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ABSTRACT

AN ALGEBRAIC APPROACH
"TO THE BAND STRUCTURE OF
PERIODIC POTENTIALS

OLGAR, Eser
M.Sc., Engineering Physics Department
Supervisor: Assists. Prof. Dr. Ramazan KOC
January 2002, 63 pages

‘A general method based on Lie algebra with three generators is proposed in
order to successfully produce physically significant periodic potentials. Some |
potentials in one dimension are solved in algebréic framework using the Lie algebra.
A novel Kronig-Penney model is developed to obtain energy band structure of
Kronig-Penney type and Hyperbolic periodic potentials. Our approach can be applied
to the other periodic systems with some modifications. In addition, generalized
Kronig-Penney model is formulated in one dimension for contact interactions. Here,

eigenvalue equations are obtained by using transfer matrix formalism.

It has been shown that the method given in this thesis is useful to generate
periodic quasi-exactly solvable potentials and to clarify their band structure. The

algebraic method presented here leads to a number of physical potentials given in the

literature. 2L YOKSEXOGRETIM KURULY
DOKDMANTASYON MERKEZE

Key words: Periodic potentials, Kronig-Penney model, contact interaction, Lie

algebra.
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OZET

PERiIYODIK POTANSIYELLERIN
BAND YAPISINA CEBIRSEL YAKLASIM

OLGAR, Eser
Yiiksek Lisans Tezi, Fizik Miih. Bolimii
Tez Yoneticisi: Yrd. Dog¢. Dr. Ramazan KOC
Ocak 2002, 63 sayfa

Fizikte 6nemli uygulamalar1 olan periyodik potansiyelleri tiiretmek i¢in Lie
- cebiri operatorlerine dayali genel bir yontem gelistiridi. Bazi potansiyeller tek
boyutta Lie cebirinin bir uygulamasi olarak ¢oziildii. Kronig-Penney ve hiperbolik
periyodik potansiyellerin enerji band yapisini elde etmek igin yeni bir Kronig-Penney
modeli gelistirildi. -S6zkonusu model gerekli uyarlamalarla diger periyodik
potansiyellere uygulanabilir. Ayrica, kontak etkilesimler i¢in genellestirilmis Kronig-
Penney model denklemleri ¢ikartildi. Ilgili 6zdeger denklemleri transfer matris

yontemi kullanilarak elde edildi.

Tezde verilen metodun aym zamanda periyodik “quasi-exactly” ¢oziilebilen
potansiyellerin ttiretilmesinde ve band yapilarmin agiklanmasinda gegerli oldugu
gosterildi. Buruda sunulan cebirsel yontemle literatiirde verilen fiziksel potansiyeller
elde edilebilir.

Anahtar Kelimeler: Periyodik potansiyeller, Kronig-Penney modeli, kontak

etkilesimler, Lie cebiri.
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CHAPTER 1

INTRODUCTION

The study of periodic potentials is of both physical and mathematical interest. For
instance, in condensed matter physics, knowledge of the existence and locations of
band edges and band gaps of periodic potential is very important for determining
many physical properties. Unfortunately, even in one dimension, there are very few

analytically solvable potehtial problems in condensed matter physics.

One of the most fundamental problems in solid state physics is that of an
electron in a periodic potential. . The energy band structure of electrons in a periodic
potential is essential to an understanding of many basic properties of the solid state
of matter. Kronig and Penney [1,2] introduced the one dimensional periodic square
well potential which is known as the Kronig-Penney model. Exact solution of the

Hamiltonian can be obtained by this model

Also, the band structure of semiconductor superlattices can be discussed in
terms of the standard Kronig-Penney model. The energy bands of electrons in one-
dimension periodic potential for more complex superlattices that consisting of two
different rectangular bands and wells per peridd are calculated by H. X. Jiang and Y.
J. Lin [3]. The variation of the energy and band structure as a function of the size of

the wells in each period is presented in this paper.



The case of perfectly periodic potentials has discussed by Hubert M. James et}
al. [4]. Solutions for the entire range of x are constructed by joining together “cell
solutions”- solutions defined for a single period of the potential. (The range of x can
be divided into periods or cells of length a(period). The potential has then the same
form in each cell). The concept of “self-matching cell solutions” leads to a simple
demonstration of the band structure of permitted energy levels. Several types of cell
solution are discussed in their paper to give a particularly clear and elementary

demonstration of the band structure of permitted energy levels.

The weak- and tight-binding approximation to the periodic Scarf potential is
discussed by Frederic L. Scarf [5]. It has shown that the wave functions have
intermediate forms even when m" = m, m"= co, where m’ is the effective mass. This
suggests that these approximations, respectively, should be valid in these region, but
it is actually found that they are not appropriate. The wave functions have complex
intermediate form for wide ranges of parameter. The results illustrates Slater’s
conjecture that the wave function may be quite complicated even when m" and E(k)

have values which indicate that the particle is almost free or that it is tightly bound.

The application of group btheoretical techniques to physical problem has along
and fruitful history. Spectrum generating algebra (SGA) and dynamical symmetry
techniques are applied to Hamiltonians with periodic potentials, and band structure
cén arise naturally from representation theory [6,7]. Hamiltonians such as Scarf’s are
reduced to problem as simple as solving by reducing the Hamiltonian in the form

H=J?}, using representation with multi-valued wave functions. Further, both

compact and non-compact Lie algebras are shown that they play a role in the band
edges-su(1,1) for the Scarf and extended Scarf potentials, and su(2) for the Lamé
equations [6]. And they constructed dynamical symmetries Hamiltonians in so(2,1)
and 50(2,2) [7] which can be expressed as Schrodinger operators with periodic
potential allowing the calculation of dispersion relations and transfer matrices. One-
dimensional potentials within the R matrix thebry are described algebraicly with
su(1,1) Lie algebra [8]. A. Gonzalez-Lopez and their collaborators et al [9] showed
the recent work on quasi-exactly Schrddinger operators and Lie algebras of

differential operators.



One of very successful methods in numerous applications in physics for
periodic potentials is the semi-classical approach. Sukhatme and Sergeenko derived
the semi-classical WKB quantization condition for obtaining the energy band edges
of periodic potentials [10]. They applied successfully their semi-classical approach

with considering applications to the well-studied class of Lamé potential
V(x) = ma(a +1)sn’ (x,m) where sn(x,m) is a Jacobi elliptic function of real elliptic
modulus parameter m(0 £ m <1) with period 4K(m).

Alternatively, using the formalism of supersymmetric quantum mechanics, A.
Khare and U. Sukhatme [11] have obtained a large number of new analytically
solvable one-dimensional periodic potentials and studied their properties. More
specially, the supersymmetric partners of the Lamé potential ma(a +1)sn”(x,m) are
derived and they discussed the energy band edges of the associated Lamé potentials
pmsn’*(x,m)+ gmen” (x,m)/ dn® (x,m) which constitute a much richer class of
periodic problems. In particular, Dunne and Feinberg [12] defined the concept of
self-isospectral periodic potentials in detail, which are “self-isospectral” in the sense
that the potentials have identical shape, but are translated by one half period relative
to one another. Recently, two solvable, real and shape invariant Pésch-Teller I and

Posch-Teller II potentials on the half-axis are obtained [13].

In addition, several authors have recently investigated the eigenstates of
periodic complex-potentials [14,15], especially those with PT symmetry and real
spectra. In addition, the eigenstates of periodic complex Posch-Teller I and Pésch-

Teller II like potentials are found explicitly [16].

Many authors classified the potentials in physics in three classes such as
exactly‘-solvable potentials, quasi-exactly solvable potentials, and conditionally-
exactly solvable potentials . It is well known that the Natanzon potentials [17] are
exactly solvable in non-relativistic quantum mechanics. These are of two types
corresponding to whether the Schrddinger equation can be reduced to either a
hypergeometric or confluent hypergeometric equation. Chapters 4 and 5 are devoted

to eactly- and quasi exactly solvable potentials.



1.1 Outline Of The Study

This thesis consists of two parts. In the first part, we have solved the Kronig-Penney
model for periodic potentials, in chapter 2, and the application of Kronig-Penney
model to the contact interactions are given in chapter 3. In chapter 2, the eigenvalue
problem for periodic potentials is solved exactly and we have shown that electrons in
that periodic potential are arranged in energy bands separated by forbidden gaps. In
addition, Kronig-Penney model is written as a Mathematica program to do some
simplification in the calculations. The Schrédinger equation is written in the form of
summation of two functions such as even and odd function solutions. The accuracy

of the calculations are checked out for two examples.

In chapter 3, one example of the application of the Kronig-Penney model is
given with periodic § potentials to the cases with generalized contact interaction. By
applying Bloch theorem, the eigenvalue equation is deduced within the framework of

the transfer matrix formalism.

The second part of this thesis, chapters 4 and 5 are devoted to the applications
of the Lie algebra. In chapter 4, exactly solvable potentials are classified in two
classes depending on whether the Schrédinger equation can be reduced to
hypergeometric or a confluent hypergeometric functions. Then, quasi-exactly
solvable Hamiltonian are written in algebraic framework to produce quasi-exactly
solvable potentials by using canonical transforms. Through the developed
expressidns, potentials corresponding to some canonical forms are discussed by

considering exactly-solvable cases.

In chapter 5, the eigenstates of a particle in a rectangular-well potential with
appropriate boundary conditions are proved to be standard basis of an irreducible
representation of the su(1,1) Lie algebra. And trigonometric-like potentials are
written in algebraic framework of operators of su(1,1) Lie algebra. Finally, the last

section contains the conclusion of the thesis.



CHAPTER 2

THE KRONIG-PENNEY MODEL OF AN INFINITE
ONE-DIMENSIONAL CRYSTAL

2.1 Introduction

The free-electron theory of metals is based upon the notion that the conduction
electrons within a metallic substance act like the classical free particles of a gas,
subject only to the limitations of the Fermi-Dirac statistics. It is not immediately
obvious, from the quantum mechanical point of view, why this should be the case. It
is also not clear why some substances have large numbers of free electrons and are

thus very good conductors, while others have hardly any and behave as insulators.

The simplest quantum mechanical view of an electron in a crystal is that of a
single electron in a perfectly periodic potential which has the periodicity of the
lattice. In this one-electron model of solid, the periodic potential may be thought of
as arising from the periodic charge distribution associated with the ion cores situated
on the lattice sites, plus the (constant) average “smeared out” potential contribution
due to all the other free electrons belonging to the crystal, so that the interaction of
the single electron with all the others is accounted for W&%M

solution of Schrédinger’s equation for the single electron in this potential then

provides a set of “one-electron” states which the single electron may occupy, and in

5



fact which may be occupied (subject to the limitations of the Pauli principle) by the
all electrons of the crystal, since the single electron which is considered initially may

be regarded as typical of all electrons of the system.

We shall find that one-electron wave functions (called Bloch functions)
calculated by the above prescription always have certain properties closely related to
the lattice periodicity, and that the allowed electronic energies occur in bands of
permitted states separated by forbidden energy regions. Within the allowed energy
bands, the dynamical behavior of electrons will be found to be in many ways similar
to that of free particles, and the question of whether a crystal is a conductor or an
insulator will depend upon whether the electronic states within a given allowed band
or set of bands is completely filled or partially empty. In addition, we shall see that
the collective behavior of electrons in an almost filled band of allowed states is very
much like that of a few positive charge carriers in an almost energy empty band! The
one-electron picture will thus serve to justify the free-electron model form a
fundamental point of view, and also to answer certain rather puzzling questions
which the free- electron theory, of itself, could not even attempt to explain. It should
be remembered, however, that the one-electron treatment is an approximation in

which the details of electron-electron interactions are completely overlooked.

2.2 The Bloch Theorem

The Bloch theorem [19] is a mathematical statement regarding the form of the one-
electron wave functions for a perfectly periodic potential. Consider a differential

equation of the form

2 2.1
-djdvig_xl +V(x)w(x)=0 @1

where V(x) is a given function which is periodic with a period [ so that



Vix+1)=V(x) 2.2)
If the potential function V(x) for one-dimensional Schrodinger equation is periodic,

then Schrodinger’s equation will be a special case of equation (2.1). Since (2.1) is a

linear second-order differential equation, any solution y(x) may be represented as a

linear combination of two linearly independent solutions [18] y,(x) and y,(x)

y(x) =y, (x)+c,p,(x) (2.3)

Now y,(x+!) and w,(x+[) are also solution of (2.1), and hence may be

represented as linear combinations of y, (x) and y,(x)

w(x +1) = a,y, () + a, ¥, (%)
yo(x +1) = ayp,(x) + apy, (x) 2.4

Thus, using (2.3), (2.4) and the fact that w(x +1) is also a solution, we may write

w(x+1)=(c,a;, +c,a,))y,(x) +(c,ay, +¢,a,)y, (%)
(2.5)
px+D)=dy (x)+ dz‘/’z (x)

The relation between the coefficients (¢;,¢z) and (d),d;) clearly involves the matrix

d, 9 x| &
d, B a, dp )\6 (2.6)

Let us see what happens if we diagonalise the 2x2 matrix in this equation to solve the

multiplication

corresponding eigenvalue. This system of homogeneous equations in ¢; and c¢; has

solutions other than c;=c;=0 only if



2
=A" —(a, +tay)l+(a,a, —a,a,)=0

Q.7

which is a quadratic equation for A having two solutions A, and A,. If (c;,¢;) is an
eigenvector corresponding to one of the eigenvalues A=4,(i=12). We have

d,=c, and d, =Ac,. The solution of this quadratic equation in 1 serves to

determine the two possible values of A4 having the property
v(x+1)=Ay(x) (2.8)

where A is a constant vector. This results is known as Floquent’s theorem. Of

course, Eq. (2.8) can be written as [2] by designating them A4, and A,,

w(x+1)=Ay(x)
w(x+1)=A,p(x) (2.9)

If we now define k, and k, such that

ﬂ,,‘ - eikll
A, = e, (2.10)

and define u, (x) and u, (x) as

—ikyx

U (X) =e "y (x)

0, () = 5y (2), @1y
then, using (2.11), (2.9), and (2.10) it is clear that

uk1 (x +I) — e—ik,(x+1)'//(x +l) — e-ikl(x+l)/11‘//(x) .
ukl (x +l) = e_ih(xﬂ)eik'll//(x) = eﬂk‘xy/(x) = uk| (x) ‘ (212)



where * denotes the complex conjugate. The function u; (x) is thus periodic with
period /; the same is found to be true for u, (x) in a similar way. According to

(2.11), then w(x) can then always be written in the form
v, () = e u, (x) (2.13)

where u, (x) is a periodic function of period /, and where k represents either k; or k;

as determined above. This is Bloch’s theorem; all one-electron wave functions for
periodic potentials can be written in this way. In three dimensions Bloch’s theorem

becomes

Vi (r) =™ " u(r) (2.14)

The wave functions (2.13) and (2.14) clearly have the form of plane waves with
propagation vector k modulated by a function whose periodicity is that of the crystal

lattice.

The Bloch functions (2.13) can be thought of as the most general way of
writing a solution of Schrédinger’s equation which leads to the same probability

density v * in each unit cell of the crystal. From (2.13) it is apparent that in the nth

unit cell, due to the periodicity of u,,

k(x+nl)

w(x+nl)=e u, (x+nl) ="y, (x)
w(x+nl) =e™y(x) (2.15)
Likewise,
w*(x+nl)=e "y *(x) ‘ (2.16)
and,



w*(x+nhy(x+nl)=y*(x)y(x) (2.17)
where * denotes the complex conjugate.

The 3-dimensional wave function (2.14) exhibits the same sort of behavior.
In the one-dimensional case, for an infinite crystal, one can find a formal solution to
Schrédinger’s equation for every value of the E within certain ranges, and
corresponding to each such value of E, by (2.8) and (2.10), are two values of k. The
allowed energy eigenvalues for such a system within these range are continuos. If the
crystal is of finite extent, however, in which case appropriate physical boundary
conditions must be satisfied at the surfaces, then solutions which satisfy
Schrédinger’s equation and the boundary conditions can be found only for certain
discrete energy eigenvalues. Since for each energy eigenvalue there are only two
related values of &, the allowed values of k also form a discrete set. Of course when
the number of atoms in the crystal becomes very large, the allowed values of E and %,
although still discrete, crowd very closely together and in most cases can be regarded
as quasi-continuous bands of aliowed values. The same qualitative behavior is found
for three-dimensional crystals, except that in this case there are more than two

allowed values of k for each energy eigenvalue.

For example, if periodic Boundary conditions are imposed in a one-
dimensional crystal of N atoms (or if the lattice is assumed to have form of a closed
ring of N atoms), then if the wave function ¢ is to be single-valued, we must have
(using (2.15))

w(x+ NIy = ey (x) = y(x) | (2.18)

whereby

or

10



. 2ain (2.19)
e =)' =e ¥ (n=0,1,2,.......... N-1)

recalling the form of the Nth roots of unity. Taking the logarithm of both sides of this
equation and solving for k£, we find that the possible values for & under these

boundary conditions are

27mn
k =—— n=0,1,2,.......... N-1 2.20
"= ( ) (2.20)

If N is large, there will be very many allowed values of & as given by (2.20), and in
this case they may be regarded as forming a quasi-continuous range of values. Of
course the N distinct values of & allowed by (2.20) do not correspond to the same
value of energy. For each constant value of , there are only fwo allowed values of &

given by (2.10).

2.3 The Kronig-Penney Model

This model was first investigated by Kronig and Penney (1930) [1], and is concerned
with the solution of Schrédinger’s equation, assuming a certain potential distribution
inside the solid [5]. According to the free-electron model the potential inside the
solid is uniform: the Kronig-Penney mbdel goes one step further by taking into
account the variation of potential due to the presence of immobile lattice ions.
Considering a one-dimensional case for simplicity, the potential energy of an
electron is shown in Fig. 2.1. The highest potential is halfway between the ions and
the potential tends to minus infinity as the position of the ions is approached. This
potential distribution is still very complicated for a straightforward mathematical
solution. We shall therefore replace it by a simpler one that still displays the essential

features of the function, namely

11



Vix)

Surfoce —x

Figure 2.1 The variation of the electrons potential energy in one-dimensional crystal. [2]
i) it has the same period as the lattice;

ii) the potential is lower in the vicinity of the lattice ion and higher between

the ions.
We shall consider the motion of a particle in a periodic potential of period /, so that
Vix+1)=V(x) ‘ (2.21)
As an illustration we show in Fig. 2.2 a periodic potential with rectangular sections,
called the Kronig-Penney potential, which can be used as a model of the interaction

to which an electron is subjected in a crystal lattice consisting of a rectangular array

of single atoms separated by the distance /.

12



Yo . _b
- — il
I | I l [ -
-b x=0 . %=3 X*
' ={a+h)

Figure 2.2 A peribdic potential with rectangular sections, called the Kronig-Penney

potential.
The period has length /. The wells represent schematically the attraction exerted by
the atoms (ions) of the crystal lattice on the electrons.

where;

Table 2.1 The parameters and boundary conditions in Kronig-Penney model

V(x) : {is the crystal potential

Vo : |is the interatomic potential barrier

a: |is the width of the potential well around an atom

b: |is the width of the interatomic potential barrier

a+b : | Periodicity of the lattice

RegionI: |0 < x<a Boundary condition: V(x) = 0, electron is in the well

Region II : |-b < x <0 Boundary condition: V(x) = Vo, electron is in the barrier

The Kronig-Penney Model can predict energy bands for a string of atoms subject to a
periodic potential, Vo. We are interested in knowing about the E(k) relationship for
electrons moving in the crystal potential, V(x).

For the case of the infinite periodic one-dimensional square-well potential shown in
Figure 2.2, it is kpossible to arrive at an exact solution of the Schrédinger equation.
This solution was first investigated by Kronig and Penney [1], and although it is
related to a somewhat idealized peﬁodic potential which is only a crude .
approximation to that found in the actual crystal, it is nevertheless very useful
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because it serves to illustrate in a most explicit way many of the important
characteristic features of the quantum behavior of electrons in periodic lattices. The
wave functions associated with this model may be calculated in the one-electron

approximation by solving Schrodinger’s equation

d*y(x) 2m . _ (2.21)
o+ BV (W) =0

for a single electron in the periodic potential V(x) as given by Figure 2.2. Since, the

wave functions must have the Bloch form, we may expect that

y(x) = e™u,(x) (2.22)

2.3.1 Energy Bands

Let us now discuss the energy spectrum. For simplicity, we shall focus our attention
on the Kronig-Penney potential (see Fig. 2.2) which exhibits the basic features of the
interaction felt by an electron in a crystal and leads to a readily solvable problem. We
choose the zero of the energy scale to coincide with the top of the wells, and consider
successively the two cases for which the electron energy E is such that Vo<E<co and
0<E<Vo.

2.3.1.1 Casel. Vo<E<co

Substituting (2.22) into (2.21), it is found that the functions u(x) must satisfy

2
d z‘ +2ikf':u——(k2 —a’+ ZmZ(x)Ju(x) =0
dx h (2.23)
where
a=0Q2mE/h*)"? (2.24)

14



For the potential of Figure 2.2, then, we shall find that ;

d’u, du
+2ik—L~k*—a* b, (x)=0 0<x<a)
dx* dx ( »‘( ) ( 4 (2.25)
and
d’u, du
+2ik—2 —{k? - B* x)=0 “b<x<0
3 el G A E) (-b<x<0) 226

where u,(x) represents the value of u(x) in the interval (0<x<ag) and w,(x)

represents the value of u(x) in ‘(-b<x< 0), and where
B =02m(E-Vo)/#*)'? (2.27)

The differential equations (2.25) and (2.26) are easily solved by standard procedures

to give
u (x) = Ae"@™P* 4 Be @b+ (0<x<a) (2.28)
u,(x) = Ce"P™P* | pe=ith+h= (-b<x<0) (2.29)

where 4, B, C, and D are arbitrary constants. Note that the quantity § is a purely

imaginary one for 0<E<Vo .

The requirement of continuity for the wave functions ¢ and its derivative at
x=qg and x=-b demands that the function u(x) satisfy these same conditions, since in
(2.22) & iS a well-behaved function. Applying these boundary conditions (and
recalling that since u(x) has the periodicity of the lattice, u,(a) =u,(-b)), we find
that
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A+B=C+D
i(a—-k)A—-i(a+k)B=iB-k)C—i(f+k)D
Ae'@Pa . Bemiatha - ComHBhE 4 ppithrhb (2.30)
i@ -k)4e" ™" —i(a + k)Be @R = (B~ k)Ce PP — i(B + k) De'P+0?

The coefficients 4, B, C, and D can thus be determined as the solution of a set of four
simultaneous linear homogeneous equations in those quantities. There is no solution
other than 4 = B=C = D =0, of course, unless the determinant of the coefficients

vanishes. This requires that

1 1 -1 -1
a-k —(a+k) —(B-k) (B+k)
ei(a—k)a e—i(a+k)a _ e_,-(p_k)b _ ei(ﬂ+k)b =0 (23 1)

(a - k)e Ha-k)a -~ (a + k)e—i(a+k)a — (ﬂ — k)e“i(ﬂ‘k)b (ﬂ g k)e i(f+E)b

Expanding the determinant, one can show after a quite a lot of tedious but straight-

forward algebra that (2.31) can be expressed as

a’+ f?
20

sin aasin Bb + cosaa cos fb = cosk(a + b) (2.32)

Since in the range (0 < E < Vo), B as defined by (2.27) is imaginary, for these values

of energy it is most convenient to express (2.32) in a slightly different form. Letting

B=iy (2.33)

in this region, and noting that cosix =coshx and sin ix%@gﬁ%

can be written as
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2 2

y —a
2ay

sinh ybsin aa + cosaa cosh yb = cosk(a + b) (2.34)

which is an implicit equation for the energy E. Here vy is a real positive quantity in
the interval (0<E<Vo ), just as B is in the interval (Vo<E<oo). We may thus use
(2.32) most conveniently when (Vo<E<co) and (2.34) when (0<E<Vo ).

2.3.1.2 Case 2. 0<E<Vo

The modifications required to threat the case E>0 are very simple. We see from

(2.24) and (2.27) that when the energy E is positive the quantity y becomes
imaginary. We shall therefore set y = i k’ , with k'=(2mE/#*)"?. Since no

assumption about the reality of y has been made in deriving (2.34), we may at once

rewrite this equation for the case £>0 as

a’ + k"
2ak'

sin k'bsin aa + cosaacosk'b = cosk(a + b) (2.35)

and we see that this is again an implicit equation for the energy E.

The wave functions (2.22) must, like all wave functions, be well-behaved
functions as x approaches +oo. Since u(x) is a periodic function whose values are
the same in each unit cell, no difficulties arise on its account, provided that the factor

e™ in (2.22) is well behaved under these conditions. But ™ is well behaved at both

+0o and -co only if k is real, whereby e” is oscillatory. If k were imaginary, e™
_ ry g

would diverge to infinity either at +oo or -co, and the resulting expression for i (x)
would not behave properly as a wave function. We must therefore accept only the
functions of the form (2.22) with real values for k. The above expression (2.32) and

(2.33) have, on the lefi-hand side, a function of the form K| sinaa + K, cosaa which
must equal to cosk(a+b) . If for a given value of energy function on the lefi-hand

side of equations should have a value in the range between +1 and —1, then the

required value for cosk(a+b) is obtained with a real value for argument k(a+b). On
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the other hand, if the value of the function on the left-hand side of (2.32) or (2.34)

should lie outside this range, it would mean that cosk(a+b) would have to be

greater than +1 or less than ~1, which would, in turn, require that the argument
k(a+b) be a complex number with an imaginary part other than zero. Under these
~ circumstances the solutions (2.22) would not behave properly at infinity and would
not satisfy the physical requirement for wave functions of the system. The energies

associated with such values of & would simply be forbidden to the electron.

The equations (2.32) and (2.34) can be transformed into another useful form

‘through some trigonometric identities. One can always write,
K, sin(aa) + K, cos(aa) = K, cos(k(a +b)—-9),

where

K, = (K2 +K2)" and tan s = %— (2.36)

The identity cos(4— B) =cosA4 cosB +sin Asin B has been used to obtain (2.36).
Now, in this way (2.32) and (2.34) can be written as

{ (a —'B) 2L 7 gin ,Bb] cos(aa —6) = cosk(a+b) 2.37)
4o’ B? '
where
tan(s:_'“;f wnpp (Vo<k<e
172 2.38)
[ NI w] cos(au - §) = cosk(a+b) (
4o’y :
where
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tan b (0<E<Vo)

From these expressions it is clear that in both cases the lefi-hand side has the form of
cosine function times a modulating factor whose amplitude is invariably grater than
unity. The value of this modulating factor is actually a maximum for @ = 0 (hence for

E = 0) and approaches unity in the limit of large energies, where a = .

When the left-hand sides of (2.37) and (2.38) are plotted as a function of
energy F(E), in which connection one should note from (2.24) and (2.27) that

a’-p*=a’ +y* =2mVo/h* = const., (2.39)

The results are as illustrated in Figure .2.3. In this figure the lefi-hand side of (2.37)
or (2.38) is plotted as a function of energy.

tF(E)
“\no tove ~>ovs S ~ ato
__9_\ \ \\ &\ % \E
FN\A\ RN \

Figure 2.3. A plot of the functions on the lefi-hand sidé of (2.37) and (2.38) versus energy.
The shaded regions show forbidden energy bands where the value of & is complex, the
unshaded regions allowed energy bands corresponding to real values of & [2].

The dispersion relation expresses the relationship between energy and crystal
momentum for the electron. Since the energy is given in terms of the parameter ¢ by

(2.24), assuming a value for o allows bne to determine both the energy and crystal
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momentum (solve for & in equation (2.38)). Each such assumed value gives a point
on the dispersion curve, and by assuming a sufficient number of a values, the entire

disperSion curve can be constructed. The results are shown in Figure 2.4 below.

When the ordinate of the curve lies between +1 and —1, there exists a real
value for & corresponding to physically possible wave functions. Outside these limits,
however, k must be complex with a nonzero imaginary part. Such values for k can
never lead to physically well-behaved wave functions; the corresponding ranges of
energy are forbidden and shown in Figure 2.3 as shaded regions. There are thus
formed alternate regions of allowed energy eigenvalues and forbidden regions. These
regions are usually referred to as allowed and forbidden energy bands, and the
grouping of the permitted energy values into these bands is one of the most important
and characteristic features of the behavior of electrons in periodic lattices. It can be
shown that energy bands having the same qualitative aspects as those shown in
Figure 2.3 are formed no matter what the detailed form of the potential is, so long as

it is periodic.

It is clear from Figure 2.3 that energies close to zero are fbrbidden, a fact that
it also seen in Figure 2.4. The allowed band of lowest energy is obtained when the

crystal momentum k is in the interval (—z/(a+b) <k <z /(a+b). The values of

+ .
k== m; defines the band edges, where two allowed bands are separated by an
a+ .

energy gap. The Bragg condition is clearly satisfied at these points. One may
visualize the electron as being internally diffracted by the crystal lattice for these
values of crystal momentum. The region of the k-axis associated with the lowest
allowed band is the ﬁrst Brillouin zone of the lattice, the regions associated with the
second-lowest allowed band is the second Brillouin zone, and so on. The zone

boundaries are always points at which internal Bragg reflections occur.

Using (2.37), (2.38), (2.24), and (2.27) it is possible to plot a curve showing
the energy E as a function of k E(k).The result is illustrated schematically in Figure
2.4. The forbidden energy bands and the relationship of E vs. k£ within the various

allowed bands have been assigned in accord with the scheme shown in Figure 2.3.
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Since cos 'k(a+b) is not a single valued function | this assignment is
necessity somewhat arbitrary. For large energies, it is apparent that the function E(k)
approaches the free-electron relation E =#°k”>/2m (shown as a dotted curve in
Figure 2.4) quite closely within the allowed bands. Also, for large energies it is found
that the allowed bands become very broad and the forbidden regions quite narrow.
‘Nevertheless, the curve E(k) always has zero slope at the edges of the allowed bands,
that is, at £ = inﬁ/(a +b) , where 7 is an integer. This result can be proved by direct
differentiation of (2.37) and (2.38), but we shall not go through the details of the
calculation. This feature of the E(k) curve is quite general, and can be shown to occur

even in the three-dimensional case independent of the precise mathematical form of

the potential function.

E(k) ‘ ’

/ .
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Figure 2.4. This feature of the E(k) curve is quite general, and can be shown to occur even in
the three-dimensional case independent of the precise mathematical form of the potential
function [2].
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2.4 A Mathematical Approach

We have shown the general solution of the Kronig-Penney model of an infinite one-
dimensional crystal for the rectangular potential. In this part, we have developed a
Mathematica code to avoid from the tedious algebra which, produces dispersion

relation easily.

Assume that, the solution of the Schrodinger equation with the periodic

potential for two regions are in the form¢, and ¢, . One can, of course, express these

two solutions in terms of g, (x),u,(x), g,(x), and u,(x) ,such that

4, = Ag,(x) + Bu,(x)

(2.40)
#, = Cg,(x) + Du,(x)

They are four arbitrary linearly independent solutions of the Schrédinger equation

with energy E. u,(x)and u,(x) are odd functions and g,(x),g,(x) ‘are even

functions.

When the potential is symmetric about the center of each period, it is

convenient to consider these even and odd solutions such that;

2®=1  0)=0
g,(0)=1 2,(0)=0
u(0)=0  u,(0)=1
(=0 4,(0)=1

(2.41)

Now, the step is to write ¢, and ¢, by using Bloch’s theorem in the form such that;

¢ (x) = e (4g, (x) + Bu, (x))

N (2.42)
$,(x) = e (Cg,(x) + Du,(x))
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The functions ¢,(x) is thus periodic with I=(a+b), fhe same is found to be true for

#,(x) ina sirﬁilar way.

The next step is to impose the same periodic boundary conditions that the both

functions in Eq. (2.42) and their first derivatives must be equal to each other at each

points x=0 and x = a =~b (see Appendix)

P,
Py
P
Py

where

Pu = g‘[O]

P, =—ikg,[0]+ g;[O]

Py = e—iakgi[a]

Py = 'ievidkkgl [a]+ e—iakg; [a]

P, =-g,[0]
Py, =ikg,[0] —g; [0]
Py =—e"g,[-b]

Py = ie"™ kg,[-b]- eibkg’z [-?]

N
w
-

N
s
S

BT T

N
w
-

-L:U MTU‘ Nbu —.Ng
Ra=e I - I -
2

N
w

=0 : (2.43)
B, =u,[0]
P,, = —iku,[0] +#,[0]

—iak
P, =e“ula]

P, = —ie " ku,[a]+ e u [a]

Py =—u,[0]
Py, = iku,[0]-u,[0]
Py = ‘eibkuz[fb]

P, =ie™ ku,[-b]-e "™ u,[~b]

The equation (2.43) is the desired equation to find the dispersion relation of an

infinite one-dimensional crystal for the rectangular potential. Using the boundary

conditions given in (2.41), Eq.(2.43) can be reduced to the,



Bo=glo] o B,=0
P, =—ikg,[0] \ ’ | Py, =u,[0]

Py =e™"g[a] P, =e u,[a]

P, =—ie""kg,[a]+e "™ g [a] P, =—ie " ku,[a]+ e *u,[a]
Py =—,[0] « | P, =0

P, =ikg,[0] | Py, =u,[0]

Py =—e ™" g,[-b] Py =—e"u,[-b]

P,y =ie"™ kg,[-b]-e™ g,[-b] Py, = ie™ ku,[~b]~ e u,[~b]

When these determinant coefficients are reduced to these form, some
boundary conditions in Eq. (2.41) are equal to one are not used. Since for rectangular

potential barrier, the wave functions have some quantities such as a ,and 3.

The dispersion relation is found by solving Eq. (2.43). This generalized‘

solution determines the band structure of the crystal.

2.4.1 Examples

In this part we will show the application of Mathematica program which is developed
for the Kronig-Penney model. By assuming some odd and even functions solutions

such as

g,[x] = 4, cos[ax] u,[x] = C, sin[cx]

. (2.44)
&,[x]= B, cos|fix] u,[x] = D, sin[ ]

SubStituting these even and odd functions into the Mathematica program, Eq. (2.43)

becomes to
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AB,C,D,e” ¥
(—2af3(—cos[ak]cos[bk]+ cos[aa]cos[bB] + sin[ ak]sin[ 5] + (@ + B°)sin[aa]sin[6B]) = 0

and with doing some mathematical calculations, it reduces to

_ “Z* /f " sin[ca]sin] fb] + cosaa]cos|Bb] = cos[k(a+ b)] (2.45)
Q,

which is same with the solution of the Kronig-Penney model (eq. (2.42)).
If we assume another even and odd solutions like,

gl=dcoslx]  w[x]=C,sin[an]
galxl=Bicosh[A]  uy[x]= D, sinh[ f]

The equation (2.43) which gives the dispersion relations of the system becomes,
A,B,C,D,e”"“P*2ap(cos|(a + b)k] - cds[aa] cosh[68]) + (a - B)(a + B)sin[ac]sinh[bB]) = 0
and by simplifying, it is reduced to

a’+ (2.46)

- +p sin] aa]sinh[ b} + cos[aa] cosh[ B1b = cos[k(a + b)]
2aff

From equations (2.45) and (2.46), we can see easily the coefficients of each functions
can not affected the general solution, also the combinations of each functions can

satisfy equation (2.43).

We can easily see that, the dispersion relations obtained by this method in Eq.
(2.45) and (2.46) are same as with the dispersion relations obtained in Eq. (2.32) and
Eq. (2.34) [1].

In this chapter, Kronig-Penney model is solved for periodic potentials. And the

solution of the Schrodinger equation is rearranged as the summation of odd and even
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functions to obtain energy band structure of electrons in the Kronig-Penney type
potentials. A Mathematica code is written for this model involving odd and even
solutions, and the accuracy of our calculations are checked. The dispersion relations
obtained are compared with those exist in the literature and satisfactory agreements

are observed.
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CHAPTER 3

A MODEL TO INVESTIGATE THE BAND STRUCTURE

OF A GENERALIZED CONTACT INTERACTION

In the previous chapter, we have explained the Kronig-Penney model in detail for
periodic potentials in detail. Now, we extend the standard Kronig-Penney model with
periodic & potentials to the cases with genéralized contact interactions under the
assumption "[hat‘ the system has time-reversal symmetry. And by applying Bloch
theorem, the eigenvalue equation which determines the dispersion relation for one-
dimensional periodic array of the generalized contact interactions is deduced within

the framework of the transfer matrix formalism.

The contact interaction occupies a special position in both mathematical and
practical quantum mechanics. The system with contact interaction is not only
rigofously solvable in most cases, but also gives useful information of the effect
small obstacle on particle motion. The first influential work on contact interactions -
was done by Kronig and Penney [1]. The model, which has potential consisting of
periodic array of & functions, has been widely regarded as a standard reference

model in the solid-state phyéics for more than half a century.

In Spite of the seeming simplicity of contact interactions, there are several
‘no‘n—trival aspects which are largely left unexplored. Even in the simplest setting of
one dimension, there has been historically longstanding problem of realizing the
generalized contact interaction in the small-size limit of a local self-adjoint

interaction. In one dimension, there are a four-parameter family of generalized
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contact interactions which conserve the current at both sides of interaction [21]. This

2
corresponds to the fact that one-dimensional kinetic energy operator 7 = e In

non-relativistic formalism, the current operator is given by
J® = ¥ ¥ ).

Since we are dealing with contact interaction, in this case the current operator may be

defined as,
j®) = ¥'(x) 02 ¥ (%), (3.1)

where the matrix o, is the second component of Pauli matrices;

g, = )
i 0 (3.2)

In Eq. (3.1), it is convenient to introduce ¥ in terms of the wave function w and its

space derivative which gives the solution of the Schrédinger equation as

- y(x)
Y= 1 3.3)
2m

In Eq.(3.3), m is the mass of a particle. If we put a contact interaction at x = 0, the

connection of ¥ between both sides of the origin can be characterized by
Y (+0) = v¥(-0) (3.4

If we substitute Eq. (3.3) into (3.4), we obtain IS

. |
v
i UraRD o

ym (v
1] = U 1 ]
¥ ©,) ¥ 0.)
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where the current conservation j(+0)= j(-0) requires
UTazu =02 (3-5)

The generic solution of Eq.(3.5) is given by

m(?’ 5]
v=e
p «a | (3.6)

where @ € R and ay ~ 6 =1. The condition (3.6) covers a four-parameter family.
The case y—1=a-1=6 =0, and " = 0and gives the usual function § potential

of strength g as,

1 0
B "{v 1)’ 3.7)

corresponds to the & potential of strength v .

This family includes so-called £ potential (also known by a misnomer, &' potential.
). The case y-l=a=-1=4=0, and e” =0and gives the usual function &
potential of strength & . The & potential induces such a boundary condition that the

wave function has continuous first derivative on the right and left, but it has a jump

proportional to the first derivative ;

u(u)—(1 u]
o 1) (3.8)

corresponds to the ¢ potential of strength u .

Keeping in mind the establishment of realistic approximation for generic
contact interactions as well as the recent amazing progress of mesoscopic
technology, it is quite interesting to examine the nature of “exotic solid” which has a
periodic array of generalized contact interactions. For this purpose, we generalize the
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Kronig-Penney model to the cases of generalized interactions [20]. We assume that
the system has time-reversal symmetry. In this case, we have @ =0 in Eq. (3.6),

hence

u;(; ZJGSL(Z,R).

3.9)

Now, we will formulate the generalized Kronig-Penney model with generic contact

interactions.

3.1 Formalism of Generalized Contact Interaction

We consider a one-dimensional periodic array of a generalized contact interaction,

the connection condition of which is described by v ineq. (3.9). We assume that the
interactions are located at x = na, (n = 0,£1,42,......) [20]. Here we denote the lattice

interval by a. The assumed potential is shown in Figure 3.1.

e

>
-2a -a 0 a 2a

Figure 3.1: Periodic potential of Kronig-Penney model with generalized contact interaction.
The two-by-two matrix v € SL(2, R) represents the connection condition at each interaction

in the transfer formalism.

Schrédinger equation is given by

—51~l//"(x)= Ey(x)
m : (3.10)
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with the boundary condition
Y(na+0)=v¥Y(na-0) (3.11)

at x = na. In the transfer matrix formalism, Eq. (3.10) is written as the first-order

coupled equation;

¥'(x) = H¥(x), (x # na) (3.12)
where we define
0 . 2m
H=| _k (3.13)
2m

with k, = +2mE . The solution of Eq. (3.12) is written in terms of Green function
W(x) = G(x —x,)¥(x) | (3.14)

by using the exponential function of Hx which is the solution of Eq. (3.12) and with

expanding the exponential function we can obtain ;

sin{k,x) I

G(x) = e™ = cos(k,x)I, + \
TRk (3.15)

Here we assume na ¢ [xo,x] in Eq. (3.14). In Eq. (3.15), I is the two-by-two identity

matrix. Note that det G(x) =1 because of TrH =0.

f

Now we can set the solution of the Schrédinger equation by using Bloch

theorem to find the dispersion relation of the generalized contact interaction as;
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v()=e"u@), (keR)
where the function u(x) has a period a;
u(x+a)=u(x).
Since

w'(x) = ™ (u' (x) + iku(x))

v (x) =e™ (u"(x) + 2iku' (x) — kzu(x))

‘we obtain the equation for u;
—u"(x) — 2iku' (x) + K u(x) = kju(x)

(x # na). In the vector notation

o uw )
Y(x)=| 1 ")

—u
2m
we rewrite Eq. (3.20) in matrix form as

¥'(x)= H (%), (x # na)

with

(0 am)
H=\k =k
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(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)



It is clear from Eqns. (3.16) and (3.18) that two vectors ¥(x) and ¥(x) are related by

W(x) = M ¥(x)

with

1 0
M=e”“(_l_'£ 1}
2m

The solution of Eq. (3.22) is given by
P(x) = G(x—x0 Y(x,)

where G (x) is the exponential function of Hx ;

G(x)=e™
. ik
=e™™| cos(k,x)I, + sin(k, ) [kz —k;
kO
2m
Here we - assume that naé[x,,x]. Since

(3.24)
(3.25)
(3.26)
2m
il (3.27)
TrH = 2ik, we have get

detG (x) = e™* ¢ 1t is realized from Egs. (3.11) and (3.24) that the

connection condition for ¥ at x = na is given by

¥ (na + 0) = 0¥ (na - 0)

with

(3.28)

(3.29)



Note that detv = detv =1. The periodicity for # in Eq. (3.17) is equivalent to
Y(x+a)=F(x) (3.30)
In particular, with x = na — 0, we have
G (a)o¥ (na - 0) = ¥(na - 0) ' : (3.31)
Since v ‘
¥((n+1)a-0)=G(0)¥((na +0)
=G (a)p¥ (na—0) (3.32)
Eq. (3.31) requires the two-by-two matrix G (a)0 has eigenvalue 1:

det(7, - G(a)p)=0 (3.33)

Since det((—} (a)U)=det G(a)=e™™, the other eigenvalue of the matrix G(a)o

should be e ** . This indicates
Tr(@(a)5)= 1+e7™ (3.349)
A simple matrix calculation shows
MHM™ =—ikl, +H (3.35)
which gives relation between G (x) and G(x); |
MG()M™ = ™M™ = ¢ G(x) (3.36)

From Eq. (3.36), we obtain
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G(a)o = e™M™'G(x)oM (3.37)
Thus we conclude that the condition (3.34) is equivalent to
Tr(G(a)v) = 2 cos(ka) (3.38)

Eq. (3.38) determines the dispersion relation for a periodic array of the generalized
contact interaction characterized by the connection condition (3.9). Inserting Eqgs.

(3.9) and (3.15) into Eq. (3.38), we obtain the eigenvalue equation

(@ +y)cos(kya)+ sin(k,a z—mﬂ - E‘LJJ =2 cos(ka)
, k, - 2m ‘

(3.39)

Lets take the mass of particle m =1/2 and the lattice interval a =1 for periodic §
potentials. From Eq. (3.39) together Eq. (3.7), we obtain the eigenvalue equation for

J array;

cos(k, )+ ZM = cos(k)
2k, (3.40)

where v is the strength of each & . Eq. (3.40) is the well known result in the standard

Kronig-Penney model. Similarly for & potential of strength u , we obtain

cos(k, ) - Ma_) = cos(k)
2 ' (3.41)

And these equations (3.40) and (3.41) are the eigenvalue equations for § periodic

potential and & periodic potential respectively.

In this chapter, we have formulated the generalized Kronig-Penney model
which has a periodic array of generalized interactions in one dimension. The transfer
matrix formalism serves to deduce the eigenvalue equation which determines the

dispersion relation.
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CHAPTER 4

QUASI-EXACTLY SOLVABLE PERIODIC
POTENTIALS

The whole family of the exactly solvable potentials are investigated in two classes = -
depending on whether the Schrodinger equation can be reduced to hypergeometric or
a confluent hypergeometric equatibn. Those that lead to a hypergeometric equation
(confluent hypergeometric equation) will be called type-I (type-II) potentials [26].
For these class 1 potentials, the eigenfunctions correspond to confluent
hypergeometric functions which can be written as Laguerre polynomials.
Furthermore, using canonical transformations [27], potentials such as the Rosen-
Morse (hyperbolic and trigonometric), Eckart, Pésch-Teller (I and II) etc. can be
mapped into the generalized Scarf Potentials [28], and they form a second class. For
these class II potentials, the eigenfunctions which can be written as associated

Legendre functions.

Type-1 potefltials can be mapped onto (in case of some limits and redefining
parameters) generalized Pgsch-Teller, Scarf (hyperbolic and trigonometric), Eckart
and Rosen-Morse I potentials. These potentials can be transformed to periodic'
potentials. However, type II potentials ,Harmonic oscillator, Morse potential, and
coulomb potentials, can not be transformed to periodic type. All of these potentials

are called exactly solvable shape invariant potentials.
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The potential in physics can be classified as type-I, type-II and the classes contain
Jacobi elliptic functions. And another classification is exactly-solvable potentials

and quasi-exactly solvable potentials corresponding to the some canonical forms.

4.1. Quasi-Exact Solvability Case

A differential operator is said to be Lie algebraic if it lies in the universal enveloping

algebra U(g) of the Lie algebra g, meaning that it can be expressed as a polynomial

in the operators J“. In particular, a second differential operator is Lie algebraic if it

can be written as a quadratic combination [9]

—H=anbJ”Jb +anJ” +c, 4.1
ab a

for certain constants c,,,c,,c,. (The minus sign in front of the Hamiltonian is taken

for later convenience).
Consider the Lie algebra g, spanned by the differential operators

J‘=J'=—,J°=J,?=z—d~—ﬁ, J*=J,j=z2i—nz, (4.2)
z dz 2 dz

which satisfy the standard s/(2) commutation relations. Here n is a nonnegative
integer. In this section, we shall use z instead of x for the “canonical coordinate”,
retaining x for the physical coordinate in which the operator takes Schrodinger form.

The Lie algebra g, is merely a central extension (by the constant functions) of the
subalgebra g,, hence g, is isomorphic to the Lie algebra gl(2) of 2 x 2 matrices.
Note that since g, and g, only differ by inclusion of constant functions, in our

analysis of Lie algebraic differential operators we can, without loss of generality,

concentrate on the Lie algebra g,, since any Lie algebraic operator (4.1) for the full

algebra is automatically a Lie algebraic operator for the subalgebra g, .
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The second order differential equations play exceptionally important role in
applications. Thus, the most general second order quasi-exactly solvable Hamiltonian

in one space dimension can therefore be written in the form

~H=c, (J') +c,o[J'° +J°T T+ co(U°) +e, [JTT +J T ]+ “3)
ey [J°T +T T 4c_(J) +e,J  +¢,J° +c.J +c. ’

Under the conditions ¢,, =c,, =c, =0, the operator H becomes exactly-solvable

[22] . SubStituting the eXplicit formulas (4.2) for J*,J7,J° into (4.3), we find that

every quasi-exactly solvable operator can be written in the canonical form

~H= P(z)jz—2+{Q(z) —n—;—lP'(z)}g;+{R —gQ'(Z)+Il~(%_—2P"(z)} . (44

where

P(z)=c,,z* +2¢,,2° +(2c,_ +c¢p)2” +2¢c, z+C__,

Q(z)=c,z* +c,z+2c_, (4.5)
2 2
R(z) = n 1+22n000 _hn +2nc+_ e,

3

are (general) polynoniials of respective degrees 4,2,0. Since the modulus N is the
space P of polynomials of degree at most », the algebraic eigenfunctions (4.3)
will, in the z-coordinates, just be polynomials y(z) € P™. In terms of the standard
basis x(z) = 2 , k =0,..,n, the restricted Hamiltonian H | P™ takes the form of a -
pentadiagonal matrix, or, if ¢,, =c_ =0, a tridiagonal matrix. Thus, for a
normalizable one-dimensional quasi-exactly solvable operator, there are n+l
algebraic eigenfunctions which, in the canonical z coordinates, are polynomials

degree at most n.
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‘Specializing the solution to the equivalence problem given by theorem 3 in
[9] to the particular operator (4.4),' we find that the change of variables required to
place the operator into physical (Schrddinger) form will, in general, be given by an

elliptic integral

x=9(2)= f \/% (4.6)
The corresponding gauge factor is
mz) = eXP{ 2QP((y )) y} - 4.7)
The potential is given by
n(n+2)(PP' 3 P?)+3(n+1)(QP-2PQ") - 30
V(x) =~ 4 “R (4.8)

12P

where the right hand side is evaluated at z = ¢ ' (x) . In the physical coordinate, the

associated algebraic wave functions will then take the form

w(x) = (o™ (e~ (x)), (4.9)
where y(z) is a polynomial of degree at most 7.

The canonical form (4.4) of a-quasi—exactly solvable differential operator is
not unique, since there is a “residual” symmetry group which preserves the Lie
algebra g, Not surprisingly, this group is GL(2,R), which acts on the (projective)

line by linear fractional (Mﬁbius) transformations

Z%wzazhﬂé A=(a ﬂ)’ detA=A=ad—-pAL#0 (4.10)
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To describe the induced action of transformations (4.10) on the quasi-exactly
solvable operators (4.4), we first recall the basic construction of the finite-

dimensional irreducible rational representations of the general linear group GL(2,R).

4.1.1 Definition of the Irredubible Multiplier Representation on

the Space Polynomials

Let n> 0, i be integers. The irreducible multiplier representation p,, of GL(2,IR) is
defined on the space P™ of polynomials of degree at most n by the transformation

rule P= P, (P), where

oaz+pf

P(z) = (z + 8)"(ad - By)' P( )y, PeP™. (4.11)
Z+0

The multiplier representation p,; has infinitesimal generators given by the

differential operators ,which are equivalent if they can be mapped into each other by

a combination of change of independent variable X = (x) and gauge transformation

H=e"® He™® , combined with the operator of multiplication by i representing
the diagonal subalgebra (center) of gl(2,R). The action (4.10) induces an

automorphism of the Lie algebra g,, which is isomorphic to the representation
p1.> and, consequently, preserves the class of quasi-exactly solvable operators

associated with the algebra g,.Moreover, the corresponding gauge action

H(Z)=Gz+6)"-H-()z+8)™" .(4'12)

will préserve the space of quasi-exactly solvable Hamiltonians (4.4). Identifying the
operator H with the corresponding quartic, quadratic and constant polynomials (4.5),
we find that the action (4.12) of GL(2,[R) on the space of quasi-exactly solvable

operators is isomorphic to the sum of three irreducible representation,
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Pa2 D P, ® pyy; the quartic P(z) transforms according to p, _,, the quadratic
Q(Z) according to p, _,, while R is constant. Finally, the associated module, which is

just the space of polynomials P™_ transforms according to the representation p, .

Using the action of GL(2,R), we can place the gauged operator (4.4) into a
simpler canonical form, based on the invariant theoretic classification of canonical

forms for real quartic polynomials.

4.1.2 Canonical Fbrms of Space Polynomials

Under the representation p,_, of GL(2,R), every nonzero real quartic polynomial

P(z) is equivalent to one of the following canonical forms:

v(1-22)1-k22%), v(-z2)A-k>+k%2%),  v(+z22)(1+kz?)

v(z* -1) RYCAES ) IRV SRV CAS | P
where v and 0< k <1 are real constants.

The nine cases corresponds to the positions of the corhplex roots of the
quartic, which are, respectively , four simple real roots, two simple roots and two
simple complex conjugate roots, four simple complex roots, one double and two
simple real roots, one double real and two simple complex roots, two double real
roots, two double complex roots, one triple and one simple real foots, and one
quadruple real root. Note that we are allowing oo to be root, whose order is defined to
be 4-d where d is degree of the polynomial. (This makes the concept of order of a

root of a quartic polynomial invariant under the representation p, _, ).

If P has four simple roots, then the Schrﬁdingef equation Hy = Ay for the operator

(4.4), (4.5), has four regular singularities, and hence, by a complex linear fractional

transformation, can be mapped to a form of Heun’s equation
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2
d;v+(l+ & 0 )_‘}’L afzth (4.13)
dz z z-1 z-a)dz z(z-1)(z—a)

with a+fB-y-6—-+1=0, which amounts to placing P into the complex
canonical form P(z) =vz(z—1)(z—a) with the roots at 0,1,a and oo. Therefore, the

algebraic eigenfunctions can be expressed in terms of Heun polynomials, or, in the

case of multiple roots, confluent Heun polynomials.

The solution to the normalizability problem begins with detailed analysis of

the elliptic' integral (4.6). Consider an interval z, <z <z, where P(z)>0 is
positive and vanishes at the endpoints, P(z,)=P(z,)=0. Simple asymptotic
analysis of (4.6) immediately implies that if both z, and z, are simple roots, then

this equation

dy
P(y)

X=g¢(2)=

defines z as a periodic function of x; therefore the potential V(x) and the
corresponding algebraic eigenfunctions are periodic functions of x, and can not be
normalizable. (However, if they have no singularities, they do contribute, albeit
minutely, to the continuous spectrum of the operator.). If P(z)>0 is everywhere
positive and has no real roots including oo, then the same conclusion of periodicity
holds. Therefore, a necessary condition for the quasi- exactly solvable operator (4.4),
(4.5), to be normalizable is that the quartic polynomial P(z) have at least one
multiple real root, which must lie at the end of an interval of possibility. Thus, the
class of quasi-exactly solvable potentials naturally splits into two subclasses-the
periodic potentials, which are never normalizable, and the non-periodic potentials,

which are sometimes normalizable.

Tedious but direct calculations based on (4.6),(4.7),(4.9), produce the explicit
change of variables, the potential, and eigenfurictions for the above normal forms in

physical coordinates. Each of classes of potentials is a linear combination of four
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elementary and/or elliptic functions, plus a constant which we absorb into the
eigenvalue. The potentials naturally divide into two classes, which are listed in the
following Tables. In each case, the four coefficients are not arbitrary, but satisfy a

single complicated algebraic equation and one or more inequalities.

First, the periodic quasi-exactly solvable potentials correspond to the cases

when the roots of P are simple, of which are five cases given in the following Table.

Table 4.1 The periodic quasi-eXactIy solvable potential cases.

L v(1-2%)

2. v(z? +1)

3. v(l-2°)(1-kz%)

4. v(l-z2*)(1-k* +k*2%)

5. v+ z)(+(1+k%)z?)

where v >0, 0<k<1. The explicit formulas for the corresponding potentials
follows. In the first three cases, the corresponding potentials are written in terms of
the standard Jacobi elliptic functions of modulus k. Also, as remarked above, the

coefficients A, B,C,D are not arbitrary, although the explicit constraints are too

complicated to write here.
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4.2 Periodic Quasi-Exactly Solvable Potentials

The periodic quasi-exactly solvable potentials can be tabulated as in Table 4.2 below.

Table 4.2. Periodic QES Potentials

1. Asin® Alvx + Bsin Jvx + Ctan/vxsec/vx + Dsec? 4Jvx
2. Acos4\/;x + BcosZJ;x + C'sin 21/;x + Dsec4s/;x

3. dn” Jvx(Asnvx + B) + en Jvx(Csnivx + D)

4. dn” \/;/—x(Acn\/;x +B)+sn” \/;x(Ccn\/;x + D)

5. Acm[;xsn\/;x + Ben? «/;x +Cdn™ J;x(cn\/;xsn\/;x + Dcn? \/;x)

The elliptic functions sn y, cn y, dn y are periodic of period 4K (or 2K in the case
of dn y),where

! dz
K= ,
5[ Ja-z2 )1-k°2)

is the complete elliptic integral of modulus k. Moreover, dn y is never zero, cn y
vanishes at odd multiplies of K, and sn y vanishes at even multiples of K; also
cndmK =1=sn(4dm+1)K, cn(dm+2)K =~1=sn(4m+3)K. Therefore, the
potentials in cases 1,2, and 4 have singularities unless C=D=0.In cases 3 and 5,
the potential has no singularities, reflecting the fact that in these cases P(z) has no

real roots. Case 3 includes the Lamé equation.

Lamé’s potentials is the well studied class of periodic potentials [6] in physics
with V(x) = pmsn’ (x; m), p=a(a+1). Here sn(x,m) is a Jacobi elliptic function
of real elliptic modulus parameter m with period 4K(m). This elliptic function

potentials have a period L =2K(m), and will be referred to as Lamé potentials, since
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the corresponding Schrddinger equation is called Lamé’s equation. Another much

richer class of periodic potentials is given by

cn’ (x) |
dn’ (x)

V(x) = pmsn’®(x)+qm , p=a(a+l), g=bb+1),

where, like sn(x), the Jacobi elliptic functions cn(x) and dn(x) also have modulus
parameter m which, for notational convenience, is not explicitly displayed. Thése
potentials are called associated Lamé potentials, since the corresponding Schrédinger
equation is associated called Lamé’s equation. Associated Lamé potentials are quasi

exactly solvable potentials [6] in contrast to Lamé potentials.

The rest of the canonical forms in the theorem [9] corresponds the non-

periodic potentials cases.

In this chapter, the quasi-exactly solvable Hamiltonian is expressed in algebraic
framework. This form can be reduced to the exactly-solvable Hamiltonian with
choosing appropriate parameters. And the periodic quasi-exactly solvable potentials

are constructed by using canonical transformations.
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CHAPTERS

ALGEBRAIC DESCRIPTION OF ONE-DIMENSIONAL
POTENTIALS

Exactly solvable quantum mechanical potentials have attracted much attention since
early days of quantum mechanics, and the Schrédinger equation has been solved for
a large number of potentials by employing a variety of approaches. The fundamental

problem of quantum physics is to investigate the Schrédinger equation
Hy=Ey,

where H is a linear Hermitian operator suited to the problem at hand and y and E are
its eigenfunctions and eigenvalue respectively. The operator H may correspond to
any physical observable such as position, momentum, angular momentum (spin or
orbital), energy and so on. In general, there are several solutions which satisfy the
equation Hy = Ey, and which may be denoted by. v, (i=1,2,3,......) with the

corresponding eigenvalues E;. The number of eigenfunctions H in most quantum
mechanical problem is in fact infinite. In general, it is very difficult to find the exact
eigenfunctions and eigenvalues of an operator, except in some very simple exactly
solvable cases. However, the problem can be considerably simplified by using

 algebraic method.
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In our study, we try to find the solutions of the several different Schrédinger equation
by using the methods of Lie algebra and by showing how the use of Lie Algebra help

in simplifying the eigenvalue problem.

In recent times Lie algebraic techniques have been used to construct complex
quasi exactly potentials with real spectrum. The problem of interest can usually be
approached in this manner when the Hamiltonian can be expressed in terms of
generators of algebra. As a consequence, the solution of Schrédinger equation then
becomes an algebraic problem, which can be solved using the tools of Lie algebra.
At this point note that, the choice of differential realization of generators becomes
‘important. Because Hamiltonian will take different forms in different realization of
generators. On the other word, the solution of Schrédinger equation is greatly
simplified if appropriate realization is constructed to express the Hamiltonian as a
linear function of generators. To do this we used SU(1,1) group which is most
elementary non-compact non-abelian Lie group. It has several series of unitary
irreducible representation; discrete, continuous, and supplementary. The Lie algebra

corresponding to the su(1,1) which has three generators J,,J_,J, and with the

following commutations relations between them,

[Jo,J:]=%J,
[, 1==2J,

In the following we introduce this operator for some potentials like rectangular-well

potential and trigonometric-like potential.

5.1 Rectangular-Well Potential with Boundary Conditions

We consider the problem of a particle in one-dimensional rectangular-well potential

V(r)=-V, if rel0,a] where ¥, is the potential depth and a its radius. The

2 2
"4y, with the R-

eigenfunctions and the spectrum of Hamiltonian H, = “9m g
m dr

matrix boundary conditions [8] such as
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O(r =0)=0

@ = | | (5.1)
7 (r=a)=0

are well known. The solution of H, given by

2 . 1 r ‘
l,u> =@ (r)= - sm((g + 2)2”;) 52)

It is obvious that |,u> is a normalizable function. The eigenvalues of H, can be

obtained by substituting (5.2) into H,,, yields

B (27 1Y ‘
E =212\ us=] -y,
“ 2m(a)('u 4) ° (5.3)

where e Z. We would like to note that the second relation in equation (5.1)

implies that ®'(a)/®(a)= constant or zero, used in the usual R- matrix

approaches[23]. When this constant is very small or 0 (in this case, it is zero), the
internal eigenstates can be interpreted physically as virtual levels [24]. In fact, the
nonzero value of the first derivative of the waye function at 7 =0 implies the fact
that the current of probability is zero, as in the case when the function is chosen to be

Zero.

We will now consider the problem of the R- matrix‘ description of the

scattering problem for this potential [23]. The R- matrix is the inverse of the
logarithmic derivative of the external channel wave function at the surface. In this
approach, the dynamics in the internal region is taken into account through the R-
matrix. The R- matrix r.nethod is based upon expanding the total wave function for
any energy in the interval region in terms of the complete set of eigenfunction. For
the potential scattering, the R-matrix reduces to the R-function which can be written
in terms of the internal spectrum and the values of the normalized eigenfunctions at

the boundary r =a
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2

— Yu
RiE)= ; E,—E | (5.4)

where y, = VA [ 2ma® ,(a) and yf, is the reduced width of the level g . The R-

function together with the logarithmic derivative of the outgoing wave function at

r = a allows a complete description of the scattering.

Our aim is to give an algebraic description of the eigenvalue problem for the

Hamiltonian

(5.5)

with the R-matrix boundary condition (5.1).

We introduce the operator T, defined by its action; Tf(r) = f(a—r). The

ad

corresponding differential realization of T is given by; T = e * "™ . Consequently

we introduce the operators;

J, =| cosd 2;zlj+sin(2n1)T apd 1,1 (5.6)
a a 27 dr 4 2

J_= COS(zﬂLJ*Sin(Zﬂ'L T f’_T_fi__l_l
a a 27 dr 4 2

Taking into account the definition of the operators J,,J, and the obvious relations
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T COS(Z?TL) = COS(Z?Z'L)T 5.7
‘ a a

" we establish the following commutation relations

[Jo,J:]=2J,
[J+9J—]=_2J0 (58)

Also we have Hermiticity properties
Jo=J, (5.9)
b, =l (5.10)
As an example, we prove the relation (5.9). We have

« a df;(a- r)

(ot 4 RIARE jﬁ o

a * a
= FOK@r+ [ 5

I(a dfl(r)) fry(a—r)dr

o a df@a-nY
‘J(zn d(a—r) ) Ly

1
=+ DS 1)
where we have used the condition f,,(r =0) = 0. Relations (5.9) and (5.10) are now
obvious. Therefore, the operators J,,J, are closed under commutation relations

(5.8) and express a realization of the Lie algebra su(l,1). It is a straightforward
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exercise to prove that the action of operators (5.6) on the eigenfunctions (5.2) can be

written

Jolut) = plus) (5.11)

~hb0=(ﬂiéﬂui0

The su(1,1) Casimir operator is
C=J;-J,-J,J_,
for any irreducible representation is the identity operator times a number
J? = (G-

Thus a representation of the su(1,1) is determined by a single number j; for the
discrete series this number acquires discrete values F1/2,1,3/2,2,....... [The
corresponding representations of the so-called universal covering group su(1,1) are

also given by a single number j, but there is goes continuously from zero to infinity.]

Casimir operator which commutes with all the generators of a Lie group.
According to a theorem due to Racah, the number of independent Casimir operators
of a Lie group is equal its rank which is maximum number of mutually commuting
generators of a Lie group. It was recognized by Casimir himself that one such
operator could always be constructed by taking suitable bilinear combination of the
generators. Since the Casimir operators of a Lie group can be diagonalized
simultaneously with its generators, the eigenvalues of the Casimir operators may be
used to label the irreducible representations of the Lie group.

By Casimir operator we have

| 1
Cly)=-=
M>,JM (5.12)
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Relations (5.11) and (5.12) mean that the internal eigenstates ‘ ,u) can be taken as the

standard basis of the irreducible representation of su(1,1) with j= —% or

j(j+1)=—% and e Z. In fact the relations (5.11) are the j=—% case of the

generator action on the standard basis.

Now, we can write the Hamiltonian (5.5) in the above algebraic framework as

#» (2xY 1Y
=12 lJ +=1 =
H, 2m( a )( °+4) Vo (5.13)

Thus, su(1,1) Lie algebra is the dynamical algebra for the internal motion. The
appropriate realization is given in terms of a single variable and it is a differential
realization,

Le.
(a-2r)" d”
T=) —————
g nl  dr

is an infinite-order differential operator.

The next step is to obtain a purely algebraic relation for the reduced widths for the
above case. Since the reduced widths are proportional to the values of the wave
function at the boundary, it seems that a purely algebraic description is not possible.
Therefore, by taking realization (5.6) in the account, we obtain the asymptotic

connection:
. ] 1
lim, ,,Jyy(r)=lm,, (J, £ 5)!//(?‘) (5.149)

where y(r) is an arbitrary function of class C'. If y(r) =@ ,(r) and taking into

account equation (5.11), we have a simple recurrence relation:
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(U D)®,4(@) = (4 )P, (@). (5.15)

Consequently the reduced widths do not depend an the quantum number u as we
have u e Z. Therefore, all the y, are equal, and we can choose a certain one, e.g.
¥, - Then we can algebraically obtain the R-function up to a multiplicative factor in

the form:

_ay, m a
- /20/0 i tan(h,/Zm(Vo T E)).

The coefficient y, can be given only by the analytical expression of the state ‘0) It

yields y2 = #*/(ma®).

5.2 Algebriazation of Trigonometric-Like Potentials

Now we try to find the su(1,1) algebraic description of trigonometric-like potentials.

The realization (5.6) allows us to write
co{Zﬂ—r—) =2J,-D7"'J, +2J, +1)7J_
a

=J, 2, + ) +J (2], -1 . (5.16)

It is important to note that expression (5.16) is not in the su(1,1) universal enveloping
algebra, but it can be considered to be well defined on a dense subspace of the

su(1,1) representation Hilbert space [25]. We can algebraically write
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cos(n27zr/ a),n € N, by using the expression of cosnx as an nth-order polynomial in

cosx . For example using the particular value of the Casimir operator, we have
cos(47r 1) =2(2J, -7 (2J, =3I +202J, +D)7'(2J, +3)7 2. (?3.17)
a

In order to write algebraically a certain potential which can be written as a

Fourier series we also need an expression for sin(277/a) in terms of the operators
Jy»J,; . Such an expression seems to be a very complicated one, and we succeeded in

obtaining it using the explicit realization of the standard basis (5.2). One can write

Therefore in principle, every potential developed in a Fourier series can be

written in algebraic form. As an example we shall study the Hamiltonian

H=H,+2ax COS(Zﬂ'—r—)
a

=———-V, +2a cos(2r:£)
a

= ___(_a—) (J;) + Z)2 ¥y + 20420, ~ 1), + (2, +1) }5.19)
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where a is a coupling parameter. We would like to obtain the eigenstates of the
algebraic Hamiltonian (5.19) in terms of the H, eigenstates, ie. in terms of the

su(1,1) standard basis (5.11).

We suppose that the eigenstate ]E) of H has the eigenvalue of energy E,

H|E) = E|E). We can write
£y = 3¢5 |u) (.20

We admit that the action of H on the above sum commutes with the sum. When

a =0, this assumption gives

m (22N 1Y
(E—‘é;(—;“) (,U‘f‘z) +V0 Cf=0

for every integer 4, and one obtains that the energy E must be E, . Therefore, we

have reobtained the H) spectrum and eigenstates.

In the above assumption concerning the Hamiltonians (5.19) we obtain the

following recursion relation

n(2zY( 1Y
aCf_1+(§;(—a—) (;HZ) —(E+VO)JCf+aCfH=O ueZ. (5.2

By writing C7,, =&.C/ , the relation (5.21) read as

2m\ a

a?}{i’z—(z—”) (;H%) —(E+ VO)J+a§f =0 (5.22)
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For the convergence of series (5.20) at the boundary, ,,u) — constant, it is necessary
to have lim,,, ¢, =0 and lim,, ,1/£, =0. From equation (5.22), viewed as a
defining relation for ff , we can obtain an equation for the unknown eigenvalues,
involving continuous fractions. The lowest non-trival order of approximation for

these continuous fractions is equivalent to the truncation of the Hilbert space to the

first three unperturbed states. It is easy to check that in the second order in o’ the
energy values contain terms corresponding to an order higher than two in the
perturbation theory. Following such calculations and by introducing the energy

eigenvalues into equation (5.21), one can obtain the normalized eigenstates.

More generally, if H contains, for example, a term cos(47:r/a) in the
potential, then a recursion relation similar to (5.21) can be written connecting five

coefficients C,, .

Therefore, the rectangulaf—well potential and trigonometric-like potentials are
solved by using su(1,1) Lie algebra operators. By using these Lie algebra operators,
more complicated periodic potentials can be described algebraicly within R-matrix

theory.
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CHAPTER 6

CONCLUSION

In this thesiS, eigenvalue problem for periodic potentials are solved exactly. The
periodic potentials have an importance for determining many physical properties.
The enérgy band structure of electrons in a periodic potential is obtained using the
Kronig-Penney model, since the Kronig-Penney model can predict energy bands for
a string of atoms subject to a periodic potential V. To simplify the tedious algebraic
calculation, a Mathematica program is written. Here the solution of the Schrédinger

equation is written in terms of odd and even functions.

And, we have formulated the generalized Kronig-Penney model with &
periodic potential has a periodic array of generalized contact interactions in one
dimension. & potential has a speciﬂc nature in the energy dependence of band
structure [20]. The transfer matrix formalism has been used to find the eigenvalue

equation which determines the dispersion relation.

We have written the general second order quasi-exactly solvable Hamiltonian
in one space dimension in an algebraic framework. This quasi-exactly solvable form
can be reduced to the exactly solvable case by the restriction of potential parameters.

Hamiltonian can be expressed as a linear function of the generator of Lie algebra.
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Quasi-exactly  solvable operator is written in a canonical form. With
appropriate transformations the related Schrédinger equations are mapped onto
Heun’s equations. Therefore, the algebraic eigenfunctions are expressed in terms of

Heun’s polynomials, or, in the case of multiple roots, confluent Heun polynomials.

We have described two particular one-dimensional problems using Lie
algebra. The Hamiltonians of rectangular-well potential and trigonometric-like
potential are written in the framework of the Lie algebra. More complicated

trigonometric potentials can be described in terms of J,, J, operators with the

generalization of the equations (5.16) and (5.18).
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APPENDIX

A MATHEMATICA PROGRAM TO
CONSTRUCT THE DISPERSION RELATION OF
KRONIG-PENNEY MODEL

Assume different wave functions for two examples.

Expl= {gi[x] » AlCos[ax], g2[x] » AlCos[B x], 1 [xX] » Cls:i.n[ax] ;, W[x] » D1Sin[Bx]};
Exp2 = {gi[x] - AlCos[ax], g>[x] » AlCosh[B x], w[x] » ClSin[ax], uw[x] » D1Sinh[Ax]};

Form the wave functions.

eulx ] = (Agilx] + Bu[x]) e */. Expl
212[x ] = (Cg2[x] + Duz[x]) ei*xy,
oxnlx ] = (Agilx] + Bui[x]) e ***/. Exp2

/

222[% 1 = (CG2[X] + Dup[x]) e***/.

Apply boundary conditions for two examples.

Pll= 213[0] - 232[0]

P12 = 211 '[0] - 212 '[0]

P13= 2u[a] - 212[ -b]

pPld= 211'[a] - 12 '[ -b]

P2l = @1[0] - ©22[ 0] o’ s
P22 = 921 '[0] - T2 '[0] me
P23 = ©z[a) - Bx[ ~bi

P24 = 22 '[a) - 82 '[ -b]
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Form the coefficient matrices of four equations.

t1- {{Coefficient[pll, A], Coefficient[pll, B}, Coefficient[pll, C], Coefficient[pll, D]},
{Coefficient[pl2, A] , Coefficient[pl2, B], Coefficient[pl2, C], Coefficient[pl2, D]},
(Coefficient[pl3, A}, Coefficient[pl3, B], Coefficient[pl3, C], Coefficient[pl3, Dj},
{Coefficient[pl4, A], Coefficient[pl4, B], Coefficient[pl4, C], Coefficient[pld, D]}}

t2 = {{Coefficient[p2l, A], Coefficient[p2l, B], Coefficient[p2l, C], Coefficient[p2l, D]},
{Coefficient[p22, A] , Coefficient[p22, B] , Coefficient[p22, C], Coefficient[p22, D]},
{Coefficient[p23, A] , Coefficient[p23, B], Coefficient[p23, C], Coefficient[p23, D]},
{Coefficient[p24, A] , Coefficient[p24, B] , Coefficient[p24, C), Coefficient[p24, D]}}

Obtain the dispersion relations for two cases.

dr = FullSimplify[ ExpToTrig[Det[tl]]]
dr - FullSimplify[ ExpToTrig[Det[t2]]]

p2clplei@Dk

(-2a B (-Cos[ak] Cos[bk] + Cos[aa] Cos{bj] +Sin[ék] Sin[bk}) + (a2+/32) Sin[aa] Sin[bAl)

Al2C1 Dl et @Dk (545 (Cos[(a+b) k] - Cos[aa] Cosh(bp]) + (a-B) (a+pB) Sinfaa] Sinh[bpa])
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