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ABSTRACT

In this thesis, we suggest alternative quantum Otto engines, using heat bath algo-

rithmic cooling with partner pairing algorithm instead of isochoric cooling and quan-

tum SWAP operations instead of quantum adiabatic processes. Liquid state nuclear

magnetic resonance systems in a single entropy sink are threated as working fluids.

The extractable work and thermal efficiency are analyzed in detail for four-stroke and

two-stroke type of alternative quantum Otto engines. The role of the heat bath algo-

rithmic cooling in these cycles is to use a single entropy sink instead of two so that

a single incoherent energy resource can be harvested and processed using algorithmic

quantum heat engine. Our results indicate a path to programmable quantum heat

engines as analogues of quantum computers beyond traditional heat engine cycles.

We find that for our NMR system example, implementation of quantum algorithmic

heat engine stages yields more power due to increased cycle speeds [1].
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ÖZETÇE

Bu tez çalışmasında kuantum Otto döngüsüne alternatif bir yöntem öneriyoruz.

Izokorik soğutma yerine eş eşleştirmeli algoritmalı ısı banyosu algoritma soğutması

ve kuantum adyabatik süreç yerine de kuantum değiştirme operatörlerini kullandık.

Aracı akışkan olarak ise tek entropili ısı emicideki sıvı haldeki nükleer manyetik rezo-

nans sistemlerini kullandık. Elde edilebilen iş ve termal verimliği 4 zamanlı ve 2 za-

manlı kuantum Otto döngüleri için inceledik. Isı banyosunun algoritmik soğutmadaki

işlevi motor çevrimlerinde çift yerine tek entropili ısı emici kullanarak eşevresiz enerji

kaynaklarının da hem depolanabilmesi hem de işlenebilmesidir. Sonuçlarımız pro-

gramlanabilir kuantum ısı makinelerinin geleneksel ısı makineleri çevrimlerindense

kuantum bilgisayarlara benzer şekilde olduğuna işaret ediyor. NMR sistemi örneğimizde

kuantum algoritmik ısı motorunun uygulanması artan döngü hızı sebebiyle daha fazla

güç elde ettik.
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Chapter 1

INTRODUCTION

With the advances of miniaturized information and energy devices, the question of

whether using a quantum system to harvest a classical resource can have an advantage

over a classical harvester has gained much attention in recent years [5, 5–10, 10–28].

The argument is more or less settled in the case of quantum information devices, and

the main challenge remained is their efficient implementation. In typical quantum

information devices, both the inputs and the algorithmic steps of operation are of

completely quantum nature. In contrast, quantum energy devices process incoherent

inputs and they operate with thermodynamical processes being quantum analogues of

their classical counterparts. The quantum superiority in such a thermal device reveals

itself when the resource has some quantum character, for example, squeezing [29,

30], or when the harvester has profound quantum nature, for example, quantum

correlations [31, 32]. Studies of both cases are limited to machine processes analogues

of classical thermodynamical ones. Here we ask how can we use genuine quantum

steps in the machine operation and if we can do so what are the quantum advantages

we can get.

As a specific system to explore completely quantum steps in thermal quantum

device operation we examine an NMR system. Very recently NMR quantum heat

engines become experimentally available [33, 34]. Power outputs of these machines

are not optimized. One can use non-classical resources, though such a resource would

not be natural and may require some generation cost reducing overall operational

efficiency. Alternatively one can use dynamical shortcuts to speeding up adiabatic

transformations [35] but this would increase experimental complexity, and moreover
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in NMR thermalization is more seriously slow step reducing the power output of the

NMR machines.

Here, we propose to replace adiabatic steps by SWAP operations while the cooling

step by an algorithmic cooling [2–4, 36–46]. By this way, NMR thermal device oper-

ation would closely resemble an NMR quantum computer [47–50] albeit processing a

completely noisy input. We remark that there will be only the classical energy source

as the input to the machine, while the second heat bath required by the second law

of thermodynamics for work production would be an effective one, engineered by a

spin ensemble, typical in the algorithmic cooling scheme. In addition to engine cycles,

NMR systems were also proposed for studies of single-shot thermodynamics [51].

Our scheme allows us to provide at least one answer, in the context of NMR heat

engines, to the question of how to implement genuine quantum steps in quantum

machine operation to harvest a classical energy source. In addition, our calculations

suggest that compared to the NMR engine with standard thermodynamical steps

quantum algorithmic NMR engine produce more power. The advantage comes from

replacing the long-time isochoric cooling process with the more efficient and fast

algorithmic cooling stage. We provide systematic investigation by first examining the

case of standard Otto cycle as a benchmark then introduce the algorithmic cooling

stage instead of isochoric cooling one, and finally introduce the SWAP operation stages

instead of the adiabatic transformations. Our results here can be seen as an example

for a broader fundamental perspective that quantum computation processes can be

used for efficient harvesting and processing both the coherent information and the

incoherent energy resources. From a practical point of view our approach suggests that

quantum heat engines can be programmed as analogue quantum computers beyond

traditional engine cycles.

In this thesis, quantum thermodynamic processes and quantum heat engines,

which are the quantum mechanical counterparts of classical thermodynamic processes

and heat engines, are discussed. The algorithmic quantum Otto engines were sim-

ulated with the help of heat bath algorithmic cooling technique by considering a
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applicable molecule on NMR, a physical system, and the necessary protocols were ex-

plained. In addition, using the quantum Otto cycle, work and efficiency calculations

were made on NMR spin systems and the effects of the parameters in the model on

the cycle were explained.

The organization of the thesis is as follows. We introduced the background for

algorithmic heat engines in Chap. 2. In Chap. 3, we have explained the four stroke

algorithmic quantum heat engines. Efficiency, work, and power output of the engine

is discussed. The two-stroke-type algorithmic engine results are given in Chap. 4. We

conclude in Chap. 5. The details of the cost of cooling using HBAC with a partner

pairing algorithm (PPA) are given in Appendix A.



Chapter 2

BACKGROUND

In this chapter, we will briefly give the theoretical information about quantum me-

chanical foundations, open and closed quantum system dynamics, quantum thermody-

namics, quantum information processing and heat bath algorithmic cooling method.

2.1 Quantum Mechanics; Closed Quantum Systems

In non-relativistic quantum mechanics, the evolution of the isolated quantum system

can be described by the Schrödinger, the Heisenberg, and the interaction (Dirac)

pictures [52–58]. In the Schrödinger picture time evolution operator affects the state

vectors, while in the Heisenberg picture, instead of state vectors, observables evolve

in time. For a given Hamiltonian Ĥ, energy eigen vectors |ψi〉 form a complete basis

set in the Hilbert space [59]. We can obtain eigen vectors from eigenvalue equation

as

Ĥ|ψi〉 = Ei|ψi〉 (2.1)

A pure state |Ψ〉 can be defined as superposition state from the energy eigenstates as

|Ψ〉 =
∑
i

ci|ψi〉 (2.2)

with normalization condition 〈Ψ|Ψ〉 = I, where ci are complex numbers. The pure

states evolves in time due to the Schrödinger equation as

i~
∂

∂t
|Ψ(t)〉 = H(t)|Ψ(t)〉 (2.3)

where ~ is the Planck’s constant and we can set it to the 1 for simplicity. The solution

of the equation easly can be written as |Ψ(t)〉 = U(t, t0)|Ψ(t0)〉 where U(t, t0) is the
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unitary time evolution operator, which transform the initial state |Ψ(t0)〉 at t0 to final

state |Ψ(t)〉 at time t. Initially the unitary operator is identity U(t0, t0) = I. If the

Hamiltonian is time independent then the unitary evolution becomes

U(t, t0) = e−iH(t−t0) (2.4)

For the time dependent Hamiltonian it can be represented as a time ordering expo-

nential

U(t, t0) = T←e
∫ t
t0
dt′H(t′)

(2.5)

where T is the time ordering operator. Before continue further, I will introduce density

matrix formalism. It is first described by J. von Neumann in 1927. Let us consider an

ensemble of an quantum system. If it is pure ensemble, every member of the ensemble

characterized by the same state. On the other hand, for a mixed ensemble, parts of

the population with some weights wi are in the same states. One can easily see that

the mixed ensemble can be considered as a mixture of pure ensembles. If we have an

observable O, using the statistical weights wi we can write ensemble average of O as

〈〈O〉〉 ≡
∑
i

wi〈Ψi|O|Ψi〉 (2.6)

Now using a more general complete basis {|αi〉} in Hilbert space we can write

〈〈O〉〉 =
∑
i

wi
∑
j,k

〈Ψi|αj〉〈αj|O|αk〉〈αk|Ψi〉

=
∑
j,k

〈αk|

(∑
i

wi|Ψi〉〈Ψi|

)
|αj〉〈αj|O|αk〉

=
∑
j,k

〈αk|ρ|αj〉〈αj|O|αk〉

= Tr(ρO)

where the density matrix defined as ρ =
∑

iwi|Ψi〉〈Ψi|. Since the statistical weights

satisfy the normalization condition, density matrix also satisfies Tr(ρ) = 1. In case
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of a pure state, one of the weights can be considered as one and others become zero,

and ρ2 = ρ with Tr(ρ2) = 1. For a mixed state, ρ2 6= ρ and Tr(ρ2) < 1. The time

dependent form of the density matrix can be written as ρ(t) =
∑

iwi|Ψi, t〉〈Ψj, t|. We

can easily find the equation of motion for the density matrix using Eq. 2.3 as

d

dt
ρ(t) =

∑
i

wi

(
∂

∂t
(|Ψi, t〉)〈Ψi, t|+ |Ψi, t〉

∂

∂t
(〈Ψi, t|)

)
= i
∑
i

wi (−H|Ψi, t〉〈Ψi, t|+ |Ψi, t〉〈Ψi, t|H)

= −i[H, ρ]

which is known as Liouville von Neumann equation and it describes the time evolution

of density matrix for isolated statistical quantum systems.

Instead of describing the dynamics using density matrix one can also consider

the time evolution of the observables. Schrödinger picture operators are related with

Heisenberg picture by the canonical transformation

OH(t) = U †(t, t0)O(t)U(t, t0) (2.7)

Taking the time derivative for both sides of the equation will give us the Heisenberg

equation of motion as

d

dt
OH(t) = i[HH(t),OH(t)] +

∂O(t)

∂t
(2.8)

Since the evolution is unitary expectation value of an observable will be same for both

pictures. If it is time independent OH will be constant of motion.

The more general description of the dynamics is known as interaction picture. The

Hamiltonian can be written as time independent and dependent parts as

H(t) = H0 +HI(t) (2.9)

We can define the evolution operator only considering time independent part of the

Hamiltonian

U0(t, t0) = e−iH0(t−t0) (2.10)



Chapter 2: Background 7

If we consider the density matrix the system as ρ(t), in the interaction picture it

will be ρ̃(t) = U †0(t, t0)ρ(t)U0(t, t0). Then interaction Hamiltonian in this picture is

going to be H̃I(t) = U †0(t, t0)HI(t)U0(t, t0). We can easily find the corresponding von

Neumann equation in the interaction picture as

d

dt
ρ̃(t) = −i[H̃I , ρ̃(t)] (2.11)

One can easily write the integral form of the von Neumann equation in this picture

as

ρ̃(t) = ρ̃(t0)− i
∫ t

t0

dt′[H̃I(t
′), ρ̃(t′)] (2.12)

Integral form of this equation is important dealing with the open quantum system

and perturbative systems which we will describe in the following sections.

2.2 Entropy of Quantum Systems

2.2.1 von Neumann Entropy

Entropy can be identified as a quantitave disorder of the system. For a given density

matrix, entropy of quantum state can be found from von Neumann entropy, which is

defined as

S(ρ) = −Tr(ρ ln ρ). (2.13)

where, one needs to include Boltzmann constant kB for definition of entropy in sta-

tistical quantum mechanics, here I will take it as 1 for simplicity. Now considering

eigendecomposition of the density matrix as

ρ =
∑
i

pi|Ψi〉〈Ψi|, (2.14)

where
∑

i pi = 1, we can find

S(ρ) = −
∑
i

pi ln pi ≡ H(pi). (2.15)

which is equivalent to Shannon entropy H(pi) [59]. We can summarize some impor-

tant properties of von-Neumann entropy as following;
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i S(ρ) ≥ 0, where it can be zero only for pure states.

ii S(ρ) ≤ N , for a Hilbert space with dimension N , equality only holds for maxi-

mally mixed states.

iii S(ρ) is invariant under any unitary transformation S(ρ) = S(UρU †) because of

the cyclic property of trace.

iv Subadditivity condition; if a composite system with ρ in a Hilbert space H =

HA ⊗ HB and ρA = TrB[ρ], ρB = TrA[ρ] then they satisfy the inequality in

the form S(ρ) ≤ S(ρA) + S(ρB).

2.2.2 Relative Entropy

The relative entropy can be considered to distinguish the quantum states. It can

be seen as a distance measure between two density matrices of a quantum system.

Considering two pair of ρ and σ as density matrices we can write the relative entropy

as

S(ρ||σ) = Tr[ρ ln(ρ)]− Tr[ρ ln(σ)] (2.16)

We can list the various useful properties of relative entropy;

i S(ρ||σ) ≥ 0, where it can be zero only for ρ = σ.

ii S(ρ||σ) is invariant under any unitary transformation; S(ρ||σ) = S(UρU †||UσU †).

iii If we have a subsystem A and B. Taking a trace over subsystem in both pair

of density matrices reduces the relative entropy ρA = TrB[ρ], σA = TrB[σ];

S(ρA||σA) ≤ S(ρ||σ) and equality holds for uncorrelated states.
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2.3 Open Quantum Systems

Let’s first consider a combined total system as a isolated (closed) quantum system. In

this combined system we have a reduced system and reservoir. We can denote Hilbert

space of the subsystem by HS and reservoir by HB. For total system, the Hilbert

space is just a tensor product of these two spacesH = HS ⊗ HB. The dynamics of

this isolated system is described by the von-Neumann equation [59].

d

dt
ρ(t) = −i[H(t), ρ(t)] ≡ Ltot(t)ρ(t) (2.17)

Here, Ltot is the Liouville super-operator. It acts on an operator and gives you an

other operator. The total system may be written as

H(t) = HS +HB +HI(t) (2.18)

where, HI(t) is the interaction between reduce system and the reservoir. At t = 0

we can write initial density matrix of the total system as tensor product of density

matrix of subsystem ρS(0) and reservoir ρB as ρ(0) = ρS(0) ⊗ ρB. Now, considering

the state of the reservoir ρB is fixed reference state which is not time dependent.

The evolution of reduced system can be found in two ways. One way of this is that

taking partial trace of total system after unitary evolution. The other one is using a

dynamical map.

2.3.1 Dynamical Semigroup

In this part, we are going to approximate this equation under the condition of the

short reservoir and reduced system correlation [59–61]. We will not care about the

memory effect. Then, we will show the system dynamics in terms of the quantum

dynamical semigroup [62, 63]. The term semigroup means that the evolution of time

forms a family of maps but it does not contain the negative range of parameter time.

Thus, the inverse property of the group is missing. In the physical point of view, it is

the property of irreversible dynamics. So, this allows us to distinguish the past from

future. A dynamical map Λ(t) describes the state change of the reduced system. It
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is a map between C∗-algebras that maps a linear positive operator O into a linear

positive operator [64]. This family of maps {Λ(t), t ≥ 0} are satify these properties;

i At t=0 map is identity; Λ(0) = 1

ii Completely positive ; The dynamial map preserves the positivity regarding the

tensor product operations.

iii Trace preserving ; TrS(Λ(t)ρS) = TrSρS = 1

iv Markovian (memoriless) ; Λ(t1 + t2) = Λ(t1)Λ(t2) t1, t2 ≥ 0

v Strongly continuous property ; lim ‖ Λ(t)X − X ‖ for ∀X ∈ B. X is a linear

bounded operator.

vi Contraction semigroup property ; ‖ Λ(t) ‖≤ 1

Now, based on these mathematical properties, we can define a generatorL of this

dynamical semigroup as

Λ(t) = eLt

and

d

dt
ρS(t) = LρS(t)

which is named as Markovian master equation where, L is called the super operator.

The general form of L can be found in finite dimensional Hilbert spaceHS, dim(HS) =

N . Then, the dimension of Liouville space will be N2 complex space. The spectral

decomposition of the density matrix of reservoir can be written as

ρB =
∑
i

λi |ϕi〉 〈ϕi| (2.19)

And, we can express propagator as;

U(t, 0) =
∑
i,j

Aij ⊗ |ϕi〉 〈ϕi| (2.20)
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Here, Aij are operators acting on the reduced system. Using this propagator ρS(t)

becomes

ρS(t) = Λ(t)ρS(0) =
∑
n

KnρS(0)K†n (2.21)

Kn :=
√
λjAij(t, 0) defined as Kraus operator and

∑
nKnK

†
n = 1. Introducing new

set of orthonormal operators {Vk, k = 1, ..., N2 − 1} we can write simpler form of

generator as

d

dt
ρS = −i[H, ρS] +

N2−1∑
k=1

γk(VkρSV
†
k −

1

2
{V †k Vk, ρS}) = −i[H, ρS] + LD (2.22)

LD is the dissapative part of L. This is the most general form of the Markovian master

equation in Schrödinger picture. Vk known as the Lindbad operators. γk have the

dimension inverse of time. They are given in terms of certain correlation function of

the reservoir, also they are related with the relaxiation rates for different decay modes

of the open quantum systems. From this Schrödinger picture Lindblad generator we

can go to Heisenberg picture Lindblad generator. The Heisenberg picture dynamical

map can be written as Λ†(t) and it acts on operators O in the Hilbert space of the

reduced system OH = Λ†(t)O. Since;

Tr(OΛ(t, 0)ρS) = Tr(Λ†(t, 0)OρS) (2.23)

The adjoint propagator;

Λ†(t, t0) = T e
∫ t
t0
dsL†(s)

(2.24)

will satify

∂

∂t
Λ†(t, t0) = Λ†(t, t0)L†(t) (2.25)

This equation known as the adjoint master equation. If [L†,Λ†] = 0 then it is reduced

to ;

d

dt
OH = L†OH(t) = i[H,OH ] +

N2−1∑
k=1

γk(V
†
kOHVk−

1

2
{VkV †k ,OH}) +

∂

∂t
OH (2.26)

This equation is the Heisenberg picture Lindblad generator.
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2.3.2 Quantum Description of Spin-Lattice Relaxation of the NMR system

The relaxation theory of NMR systems studied deeply in the literature [65–68]. Here,

in this thesis I will just give how we can derive quantum description of longitudinal

relaxation of NMR following the M.Goldman notes [69]. In the case of NMR, we are

considering the quantum system in a lattice kind of environment [49]. The relaxation

mechanism of the NMR systems rely on both system and lattice variables. And

without interaction between spin and lattice Hamiltonian for such a system in the

form of H0 = HS + HL, with interaction H = H0 + HI . Where HS and HL are the

spin and the lattice Hamiltonians respectively and HI is the interaction term between

them. The dynamics of the density matrix describing the whole system is given by

the von-Neumann equation (see Eq. 2.17). Assuming that the coupling between the

system and the lattice is weak (Born Approximation) one can write ρ = ρS⊗ρL. Here,

ρS is the system density matrix and ρL is the lattice environment density matrix. Also,

we are assuming the density matrix of the lattice environment does not depend on

time. The equilibrium state characterized by a temperature TL can be written as

ρL =
e−βLHL

Tr(e−βLHL)
(2.27)

where β = ~/kBTL. One can consider the system Hamiltonian is static (does not

depend on time). In the absence of HI , the unitary evolution operator for evolution

can be found as

U(t) = e−iH0t = e−i(HS+HL)t (2.28)

In the interaction representation we can single out the effect of HI . Then density

matrix of total system will be in the form

d

dt
ρ̃(t) = −i[H̃I(t), ρ̃(t)] (2.29)

where ρ̃(t) = eiH0tρe−iH0t and H̃I(t) = eiH0tHIe
−iH0t. Total density matrix ρ̃(t) in its

integral form can be written as

ρ̃(t) = ρ̃(0)− i
∫ t

0

ds[H̃I(s), ρ̃(s)] (2.30)



Chapter 2: Background 13

which yields the equation in the dynamical form

d

dt
ρ̃(t) = −i[H̃I , ρ̃(0)]−

∫ t

0

ds[H̃I(t), [H̃I(s), ρ̃(s)]] (2.31)

Also we can just assume [H̃I , ρ̃(0)] = 0 by taking the ensemble average. Here I will

make further assumptions as follows

• The evolution time t for the ρ̃(t) is much longer than the correlation time τC of

the environment. This assumption yields to upper bound of the integral in Eq.

2.31 to infinity.

• We have a decoupling term between spin and lattice ensemble averages. This

may lead us to change ρ̃(s) to ρ̃(t) in the integral (Markov Approximation).

Under these assumptions we can go back Schrödinger representation by inverting ρ̃(t)

as ρ(t) = e−iH0tρ̃(t)eiH0t and by differentiating both sides, we can write Eq 2.31 in

the form as

d

dt
ρ(t) = −i[H0, ρ(t)]−

∫ ∞
0

dτ [HI , [H̃I(−τ), ρ(t)]] (2.32)

Here, re-defining the following terms as H̃I(−τ) ≡ ĤI(τ) = e−iH0τHIe
iH0τ , we can

write

d

dt
ρ(t) = −i[H0, ρ(t)]−

∫ ∞
0

dτ [HI , [ĤI(τ), ρ(t)]] (2.33)

Interaction Hamiltonian in the Schrödinger picture can be written as HI =
∑

αAαFα,

where Aα are system operators and chosen to be in relation as [HS, Aα] = ωαAα. And

Fα are time-independent lattice operators. Time-dependent form of these operators

can be written as Â†α(τ) = e−iHSτA†αe
iHSτ = eiωατA†α and, F̂ †α(τ) = e−iHLτF †αe

iHLτ .

Then the dynamical equation becomes

d

dt
ρ(t) = −i[H0, ρS ⊗ ρL]−

∑
α,β

∫ ∞
0

dτ [AαFα, [Â
†
β(τ)F̂ †β(τ), ρS ⊗ ρL]] (2.34)

Just for simplicity for calculations lets write these operators Aα = A, Â†β(τ) = Â,

F̂ †β(τ) = F̂ and Fα = F . Then the equation for total density matrix can be written
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as

d

dt
ρ(t) = −i[H0, ρS ⊗ ρL]−

∫ ∞
0

dτ [AF, [Â(τ)F̂ (τ), ρS ⊗ ρL]] (2.35)

Using procedure above; taking partial trace over lattice variables in Eq 2.35, then

dynamical equation for the system density matrix becomes

d

dt
ρS(t) = −iTrL([H0, ρS ⊗ ρL])−TrL

(∫ ∞
0

dτ [AF, [Â(τ)F̂ (τ), ρS ⊗ ρL]]

)
(2.36)

Dealing with commutation and partial trace as follows

TrL([H0, ρS ⊗ ρL]) = [HS, ρS] (2.37)

Then the trace in the integral can be written easily as

TrL(AF, [Â(τ)F̂ (τ), ρS ⊗ ρL]) = [A, ÂρS]TrL([F̂ , ρL]F ]) + [A, [Â, ρS]]TrL(ρLF̂F )

We can identify TrL(ρLF̂F ) as two time correlation function considering initially at

t = 0 as F = F̂ (0).

TrL(ρLF̂F ) = 〈F̂ †α(τ)F̂β(0)〉 (2.38)

Then the first trace in the equation can be calculated as

TrL([F̂ , ρL]F ) =
∑
f,f ′

(〈f | ρL |f〉 〈f | F̂ |f ′〉 〈f ′|F |f〉))×
(
〈f ′| ρL |f ′〉
〈f | ρL |f〉

− 1

)
, (2.39)

and using the definition of ρL as a thermal state, the ratio in the equation can be

found as

〈f ′| ρL |f ′〉
〈f | ρL |f〉

= eβL(ωf−ωf ′ ) (2.40)

Using the definitions of F̂ , and Â given as earlier, we can find the following relations

as 〈f | F̂ |f ′〉 = e−i(ωf−ωf ′ )τ 〈f |F †β |f ′〉, and Â†β(τ) = eiωβτA†β. And these lead to an

integral as∫ ∞
0

ei(ωβ−ωf+ωf ′ )τdτ ∝ δ(ωβ − ωf + ωf ′) (2.41)



Chapter 2: Background 15

We can change ωf−ωf ′ in Eq. 2.40 with ωβ. After substituting all relations to Eq 2.35.

We can find the master equation for system as

d

dt
ρS(t) = −i[HS, ρS]−

∑
α,β

Jα,β(ωβ)
(

([Aα, [A
†
β, ρS]]− [Aα, A

†
αρS](1− eβLωβ)

)
(2.42)

where Jα,β(ωβ) is the spectral density function can be written as

Jα,β(ωβ) =

∫ ∞
0

dτeiωβτ 〈F̂ †α(τ)F̂β(0)〉 (2.43)

The evolution of the observables of the system are can be found from the operators

expectation values 〈Q〉 = Tr(QρS), and using the Eq. 2.42 one can write d
dt
〈Q〉 =

Tr(Q d
dt
ρS). The general property of trace (Tr(A[B,C]) = Tr([A,B]C])) allow us to

find Eq. 2.42 in the operator form as

d

dt
〈Q〉(t) = −i[Q,HS]−

∑
α,β

Jα,β(ωβ)
(

(〈[Q,Aα]A†β]〉 − 〈[Q,Aα]A†β〉(1− e
βLωβ)

)
(2.44)
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Example; Two Level System Couples with Lattice Environment

To give the basic example we can consider single spin 1/2 system coupled with a

thermal lattice environment.

E
nv

ir
on

m
en
t(
H

L
,
⇢
L
,
T
L
)
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System(HS , ⇢S)
<latexit sha1_base64="jIbr16AvLF3VAV07sT7oSJ2qank=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoigi6Lbrqs1D6gCWEynbRDZ5IwMxFC6M6Nv+LGhSJu/QV3/o2TNgttPXDhcM693HuPHzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyigRmHRwxCLR95EkjIako6hipB8LgrjPSM+f3OZ+74EISaPwXqUxcTkahTSgGCkteeaxw5EaC561U6kIn8Ja02ufQ0eMI699Bj2zatWtGeAysQtSBQVanvnlDCOccBIqzJCUA9uKlZshoShmZFpxEklihCdoRAaahogT6WazP6bwVCtDGERCV6jgTP09kSEuZcp93ZlfLRe9XPzPGyQquHYzGsaJIiGeLwoSBlUE81DgkAqCFUs1QVhQfSvEYyQQVjq6ig7BXnx5mXQv6rZVt+8uq42bIo4yOAInoAZscAUaoAlaoAMweATP4BW8GU/Gi/FufMxbS0Yxcwj+wPj8AYWdmGc=</latexit><latexit sha1_base64="jIbr16AvLF3VAV07sT7oSJ2qank=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoigi6Lbrqs1D6gCWEynbRDZ5IwMxFC6M6Nv+LGhSJu/QV3/o2TNgttPXDhcM693HuPHzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyigRmHRwxCLR95EkjIako6hipB8LgrjPSM+f3OZ+74EISaPwXqUxcTkahTSgGCkteeaxw5EaC561U6kIn8Ja02ufQ0eMI699Bj2zatWtGeAysQtSBQVanvnlDCOccBIqzJCUA9uKlZshoShmZFpxEklihCdoRAaahogT6WazP6bwVCtDGERCV6jgTP09kSEuZcp93ZlfLRe9XPzPGyQquHYzGsaJIiGeLwoSBlUE81DgkAqCFUs1QVhQfSvEYyQQVjq6ig7BXnx5mXQv6rZVt+8uq42bIo4yOAInoAZscAUaoAlaoAMweATP4BW8GU/Gi/FufMxbS0Yxcwj+wPj8AYWdmGc=</latexit><latexit sha1_base64="jIbr16AvLF3VAV07sT7oSJ2qank=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoigi6Lbrqs1D6gCWEynbRDZ5IwMxFC6M6Nv+LGhSJu/QV3/o2TNgttPXDhcM693HuPHzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyigRmHRwxCLR95EkjIako6hipB8LgrjPSM+f3OZ+74EISaPwXqUxcTkahTSgGCkteeaxw5EaC561U6kIn8Ja02ufQ0eMI699Bj2zatWtGeAysQtSBQVanvnlDCOccBIqzJCUA9uKlZshoShmZFpxEklihCdoRAaahogT6WazP6bwVCtDGERCV6jgTP09kSEuZcp93ZlfLRe9XPzPGyQquHYzGsaJIiGeLwoSBlUE81DgkAqCFUs1QVhQfSvEYyQQVjq6ig7BXnx5mXQv6rZVt+8uq42bIo4yOAInoAZscAUaoAlaoAMweATP4BW8GU/Gi/FufMxbS0Yxcwj+wPj8AYWdmGc=</latexit><latexit sha1_base64="jIbr16AvLF3VAV07sT7oSJ2qank=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoigi6Lbrqs1D6gCWEynbRDZ5IwMxFC6M6Nv+LGhSJu/QV3/o2TNgttPXDhcM693HuPHzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyigRmHRwxCLR95EkjIako6hipB8LgrjPSM+f3OZ+74EISaPwXqUxcTkahTSgGCkteeaxw5EaC561U6kIn8Ja02ufQ0eMI699Bj2zatWtGeAysQtSBQVanvnlDCOccBIqzJCUA9uKlZshoShmZFpxEklihCdoRAaahogT6WazP6bwVCtDGERCV6jgTP09kSEuZcp93ZlfLRe9XPzPGyQquHYzGsaJIiGeLwoSBlUE81DgkAqCFUs1QVhQfSvEYyQQVjq6ig7BXnx5mXQv6rZVt+8uq42bIo4yOAInoAZscAUaoAlaoAMweATP4BW8GU/Gi/FufMxbS0Yxcwj+wPj8AYWdmGc=</latexit>

!S
<latexit sha1_base64="C6PMoQToTzwhXFhUrlRL1c/IFh0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEByhL3NXLJkd+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYluRdSg4AoblluBrVQjlZHAh2h4PfUfnlAbnqh7O0oxlLSveMwZtU5qdRKJfdq965YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM/unZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCps+THtfIrBg5Qpnm7lbCBlRTZl1EJRdCsPjyMmmeVQO/GtyeV2pXeRxFOIJjOIUALqAGN1CHBjAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QPtD4/h</latexit><latexit sha1_base64="C6PMoQToTzwhXFhUrlRL1c/IFh0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEByhL3NXLJkd+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYluRdSg4AoblluBrVQjlZHAh2h4PfUfnlAbnqh7O0oxlLSveMwZtU5qdRKJfdq965YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM/unZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCps+THtfIrBg5Qpnm7lbCBlRTZl1EJRdCsPjyMmmeVQO/GtyeV2pXeRxFOIJjOIUALqAGN1CHBjAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QPtD4/h</latexit><latexit sha1_base64="C6PMoQToTzwhXFhUrlRL1c/IFh0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEByhL3NXLJkd+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYluRdSg4AoblluBrVQjlZHAh2h4PfUfnlAbnqh7O0oxlLSveMwZtU5qdRKJfdq965YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM/unZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCps+THtfIrBg5Qpnm7lbCBlRTZl1EJRdCsPjyMmmeVQO/GtyeV2pXeRxFOIJjOIUALqAGN1CHBjAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QPtD4/h</latexit><latexit sha1_base64="C6PMoQToTzwhXFhUrlRL1c/IFh0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnRxEByhL3NXLJkd+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYluRdSg4AoblluBrVQjlZHAh2h4PfUfnlAbnqh7O0oxlLSveMwZtU5qdRKJfdq965YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM/unZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCps+THtfIrBg5Qpnm7lbCBlRTZl1EJRdCsPjyMmmeVQO/GtyeV2pXeRxFOIJjOIUALqAGN1CHBjAQ8Ayv8OY9ei/eu/cxby14+cwh/IH3+QPtD4/h</latexit>

HS is the Hamiltonian for the two-level system and ρS the general form of the density

matrix of the system. In NMR it is more often to use Iz instead of σz (Pauli operator).

Then Hamiltonian can be written as HS = −ωSIz, where ωS is the characteristic

frequency of the system. Using the relations [HS, I+] = −ωSI+, [HS, I−] = ωSI−, and

[HS, Iz] = 0. We can identify operators for quantum master equation in Eq 2.44 as

{I+, I−, Iz}. The interaction Hamiltonian between the lattice environment and system

can be written as HI = I+F + I−F
†. Using the master equation in the operator form

that we found in Eq. 2.44 for 〈Iz〉 we can write

d

dt
〈Iz〉(t) = −J(−ωS)

(
(〈[Iz, I+], I−]〉 − 〈[Iz, I+]I−〉(1− e−βLωS)

)
− J†(ωS)

(
(〈[Iz, I−], I+]〉 − 〈[Iz, I−]I+〉(1− eβLωS)

)
Here, −i[Iz, HS] = 0, J†(ωS) = J(−ωS)e−βLωS and using the following commutation

relations

[Iz, I−]I+ = −1

2
+ Iz

[Iz, I+]I− =
1

2
+ Iz

[[Iz, I+], I−] = 2Iz
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Then master equation will simplify to form

d

dt
〈Iz〉(t) = −J(−ωS)

(
2(eβLωS + 1)〈Iz〉 − eβLω + 1

)
(2.45)

= −2J(−ωS)(eβLωS + 1)

(
〈Iz〉 −

1

2
tanh

βLωS
2

)
(2.46)

We can define −2J(−ωS)(eβLωS + 1) as the longiditional relaxation time τ1 for the

NMR two level system. Then, this equation can be fitted to experimental values.

At equilibrium with the lattice environment, the left hand side of the equation will

vanish then we have Iz〉eq. Then simpler form of the equation can be written as

d

dt
〈Iz〉(t) = − 1

τ1
(〈Iz〉 − 〈Iz〉eq) , 〈Iz〉eq =

1

2
tanh

(
βωS

2

)
(2.47)

which is consistent with the general result of the Gibbs state. Now we introduce the

spin polarization due to quantization axes z. Considering Iz = σz/2 we can define the

spin polarization as

εS = tanh

(
βωS

2

)
(2.48)

2.3.3 Quantum Thermodynamics

In quantum thermodynamics an equilibrium state is defined as stationary and sta-

ble. In equilibrium there no energy flow between system and bath. This is known

as Kubo-Martin-Schwinger stability condition and it implies the zeroth law for a net-

work of coupled systems. The first law of thermodynamics related with conservation

of energy [70–72]. If a system is closed and no energy source, then the energy is con-

served. This means that total energy of the closed system is constant. 〈H〉 = const.

and energy of the reduced system can be written as 〈HS〉 = ES = Tr(ρSHS) The time

derivative of the system’s energy becomes

d

dt
ES = Tr

(
dρS
dt
HS

)
+ Tr

(
ρS
dHS

dt

)
(2.49)
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Here, first and second therm can be identified as heat current and power. Also, using

Heisenberg picture master equation it can be written as [73, 74];

d

dt
ES = 〈∂HS

∂t
〉+ 〈LD〉

= P +
N∑
j

Jj

Quantum thermodynamics deals with the balance of energy of the system. Here

P := 〈∂HS

∂t
〉 (2.50)

external power. And

Jj := 〈VjHSV
†
j −

1

2
{VjV †j , HS}〉 (2.51)

Heat current from j th bath. This is the dynamical version of the first law.

The second law of thermodynamics is related with irreversibility of dynamics which

states that heat will flow spontaneously from a hot bath to a cold bath and change

in entropy of closed system is positive: ∆S ≥ 0. The quantum Markovian master

equation describes the irreversible evolution of open quantum system. To describe

irreversible character of the quantum dynamical semigroup let’s investigate the change

of the relative entropy S(ρ ‖ ρ0) of two reduced system ρ and ρ0 considering an

dynamical map Λ(t).

S(Λ(t)ρ ‖ Λ(t)ρ0) = S
(
tr{U(t, 0)ρ⊗ ρBU †(t, 0)} ‖ tr{U(t, 0)ρ0 ⊗ ρBU †(t, 0)}

)
≤ S

(
U(t, 0)ρ⊗ ρBU †(t, 0)} ‖ U(t, 0)ρ0 ⊗ ρBU †(t, 0)

)
≤ S(ρ ‖ ρ0)

If we chose ρ0 to be stationary, Λ(t)ρ0 = ρ0. Then;

S(Λ(t)ρ ‖ ρ0) ≤ S(ρ ‖ ρ0) (2.52)

Since, it is a dynamical semigroup; using the semigroup property we can say that the

negatif time derivative of S(ρ ‖ ρ0) is always positive or zero.

σ(ρ(t)) = −dS(ρ ‖ ρ0)
dt

≥ 0 (2.53)
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Here, σ(ρ(t)) called entropy production and it is positive or zero. Then, using defini-

tion of relative entropy S(ρ ‖ ρ0) ≡ Tr[ρ(ln ρ− ln ρ0)] one can find;

σ(ρ(t)) = −Tr[L(ρ)(ln ρ− ln ρ0)] ≥ 0 (2.54)

which is known as Spohn’s inequality [75]. Lets first consider a simple network a

system couple with two heat bath cold and hot[73]. Jh is the heat current from hot

bath with temperature Th and Jc is the heat current from cold bath with temperature

Tc. And −Jc
Tc
− Jh

Th
≥ 0. If we generalize it to the N heat bath. It will be;

−
N∑
j

Jj
Tj
≥ 0 (2.55)

Thus, in steady state second law will be in this form. In non equlibrium thermody-

namics the entropy obeys a balance equation, taking time derivative of von-Neumann

entropy and using Spohn’s inequality one can obtain as a dynamical version of the

second law;

σ(ρ) =
dS(ρ)

dt
−

N∑
j

Jj(t)

Tj
≥ 0 (2.56)

2.3.4 Quantum Isothermal Process

The quantum Isothermal process can be used in quantum Carnot engines. We will

just briefly explain the process and we will not give detail about Carnot engines in

this thesis. But one can see these references for the detail [5]. In the isothermal

process, the quantum system in a thermal environment must be kept in a thermal

equilibrium state. During the process, energy levels and the occupation probabilities

are changing simultaneously while keeping the system in a thermal equilibrium state.

The quantum system can perform work to the thermal environment and exchange

heat under the isothermal process. At every instant of time, the process should be

slow enough to stay in equilibrium.
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2.3.5 Quantum Isochoric Process

In the quantum isochoric process, the model of the quantum system connected with a

thermal environment [18]. The heat exchange between the quantum system and ther-

mal equilibrium is provided by the open quantum system dynamics given in Sec. 2.3.2.

During the process, the quantum system approaches an equilibrium state with a ther-

mal environment. At the end of the process, we can assume that the system is in a

thermal equilibrium state with the heat bath. The occupation probabilities and even-

tually the von Neumann entropy of the system are going to change during the process.

So, there is only heat exchange between the thermal environment and the quantum

system. Moreover, the corresponding eigen energies of the system kept invariant as a

result no work is done in the quantum isochoric process.

2.3.6 Quantum Adiabatic Process

For a quantum adiabatic process, a quantum system is isolated and the Hamiltonian

of the system externally controlled by time-dependent drive Hamiltonian Hdrive(t).

In the process, total Hamiltonian can be written as H(t) = H0 +Hdrive(t). Since the

quantum system is isolated from environment dynamics is unitary. Therefore, the von

Neumann entropy of the system is invariant under the process. Also, the information

entropy does not change during the process. These restrictions bring a result; during

the process, the occupation probabilities of the system should stay the same. In the

processes there is no heat exchange, there is only work output. Thus, Hamiltonian in

different times needs to commute; [H(t), H(t′)] = 0. If it is not commute, then there

will be internal friction in the system and it causes the occupation probabilities to

change. To approximate adiabatic dynamics, process should be very slow. However,

even if the Hamiltonian does not commute, because of the unitary dynamics system

may be recovered by external work.
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2.4 Quantum Information Processing

The two-level system is the simplest system in quantum mechanics. It represents

many physical systems such as electrons, protons, photons and any spin 1/2 dynam-

ics. In addition to this, it carries binary information. Considering the similarity

between classical information theory in the concept of bits like 0 and 1, and quantum

information theory, the two-level system is called quantum-bit (qubit) [47, 76, 77].

Basis of the system can be represented with Dirac notation with |0〉 and |1〉 as

|0〉 =

1

0

 , |1〉 =

0

1

 . (2.57)

Unlike the classical information bits, qubits can also be superposition state. The most

general form can be written as

|ψ〉 = cos

(
θ

2

)
|0〉+ eiφ sin

(
θ

2

)
|1〉 =⇒ (2.58)

and we can represent it in the Bloch sphere for quantum states. The angles represent

a point on the surface of the sphere with radius 1. The transition from one point

on the sphere to another is achieved by unitary transformation. In such a system,

unitary transformations are represented by rotation of the state vector. This process

are called spin rotations. In particular, we cant to calculate Ri(θ) = e−iIiθ, where

Ii = σi/2 and σi ’s are the Pauli spin matrices. Using Taylor series expansion we can

find

Ri(θ) = cos

(
θ

2

)
I− i sin

(
θ

2

)
Ii (2.59)

As in classical information theory, there are logic gates in quantum information pro-

cessing. However, logic gates are reversible operations because of the unitary evolu-

tion. There are many logic gates, single or multi-qubit. The simplest examples are
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the Pauli gates which are given as;

X =

0 1

1 0

 , Y =

0 −i

i 0

 , Z =

1 0

0 −1

 . (2.60)

All these gates can apply for single qubit. Here X gate considered as Not gate

as analog to classical information theory if the state is |0〉 it makes flip to |1〉 or

reverse. There is also another important gate can applicable for single qubit known

as Hadamard gate

H =

1 1

1 −1

 =⇒ (2.61)

When it is applied to states |0〉 and |1〉, it gives a superposition states as

H|0〉 =
|0〉+ |1〉√

2
, H|1〉 =

|0〉+ |1〉√
2

(2.62)

One of the basics gate for two qubits (|T 〉 and |R〉) is the Controlled-Not (CNot) gate.

It controls the one of the qubit then applies a X gate to other qubit. Considering

composite quantum state as |T R〉, CNot gate applied as CNotT |T R〉 = |T , T ⊕R〉,

where ⊕ symbol represents the addition according to mode 2. The CNot gates can

be represented as the following

CNotT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 =⇒ CNotR =


1 0 0 0

0 1 0 1

0 0 1 0

0 1 0 0

 =⇒ (2.63)

Another two qubit gate is the SWAP gate. In the case of the composite state |T R〉 to

which it is applied, it exchanges the states of the qubits to form SWAP|T R〉 = |RT 〉.

SWAP gate can be decompose to three CNot gates as SWAP = CNotT CNotRCNotT .

Matrix and circuit representations are given as;
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SWAP =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 =⇒ . (2.64)

The Toffoli gate is one of three qubit quantum logic gates. Another name is the

Control-Control-Not (CCNOT) gate. It can be represented as

Toffoli =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0



=⇒ (2.65)

Further, the other three qubit gates can be combinations of Control and Not gates as

well. One can consider CSWAP gate or Contol-Not-Not gates.
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2.5 Heat Bath Algorithmic Cooling

2.5.1 Partner Pairing Algorithm (PPA)

The heat bath algorithmic cooling (HBAC) with partner pairing algorithm (PPA)

(see Fig. 2.1) uses quantum information processing to increase the purification level of

qubits in NMR systems [4, 36]. Before starting PPA, the individual density matrices

 

Figure 2.1: Quantum circuit demonstating partner pairing algorithm for 3-qubit sys-

tem given in Ref. [4]. |T 〉, |C〉 and |R〉 stands for target, compression and reset qubits

respectively. R process means the relaxation of reset qubit. In PPA, the first reset

process applied only one time. Then, the iteration part consists of SWAP and 3-bit

compression operations applied n times.

of the target, the compression, and the reset qubits are ρ
(1)
T = TrC,R

[
ρ(1)
]
, ρ

(1)
C =

TrT ,R
[
ρ(1)
]
, ρ

(1)
R = TrT ,C

(
ρ(1)
)

respectively and ρ(1) is the initial density matrix of

three-qubit system. The reset has small relaxation time compared to the target

(τR � τT ) and the compression (τR � τC) qubit, where τT , τC and τR are given in

Table 3.1 respectively. In each step of HBAC, R operation is applied to the reset qubit

to thermalize it with the heat bath (ρ
(1)
R → ρ

(1)
R,th) at temperature T. Scalar couplings

between qubits are small compared to ωi values. If we write the total density matrix

of three qubits as a tensor product of the individual states, the fidelity of the density

matrix in Eq. 3.2 and this product density matrix numerically is found to be close to
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1. Thus, at first step, the density matrix of 3-qubit system can be written as a tensor

product of these states

ρ(1,0) = ρ
(1)
T ⊗ ρ

(1)
C ⊗ ρ

(1)
R,th, (2.66)

where, 1st index of ρ(1,0) stands for the stage of the cycle, and 2nd index from 0 to

5 indicates the state after each process of HBAC. After the reset qubit regains its

polarization, a unitary SWAP operator is used to exchange polarizations of the target

and the reset qubit.

ρ(1,1) = SWAPT ,R
(
ρ(1,0)

)
SWAP†T ,R (2.67)

The states of the target and compression qubits become ρ
(1,1)
T = TrC,R

[
ρ(1,1)

]
and

ρ
(1,1)
C = TrT ,R

[
ρ(1,1)

]
respectively. After the unitary evolution, PPA can be applied n

times, which is given as follows

i The reset qubit is thermalized with the heat bath. The density matrix of the

3-qubit system becomes

ρ(1,2) = ρ
(1,1)
T ⊗ ρ(1,1)C ⊗ ρ(1)R,th (2.68)

ii SWAP is applied to change polarization between the compression and the reset

qubit, such that

ρ(1,3) = SWAPC,R
(
ρ(1,2)

)
SWAP†C,R (2.69)

Then, the states of the target and the compression qubits becomes ρ
(1,3)
T =

TrC,R
[
ρ(1,3)

]
and ρ

(1,3)
C = TrT ,R

[
ρ(1,3)

]
.

iii The reset qubit is regained its polarization. The state of 3-qubit system is

expressed as

ρ(1,4) = ρ
(1,3)
T ⊗ ρ(1,3)C ⊗ ρ(1)R,th. (2.70)
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iv To lower the entropy of the target qubit and to increase the entropy of the reset

qubit 3-bit compression gate applied to the density matrix.

ρ(1,5) = COMP
(
ρ(1,4)

)
COMP† (2.71)

where COMP is the unitary operation of compression gate composed of unitary

operators as two control-not-not gates and a Toffoli gate, which can be expressed

as

COMP = [CNotNot][Toffoli][CNotNot]. (2.72)

At the end of this iterative step the target qubit is cooled and the density matrix of

it becomes

ρ
(2)
T = TrC,R

[
ρ(1,5)

]
. (2.73)



Chapter 3

FOUR STROKE ALGORITHMIC QUANTUM HEAT

ENGINE

3.1 The Working Fluid

Quantum Otto engines (QOEs) consist of quantum adiabatic and isochoric pro-

cesses [35]. Three types of the quantum heat engine are given in the literature as

four-stroke, two-stroke, and continuous [5, 18]. In this thesis, we examined four-

stroke, and two-stroke type of QOEs. The basic model of HBAC with PPA is advised

instead of isochoric cooling. Implementation of HBAC requires two sets of qubits;

reset qubits and computational qubits. One of the computational qubits operated

as target qubit which is going to be cooled by applying PPA, while other compu-

tational qubits play a role in entropy compression [4]. This cooling process can be

implemented with a minimal system composed of just 3-qubit [2–4, 36].

The four-stroke algorithmic heat engine has two adibatic stage, one isochoric stage,

and one algorithmic cooling stage. For this engine, we only consider the target qubit

as the working fluid (see Fig. 3.1). Reset, and compression qubits are only used in

the algorithmic cooling process, and their degrees of freedoms are traced out from the

entire state of the system while determining the work output.

In NMR systems, various 3-qubit models have been used for quantum information

processing [78–81]. To make an applicable and realistic model for QOEs using these

systems, a suitable sample, and a well-designed procedure must be considered. We

used parameters of 13C2-trichloroethylene (TCE) (see Table 3.1) with paramagnetic

reagent Cr(acac)3 in chloroform-d solution (CDCl3) in our numerical calculations,

which are also experimentally used for HBAC in Refs. [2, 3]. Carbon-1 and Carbon-2
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Figure 3.1: (Color online) Four-stroke algorithmic quantum heat engine operating

in a single heat bath at temperature T . It has one isochoric heating process, two

adiabatic processes and one algorithmic cooling process.

qubits are classified as the target and the compression qubits. Hydrogen qubit is

selected as the reset qubit because of the relaxation time, which is small compared

to the other two qubits. To implement HBAC, the Hamiltonian of 3-qubit in the lab

frame can be written as [47]

H(0) = −~
∑
i

ωiIiz + ~
∑
i 6=j

JijIizIjz, i, j = {T , C,R}, (3.1)

where, ωi = γiBz is the characteristic frequency of the ith qubit, γi is the nuclear gyro-

magnetic ratio and Bz is the magnetic field. T , C and R stand for target, compression

and reset qubits, respectively. Iz is the component of the spin angular momentum

of the ith qubit and Jij is the scalar isotropic coupling strength between ith and jth

qubits. Typically, four-stroke QOEs consist of two isochoric and two adiabatic stages.

Instead, we implemented one algorithmic cooling stage instead of one of the isochoric

stage (see Fig. 3.1). Adiabatic expansion stage leads to decrease of the level spacing
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Table 3.1: The first row in the table shows gyro-magnetic ratio values of Carbon1,

Carbon2 and Hydrogen qubits. Regarding the 500 MHz NMR device, the correspond-

ing characteristic frequencies are given in the second row. Also, their experimental τ1

relaxation times are given in the third row. The last row shows J-coupling strength

between these qubits [2, 3].

Target-C1 Compression-C2 Reset-H

γ/2π 10.7084 [MHz/T] 10.7084 [MHz/T] 42.477 [MHz/T]

ω/2π 125.77 [MHz] 125.77 [MHz] 500.13 [MHz]

τ1 43 [s] 20 [s] 3.5 [s]

C1-C2 C1-H C2-H

J/2π 103 [Hz] 9 [Hz] 200.8 [Hz]

of the qubits. This happens when the magnetic field decreases. In the opposite case,

if the level spacing of the qubits is increasing then we call it as adiabatic compression.

This allows for a more faithful representation of the classical Otto cycle terminol-

ogy for our algorithmic engine. The details of the four-stroke cycle are described as

follows.

3.2 Isochoric Heating:

3-qubit of TCE molecule with Hamiltonian in Eq. (3.1) is in contact with a heat bath

at temperature T = 300 K. The density matrix of the 3-qubit system at the end of

this stage is given by thermalized state as

ρ
(0)
th =

e−βH
(0)

Z
. (3.2)

where, Z = Tr
[
e−βH

(0)
]

is the partition function and β = 1/kBT . The initial density

matrix of our working fluid (target qubit) can be expressed by taking a partial trace
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of 3-qubit system

ρ
(0)
T = TrC,R

[
ρ
(0)
th

]
. (3.3)

3.3 Adiabatic Expansion:

Qubits are isolated from the heat bath and undergo finite-time adiabatic expansion.

The adiabatic processes of the cycle are assumed to be generated by a time-dependent

magnetic field [71, 73]. Here, H(0) at t = 0 is changed to H(1) at t = τ/2 by driving

the initial magnetic field as Bz → Bz/2. The time evolution of the whole system is

governed by the Liouville-von Neumann equation d
dt
ρ(t) = −[H(t), ρ(t)]. The initial

state as a condition (t = 0) is ρ(0) = ρ
(0)
th , and H(t) can be expressed as H(t) =

H(0) +Hdrive, where Hdrive is given by

Hdrive = ~
∑
i

(ωi − ω′i) Iiz sin (πt/τ) . (3.4)

At the end of the expansion, the Hamiltonian of the whole system is

H(1) = −~
∑
i

ω′iIiz + ~
∑
i 6=j

JijIizIjz. (3.5)

Here, ω′i = ωi/2 is the characteristic frequency at the end of the adiabatic stage.

Considering the state of the 3-qubit system at the end of the expansion (t = τ/2 )

as ρ(1) = ρ(τ/2), we can find the state of the target qubit as ρ
(1)
T = TrC,R

[
ρ(1)
]
. Up

to this point, we used the 3-qubit Hamiltonians in Eqs. (3.1, and 3.5). However, to

find the work performed in the stage, we only need to deal with the target qubit.

Therefore, we can write the local Hamiltonian for target qubit before the expansion

as H
(0)
T = −~ωT Iz and at the end of the expansion as H

(1)
T = −~ω′T Iz. Then, the

work performed by the working fluid is

W1 = Tr
[
H

(0)
T ρ

(0)
T

]
− Tr

[
H

(1)
T ρ

(1)
T

]
. (3.6)

3.4 Heat Bath Algorithmic Cooling:

In this part of the engine, we usually need a cold heat bath to cool down our target

qubit. Instead of using a cold heat bath, the working fluid treated in the same heat
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bath as isochoric heating at temperature T = 300K. Reset, and compression qubits

play their role in this stage. They help us to implement HBAC to cool down target

qubit. In this stage Hamiltonian of the whole system given in Eq. (3.5). And the

details of the cooling mechanism given in the Sec. 2.5. For each qubit, polarization is

defined as the difference in the probability of up and down states, and easily found

as

εi = tanh

(
~ω′i

2kBT

)
. (3.7)

In a closed quantum system, Shannon’s bound limits the polarization of single spin in

a collection of equilibrium spin system. Using partner pairing algorithm (PPA) let us

increase the polarization of the target qubit. Consequently, the target qubit is cooled

down beyond Shannon’s bound [2]. After the first SWAP before PPA, polarizations

of the target and reset qubits are equal to each other. The value of their polarization

is given as zeroth iteration in Fig. 3.2 as ∼ 2.0×10−5. Then, several rounds of PPA are

applied. The target qubit reached a polarization above the Shannon limit as a result

of the first iteration of PPA. The effective temperature of the target is determined by

Eq. (3.8) and plotted in Fig. 3.3. Hence, target qubit cooled down to ∼ 50K. After

seven iterations, the polarization of the target almost reached to its maximum value

as ∼ 4.0× 10−5 and temperature of target cools down to ∼ 37K. At the end of PPA,

the density matrix of the target qubit is given by Eq. (2.73) as

ρ
(2)
T = TrC,R

[
ρ(1,5)

]
, (3.8)

where the 1st index of the 3-qubit density matrix ρ(1,5) stands for the stage of the

cycle and 2nd index from 0 to 5 indicates the state after each process of HBAC (see

Sec. 2.5).

The applied algorithm in this stage is done by external radio frequency (rf) field

in the heat bath at temperature T = 300 K. We consider these rf pulses as a cost of

cooling. In Appendix A, we calculated the required energy for the cooling process.

We can safely say that our cost is above the work output of the four-stroke engine

which verifies the thermodynamical constraints.
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Figure 3.2: (Color online) The polarization ε (dimensionless) calculated by using

the Eq. (3.8) for each round of algorithmic cooling. The target and reset qubits

polarizations calculated by taking into account the perfectly applied quantum logic

gates in terms of several rounds of the PPA. The black line shows Shannon’s limit of

polarization. The polarization of the target qubit has exceeded this limit after the

first iteration, and the reset qubit stays under this limit.

3.5 Adiabatic Compression:

The Liouville-von Neumann equation gives the time evolution of the whole system

during the adiabatic processes. In the compression step, H(1) at t = 0 is changed to

H(0) at t = τ/2 by driving back the magnetic field as Bz/2 → Bz. The initial state

(t = 0) of the total system is ρ(0) = ρ(1,5) before adiabatic compression. The state

of the whole system after adiabatic compression (t = τ/2) can be written as ρ(3) =

ρ(τ/2). Then, we can find the density matrix of the target qubit as ρ
(3)
T = TrC,R[ρ(3)].
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Figure 3.3: (Color online) The effective temperature of target qubit calculated by

using the relation between temperature and polarization given in Eq. (3.8). The

black line shows the corresponding Shannon’s limit of temperature. The effective

temperature of the target qubit has exceeded this limit after the first iteration.

The work performed by the target qubit in this process can be written as

W2 = Tr
[
H

(1)
T ρ

(2)
T

]
− Tr

[
H

(0)
T ρ

(3)
T

]
. (3.9)

After this compression, the four-stroke algorithmic engine cycle is complete for the

target qubit with state ρ
(3)
T . And, the states of the compression, and reset qubits are

ρ
(3)
C = TrT ,R[ρ(3)] and ρ

(3)
R = TrT ,C[ρ

(3)] respectively. The next cycle again starts with

isochoric heating part and brings whole system to thermal state given in Eq.(3.2).

This thermal state can be considered as injection state when we first started the

cycle. After, the entire state of our system resets in every cycle with state ρ(3). Our

choice of the order of the cycle steps is not unique and only for description purposes.

As long as the cyclic order of the steps is respected, any of them can be designated
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as a last step.

3.6 Work and Power Output:

The total work done by the working fluid at the end of adiabatic stages can be found

as W = W1 + W2. Alternatively, the same entire work can also be calculated, from

the isochoric stage and algorithmic cooling stage, using the relation; W = Qin −Qout

where, Qin = Tr
[
H

(0)
T (ρ

(0)
T − ρ

(3)
T )
]
, and Qout = Tr

[
H

(1)
T (ρ

(1)
T − ρ

(2)
T )
]

are the heat

absorbed (Qin > 0) and released (−Qout < 0) in these stages. In Fig. 3.4 , we plot the

heat absorbed and released by the target qubit as per rounds of PPA. As the number

of iterations increases, we observe that the absorbed heat increases more than the

heat released. After the first iteration, the target qubit absorbed ∼ 5× 10−7J/mol of

heat and released ∼ 2.5 × 10−7J/mol of heat. As a result, ∼ 2.5 × 10−7J/mol work

was performed. In Fig. 3.4 , after seven iterations, the target qubit almost reaches the

maximum value of the heat that it can absorb or release. Absorbed and released heat

from qubit in the cycle at this iteration is ∼ 3.5× 10−7J/mol and ∼ 7.2× 10−7J/mol.

Then, maximum work output of the cycle is ∼ 3.75× 10−7J/mol.

To see the difference in power output caused by the algorithmic cooling and iso-

choric cooling, we numerically simulated a standard quantum Otto cycle cooled by

isochoric cooling. Here, we imagined cold baths corresponding to the temperatures

in Fig. 3.3, and we take the same parameters as we used for a four-stroke algorithmic

heat engine. In the isochoric heating stage, we used ∼ 300 K hot reservoir. In the

adiabatic stages, we drive the frequency of target qubit (ωT � ω′T ). The states of

the target qubit at the end of isochoric cooling are equivalent to states at the end

of algorithmic cooling. By this way, the work output of this standard QOE cooled

by isochoric stage will be same as the cycle cooled by HBAC. In Fig. 3.5; For a

four-stroke algorithmic heat engine, the work produced by the target qubit rapidly

increases with the number of iterations, it remains constant after a specific iteration

of the PPA. The reason for this behavior is that the HBAC can cool down the target

qubit up to a certain limit [4, 37, 42, 45]. While for a standard QOE, it increases due
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Figure 3.4: (Color online) Heat absorbed and released in a four-stroke cycle by the

target qubit in the isochoric process (Qin) and algorithmic cooling process (Qout) for

per rounds of PPA.

to the temperatures of the imagined cold baths. The amount of work corresponding to

temperatures of ∼ 50K is ∼ 2.5× 10−7J/mol and for ∼ 37K it is ∼ 3.75× 10−7J/mol.

The adiabatic stages of the cycle are fast compared to the isochoric stages for

a quantum Otto cycle using NMR system as its working fluid [35]. Hence, we

can estimate the power output of cycles, only taking isochoric steps and HBAC.

In isochoric stages, we need to wait for the thermalization of target qubit with the

heat bath (τT ). However, in algorithmic cooling stage, the relaxation time of reset

qubit plays an important role. A single iteration of PPA requires two reset process.

Denoting the number of iterations by n, we can write the total time requires to

complete the algorithmic cooling stage as τR(2n+ 1). Since both of the engines have

the same work output, including the isochoric heating stage the power output of the
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Figure 3.5: (Color online) Work obtained, in a four-stroke cycle per number of it-

eration of PPA, from target qubits of one mol of TCE cooled by HBAC. And work

obtained from a mol of qubits, which are cooled by isochoric stage to temperatures

corresponding in Fig 3.3.

algorithmic heat engine becomes

P =
W

(τT + τR(2n+ 1))
, (3.10)

where, τT and τR are relaxation times of the Carbon1 and the Hydrogen qubits

from the Table 3.1, respectively. In the case of standard quantum Otto cycle, the

thermalization time in the cooling stage depends only on τT . Including the isochoric

heating step, the power output becomes

P =
W

2τT
. (3.11)

As long as τR(2n+ 1)) < τT is satisfied, which is the case up to 5th iteration of PPA

with our parameters, then algorithmic heat engines will give more output compared
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to standard QOEs. In Fig. 3.6, we plot power outputs for both heat engines. We

see that the second iteration of PPA gives maximum power output as ∼ 5.2 × 10−9

Watt/mol for algorithmic heat engine. As we can see, the number of iteration of PPA

Figure 3.6: (Color online) Power output for a four-stroke cycle per number of iteration

of PPA, from target qubit of one mol TCE, cooled by HBAC and from a mol of qubits

cooled by isochoric stage to temperatures corresponding in Fig 3.3.

is critical due to the optimum operation of the algorithmic quantum heat engine. More

repetition means more R operation for the cycle so that the time required to complete

the engine increases. As expected, the power output of the four-stroke algorithmic

heat engine decreases as the number of iteration increased. After the fifth iteration

of PPA, the standard QOE using the isochoric cooling stage can dominate the engine

using the algorithmic cooling stage. Accordingly, the optimum choice of the number

of rounds for PPA is two for our four-stroke model system. Such a choice optimizes

the power output of the cycle yielding high power performance.
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It is vital to distinguish the cost paid to generate quantum gates from the cost to

maintain the states of target qubit. The householding cost to maintain states in the

working fluid can reduce thermodynamical efficiency [82, 83]. In our case, we do not

need to maintain target qubit states after the gates we have applied during the HBAC

stage. The cost of generation of quantum gates is not included to thermodynamical

efficiency of engines. Thus, we do not include the cost of algorithmic cooling to the

efficiency of the engines. The efficiency of the cycle is determined by η = 1− ω′T /ωT
and for this engine η = 0.5. Further, to see how the coupling terms affect the engine

work output, we take the interaction terms zero in the Hamiltonian and compare it

with our results. Our numerical simulation shows the coupling between qubits brings

a difference in the 9th order of magnitude to work output. Therefore we can ignore

the effect of reset and compression qubits other than the algorithmic cooling step.
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TWO STROKE ALGORITHMIC QUANTUM HEAT

ENGINE

By saying the two-stroke engine, we remark the original idea of the two-step work

extraction is given in Ref. [5], and it is called there as alternative Otto cycle. The

idea is based upon earlier ones, by Seth Lloyd on NMR implementation of a quantum

Maxwell demon [84]. It allows for genuine, all-quantum algorithmic steps to harvest

work in contrast to the approach of mimicking classical engine cycles in quantum

systems. Alternative Otto cycle is indeed a full quantum alternative to Otto cycle,

it replaces the cooling and adiabatic stages with HBAC and SWAP operations (or

series of CNOT gate operations) and hence we compare it with the Otto cycles. Our

approach is to come up with a quantum machine harvesting incoherent resources by

cyclic quantum operations, analog of quantum computers harvesting coherent (infor-

mation) resources. As the working substance for two-stroke QOEs, we again chose

the target qubit of the 3-qubit system, but with an extra qubit coupled to the target

qubit (see Fig. 4.1). In this engine, we have two qubits considered as working fluids.

4.1 The Working Fluid

We also investigate two-stroke QOE that is proposed in Refs. [5, 18]. To construct

it, we need to take two qubits donated as S and T as the working fluid. First, two

qubits are isolated from each other. One of the qubits contacts with a heat bath at

temperature T until it reaches equilibrium. Our purpose is to cool the other qubit

within the same heat bath utilizing algorithmic cooling. Hence we need another two

qubits for this process as compression qubit and reset qubit. This part is considered

as two isochoric processes for the heat engine. Second, two qubits decouple from
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<latexit sha1_base64="6EE9j08eToPcgcF0vgF+9+xN8mE=">AAAB/HicbZC7TsMwFIZPuJZyK3RkiaiQmKqkC4yFLoxFohepjSrHdVKrvkS2gxRF5VVYGECIlQdh421w2wzQciRLv/7/nGP7CxNGtfG8b2djc2t7Z7e0V94/ODw6rpycdrVMFSYdLJlU/RBpwqggHUMNI/1EEcRDRnrhtDXPe49EaSrFg8kSEnAUCxpRjIy1RpXqDYulombCKXZbUto98ahS8+reotx14ReiBkW1R5Wv4VjilBNhMENaD3wvMUGOlKGYkVl5mGqSIDxFMRlYKRAnOsgXj5+5F9YZu5FU9gjjLtzfEzniWmc8tJ0cmYlezebmf9kgNdF1kFORpIYIvLwoSplrpDsn4Y6pItiwzAqELQILAE+QQthYXmULwV/98rroNuq+V/fvG7XmbYGjBGdwDpfgwxU04Q7a0AEMGTzDK7w5T86L8+58LFs3nGKmCn/K+fwBrn6UxQ==</latexit><latexit sha1_base64="6EE9j08eToPcgcF0vgF+9+xN8mE=">AAAB/HicbZC7TsMwFIZPuJZyK3RkiaiQmKqkC4yFLoxFohepjSrHdVKrvkS2gxRF5VVYGECIlQdh421w2wzQciRLv/7/nGP7CxNGtfG8b2djc2t7Z7e0V94/ODw6rpycdrVMFSYdLJlU/RBpwqggHUMNI/1EEcRDRnrhtDXPe49EaSrFg8kSEnAUCxpRjIy1RpXqDYulombCKXZbUto98ahS8+reotx14ReiBkW1R5Wv4VjilBNhMENaD3wvMUGOlKGYkVl5mGqSIDxFMRlYKRAnOsgXj5+5F9YZu5FU9gjjLtzfEzniWmc8tJ0cmYlezebmf9kgNdF1kFORpIYIvLwoSplrpDsn4Y6pItiwzAqELQILAE+QQthYXmULwV/98rroNuq+V/fvG7XmbYGjBGdwDpfgwxU04Q7a0AEMGTzDK7w5T86L8+58LFs3nGKmCn/K+fwBrn6UxQ==</latexit><latexit sha1_base64="6EE9j08eToPcgcF0vgF+9+xN8mE=">AAAB/HicbZC7TsMwFIZPuJZyK3RkiaiQmKqkC4yFLoxFohepjSrHdVKrvkS2gxRF5VVYGECIlQdh421w2wzQciRLv/7/nGP7CxNGtfG8b2djc2t7Z7e0V94/ODw6rpycdrVMFSYdLJlU/RBpwqggHUMNI/1EEcRDRnrhtDXPe49EaSrFg8kSEnAUCxpRjIy1RpXqDYulombCKXZbUto98ahS8+reotx14ReiBkW1R5Wv4VjilBNhMENaD3wvMUGOlKGYkVl5mGqSIDxFMRlYKRAnOsgXj5+5F9YZu5FU9gjjLtzfEzniWmc8tJ0cmYlezebmf9kgNdF1kFORpIYIvLwoSplrpDsn4Y6pItiwzAqELQILAE+QQthYXmULwV/98rroNuq+V/fvG7XmbYGjBGdwDpfgwxU04Q7a0AEMGTzDK7w5T86L8+58LFs3nGKmCn/K+fwBrn6UxQ==</latexit><latexit sha1_base64="6EE9j08eToPcgcF0vgF+9+xN8mE=">AAAB/HicbZC7TsMwFIZPuJZyK3RkiaiQmKqkC4yFLoxFohepjSrHdVKrvkS2gxRF5VVYGECIlQdh421w2wzQciRLv/7/nGP7CxNGtfG8b2djc2t7Z7e0V94/ODw6rpycdrVMFSYdLJlU/RBpwqggHUMNI/1EEcRDRnrhtDXPe49EaSrFg8kSEnAUCxpRjIy1RpXqDYulombCKXZbUto98ahS8+reotx14ReiBkW1R5Wv4VjilBNhMENaD3wvMUGOlKGYkVl5mGqSIDxFMRlYKRAnOsgXj5+5F9YZu5FU9gjjLtzfEzniWmc8tJ0cmYlezebmf9kgNdF1kFORpIYIvLwoSplrpDsn4Y6pItiwzAqELQILAE+QQthYXmULwV/98rroNuq+V/fvG7XmbYGjBGdwDpfgwxU04Q7a0AEMGTzDK7w5T86L8+58LFs3nGKmCn/K+fwBrn6UxQ==</latexit>

Isochoric Heating
<latexit sha1_base64="702oU1+6IU4kLa+tIUZ/+1CPBR0=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubjcTEitzRaEm0wQ4T+UjgQvaWOdiwt3vZ3dOQk59iY6Extv4SO/+NC1yh4EsmeXlvJjPzwoQzbTzv2ylsbG5t7xR3S3v7B4dHbvm4rWWqKLSo5FJ1Q6KBMwEtwwyHbqKAxCGHTji5mfudB1CaSXFvpgkEMRkJFjFKjJUGbvlWSzqWilHcAKuJ0cCteFVvAbxO/JxUUI7mwP3qDyVNYxCGcqJ1z/cSE2REGUY5zEr9VENC6ISMoGepIDHoIFucPsPnVhniSCpbwuCF+nsiI7HW0zi0nTExY73qzcX/vF5qoqsgYyJJDQi6XBSlHBuJ5zngIVNADZ9aQqhi9lZMx0QRamxaJRuCv/ryOmnXqr5X9e9qlfp1HkcRnaIzdIF8dInqqIGaqIUoekTP6BW9OU/Oi/PufCxbC04+c4L+wPn8AQock9Y=</latexit><latexit sha1_base64="702oU1+6IU4kLa+tIUZ/+1CPBR0=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubjcTEitzRaEm0wQ4T+UjgQvaWOdiwt3vZ3dOQk59iY6Extv4SO/+NC1yh4EsmeXlvJjPzwoQzbTzv2ylsbG5t7xR3S3v7B4dHbvm4rWWqKLSo5FJ1Q6KBMwEtwwyHbqKAxCGHTji5mfudB1CaSXFvpgkEMRkJFjFKjJUGbvlWSzqWilHcAKuJ0cCteFVvAbxO/JxUUI7mwP3qDyVNYxCGcqJ1z/cSE2REGUY5zEr9VENC6ISMoGepIDHoIFucPsPnVhniSCpbwuCF+nsiI7HW0zi0nTExY73qzcX/vF5qoqsgYyJJDQi6XBSlHBuJ5zngIVNADZ9aQqhi9lZMx0QRamxaJRuCv/ryOmnXqr5X9e9qlfp1HkcRnaIzdIF8dInqqIGaqIUoekTP6BW9OU/Oi/PufCxbC04+c4L+wPn8AQock9Y=</latexit><latexit sha1_base64="702oU1+6IU4kLa+tIUZ/+1CPBR0=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubjcTEitzRaEm0wQ4T+UjgQvaWOdiwt3vZ3dOQk59iY6Extv4SO/+NC1yh4EsmeXlvJjPzwoQzbTzv2ylsbG5t7xR3S3v7B4dHbvm4rWWqKLSo5FJ1Q6KBMwEtwwyHbqKAxCGHTji5mfudB1CaSXFvpgkEMRkJFjFKjJUGbvlWSzqWilHcAKuJ0cCteFVvAbxO/JxUUI7mwP3qDyVNYxCGcqJ1z/cSE2REGUY5zEr9VENC6ISMoGepIDHoIFucPsPnVhniSCpbwuCF+nsiI7HW0zi0nTExY73qzcX/vF5qoqsgYyJJDQi6XBSlHBuJ5zngIVNADZ9aQqhi9lZMx0QRamxaJRuCv/ryOmnXqr5X9e9qlfp1HkcRnaIzdIF8dInqqIGaqIUoekTP6BW9OU/Oi/PufCxbC04+c4L+wPn8AQock9Y=</latexit><latexit sha1_base64="702oU1+6IU4kLa+tIUZ/+1CPBR0=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubjcTEitzRaEm0wQ4T+UjgQvaWOdiwt3vZ3dOQk59iY6Extv4SO/+NC1yh4EsmeXlvJjPzwoQzbTzv2ylsbG5t7xR3S3v7B4dHbvm4rWWqKLSo5FJ1Q6KBMwEtwwyHbqKAxCGHTji5mfudB1CaSXFvpgkEMRkJFjFKjJUGbvlWSzqWilHcAKuJ0cCteFVvAbxO/JxUUI7mwP3qDyVNYxCGcqJ1z/cSE2REGUY5zEr9VENC6ISMoGepIDHoIFucPsPnVhniSCpbwuCF+nsiI7HW0zi0nTExY73qzcX/vF5qoqsgYyJJDQi6XBSlHBuJ5zngIVNADZ9aQqhi9lZMx0QRamxaJRuCv/ryOmnXqr5X9e9qlfp1HkcRnaIzdIF8dInqqIGaqIUoekTP6BW9OU/Oi/PufCxbC04+c4L+wPn8AQock9Y=</latexit>
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<latexit sha1_base64="p5d+U0qGtFLve5xjhwC1kSEHiQw=">AAAB+HicbVDLTgIxFL2DL8QHoy7dNIIJbsgMG10S3LDEhFcCE9IpHWjodCZtxwQnfIkbFxrj1k9x599YYBYKnqTJyTn35p4eP+ZMacf5tnI7u3v7B/nDwtHxyWnRPjvvqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+f3S/93iOVikWirecx9UI8ESxgBGsjjexik2KNGlhPUaXcLt+M7JJTdVZA28TNSAkytEb213AckSSkQhOOlRq4Tqy9FEvNCKeLwjBRNMZkhid0YKjAIVVeugq+QNdGGaMgkuYJjVbq740Uh0rNQ99Mhiai2vSW4n/eINHBnZcyESeaCrI+FCQc6QgtW0BjJinRfG4IJpKZrIhMscREm64KpgR388vbpFuruk7VfaiV6o2sjjxcwhVUwIVbqEMTWtABAgk8wyu8WU/Wi/VufaxHc1a2cwF/YH3+ACQikW0=</latexit><latexit sha1_base64="p5d+U0qGtFLve5xjhwC1kSEHiQw=">AAAB+HicbVDLTgIxFL2DL8QHoy7dNIIJbsgMG10S3LDEhFcCE9IpHWjodCZtxwQnfIkbFxrj1k9x599YYBYKnqTJyTn35p4eP+ZMacf5tnI7u3v7B/nDwtHxyWnRPjvvqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+f3S/93iOVikWirecx9UI8ESxgBGsjjexik2KNGlhPUaXcLt+M7JJTdVZA28TNSAkytEb213AckSSkQhOOlRq4Tqy9FEvNCKeLwjBRNMZkhid0YKjAIVVeugq+QNdGGaMgkuYJjVbq740Uh0rNQ99Mhiai2vSW4n/eINHBnZcyESeaCrI+FCQc6QgtW0BjJinRfG4IJpKZrIhMscREm64KpgR388vbpFuruk7VfaiV6o2sjjxcwhVUwIVbqEMTWtABAgk8wyu8WU/Wi/VufaxHc1a2cwF/YH3+ACQikW0=</latexit><latexit sha1_base64="p5d+U0qGtFLve5xjhwC1kSEHiQw=">AAAB+HicbVDLTgIxFL2DL8QHoy7dNIIJbsgMG10S3LDEhFcCE9IpHWjodCZtxwQnfIkbFxrj1k9x599YYBYKnqTJyTn35p4eP+ZMacf5tnI7u3v7B/nDwtHxyWnRPjvvqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+f3S/93iOVikWirecx9UI8ESxgBGsjjexik2KNGlhPUaXcLt+M7JJTdVZA28TNSAkytEb213AckSSkQhOOlRq4Tqy9FEvNCKeLwjBRNMZkhid0YKjAIVVeugq+QNdGGaMgkuYJjVbq740Uh0rNQ99Mhiai2vSW4n/eINHBnZcyESeaCrI+FCQc6QgtW0BjJinRfG4IJpKZrIhMscREm64KpgR388vbpFuruk7VfaiV6o2sjjxcwhVUwIVbqEMTWtABAgk8wyu8WU/Wi/VufaxHc1a2cwF/YH3+ACQikW0=</latexit><latexit sha1_base64="p5d+U0qGtFLve5xjhwC1kSEHiQw=">AAAB+HicbVDLTgIxFL2DL8QHoy7dNIIJbsgMG10S3LDEhFcCE9IpHWjodCZtxwQnfIkbFxrj1k9x599YYBYKnqTJyTn35p4eP+ZMacf5tnI7u3v7B/nDwtHxyWnRPjvvqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+f3S/93iOVikWirecx9UI8ESxgBGsjjexik2KNGlhPUaXcLt+M7JJTdVZA28TNSAkytEb213AckSSkQhOOlRq4Tqy9FEvNCKeLwjBRNMZkhid0YKjAIVVeugq+QNdGGaMgkuYJjVbq740Uh0rNQ99Mhiai2vSW4n/eINHBnZcyESeaCrI+FCQc6QgtW0BjJinRfG4IJpKZrIhMscREm64KpgR388vbpFuruk7VfaiV6o2sjjxcwhVUwIVbqEMTWtABAgk8wyu8WU/Wi/VufaxHc1a2cwF/YH3+ACQikW0=</latexit>

SWAP
<latexit sha1_base64="CjRfjX6OO/mfLkH09y4Gl5SEeJA=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWa60WXVjcuK9gHtIJk004YmmSHJCGXoL7hxoYhbf8idf2OmnYW2HggczjmX3HvCRHBjPe8bldbWNza3ytuVnd29/YPq4VHHxKmmrE1jEeteSAwTXLG25VawXqIZkaFg3XByk/vdJ6YNj9WDnSYskGSkeMQpsbl0371qPVZrXt2bA68SvyA1KODyX4NhTFPJlKWCGNP3vcQGGdGWU8FmlUFqWELohIxY31FFJDNBNt91hs+cMsRRrN1TFs/V3xMZkcZMZeiSktixWfZy8T+vn9roMsi4SlLLFF18FKUC2xjnh+Mh14xaMXWEUM3drpiOiSbUunoqrgR/+eRV0mnUfa/u3zVqzeuijjKcwCmcgw8X0IRbaEEbKIzhGV7hDUn0gt7RxyJaQsXMMfwB+vwBfd2N2w==</latexit><latexit sha1_base64="CjRfjX6OO/mfLkH09y4Gl5SEeJA=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWa60WXVjcuK9gHtIJk004YmmSHJCGXoL7hxoYhbf8idf2OmnYW2HggczjmX3HvCRHBjPe8bldbWNza3ytuVnd29/YPq4VHHxKmmrE1jEeteSAwTXLG25VawXqIZkaFg3XByk/vdJ6YNj9WDnSYskGSkeMQpsbl0371qPVZrXt2bA68SvyA1KODyX4NhTFPJlKWCGNP3vcQGGdGWU8FmlUFqWELohIxY31FFJDNBNt91hs+cMsRRrN1TFs/V3xMZkcZMZeiSktixWfZy8T+vn9roMsi4SlLLFF18FKUC2xjnh+Mh14xaMXWEUM3drpiOiSbUunoqrgR/+eRV0mnUfa/u3zVqzeuijjKcwCmcgw8X0IRbaEEbKIzhGV7hDUn0gt7RxyJaQsXMMfwB+vwBfd2N2w==</latexit><latexit sha1_base64="CjRfjX6OO/mfLkH09y4Gl5SEeJA=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWa60WXVjcuK9gHtIJk004YmmSHJCGXoL7hxoYhbf8idf2OmnYW2HggczjmX3HvCRHBjPe8bldbWNza3ytuVnd29/YPq4VHHxKmmrE1jEeteSAwTXLG25VawXqIZkaFg3XByk/vdJ6YNj9WDnSYskGSkeMQpsbl0371qPVZrXt2bA68SvyA1KODyX4NhTFPJlKWCGNP3vcQGGdGWU8FmlUFqWELohIxY31FFJDNBNt91hs+cMsRRrN1TFs/V3xMZkcZMZeiSktixWfZy8T+vn9roMsi4SlLLFF18FKUC2xjnh+Mh14xaMXWEUM3drpiOiSbUunoqrgR/+eRV0mnUfa/u3zVqzeuijjKcwCmcgw8X0IRbaEEbKIzhGV7hDUn0gt7RxyJaQsXMMfwB+vwBfd2N2w==</latexit><latexit sha1_base64="CjRfjX6OO/mfLkH09y4Gl5SEeJA=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWa60WXVjcuK9gHtIJk004YmmSHJCGXoL7hxoYhbf8idf2OmnYW2HggczjmX3HvCRHBjPe8bldbWNza3ytuVnd29/YPq4VHHxKmmrE1jEeteSAwTXLG25VawXqIZkaFg3XByk/vdJ6YNj9WDnSYskGSkeMQpsbl0371qPVZrXt2bA68SvyA1KODyX4NhTFPJlKWCGNP3vcQGGdGWU8FmlUFqWELohIxY31FFJDNBNt91hs+cMsRRrN1TFs/V3xMZkcZMZeiSktixWfZy8T+vn9roMsi4SlLLFF18FKUC2xjnh+Mh14xaMXWEUM3drpiOiSbUunoqrgR/+eRV0mnUfa/u3zVqzeuijjKcwCmcgw8X0IRbaEEbKIzhGV7hDUn0gt7RxyJaQsXMMfwB+vwBfd2N2w==</latexit>

S
<latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Hp1DlEWHhu9J9M4NNOGdbePfr+w=">AAAB53icbVBNSwMxFHxbv2qtWr16CRbBU9n1okfBi8eK9gO2S8mm2TY0myzJW6Es/RlePCjiP/LmvzHb9qCtA4Fh5j0yb+JMCou+/+1VtrZ3dveq+7WD+uHRceOk3rU6N4x3mJba9GNquRSKd1Cg5P3McJrGkvfi6V3p9565sUKrJ5xlPErpWIlEMIpOCgcpxQmjsnicDxtNv+UvQDZJsCJNWKE9bHwNRprlKVfIJLU2DPwMo4IaFEzyeW2QW55RNqVjHjqqaMptVCwiz8mFU0Yk0cY9hWSh/t4oaGrtLI3dZBnRrnul+J8X5pjcRIVQWY5cseVHSS4JalLeT0bCcIZy5ghlRrishE2ooQxdSzVXQrB+8ibpXrUCvxU8+FCFMziHSwjgGm7hHtrQAQYaXuAN3j30Xr2PZV0Vb9XbKfyB9/kDSB+QDA==</latexit><latexit sha1_base64="Hp1DlEWHhu9J9M4NNOGdbePfr+w=">AAAB53icbVBNSwMxFHxbv2qtWr16CRbBU9n1okfBi8eK9gO2S8mm2TY0myzJW6Es/RlePCjiP/LmvzHb9qCtA4Fh5j0yb+JMCou+/+1VtrZ3dveq+7WD+uHRceOk3rU6N4x3mJba9GNquRSKd1Cg5P3McJrGkvfi6V3p9565sUKrJ5xlPErpWIlEMIpOCgcpxQmjsnicDxtNv+UvQDZJsCJNWKE9bHwNRprlKVfIJLU2DPwMo4IaFEzyeW2QW55RNqVjHjqqaMptVCwiz8mFU0Yk0cY9hWSh/t4oaGrtLI3dZBnRrnul+J8X5pjcRIVQWY5cseVHSS4JalLeT0bCcIZy5ghlRrishE2ooQxdSzVXQrB+8ibpXrUCvxU8+FCFMziHSwjgGm7hHtrQAQYaXuAN3j30Xr2PZV0Vb9XbKfyB9/kDSB+QDA==</latexit><latexit sha1_base64="FxKDNHdCFLuu2l8XAJWkaSXC/nQ=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0m86LHoxWNFWwtpKJvtpl262Q27L0IJ/RlePCji1V/jzX/jps1BWwcWhpn32HkTpYIb9Lxvp7K2vrG5Vd2u7ezu7R/UD4+6RmWasg5VQuleRAwTXLIOchSsl2pGkkiwx2hyU/iPT0wbruQDTlMWJmQkecwpQSsF/YTgmBKR388G9YbX9OZwV4lfkgaUaA/qX/2holnCJFJBjAl8L8UwJxo5FWxW62eGpYROyIgFlkqSMBPm88gz98wqQzdW2j6J7lz9vZGTxJhpEtnJIqJZ9grxPy/IML4Kcy7TDJmki4/iTLio3OJ+d8g1oyimlhCquc3q0jHRhKJtqWZL8JdPXiXdi6bvNf07r9G6Luuowgmcwjn4cAktuIU2dICCgmd4hTcHnRfn3flYjFaccucY/sD5/AGKaJFl</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit>
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Figure 4.1: (Color online) Two-stroke algorithmic quantum heat engine operating in

a single heat bath at temperature T . It has an isochoric heating process, and the

algorithmic cooling process happens at the same time. Then, one adiabatic process

using SWAP operation.

the heat bath. Then, the SWAP operation is performed between these two qubits

(see Fig. 4.2). Local Hamiltonian of the qubit S and qubit T can be written as

HS = −~ωSIz and HT = −~ωT Iz, respectively. Density matrix of qubit S, at the

end of the isochoric stage is a thermalized state given by ρ
(1)
S = e−βHS/Z. For the

algorithmic cooling, again we take a system with Hamiltonian given in Eq. (3.1).

Initially, assume that this three-qubit system is in a thermal equilibrium state (ρ(1))

with the heat at temperature T = 300 K. Then we can cool down the qubit T , using

the algorithmic cooling given in the Sec. 2.5. The density matrix of qubit T at the

end of HBAC can be written as ρ
(1)
T = TrC,R

[
ρ(1,5)

]
. It is assumed that the coupling

between S and T qubits are small compared to ωS and ωT . Thus, the density matrix

of the total working fluid can be expressed as

ρ
(1)
S,T ≈ ρ

(1)
S ⊗ ρ

(1)
T . (4.1)
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Figure 4.2: Quantum circuit demonstrating the two-stroke heat bath algorithmic

cooled quantum Otto engine. |S〉 stands for qubit S and |T 〉 for qubit T . Here,

isochoric heating demonstrated as R operation and applied only one time on qubit

S. For qubit T , PPA applied, and it is given in Sec. 2.5. After these two processes

finished the SWAP operation applied between two qubits and the cycle is completed

with the adiabatic process.

In the adiabatic process, a SWAP gate is applied to exchange the states of S and T

qubits

ρ
(2)
S,T = SWAP

(
ρ
(1)
S,T

)
SWAP†. (4.2)

At the end of the cycle, density matrices of individual qubits become

ρ
(2)
S = TrT

[
ρ
(2)
S,T

]
, ρ

(2)
T = TrS

[
ρ
(2)
S,T

]
. (4.3)

4.2 Work and Power Output

Heat absorbed by the qubit S calculated as follows

Qin = Tr
[
HS(ρ

(1)
S − ρ

(2)
S )
]
, (4.4)
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and the heat released by the qubit T is

Qout = Tr
[
HT (ρ

(2)
T − ρ

(1)
T )
]
. (4.5)

The net work is evaluated by W = Qin − Qout, with efficiency η = 1 − ωT /ωS . To

get a positive work, the frequency of qubit S needs to be higher than the frequency

of the qubit T (ωS > ωT ). In addition, T > TT (ωS/ωT ) needs to be satisfied. Here

TT is the temperature of target qubit in HBAC. Positive work conditions than can

be expressed as

ωT < ωS < ωT
T

TT
. (4.6)

The work output of the two-stroke algorithmic quantum heat engine depends

on the ωS and the number of iteration applied in the algorithmic cooling process.

Fig. 4.3 shows the relation between the work output and ωS , for different number

of iterations. When the number of iterations of the PPA increases, the best work

output also increases. However, after some iteration, it remains almost constant due

to limiting of the PPA to cool the qubit T . It is found that for 580 MHz, we almost

get the best work output at 5th iteration as ∼ 3.0× 10−6 J/mol. But this frequency

does not give us the best work output at 1st iteration. With 430 MHz frequency, we

get ∼ 1.5× 10−6 J/mol maximum work output in the 1st iteration.

The adiabatic stage is evaluated by a SWAP operation, which is fast compared to

the HBAC. Relaxation time of the S qubit may be estimated by considering spectral

density functions J(ω, tc), where tc is the correlation time [49, 85]. If we look for

the optimum power output, the ωS is close to the frequency of the R qubit. If the

environmental effects are the same, tc may be assumed to be the same for theR and S

qubit. As a result, we can say that the S qubit is thermalized until the HBAC process

is complete. Thus, estimation of the power output for a two-stroke algorithmic heat

engine depends only on the algorithmic cooling stage. Then, we can write power

output as

P =
W

τR(2n+ 1)
(4.7)
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Figure 4.3: (Color online) Positive work obtained in two-strokes HBAC-QOE as a

function of ωS . The legend of the plot shows the number of rounds of PPA applied

to qubit T and the direction of the arrow indicates an increase in work output from

1st iteration to 8th iteration.

considering the relaxation time of reset qubit and the number of iterations of PPA.

The relaxation time of Hydrogen (τR) is given in Table 3.1. In Fig. 4.4, we plotted the

power output based on the frequency of S qubit for different iteration numbers. As

expected, the power of the two-stoke algorithmic machine decreases as the number

of iterations increases in contrast to the work. The optimum value is given as ∼

1.47× 10−7 Watt/mol during the 1st iteration with 430 MHz frequency of S qubit. If

we compare these results to four-stroke quantum Otto cycles both cooled by HBAC

and isochoric cooling, we see that the two-stroke cycle gives more work and power

output. The efficiency of the cycle as a function of ωS is given above. Taking the

optimum value for the power output during the 1st iteration with 430 MHz frequency
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of qubit S, we find the efficiency of the two-stroke machine as 0.7. In the HBAC at

this iteration, our target qubit cooled the temperature of ∼ 27K and qubit S was in a

heat bath at temperature ∼ 300K. If we look at the maximum efficiency at maximum

power as ηme = 1−
√
TT /TS given by Curzon and Ahlborn [86], for these parameter

it can be found as 0.7. Therefore, our results is also in the limit of this efficiency.

Based on these results, we can say that the two-stroke algorithmic heat engine is more

efficient than four-stroke cycles.

Figure 4.4: (Color online) Power output obtained in a two-stroke quantum Otto cycle

for the different number of iterations of PPA as a function of ωS . The legend of the

plot shows the number of rounds of PPA applied to qubit T and the direction of the

arrow indicates an increase in the power output from 8th iteration to 1st iteration.

To compare the algorithmic and the standard two-stroke heat engines, we again

consider a two stroke machine cooled with isochoric cooling. For isochoric cooling, we

imagined cold heat baths for temperatures corresponding to the algorithmic cooling
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results for each iteration. When isochoric heating and adiabatic parts are applied in

the same way, the work outputs that we get will be the same in these two machines.

Assuming that the qubit S is thermalized faster than the qubit T during isochoric

cooling, the power output of this standard two-stroke heat engine can only be de-

termined by the thermalization time of the qubit T as P = W/τT . We can say; If

τR(2n+ 1)¡ τT is satisfied, which is the case up to the 5th iterations of PPA with

these parameters, our two-stroke algorithmic quantum heat engine gives more power

output. Also, the second, lower temperature bath is challenging to implement in the

context of NMR systems, and that’s why our main objective is to be able to harvest

work out of the single common environment using HBAC.



Chapter 5

CONCLUSIONS

We have investigated the possible quantum Otto engines implementing HBAC

instead of isochoric cooling. Conventional NMR setups do not let to change strength

(huge) magnetic field along the z direction. To solve this restriction, NMR setup can

be modified to change the strong magnetic field via gradient coils such as Magnetic

Resonance Imaging (MRI) system. Besides, the sample always in a single entropy sink

in NMR systems. This is a critical challenge to design QOEs, which requires two heat

bath to extract work from NMR qubits. Using HBAC allows us to cool the working

fluid in a single heat bath. Here we specifically showed this cooling process could be

implemented to four-stroke and two-stroke QOEs. The isochoric cooling process of

the cycle takes too much time compared to the HBAC. Comparing our results with a

single spin NMR heat engine, utilizing the HBAC to QOEs improves the power output

of the cycles up to a particular iteration of PPA. By using SWAP operations in place

of adiabatic stages and HBAC instead of isochoric cooling a completely algorithmic

quantum heat engine, which can be more powerful and fast relative to those based

upon traditional heat engine cycles, is proposed. Such engines offer programmable

quantum heat engines as analogs of quantum computers but for efficient harvesting

and processing incoherent resources rather than coherent information resources.



Appendix A

COST OF HEAT BATH ALGORITHMIC COOLING

The cost of cooling target qubit using the HBAC in the engine examined by the

coherent operations (radio frequency field (rf) applied externally to the system). Cost

of coherent operations treated as the free energy change of the system [87–89] or can

be estimated from absorption power of rf field applied to generate quantum gates.

A.1 Coherent Operations:

From Sec. 2.5.1, we know the states before and after the SWAP and COMP operations.

Since the entropy of the whole system is invariant under a unitary operation, the free

energy change for the first SWAP will be

∆F = Tr
[
H(1)(ρ(1,1) − ρ(1,0))

]
. (A.1)

In the iterative part of PPA, for the first SWAP it will be

∆F ′ = Tr
[
H(1)(ρ(1,3) − ρ(1,2))

]
, (A.2)

and for COMP operation

∆F ′′ = Tr
[
H(1)(ρ(1,5) − ρ(1,4))

]
. (A.3)

The total free energy change due to unitary operations will be

∆Ftot = ∆F + ∆F ′ + ∆F ′′ (A.4)

In Fig. A.1, we plot total free energy change due to rounds of algorithmic cooling.

From the plot we can see that our cost for unitary operations is above the work we
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Figure A.1: (Color online) The total cost of cooling the target qubit by HBAC. It is

obtained by the free energy change due to unitary operations.

gained from four stroke algorithmic heat engines, and for a single iteration, our cost

is around ∆F ∼ 1.2× 10−6 J/mol. After each unitary evolution in HBAC, the reset

qubit is non-equilibrium with the heat bath. So, R operation is done by the bath,

and heat released from the reset qubit to the thermal environment.

A.2 Rf Field Absorption Energy:

For a single pulse, we can calculate absorption energy, by a single qubit, using non-

relativistic Fermi’s Golden rule [49]. Unperturbed local Hamiltonian of the single

qubit after adiabatic compression is H
(1)
i = −~ω′iIz. And the rf Hamiltonian as a
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perturbation can be written as

Hrf =
1

2
γi~Brf

(
I+e

−iωt + I−e
iωt
)

(A.5)

For spin 1/2 system transition probability can be found as

W− 1
2
→ 1

2
=
π

2
γ2B2

rff(ω) (A.6)

where, f(ω) is related with shape of the pulse
∫
f(ω)dω = 1. For instance, for

the Lorentz shape it is described as f(ω) = τ2/π(1 + (ω − ω′i)2τ 22 ) Here, τ2 is the

transverse relaxation time. Usually, ω = ω′i and f(ω) = τ2/π. If the difference in

populations in a heat bath at temperature T can be written as ∼ ~ω′i/(2kBT ), then

the amount of rf field energy absorbed per unit time by single qubit can be found as

P = ~ω′i
(

~ω′i
2kBT

)
W− 1

2
→ 1

2

=
π~2ω′2i
4kBT

(γ2iB
2
rf )f(ω)

Now we can determine pulse duration as θp = γiBrf tp and for π/2 pulse is can be

found as tp = π/(2γiBrf ). So total absorbed energy for single qubit will be

Eabs = Ptp =
π~2ω′2i
8kBT

(γiBrf )τ2 (A.7)

Radio frequency field is applied only one qubit during a CNot gate and the NMR

pulse sequence of the CNot given as Rx(π/2)U(1/2J)Ry(π/2), where Ri(θp) is the

rotation matrix applied in ith direction, and U is the unitary evolution due to the

coupling of two qubits [47]. According to the first qubit orientation, the second qubit

reversed or not reversed. For a single CNot, we need to apply two pulses in x and y

direction. SWAP operation also can be decomposed into three CNot gate. So for a

single SWAP, one needs six pulses, and for COMP gate we can assume it is around 10.

In total, we approximately need 25 pulses for a single iteration of algorithmic cool-

ing. At this stage, frequencies of target and compression qubit ω′T ,C ≈ 63 MHz, and

for reset qubit ω′R ≈ 250 MHz. The temperature of the bath is 300 K. To estimate

a rough result for a typical Liquid State NMR system taking ω′i ∼ 100 MHz, and
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assuming γiBrf ∼ 103 Hz, and τ2 ∼ 10 msec, we can find the total energy absorbed

by single TCE molecule during cooling process as Etot ∼ 2.6× 10−30 J. For 1 mol of

TCE, it can be easily estimated as Etot ∼ 1.6×10−6 J/mol. This result is pretty close

to above found by Eq.(A.4) for a single iteration.

A.3 Rf Field Energy:

We can also estimate the total energy given by every pulse due to the magnetic field.

Since there will be losses to the environment, rf field energy that we applied will be

higher than the free energy change or absorption energy by spins. The energy density

of the applied magnetic field can be written as

u =
1

2µ0

|Brf |2 (A.8)

Local pulse intensity is just multiplying this expression with c (speed of the field in

vacuum).

Ip = cu =
c

2µ0

|Brf |2 (A.9)

For a beam with a width of δ, the pulse energy can be written

Up = Ipπ(δ/2)2tp (A.10)

Here, width δ is directly related with rf coil diameter and assuming it is δ ∼ 1 cm.

Again pulse duration tp = π/(2γBrf ) sec, µ0 = 4π×10−7 Tm/A give us Up ∼ 9×10−3

J.

As a result, we have W < ∆F < Up. Thus, our calculation of the cost of cooling

the target qubit give us a result larger than the work output of the quantum Otto

engines and verifies the thermodynamical constraints.
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