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ABSTRACT

In this thesis, we suggest alternative quantum Otto engines, using heat bath algo-
rithmic cooling with partner pairing algorithm instead of isochoric cooling and quan-
tum SWAP operations instead of quantum adiabatic processes. Liquid state nuclear
magnetic resonance systems in a single entropy sink are threated as working fluids.
The extractable work and thermal efficiency are analyzed in detail for four-stroke and
two-stroke type of alternative quantum Otto engines. The role of the heat bath algo-
rithmic cooling in these cycles is to use a single entropy sink instead of two so that
a single incoherent energy resource can be harvested and processed using algorithmic
quantum heat engine. Our results indicate a path to programmable quantum heat
engines as analogues of quantum computers beyond traditional heat engine cycles.
We find that for our NMR system example, implementation of quantum algorithmic

heat engine stages yields more power due to increased cycle speeds [1].
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OZETCE

Bu tez calismasinda kuantum Otto dongiisiine alternatif bir yontem oOneriyoruz.
[zokorik sogutma yerine eg eslestirmeli algoritmali 1s1 banyosu algoritma sogutmasi
ve kuantum adyabatik stire¢ yerine de kuantum degistirme operatorlerini kullandik.
Arac1 akigkan olarak ise tek entropili 1s1 emicideki sivi haldeki niikleer manyetik rezo-
nans sistemlerini kullandik. Elde edilebilen ig ve termal verimligi 4 zamanh ve 2 za-
manli kuantum Otto dongtileri igin inceledik. Is1 banyosunun algoritmik sogutmadaki
islevi motor ¢evrimlerinde ¢ift yerine tek entropili 1s1 emici kullanarak esevresiz enerji
kaynaklarinin da hem depolanabilmesi hem de iglenebilmesidir. Sonuglarimiz pro-
gramlanabilir kuantum 1s1 makinelerinin geleneksel 1s1 makineleri ¢evrimlerindense
kuantum bilgisayarlara benzer sekilde olduguna igaret ediyor. NMR sistemi 6rnegimizde
kuantum algoritmik 1s1 motorunun uygulanmasi artan dongii hizi sebebiyle daha fazla

giic elde ettik.
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Chapter 1

INTRODUCTION

With the advances of miniaturized information and energy devices, the question of
whether using a quantum system to harvest a classical resource can have an advantage
over a classical harvester has gained much attention in recent years [5, 5-10, 10-28].
The argument is more or less settled in the case of quantum information devices, and
the main challenge remained is their efficient implementation. In typical quantum
information devices, both the inputs and the algorithmic steps of operation are of
completely quantum nature. In contrast, quantum energy devices process incoherent
inputs and they operate with thermodynamical processes being quantum analogues of
their classical counterparts. The quantum superiority in such a thermal device reveals
itself when the resource has some quantum character, for example, squeezing [29,
30], or when the harvester has profound quantum nature, for example, quantum
correlations [31, 32]. Studies of both cases are limited to machine processes analogues
of classical thermodynamical ones. Here we ask how can we use genuine quantum
steps in the machine operation and if we can do so what are the quantum advantages

we can get.

As a specific system to explore completely quantum steps in thermal quantum
device operation we examine an NMR system. Very recently NMR quantum heat
engines become experimentally available [33, 34]. Power outputs of these machines
are not optimized. One can use non-classical resources, though such a resource would
not be natural and may require some generation cost reducing overall operational
efficiency. Alternatively one can use dynamical shortcuts to speeding up adiabatic

transformations [35] but this would increase experimental complexity, and moreover
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in NMR thermalization is more seriously slow step reducing the power output of the

NMR machines.

Here, we propose to replace adiabatic steps by SWAP operations while the cooling
step by an algorithmic cooling [2-4, 36-46]. By this way, NMR thermal device oper-
ation would closely resemble an NMR quantum computer [47-50] albeit processing a
completely noisy input. We remark that there will be only the classical energy source
as the input to the machine, while the second heat bath required by the second law
of thermodynamics for work production would be an effective one, engineered by a
spin ensemble, typical in the algorithmic cooling scheme. In addition to engine cycles,

NMR systems were also proposed for studies of single-shot thermodynamics [51].

Our scheme allows us to provide at least one answer, in the context of NMR heat
engines, to the question of how to implement genuine quantum steps in quantum
machine operation to harvest a classical energy source. In addition, our calculations
suggest that compared to the NMR engine with standard thermodynamical steps
quantum algorithmic NMR engine produce more power. The advantage comes from
replacing the long-time isochoric cooling process with the more efficient and fast
algorithmic cooling stage. We provide systematic investigation by first examining the
case of standard Otto cycle as a benchmark then introduce the algorithmic cooling
stage instead of isochoric cooling one, and finally introduce the SWAP operation stages
instead of the adiabatic transformations. Our results here can be seen as an example
for a broader fundamental perspective that quantum computation processes can be
used for efficient harvesting and processing both the coherent information and the
incoherent energy resources. From a practical point of view our approach suggests that
quantum heat engines can be programmed as analogue quantum computers beyond

traditional engine cycles.

In this thesis, quantum thermodynamic processes and quantum heat engines,
which are the quantum mechanical counterparts of classical thermodynamic processes
and heat engines, are discussed. The algorithmic quantum Otto engines were sim-

ulated with the help of heat bath algorithmic cooling technique by considering a
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applicable molecule on NMR, a physical system, and the necessary protocols were ex-
plained. In addition, using the quantum Otto cycle, work and efficiency calculations
were made on NMR spin systems and the effects of the parameters in the model on
the cycle were explained.

The organization of the thesis is as follows. We introduced the background for
algorithmic heat engines in Chap. 2. In Chap. 3, we have explained the four stroke
algorithmic quantum heat engines. Efficiency, work, and power output of the engine
is discussed. The two-stroke-type algorithmic engine results are given in Chap. 4. We
conclude in Chap. 5. The details of the cost of cooling using HBAC with a partner
pairing algorithm (PPA) are given in Appendix A.



Chapter 2

BACKGROUND

In this chapter, we will briefly give the theoretical information about quantum me-
chanical foundations, open and closed quantum system dynamics, quantum thermody-

namics, quantum information processing and heat bath algorithmic cooling method.

2.1 Quantum Mechanics; Closed Quantum Systems

In non-relativistic quantum mechanics, the evolution of the isolated quantum system
can be described by the Schrodinger, the Heisenberg, and the interaction (Dirac)
pictures [52-58]. In the Schrodinger picture time evolution operator affects the state
vectors, while in the Heisenberg picture, instead of state vectors, observables evolve
in time. For a given Hamiltonian H, energy eigen vectors |¢;) form a complete basis
set in the Hilbert space [59]. We can obtain eigen vectors from eigenvalue equation

as
F[WJ = Ez|¢z> (2-1)

A pure state |¥) can be defined as superposition state from the energy eigenstates as

W) = ZQ‘WQ (2.2)

7

with normalization condition (¥|W) = I, where ¢; are complex numbers. The pure

states evolves in time due to the Schrodinger equation as
0
tho [2(t)) = H()[L()) (2.3)

where £ is the Planck’s constant and we can set it to the 1 for simplicity. The solution

of the equation easly can be written as |V (t)) = U(t,t9)|V(to)) where U(t,1y) is the



Chapter 2: Background )

unitary time evolution operator, which transform the initial state |¥U(to)) at to to final
state |W(t)) at time ¢. Initially the unitary operator is identity U(tg,%y) = I. If the

Hamiltonian is time independent then the unitary evolution becomes
Ult, tg) = e =) (2.4)

For the time dependent Hamiltonian it can be represented as a time ordering expo-

nential
U(t, to) = T edio @ H) (2.5)

where T is the time ordering operator. Before continue further, I will introduce density
matrix formalism. It is first described by J. von Neumann in 1927. Let us consider an
ensemble of an quantum system. If it is pure ensemble, every member of the ensemble
characterized by the same state. On the other hand, for a mixed ensemble, parts of
the population with some weights w; are in the same states. One can easily see that
the mixed ensemble can be considered as a mixture of pure ensembles. If we have an

observable O, using the statistical weights w; we can write ensemble average of O as
((0)) = sz<‘1’z|(9|‘l’z> (2.6)

Now using a more general complete basis {|c;)} in Hilbert space we can write

{0) = Zw Z(‘I’ilaj>(aj!0|ak><04k!‘1’i>

=3 (lolay) (a;10]a)

Ik

= Tr(p0O)

where the density matrix defined as p = Y, w;|¥;)(¥;|. Since the statistical weights

satisfy the normalization condition, density matrix also satisfies Tr(p) = 1. In case
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of a pure state, one of the weights can be considered as one and others become zero,
and p?> = p with Tr(p?) = 1. For a mixed state, p> # p and Tr(p®) < 1. The time
dependent form of the density matrix can be written as p(t) = >, w;|¥;, t)(¥;, t|. We

can easily find the equation of motion for the density matrix using Eq. 2.3 as

= S (w4 1900 G0

.JZW —H| U, t)(T;, t] + [T, £)(T;, t|H)

= _i[H7 P]

which is known as Liouville von Neumann equation and it describes the time evolution
of density matrix for isolated statistical quantum systems.

Instead of describing the dynamics using density matrix one can also consider
the time evolution of the observables. Schrodinger picture operators are related with

Heisenberg picture by the canonical transformation
O (t) = Ul(t, tg) O U(t, to) (2.7)

Taking the time derivative for both sides of the equation will give us the Heisenberg

equation of motion as

d . 00(1)

Since the evolution is unitary expectation value of an observable will be same for both
pictures. If it is time independent Oy will be constant of motion.
The more general description of the dynamics is known as interaction picture. The

Hamiltonian can be written as time independent and dependent parts as

H(t) = Ho + Hy(t) (2.9)

We can define the evolution operator only considering time independent part of the

Hamiltonian

Up(t, ty) = e~ Holi=to) (2.10)
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If we consider the density matrix the system as p(t), in the interaction picture it
will be j(t) = Ul(t, to)p(t)Us(t, ty). Then interaction Hamiltonian in this picture is
going to be H(t) = Ug(t, to)H(t)Uo(t, to). We can easily find the corresponding von
Neumann equation in the interaction picture as

d

(t) = il iy, () (211)

One can easily write the integral form of the von Neumann equation in this picture

as

) = plto) i [ del (), ) (2.12)

to

Integral form of this equation is important dealing with the open quantum system

and perturbative systems which we will describe in the following sections.

2.2 Entropy of Quantum Systems

2.2.1 won Neumann Entropy

Entropy can be identified as a quantitave disorder of the system. For a given density
matrix, entropy of quantum state can be found from von Neumann entropy, which is

defined as

S(p) = —Tr(plnp). (2.13)

where, one needs to include Boltzmann constant kg for definition of entropy in sta-
tistical quantum mechanics, here I will take it as 1 for simplicity. Now considering

eigendecomposition of the density matrix as

p=D_ml¥i)(Wi, (2.14)
where ) . p; = 1, we can find

S(p) = — sz‘ Inp; = H(p;). (2.15)

which is equivalent to Shannon entropy H(p;) [59]. We can summarize some impor-

tant properties of von-Neumann entropy as following;
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i S(p) > 0, where it can be zero only for pure states.

ii S(p) < N, for a Hilbert space with dimension N, equality only holds for maxi-

mally mixed states.

iii S(p) is invariant under any unitary transformation S(p) = S(UpUT) because of

the cyclic property of trace.

iv Subadditivity condition; if a composite system with p in a Hilbert space H =
Ha® Hp and ps = Trlp], pp = Tralp] then they satisfy the inequality in
the form S(p) < S(pa) + S(ps).

2.2.2  Relative Entropy

The relative entropy can be considered to distinguish the quantum states. It can
be seen as a distance measure between two density matrices of a quantum system.
Considering two pair of p and o as density matrices we can write the relative entropy

as
S(pllo) = Tr[pIn(p)] — Tr[pIn(o)] (2.16)
We can list the various useful properties of relative entropy;
i S(p|lo) > 0, where it can be zero only for p = o.
ii S(p||o) is invariant under any unitary transformation; S(p||o) = S(UpUT||[UcUT).

iii If we have a subsystem A and B. Taking a trace over subsystem in both pair
of density matrices reduces the relative entropy pa = Trg[p|, oca = Trglo];

S(palloa) < S(pllo) and equality holds for uncorrelated states.
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2.3 Open Quantum Systems

Let’s first consider a combined total system as a isolated (closed) quantum system. In
this combined system we have a reduced system and reservoir. We can denote Hilbert
space of the subsystem by Hg and reservoir by Hg. For total system, the Hilbert
space is just a tensor product of these two spacesH = Hs ® Hp. The dynamics of
this isolated system is described by the von-Neumann equation [59].

d .

5 P@) = —ilH(D), p(t)] = Lian (1) p(t) (2.17)
Here, Ly is the Liouville super-operator. It acts on an operator and gives you an

other operator. The total system may be written as
H(t)=Hs+ Hp + H/(t) (2.18)

where, H;(t) is the interaction between reduce system and the reservoir. At t = 0
we can write initial density matrix of the total system as tensor product of density
matrix of subsystem pg(0) and reservoir pg as p(0) = ps(0) ® pg. Now, considering
the state of the reservoir pp is fixed reference state which is not time dependent.
The evolution of reduced system can be found in two ways. One way of this is that
taking partial trace of total system after unitary evolution. The other one is using a

dynamical map.

2.3.1 Dynamical Semigroup

In this part, we are going to approximate this equation under the condition of the
short reservoir and reduced system correlation [59-61]. We will not care about the
memory effect. Then, we will show the system dynamics in terms of the quantum
dynamical semigroup [62, 63]. The term semigroup means that the evolution of time
forms a family of maps but it does not contain the negative range of parameter time.
Thus, the inverse property of the group is missing. In the physical point of view, it is
the property of irreversible dynamics. So, this allows us to distinguish the past from

future. A dynamical map A(t) describes the state change of the reduced system. It
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is a map between C*-algebras that maps a linear positive operator O into a linear

positive operator [64]. This family of maps {A(t),t > 0} are satify these properties;
i At t=0 map is identity; A(0) =1

ii Completely positive ; The dynamial map preserves the positivity regarding the

tensor product operations.
iii Trace preserving ; Trg(A(t)ps) = Trsps = 1
iv. Markovian (memoriless) ; A(ty + t2) = A(t1)A(ta) t1,t2 >0

v Strongly continuous property ; lim || A(t)X — X || for VX € B. X is a linear

bounded operator.

vi Contraction semigroup property ; || A(t) ||< 1

Now, based on these mathematical properties, we can define a generatorL of this

dynamical semigroup as
A(t) = e~

and

d

Eps(t) = Lps(t)

which is named as Markovian master equation where, £ is called the super operator.
The general form of £ can be found in finite dimensional Hilbert space Hsg, dim(Hg) =
N. Then, the dimension of Liouville space will be N? complex space. The spectral

decomposition of the density matrix of reservoir can be written as
pp =Y Ailei) (il (2.19)
And, we can express propagator as;

U(t,0) = Ay @ ¢i) (@ (2.20)

1,J
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Here, A;; are operators acting on the reduced system. Using this propagator ps(t)

becomes
ps(t) = A(t)ps(0) = Y K,ps(0)K] (2.21)

K, = \/\;Ai;(t,0) defined as Kraus operator and Y K,K] = 1. Introducing new
set of orthonormal operators {Vi,k = 1,..., N? — 1} we can write simpler form of

generator as

N2-1

d _ 1 .

%ps — _Z[Ha pS] 2 § Vk(vkpsvlj - Q{WTV;WpS}) = _Z[Ha pS} + ED (222)
k=1

L p is the dissapative part of £. This is the most general form of the Markovian master
equation in Schrodinger picture. V, known as the Lindbad operators. 7, have the
dimension inverse of time. They are given in terms of certain correlation function of
the reservoir, also they are related with the relaxiation rates for different decay modes
of the open quantum systems. From this Schrodinger picture Lindblad generator we
can go to Heisenberg picture Lindblad generator. The Heisenberg picture dynamical
map can be written as Af(¢#) and it acts on operators O in the Hilbert space of the

reduced system Oy = AT(t)O. Since;

TH(OA(t, 0)ps) = Tr(AT(t,0)Ops) (2.23)
The adjoint propagator;

AT(t tg) = Telo ') (2.24)

will satify

B
a/\*(t, to) = AT(t, t0)LT(2) (2.25)

This equation known as the adjoint master equation. If [£T, AT] = 0 then it is reduced

to ;
d N 1 )
70n = LIOg(t) = i[H,On) + ; (VIO — 5{v,fv,j, On})+5,0n (2.26)

This equation is the Heisenberg picture Lindblad generator.
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2.3.2  Quantum Description of Spin-Lattice Relazation of the NMR system

The relaxation theory of NMR systems studied deeply in the literature [65-68]. Here,
in this thesis I will just give how we can derive quantum description of longitudinal
relaxation of NMR following the M.Goldman notes [69]. In the case of NMR, we are
considering the quantum system in a lattice kind of environment [49]. The relaxation
mechanism of the NMR systems rely on both system and lattice variables. And
without interaction between spin and lattice Hamiltonian for such a system in the
form of Hy = Hs + Hp,, with interaction H = Hy + H;. Where Hg and Hj, are the
spin and the lattice Hamiltonians respectively and H; is the interaction term between
them. The dynamics of the density matrix describing the whole system is given by
the von-Neumann equation (see Eq. 2.17). Assuming that the coupling between the
system and the lattice is weak (Born Approximation) one can write p = ps®pr,. Here,
ps is the system density matrix and py, is the lattice environment density matrix. Also,
we are assuming the density matrix of the lattice environment does not depend on
time. The equilibrium state characterized by a temperature 71, can be written as

e~ PLHL
PL = W (2.27)
where f = h/kgTy. One can consider the system Hamiltonian is static (does not
depend on time). In the absence of Hj, the unitary evolution operator for evolution

can be found as
U(t) = e~ tHot _ —i(Hs+Hy)t (2.28)

In the interaction representation we can single out the effect of H;. Then density
matrix of total system will be in the form

00 = —l(0), o) (2.29)

where p(t) = eflot pe=iHot and H,(t) = eot Hye~i#Hot | Total density matrix j(t) in its
integral form can be written as

A(t) = p0) — i / ds(H1(s), 7(5)] (2.30)
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which yields the equation in the dynamical form

d . T b ~ N

G0 = =ilH5, p0)] [ dsl (o), [F(). 5(5)) (231)
0

Also we can just assume [H 1,p(0)] = 0 by taking the ensemble average. Here I will

make further assumptions as follows

e The evolution time ¢ for the p(t) is much longer than the correlation time 7¢ of
the environment. This assumption yields to upper bound of the integral in Eq.

2.31 to infinity.

e We have a decoupling term between spin and lattice ensemble averages. This

may lead us to change p(s) to p(t) in the integral (Markov Approximation).

Under these assumptions we can go back Schrodinger representation by inverting j(t)

iHot ~

as p(t) = e Holj(t)etot and by differentiating both sides, we can write Eq 2.31 in

the form as

d , o ~

Spl) = ~ilHo,p(6) ~ [ drlHy [Fr(=7), (0] 2.32)
0

Here, re-defining the following terms as H;(—7) = H;(1) = e 07 H;e'07 we can

write

Gott) = =ilHo. ) = [ drlL (). 1) (2.33)
Interaction Hamiltonian in the Schrodinger picture can be written as Hy = ) Ay Fu,
where A, are system operators and chosen to be in relation as [Hs, Ay] = waAq. And
F,, are time-independent lattice operators. Time-dependent form of these operators
can be written as Al (1) = e T Al eiflsT — ¢iwaT Al and, Fli(7) = e "7 Fleifir
Then the dynamical equation becomes

d o0 R
_ T
ap(t) = —i[Hy, ps ® pr] — ;6 /O dr[AaFa, [A(T)

A

$(7), ps @ pu] (2.34)

Just for simplicity for calculations lets write these operators A, = A, AE(T) = A,

Fg(T) = F and F, = F. Then the equation for total density matrix can be written
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as

d

o0 = =ilHops o) = [ AR (AP, ps @ 1] (2.35)

Using procedure above; taking partial trace over lattice variables in Eq 2.35, then

dynamical equation for the system density matrix becomes

d

© ps(t) = —iTey([Ho, ps @ pu]) — Tr ( / " dr AR, [A(n) E(7), ps @ an) (2.36)

Dealing with commutation and partial trace as follows

TrL([Ho, ps @ pL]) = [Hs, ps] (2.37)

Then the trace in the integral can be written easily as
Tr (AF, [A(T)E(r), ps © pu]) = [A, Aps T (IF, pu]F]) + [A, [A, ps| T (pu EF)

We can identify TrL(pLF F) as two time correlation function considering initially at

t=0as F = F(0).
Tr (puFF) = (Fi(7) F5(0)) (2.38)
Then the first trace in the equation can be calculated as

o e (1)
TF )= S0 ) (T -1). e

and using the definition of pr, as a thermal state, the ratio in the equation can be

found as

Sleel ) putop—wpm (2.40)

(floulf)

Using the definitions of F', and A given as earlier, we can find the following relations
as (f| F|f) = e s (f] Fg |/, and A;(T) = eiwﬂTA};. And these lead to an

integral as

/ e Ws =W o §(wp — wy + wpr) (2.41)
0
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We can change wy—wy in Eq. 2.40 with wg. After substituting all relations to Eq 2.35.

We can find the master equation for system as

© os(t) = —ilHs, ps] =3 uple0s) (1A (A p5]) — [Au, Alps](1 = 59)) (2.42)
a,B

where J, s(wg) is the spectral density function can be written as

T s(ws) = / " dres (B (1) B (0)) (2.43)

The evolution of the observables of the system are can be found from the operators

expectation values (@) = Tr(Qps), and using the Eq. 2.42 one can write 4(Q) =

Tr(Q4ps). The general property of trace (Tr(A[B,C]) = Tr([4, B]C])) allow us to
find Eq. 2.42 in the operator form as

S0 = ~ilQ. Hs= Y Jus(s) (@ A A1) — {[@, A A1 — 7)) (2.44)
a,B
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Example; Two Level System Couples with Lattice Environment

To give the basic example we can consider single spin 1/2 system coupled with a

thermal lattice environment.

System(Hg, ps)

Environment(Hy, pr,Tr)

Hg is the Hamiltonian for the two-level system and pg the general form of the density
matrix of the system. In NMR it is more often to use I, instead of o, (Pauli operator).
Then Hamiltonian can be written as Hg = —wgl,, where wg is the characteristic
frequency of the system. Using the relations [Hs, I] = —wsl,, [Hs, -] = wsl_, and
[Hs, I,] = 0. We can identify operators for quantum master equation in Eq 2.44 as
{I.,I_,I,}. The interaction Hamiltonian between the lattice environment and system
can be written as H; = I, F + I_FT. Using the master equation in the operator form

that we found in Eq. 2.44 for (I,) we can write

%uzm = —J(~ws) (L, 4], 1)) = ([L, L] T_)(1 — e~Pres))

— J(ws) ((([L, 1), 14)) — (L, 1] 1) (1 — eﬁst))

Here, —i[l,, Hs] = 0, J'(ws) = J(—ws)e "r*s and using the following commutation

relations

1
LI = =5 + 1.
1
LI =5 + 1.

(L, 1), 1] = 21
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Then master equation will simplify to form

L)) = =T (-ws) (2(ePs + 1)(1) — e + 1) (2.45)
= —2J(—ws) (s 4 1) (Uz) — %tanh BL;S) (2.46)

We can define —2.J(—ws)(e”ts + 1) as the longiditional relaxation time 7y for the
NMR two level system. Then, this equation can be fitted to experimental values.
At equilibrium with the lattice environment, the left hand side of the equation will

vanish then we have I,)®. Then simpler form of the equation can be written as

D) = =2 (1) = (L)), (L)t = %tanh(ﬁ—;"s) (2.47)

E T

which is consistent with the general result of the Gibbs state. Now we introduce the
spin polarization due to quantization axes z. Considering I, = ¢, /2 we can define the

spin polarization as

es = tanh (%) (2.48)

2.3.8  Quantum Thermodynamics

In quantum thermodynamics an equilibrium state is defined as stationary and sta-
ble. In equilibrium there no energy flow between system and bath. This is known
as Kubo-Martin-Schwinger stability condition and it implies the zeroth law for a net-
work of coupled systems. The first law of thermodynamics related with conservation
of energy [70-72]. If a system is closed and no energy source, then the energy is con-
served. This means that total energy of the closed system is constant. (H) = const.
and energy of the reduced system can be written as (Hs) = Es = Tr(psHs) The time

derivative of the system’s energy becomes

d dps dHS
LB =T () T ps 2.4
s r(dt S)+r(psdt) (2.49)
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Here, first and second therm can be identified as heat current and power. Also, using

Heisenberg picture master equation it can be written as [73, 74];

d OHs
ZBe = (2222
s = g )+ Lo)
N
P37
J
Quantum thermodynamics deals with the balance of energy of the system. Here
0Hg
— 2.50
Pi= (20 (2.50)
external power. And
1
T = VsV = S{V;V], Hs}) (2.51)

Heat current from j th bath. This is the dynamical version of the first law.

The second law of thermodynamics is related with irreversibility of dynamics which
states that heat will flow spontaneously from a hot bath to a cold bath and change
in entropy of closed system is positive: AS > 0. The quantum Markovian master
equation describes the irreversible evolution of open quantum system. To describe
irreversible character of the quantum dynamical semigroup let’s investigate the change
of the relative entropy S(p || po) of two reduced system p and p, considering an

dynamical map A(t).
S(A®)p || At)po) = S (sx{U(t,0)p @ ppU'(t,0)} || tr{U(t,0)p0 ® ppU'(t,0)})
< 5 (U0 ® paU'(t,0)} || U(E, 00 @ psU(£,0))

< S(p |l po)

If we chose py to be stationary, A(t)py = po. Then;

SA@)p [ po) < Sp Il po) (2.52)

Since, it is a dynamical semigroup; using the semigroup property we can say that the

negatif time derivative of S(p || po) is always positive or zero.

o(ot) = ~ 221 5 (2.53)
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Here, o(p(t)) called entropy production and it is positive or zero. Then, using defini-

tion of relative entropy S(p || po) = Tr[p(In p — In py)] one can find,;

o(p(t)) = —Tr[L(p)(Inp —Inpo)] > 0 (2.54)

which is known as Spohn’s inequality [75]. Lets first consider a simple network a
system couple with two heat bath cold and hot[73]. Jj is the heat current from hot
bath with temperature 7T}, and J. is the heat current from cold bath with temperature

T.. And —%—z — ‘7],—’; > 0. If we generalize it to the N heat bath. It will be;

-> % >0 (2.55)

Thus, in steady state second law will be in this form. In non equlibrium thermody-
namics the entropy obeys a balance equation, taking time derivative of von-Neumann
entropy and using Spohn’s inequality one can obtain as a dynamical version of the

second law;

o(p) = %&p) — Z ‘]J'T(;) >0 (2.56)

2.3.4  Quantum Isothermal Process

The quantum Isothermal process can be used in quantum Carnot engines. We will
just briefly explain the process and we will not give detail about Carnot engines in
this thesis. But one can see these references for the detail [5]. In the isothermal
process, the quantum system in a thermal environment must be kept in a thermal
equilibrium state. During the process, energy levels and the occupation probabilities
are changing simultaneously while keeping the system in a thermal equilibrium state.
The quantum system can perform work to the thermal environment and exchange
heat under the isothermal process. At every instant of time, the process should be

slow enough to stay in equilibrium.
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2.3.5 Quantum Isochoric Process

In the quantum isochoric process, the model of the quantum system connected with a
thermal environment [18]. The heat exchange between the quantum system and ther-
mal equilibrium is provided by the open quantum system dynamics given in Sec. 2.3.2.
During the process, the quantum system approaches an equilibrium state with a ther-
mal environment. At the end of the process, we can assume that the system is in a
thermal equilibrium state with the heat bath. The occupation probabilities and even-
tually the von Neumann entropy of the system are going to change during the process.
So, there is only heat exchange between the thermal environment and the quantum
system. Moreover, the corresponding eigen energies of the system kept invariant as a

result no work is done in the quantum isochoric process.

2.3.6  Quantum Adiabatic Process

For a quantum adiabatic process, a quantum system is isolated and the Hamiltonian
of the system externally controlled by time-dependent drive Hamiltonian Hgp.je(t).
In the process, total Hamiltonian can be written as H(t) = Ho + Hgriwe(t). Since the
quantum system is isolated from environment dynamics is unitary. Therefore, the von
Neumann entropy of the system is invariant under the process. Also, the information
entropy does not change during the process. These restrictions bring a result; during
the process, the occupation probabilities of the system should stay the same. In the
processes there is no heat exchange, there is only work output. Thus, Hamiltonian in
different times needs to commute; [H(t), H(t')] = 0. If it is not commute, then there
will be internal friction in the system and it causes the occupation probabilities to
change. To approximate adiabatic dynamics, process should be very slow. However,
even if the Hamiltonian does not commute, because of the unitary dynamics system

may be recovered by external work.
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2.4 Quantum Information Processing

The two-level system is the simplest system in quantum mechanics. It represents
many physical systems such as electrons, protons, photons and any spin 1/2 dynam-
ics. In addition to this, it carries binary information. Considering the similarity
between classical information theory in the concept of bits like 0 and 1, and quantum
information theory, the two-level system is called quantum-bit (qubit) [47, 76, 77].

Basis of the system can be represented with Dirac notation with |0) and |1) as
=11 w=1]. (2.57)

Unlike the classical information bits, qubits can also be superposition state. The most

general form can be written as

z=0)

1) = cos (g) |0) + €' sin (g) ) = / y (2.58)

—z=|1)
and we can represent it in the Bloch sphere for quantum states. The angles represent
a point on the surface of the sphere with radius 1. The transition from one point
on the sphere to another is achieved by unitary transformation. In such a system,
unitary transformations are represented by rotation of the state vector. This process
il

are called spin rotations. In particular, we cant to calculate R;(#) = e~ where

I; = 0;/2 and o; ’s are the Pauli spin matrices. Using Taylor series expansion we can

find
R;(0) = cos (g) I — isin (g) I; (2.59)

As in classical information theory, there are logic gates in quantum information pro-
cessing. However, logic gates are reversible operations because of the unitary evolu-

tion. There are many logic gates, single or multi-qubit. The simplest examples are
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the Pauli gates which are given as;

0 1
X = Y = , 7 = : (2.60)
All these gates can apply for single qubit. Here X gate considered as Not gate
as analog to classical information theory if the state is |0) it makes flip to |1) or
reverse. There is also another important gate can applicable for single qubit known

as Hadamard gate

H= — R .
Q — H (2.61)

When it is applied to states |0) and |1}, it gives a superposition states as

0) +[1) 0) +[1)
V2 V2

One of the basics gate for two qubits (|7) and |R)) is the Controlled-Not (CNot) gate.

H|0) = HI1) = (2.62)

It controls the one of the qubit then applies a X gate to other qubit. Considering
composite quantum state as |7R), CNot gate applied as CNotr|TR) = |T,T & R),
where @ symbol represents the addition according to mode 2. The CNot gates can

be represented as the following

1000 1 0 00
0100 0101
CNoty = — CNotg = = (2.63)
0 001 0010
0010 0100

Another two qubit gate is the SWAP gate. In the case of the composite state |[TR) to
which it is applied, it exchanges the states of the qubits to form SWAP|TR) = |RT).
SWAP gate can be decompose to three CNot gates as SWAP = CNot+CNotr CNot.

Matrix and circuit representations are given as;
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SWAP = — . (2.64)

o o o =
o = O O
[ e =)
_ o O O

The Toffoli gate is one of three qubit quantum logic gates. Another name is the

Control-Control-Not (CCNOT) gate. It can be represented as

100 0O0O0O0O
01 00O0O0O0GO
001 0O0O0O0O0
Toffoli = Y Sy A — (2.65)
0 00O0OT1TO0O0O0
0000O0T1O0O0
000O0O0O0O 01
_0 0 00 0O01 O_

Further, the other three qubit gates can be combinations of Control and Not gates as

well. One can consider CSWAP gate or Contol-Not-Not gates.
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2.5 Heat Bath Algorithmic Cooling

2.5.1 Partner Pairing Algorithm (PPA)

The heat bath algorithmic cooling (HBAC) with partner pairing algorithm (PPA)
(see Fig. 2.1) uses quantum information processing to increase the purification level of

qubits in NMR systems [4, 36]. Before starting PPA, the individual density matrices

3-bit Compression

SWAP =
T)
SWAP
any any
IC) N\ N
Ry— = O——D
R R R
Heat Bath E - ;
PPA n times

Figure 2.1: Quantum circuit demonstating partner pairing algorithm for 3-qubit sys-
tem given in Ref. [4]. |T), |C) and |R) stands for target, compression and reset qubits
respectively. R process means the relaxation of reset qubit. In PPA, the first reset
process applied only one time. Then, the iteration part consists of SWAP and 3-bit

compression operations applied n times.

of the target, the compression, and the reset qubits are pgp = Trer [p(l)}, pél) =
Trrz [,0(1)}, p%) = Trre (p(l)) respectively and p(!) is the initial density matrix of
three-qubit system. The reset has small relaxation time compared to the target
(TR < 7r) and the compression (T < 7¢) qubit, where 77, 7¢ and 7 are given in
Table 3.1 respectively. In each step of HBAC, R operation is applied to the reset qubit
to thermalize it with the heat bath (p%) — p%,)th) at temperature T. Scalar couplings
between qubits are small compared to w; values. If we write the total density matrix
of three qubits as a tensor product of the individual states, the fidelity of the density

matrix in Eq. 3.2 and this product density matrix numerically is found to be close to
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1. Thus, at first step, the density matrix of 3-qubit system can be written as a tensor

product of these states
1 1 1
P10 p(T) ® ,Oé) ® sz,)tha (2.66)

where, 1st index of p(1% stands for the stage of the cycle, and 2nd index from 0 to
5 indicates the state after each process of HBAC. After the reset qubit regains its
polarization, a unitary SWAP operator is used to exchange polarizations of the target

and the reset qubit.
p) = SWAPs ¢ (p10) SWAP (2.67)

The states of the target and compression qubits become ,0(7%’1) = Trer [,0(171)] and

p(c1 D - Trrr [p(lvl)} respectively. After the unitary evolution, PPA can be applied n

times, which is given as follows

i The reset qubit is thermalized with the heat bath. The density matrix of the

3-qubit system becomes

1,1 1,1 1
D = @ @ ol (2.68)

ii SWAP is applied to change polarization between the compression and the reset

qubit, such that

pY = SWAP. = (p!'?) SWAP] (2.69)

Then, the states of the target and the compression qubits becomes pg’?’) =

Tree [J09] and o9 = Trrze [0

iii The reset qubit is regained its polarization. The state of 3-qubit system is

expressed as

1,3 1,3 1
P = o8P @ pi Y @ piye (2.70)
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iv. To lower the entropy of the target qubit and to increase the entropy of the reset

qubit 3-bit compression gate applied to the density matrix.
p"?) = COMP (p**) COMP? (2.71)

where COMP is the unitary operation of compression gate composed of unitary
operators as two control-not-not gates and a Toffoli gate, which can be expressed

as

COMP = [CNotNot|[Toffoli][CNotNot]. (2.72)

At the end of this iterative step the target qubit is cooled and the density matrix of

it becomes

p(ﬁ) = Trer [pM9]. (2.73)



Chapter 3

FOUR STROKE ALGORITHMIC QUANTUM HEAT
ENGINE

3.1 The Working Fluid

Quantum Otto engines (QOEs) consist of quantum adiabatic and isochoric pro-
cesses [35]. Three types of the quantum heat engine are given in the literature as
four-stroke, two-stroke, and continuous [5, 18]. In this thesis, we examined four-
stroke, and two-stroke type of QOEs. The basic model of HBAC with PPA is advised
instead of isochoric cooling. Implementation of HBAC requires two sets of qubits;
reset qubits and computational qubits. One of the computational qubits operated
as target qubit which is going to be cooled by applying PPA, while other compu-
tational qubits play a role in entropy compression [4]. This cooling process can be

implemented with a minimal system composed of just 3-qubit [2—4, 36].

The four-stroke algorithmic heat engine has two adibatic stage, one isochoric stage,
and one algorithmic cooling stage. For this engine, we only consider the target qubit
as the working fluid (see Fig. 3.1). Reset, and compression qubits are only used in
the algorithmic cooling process, and their degrees of freedoms are traced out from the

entire state of the system while determining the work output.

In NMR systems, various 3-qubit models have been used for quantum information
processing [78-81]. To make an applicable and realistic model for QOEs using these
systems, a suitable sample, and a well-designed procedure must be considered. We
used parameters of *Cy-trichloroethylene (TCE) (see Table 3.1) with paramagnetic
reagent Cr(acac)s in chloroform-d solution (CDCl3) in our numerical calculations,

which are also experimentally used for HBAC in Refs. [2, 3]. Carbon-1 and Carbon-2
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Figure 3.1: (Color online) Four-stroke algorithmic quantum heat engine operating
in a single heat bath at temperature 7. It has one isochoric heating process, two

adiabatic processes and one algorithmic cooling process.

qubits are classified as the target and the compression qubits. Hydrogen qubit is
selected as the reset qubit because of the relaxation time, which is small compared
to the other two qubits. To implement HBAC, the Hamiltonian of 3-qubit in the lab

frame can be written as [47]

HO — —thzLZ +hY  Jilidp., 0§ ={T.C,R}, (3.1)
7]

where, w; = v; B, is the characteristic frequency of the i'* qubit, 7; is the nuclear gyro-
magnetic ratio and B, is the magnetic field. 7, C and R stand for target, compression
and reset qubits, respectively. I, is the component of the spin angular momentum
of the i qubit and J;; is the scalar isotropic coupling strength between i"* and j
qubits. Typically, four-stroke QOEs consist of two isochoric and two adiabatic stages.
Instead, we implemented one algorithmic cooling stage instead of one of the isochoric

stage (see Fig. 3.1). Adiabatic expansion stage leads to decrease of the level spacing
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Table 3.1: The first row in the table shows gyro-magnetic ratio values of Carbonl,
Carbon2 and Hydrogen qubits. Regarding the 500 MHz NMR, device, the correspond-
ing characteristic frequencies are given in the second row. Also, their experimental 7
relaxation times are given in the third row. The last row shows J-coupling strength

between these qubits [2, 3].

Target-C1 Compression-C2 Reset-H
v/27  10.7084 [MHz/T] 10.7084 [MHz/T] 42.477 [MHz/T]
w/2m 125.77 [MHz] 125.77 [MHz] 500.13 [MHz|
T 43 [s] 20 [s] 3.5 [s]
C1-C2 C1l-H C2-H
J/2m 103 [Hz| 9 [Hz] 200.8 [Hz]

of the qubits. This happens when the magnetic field decreases. In the opposite case,
if the level spacing of the qubits is increasing then we call it as adiabatic compression.
This allows for a more faithful representation of the classical Otto cycle terminol-
ogy for our algorithmic engine. The details of the four-stroke cycle are described as

follows.

3.2 Isochoric Heating:

3-qubit of TCE molecule with Hamiltonian in Eq. (3.1) is in contact with a heat bath
at temperature 1" = 300 K. The density matrix of the 3-qubit system at the end of

this stage is given by thermalized state as

—BH©
0 e
P = (3.2)

where, Z = Tr [e‘ﬁH (O)] is the partition function and 5 = 1/kgT. The initial density

matrix of our working fluid (target qubit) can be expressed by taking a partial trace
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of 3-qubit system

pS,Q) =Trer [pgg)} . (3.3)
3.3 Adiabatic Expansion:

Qubits are isolated from the heat bath and undergo finite-time adiabatic expansion.
The adiabatic processes of the cycle are assumed to be generated by a time-dependent
magnetic field [71, 73]. Here, H® at t = 0 is changed to H") at t = 7/2 by driving
the initial magnetic field as B, — B,/2. The time evolution of the whole system is
governed by the Liouville-von Neumann equation 4p(t) = —[H(t), p(t)]. The initial
state as a condition (t = 0) is p(0) = pgg), and H(t) can be expressed as H(t) =
H®O + Hyiive, where Hyyive is given by

Hasive = Y (w; — w}) Iz sin (wt/7). (3.4)
At the end of the expansion, the Hamiltonian of the whole system is
HO = —h> Wil + 7Y Jilidj. (3.5)
i i#]

Here, w] = w;/2 is the characteristic frequency at the end of the adiabatic stage.
Considering the state of the 3-qubit system at the end of the expansion (t = 7/2 )
as p1) = p(7/2), we can find the state of the target qubit as pgrl) = Trer [pV]. Up
to this point, we used the 3-qubit Hamiltonians in Egs. (3.1, and 3.5). However, to
find the work performed in the stage, we only need to deal with the target qubit.
Therefore, we can write the local Hamiltonian for target qubit before the expansion
as H(TO) = —hwyI, and at the end of the expansion as H(Tl) = —hwipl,. Then, the

work performed by the working fluid is
Wi =Te [HP P | - T (BP0 (3.6)
3.4 Heat Bath Algorithmic Cooling:

In this part of the engine, we usually need a cold heat bath to cool down our target

qubit. Instead of using a cold heat bath, the working fluid treated in the same heat
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bath as isochoric heating at temperature 7' = 300K. Reset, and compression qubits
play their role in this stage. They help us to implement HBAC to cool down target
qubit. In this stage Hamiltonian of the whole system given in Eq. (3.5). And the
details of the cooling mechanism given in the Sec. 2.5. For each qubit, polarization is
defined as the difference in the probability of up and down states, and easily found

as

hw!
€¢; = tanh <2kBlT> : (3.7)

In a closed quantum system, Shannon’s bound limits the polarization of single spin in
a collection of equilibrium spin system. Using partner pairing algorithm (PPA) let us
increase the polarization of the target qubit. Consequently, the target qubit is cooled
down beyond Shannon’s bound [2]. After the first SWAP before PPA, polarizations
of the target and reset qubits are equal to each other. The value of their polarization
is given as zeroth iteration in Fig. 3.2 as ~ 2.0x107°. Then, several rounds of PPA are
applied. The target qubit reached a polarization above the Shannon limit as a result
of the first iteration of PPA. The effective temperature of the target is determined by
Eq. (3.8) and plotted in Fig. 3.3. Hence, target qubit cooled down to ~ 50K. After
seven iterations, the polarization of the target almost reached to its maximum value
as ~ 4.0 x 107° and temperature of target cools down to ~ 37K. At the end of PPA,

the density matrix of the target qubit is given by Eq. (2.73) as

(2)

o = T o]

= TrC,R |:10 ) (38)

where the 1st index of the 3-qubit density matrix p™®) stands for the stage of the
cycle and 2nd index from 0 to 5 indicates the state after each process of HBAC (see
Sec. 2.5).

The applied algorithm in this stage is done by external radio frequency (rf) field
in the heat bath at temperature 7' = 300 K. We consider these rf pulses as a cost of
cooling. In Appendix A, we calculated the required energy for the cooling process.
We can safely say that our cost is above the work output of the four-stroke engine

which verifies the thermodynamical constraints.
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Figure 3.2: (Color online) The polarization e (dimensionless) calculated by using
the Eq. (3.8) for each round of algorithmic cooling. The target and reset qubits
polarizations calculated by taking into account the perfectly applied quantum logic
gates in terms of several rounds of the PPA. The black line shows Shannon’s limit of
polarization. The polarization of the target qubit has exceeded this limit after the

first iteration, and the reset qubit stays under this limit.

3.5 Adiabatic Compression:

The Liouville-von Neumann equation gives the time evolution of the whole system
during the adiabatic processes. In the compression step, H® at t = 0 is changed to
H©® at t = 7/2 by driving back the magnetic field as B,/2 — B,. The initial state
(t = 0) of the total system is p(0) = p™5 before adiabatic compression. The state
of the whole system after adiabatic compression (t = 7/2) can be written as p® =

p(7/2). Then, we can find the density matrix of the target qubit as pg) = Tre = [p®)].
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Figure 3.3: (Color online) The effective temperature of target qubit calculated by
using the relation between temperature and polarization given in Eq. (3.8). The
black line shows the corresponding Shannon’s limit of temperature. The effective

temperature of the target qubit has exceeded this limit after the first iteration.

The work performed by the target qubit in this process can be written as
Wo = Te [HP 2| = T (B (3.9)

After this compression, the four-stroke algorithmic engine cycle is complete for the
target qubit with state p(ﬁ). And, the states of the compression, and reset qubits are
pé3) = Trr [p®] and pg) = Tryc[p®)] respectively. The next cycle again starts with
isochoric heating part and brings whole system to thermal state given in Eq.(3.2).
This thermal state can be considered as injection state when we first started the
cycle. After, the entire state of our system resets in every cycle with state p®. Our

choice of the order of the cycle steps is not unique and only for description purposes.

As long as the cyclic order of the steps is respected, any of them can be designated
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as a last step.

3.6 Work and Power Output:

The total work done by the working fluid at the end of adiabatic stages can be found
as W = W; + Wy, Alternatively, the same entire work can also be calculated, from
the isochoric stage and algorithmic cooling stage, using the relation; W = Qi, — Qout
where, Qi = Tr [Hf(,9)(p(7()) —pgg’))], and Qony = Tr H(Tl)(pg,p — p(TQ)) are the heat
absorbed (@i, > 0) and released (—Qou; < 0) in these stages. In Fig. 3.4 , we plot the
heat absorbed and released by the target qubit as per rounds of PPA. As the number
of iterations increases, we observe that the absorbed heat increases more than the
heat released. After the first iteration, the target qubit absorbed ~ 5 x 1077J/mol of
heat and released ~ 2.5 x 1077J/mol of heat. As a result, ~ 2.5 x 1077J/mol work
was performed. In Fig. 3.4 , after seven iterations, the target qubit almost reaches the
maximum value of the heat that it can absorb or release. Absorbed and released heat
from qubit in the cycle at this iteration is ~ 3.5 x 1077J/mol and ~ 7.2 x 1077J /mol.
Then, maximum work output of the cycle is ~ 3.75 x 10~7J /mol.

To see the difference in power output caused by the algorithmic cooling and iso-
choric cooling, we numerically simulated a standard quantum Otto cycle cooled by
isochoric cooling. Here, we imagined cold baths corresponding to the temperatures
in Fig. 3.3, and we take the same parameters as we used for a four-stroke algorithmic
heat engine. In the isochoric heating stage, we used ~ 300 K hot reservoir. In the
adiabatic stages, we drive the frequency of target qubit (wr &= w%). The states of
the target qubit at the end of isochoric cooling are equivalent to states at the end
of algorithmic cooling. By this way, the work output of this standard QOE cooled
by isochoric stage will be same as the cycle cooled by HBAC. In Fig. 3.5; For a
four-stroke algorithmic heat engine, the work produced by the target qubit rapidly
increases with the number of iterations, it remains constant after a specific iteration
of the PPA. The reason for this behavior is that the HBAC can cool down the target
qubit up to a certain limit [4, 37, 42, 45]. While for a standard QOE, it increases due
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Figure 3.4: (Color online) Heat absorbed and released in a four-stroke cycle by the
target qubit in the isochoric process (Qi,) and algorithmic cooling process (Qout) for

per rounds of PPA.

to the temperatures of the imagined cold baths. The amount of work corresponding to

temperatures of ~ 50K is ~ 2.5 x 1077J/mol and for ~ 37K it is ~ 3.75 x 1077J /mol.

The adiabatic stages of the cycle are fast compared to the isochoric stages for
a quantum Otto cycle using NMR system as its working fluid [35]. Hence, we
can estimate the power output of cycles, only taking isochoric steps and HBAC.
In isochoric stages, we need to wait for the thermalization of target qubit with the
heat bath (77). However, in algorithmic cooling stage, the relaxation time of reset
qubit plays an important role. A single iteration of PPA requires two reset process.
Denoting the number of iterations by n, we can write the total time requires to
complete the algorithmic cooling stage as 7(2n + 1). Since both of the engines have

the same work output, including the isochoric heating stage the power output of the
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Figure 3.5: (Color online) Work obtained, in a four-stroke cycle per number of it-
eration of PPA, from target qubits of one mol of TCE cooled by HBAC. And work

obtained from a mol of qubits, which are cooled by isochoric stage to temperatures

corresponding in Fig 3.3.

algorithmic heat engine becomes

w
P ey .

where, 7+ and 7z are relaxation times of the Carbonl and the Hydrogen qubits
from the Table 3.1, respectively. In the case of standard quantum Otto cycle, the
thermalization time in the cooling stage depends only on 7. Including the isochoric

heating step, the power output becomes

p- (3.11)
27’7’

As long as 7r(2n + 1)) < 77 is satisfied, which is the case up to 5th iteration of PPA

with our parameters, then algorithmic heat engines will give more output compared
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to standard QOEs. In Fig. 3.6, we plot power outputs for both heat engines. We
see that the second iteration of PPA gives maximum power output as ~ 5.2 x 107

Watt/mol for algorithmic heat engine. As we can see, the number of iteration of PPA

x 1079
ol . e HBAC QOE
S W QOE
5 4.51
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Figure 3.6: (Color online) Power output for a four-stroke cycle per number of iteration
of PPA, from target qubit of one mol TCE, cooled by HBAC and from a mol of qubits

cooled by isochoric stage to temperatures corresponding in Fig 3.3.

is critical due to the optimum operation of the algorithmic quantum heat engine. More
repetition means more R operation for the cycle so that the time required to complete
the engine increases. As expected, the power output of the four-stroke algorithmic
heat engine decreases as the number of iteration increased. After the fifth iteration
of PPA, the standard QOE using the isochoric cooling stage can dominate the engine
using the algorithmic cooling stage. Accordingly, the optimum choice of the number
of rounds for PPA is two for our four-stroke model system. Such a choice optimizes

the power output of the cycle yielding high power performance.
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It is vital to distinguish the cost paid to generate quantum gates from the cost to
maintain the states of target qubit. The householding cost to maintain states in the
working fluid can reduce thermodynamical efficiency [82, 83]. In our case, we do not
need to maintain target qubit states after the gates we have applied during the HBAC
stage. The cost of generation of quantum gates is not included to thermodynamical
efficiency of engines. Thus, we do not include the cost of algorithmic cooling to the
efficiency of the engines. The efficiency of the cycle is determined by n = 1 — w/-/wr
and for this engine n = 0.5. Further, to see how the coupling terms affect the engine
work output, we take the interaction terms zero in the Hamiltonian and compare it
with our results. Our numerical simulation shows the coupling between qubits brings
a difference in the 9th order of magnitude to work output. Therefore we can ignore

the effect of reset and compression qubits other than the algorithmic cooling step.
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TWO STROKE ALGORITHMIC QUANTUM HEAT
ENGINE

By saying the two-stroke engine, we remark the original idea of the two-step work
extraction is given in Ref. [5], and it is called there as alternative Otto cycle. The
idea is based upon earlier ones, by Seth Lloyd on NMR implementation of a quantum
Maxwell demon [84]. It allows for genuine, all-quantum algorithmic steps to harvest
work in contrast to the approach of mimicking classical engine cycles in quantum
systems. Alternative Otto cycle is indeed a full quantum alternative to Otto cycle,
it replaces the cooling and adiabatic stages with HBAC and SWAP operations (or
series of CNOT gate operations) and hence we compare it with the Otto cycles. Our
approach is to come up with a quantum machine harvesting incoherent resources by
cyclic quantum operations, analog of quantum computers harvesting coherent (infor-
mation) resources. As the working substance for two-stroke QOEs, we again chose
the target qubit of the 3-qubit system, but with an extra qubit coupled to the target

qubit (see Fig. 4.1). In this engine, we have two qubits considered as working fluids.

4.1 The Working Fluid

We also investigate two-stroke QOE that is proposed in Refs. [5, 18]. To construct
it, we need to take two qubits donated as & and T as the working fluid. First, two
qubits are isolated from each other. One of the qubits contacts with a heat bath at
temperature T until it reaches equilibrium. Our purpose is to cool the other qubit
within the same heat bath utilizing algorithmic cooling. Hence we need another two
qubits for this process as compression qubit and reset qubit. This part is considered

as two isochoric processes for the heat engine. Second, two qubits decouple from
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Figure 4.1: (Color online) Two-stroke algorithmic quantum heat engine operating in
a single heat bath at temperature 7. It has an isochoric heating process, and the
algorithmic cooling process happens at the same time. Then, one adiabatic process

using SWAP operation.

the heat bath. Then, the SWAP operation is performed between these two qubits
(see Fig. 4.2). Local Hamiltonian of the qubit S and qubit 7 can be written as
Hs = —hwsl, and Hr = —hwyl,, respectively. Density matrix of qubit S, at the
end of the isochoric stage is a thermalized state given by pg) = e Pls /7. For the
algorithmic cooling, again we take a system with Hamiltonian given in Eq. (3.1).
Initially, assume that this three-qubit system is in a thermal equilibrium state (p™*))
with the heat at temperature 7" = 300 K. Then we can cool down the qubit 7, using
the algorithmic cooling given in the Sec. 2.5. The density matrix of qubit 7 at the
end of HBAC can be written as p%}) = Trer [p"]. Tt is assumed that the coupling
between & and T qubits are small compared to ws and wy. Thus, the density matrix

of the total working fluid can be expressed as

1 1 1
s~ o8 @, (4.1)
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Figure 4.2: Quantum circuit demonstrating the two-stroke heat bath algorithmic
cooled quantum Otto engine. |S) stands for qubit S and |T) for qubit 7. Here,
isochoric heating demonstrated as R operation and applied only one time on qubit
S. For qubit 7, PPA applied, and it is given in Sec. 2.5. After these two processes
finished the SWAP operation applied between two qubits and the cycle is completed

with the adiabatic process.

In the adiabatic process, a SWAP gate is applied to exchange the states of S and T
qubits

p&y = SWAP (pi)) SWAP'. (4.2)
At the end of the cycle, density matrices of individual qubits become

pe =Ter [pf;%%] PP =Tis [ﬂfﬁ,)f] ' (4.3)
4.2 Work and Power Output
Heat absorbed by the qubit S calculated as follows

Q= Tr [Hs(pS — p$)]|, (4.4)
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and the heat released by the qubit 7T is

Qo = Tr [ Hr (o = )] (45)

The net work is evaluated by W = Qin — Qout, with efficiency n = 1 — wy/ws. To
get a positive work, the frequency of qubit S needs to be higher than the frequency
of the qubit 7 (ws > wr). In addition, T' > T (ws/wr) needs to be satisfied. Here
T7 is the temperature of target qubit in HBAC. Positive work conditions than can

be expressed as

T
Wy <ws <Wr (4.6)
T

The work output of the two-stroke algorithmic quantum heat engine depends
on the ws and the number of iteration applied in the algorithmic cooling process.
Fig. 4.3 shows the relation between the work output and ws, for different number
of iterations. When the number of iterations of the PPA increases, the best work
output also increases. However, after some iteration, it remains almost constant due
to limiting of the PPA to cool the qubit 7. It is found that for 580 MHz, we almost
get the best work output at 5th iteration as ~ 3.0 x 1075 J/mol. But this frequency
does not give us the best work output at 1st iteration. With 430 MHz frequency, we
get ~ 1.5 x 107% J/mol maximum work output in the 1st iteration.

The adiabatic stage is evaluated by a SWAP operation, which is fast compared to
the HBAC. Relaxation time of the S qubit may be estimated by considering spectral
density functions J(w,t.), where ¢, is the correlation time [49, 85]. If we look for
the optimum power output, the ws is close to the frequency of the R qubit. If the
environmental effects are the same, t. may be assumed to be the same for the R and &
qubit. As a result, we can say that the S qubit is thermalized until the HBAC process
is complete. Thus, estimation of the power output for a two-stroke algorithmic heat
engine depends only on the algorithmic cooling stage. Then, we can write power
output as

P w

= m (4.7)
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Figure 4.3: (Color online) Positive work obtained in two-strokes HBAC-QOE as a
function of ws. The legend of the plot shows the number of rounds of PPA applied
to qubit 7 and the direction of the arrow indicates an increase in work output from

1st iteration to &th iteration.

considering the relaxation time of reset qubit and the number of iterations of PPA.
The relaxation time of Hydrogen (75 ) is given in Table 3.1. In Fig. 4.4, we plotted the
power output based on the frequency of S qubit for different iteration numbers. As
expected, the power of the two-stoke algorithmic machine decreases as the number
of iterations increases in contrast to the work. The optimum value is given as ~
1.47 x 1077 Watt/mol during the 1st iteration with 430 MHz frequency of S qubit. If
we compare these results to four-stroke quantum Otto cycles both cooled by HBAC
and isochoric cooling, we see that the two-stroke cycle gives more work and power
output. The efficiency of the cycle as a function of ws is given above. Taking the

optimum value for the power output during the 1st iteration with 430 MHz frequency
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of qubit &, we find the efficiency of the two-stroke machine as 0.7. In the HBAC at
this iteration, our target qubit cooled the temperature of ~ 27K and qubit § was in a
heat bath at temperature ~ 300K. If we look at the maximum efficiency at maximum
power as Mpe = 1 — \/T/TS given by Curzon and Ahlborn [86], for these parameter
it can be found as 0.7. Therefore, our results is also in the limit of this efficiency.
Based on these results, we can say that the two-stroke algorithmic heat engine is more

efficient than four-stroke cycles.
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Figure 4.4: (Color online) Power output obtained in a two-stroke quantum Otto cycle
for the different number of iterations of PPA as a function of ws. The legend of the
plot shows the number of rounds of PPA applied to qubit 7 and the direction of the

arrow indicates an increase in the power output from 8th iteration to 1st iteration.

To compare the algorithmic and the standard two-stroke heat engines, we again
consider a two stroke machine cooled with isochoric cooling. For isochoric cooling, we

imagined cold heat baths for temperatures corresponding to the algorithmic cooling
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results for each iteration. When isochoric heating and adiabatic parts are applied in
the same way, the work outputs that we get will be the same in these two machines.
Assuming that the qubit S is thermalized faster than the qubit 7 during isochoric
cooling, the power output of this standard two-stroke heat engine can only be de-
termined by the thermalization time of the qubit 7 as P = W/rr. We can say; If
Tr(2n 4 1)j 77 is satisfied, which is the case up to the 5th iterations of PPA with
these parameters, our two-stroke algorithmic quantum heat engine gives more power
output. Also, the second, lower temperature bath is challenging to implement in the
context of NMR systems, and that’s why our main objective is to be able to harvest

work out of the single common environment using HBAC.
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CONCLUSIONS

We have investigated the possible quantum Otto engines implementing HBAC
instead of isochoric cooling. Conventional NMR setups do not let to change strength
(huge) magnetic field along the z direction. To solve this restriction, NMR setup can
be modified to change the strong magnetic field via gradient coils such as Magnetic
Resonance Imaging (MRI) system. Besides, the sample always in a single entropy sink
in NMR systems. This is a critical challenge to design QOESs, which requires two heat
bath to extract work from NMR qubits. Using HBAC allows us to cool the working
fluid in a single heat bath. Here we specifically showed this cooling process could be
implemented to four-stroke and two-stroke QOEs. The isochoric cooling process of
the cycle takes too much time compared to the HBAC. Comparing our results with a
single spin NMR heat engine, utilizing the HBAC to QOEs improves the power output
of the cycles up to a particular iteration of PPA. By using SWAP operations in place
of adiabatic stages and HBAC instead of isochoric cooling a completely algorithmic
quantum heat engine, which can be more powerful and fast relative to those based
upon traditional heat engine cycles, is proposed. Such engines offer programmable
quantum heat engines as analogs of quantum computers but for efficient harvesting

and processing incoherent resources rather than coherent information resources.
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COST OF HEAT BATH ALGORITHMIC COOLING

The cost of cooling target qubit using the HBAC in the engine examined by the
coherent operations (radio frequency field (rf) applied externally to the system). Cost
of coherent operations treated as the free energy change of the system [87-89] or can

be estimated from absorption power of rf field applied to generate quantum gates.

A.1 Coherent Operations:

From Sec. 2.5.1, we know the states before and after the SWAP and COMP operations.
Since the entropy of the whole system is invariant under a unitary operation, the free

energy change for the first SWAP will be

AF = Tr [HO (o) — 0] (A1)
In the iterative part of PPA, for the first SWAP it will be
AF =T [HO(p™ — pt2)] | (A.2)
and for COMP operation
AF" =Tr [HD (p) — pt4)] . (A.3)
The total free energy change due to unitary operations will be
AF = AF + AF' + AF” (A.4)

In Fig. A.1, we plot total free energy change due to rounds of algorithmic cooling.

From the plot we can see that our cost for unitary operations is above the work we
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Figure A.1: (Color online) The total cost of cooling the target qubit by HBAC. It is

obtained by the free energy change due to unitary operations.

gained from four stroke algorithmic heat engines, and for a single iteration, our cost
is around AF ~ 1.2 x 107% J/mol. After each unitary evolution in HBAC, the reset
qubit is non-equilibrium with the heat bath. So, R operation is done by the bath,

and heat released from the reset qubit to the thermal environment.

A.2 Rf Field Absorption Energy:

For a single pulse, we can calculate absorption energy, by a single qubit, using non-
relativistic Fermi’s Golden rule [49]. Unperturbed local Hamiltonian of the single

qubit after adiabatic compression is Hi(l) = —hw!I,. And the rf Hamiltonian as a
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perturbation can be written as

1’yiﬁBrf (e ™+ I_e™") (A.5)

Hy =3

For spin 1/2 system transition probability can be found as

Wy = 9B f(w) (A.6)

1
277

where, f(w) is related with shape of the pulse [ f(w)dw = 1. For instance, for
the Lorentz shape it is described as f(w) = 7o/7(1 + (w — w!)?*75) Here, 7» is the
transverse relaxation time. Usually, w = w] and f(w) = /7. If the difference in
populations in a heat bath at temperature 7' can be written as ~ hw!/(2kgT), then

the amount of rf field energy absorbed per unit time by single qubit can be found as

hw!
. / i
P = hw; (2k3T> W_1,1
Th?w?

= B GBI )

Now we can determine pulse duration as 6, = ~,;B,st, and for 7/2 pulse is can be

found as t, = 7/(27;B,f). So total absorbed energy for single qubit will be

7Th2 /2

as t
b =P ~ kT

= (% Brs)T2 (A.7)

Radio frequency field is applied only one qubit during a CNot gate and the NMR
pulse sequence of the CNot given as R,(m/2)U(1/2J)R,(7/2), where R;(6,) is the
rotation matrix applied in i* direction, and U is the unitary evolution due to the
coupling of two qubits [47]. According to the first qubit orientation, the second qubit
reversed or not reversed. For a single CNot, we need to apply two pulses in x and y
direction. SWAP operation also can be decomposed into three CNot gate. So for a
single SWAP, one needs six pulses, and for COMP gate we can assume it is around 10.
In total, we approximately need 25 pulses for a single iteration of algorithmic cool-
ing. At this stage, frequencies of target and compression qubit w7, ~ 63 MHz, and
for reset qubit wj ~ 250 MHz. The temperature of the bath is 300 K. To estimate

a rough result for a typical Liquid State NMR system taking w! ~ 100 MHz, and
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assuming ; B,y ~ 10° Hz, and 7 ~ 10 msec, we can find the total energy absorbed
by single TCE molecule during cooling process as Ei; ~ 2.6 x 1073° J. For 1 mol of
TCE, it can be easily estimated as Ey,; ~ 1.6 x 107 J/mol. This result is pretty close
to above found by Eq.(A.4) for a single iteration.

A.3 Rf Field Energy:

We can also estimate the total energy given by every pulse due to the magnetic field.
Since there will be losses to the environment, rf field energy that we applied will be
higher than the free energy change or absorption energy by spins. The energy density
of the applied magnetic field can be written as

|

u =
2410

|Br? (A-8)

Local pulse intensity is just multiplying this expression with ¢ (speed of the field in
vacuum).
I, =cu=——|B,[? (A.9)
2410

For a beam with a width of §, the pulse energy can be written
U, = L,w(6/2)t, (A.10)

Here, width ¢ is directly related with rf coil diameter and assuming it is 6 ~ 1 cm.
Again pulse duration t, = 7/(2vB,) sec, uo = 47 x 1077 Tm/A give us U, ~ 9x 1073
J.

As a result, we have W < AF < U,. Thus, our calculation of the cost of cooling
the target qubit give us a result larger than the work output of the quantum Otto

engines and verifies the thermodynamical constraints.
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