and cavity QED systems with atom-field interac-

tions. The standard Lindblad quantum optical master equation [47] is shown to be

the general form of a Markovian master equation that can describe the irreversible

and non-unitary processes of the atom-field system. While deriving the standard

dissipators in this master equation, the qubit-field interaction is neglected and

therefore separate interactions of the involved parts with the environment are

taken into account. For weak atom-field coupling regime where RWA can be

safely applied, this master equation is shown to work well and can be used to

predict the experimental results in cavity and circuit QED systems. On the other

hand, the main error is to use the standard Lindblad master equation without any
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formal proof to describe the dephasing and relaxation processes at strong-coupling

regime where RWA is no longer valid [41, 48, 49, 50, 51, 52, 53, 54, 55, 56]. In

fact, this master equation is the root of unphysical effects at ultrastrong coupling

regime, since qubit-field coupling becomes influential [48]; even at zero temper-

ature, the standard master equation with Rabi model produces spurious qubit

flipping and creates excess photons in the atom-field system. It was shown in

Ref. [48] that it is possible to correct the predictions of Rabi model in the dissi-

pative case by carefully deriving a new Lindblad type dissipator which involves

transitions between the eigenstates of the Rabi model. The ameliorated Lindblad

master equation given in Ref. [48] is expected to be a new avenue in the studies

of strong light-matter interactions including dissipative and multipartite systems

and to help understanding the role of counter-rotating terms under dissipation

and dephasing processes.

In Chapter 3, we have first investigated the dissipative dynamics of quantum

correlations such as quantum discord, entanglement and Bell nonlocality between

two qubits in a cavity loss mechanism by using standard Lindblad quantum opti-

cal master equation. Very recently, entanglement, Bell nonlocality and quantum

discord have been studied in the same setting [57, 58, 59, 60, 61, 62]. However,

most of those studies assume identical atoms, or the atom-cavity resonant case, or

only one excitation in the system. Here, we have investigated the effect of atom-

cavity detuning and cavity decay rate on the corresponding correlation measures

for a system which is initially prepared in a separable or a maximally entangled

state. We will identify the atoms as identical or unidentical depending on the

type of detuning. As we will show in Chapter 3, being the atoms identical or

unidentical have a pronounced effect on the dynamics of correlations. The most

important results of Chapter 3 as follows. Depending on the initial preparation

of the system and the type of the detunings between the frequency of the cavity

mode and the transition frequency of the qubits, the induced quantum discord is

found to increase for a long time under cavity decay loss mechanism for certain

5



conditions, while there is no increase in entanglement and Bell nonlocality. In

some situations, the quantum discord is induced regardless of the magnitude of

cavity decay rate even while the atoms remain separable at all times. Also, the

preservation of induced entanglement and quantum discord was observed under

strong dissipation for identical atoms and the type of initial states which has a

non-vanishing overlap with the decoherence free state.

In Chapter 4, we have extended the setting of Chapter 3 by studying a model

of two identical atoms resonantly and strongly interacting with a single-mode

leaky cavity field beyond rotating wave approximation. The dynamics of atom-

field system and the quantum correlations, entanglement and quantum discord,

have been investigated at ultrastrong coupling regime by using recently derived

Lindblad type master equation that can describe the cavity losses at strong atom-

field coupling regime where RWA is not valid [48]. Under RWA, the dynamics of

atom-field system under losses have been investigated throughly and the atom-

field steady states have a very interesting structure determined solely by the over-

lap between the initial state and the decoherence free state [63, 64, 65, 66]. On

the other hand, the same model has also been investigated under non-RWA con-

ditions by using the standard Lindblad master equation [49, 50, 51, 52]. Since the

master equation with standard dissipators cannot explain properly the effect of

dissipation at the strong coupling regime, the reported role of the counter-rotating

terms should be reconsidered. By using the ameliorated Lindblad master equa-

tion given in Ref. [48] and the structure of atom-field steady states under RWA,

we provide a clear picture for the role of counter-rotating terms on atom-field

steady states and also give their analytical expressions for the general class of

Werner-like initial states. We also reexamined some of the main results obtained

by the standard Lindblad master equation at strong atom-field coupling regime

and revised them by using the results obtained by the ameliorated Lindblad mas-

ter equation. The role of counter-rotating terms on the dynamics of entanglement

and quantum discord shows that the counter-rotating terms can, peculiarly, re-
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verse the initial state dependence of the steady state entanglement and quantum

discord contrary to the RWA case. For RWA dynamics, the overlap of initial

state with the decoherence free state is crucial to obtain a long-lived quantum

correlated state under losses [63, 64, 65, 66]. In this chapter, we showed that

the counter-rotating term contributions break down this description and lead to

long-lived quantum correlated state without this overlap.

Beyond the investigation of the dynamics of quantum correlations under open

quantum systems, another fundamental question in quantum information com-

munity is the relation between quantum phase transitions (QPT) and quantum

correlation measures. Unlike classical phase transitions which occurs at a crit-

ical temperature, quantum phase transitions occur at absolute zero tempera-

ture as a tuning parameter (a coupling constant or an external parameter) of

the system Hamiltonian is changed and are solely due to the quantum fluctua-

tions [67]. The superfluid-Mott insulator transition in a Bose-Einstein conden-

sate [68], superconductor-insulator transitions [69] and the phase transition in

spin models at T = 0 [70] are the remarkable examples of the QPTs. Although

the quantum and classical phase transitions are both characterized by the specific

behavior of correlation length in the system, the quantum correlations, mostly,

have no classical counterparts. Several attempts have been made to find a uni-

versal quantum correlation measure that can unambiguously signal all the QPTs

and to search for a relation between QPTs and quantum correlation measures [71,

72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92].

Indeed, different measures of quantum correlations, such as entanglement [71,

72, 73, 74, 75, 76, 77, 78], quantum discord [79, 80, 81, 82, 83, 84, 85, 86, 87],

fidelity [88, 89] and Bell inequalities [90, 91, 92] have been shown to provide the

signatures of QPTs. Although not always, the extremal points (minimums or

maximums) as well as the behavior of the derivatives of the correlation measures

can signal the existence of a critical point (CP). In general, at the first-order QPT

point [93], QD and entanglement (measured by concurrence and entanglement of
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formation (EoF)) are found to be discontinuous at the critical point [79, 82, 83],

while at the second-order QPT, the divergence or discontinuity behavior of the

first and second derivatives of QD and entanglement could spotlight the critical

points [79, 80, 81]. On the other hand, QD and entanglement are found to show

local extreme points at the CPs of infinite-order QPTs [82, 83, 84].

On the other hand, entanglement may fail to measure the quantum corre-

lations of a state when it reaches to a certain level of mixture, especially for

distant spin pairs in a spin system and at finite temperatures. In addition, QPTs

might involve transitions from unentangled to unentangled ground states. On the

other hand, quantum discord, mostly, does not vanish for mixed separable states,

actually almost all quantum states have non-zero quantum discord [16]. This fea-

ture makes QD more reliable and useful measure compared to entanglement to

signal the QPTs. Indeed, QD is able to detect the critical points of QPTs, espe-

cially between far neighbors and also at finite temperatures where entanglement

is fully absent near the critical points [81, 82, 83, 85]. Moreover, QD can provide

more conventional information about the critical points of QPTs than that of

the conventional measures (thermodynamical quantities, such as entropy, specific

heat, magnetization, etc.); as shown recently QD, in contrast to entanglement

and some of the thermodynamics quantities, can spotlight the QPTs, even at

finite temperatures [82, 83]. It should be pointed out here that Bell nonlocality

as measured by the Clauser-Horne-Shimony-Holt-type (CHSH) inequality or its

derivative has been used to detect the quantum phase transitions only in a few

model systems, including Heisenberg XXZ [91] and Kitaev-Castelnovo-Chamon

models [92]. In these studies, it was shown that CHSH-Bell inequality, although

not violated for some cases, exhibits the existence of QPTs present in the models,

even for separable states. Moreover, in Ref. [90], the authors investigated only

the behavior of the CHSH-Bell function near the Ising-like critical point in the

infinite XY model and found a non-ergodic behavior of the nonlocality measure

near the phase transition point. However, making a general conclusion about the
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ability of the CHSH inequality to detect the CPs of QPTs is hard. On the other

hand, although a number of studies indicate a strong relation between the QPT

and a discontinuity in QD and entanglement or in their derivatives, so far there is

no single correlation measure that can indicate all the QPTs or shows universal

behavior at the CPs of QPTs.

In Chapter 5, we have searched for new quantum information theory based

indicator of quantum phase transitions, such as measurement-induced distur-

bance (MID) and the CHSH-Bell function, and compare them with the well known

CP-detectors, quantum discord, classical correlations (CC) and entanglement in

the ground states of several critical systems, including transverse field Ising and

XY models as well as the XY model with multiple spin interactions, the XXZ

model and the collective system Lipkin-Meshkov-Glick (LMG) model. The focus

of this chapter will be two fold. On one hand, we will compare and contrast the

behavior of different quantumness measures as a function of the tuning parameter

of the system Hamiltonians, especially for the regions close to the critical points

of the QPTs of the system. On the other hand, we will study different critical

systems that exhibit first and infinite order QPTs as well as several continuous

phase transitions belonging to different universality classes to see whether or not

the corresponding correlation measures (particularly MID and the CHSH-Bell

function) can signal the abrupt change of the ground state. We will assume both

finite and infinite chains as well as the finite size effects of the derivatives of the

correlations at the second order QPT points. In fact, by considering a number

of models that exhibit several QPTs obeying different universality classes, with

different correlation measures, we will shed some light on the search for ”univer-

sal” correlation measure that can account for all the QPTs. We have shown that

although none of the considered correlation measures show a universal behavior

for signaling the CPs of QPTs, remarkably, the CHSH-Bell function is found to

detect all CPs of QPTs present in the considered models, even when the relevant

ground state has neither quantum nor classical correlations.
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The thesis is structured as follows. In Chapter 2, we briefly review the quan-

tum correlation measures, entanglement and beyond as well as Bell nonlocality

and give their analytical expressions for a general X-structured bipartite density

matrix. In Chapters 3 and 4, we analyze the dissipative dynamics of quantum

correlations in a cavity loss mechanism under and beyond RWA, respectively. In

Chapter 5, the performance of different quantum correlations measures to detect

QPTs in several critical systems is discussed. The summary of the important

results obtained in this thesis is summarized in Chapter 6.

10



CHAPTER 2

QUANTUMNESS OF CORRELATIONS IN BIPARTITE

STATES

2.1 Introduction

In this thesis, we will use different correlation measures, such as entangle-

ment, quantum discord, measurement-induced disturbance and Bell non-locality,

to characterize the quantumness of correlations in bipartite qubit systems. More-

over, in the model systems that will be analyzed in detail in next chapters, we

will deal with X-structured bipartite density matrices given as:

ρAB =



ρ11 0 0 ρ14

0 ρ22 ρ23 0

0 ρ32 ρ33 0

ρ41 0 0 ρ44


. (2.1)

Such states are important, since they are experimentally produced and include

mixed Werner states as well as Bell diagonal states. Therefore, in the follow-

ing, we will first briefly describe what these correlation measures signify for the

”quantumness” of correlations, and then we will give their analytic expressions

in terms of density matrix elements for a general two-qubit X-structured density

matrix.

2.2 Entanglement

Entanglement has evolved after the paper of EPR [94] as a ”spooky action at

a distance”; influence of one system to the other instantaneously, even at large

distances. Entanglement is broadly accepted as the most useful and necessary

11



type of quantum correlation for a set of important quantum information and

computation tasks. Several measures have been introduced to quantify the en-

tanglement type quantum correlations [95, 96, 97]. Among them, entanglement

of formation (EoF) or concurrence (an entanglement monotone) are the most

promised ones [96, 97]. Although, they are sometimes disagree on the value of

correlations for a given entangled state, they both give zero for a separable state.

Originally, EoF is defined as [96, 97]

EoF (ρAB) = min
∑
j

pjS(ρA(B)), (2.2)

where the minimization is taken over all ensembles of pure states {pj, |Ψj⟩} for

a density matrix ρAB =
∑

j pj |Ψj⟩ ⟨Ψj|. Here pj is the probability amplitude,

ρA,B = TrB,AρAB are the reduced density matrices and S(ρ) = −Tr(ρ log2 ρ) is

the von-Neumann entropy. EoF quantifies how many singlets, at least for pure

states and asymptotically, are needed per copy to prepare by using the local

operators and classical communications. In fact, for a two-qubit system, EoF is

shown to be a function of concurrence [96, 97]:

EoF (ρAB) = H

[
1 +

√
1− C(ρAB)2

2

]
, (2.3)

where H[x] = −x log2 x− (1− x) log2(1− x) is the binary entropy function and

C(ρAB) is the concurrence. When EoF or concurrence is zero, it means that a

given bipartite state can be written in terms of the tensor product of states of

the subsystems, A and B, i.e., ρAB =
∑

j ρ
j
A ⊗ ρjB. They are both normalized to

one for maximally entangled (Bell) states. The concurrence is defined as [96, 97]:

C(ρAB) = max{0,
√

λ1 −
√

λ2 −
√
λ3 −

√
λ4}, (2.4)

where the quantities λi(i = 1, 2, 3, 4) are the eigenvalues of the matrix R =

ρAB(σ
A
y ⊗σB

y )ρ
∗
AB(σ

A
y ⊗σB

y ) in descending order and ρ∗AB is the conjugate of ρAB.
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For the X-structured density matrix (2.1), the concurrence can be obtained easily

C(ρAB) = 2max{0, |ρ14| −
√
ρ22ρ33, |ρ23| −

√
ρ11ρ44}. (2.5)

2.3 Bell Non-locality

After EPR [94], the idea of entanglement remained just as a concept (theoret-

ical). However, in 1964, Bell inequalities was introduced by John Bell and moved

the concept of entanglement from the philosophical debates to the experimental

verifications [4]. In fact, the violation of the Bell inequalities describe the part of

entanglement (often called non-local correlations) that cannot be produced by lo-

cal operations on the systems with classical communication between the parts (a

local hidden variable model or classical systems). Although the concept of en-

tanglement was considered as the property of states that cannot be exhibited by

classical systems, it is entirely true for pure entangled states. On the other hand,

as shown by Werner that all entangled mixed states do not necessarily violate

the Bell inequalities [5]. Although the interplay between entanglement and non-

locality seems to be understood, it is true for pure states, but complicated for

mixed states.

Like entanglement measures, several kind of Bell inequalities have been intro-

duced recently. However, unlike entanglement measures, the non-locality mea-

sures do not agree with the violation limits of the Bell inequalities. Therefore, I

will proceed with the most promise one, introduced by Clauser, Horne, Shimony

and Horne, termed CHSH-Bell inequality [6].

For two-qubit case the CHSH-type Bell inequality can be written in the fol-

lowing form [6]

CHSH(ρAB) = max
{Oi,Oj}

| |⟨OAOB⟩ − ⟨OAO
′
B⟩|+ ⟨O′

AOB⟩+ ⟨O′
AO

′
B⟩ | ≤ 2, (2.6)

where ⟨OAOB⟩ = Tr(ρABOAOB) is the correlation function and OS = OS.σS,
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whereinOS = (sin θS cosϕS, sin θS sinϕS, cos θS) is the unit vector, σS = (σS
1 , σ

S
2 , σ

S
3 )

is the Pauli matrices vector and O′
S = OS(θ

′
S, ϕS). The idea on its definition is as

follows: for two particles, A and B, one can choose one direction, Oi and Oj to

measure simultaneously and independently the observable OS. If the measured

parts takes two direction, any local and realistic theory gives the Bell inequality.

So, the maximum information over all directions defines the Bell measurement

given by Eq. (2.6).

In fact by using the Horodecki criteria [98], the maximum of the CHSH-Bell

function for bipartite X-states can be obtained easily and it is given as [57, 99]:

CHSH(ρAB) = max{B1, B2}, (2.7)

where B1 = 2
√
k2
1 + 4k2

2 and B2 = 4
√
k2
2 + k2

3, k1 = (ρ11 + ρ44 − ρ22 − ρ33),

k2 = (|ρ14| + |ρ23|) and k3 = (|ρ14| − |ρ23|). As mentioned above when the value

of CHSH function exceeds 2 for a given state, it is violated, so no classical local

model can reproduce all correlations possessed by the quantum objects A and B.

2.4 Quantum Correlations Beyond Entanglement

2.4.1 Quantum Discord

The absence of entanglement does not always imply the non-existence of quan-

tumness of correlations. In fact, there exist more-general-than-entanglement-type

quantum correlations that can even exist for some mixed separable states. Re-

cently, Ollivier and Zurek introduced the notion, called quantum discord (QD),

as a measure of such more-general-than-entanglement-type quantum correlations

for bipartite states [10]. Indeed, QD can be non-zero for some mixed separable

states. Originally, QD is defined as the difference between the quantum versions

of two classically equivalent definitions of mutual information. QD can be given
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as

QD(ρAB) = I(ρAB)− CC(ρAB), (2.8)

where

I(ρAB) = S(ρA) + S(ρB)− S(ρAB)

is the quantum mutual information and measures the total correlations. Here

ρA,B = TrB,AρAB are the reduced density matrices and S(ρ) = −Tr(ρ log2 ρ) is

the von-Neumann entropy. CC(ρAB) in Eq. (2.8) is the measure of classical corre-

lations between two subsystems defined as the maximum information extractable

from the measurement, for example, on B about A. It is given as [10, 11]:

CC(ρAB) = max
{Π̂i}

{S(ρ̂A)−
∑
i

piS(ρ̂A|i)}, (2.9)

where ρ̂A|i = TrB(Π̂iρ̂ABΠ̂i)

TrAB(Π̂iρ̂ABΠ̂i)
and Π̂i is a set of projectors defined as Π̂i = Î ⊗

|i⟩ ⟨i| (i = 1, 2) where |1⟩ = cos θ |+z⟩ + eiϕ sin θ |−z⟩ and |2⟩ = sin θ |+z⟩ −

eiϕ cos θ |−z⟩ are the orthogonal states and |±z⟩ are the eigenstates of Pauli z-

operator for subsytem B. The projector operators are used to measure subsystem

B, corresponding to the outcome i with probability pi = TrAB(Π̂iρ̂ABΠ̂i). Because

of the complex maximization procedure in the definition of classical correlations,

obtaining an analytic expression of CC(ρAB) for general states is not an easy

task. However, for X-states the analytic expression of CC(ρAB) and also QD can

be obtained [58]. According to the results in Ref. [58], QD and CC are given as:

QD(ρAB) = min{Q1, Q2}, CC(ρAB) = max{CC1, CC2}, (2.10)

where CCj = H[ρ11+ρ22]−Dj and Qj = H[ρ11+ρ33]+
∑4

k=1 λ
k log2 λ

k+Dj with

λk being the eigenvalues of ρAB and H[x] is the binary entropy defined in Sec. 2.1.

Here D1 = H[τ ] where τ =
(
1 +

√
[1− 2(ρ33 + ρ44)]2 + 4(|ρ14|+ |ρ23|)2

)
/2 and

D2 = −
∑4

k=1 ρkk log2 ρkk−H[ρ11+ρ33]. In general, QD and CC are not symmetric
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quantities, i.e., their value can depend on the party which projective measure-

ments are performed on. Indeed, for general X states, the order of measure-

ments performed are important since S(ρA) ̸= S(ρB). However for the consid-

ered model systems in the present thesis, we mostly have ρ22 = ρ33 which ensures

S(ρA) = S(ρB); irrespective of whether the measurement is performed locally on

the subsystem A or B.

On the other hand, several discord-like quantum correlation measures have

been introduced recently based on the Hilbert-Schmidt and entropy distance be-

tween a given state and zero-discord state [12]. In fact, they generally give the

same qualitative information about a given state as QD can do, so these correla-

tion measure are out of the scope of this thesis.

2.4.2 Measurement Induced Disturbance

Along similar lines, the so-called measurement-induced disturbance was pro-

posed very recently by Luo in order to quantify the more-general-than-entanglement-

type quantum correlations [100]. If the mutual information, I(ρAB), is accepted

to quantify all kind of correlations for a bipartite state, then MID is just the

mutual information difference between a given state, ρAB, and the closest clas-

sical state to ρAB. The idea on the definition of MID can be summarized as

follows. For a given state ρAB, any complete local projective measurements

{ΠA
i ⊗ ΠB

j } on the subsystems A and B will induce a classical state Π(ρAB).

If the measurements {Πi} are chosen as the spectral resolutions of the reduced

states; ρA =
∑

i p
A
i Π

A
i and ρB =

∑
i p

B
i Π

B
i (where pA,B

i are the probability am-

plitudes), the state Π(ρAB) =
∑

i,j(Π
A
i ⊗ ΠB

j )ρAB(Π
A
i ⊗ ΠB

j ) will be the closest

classical state to ρAB. Indeed, the measurements induced by the spectral resolu-

tion of the reduced states will leave the marginal states invariant; in the sense of

the least disturbing measurements. Then MID is defined as:

MID(ρAB) = I(ρAB)− I(Π(ρAB)). (2.11)
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MID is easily computable and can be applied to bipartite higher dimensions. For

the density matrix in Eq. (2.1), the closest classical state would be Π(ρAB) =

diag{ρ11, ρ22, ρ33, ρ44}. Since the reduced states are not affected by this mea-

surements and the closest classical state is diagonal, MID reduces to the entropy

distance, S(x||y) = −tr(x log2 y)− S(x), between the given state and the closest

classical state to ρAB:

MID(ρAB) = S(ρAB||Π(ρAB))

=
4∑

k=1

λk log2 λ
k −

4∑
k=1

ρkk log2 ρkk, (2.12)

where λk are the eigenvalues of ρAB.

Although the ideas on the definitions of the considered correlation measures

are quite different, EoF, MID and QD are equal to each other for pure states and

CHSH Bell inequality is always violated for entangled pure states. However, the

relation is complicated for mixed states; MID and QD may give non-zero values

for some mixed separable states. On the other hand, MID can be nonzero, even

maximal for purely classical states (where QD = 0). Therefore, MID is sometimes

regarded as an unfaithful and non-refined measure of nonclassical correlations in

bipartite states [101, 102, 103]. CHSH Bell inequality is generally violated for

mixed states having high entanglement.
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CHAPTER 3

QUANTUM CORRELATIONS BETWEEN IDENTICAL

AND UNIDENTICAL ATOMS IN A DISSIPATIVE

ENVIRONMENT

3.1 Introduction

As discussed in the previous section, entanglement, non-locality and the quan-

tum correlations beyond entanglement are all different quantifiers of quantum

correlations for mixed states but are somehow related features for pure states.

Since any realistic system inevitably interacts with the environment and such

interaction drives the coherent state to an incoherent one, protecting the lifetime

of the correlations from detrimental environmental noise is one of the fundamen-

tal obstacle. Therefore, it would be very desirable to investigate the dynamics

of different quantum correlations under open quantum systems. Toward that

goal, in the present chapter, we will investigate the dynamics of quantum cor-

relations such as quantum discord, entanglement and Bell non-locality between

two qubits interacting with a single mode leaky cavity field (dissipation). Our

aim is to investigate the effect of atom-cavity detuning and cavity decay rate

on the dynamics of corresponding correlation measures for a system which is

initially prepared in a product or a maximally quantum-correlated state. The

dynamics of the atom-field system will be investigated by numerically solving

the standard Lindblad quantum optical master equation under rotating wave ap-

proximation (RWA) which is valid only at weak coupling and nearly resonant

conditions. The extension of the same system beyond RWA will be investigated

in the next chapter.

18



3.2 The Model

Here we consider two two-level atoms with excited states |eA⟩ , |eB⟩ and ground

states |gA⟩ , |gB⟩ interacting with a single-mode cavity field of frequency ωr. The

Hamiltonian of this system under RWA is given as [104]:

H =
~ωA

2
(|eA⟩ ⟨eA| − |gA⟩ ⟨gA|) +

~ωB

2
(|eB⟩ ⟨eB| − |gB⟩ ⟨gB|) + ωra

†a

+ ~g1(a |eA⟩ ⟨gA|+ a† |gA⟩ ⟨eA|) + ~g2(a |eB⟩ ⟨gB|+ a† |gB⟩ ⟨eB|), (3.1)

where ωA and ωB are the transition frequencies for the atoms A and B, a and

a† are the annihilation and creation operators for the field and g1 and g2 are the

coupling constants to the cavity mode for the atoms A and B, respectively.

When maximum two-photon is considered to be present in the cavity (i.e., the

total excitation is equal to two) and if there is no dissipation in the cavity modes,

the closed form of the total state vector at any time may be written as [104, 105]:

|Ψ(t)⟩ = C1 |eA, eB, 0⟩+ C2 |eA, gB, 1⟩+ C3 |gA, eB, 1⟩+ C4 |gA, gB, 2⟩ , (3.2)

where Ci (i = 1, 2, 3, 4) are the time-dependent probability amplitudes. For

example, |gA, gB, 2⟩ represents that the atoms are in their ground states while

there are two photons inside the cavity. For this case, the dynamics of the atoms

and single mode cavity field can be solved by using time-dependent Schrödinger

equation and recently many studies have been reported for this case [104, 105,

106]. On the other hand, when cavity decay is taken into account and since the

cavity decay only changes the number of photons inside the cavity, the atoms and

the cavity mode can be found in any of the states [104, 107]: |eA, eB, 0⟩,|eA, gB, 1⟩,

|eA, gB, 0⟩,|gA, eB, 1⟩,|gA, eB, 0⟩,|gA, gB, 2⟩,|gA, gB, 1⟩,|gA, gB, 0⟩. Then the density

matrix of the system of two atoms interacting with a single mode cavity field will
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evolve according to the master equation [104, 108]:

ρ̇ = − i

~
[H, ρ]− κ

2

(
a†aρ− 2aρa† + ρa†a

)
. (3.3)

We should stress here that the details for the derivation of the master equation

can be found in Ref. [109]. Here the first term in Eq. (3.3) is generated by the

Hamiltonian given in Eq. (3.1) and represents the coherent evolution, while the

other term denotes the incoherent dynamics; κ is the rate of loss of photons

from the cavity mode. By setting {|1⟩ ≡ |eA, eB, 0⟩, |2⟩ ≡ |eA, gB, 1⟩, |3⟩ ≡

|eA, gB, 0⟩, |4⟩ ≡ |gA, eB, 1⟩, |5⟩ ≡ |gA, eB, 0⟩, |6⟩ ≡ |gA, gB, 2⟩, |7⟩ ≡ |gA, gB, 1⟩,

|8⟩ ≡ |gA, gB, 0⟩} as a basis and considering the Eqs. (3.1) and (3.3), the dif-

ferential equations governing the dynamics of two atoms and the single mode

cavity field can be obtained easily. In our analysis we will restrict ourselves for

the initial states: ρ(0) = |eA, eB, 0⟩ ⟨eA, eB, 0| , ρ(0) = |eA, gB, 1⟩ ⟨eA, gB, 1| and

ρ(0) = |Ψ(0)⟩ ⟨Ψ(0)|, where |Ψ(0)⟩ = 1√
2
(|gA, eB, 1⟩ ± |eA, gB, 1⟩). It is straight-

forward to obtain a closed set of first order coupled differential equations from

the master equation for the considered initial states. We note for these initial

states the diagonal elements and some of the off-diagonal elements form a closed

evolution. They can be listed as:

ρ̇1,1 = ig1(ρ1,4 − ρ4,1) + ig2(ρ1,2 − ρ2,1),

ρ̇2,2 = i
√
2g1(ρ2,6 − ρ6,2) + ig2(ρ2,1 − ρ1,2)− κρ2,2,

ρ̇3,3 = ig1(ρ3,7 − ρ7,3) + κρ2,2

ρ̇4,4 = ig1(ρ4,1 − ρ1,4) + i
√
2g2(ρ4,6 − ρ6,4)− κρ4,4,

ρ̇5,5 = ig2(ρ5,7 − ρ7,5) + κρ4,4,

ρ̇6,6 = i
√
2g1(ρ6,2 − ρ2,6) + i

√
2g2(ρ6,4 − ρ4,6)− 2κρ6,6,

ρ̇7,7 = ig1(ρ7,3 − ρ3,7) + ig2(ρ7,5 − ρ5,7) + κ(2ρ6,6 − ρ7,7),

ρ̇8,8 = κρ7,7,

ρ̇1,2 = −iδ2ρ1,2 + ig1(
√
2ρ1,6 − ρ4,2) + ig2(ρ1,1 − ρ2,2)−

1

2
κρ1,2,
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ρ̇1,4 = −iδ1ρ1,4 + ig1(ρ1,1 − ρ4,4) + ig2(
√
2ρ1,6 − ρ2,4)−

1

2
κρ1,4,

ρ̇1,6 = −i(δ1 + δ2)ρ1,6 + ig1(
√
2ρ1,2 − ρ4,6) + ig2(

√
2ρ1,4 − ρ2,6)− κρ1,6,

ρ̇2,4 = −i(δ1 − δ2)ρ2,4 + ig1(ρ2,1 −
√
2ρ6,4) + ig2(

√
2ρ2,6 − ρ1,4)− κρ2,4,

ρ̇2,6 = −iδ1ρ2,6 + i
√
2g1(ρ2,2 − ρ6,6) + ig2(

√
2ρ2,4 − ρ1,6)−

3

2
κρ2,6,

ρ̇3,5 = −i(δ1 − δ2)ρ3,5 − ig1ρ7,5 + ig2ρ3,7 + κρ2,4,

ρ̇3,7 = −iδ1ρ3,7 + ig1(ρ3,3 − ρ7,7) + ig2ρ3,5 +
κ

2
(2
√
2ρ2,6 − ρ3,7),

ρ̇4,6 = −iδ2ρ4,6 + ig1(
√
2ρ4,2 − ρ1,6) + i

√
2g2(ρ4,4 − ρ6,6)−

3

2
κρ4,6,

ρ̇5,7 = −iδ2ρ5,7 + ig1ρ5,3 + ig2(ρ5,5 − ρ7,7) +
κ

2
(2
√
2ρ4,6 − ρ5,7), (3.4)

where δ1 = ωA − ωr and δ2 = ωB − ωr are called the detunings and describes

the frequency difference between the energy levels of atoms and the cavity mode,

ρi,j = ⟨i| ρ |j⟩ are the density matrix elements of the atom-field density matrix

and ρi,j = ρ∗j,i. We will consider two particular detuning types: for δ1 = δ1 = δ

the atoms will be called identical since the transition frequencies of the atoms

are the same and the atoms will be called unidentical for δ1 = −δ1 = δ case for

which the individual atom transition frequencies are different [105]. In practice,

the detunings might be slightly different due to broadening, however, in this

chapter, we will consider relatively large values of δ. One should note that it is

quite difficult to obtain an analytic solution for this set of coupled differential

equations, therefore we will solve these equations numerically for the considered

initial states.

The density matrix of the two atoms is obtained by taking a partial trace

over the cavity degrees of freedom: ρAB(t) = Trc{ρ} =
∑2

n=0 ⟨n| ρ |n⟩ and

used to calculate the quantum correlations as measured by CHSH-Bell inequality,

concurrence and quantum discord between two atoms interacting with a single

mode cavity field. For the considered initial states whose dynamics is given by

Eq. (3.4), the reduced density matrix of the atoms in the two-qubit standard basis

{|1⟩ ≡ |eA, eB⟩ , |2⟩ ≡ |eA, gB⟩ , |3⟩ ≡ |gA, eB⟩ , |4⟩ ≡ |gA, gB⟩} can be calculated
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as:

ρAB(t) =



a 0 0 0

0 b e 0

o e∗ c 0

0 0 0 d


(3.5)

where a = ρ1,1, b = ρ2,2+ρ3,3, c = ρ4,4+ρ5,5, d = ρ6,6+ρ7,7+ρ8,8 and e = ρ2,4+ρ3,5.

It should be noted that the density matrix in Eq. (3.5) has an X-form and the

dynamics preserve its form. The concurrence, CHSH-Bell inequality and QD for

this type of states can be calculated easily by using Eqs. (2.5), (2.7) and (2.10),

respectively.

3.3 Results

3.3.1 Effects of Cavity Damping-Initially Product States

In this section, we will examine the effect of cavity decay rate, κ, on the quan-

tum correlations as measured by concurrence, CHSH-Bell inequality and quantum

discord. To do this we will solve the differential equations in Eq. (3.4) numerically

for the initial states: ρ(0) = |eA, eB, 0⟩ ⟨eA, eB, 0|, ρ(0) = |eA, gB, 1⟩ ⟨eA, gB, 1|

and ρ(0) = |Ψ(0)⟩ ⟨Ψ(0)|, where |Ψ(0)⟩ = 1√
2
(|gA, eB, 1⟩ ± |eA, gB, 1⟩) and we

will set g1 = g2 = g (symmetric coupling), δ1 = δ2 = 5g for identical atoms and

δ1 = −δ2 = 5g for unidentical atoms. One should note that the detunings are cho-

sen somewhat large because at higher detunings the qubit-cavity energy exchange

is low [64, 104, 105] and a high-degree of cavity-induced quantum correlations can

be created [64].

We first consider the dynamics of concurrence and quantum discord for ini-

tially separable state ρ(0) = |eA, eB, 0⟩ ⟨eA, eB, 0| and display C and QD versus

dimensionless time, gt in Figs. 3.1 and 3.2 for unidentical and identical atoms,

respectively. For this initial state neither non-zero concurrence nor violation in
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Figure 3.1: Quantum discord versus gt for unidentical atoms (δ1 = −δ2 = 5g)
and ρ(0) = |eA, eB, 0⟩ ⟨eA, eB, 0| initial state for the decay rates: (a) κ = 0,
(b) κ = 0.02g, (c) κ = 0.2g, (d) κ = 2.0g and (e) κ = 20g. Note that under
these conditions entanglement and Bell non-locality are not induced, thus these
are not plotted here and the inset in (c) represents the total I and classical CC
correlations versus gt for κ = 0.2g.

Bell inequality ever occurs for unidentical qubits, so their dynamics are not plot-

ted in Fig. 3.1. However, this does not indicate the loss of quantum correlations;

QD induced by the atom-field interaction oscillates nearly between 0 and 0.18 for

κ = 0 (Fig. 3.1(a)). A similar result is found by Sun et al., in Ref. [110] where

the authors studied the entanglement and quantum discord between two qubits

which are independently coupled to a common environment modeled as an Ising

spin chain. It can be seen from the analysis of Figs. 3.1(b)-3.1(e) that QD is cre-
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ated independently of the cavity decay rate, but its maximum value depends on

the decay rate κ inversely and the effect of cavity decay on the dynamics of QD

is to create a damped oscillatory behavior; damping in QD is proportional to the

cavity decay rate. Also, in order to understand the nature of non-zero quantum

discord, we have plotted the total correlation, I, and classical correlation, CC, for

κ = 0.2g in the inset of Fig. 3.1(c). It should be noted that for this initial state,

the total as well as classical correlations are also induced and I is always greater

than CC as a consequence non-zero quantum discord is present. This inset also

demonstrates that I and CC are also damped oscillatory as QD. Correlations in

the system are gradually lost to the reservoir because of the cavity decay as found

in the system studied in Ref. [59].

We have calculated the dynamics of CHSH inequality, concurrence and quan-

tum discord for the same initial state ρ(0) = |eA, eB, 0⟩ ⟨eA, eB, 0| for the identical

atoms (δ1 = δ2 = 5g) case to understand the effect of the type of detuning for

the same leaky cavity and plot the resulting QD and C as a function of gt in

Figs. 3.2(a)-3.2(e) and insets of Figs. 3.2(a)-3.2(c), respectively. As can be seen

from the insets of Figs. 3.2(a)-3.2(c), non-zero entanglement, although small, is

created which decays to zero as cavity decay rate is increased and the induced

entanglement has no dynamics for higher values of κ (κ = 2g and κ = 20g).

Bell inequality is found to be not violated for any value of κ, which is expected

because entanglement is low and generally Bell inequality violation is shown to

be a hallmark of high entanglement [60, 61, 111], so CHSH is not displayed in

Fig. 3.2. One should note the difference in the dynamics of QD in the leaky

cavity for unidentical and identical atom cases (Figs. 3.1 and 3.2). While QD

has an oscillatory decay type dynamics for the unidentical atoms (Fig. 3.1), it

increases until the time t = tmax and then decays for the identical atoms. Also,

for the same decay parameters, QD is found to have a much longer lifetime for

the identical atoms. The higher leakage in the cavity decreases tmax and the

lifetime of QD after the time t = tmax. On the other hand, κ has no appreciable

24



0 10 20 30 40 50
0.00
0.02
0.04
0.06
0.08
0.10
0.12

C

HaL

0 10 20 30 40 50
0.0

0.1

0.2

0.3

0.4

gt

Q
D

Fast Oscillations
tmax

0 10 20 30 40 50 60
0.00
0.02
0.04
0.06
0.08
0.10

C

HbL

0 500 1000 1500 2000 2500
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

gt

Q
D

Fast Oscillations

0 5 10 15 20
0.00
0.01
0.02
0.03
0.04
0.05

C

HcL

0 100 200 300 400 500
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

gt

Q
D

HdL

0 10 20 30 40 50
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

gt

Q
D

HeL

0 10 20 30 40 50
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

gt

Q
D

Figure 3.2: Quantum discord and concurrence (insets in (a), (b) and (c)) versus
gt for identical atoms (δ1 = δ2 = 5g) and ρ(0) = |eA, eB, 0⟩ ⟨eA, eB, 0| initial state
for the decay rates: (a) κ = 0, (b) κ = 0.02g, (c) κ = 0.2g, (d) κ = 2.0g and
(e) κ = 20g. Note that under these conditions Bell non-locality is not induced,
and for κ = 2g and κ = 20g, C has no dynamics as well, thus they are not plotted
here. The insets are plotted under the same conditions as QD.

effect on the maximum value of QD. Also note that the fast oscillations in QD

are gradually smoothed for larger values of κ and longer times as can be seen

from Figs. 3.2(b)-3.2(e).

Now we consider another initial separable state of the form |Ψ(0)⟩ = |eA, gB, 1⟩

which has one excitation in the field and the other excitation in one of the atoms to

see the effect of initial partition of the excitation on the dynamics of the quantum

correlations. The time dependent of CHSH-inequality, concurrence and quantum
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Figure 3.3: CHSH inequality (left plots), concurrence (middle plots) and quantum
discord (right plots) versus gt for ρ(0) = |eA, gB, 1⟩ ⟨eA, gB, 1| initial state and
κ = 0 ((a), (b), (c)), κ = 0.02g ((d), (e), (f)), κ = 0.2g ((g), (h), (k)), κ =
2g ((l), (m), (n)) and κ = 20g ((o), (p), (r)). Here the main subfigures are for
identical atoms with δ1 = δ2 = 5g, while the insets are for unidentical atoms with
δ1 = −δ2 = 5g under the same decay rate parameters. Note that for unidentical
atoms CHSH-Bell inequality is not violated, so they are not reported here.

discord are displayed in the first, second and third columns of Fig. 3.3, respec-

tively. In these figures, insets show the dynamics for unidentical atoms (δ1 =

−δ2 = 5g) while main sub-figures are for the identical atoms (δ1 = δ2 = 5g). In-

spection of sub-figures demonstrates the pronounced effect of qubits being iden-
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tical or unidentical. For identical atoms, the atom-field interaction induces high

values of C and QD and Bell inequality is also violated at the high values of en-

tanglement for a high-quality cavity (Figs. 3.3(a), 3.3(b) and 3.3(c)). In the case

of unidentical atoms, C and QD are also created, but their maximum are small;

0.018 and 0.13, respectively, and CHSH Bell-inequality is not violated. When

unidentical atoms interact with a low-quality cavity, entanglement can cease to

exist very quickly and QD shows a fast oscillatory decaying behavior (see the

insets in Figs. 3.3(e)-3.3(r)) which is very similar to what we have found for

ρ(0) = |eA, eB, 0⟩ ⟨eA, eB, 0| initial state. On the other hand, this situation is

completely and significantly different in the case of identical atoms. Although

CHSH-Bell inequality goes below 2 very quickly for 0 < κ ≤ 2.0g and no longer

is violated for κ > 2.0g, the dynamics of entanglement and quantum discord

are very similar that both approach to constant values in an oscillatory manner;

the oscillations die down as the cavity decay rate is increased. In effect, cavity

decay entangles initially separable state and the resulting entanglement as well

as quantum discord are robust. In many studies, the dissipation of cavity fields

were found to play a constructive role in the generation of quantum correlations

as measured by concurrence and quantum discord [62, 63, 64, 112, 113, 114, 115].

In fact, the long-lived quantum correlated state stems from the non-zero overlap

of initial state with the dark state which will be discussed in details in the next

chapter. On the other hand, we can study the steady state of the dynamics to

understand this situation by solving ρ̇ = 0 in Eq. (3.3). For g1 = g2 = 1, κ > 0

and δ1 = δ2 = δ, the ρ̇ = 0 equation has a solution independent of κ and δ and

the atom-atom reduced density matrix is given as: ρss = 1
4
(|eA, gB⟩ ⟨eA, gB| +

|gA, eB⟩ ⟨gA, eB|)− 1
4
(|eA, gB⟩ ⟨gA, eB|+ |gA, eB⟩ ⟨eA, gB|)+ 1

2
|gA, gB⟩ ⟨gA, gB|. The

concurrence for this state is 0.50 and quantum discord of it can be calculated from

Eq. (2.10) to be 0.412 which are seen clearly from Figs. 3.3(p) and 3.3(r). Also,

we want to emphasize that the dynamics of the considered correlation measures

between identical atoms for the initial state |Ψ(0)⟩ = |eA, gB, 1⟩ is the same as
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that for |Ψ(0)⟩ = |gA, eB, 1⟩, since we assume symmetric coupling (i.e., g1 = g2)

between the atoms and the single mode cavity field.
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Figure 3.4: The populations ρi,i(t) (i = 1, 2, ..., 8) and the absolute value of
the coherences ρ2,4(t), ρ3,5(t) given by Eq. (3.4) versus gt for the initial state
ρ(0) = |eA, gB, 1⟩ ⟨eA, gB, 1| and κ = 20g for identical (δ1 = δ2 = 5g) (a) and
unidentical (δ1 = −δ2 = 5g) (b) atoms. (c) shows the atomic purity (Trρ2AB) for
the density matrix Eq. (3.5) versus gt for identical and unidentical atoms. Here
the insets are for small time regions.

To further elucidate the asymptotic constant entanglement and quantum dis-

cord for the initial state ρ(0) = |eA, gB, 1⟩ ⟨eA, gB, 1|, we display the time depen-

dence of the density matrix elements of the atom-field system given by Eq. (3.4)

and the purity of the atomic subsystem for the density matrix Eq. (3.5) for iden-

tical and unidentical detuning cases in Figs. 3.4(a)-3.4(c) for κ = 20g. As can

be seen from Fig. 4(a), all populations, except ρ3,3, ρ5,5 and ρ8,8, become zero

for a short time while ρ8,8 goes to 1/2 and ρ3,3 = ρ5,5 go to 1/4 asymptotically.

The key mechanism for the creation of the entanglement and QD in this case

seems to be the coherence ρ3,5 generated by the interaction of the atom with the

dissipative cavity. The absolute value of ρ3,5 also reaches to 1/4 asymptotically

as can be seen from the Fig. 3.4(a). The evolved state is a trapping state which
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has the property that the probabilities of the different decay channels interfere

destructively and the state is robust against the cavity loss mechanism [116, 117].

Generation or protecting entanglement by population trapping has been discussed

by a number of groups before [63, 64, 116, 117, 118]. The magnitude of κ has no

effect on the long time limit of ρ3,3, ρ5,5 and ρ8,8, it only affects how long other

population components can be nonzero. The dynamics of atomic purity (which

is equal to 1 for a pure state and 1/4 for a maximally mixed state in four dimen-

sional Hilbert space) displayed in Fig. 3.4(c) as the solid line for δ1 = δ2 = 5g

indicates that the state approaches to a partially mixed state which has high

entanglement and quantum discord as indicated before in Figs. 3.3(p) and 3.3(r).

For unidentical atoms, the short time dynamics is similar to the identical detun-

ing case that all states are populated for a short time, but the asymptotic state

is now ρ(t → ∞) = |gA, gB, 0⟩ ⟨gA, gB, 0| as can be seen from Fig. 3.4(b). The

atomic purity (dotted line in Fig. 3.4(c)) indicates that the state of the atoms

firstly goes to a mixed state in a short time and then approaches to the pure

state ρ = |gA, gB⟩ ⟨gA, gB| which is the reason of the loss of correlations between

unidentical atoms in the asymptotic limit.

3.3.2 Effects of Cavity Decay-Maximally Quantum-Correlated Ini-

tial State

In this subsection, we will investigate the effect of initial correlations in the

atom-atom part of the state on the dynamics of quantum correlations.

We take |Ψ(0)⟩ = 1√
2
(|gA, eB⟩ + |eA, gB⟩) ⊗ |1⟩ as the initial state which is

the maximally entangled Bell state for the atomic system. QD and Bell inequal-

ity violation are also maximal for this initial state. We display the considered

correlation measures as a function of gt for several cavity decay rates for uniden-

tical (Fig. 3.5) and identical (Fig. 3.6) atoms. At κ = 0, all correlations show

oscillatory behavior; for the unidentical atoms CHSH, C and QD oscillate nearly

in the ranges [2
√
2, 2.2], [1.0, 0.63] and [1.0, 0.58], respectively (Fig. 3.5). On
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Figure 3.5: CHSH inequality (a), concurrence (b) and quantum discord (c) versus
gt for unidentical atoms, δ1 = −δ2 = 5g and ρ(0) = |Ψ(0)⟩ ⟨Ψ(0)| where |Ψ(0)⟩ =
1√
2
(|gA, eB, 1⟩+ |eA, gB, 1⟩). Here all subfigures include plots for κ = 0, κ = 0.2g,

κ = 2g and κ = 20g.

the other hand, CHSH and C for κ = 0 have periodic sudden deaths and births

for the identical detunings of the atoms (Figs. 3.6(a) and 3.6(b)), while QD os-

cillates nearly between 0.3 and 1 (Fig. 3.6(c)). For small values of κ (κ = 0.2g),

the effect of cavity decay on the dynamics of correlations can be described as

under-damped oscillations for both identical and unidentical detuning cases. As

κ is increased to 2g, the oscillation becomes over-damped and finally at large

κ’s (κ = 20g) damping becomes critical, i.e. C and QD show exponential decay

for the unidentical atom cases. For the identical atoms at κ = 2g and κ = 20g

concurrence has sudden death, while QD decays exponentially. One should note

that Bell non-locality is the most fragile quantum correlation considered here; it

suffers sudden death in a short time as long as κ > 0.

We should stress here that the dynamics correlations for |Ψ(0)⟩ = 1√
2
(|gA, eB⟩−

|eA, gB⟩)⊗ |1⟩ have a very interesting structure for the identical and unidentical

qubit cases. For unidentical detuning case all correlations are lost in the time
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Figure 3.6: CHSH inequality (a) and (d), concurrence (b) and (e) and quantum
discord (c) and (f) versus gt for identical atoms, δ1 = δ2 = 5g and ρ(0) =
|Ψ(0)⟩ ⟨Ψ(0)| where |Ψ(0)⟩ = 1√

2
(|gA, eB, 1⟩ + |eA, gB, 1⟩). Here (a), (b) and (c)

are for κ = 0, while (d), (e) and (f) include plots for κ = 0.2g, κ = 2g and
κ = 20g.

evolution under cavity losses, while for the identical atom cases the correlations

become intact in the time evolution. In fact, for the identical atoms case the initial

state is directly driven to the decoherence free state 1√
2
(|gA, eB⟩ − |eA, gB⟩)⊗ |0⟩

where such transition does not induce a chance in the dynamics of correlations.

As we will discuss in the next chapter, the decoherence free state has an impor-

tant role in the dynamics; the overlap of initial atomic state with the decoherence

free state has a crucial role for obtaining a long-lived entangled state.
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CHAPTER 4

DISSIPATIVE DYNAMICS OF QUANTUM

CORRELATIONS AT ULTRASTRONG COUPLING

REGIME

4.1 Introduction

The results of Chapter 3 are valid only for weak coupling regime where ro-

tating wave approximation can be performed safely. On the other hand, with

the recent developments in the area of circuit and cavity QED systems [24, 25,

26, 27, 28, 29, 30, 31, 32], ultra and deep strong light-matter couplings became

experimentally achievable which makes it necessary to use full Hamiltonian, the

so-called Rabi Hamiltonian to explain all the dynamical and statistical proper-

ties of these systems. Therefore, the extension of the setting investigated in the

previous chapter to strong-light matter interaction case is due. Therefore, in

the present chapter, we consider a model of two cold-trapped atoms resonantly

and strongly interacting with a single-mode leaky cavity field. Under RWA, the

dynamics of atom-field system under losses have been investigated throughly by

using the standard Lindblad master equation and the atom-field steady states

were found to have a very interesting structure determined solely by the overlap

between the initial state and the decoherence free state. On the other hand, the

same model has also been investigated by many groups in literature under non-

RWA conditions by using the standard Lindblad master equation. However, this

master equation at ultrastrong coupling regime is the root of unphysical effects;

the standard Lindblad master equation with Rabi model produces spurious qubit

flipping and excess excitations in the atom-field system. Recently, Beaudoin,

Gambetta and Blais in Ref. [48] derived a new Lindblad type master equation
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that can properly work in ultrastrong coupling regime. By using the ameliorated

master equation given in Ref. [48], we study the dynamics of atom-field system

and the quantum correlations between atoms, such as quantum discord and en-

tanglement at ultrastrong coupling regime for a general class of Werner-like initial

states. The main aim of this chapter will be a search of a simple structure for

atom-field steady states that is valid for all atom-field coupling regime. Beyond

of this, we also reexamined some of the main results obtained by the standard

Lindblad master equation at strong atom-field coupling regime and revised them

by using the results obtained by the ameliorated Lindblad master equation.

4.2 Hamiltonian and the master equation

The Rabi model describes the interaction of a two-level atom with a quantized

single mode electromagnetic field (a harmonic oscillator). The Hamiltonian can

be given as (with ~ = 1 throughout) [23]:

HR =
ωa

2
σz + ωra

†a+ g(σ+ + σ−)(a+ a†), (4.1)

where ωa (ωr) is the transition frequency for the atom (cavity field), σz is the qubit

energy operator, σ± are the spin-flip operators and g is the atom-field coupling

constant.

The terms a†σ+ and aσ− that appear in the interaction part of Rabi Hamil-

tonian are called counter-rotating terms and they describe ”virtual processes”;

aσ− describes a process in which a photon is annihilated in the cavity mode as

the atom makes a transition from its excited to the ground state, while a†σ+ de-

scribes the creation of a photon in the cavity mode as the atom makes an upward

transition. So, the counter-rotating terms do not conserve the total number of

excitations in the system. For example, even from initially zero excitation state,

|g0⟩ where the atom and the field are in their ground states, the virtual processes

in the atom-field system lead to non-zero mean excitation number in the time
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evolution (Fig. 4.1). On the other hand, the total energy of the system is con-

served during these virtual processes, since d
dt
⟨HR⟩ = 0, so no physical law is

violated (Fig. 4.1).
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Figure 4.1: Time evolution of the mean excitation number in the whole system,⟨
a†a+ σ+σ−

⟩
t
(solid) and the mean energy ⟨HR⟩t (dashed) versus ωt for vacuum

ρ(0) = |g0⟩ ⟨g0| initial state, ωa = ωr = ω and g = 0.35ω. Here ⟨. . .⟩t = Tr (ρ . . .).

The virtual processes have observable effects when g is comparable with ωa and

ωr, i.e., at strong atom-field coupling regime, however when the weak coupling,

g << ωa, ωr, and the nearly resonant, |∆| = |ωa − ωr| << ωa, ωr, conditions are

simultaneously satisfied, these effects become negligible and the counter-rotating

terms can be neglected in the interaction part of the Rabi Hamiltonian. This

approximation is known as the rotating wave approximation (RWA) and the

Rabi model reduces to the well known Jaynes-Cummings model given by the

Hamiltonian [34]:

HJC =
ωa

2
σz + ωra

†a+ g(σ+a+ σ−a
†). (4.2)

In opposition to the Rabi Hamiltonian, the total number of excitations in HJC is

a conserved quantity which makes HJC analytically accessible.

In cavity QED systems, there would be photon loss from the cavity due to the

imperfections in the cavity mirrors. At absolute zero temperature (T = 0) and
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under Markov approximation, this can be represented by the standard Lindblad

quantum optical master equation [47]:

ρ̇ = −i[H, ρ] + κD[a]ρ, (4.3)

where D[m]ρ = 1
2

(
2mρm† − ρm†m−m†mρ

)
, κ is the photon leakage rate, m is

the appropriate dissipator operator and ρ is the atom-field density matrix. The

first term in Eq. (4.3) describes the unitary Hamiltonian dynamics, while the

second part accounts for the dissipation. At the weak-coupling regime where

RWA can be applied, the dissipator part of the master equation is well known

and involves field annihilation operator, a, which is responsible for the leakage of

photons from the cavity. While deriving the standard dissipators in this master

equation, the qubit-field interaction is neglected and therefore separate interac-

tions of the involved parts with the environment are taken into account. Indeed,

at weak-coupling regime where RWA can be applied, this master equation can be

safely used and the dissipation can bring the system to the ground state, |g0⟩, of

HJC .

Although it has been widely investigated by many groups, recently [41, 49, 50,

51, 52, 53, 54, 55, 56], using the above dissipator in the dissipative Rabi model

in an ad hoc manner has been shown to lead to unphysical consequences [48]; at

T = 0, the dissipation will generate excess excitations when even no energy is

added to the system and consequently the dissipation will drive the system out

of the ground state of HR. In fact, the main failure of this master equation at

strong coupling regime is to neglect the qubit-field coupling when deriving the

dissipator part of the master equation. In Ref. [48], the qubit-field coupling have

been included in the derivation of master equation and the new Lindblad master

equation that describes the losses of the cavity field at T = 0 and ultrastrong-
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coupling regime under Markov approximation can be given as:

ρ̇ = −i[HR, ρ] +
∑
j,k>j

Γjk
κ D [|j⟩ ⟨k|] ρ, (4.4)

where Γjk
κ = 2πd(ωk − ωj)α

2(ωk − ωj)| ⟨j| (a + a†) |k⟩ |2 are the relaxation co-

efficients and are related to the spectral density of the bath d(ωk − ωj), and

the system-bath coupling constant α(ωk − ωj) at the respective transition fre-

quencies. For a cavity that couples to the momentum quadratures of fields in

one-dimensional output waveguides, the relaxation coefficients can be simpli-

fied as [119], Γjk
κ = κ

ωk−ωj

ωr
| ⟨j| (a + a†) |k⟩ |2. Here |j⟩ and ωj are the eigen-

states (dressed basis) and the eigenvalues of the Rabi Hamiltonian, respectively,

i.e., HR |j⟩ = ωj |j⟩ and the eigenstates are labeled according to increasing energy,

i.e., label |j⟩ such that ωk > ωj for k > j. Indeed, as shown in Ref. [48], the new

dissipator drives the atom-field system to the true ground state. Also, note that

the standard dissipator of Eq. (4.3) can be obtained from that of Eq. (4.4) in the

limit g → 0.

Since the strong atom-field coupling regime became relevant with the devel-

opment of the recent technology [24, 25, 26, 27, 28, 29, 30, 31, 32] and a number

of investigations of dissipative Rabi model with standard dissipator have been

reported in the literature at strong coupling regime [49, 50, 51, 52, 53, 54, 55, 56],

a reexamination of these studies in the light of ameliorated master equation (4.4)

is due. Toward that goal, in the following, we will analyze the dynamics of

entanglement and quantum discord between two identical qubits (A and B) in-

teracting with a common single mode leaky cavity field. The Hamiltonians for

non-RWA and RWA cases can be found by just replacing σz → σA
z + σB

z and

σ± → σA
± + σB

± in Eqs. (4.1) and (4.2), respectively. We will solve the master

equations (4.3) and (4.4) numerically for the considered Hamiltonians and the ini-

tial states where the atoms are one of the four Werner-like states and the cavity
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field is in its vacuum:

ρΨ±
α
(0) =

[
1− r

4
IAB + r

∣∣Ψ±
α

⟩ ⟨
Ψ±

α

∣∣]⊗ |0⟩ ⟨0| ,

ρΦ±
α
(0) =

[
1− r

4
IAB + r

∣∣Φ±
α

⟩ ⟨
Φ±

α

∣∣]⊗ |0⟩ ⟨0| , (4.5)

where IAB is the 4 × 4 identity, r (0 ≤ r ≤ 1) is the purity of the initial states,

|Φ±
α ⟩ = α |eg⟩ ±

√
1− α2 |ge⟩ and |Ψ±

α ⟩ = α |ee⟩ ±
√
1− α2 |gg⟩ are the Bell-like

states and α (0 ≤ α ≤ 1) is called the degree of correlations. Indeed, such states

cover a wide range of states including pure product (α = 0 or 1) and Bell (α = 1√
2
)

states at r = 1 as well as mixed states for 0 ≤ r < 1.

A brief outline of the numerical procedure to solve the master equations

Eqs. (4.3) and (4.4) with Rabi Hamiltonian should be given. Due to excitation

number being a conserved quantity in the Jaynes-Cummings model, the Hamil-

tonian is block-diagonal in the Hilbert space of C2 ⊗ C2 ⊗ F∞ (where C2 and

F∞ indicate the qubit and ∞-dimensional Fock space for the field, respectively),

and diagonalizing blocks corresponding to total excitations of the system gives

the analytic solution of the problem. Therefore, an exact closed set of differential

equations can be obtained from the master equation (4.3) with Jaynes-Cummings

Hamiltonian. In the full-model, excitation conservation is no longer valid and one

should diagonalize an infinite dimensional Hamiltonian. In practice, for the con-

sidered initial state we have done a convergence study of the Fock space dimension

of the cavity field. In this work, we have considered basis vectors of type |i, j, n⟩

where i, j = e, g and n = 0, 1, 2, ..., N . The converge criterion was considered as

the absolute value of the system density matrix elements was smaller than 10−10

which was found to be satisfied approximately for N = 40 for the largest atom-

field coupling constant and the smallest cavity decay considered in the present

work; for the results reported in the remainder of the text, we have taken into

account all the basis vectors |i, j, n⟩ where i, j = e, g and n = 0, 1, 2, ..., 50. Also,

for all the considered cases the basic properties of the atom-atom density matrix,
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such as positivity, hermiticity and trace preservation have been all monitored

during the computational process.

The atomic reduced density matrix can be obtained by taking a partial trace

of atom-field density matrix over the cavity degrees of freedom. The above initial

states in the standard basis {|1⟩ ≡ |ee⟩ , |2⟩ ≡ |eg⟩ , |3⟩ ≡ |ge⟩ , |4⟩ ≡ |gg⟩} have

an X-structure in the atomic space with non-zero elements only in its main- and

anti-diagonals:

ρAB =



ρ11 0 0 ρ14

0 ρ22 ρ23 0

0 ρ32 ρ33 0

ρ41 0 0 ρ44


. (4.6)

It was shown that the standard Lindblad master equation (4.3) for both RWA

and non-RWA Hamiltonians preserves the X-structure of the density matrix [49,

51, 52]. We have checked that the X-structure of the atomic reduced density

matrix remains intact also under the ameliorated master equation (4.4). By

using the above reduced density matrix, the entanglement and quantum discord

between atoms can be calculated easily by using their analytical expressions given

in Chapter 2.

In the following, our main concerns will be three-fold. Since numerous studies

have been recently based on the standard master equation (4.3) at strong-coupling

regime [49, 50, 51, 52, 53, 54, 55, 56], our first thought is to reexamine some of

the main results obtained in these studies by using the new Lindblad master

equation (4.4). Since the standard dissipator cannot describe the losses at strong

atom-field coupling regime, the role of counter-rotating terms on the the dissipa-

tive dynamics of atom-field system are far from being understood. As the second

issue, we will provide a comprehensive picture for the atom-field steady states

and give their analytical expressions for the Werner-like initial states. Our final

focus is to analyze the role of counter-rotating terms on the dynamics of entan-
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glement and quantum discord. Without loss of generality, in our calculations we

will consider the resonant case, ωa = ωr = ω.

4.3 Dynamics of quantum correlations at ultrastrong cou-

pling regime

We start our qualitative analysis by examining the main disagreements be-

tween the two master equations at the strong coupling regime. In Fig. 4.2, we

display the effect of cavity decay rate, κ, on the dynamics of QD and EoF for the

vacuum (|gg0⟩) initial state at g = 0.35ω. The results in top plots are obtained

by the use of the standard master equation, Eq. (4.3), while the bottom plots

display the results for the new dissipator, Eq. (4.4), in the case of two-qubit Rabi

Hamiltonian. Since vacuum state contains no initial excitations to start with

and the Jaynes-Cummings Hamiltonian conserves the total excitation number in

the atom-field system, no type of correlations will be induced in the time evo-

lution under RWA. On the other hand, the counter-rotating terms in the Rabi

Hamiltonian will generate virtual excitations and consequently non-zero correla-

tions between the atoms which can be trapped at a non-zero value under cavity

losses for both cases. If we study the effect of cavity losses on the dynamics

of correlations by using the standard dissipator (Figs. 4.2(a) and 4.2(b)) as was

done in Refs. [52, 53, 54, 55], the results seem to be quite surprising; as κ in-

creases, although the disentanglement time and the maximum of EoF decreases,

the steady state QD, peculiarly, increases with κ and is saturated in the maxi-

mum possible value (QDmax = 1/3) in the absence of entanglement for a very

bad quality cavity case (κ/ω > 20) [52]. In fact, for the very bad quality cavity

case, the steady atomic density matrix is saturated and can be nearly written

as an equal weighted sum, ρAB(κ/ω > 20) = 1
3
(|ee⟩ ⟨ee|+ |gg⟩ ⟨gg|+ |Φ+⟩ ⟨Φ+|),

where |Φ+⟩ = 1√
2
(|eg⟩+ |ge⟩) is the Bell state, and the g-dependence of this

atomic steady state becomes negligible as shown in Ref. [52]. Although this

atomic state contains no entanglement, it is the maximally discordant separa-
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ble mixed state [120, 121]. Although these results seem to indicate a surprising

possibility of dissipation enhancement of quantum discord [52] (as well as atomic

energy as found in Refs. [53, 54, 55]) to its maximally possible value for a separa-

ble state, its source is the error in the dissipator which creates excess excitations

in the steady state. Considering the role of κ on the dynamics of QD (Fig. 4.2(c))

and EoF (Fig. 4.2(d)) for the new dissipator demonstrates that the steady states

are κ-independent; QD and EoF reaches 0.069 and 0.0086 in the long time limit,

respectively, regardless of the magnitude of κ. In fact, κ only determines how

fast the correlations reach their steady state values. This is quite understandable,

since κ is just a parameter that determines how fast the photons can escape from

the cavity mirrors, it should control the speed of reaching the steady state rather

than its magnitude in the long time limit. Bath decay dependent steady state

shifts of several properties of the system at strong-coupling regime have been re-

cently investigated by using the standard dissipator [52, 53, 54, 55, 56] and a more

general master equation approach, the so-called hierarchical equation method

without employing Born and Markov approximations [122]. The simple example

shown in Fig. 4.2 indicates that some of the previously obtained results with Rabi

model need to be reexamined. As shown in Fig. 4.2(b) for the standard dissipa-

tor case, the atomic steady states become separable as κ > 0.05ω [52], while the

steady states can posses entanglement for the new dissipator case (Fig. 4.2(d)).

Now, we will consider the steady states of RWA and non-RWA dynamics. The

steady state density matrix under cavity losses and RWA dynamics investigated

by standard master equation (4.3) are known to be κ-independent [63, 64]. As

shown in the bottom plots of Fig. 4.2, they are also κ-independent in the case of

non-RWA dynamics with the ameliorated dissipator. Therefore, in the following,

we will set κ = 0.1ω.

The dynamics under RWA with losses given by Eq. (4.3) have been inves-

tigated by many groups which indicate that the atom-field steady states have

a simple structure. We follow the ideas developed in Refs. [63, 64, 65, 66] to
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Figure 4.2: The effect of cavity decay rate, κ, on quantum discord ((a) and (c))
and entanglement ((b) and (d)) versus ωt for |gg0⟩ initial state, κ = 0.05ω (black,
solid), κ = 0.5ω (red, dashed), κ = 2ω (blue, dotted), and κ = 20ω (green, dot-
dashed) at strong-coupling regime with g = 0.35ω. The top figures are obtained
by using the standard dissipator Eq. (4.3), while the bottom plots are for the
ameliorated dissipator Eq. (4.4).

determine those states. The cavity decay tends to throw out any initial exci-

tations from the cavity mirror and consequently it drives the atom-field system

to the ground state (|gg0⟩) of two-qubit HJC . On the other hand, there exist

a highly entangled subradiant state (decoherence free state) for this model due

to the interaction of the atoms with a common environment which leads to an

indirect qubit-qubit interaction. This subradiant state for this model can be sim-

ply determined by finding the eigenvector of two-qubit HJC for zero eigenvalue

which is the maximally entangled (Bell) state in the atomic subsystem given as

|Φ−0⟩ = 1√
2
(|eg0⟩ − |ge0⟩). If an initial atomic state has a non-vanishing overlap

with the subradiant state, b = ⟨Φ−| ρAB(0) |Φ−⟩, the amount of overlap deter-

mined by b would be trapped in the subradiant state, while the remaining part,

1 − b, would decay to the ground state. Therefore, depending on the specific

initial state [123], the atom-field steady states would be a combination of |gg0⟩
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and |Φ−0⟩ which can be written as:

ρSS = (1− b) |gg0⟩ ⟨gg0|+ b
∣∣Φ−0

⟩ ⟨
Φ−0

∣∣ , (4.7)

This, indeed, explains why the steady states under RWA with losses are κ- and

g-independent. By using Eq. (4.7) or by studying the solution of the master

equation (4.3), for example by the method of solving first order differential equa-

tions via eigenvalues and eigenvectors or the pseudomode approach [63, 64], we

can determine the analytic form of the steady states for the Werner-like initial

states (4.5). For ρΨ±
α
(0) type initial states, the steady states can be found as:

ρSS
Ψ±

α
=

(
3 + r

4

)
|gg0⟩ ⟨gg0|+

(
1− r

4

) ∣∣Φ−0
⟩ ⟨

Φ−0
∣∣ . (4.8)

For r = 1, i.e., for initially pure Bell-like states, |Ψ±
α ⟩, ρΨ±

α
(0) has no overlap with

the subradiant state and all the excitations are lost in time evolution regardless

of what α is, while for 0 ≤ r < 1, there would be a non-vanishing overlap term

with the subradiant state determined by r and the atom-field system will decay

to a trapping state which is superposition of |gg0⟩ and |Φ−0⟩. On the other hand,

for ρΦ±
α
(0) type initial states, the steady states can be determined as:

ρSS
Φ±

α
=

(
3− r

4
± rα

√
1− α2

)
|gg0⟩ ⟨gg0|

+

(
1 + r

4
∓ rα

√
1− α2

) ∣∣Φ−0
⟩ ⟨

Φ−0
∣∣ . (4.9)

One should note that ρΦ±
α
(0) have always a non-vanishing term (except for ρΦ+

α
(0)

at α = 1√
2
, r = 1) with the subradiant state, so the steady states are highly α-

and r-dependent.

|Φ−0⟩ is also the subradiant state for two-qubit HR and since HJC is the

limiting case of HR and the master equation (4.4) can describe the cavity losses

at ultrastrong coupling regime, we conjecture that such a simple structure for the

atom-field steady states should exist at strong coupling regime also. Below we
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will provide numerical evidence for our conjecture.
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Figure 4.3: Effects of degree of correlations, α, on QD (a) and EoF (b) versus
ωt for ρΨ+

α
(0) initial state with r = 1, g = 0.2ω, κ = 0.1ω and α = 0 (black,

solid), α = 0.2 (red, dashed), α = 1/
√
2 (blue, dotted), α = 0.8 (green, dot-

dashed) and α = 1 (yellow, dot-dot-dashed). Here the results are obtained by
using two-qubit HR and the master equation, Eq. (4.4). Inset: QD and EoF of
the ground state versus g/ω. Around g/ω ≈ 1.3, the ground state of the Rabi
model becomes almost two-fold degenerate. So, we consider only g/ω ∈ [0, 1.2]
range in the insets.

We start to analyze the dynamics of correlations at strong-coupling regime by

using the ameliorated master equation (4.4) for the type of initial states which

have no overlap with the subradiant state. Thus, in Fig. 4.3 we display QD and

EoF versus ωt for the initial state ρΨ+
α
(0) with r = 1, g = 0.2ω and κ = 0.1ω

and for several α-values. In the case of RWA, the steady state is the vacuum

which has no types of correlations. On the other hand, as shown in Fig. 4.3, the
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cavity decay at strong-coupling regime drives the atom-field to a state which can

carry appreciably high quantum discord (QD = 0.021) and entanglement (EoF =

0.0014) independent of what α is. In fact, we have observed that for the ρΨ±
α
(0)

type of initial states with r = 1, the atom-field steady state is the ground state of

two-qubit HR regardless of g. One can observe that the most important difference

between the RWA and non-RWA dynamics at the long-time limit is the existence

of non-zero QD and EoF created by the virtual processes; for RWA dynamics the

necessary condition for the long-lived correlated state is the overlap of initial state

with the subradiant state [63, 64, 65, 66], while this can be achieved without the

overlap under non-RWA conditions because of the entangled nature of the ground

state. In the insets of Fig. 4.3, we display the g-dependence of the ground state

QD and EoF. Both QD and EoF as a function of g/ω display a peculiar structure;

they have a single maximum at the intermediate values of g/ω. Furthermore, g/ω

dependence of EoF is almost Gaussian. For small g/ω where the RWA regime is

valid, the QD and EoF are nearly zero, since the ground state is close to vacuum

state, while the correlations are high between 0.2 < g/ω < 0.7. Note that for the

g/ω regions where EoF is absent, still non-zero QD exists especially for g/ω > 0.8.

Also note that the ground state QD and EoF show picks at different g/ω values;

QD is maximum nearly at g/ω ≈ 0.53 while EoF is at g/ω ≈ 0.48. On the other

hand, the decrease in both QD and EoF as a function of g/ω at very strong

coupling regime might be an indication of the inability of the Rabi model to

account for the possible nonlinear effects at large g values which may require

higher order terms in the description of atom-field interactions [124].

A special attention should also be given to the initial Bell |Φ+⟩ = 1√
2
(|eg⟩+ |ge⟩)

and Bell-like |Ψ±
α ⟩ = α |ee⟩±

√
1− α2 |gg⟩ states at strong coupling regime, since

the entanglement dynamics have been extensively analyzed by using the standard

dissipator (4.3) under losses [49, 50, 51, 52]. For κ ≥ 0.1ω, entanglement between

atoms becomes zero or useless (smaller than 10−4) for a wide range of g, especially

between 0.2 < g/ω < 1 under standard dissipator case [49, 50, 51, 52]. Contrary
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to those findings, one can see that such states can contain appreciably high EoF

for 0.2 < g/ω < 0.7 independent of κ as shown in the inset of Fig. 2(b), when

one uses the ameliorated master equation.
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Figure 4.4: The population of the ground (ρλ=λmin
) and the subradiant (ρλ=0)

states and the sum of the corresponding populations as well as the absolute of
the coherence (|ρcohe|) between the corresponding dressed basis as a function of
ωt for ρΨ+

α
(0) (a) at g = 0.2ω, r = 0.113 and α = 0.365 and for ρΦ+

α
(0) (b) at

g = 0.35ω, r = 0.456 and α = 0.863. Note that the population of dark state is
trapped at b = 1−r

4
|r=0.113

∼= 0.222 and b = 1+r
4
−rα

√
1− α2|r=0.456,α=0.863

∼= 0.165
for ρΨ+

α
(0) and ρΦ+

α
(0), respectively, while the population of the ground state goes

to 1− b for each initial state in the long-time limit. The results are here obtained
by using ameliorated dissipator Eq. (4.4) at κ = 0.1ω.

Now we consider the dynamics of initial states that have non-zero overlap with

the dark state, |Φ−0⟩. Before discussing the role of counter rotating terms on the

steady state quantum correlations as a function of initial state parameters, we
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should stress that a detailed numerical analysis demonstrates that the atom-field

steady states at strong coupling regime for ρΨ±
α
(0) and ρΦ±

α
(0) initial states are

in the form of Eqs. (4.8) and (4.9), respectively, with just |gg0⟩ replaced by the

ground state,
∣∣∣g̃g0⟩, of two-qubit HR and can be written as:

ρSS
Ψ±

α
=

(
3 + r

4

) ∣∣∣g̃g0⟩⟨
g̃g0

∣∣∣+ (
1− r

4

) ∣∣Φ−0
⟩ ⟨

Φ−0
∣∣ .

ρSS
Φ±

α
=

(
3− r

4
± rα

√
1− α2

) ∣∣∣g̃g0⟩⟨
g̃g0

∣∣∣
+

(
1 + r

4
∓ rα

√
1− α2

) ∣∣Φ−0
⟩ ⟨

Φ−0
∣∣ . (4.10)

Since the dark state of two-qubit HJC is also the dark state of two-qubit HR, the

form of the atom-field steady states for non-RWA Hamiltonian are in expected

form based on the same arguments that lead to Eqs. (4.8) and (4.9). More

precisely, the overlap of atomic initial state with the subradiant state is trapped

in the subradiant state, while the remaining part decays to the ground state of the

open quantum system under consideration. This assertion is proven numerically

in Fig. 4.4 for the considered initial states where we display the population of

the ground and dark states and the coherence between them as a function of ωt

for ρΨ+
α
(0) at g = 0.2ω, r = 0.113 and α = 0.365 and for ρΦ+

α
(0) at g = 0.35ω,

r = 0.456 and α = 0.863. As shown from the red-dashed line in these figures,

the population of the dark state remains intact in the time evolution, while the

population of the ground state reaches to a certain value determined by α and

r to normalize the population sum of the ground and dark state in the steady

states. Also note that no coherence between the ground and dark state is induced

in the time evolution. Indeed, the simple illustration in Fig. 4.4 agrees with the

Eqs. (4.8) and (4.9). Also note that in the small g limit
∣∣∣g̃g0⟩ reduces to |gg0⟩.

Therefore, the overall role of the counter-rotating term contributions stems from

the ground state of two-qubit Rabi Hamiltonian. We have checked the form of

Eq. (4.10) extensively by numerical means and found that it holds for all the

initial states considered in the present work.
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The initial purity-dependence of steady state QD and EoF displayed in Fig. 4.5

for the RWA case shows an interesting feature; steady state values of both corre-

lation measures show an inverse dependence on r. Since r is a measure of initial

mixedness of the state and the dissipation dynamics lead to an increase of the

mixedness of the initial state, this finding might seem to be contradictory, but it

stems from the fact that as r decreases the overlap between the initial state and

the maximally correlated dark state increases and the final steady state would

contain a larger fraction of |Φ−⟩ which leads to higher QD and EoF. At the

strong-coupling regime, ground state is g-dependent which makes QD and EoF

dependent on g also. In fact, the counter-rotating contributions complicate the

simple RWA picture and can induce separable atomic steady states for a wide

range of r. Similar to the RWA case, the steady state correlations can display

inverse r dependence for a wide range, but contrary to RWA case, the correlations

can also be linearly r dependent at strong-coupling regime. Moreover, a generic

result can be obtained from the comparison of the magnitudes of QD and EoF

in Fig. 4.5; for the regions where EoF is zero (especially for strong couplings),

appreciably high QD can still exist in the steady states.

To further elucidate the role of initial state and virtual processes on the steady

state quantum correlations, we display the corresponding correlation measures

versus α for ρΦ±
α
(0) with r = 1 in Fig. 4.6 and correlations measures versus r

for the same initial states with α = 0.2 in the insets of Fig. 4.6. If we concisely

analyze the steady state QD and EoF dependence on the initial state parameters

under RWA (red, dashed line) signifies that the magnitude of QD and EoF directly

depends on the amount of overlap with the subradiant state. On the other hand,

strong virtual processes can stir the simple RWA picture and interestingly can

reverse the initial state parameter dependence of the steady QD compared to the

RWA case. The α and r dependence of steady state EoF seem to be qualitatively

similar to that of QD with a difference as previously indicated in Fig. 4.5(b); EoF

can suffer death in the steady states for a wide range of α and r under non-RWA
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Figure 4.5: Steady state QD (a) and EoF (b) versus initial purity, r, for
ρΨ±

α
(0) initial states under RWA (red, dashed) and non-RWA dynamics with

g = 0.05ω (yellow, dot-dot-dashed), g = 0.2ω (black, solid), g = 0.35ω (blue,
dotted), g = 0.6ω (green, dot-dashed) and g = 0.75ω (black, long-dotted). Note
that for g < 0.01ω, the results obtained by the new master equation (4.4) coin-
cide with the RWA case (red, dashed) given by Eq. (4.8) and the steady states
for both cases are α independent.

dynamics, especially at g = 0.6ω and g = 0.75ω.

Contrary to the numerous investigations of the role of counter-rotating terms

on dissipative settings by using standard dissipators, the results of the present

chapter are quite simple and general. More importantly, it represents the exact

role of counter-rotating terms on the dynamics of the atom-field system and

quantum correlations. The developed ideas can be expanded for local or global

environment cases including multipartite and other decoherence channels, such

as dephasing and spontaneous emissions of qubits and fields. For instance, for a
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Figure 4.6: Steady state QD (a) and (b) and EoF (c) and (d) versus degree of cor-
relations, α, for ρΦ+

α
(0) (a) and (c) and ρΦ−

α
(0) (b) and (d) initial states with r = 1

under RWA (red, dashed) and non-RWA dynamics with g = 0.05ω (yellow, dot-
dot-dashed), g = 0.2ω (black, solid), g = 0.35ω (blue, dotted), g = 0.6ω (green,
dot-dashed) and g = 0.75ω (black, long-dotted). Inset: Steady state QD and
EoF versus r for ρΦ+

α
(0) (a) and (c) and ρΦ−

α
(0) (b) and (d) initial states with

α = 0.2 and the same g values used in the subfigures. Note that for g < 0.01ω,
the results obtained by the new master equation (4.4) coincide with the RWA
case (red, dashed) given by Eq. (4.9).

model system with two qubits locally trapped inside leaky cavity fields [125], dark

state is no longer exists. Therefore, it is expected that the atom-field steady states

under cavity decay would always be the ground state of the system Hamiltonian.

However, a more detailed discussion for this subject goes beyond the aim of this

chapter.
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CHAPTER 5

CORRELATION AND NONLOCALITY MEASURES

AS INDICATORS OF QUANTUM PHASE

TRANSITIONS IN SEVERAL CRITICAL SYSTEMS

5.1 Introduction

Beyond the characterization and quantification of quantumness of correlations

as well as the dynamics of quantum correlations under open quantum systems

as discussed in the previous chapters, another fundamental concept in quantum

information and computation theory is to find a relation between quantum phase

transitions (QPT) and quantum correlation measures. Since QPTs are due to

the quantum fluctuations that occur at absolute zero temperature, they are sup-

posed to show the scaling of the quantum correlations. Therefore, at least one

measure of quantum correlations should be able to display a scaling behavior at

and around the phase transition point as a function of the external parameter or

the coupling constant. In fact, it was shown by many groups that entanglement

and quantum discord are the promise indicators of QPTs. However, so far there is

no single correlation measure that can unambiguously indicate all QPTs or shows

a universal behavior at the critical points (CP) of QPTs. Consequently, the main

motivation of the present chapter is to search for new quantum information the-

ory based indicator of quantum phase transitions, such as measurement-induced

disturbance (MID) and CHSH-Bell function, and compare them with the well

known CP-detectors, quantum discord, classical correlations (CC) and entangle-

ment. Towards that goal, we will investigate different correlation measures, such

as EoF, QD and its classical counterpart as well as the CHSH-Bell function and

the quantumness measure, the so-called, measurement-induced disturbance in the
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ground states of several critical systems, including transverse field Ising and XY

models as well as XY model with multiple spin interactions, XXZ model and the

collective system Lipkin-Meshkov-Glick (LMG) model.

Before starting our qualitative analysis, we should stress that the Hamilto-

nians of all model systems exhibit Z2 symmetry; the Hamiltonians are invari-

ant under π rotation around a given spin axis. This symmetry leads to the

two-qubit reduced density matrix at any sites i and j in the standard basis

{|11⟩ , |10⟩ , |01⟩ , |00⟩} (here |1⟩ and |0⟩ are the eigenstates of Pauli z-matrix for

+1 and -1 eigenvalues, respectively) has an X-structure, so one can calculate the

considered correlation measures analytically as discussed in Chapter 2.

5.2 XYT model and its variants

The anisotropic spin 1/2 XY chain with three spin interaction under external

transverse field (XYT model) can be defined by the following Hamiltonian [85,

126]:

HXY T = −
N∑
j=1

{(
1 + γ

2

)
σx
j σ

x
j+1 +

(
1− γ

2

)
σy
jσ

y
j+1 + λσz

j

}

−
N∑
j=1

α
(
σx
j−1σ

z
jσ

x
j+1 + σy

j−1σ
z
jσ

y
j+1

)
, (5.1)

where σx,y,z
j are the spin 1/2 Pauli matrices on site j, N is the total number of

spins in the chain, γ is the degree of anisotropy and λ and α are the strengths of

the external field and the three spin interaction, respectively.

The XYT model reduces to the transverse field Ising model for α = 0 and

γ = 1 and to the anisotropic XY model for α = 0. It is exactly solvable and

can be diagonalized by mapping it into spinless free fermion model with single
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orbitals [85, 126]. We first introduce the Jordan-Wigner transformation:

σz
j = 1− 2c†jcj,

σx
j =

∏
i<j

(1− 2c†ici)(c
†
j + cj),

σy
j = −i

∏
i<j

(1− 2c†ici)(c
†
j − cj), (5.2)

where cj is the mapped spinless creation operator and c†j is its hermitian conju-

gate. Under the Jordan-Wigner transformation, the XYT Hamiltonian can be

written as

H = −
N∑
j=1

{[c†jcj+1 + c†j+1cj + γ(c†jc
†
j+1 − cjcj+1)]

+ 2α(c†j−1cj+1 + c†j+1cj−1) + λ(1− 2c†jcj)}. (5.3)

Then we apply two successive transformations. First, the Fourier transforma-

tion of the fermionic operators given as cj = − 1√
N

∑
k cke

2πikj/N , where k =

−M, . . . ,M and M = (N −1)/2 for odd N. Then we apply the Bogoliubov trans-

formation given as dk = cos θk
2
ck − i sin θk

2
c†−k which diagonalizes the Hamiltonian

in momentum space:

H =
∑
k

2ωk(d
†
kdk − 1/2), (5.4)

where ωk =
√
ϵ2k + (γ sin(xk))2, ϵk = λ − cos(xk) − 2α cos(2xk) is the energy

spectrum with xk =
2πk
N

Because of symmetries of the Hamiltonian of the system, the structure of

two point reduced density matrix reduces to the X-state. Since Hamiltonian

of XYT model is real, then ρij = ρ∗ij. Because of translational invariance of

HXY T , the two-point density matrix of the system is position independent, i.e.,

ρij = ρii+r for integer r. Furthermore, the density matrix commutes with σz
i σ

z
j

because of the global rotation symmetry (Z2-symmetry) of HXY T . As a result
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of these symmetries, the two qubit reduced density matrix of the system has an

X-structure with the following matrix elements [85]:

ρ11 =
1

4

(
1 + 2 ⟨σz⟩+

⟨
σz
i σ

z
i+r

⟩)
,

ρ22 = ρ33 =
1

4

(
1−

⟨
σz
i σ

z
i+r

⟩)
,

ρ23 = ρ32 =
1

4

(⟨
σx
i σ

x
i+r

⟩
+
⟨
σy
i σ

y
i+r

⟩)
,

ρ14 = ρ41 =
1

4

(⟨
σx
i σ

x
i+r

⟩
−
⟨
σy
i σ

y
i+r

⟩)
,

ρ44 =
1

4

(
1− 2 ⟨σz⟩+

⟨
σz
i σ

z
i+r

⟩)
. (5.5)

The magnetization, ⟨σz⟩, and the two-points correlation functions,
⟨
σx,y,z
i σx,y,z

i+r

⟩
,

can be calculated by the methods given in Ref. [127, 128]. They have a general

form for the diagonal Hamiltonian (5.4) at absolute zero temperature T = 0:

⟨σz⟩ =
1

N

∑
k

ϵk
ωk

,

⟨σx
i σ

x
i+r⟩ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

G−1 G−2 · · · G−r

G0 G−1 · · · G−r+1

...
...

. . .
...

Gr−2 Gr−3 · · · G−1

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

⟨σy
i σ

y
i+r⟩ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

G1 G0 · · · G−r+2

G2 G1 · · · G−r+3

...
...

. . .
...

Gr Gr−1 · · · G1

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

⟨σz
i σ

z
i+r⟩ = ⟨σz⟩2 −GrG−r, (5.6)

where Gk = −
∑

k (cos(xkr)ϵk + γ sin(xkr) sin(xk)) /Nωk. In the following, we

will restrict ourselves to the ground state correlations (where the temperature

T = 0) between the nearest-neighbor sites (r = 1). The transverse magnetization

⟨σz⟩ and the two-point correlation functions between nearest-neighbor sites at
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T = 0 for the XYT model then reduce to:

⟨σz⟩ =
1

N

∑
k

ϵk
ωk

,⟨
σx
i σ

x
i+1

⟩
= G−1,

⟨
σy
i σ

y
i+1

⟩
= G1,⟨

σz
i σ

z
i+1

⟩
= ⟨σz⟩2 −G1G−1. (5.7)

Now, we discuss the critical behavior of correlation measures for the transverse

field Ising, XY and XYT models.

5.2.1 Transverse field Ising model

As a first investigation, we set α = 0 and γ = 1 in the XYT Hamiltonian

which reduces to the well known transverse field Ising Hamiltonian [84]:

HIsing = −
N∑
j=1

{σx
j σ

x
j+1 + λσz

j}. (5.8)

The system will undergo a second-order quantum phase transition at the critical

value λc = 1 where the global phase flip symmetry breaks and the correlation

length diverges [70]. The aim of this section is two-fold; first we want to ana-

lyze the behavior of correlation measures (EoF, QD, CC, MID and CHSH-Bell

function) near the critical point. Second, we want to check the ability of the

correlation measures to detect the QPT and investigate the finite-size scaling

behavior of the derivatives of the correlations at the critical point, λc.

In Fig. 5.1, the correlation measures as a function of λ for a chain with N =

2001 sites in the transverse field Ising model are displayed. When the parameter

λ = 0, all spins are oriented in either positive or negative z-direction and the

ground state is doubly degenerate given by the density matrix:

ρ =
1

2
|++ . . .+⟩ ⟨++ . . .+|+ 1

2
|− − . . .−⟩ ⟨− − . . .−| , (5.9)

where |±⟩ = (|1⟩ ± |0⟩)/
√
2. After taking a partial trace of ρ overall spins except
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Figure 5.1: (Color online) Correlation measures as a function of λ for nearest-
neighbor spins in the transverse field Ising model (γ = 1 and α = 0) for a finite
chain with N = 2001 sites.

the nearest neighbors, the two-point reduced density matrix in the standard basis

would be

ρii+1 =



0.25 0 0 0.25

0 0.25 0.25 0

0 0.25 0.25 0

0.25 0 0 0.25


, (5.10)

which contains EoF = QD = 0, butMID = CC = 1 as can be seen from Fig. 5.1.

On the other hand, for λ → ∞ all spins are oriented along the positive z-direction

and the ground state density matrix is equal to ρ = |↑↑ . . . ↑⟩ ⟨↑↑ . . . ↑| which is

a product state that contains no type of correlations between any parties. The

transition between the paramagnetic and ordered ferromagnetic phases occurs at

λc = 1.

As the magnitude of the external field increases from zero, QD and EoF

increase and they attain their maximum value near the critical point [79, 84]. On

the other hand, CC and MID are monotonous functions of λ; the magnitudes

of CC and MID decrease as λ increases. Similar to EoF and QD, CC and MID

increase when approaching the critical point from right for λ > 1. CHSH Bell
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function, although below 2, reaches its minimum value in a region that is very

close to λc = 1 (see inset in Fig. 5.1). Fig. 5.1 also shows that λ-dependence of

MID is, peculiarly, very close to that of CC and both of them are equal to 1 for

λ = 0 where EoF = QD = 0. One should note that although MID is easier to

calculate than QD, it shows an inconsistency to reflect the quantum correlations

compared to QD. Its being a true quantum correlation measure as defined in

Chapter 2, is questioned, recently [101, 102, 103]. It is claimed that lack of any

optimization procedure over the projective measurements in the definition of MID

makes it a weak correlation measure for some states [101, 102, 103].

The QPT at λc = 1 is a second-order phase transition, so only the derivative

of the correlation measures can signal the presence of the QPT as can be seen

in Fig. 5.2. Indeed, the first derivative of EoF (Fig. 5.2(a)), CC (Fig. 5.2(c)),

MID (Fig. 5.2(d)) and CHSH (Fig. 5.2(d)) show pronounced minimums or max-

imums at some values of λ which tends to the quantum critical point, λc = 1, as

the system size approaches infinity (N → ∞). The insets in Fig. 5.2 show that

these correlations exhibit a logarithmic divergence at λc. Peculiarly, the first

derivative of QD behaves differently; it shows an inflection point around λc (see

Fig. 5.2(b)), while its second derivative shows a pronounced maximum which has

a quadratic logarithmic divergence at λc (see Fig. 5.2(f) and Ref. [79]). It is

remarkable to note that the behavior of QD is rather different from the other

correlation measures considered in this chapter.

5.2.2 Transverse field XY model

The second model that we will consider in this chapter is the transverse field

XY model which can be obtained by setting α = 0 in Eq. (5.1):

HXY = −
N∑
j=1

{(
1 + γ

2

)
σx
j σ

x
j+1 +

(
1− γ

2

)
σy
jσ

y
j+1 + λσz

j

}
. (5.11)
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Figure 5.2: (Color online) The first derivative of correlation measures ((a)-(e))
and the second derivative of QD (f) for nearest-neighbor spins as a function of
λ in the transverse filed Ising chain (γ = 1 and α = 0) for lattice sizes N =
51 (blue-dotted), N = 101 (green-dotdashed), N = 501 (red-dashed) and N =
2001 (black-solid). Insets: Finite size scaling behavior of the derivative(s) of the
correlations at the critical point λc = 1. Here filled circles are the numerical
data, while the lines are the fitting curves fitted to y = ax+ b for (a)-(e) and to
y = ax2 + bx+ c for (f).

The XY model has interesting quantum phase transitions belonging to two differ-

ent universality classes [129]: (i) For non-zero values of anisotropy, γ, the model

exhibits a second-order quantum phase transition at the critical point λc = 1.

In the interval 0 < |γ| ≤ 1, this quantum phase transition has a universality

class which is the same as that of the transverse field Ising model. (ii) For

λ ∈ (0, 1), the model exhibits again a second order phase transition, the so-called
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anisotropy transition, at the critical point γc = 0. This critical point separates a

ferromagnetic ordered along x-direction and the ferromagnetic ordered along the

y-direction.
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Figure 5.3: (Color online) EoF (a), QD (b), CC (c), MID (d), CHSH (e) in the
XY spin chain (α = 0) with N = 2001 sites as a function of γ and λ.

In Fig. 5.3, we display EoF (a), QD (b), CC (c), MID (d) and CHSH-

function (e) for nearest-neighbor spins in the XY spin chain with N = 2001 as a

function of γ and λ at zero temperature. All figures demonstrate that there is a
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pronounced difference in the correlation measures between the regions 0 < λ < 1

and 1 < λ < 2 where the QPT occurs at the critical line λc = 1. When λ < 1, EoF

and QD decrease with γ. Contrarily, CC and MID increase. On the other hand,

when λ > 1, the correlations (MID, QD, EoF and CC) increase with anisotropy.

Actually, MID and CC are increasing functions of γ in the considered range of λ.

CHSH-Bell function is always below 2, i.e., Bell inequality is not violated, and its

dependence on γ is weak for the regions far from the critical point λc = 1. Near

the critical point, CHSH attains its minimum. The minimum decreases when

anisotropy decreases and becomes more sharp when γ → 0 (XX model).
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Figure 5.4: (Color online) The first λ-derivative of correlations, EoF (a), QD (b),
CC (c), MID (d) and CHSH (e) as a function of λ in the anisotropic XY
model (α = 0) for different values of anisotropies γ = 0.3 (black-solid), γ =
0.7 (blue-dotted) and γ = 0.9 (red-dashed) and N = 2001.

59



As mentioned above, the XY model undergoes a second-order Ising like quan-

tum phase transition at λc = 1. Thus, in Fig. 5.4, we display the first derivative

of correlations as a function of λ for different values of γ and N = 2001. As

depicted in these subfigures, the first derivative of all correlation measures are

divergent at λc = 1, signaling the presence of the QPT. It seems that the decrease

in γ sharpens the singularities to some degree. One should note that the deriva-

tive of QD has a different character for XY model compared to that for the Ising

model discussed above. For a finite chain Ising model (γ = 1 and N = 2001),

the first derivative of QD is found to exhibit an inflection point around λc, while

its second derivative is divergent at λc (see Figs. 5.2(b) and 5.2(f)). As shown in

Fig. 5.4(b), for anisotropic XY model, its first derivative is already divergent at

λc.
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Figure 5.5: (Color online) QD (red-dashed), EoF (blue-dotted), CC (green-
dotdashed), MID (black-solid) and CHSH-Bell function (inset) as a function of γ
for the anisotropic XY model (α = 0) with N = 2001 and λ = 0.1.

In Fig. 5.5, we plot EoF, QD, MID, CC and CHSH-Bell function (inset) as

a function of anisotropy γ for N = 2001 and λ = 0.1. All correlation measures

are symmetric according to γ → −γ. EoF and QD are maximum at γc, while

MID, CC and CHSH-function reach their minimums. It is safe to say that all the

considered correlation measures precisely detect the anisotropy phase transition

by reaching their maximums or minimums. Especially, the behavior of QD and
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CC are more drastic, showing extremum at γc with a cusplike behavior arising

from the minimization procedure over the complete set of projectors in their def-

initions. In fact, the first γ derivative of EoF, MID and CHSH show an inflection

around the critical point γc = 0, while the first derivative of QD and CC are dis-

continuous at γc. On the other hand, second derivative of all correlations diverge

at the anisotropy transition point.

5.2.3 XYT model

Now, we consider the general Hamiltonian, Eq. (5.1), and analyze the correla-

tion measures in the ground state of the XYT model. The model has a rich quan-

tum phase diagram (see Refs. [126, 130]). Differently from the transverse field

XY model, the QPTs are caused not only by the external field and anisotropy,

but also by the three spin interactions. Indeed, the competition between λ, γ

and α may induce QPTs belonging to different universality classes, for example,

ferromagnetic, chiral and different spin liquid phases [126, 130].

We start the discussion of the correlation-phase diagram of XYT model with

an investigation of the effect of three-spin interaction strength and the external

magnetic field while the anisotropy is held constant. In Fig. 5.6, we display the

correlations as functions of λ and α at γ = 0.5 and N = 2001 in the XYT model.

The dramatic changes in the correlations show the phase transitions in the model.

The region between α ∈ [0, 0.5) and λ ∈ (0.9, 2.0) indicates the spin-saturated

phase (ferromagnetic), while the regions between α ∈ (0.5, 1.5) and λ ∈ [0, 2] as

well as α ∈ (1.5, 2] and λ ∈ [0, 2] are the two kinds of incommensurate phases

with weak spontaneous magnetization (see Refs. [85, 89, 131] for details).

All transitions are second-order, thus one can expect that the derivative of

correlation measures could signal these QPTs. In Fig. 5.7, the α-derivative of

correlation measures as a function of α are displayed at λ = 2.0 and γ = 0.5 in

XYT model with different lattice sizes. The first derivative of all correlation mea-

sures diverge at αc,1 = 0.5 and αc,2 = 1.5 showing the presence of QPTs. These
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Figure 5.6: EoF (a), QD (b), CC (c), MID (d) and CHSH (e) as a function of λ
and α at γ = 0.5 and N = 2001 in the XYT model.

extremum points indicate that there exits three different phases as a function of

α in the region α ∈ [0, 2] for the XYT model. Note that the first derivative of all

the correlations exhibit a logarithmic divergence at αc,1 and αc,2 as N approaches

to infinity (see insets in Fig. 5.7).

As shown in Fig. 5.6, for a fix α, the external magnetic field can also lead

to QPTs in XYT model. For instance, for α = 0.2 and α = 1.0, there are

second-order quantum phase transitions at λc = 1.4 and λc = 1.0, respectively.
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Figure 5.7: (Color online) The α-derivative of correlation measures as a function
of α at λ = 2 and γ = 0.5 in the XYT chain with N = 51 (blue-dotted),
N = 101 (red-dashed) and N = 2001 (black). Insets show the finite size scaling
behavior of correlation measures at the QPTs αc,1 = 0.5 and αc,2 = 1.5 where
the filled circles are numerical data, while the lines are the fitting curves fitted to
y = ax+ b.

The divergent behavior of the first derivative of correlations with respect to λ

signals these phase transitions as shown in Figs. 5.8(a) and 5.8(b). They diverge

logarithmically as the system size increases, which is similar to the QPTs in the

line of α. In Ref. [85], the authors studied QPTs in XYT model and they only

focused on the critical point αc = 0.5 for γ = 0.5 and λ = 0. It was shown that

the first α-derivative of QD and CC are capable of detecting the QPT. Different

from Ref. [85], we have shown that QD and CC as well as MID, CHSH and EoF
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Figure 5.8: (Color online) First λ-derivative of correlation measures as a function
of λ in the XYT model with N = 2001, γ = 0.5 and α = 0.2 (a) and α = 1.0 (b).

can signal all the phase transitions present in the XYT model for γ = 0.5 and

λ > 0.

5.3 XXZ model

The next model that we tackle in this subsection is the one dimensional

anisotropic Heisenberg XXZ chain given by the Hamiltonian [84]:

HXXZ =
N∑
i=1

Sx
i S

x
i+1 + Sy

i S
y
i+1 +∆Sz

i S
z
i+1, (5.12)

where ∆ is the anisotropy parameter, Sµ
j = σµ

j /2 and N is the number of particles

in the chain. The model has two critical points that separate three different

phases: (i) At ∆c = −1, there is a first order QPT that separate the ferromagnetic
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phase, where all the spins are pointing in the same direction for ∆ < −1, and the

gapless phase, where the correlation decays polynomially for −1 < ∆ < 1. (ii)

At ∆c = 1, there is an infinite order QPT that separates the gapless phase and

the anti-ferromagnetic phase for ∆ > 1.

The Hamiltonian (5.12) has a spin-flip symmetry that leads to zero magne-

tization ⟨σz⟩ = 0 and it is symmetric with respect to the rotation in xy plane

which leads to
⟨
σx
i σ

x
j

⟩
=

⟨
σy
i σ

y
j

⟩
. Due to these symmetries, the nearest neighbor

reduced density matrix would be in an X-state form as in Eq. (2.1) with matrix

elements

ρ11 = ρ44 =
1 +

⟨
σz
i σ

z
i+1

⟩
4

,

ρ22 = ρ33 =
1−

⟨
σz
i σ

z
i+1

⟩
4

,

ρ23 = ρ32 =

⟨
σx
i σ

x
i+1

⟩
2

, ρ14 = 0. (5.13)

The XXZ model cannot be diagonalized, but the two point correlation func-

tions at zero temperature, T = 0, and in the thermodynamic limit, N → ∞,

can be obtained by using Bethe ansatz technique [132]. The spin-spin correlation

functions between nearest-neighbor spin sites for −1 < ∆ < 1 are given by [133]:

⟨σz
i σ

z
i+1⟩ = 1− 2

π2

∫ ∞

−∞

dx

sinhx

x coshx

cosh2(Φx)
+

2 cot(πΦ)

π

∫ ∞

−∞

dx

sinhx

sinh ((1− Φ)x)

coshΦx
,

⟨σx
i σ

x
i+1⟩ =

cos πΦ

π2

∫ ∞

−∞

dx

sinhx

x coshx

cosh2(Φx)
− 1

π sin(πΦ)

∫ ∞

−∞

dx

sinhx

sinh ((1− Φ)x)

coshΦx
,

(5.14)

where ϕ = 1
π
cos−1∆. For ∆ > 1, the correlation functions are given by [134]

⟨σz
i σ

z
i+1⟩ = 1 + 2

∫ ∞+i/2

−∞+i/2

dx

sinh(πx)

(
cot(νx) coth(ν)− x

sin2(νx)

)
,

⟨σx
i σ

x
i+1⟩ =

∫ ∞+i/2

−∞+i/2

dx

sinh(πx)

(
x

sin2(νx)
cosh ν − cot(νx)

sinh ν

)
, (5.15)

where ν = cosh−1∆. And for ∆ ≤ −1, ⟨σz
i σ

z
i+1⟩ = 1 and ⟨σx

i σ
x
i+1⟩ = 0 [91]. The

65



derivation of the two-point correlation functions for XXZ model is heavily long,

but the details can be found in Refs. [133, 134].

HaL

-2 -1 0 1 2 3 4

1.5

1.6

1.7

1.8

1.9

2.0

D

C
H

SH

-2 -1 0 1 2 3 4
0.0

0.1

0.2

0.3

0.4

0.5

D

8Q
D

,E
oF
<

HbL

-2 -1 0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

1.0

D

8M
ID

,C
C
<

Figure 5.9: (Color online) (a) shows EoF (red-dashed), QD (black-solid) and
CHSH (inset), while (b) shows CC (red-dashed) and MID (black-solid) for
nearest-neighbor spins as a function of ∆ in the XXZ chain.

In Fig. 5.9, we display the correlation measures as a function of anisotropy

parameter ∆ in the XXZ chain at T = 0 and N → ∞. At the first order critical

point, ∆c = −1, all correlation measures, except EoF, are discontinuous show-

ing the presence of the QPT, while this jump behavior is not observed in EoF.

At the infinite order QPT, ∆c = 1, QD, CC and CHSH function show abrupt

cusps. The cusp behavior in the considered correlation measures is due to the

level-crossing in the model which involves transition from the gapless to antifer-

romagnetic phases. On the other hand, EoF is less sensitive to this level crossing;
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it just reaches its maximum at ∆c = 1 which is also the case for QD [84]. These

cusplike behavior at infinite order QPT point implies that the first derivative of

QD, CC and CHSH are discontinuous at ∆c = 1, while their second derivatives

are divergent. Surprisingly, MID (black line in Fig. 5.9(b)) does not exhibit any

abrupt cusp or an extremum point at ∆c = 1. It is continuous at the phase tran-

sition point and shows no sign of the infinite order phase transition. By using the

correlation functions in Refs. [133, 134], we have also calculated MID for next-

nearest neighbors, and have observed that MID cannot signal the infinite order

phase transition for this case as well. Note that the infinite order phase transi-

tion cannot be revealed by the ground state energy of the system. Nonetheless,

some of the quantum information tools (QD, CC and CHSH) can indicate this

critical point with a cusplike behavior. In fact, around this critical point, there

is a competition between the correlation functions
⟨
σz
i σ

z
i+1

⟩
and

⟨
σx
i σ

x
i+1

⟩
as a

function of ∆ and they encounter a crossover at the critical point, ∆c = 1 [79].

Similarly, the constituents in the definitions of these correlation measures (we

mean Q1 and Q2 in Eq. (2.10) for QD, and similar for the others) exhibit the

same behavior at and around this critical point. Therefore, these cusplike behav-

ior can be understood due to the extremization procedure in the definitions of

QD, CC and CHSH. Since MID has no extremization in its definition, it has no

indication of this phase transition point. Although EoF is governed by a single

non-zero variable (since ρ14 = 0 for XXZ model), it reaches its maximum at this

critical point. However, this is not the generic behavior of entanglement at the

infinite order phase transition which may depend on the specific symmetries of

the model [70]. It is remarkable to note that between 0 < ∆ < 1, QD and EoF

increase with ∆, while MID is a decreasing function of anisotropy in this region.

On the other hand, they are all decreasing function of ∆ for ∆ > 1 and reach

zero for ∆ → ∞. We should note that while MID and CC behave similarly for

Ising and XY models as functions of tuning parameters, as discussed previously,

they exhibit completely different dependence on ∆ for the XXZ model. See also
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Ref. [91], where the authors showed that CHSH-Bell function, although is not

violated, is found to capable to detect the presence of the QPT at ∆c = 1 for

next- and next-next-nearest neighbor spins where entanglement is absent for such

distances in the XXZ model around the critical point.

5.4 LMG model

Finally, we analyze the ground state correlations of the model introduced by

Lipkin, Meshkov and Glick (LMG) [135]. The LMG model, originally, describes

a two-level Fermi system with one-level below the Fermi level, while the other

level just above. The level below the Fermi level is assumed to be filled with

Γ nucleons (here Γ can also be thought of as a degeneracy). In its spin 1/2

representation, the LMGmodel can be regarded as a chain ofN spin particles with

infinite-ranged interactions, where each spin is subject to an external transverse

magnetic field λ. Indeed, the Hamiltonian of the LMG model can be written

as [78, 79, 136]:

HLMG = − 1

N

(
S2
x − S2

y

)
+ λSz, (5.16)

where Sz =
∑N

m=1
1
2

(
c†+mc+m − c†−mc−m

)
and Sx+iSy =

∑N
m=1 c

†
+mc−m, with c†+m

and c†−m being the particle creation operators in the upper (+m) and lower (−m)

levels, respectively. The model has a second-order quantum phase transition at

λc = 1 between a symmetric phase (λ > 1) and a broken phase (λ < 1) [79, 137].

The ground state is unique and fully polarized in the direction of the field for

λ > 1, while its is twofold degenerate for λ < 1.

The ground state of the LMG model for N → ∞ can be obtained by us-

ing Hartree-Fock (HF) approach. Indeed, HF ground state provides the exact

description of the critical point. The pairwise ground state density matrix for

general modes (+m) and (−n) in the HF ground state of the LMG model can be
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found as [79]

ρm,−n =



⟨M+mM−n⟩ 0 0 0

0 ⟨M+mN−n⟩
⟨
c†+mc−n

⟩
0

0
⟨
c†−nc+m

⟩
⟨N+mM−n⟩ 0

0 0 0 ⟨N+mN−n⟩


, (5.17)

where Mk = 1−Nk and Nk = c†kck. The matrix elements can be given as

⟨M+mM−n⟩ = (1− δmn)sin
2α cos2 α,

⟨M+mN−n⟩ = δmn cos
2 α + (1− δmn) cos

4 α,

⟨N+mM−n⟩ = δmn sin
2 α + (1− δmn) sin

4 α,

⟨N+mN−n⟩ = (1− δmn)sin
2α cos2 α,⟨

c†+mc−n

⟩
= δmn cosα sinα, (5.18)

where δmn is the Kronecker-Delta function and α = 1
2
cos−1 λ for λ < 1 and α = 0

for λ ≥ 1 (see Refs. [79] and [136], for the detailed calculations of Eqs. (5.17)

and (5.18)). One should note that the exact ground state of the LMG model,

instead of the HF ground state studied here, can be obtained and highly entangled

for λ > 1 [138, 139, 140].

In Fig. 5.10, we display the calculated correlations and their first derivatives

with respect to λ between the modes (+m) and (−m) as well as between the

modes (+m) and (−n) (m ̸= n) in the HF ground state of the LMG model.

CC, QD, MID and EoF are all equal for the density matrix of the ground state

for the (+m,−m) modes, because for those modes the ground state is pure and

these measures are equal for the pure states. The value of correlations range

from 1 for λ = 0 to zero for λ > 1 (see Fig. 5.10(a)). Also, CHSH Bell function

is violated for λ < 1 (Fig. 5.10(b)). The derivatives of correlation measures

are discontinuous at λc = 1, signaling the QPT (see the insets in Figs. 5.10(a)

and 5.10(b)). On the other hand, for m ̸= n, there are no correlations (MID,
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Figure 5.10: Correlations (QD = EoF = CC = MID) (a) and CHSH-Bell
function (b) between the modes (+m) and (−m) as a function of λ in the HF
ground state of the LMG model. (c) shows CHSH function for the modes m ̸= n.
Insets are the corresponding first order λ-derivative of correlation measures as
a function of λ. Note that for m ̸= n, there is no bipartite correlations, i.e.,
QD = EoF = CC = MID = 0.

QD, CC and EoF) between the modes. In fact, the density matrix Eq. (5.17) is

diagonal for m ̸= n and contains no pairwise classical and quantum correlations.

However, the diagonal elements vary with λ and the pairwise density matrix

changes between maximally mixed state for λ = 0 and the fully polarized state

for λ > 1. Although this transition does not contain any bipartite correlations,

remarkably, CHSH Bell function changes with λ and the discontinuity (jump) in

its first derivative at λc = 1 exhibits the QPT (see Fig. 5.10(c)).

As a further discuss, it is remarkable to note that the CHSH-Bell function

is found to exhibit all the phase transitions present in the considered critical

models, even when the relevant ground state is pairwise quantum and classical

uncorrelated. This result is, indeed, very desirable for the quantum informa-

tion community, because the definition or analytic forms of quantum correlation

measures for mixed states are mostly given for bipartite systems. Although the
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unbroken bipartite state of the entire system is expected to provide the exact

description of the critical behavior as well as its scaling in finite systems, some-

times the bipartite density matrix can loose its coherence, and thus, QD, CC and

EoF can become insufficient to detect the CPs of QPTs, such as for the (+m,−n)

mode case of the LMG model in HF ground state, for very far neighbor case

and at finite temperatures. On the other hand, the CHSH-Bell function does

not frozen until the bipartite state is frozen. Moreover, the definition and also

the analytic form (for some special cases) of CHSH-Bell function for multipartite

mixed states are available. We believe that the definition and the non-ergodic be-

havior of the non-locality measure make it more sophisticated CP-detector than

the other well known CP-detectors and MID. However, its ability to detect the

CPs of QPTs in different critical systems and particularly at finite temperatures

needs strict investigations to make a direct connection between CHSH function as

a CP-detector and experiments. Also, it is interesting to note that the bipartite

states (except the LMG model for the (+m,−m) mode case) are mixed and do

not violate the CHSH inequality, although they contain entanglement. This in-

dicates that the correlations possessed by the two-point ground states are highly

local. On the other hand, the quantum correlation measures are not expected

to signal the classical phase transitions, since the two-point density matrix can

loose its coherence when the temperature rises. Nonetheless, very recently, QD

was found to be able to indicate the critical temperature, Tc, of the classical phase

transitions in the derived model from the two-dimensional square Ising model,

while entanglement could not [141].
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CHAPTER 6

CONCLUSIONS

The scope of this thesis was two fold. On one hand, we analyzed the dynamics

of quantumness of correlations under dissipation (Chapters 3 and 4). On the

other hand, we considered the ability of the quantum correlations to detect the

the critical points of quantum phase transitions (Chapter 5). The most important

results of these chapters can be summarized as follows.

We have, first, investigated the dynamics of quantum correlations as quantified

by entanglement, Bell nonlocality and quantum discord for two qubits embedded

in a common leaky cavity for four different initial states with double excitations.

The dynamics have been studied by using standard Lindblad master equation

under rotating wave approximation and the qubits were considered as identical

or unidentical based on the detuning of their transition frequency with respect

to the frequency of the field mode. The main findings of this chapter can be

summarized as: Qubits being identical or not have profound influence on the

dynamics of the considered correlations; starting from the same initial state, the

correlations show very different behavior depending on whether the detunings

of the individual qubits satisfy δ1 = δ2 = δ or δ1 = −δ2 = δ. For unidentical

qubits initially in their excited states and interacting with a high or low quality

cavity, quantum discord is found to be induced for all considered cavity decay

rates and it decays in an oscillatory manner for a leaky cavity although the qubits

remain unentangled for all times. For the same initial state and the leaky cavity,

QD is found to increase in the long time for identical qubits, while entanglement

is either ”never created” or decays to zero in a short time. One of the most

interesting finding in this chapter is the constant high entanglement and quantum

discord state which is obtained in the long-time limit of the dynamics of ρ(0) =
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|eA, gB⟩ ⟨eA, gB| ⊗ |1⟩ ⟨1| initial state for the identical qubit case. Here the final

state is independent of the cavity decay rate (if κ > 0) and the magnitude of the

detuning and has high concurrence (C = 0.5) and quantum discord (D = 0.412).

From an analysis of the time dependence of the density matrix elements it is seen

that the considered initial state leads to a trapping state which happen to have

high degree of quantum correlations. On the other hand, for the same initial state,

the correlations between the unidentical atoms are found to be destroyed quickly

even for a small cavity decay rate. For the atomic Bell-type initial state, we have

found ESD for the identical qubits interacting with a low quality cavity, while

concurrence decays exponentially for the unidentical qubits. Quantum discord

is found to have asymptotic decay behavior independent of the type of atoms

for this initial state and leaky cavity. On the other hand, CHSH-Bell inequality

violations survive only for a finite time for κ > 0 for both identical and unidentical

qubits. In fact, Bell nonlocality as manifested by CHSH inequality is the most

fragile correlation measure under dissipative environment and is violated only at

the high values of entanglement.

We have, second, studied the same model of Chapter 3, but beyond rotating

wave approximation. The dynamics of atom-field system and quantum correla-

tions between atoms, such as quantum discord and entanglement at ultrastrong-

coupling regime have been investigated for general Werner-like initial states by

using recently derived Lindblad type master equation which offers quantum jumps

among the eigenstates of the Hamiltonian of open quantum system under consid-

eration. Contrary to previous investigations of the same model in the dissipative

regime by using the standard Lindblad quantum optical master equation at ul-

trastrong coupling regime, the atom-field steady states are found to be cavity

decay rate independent and have a very simple structure determined solely by

the overlap of initial atomic state with the subradiant state; the amount of over-

lap between initial and dark states remains intact in the time evolution, while

the other part decays to the ground state of the atom-field system. This result
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is found to hold for all atom-field coupling strengths and coincides at the weak-

coupling regime with the results under RWA studied by the standard Lindblad

master equation. The presence of counter-rotating terms are found to break down

some of the recently predicted results for RWA dynamics, for example, they lead

to quantum-correlated atomic steady states without the overlap of an initial state

with the dark state which is crucial for RWA conditions. Moreover, the virtual

processes can reverse the initial state parameter dependence of steady state QD

and EoF contrary to the RWA case which is strongly initial-dark state overlap

dependent. However, we should stress here that the strong coupling regime seems

to have quantum advantages compared to RWA case only for initial states which

lead to low (QD < 0.05) and zero discordant atomic steady states for the RWA

case. Specifically, the strong virtual processes can induce separable atomic steady

states.

We have, finally, investigated the quantum phase transitions of the critical sys-

tems, such as transverse field Ising, XY, XYT, XXZ and LMG models by using

different quantumness measures, such as entanglement of formation, quantum

discord, as well as its classical counterpart, measurement induced disturbance

and CHSH-Bell function. Different aspects of quantum correlations of a given

state are compared and contrasted when the tuning parameters of the system’s

Hamiltonians are changed, specifically at different phase regions. The ability of

correlation measures to detect different order QPTs and their finite-size scaling

behavior at different continuous phase transition points have been also investi-

gated. The most important findings of the present chapter can be summarized

as follows. The correlation measures that we consider reflect somewhat different

aspects of the quantum as well as classical properties of the ground state of the

examined models and it is not possible to find a universal behavior of these mea-

sures for signaling the quantum phase transition critical point. Furthermore, for

individual measures, the dependence on the tuning parameter near the critical

points is not universal across the order of the transition. In particular, for the
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first order QPT observed in XXZ model, all the considered measures, except EoF,

show a discontinuity behavior at the CP, while at the infinite-order QPT observed

in the same model, MID has no indication of the QPT. On the other hand, EoF

has its maximum and QD, CC and CHSH have a cusp-like structure, showing

the infinite-order phase transition. The number of second-order QPTs investi-

gated in the present chapter is much higher than that of the first or infinite-order

QPTs. None of the considered measures was found to behave exactly the same

at CP for the investigated seven second-order phase transitions. Except for the

LMG model for (+m,−n) modes with m ̸= n, the first or second derivatives of

all correlation measures are found to be discontinuous or divergent at the critical

point of the relevant models, signaling the CPs of QPTs. Remarkably, the CHSH

function is the sole indicator of the phase transition between (+m) and (−n)

modes for m ̸= n in the HF ground state of the LMG model. Moreover, the

tuning parameter dependence of MID is found to be completely different to that

of QD in some phase regions. Interestingly, for Ising and XY models, the classical

correlations and MID as functions of tuning parameters are nearly the same. In

fact, the main motivation of this chapter was to search for new quantum infor-

mation theory based indicators of quantum phase transitions, such as MID and

the CHSH-Bell function, and compare them with the well known CP-detectors,

QD, CC and EoF. It is found that the finite-size scaling behaviors of MID and

CHSH-Bell function in Ising and XYT models exhibit a logarithmic scaling which

is similar to that of EoF, QD and CC. On the other hand, MID cannot signal

the infinite-order phase transition present in the XXZ model, although the others

can. Above all, first and foremost, the CHSH-Bell function is found to exhibit

all the phase transitions present in the considered critical models, even when the

relevant ground state is pairwise quantum and classical uncorrelated.
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