FAST BLIND EQUALIZATION USING SUBGRADIENT-BASED
ALGORITHMS

by

Can Kizilkale

A Thesis Submitted to the
Graduate School of Engineering
in Partial Fulfillment of the Requirements for
the Degree of

Master of Science
in

Electrical & Computer Engineering

Koc¢ University

September, 2004



Kog¢ University

Graduate School of Sciences and Engineering

This is to certify that I have examined this copy of a master’s thesis by

Can Kazlkale

and have found that it is complete and satisfactory in all respects,
and that any and all revisions required by the final

examining committee have been made.

Committee Members:

Prof. Murat Tekal;;

Assistant Prof. Métin Tiirkay

Date:




To my parents

iii



ABSTRACT

In this thesis, several novel blind equalization methods based on subgradient search over
a convex cost surface are presented. These subgradient-based methods are alternatives to the
existing iterative blind equalization approaches (such as the Constant Modulus Algorithm
(CMA)) which mostly suffer from the convergence problems caused by their nonconvex
cost functions. The proposed methods are variations of on an iterative algorithm (called
SubGradient based Blind Algorithm (SGBA) ) for both real and complex constellations.
SGBA is based on the minimization of the /o, norm of the equalizer output under a linear
constraint on the equalizer coefficients using subgradient iterations. The algorithm has a
nice convergence behavior attributed to the convex [y, cost surface as well as the step size
selection rules connected with the subgradient search. We study four different variations of
the SGBA algorithm: Fixed Window SGBA, Moving Window SGBA, Weighted SGBA and
the Fractionally-Spaced SGBA. The performances of these algorithms are illustrated using
examples in both complex and real constellations, where it is shown that the convergence
behaviors of the proposed algorithms are in general less sensitive to initial point selection and
fast convergence speeds can be achieved with a wise selection of step sizes. Furthermore,
the amount of data required for the training of these equalization algorithms and their

complexities are significantly low.
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NOMENCLATURE

z : Point x

x : Vector x

X : Matrix x

[| x ||lp : The I norm of the vector x.

| x ”H : Weighted norm of vector x. ] is the weighting matrix.
Co : Convex Hull.

Of(x) : Subdifferential of function f at point x.
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Chapter 1

INTRODUCTION

Communications has always been a major part of human life. It is one of the few areas that
almost every new technology is used in. In the near past, there has been a drastic improve-
ment in communications. Especially the introduction of wireless technology redefined the
way of communications. Not only the speed but also the mobility for communications have
increased.

Today from internet to cell phones we face with communications in every aspect of life. To
service the increasing need for the communications we need to use the available bandwidth
wisely and make the data rate as high as possible. Also as the need increases new problems
arise. One of the most important problems is the effect of the medium that the transmitted
signal is passing through. For example as the signal passes through air it is reflected through
different objects and several delayed, phase shifted and scaled versions of the signal reach
the receiver. To use the information in these signals first we have to get rid of the effects
caused by the media. This process is called equalization. Today most of the communication
types requires this process. The equalization process must be fast and reliable since we are
using high data rate. Standard equalization processes makes use of the training data which
consumes the precious bandwidth. To get rid of the problems caused by training data blind
equalization is introduced.

Blind equalization has been a research subject for the last few decades. The aim is to
equalize the channel (to find the values of the equalizer coefficients which will invert the
channel) without any apriori knowledge of the channel and training data. Several approaches
have been proposed to achieve this goal. Among them, we can list (Explicit) High-Order
Statistics(HOS) Methods (e.g., [1, 2, 3]), Constant Modulus Type Algorithms (e.g. [4, 5]),
Subspace Methods for Multi-Branch Channels (e.g., [6, 7]), Decision-Directed and Finite
Alphabet Methods (e.g., [8, 9, 10, 11]) and Maximum Likelihood Methods (e.g., [12]). This
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kind of equalization is very attractive since sending training data consumes precious band-
width. Moreover we may not have the opportunity to send training data in all of the
applications even if we have enough bandwidth to spare.

For the evaluation and the comparison of these blind methods, various properties of the al-
gorithms are to be taken into consideration. One criteria is complexity. The computational
power is limited hence for an algorithm to be practically useful, its complexity must be
reasonably low. As the complexity decreases, the algorithms implementation cost decreases
making it very desirable for the real time applications. For example the Godard algorithm
[4], one of the most popular algorithms for blind equalization, is chosen for several real time
applications because of its very low complexity and simple update rule.

Another criterion for blind algorithms is their convergence behavior. The problems in con-

vergence can be divided into two main groups as follows:

o [ll-convergence: This is the case when the algorithm converges to a point other then
the desired one, hence removing an insufficient amount of ISI. The main reason for this
kind of misbehavior is the existence of several local minima corresponding to undesired
points. This problem greatly reduces the reliability of the algorithm because one can
not guarantee whether the algorithm will work or not.

e Slow-convergence: This is the case for which the algorithm converges very slowly.
The slowness is mainly caused by the attraction of the saddle points on the surface
of the cost function(due to capture by saddle points {5, 13]). This problem makes the
algorithm spend a large amount of data before converging to a desirable point. The
slow convergence makes the algorithm unusable for time-varying channels since fast

training and tracking can not be achieved.

Vembu et. al. [14] address these problems and proposes the use of the convex cost functions.
As a convex cost function using the [, norm of the output under a linear constraint over the
equalizer coefficients is suggested. However since o, norm is a non-differentiable function,
its use is approximated by I, norm with a high p value. For the exact minimization of [y
norm, the use of linear programming is proposed. However the high complexity of linear
programming makes these I, based algorithms not suitable for real time implementation.

The focus of this thesis is the development of low complexity algorithms that minimize the
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loo cost function. Qur approach is based on subgradient methods for non-differentiable cost
functions: although the ., cost function is non-differentiable, the subgradient approach can
provide us iterative algorithms with simple update rules. In addition, we can benefit from
the step size selection rules, which have long been investigated in the area of subgradient
optimization of convex functions, to develop algorithms with fast convergence. We show
that the use of subgradient methods with proper step size selection rules leads to iterative,
low complexity blind algorithms with desirable convergence behaviors.

In the next section we define the blind equalization setup that will be discussed throughout
the thesis.

1.1 Blind Equalization Setup

The symbol spaced blind equalization setup that will be discussed throughout the thesis is
shown in figure (1.1).

I
X, h % Y, W %

Figure 1.1: Equalization Setup.

Inll:

o The input is represented by z; which can belong to any complex or real constellation.

For example {z; € {—-2-M +1,...,2- M —1}},

e The effect of the channel is represented by a linear filter h having coefficients {h;;¢ €
{0,...., Ny, — 1}},

e The noise component is represented by n; which is assumed to be white, zero mean,

Gaussian in most of the applications,

e The received signal is represented by y;,
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e The equalizer coefficients are represented by {wy;i = 0,..., N, — 1}. The equalizer
vector can be defined as w = [w; - - - wy). Equalization process is based on the search

for the correct elements of this vector,

o The output of the equalizer is represented by z;.

In this thesis we will also deal with fractionally spaced equalizers which are implemented
in systems with sampling rates different than symbol rates. In figure (1.2) the equalization
setup for fractionally spaced equalizers is shown. In this setup the input is oversampled by
a factor of p and the equalizer can be considered to have a vector with input dimension p.
In other words the output of this equalizer is a linear combination of the outputs of the p
subequalizers (by subequalizer we mean the portion of the equalizer corresponding one one
phase of the oversampled sequence). In figure (1.2) we can see that the fractionally spaced
equalizer is no different then an equalizer for SIMO channels hence from this point it will

be treated as one. In chapters 3.3 and 4 detailed information about fractionally spaced

nt

Xik

Hi(2) T Wi \
Zx
Xk
= Hz(2) é ya Welz) +
o;ezﬂa]n;pwg ] I 1np l

Figure 1.2: Fractionally Spaced Equalizer.

equalization is given.
For all of the blind equalization approaches that we consider in the thesis, some common
assumptions about the equalization setup are made. These assumptions can be listed as

follows:
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e The channel is assumed to be linear and time-invariant. Since signal is distorted
by the linear effects such as multipath, this is a generally accepted and reasonable

assumption for the channel,

® z; can be an n-dimensional PAM or QAM signal. For example {z; € {-2-M +1,...,2.
M — 1}}a

e 1; is assumed to be iid,

1.2 Problem Definition

The problem of blind equalization can be defined as finding w that eliminates the effect of h
on x. In other words, the equalization problem is to find the equalizer coefficients that will
make the equalizers impulse response equal to the inverse of the channels impulse response.

The correct w will satisfy the condition below:

hxw=46,4-c (1.1)

In (1.1), d is an arbitrary delay and ¢ is a non-zero complex constant. Since there is no
information about the delay and the magnitude element, all of the w satisfying (1.1) will be
a solution for the problem. In other words w is a shifted and scaled convolutional inverse
of the channel.

In supervised and adaptive blind equalization it is generally not possible to obtain the
exact inverse of the channel especially under the FIR constraint on equalizer coefficients.
Therefore, the adaptive equalization is posed as an optimization task where the equalizer
is to be chosen as "close” as possible to the inverse of the channel. Of course the term
”closeness” depends on the distance measures used. Throughout the thesis we’ll use the
following two closeness measures,(which actually measures the closeness of the combined

channel and equalizer to a delta function);
e Open eye measure(Normalized peak distortion): p(c) = Zl—c;l——p )

o ISI (Normalized inter symbol interference energy): ISI(c) = Zl—?;;pz—,
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where p = max; |¢;|. Both measures are nonnegative and get zero value only under the
perfect equalization condition.

So far the concept of blind equalization is explained. The setup for blind equalization is
shown and some common assumptions for this setup are given. As stated before there is no
information about the impulse response of the channel. Furthermore, there is no training
signal available that is sent as the input.So the output of the channel with the assumptions

on the input are all the information we have.

1.8 Thesis Overview

The organization of the thesis is as follows: Information on relevant mathematical back-
ground on convexity and subgradients are given in Chapter 2. In Chapter 3 the existing
approaches for the blind equalization problem are summarized. This chapter is followed by
chapter 3.3 which gives insight about the cost functions. Chapter 4 is the main chapter
where subgradient optimization based algorithms that we developed are introduced. Chap-
ter 5 provides information on the complexity of the algorithms. Chapter 6 contains the
simulation results of the proposed and previously developed algorithms. Finally conclusions

are given in Chapter 7.
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Chapter 2

MATHEMATICAL BACKGROUND

The blind equalization approach that we proposed in this thesis is based on convex
optimization methods in particular subgradient techniques. Basic motivation for the use
of convex optimization is the unimodel structure of the convex cost functions use of which
avoids ill-convergence and slow convergence problems encountered in adaptive algorithms
with multi-modal cost surfaces.

The non-differentiability of the convex cost functions proposed for blind equalization is a
major obstacle in obtaining low complexity algorithms, as the gradient search is the most
popular approach for developing such algorithms. Fortunately, the subgradient approach
will enable us to develop low complexity algorithms suitable for real time implementations.
This chapter aims to provide basic mathematical background covering convex sets, functions

and subgradient techniques.

2.1 Convexity

In this section definitions of ”convex set” and ”convex function” will be made, then the
properties of a convex set will be given. Detailed information on convexity can be found in

[15, 16].

2.1.1 Convez Set

A convex set can be defined as:

C CR" is called convexr if
(az1 + (1 — a)zy) € C, Vz1,22€ C, Ve € [0,1]. (2.1)

Equation 2.1 states that if two points are elements of a convex set, then all the points belong

to the straight line section between these two points also belong to this convex set.
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Figure 2.1: Convex and Non-convex Sets.

Some important propositions about convex sets are as follows:

e The intersection of convex sets is also a convex set.

Closure and interior of a convex set is convex.

An affine image (or inverse image) of a convex set is convex.

Let C1 and Cs be convex sets, then C} + C3 is also a convex set.

For two positive scalars A1,A2 and a convex set C, (A1 + A2)C = A1C + AaC.

Convex-Hull of a set A is the smallest convex set containing all of the elements of A.

2.1.2 Convex Function

A convex function is defined as follows:

Let C be a convex set and C C R™. f is convex if
flaz + (1 - a)y) < af(z) + (1 - a)f(y), Vz,y € C,

In figure (2.2) a simple convex function is shown.

Va € [0,1]. (2.2)
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f(z)

Figure 2.2: A convex function

2.2 Subgradient
Let f: R™ — R be a convex function. A vector d € R" is a subgradient of f at point z € R
if

f(2) 2 f(x) + (z — x)'d, Vz e R. (2.3)

If f is concave then d is a subgradient of f if —d is a subgradient of — f(a convex function).
The set of subgradients of f at point z is called the subdifferential of f at z. Subdifferential
of f is denoted by 8f.

vd € 8f(z) f(z)> fz)+ (z—2z)d, VzeR (2.4)

f(2)

Figure 2.3: The tangential plane formed by a subgradient at point x.

In Figure (2.3) one can see that the tangential plane formed by a subgradient is always a

lower bound (or upper bound if concave) for that function. Moreover at point x function f
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is not differentiable but subgradients exists. The existence of a subgradient is independent
of differentiability (which is one of its most important properties). Detailed information
about subgradients can be found in [15, 16, 17].

Now that subgradient is defined, it is time to introduce the general subgradient algorithm.
In the next section first a brief information on the gradient-descent methods is given, then

the subgradient algorithm is introduced.

2.3 The Subgradient Algorithm

The gradient-descent methods use the first order derivative information to update the search
vector such that the objective function value is iteratively improved. The goal is to eventu-
ally reach the neighborhood of a global or a local optimal point, depending on the property
of the cost function.

Given f(w) defined over set S is a differentiable cost function to be minimized, the gradient

descent method consists of iterations of the form

w(t+D) — pg {wa) —uv f(w(i))} , (2.5)

where Pg is the projection on set S and the step size p is chosen small enough to ensure
the decrease in the cost function.

Various adaptive and blind algorithms have been based on this structure due to its
low complexity [18, 19]. The most famous examples are the Least Mean Square (LMS)
algorithm in supervised adaptive filtering and the Constant Modulus Algorithm (CMA) in
blind equalization.

In the CMA case, for the equalization setup in Figure 1.1, the cost function is given by

(5]

Fw) = E((v~ 21", (2.6)
~y is the level corresponding to the constant modulus. The update equation corresponding

to the CMA cost function in (2.6) is given by

W(i+1) — wl® + u(i) Yiz; (’)’ _ lzilz)’ (2.7)
N e’
Viw®)
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where the stochastic gradient is replaced by its estimate. Note that the projection operator
in (2.5) doesn’t appear in (2.7). The reason is that the CMA cost function in (2.6) is defined
over the whole R™» and therefore the projection operator is the identity operator.

The gradient-descent methods are applicable to only differentiable functions. The non-
differentiable counterpart of the gradient-descent algorithm is the subgradient projection
method in which the gradient vector is simply replaced by a subgradient vector:

where g is a subgradient picked from the subdifferential set 8f (w(i)). Although the sub-

gradient algorithm looks very much like the gradient descent algorithm, in the subgradient

iteration it may happen that

Fw DY > f(w®) (2.9)

for any u® >0 [15]. However, if the 1@ parameter sequence is properly chosen then w9
can be made to converge to the optimal point w*. In fact the selection of the step size is
a crucial point and it has been a research focus for several decades where various step size
selection schemes have been developed. Before introducing some of the previously proposed
step sizes, the sufficient conditions for the convergence of the algorithm is given in ZLDS

step size rule.

2.8.1 Zero-Limit-Divergent-Sum (ZLDS) Step Size Rule

One major result about the selection of the step size parameter u(® is due to Polyak ([20

21]): if the following two conditions hold

@)
52 o, = (210
o (@)
> 6B = > 211)

then lim; ,o w(®) = w*. Therefore, Equation 2.10 (Zero Limit) and Equation 2.11 (Diver-
gent Sum) provide sufficient conditions for convergence based on the step size selection.

A simple example of a step size satisfying ZLDS rule is

p® = (2.12)

i+1’
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which satisfies the conditions in Equations 2.10-2.11. This step size rule has been studied
in [22]. Under certain assumptions regarding the cost surface, it is shown that the square
distance to the optimal point w* decreases with a sublinear convergence behavior, i.e. we

can approximately write

lw* — w3 < allw* — w3 (2.13)

where a ki,, for some parameter p which is dependent on the cost surface and pyg.

2.3.2 Relazxation Step Size Rule

A dynamic step size rule, known as relaxation rule[15, 23], is given by

@y —
@ _ ) FwY) =~ )
BE=TT g0 @14
where
0<y <P <y <2, (2.15)

and f* is the minimum value of f(w). If the step size is selected based on this rule then it

is guaranteed that

WD o < [ —wy Vi (216)

i.e., the distance to the optimal vector decreases monotonically[22]. The proof of this mono-

tonically convergent behavior is as follows:

[ — w2 = || (Ps {w® — g}y — w2 (2.17)
= [w® — pOg® —w*|? (2.18)
= w® — w2 - 2(w® — w*Yg®u® + [uOg®)? (2.19)
< w® — w2 = 2(f(w®) — I + OO (2.20)
el w2 @ T~ 12 e P D) — )2
I = e =g O e 221
_ i * )\ (@ (f(W(i)) - f*)2
= [w® — w*|]> = (2 — 4O )yt )——W (2.22)

. (z) (7,) f w(i) —f' 2 " « . . . .
When (2—~®)y TECIT B 0, (2.16) is guaranteed and this inequality is satisfied only
if 0 < v < 4® < 4* < 2 (The projection operator is eliminated in (2.17) since the convex
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set is the subspace itself and the inequality in (2.19) is a direct result of the definition of
subgradient).
The choice of i as in Equation 2.14 also provides a faster rate of convergence (than the
step size in Equation 2.12) . The convergence rate of this scheme has been studied in
several references (see for example [24, 22, 23]). For this step size selection, a bound for the
convergence rate can be derived[22] based on the assumption that, there exists some x for
which

Fw) = f* = sl|w* — w2 Yw € S. (2.23)

Using this assumption, and assuming that ||g(® |z < C, it can be shown that[22]

lw* — w2 < ¢'[w* — w5, (2.24)

2
q= \/17— P2 — rork (2.25)

For piecewise linear functions of the form f(w) = || AW + b||o0, Brannlund shows that [23]

where

& in (2.23) can be computed as the solution of the optimization problem

min z (2.26)
st. AATa <21
aTAATa =1
a>0

Unfortunately, g factor obtained based on Equation 2.25 provides only a pessimistic upper-

bound for the rate of convergence.

2.8.8 Relazation Step Size Rule With Variable Target Values

The relaxation step size rule in Equation 2.14 requires a priori knowledge of the optimal
value of the function to be optimized which is not reasonable in most cases. The use of an
estimate of f*, instead of f* have been investigated in several references (see for example

[25, 26, 27]) such that the subgradient update rule takes the form

, . ) @My — ) .
witl) = pg {W(z) _ a(z)(_f(_'i."[_g(i))l—lgf_lg@)} . (2.27)



Chapter 2: Mathematical Background 14

Bazaraa and Sherali had a pioneering work on algorithms which don’t require the knowl-
edge of f*[28]. Along the same lines, Kim et. al. proposed a variable target method where
fo ® i updated as a part of the algorithm [29].

Recently Goffin and Kiwiel proposed a simple subgradient method[30] which is relatively
low complexity and which is guaranteed to converge. The algorithm is a variable target

method which is based on the following two simple facts[15]:
1. if f* in (2.27), is an overestimate of the optimal value f*, then either

e for some k, f(w®)) < f* or,

~

o w(® converges to an w such that f(w) < f*,
such that overestimate of f* is detected,

2. if * in (2.27) is an underestimate of the optimal value f*, then it can be shown that
By — fx
2 fw (z)) A (2.28)
= el
so that one can detect underestimate condition by checking whether the finite sum-
mation
Fw®) - f*
2.29
ol o o (229)

=0
is above some threshold parameter.

Therefore, one can start with an arbitrary f * and later update it based on the conditions
above.
Nedic and Bertsekas proposed [22] a simpler adaptive step size algorithm with unknown

f* where the estimate of the optimal value is given by

f'*(i) = min f(w(z)) 5@, (2.30)

0<ji<i
Here the 6® is updated according to

560 if fw®) < f@,

G+ — )
max{86®,5}  if fw®) > ft,

(2.31)

where 6(9, 8,0, 8 are fixed positive constants with f<land o >1.
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Sherali et. al. [31] also proposed an algorithm with the a similar complexity to the
Goffin’s algorithm outlined above. The algorithm proposed in [31] also incorporates the so
called dilation technique to increase the speed of convergence.

Information on variable target value concludes the mathematical background chapter. In
the next chapter brief information about the previous work on blind equalization will be

given.
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Chapter 3

PREVIOUS WORK

3.1 Classification Of Blind Equalization Methods
The algorithms developed so far can be classified in three main groups.

o Subspace Methods,
e Higher Order Statistics Methods,

e Maximum Likelihood Methods.

In this chapter, brief information about each method will be given and some of the popular

algorithms will be introduced. A more detailed framework can be found in [12].

3.1.1 Subspace Methods

For SISO (single input single output) channels equalization process can be made only by
using higher-order statistics(higher then second) because of the fact that phase information
about the channel can not be obtained by using second order statistics of the channel . Most
of the algorithms using higher order statistics has drawbacks like slow, ill-convergence, the
need for unreasonably high data lengths etc.

To equalize the channel using only the second order statistics is possible only if the channel
has multiple outputs. The work of Kaliath, Tong and Xu [32] has shown how to identify a
channel using only second order statistics. The idea was to form a multiple output channel
by using an antenna array combined with fractional sampling.

One of the most popular algorithms using subspace methods is the MUSIC algorithm|[33].
MUSIC detects frequencies in a signal by performing eigenvalue decomposition on the co-
variance matrix of a data vector from the samples of the received signal. The algorithm
assumes a structure about the channel and uses the fact that signal vectors are orthogonal

to noise subspace. By using the orthogonality the algorithm reaches a scaled version of the
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channel impulse response. ESPRIT [34] is another important equalization algorithm using
subspace method.

The subspace methods have high convergence speeds and reliability. However as we can see
these methods can only be used for channels having multiple outputs. Also the algorithms
using these methods have high complexity which is an important drawback for this class of
algorithms. Finally since the algorithm assumes a structure it fails when the assumption is

incorrect.

3.1.2 Higher Order Statistics Methods

The subspace methods can be used only in channels having multiple outputs. Most of the
time we are faced with SISO channels which make subspace methods unusable. To equalize
a SISO channel we need more then the second order statistics of the channel hence we make
use of higher order statistics of the channel and this is what HOS methods are all about.
[4, 35, 36] have proposed some of the popular equalization algorithms using HOS methods.
HOS methods can be divided into two main groups:

e Erplicit HOS : These type of algorithms involved in the use of the higher order statis-
tics of the channel directly. [35, 36] are good examples for this type of algorithms

since they are using kurtosis function.

o Implicit HOS : These type of algorithms do not use the higher order statistics directly,
however the result leads to the use of higher order statistics of the channel. [4] is a

good and famous example for this case.

3.1.8 Mazimum Likelihood Methods

Maximum Likelihood (ML) is an important method in statistics with the property that
under ideal conditions variance of ML estimator converges to a lower bound(Cramer-bound)
for all unbiased estimators. Because of this property it has been applied in many fields of
signal processing [37] especially in sequence estimation and decoding problems in digital
communications{38]. For the same reason various ML based algorithms have been proposed

in blind equalization where we can classify them under two main categories:



Chapter 3: Previous Work 18

o Deterministic Mazimum Likelihood: In this case the input sequence is treated as an

unknown deterministic sequence(12].

e Stochastic ML: In this case the input sequence is considered as a random process.

In both approaches the equalizer coefficients or the channel coeflicients are obtained

through the optimization of the likelihood function.

Z=0rgmez = Py |2) (3.1)

It is in general not possible to obtain a closed form solution to this problem. Therefore the
procedure for obtaining the solution for the ML cost function is generally gradient search
based.

As the likelyhood cost surface is multimodal in general ML based blind algorithms reported

to suffer from ill and slow convergence[12].

3.2 Existing Popular Algorithms Using Non-Convex Cost Functions

3.2.1 CMA

The constant modulus algorithm (CMA) probably the most well known and the most pop-
ular approach in blind adaptive equalization. CMA is an iterative blind algorithm with a
simple update rule hence it has easy implementation. For some constellations magnitude of
the transmitted signal is constant (2-PAM, 4-QAM etc.). This information is used to form
the cost function of the CMA. This cost function is

J(w) = E(|lul* ~ ), (3-2)

where ¢ is some positive constant value. The condition that minimizes this cost function
is |y]? being equal to c. In other words the magnitude of the output of the equalizer is
constant and equal to c¢. The value of ¢ is chosen without any criteria(it may be chosen
based on the power level of input to increase the convergence speed) since each of them
will lead algorithm to a scaled version of the optimum equalizer point(w*). For this cost

function the error is defined as,
e=ulf —c (3.3)
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The direction vector for each step of the algorithm is represented by g(®) which is defined

as,

g(k) = Zmik --- Titk ]T- (3.4)

Vector g(¥) is the convolution vector for the kP iteration. Now the update rule can be
written as:

Wi = wi — ) . g® e, (8.5)

where u® is an adaptive coefficient determining the step size. In each iteration of the
algorithm, output vector y is calculated. By using y the error is calculated. Finally the
equalizer vector w is updated as in (3.5)(There are modified versions of CMA and their
update rules are shown in table (3.1)). The algorithm continues to run until an acceptable
ISI value is reached.

Ags stated before the CMA greatly suffers from ill and slow convergence. This is because
of the non-convex structure of its cost function (J(w)). As these local minima are the
stationary points where gradient is equal to the all-zeros vector, a gradient search based
algorithm can converge at them. When one of these points are reached, g, becomes zero
and w stops changing. When this is the case there is nothing to be done except to restart
the algorithm and hope that it converges to the global minimum next time. Also saddle
points greatly reduces the speed of convergence when the equalizer vector passes through
their neighborhood.

In table (3.1) se-CMA step size uses sgn(e) instead of e. NCMA is a normalized version
of CMA using only the direction information of the vector g. In the step size of NWCMA,
G denotes the window matrix. Each row of G is another convolution vector for CMA, and
instead of one now several vectors are used to estimate the direction of the algorithm. More
versions of CMA algorithm is present today.

As seen so far CMA has a very simple update rule and low complexity making the al-
gorithm suitable for hardware only implementation. The algorithm has two drawbacks.
The convergence speed is very slow due to the update rule ,the search direction and non-
convex structure of the cost function. Cost function’s non-convex structure also causes
ill-convergence problem. Since there are false minima the algorithm can easily converge to

these points. This causes insufficient removal of ISI(3.1).
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Name Step Size
CMA A-g-e
SE-CMA A-g-sgn(e)

NCMA Ag-(g-gh)t-e
NWCMA | A-G-(G-GT).¢

Table 3.1: Different Step Sizes For CMA

The complexity of the CMA is very low. In each step there is a vector multiplication to

CMA Cost Surface l<infinity Cost Surface

Figure 3.1: Convex and non-convex cost surfaces.

calculate the current output followed by simple summations to calculate the new equalizer
vector. Hence the complexity of CMA can be given as N, additions and multiplications for
each step.

The easy implementation and very low computational complexity are the two main reasons
for CMA being the most popular blind equalization algorithm. Understanding this algo-
rithm gives important information about blind algorithms.

The CMA uses implicit HOS hence can be used in symbol spaced channels.
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8.2.2 Shalvi Weinstein

The algorithm is introduced by Ofir Shalvi and Ehud Weinstein [35]. The suggested equal-

ization criterion is,

mazimize |K(z)] while E|z|>= E|a]*. (3.6)

In equation 3.6 K is the kurtosis function function which is defined as:
K(z) = E|z|* — 2E?|2|2 — |[EZ%. (3.7)
The update rule for the algorithm is given as :
W =w+3-Vyo. (3.8)

In equation 3.8 V¢ is the gradient,d is the step size and w is the equalizer vector.

¢ = sgnK (z)[E|z* — |EZ%|* + mE?|2[? + 272 E|2|] (3.9)
where
=2 QTE%—II‘;(G) (3.10)
and >
=g (3.11)

Up to this point we can see that the algorithm makes explicit use of HOS (kurtosis function).
This enables the applicability of the algorithm to symbol spaced channels, however it also
increases the complexity of the algorithm, making it very inappropriate for hardware only
implementation. The algorithm is nearly unaffected from the distribution of the input
except the case where the input has Gaussian distribution, making the kurtosis function
zero. The noise performance is very good when the noise is i.i.d. Gaussian because the cost

functions noise component is zero for this case.

3.2.83 Super Exponential Method

Another method proposed by Ofir Shalvi and Ehud Weinstein is the Super Exponential
Method [36]. This time instead of linear prediction, a nonlinear recursive method is pro-

posed.
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The update rule of the algorithm can be written as:
w=R™1.d, (3.12)

and

1
"
w = - w. (3.13)

In equation 3.12 R and d are defined as:

Cﬂ?n(yt—m; y;;——n)
_ Cumi\Yt—m; Yt—n) 3.14
g - um(zs 1 p; 25t GYEp) (3.15)

cum(zy i pa* g+ 1)

Above cum is the cumulative function defined as:
cum(Ys—m¥i_n)» (3.16)

and
cum(ze : 9; 2+ 43 Yf—n)lp—q=1 = E(|2[*5;_n), (3.17)
cum(z: : 938+ 4 97-n)lp=2,0=1 = El|ae*2i_n) — 2B(|2*) E(21yf_n) — E(20) E(5y7_p)-
(3.18)
éum is an estimate of cum. As seen from the update rule, the current value of the equalizer
does not depend linearly on the previous equalizer coefficients. In each step the recursion

above is repeated until a sufficient value for ISI is reached.

The algorithm has very high convergence speed (the decay in ISI is nearly super exponential).
Also like the previous algorithm the only assumption is the input having a non-Gaussian
distribution. However because of the need for calculating the power of some variables,
the algorithm suffers greatly from finite precision effects which makes it hard for hardware
implementation. Another drawback is ill convergence. Cost function is not convex hence
the algorithm can converge to an undesirable point. This greatly reduces the algorithms
reliability.
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3.3 Blind Equalization By Using Convex Cost Functions

Most of the blind algorithms are based on the minimization of some cost function. The
characteristics of these algorithms (such as convergence rate, reliability) strongly depend on
the cost function used for the algorithm. When there are local minima on the cost surfaces
of these type of algorithms, these points can be the target of the algorithms causing ill-
convergence. Another problem is caused by the saddle points, where the algorithms speed
greatly reduces when it passes through a neighborhood of any of these saddle points(slow-
convergence problem). Convex cost functions don’t have these problems since there are
no saddle points nor local minimas on their surfaces. These properties makes convex cost

functions very desirable for blind equalization.

8.8.1 Necessary Conditions For Conver Cost Functions

When choosing cost functions, one has to consider several criteria. For a convex function to
be a cost function of any blind equalization method, first of all the points that equalize the
channel must be the global minimum for that function. Convexity assures us that there are
no local minima, however the point(s) (Here the cost function is defined on the equalizer
coefficients w, hence a points coordinates correspond to the equalizer coefficient values)
minimizing this function may not lead to the optimum equalizer coefficients. One common
example is the convergence to the all zero setup. For example when we consider the infinity
norm of the output, clearly the all zero setup minimizes this convex function. To avoid
this problem, a linear constraint is introduced. Since the constraint is linear, the resulting
function is still convex. Moreover this constrained function has its global minimum on the
points equalizing the channel.

Another important criteria is being delay insensitive[14]. Since there is no information
about the delay in blind equalization, the cost function must be independent of delay. In
other words when the algorithm starts equalizing, the characteristic of the resulting cost
function must be the same all the time. This property is very crucial for the reliability of
the algorithm.
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83.8.2 lo Norm As A Convex Cost Function

Due to the local optima and saddle point structure of their cost functions, the CMA and
some other blind equalization algorithms suffer from the slow and ill convergence problems.
This problem caused the search for the cost functions with better geometrical structure.
The reference [14] investigates the properties of convex functions as the candidates for being
cost functions in blind equalization. In the same reference, minimizing the /o norm of the
output of the equalizer, under a linear constraint over equalizer coeflicients, is proposed as
a blind equalization approach. Considering the equalization setup in Figure 1.1, under the

assumptions that

e the input constellation has the maximum magnitude symmetry around zero such that

maxz = (2-M — 1) and minzy = ~2- M + 1, and,
e {z3} is sufficiently rich in terms of variations in time,
it can be shown that {14]
llzlle = (2-M—1)|lellx (3.19)

where ¢; = h; x w; is the combined impulse response of the channel and the equalizer.
Therefore, minimizing the [, norm of the output is equivalent to minimize the I3 norm of

the overall impulse response. A linear constraint of the form

d*w=e d#0,e#0 (3.20)

is needed to avoid the all-zero solution(w = 0).
The equivalence between the minimization of the {; norm of {¢} and the equalization of
the channel {h;} is given by the following proposition which is proven in [14]:
Proposition : Given the impulse response {h;;i € Z} and the impulse response of its

ideal convolutional inverse {d;;i € Z} such that
dp * by = 0, (3.21)

where |dp| is assumed to have a single mazimum point located at m, then, the solution to

the problem



Chapter 8: Previous Work

25

minimize ||hn * wp|1 (Problem 1)
st wyp=1
is given by
dn
Wy, = d;;m Vn.

The proof for this statement is as follows [14] :

(3.22)

Suppose w* is the vector satisfying the equality in 3.21. Then any equalizer vector can be

written as w' + w* where w* is stated above and w' corresponds to the difference between

equalizer vector and w*. The cost functions can be written as:

J(W) = ||hn * wn|[1,
J(w) = J(w +w*),
J(wW +w*) = Z[hz*w;—}—h,*w;“l

Also we have:

wh=0

and

where A =1/dg. Also ¢; = h; * w[.Now we can write:

J(w) — J(w™) =Z[hi*w§+hi*wg‘[—2|hi*w*[

=3 leil + lex + A] — |4]
ik
> sgn(A)|er + Z ewWi_;] = sgn(A)[ex * w*]
ik
= |Alpo = 0.

(3.23)
(3.24)
(3.25)

(3.26)

(3.27)

(3.28)
(3.29)
(3.30)

(3.31)
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The facts for the equation above are:

lex + Al — [A] > sgn(A)ex (3.32)
Z les] > &= Z EWE_; (3.33)
i#£k i#k

since |w} < 1].
As a result, under the previous assumptions made about {x;}, the equalizer coefficients

{w;;i € Z} obtained by solving the convex optimization problem

minimize ||z||o (Problem 2)

s. t. wr, =1

for some L € Z, will be the scaled and time shifted inverse of {h;} such that

hp x wy = Gop_g (3-34)

for some magnitude G and delay d[14]. Hence, the selection of which tap to be fixed is
strictly related to the optimal delay selection problem. Given no a priori knowledge about
the channel, the safest approach is to fix the middle tap as constant.

Note that the solution of the Problem 2 is equivalent to the solution of Problem I which
is the minimization of a convex cost function of {c,}, the combined equalizer and channel
impulse response, under a linear constraint on w.

Placing the FIR constraint on the equalizer coefficients will still preserve the convex nature

of the problem. However, there will be a performance degradation due to this constraint.

3.3.83 I, Norm As Convez Cost Function (Vembu Algorithm)

Since Iy, norm is not differentiable and not suitable for gradient search. Instead of using
this directly Vembu [14] proposed the use of [, norm with a large p value. By making this
assumption the convexity of the cost function is preserved while differentiability is satisfied.
However using this cost function increases the complexity of the algorithm since power and
root operations take place. Moreover the need for using a large enough p causes finite
precision problems which is another drawback of this cost function. Finally, the solution of

this approximation will not be a correct equalization point especially for small p values.
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3.8.4 Linear Programming Based Methods

It is well-known that [16] minimizing the infinity norm of affine functions can be posed
as linear programming problems(LP). Indeed this approach has been proposed for blind
equalization of both symbol spaced and fractionally spaced channels. The real time im-
plementation requirement of lp approaches places a limit on the data window used by the
adaptive algorithms. In order to reflect this requirement, we can modify the previous convex

optimization problem(problem 2) as

minimize ||z ® 7|0 (Problem 8)

s. t.wp =1

where {r,,} is a rectangular window function, with

1 0<n<Q-1,
Ty = (3.35)

0 otherwise,

and z © r represents the element by element multiplication of two discrete time sequences
(i.e., (2 © 1)k = 27k). Hence the final problem would be equivalent to the minimization of

the [ norm of the finite size vector

2p Yo Y-1 ... Y=-N,+1 Wo
21 n Yo ceo Y-N,+2 w3,

20-1 yo-1 Yao-2 ... YQ-N, WN,, -1
M Y w

(3.36)

Since z is a linear function of the search vector w and the constraint wy, = 1 is a linear
constraint, the corresponding /o, norm minimization problem can be casted to the well-

known Linear Programming (LP) formulation:

minimize £ (Problem 4)

-1 T t —
s.t. < a
-1 -r wg q
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where T is equivalent to Y matrix with (L + 1)** column deleted, q is the (L +1)t* qgolumn
of Y, w, is the w with (L + 1)** element deleted (since wy, = 1), and [ t wel ] is the
search vector.

For the fractionally spaced case the LP formulation is very similar to the symbol spaced
case. The main difference is that we have multiple subchannels corresponding to the different
phases of observations as in Figure (1.2) hence the formulation is based on using all of these
outputs. For each subchannel i in Figure (1.2) we have the equation for the output window

2; as follows:

2i0 Yio Yi-1 .. Yi—Ny+l wio
Zi1 Yil Yo  -.r Yi—Ny+2 Wil
Zi0-1 Yir—-1 Yi-2 --- YiQ—-Ny WiNy—1

(3.37)

For each of the channels we can write a similar expression. As the output of the equalizer

is the sum of the multiple branches in Figure(1.2), we can write:

w1
W2
?1+22+...+zp = Yl Y2 e Yp . i (338)
E K - . .
Y
Wp
[ SS—
w

In (3.38) the fractionally spaced equivalent of w, Y and z in (3.36) are shown. It is
clear from this expression that the channel is equalized using a linear combination of the p
subequalizers. The rest of the LP formulation for fractionally spaced equalizers is the same
as the one given in (3.36).

The linear constraints however, are slightly different for this case. For this new formulation,

the combined response of the channel can be written as follows:

Hw=c (3.39)
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where H is defined by:
H=[HH;  -H) (3.40)

Above H; corresponds to the convolution matrix of the i#* outputs channel response. For a
detailed formulation please refer to [39]. From the properties of the convolution, H; is a tall
matrix. This means HY has a nonempty null space making exact equalization not possible
for all the channels. For the fractionally spaced case we have p outputs forming the matrix
H. As we can see this time we have a fat matrix and from the structure of the convolution
matrix(p toeplitz submatrices) we can say that the matrix has full column rank. This allows
us to equalize the channel exactly. However this time we have more problem having the zero
output at points other then the all-zero setup since the matrix has a nonempty null-space.
Putting one linear constraint such as making an element of the equalizer equal to a constant,
does not prevent the zero solution for most of the time. Since the matrix fat it is very likely
that the rest of the matrix(columns other then the constrained one) is full column rank
hence zero output vector is still a solution. To overcome this problem a second constraint
is defined. That is equating a portion of the equalizer vector w to zero. The number of
elements that are made zero is equal to the difference between the number of columns and
the number of rows. The columns corresponding to the nonzero elements of the matrix
H can be assumed to be independent. Now putting the previous linear counstraint on the
unconstrained portion of the equalizer vector will clearly force the algorithm to avoid the

zero output and the all-zero solution. The constrainted vector w is as follows:

W= [w1 coo WN,4Np+1 0 ... O]T, (341)

where wp, =cand 0 < k < Ny + Np, + 1.

Although LP formulation provides exact solutions to finite window symbol spaced and
fractionally spaced cases, obtaining the solution of an LP is a demanding task. In the next
chapter we introduce our approach where we use subgradient optimization to develop low
complexity algorithms with the same goal. The examples in chapter 6 show that nearly the

optimal solution is achieved with much lower complexity then the LP based approaches.
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Chapter 4

FAST AND LOW COMPLEXITY BLIND EQUALIZATION VIA
SUBGRADIENT PROJECTIONS

4.1 SGBA

In order produce low complexity iterative algorithms for solving the Problem 3, we apply
the subgradient projection approach which is outlined in chapter 2. We start by writing the
subdifferential set for the blind equalization cost function

f(w) = llzllo = ITWs + q|co, (4.1)
which is given by

0f(ws) = Co{{T ok =|lzlloo}U
{-TFlz = —llzlloo} } (4.2)
where Co{} is the convex-hull operation and I‘Z’: is the k** row of the matrix T' which

corresponds to the equalizer input vector producing output z;. Here we obtained the sub-

differential set by using the following properties of subgradients:

¢ Given a set of convex functions h;(x), i = 1...m, with the corresponding subdiffer-

ential sets Oh;(x), if

h(x) = max hi(x), (4.3)
then
9h(x) = Cofl J{ohi(x) | hi(x) = h(x)}}, (4.4)

where Co represents the convex hull operation.
e Given f(x) = h(Ax + b), where h is convex, then 8f(x) = {Afy | y € 8h(x)}.

Upon the inspection of the subdifferential set in Equation 4.2, it can be seen that the

search direction for the subgradient projection algorithm is obtained from the equalizer
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input vectors causing the maximum magnitude equalizer output within the given window.
If J is the set of the time instants for which the maximum magnitude is achieved, i.e.,
J = {k | |2] = l|zllcc}, then a possible search direction for the subgradient projection
algorithm is given by

m=— Y &sign(z)TH, (4.5)
keJ

where Y ) ;& =1 and & > 0. For convenience, one may choose & =1 for some [ € J and

&, = 0 for k # [ in which case the search direction simplifies to
m = —sign(z)I7.. (4.6)

As a result, we can write the update rule for the subgradient based blind equalization
algorithm (SGBA) as
with) = ng) - N(i)Sign(Zl((ii)))szi),:, (4.7)

where

o I® € {0,...,Q — 1} is the index where maximum magnitude output is achieved at the

ith iteration.
o 1 is the step size at the i iteration.

4.1.1 Step Size Selection for SGBA

There are various possible choices for u®:

e Constant step size (u(¥ = p): This is the simplest choice for the step size. The
small values of y will cause slow convergence and the high values will cause high
misadjustment, where we call the misadjustment as the percent deviation from the

optimal value. As shown in [22], for the constant step size rule
. ., pC?
lim f; < f*+ ~—— (4.8)
i—00 2
where C is an upperbound for the norm of subgradients as described in the previous

section. We can set C as

O = max [T (4.9)
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in our problem, as the subgradients are the rows of the T matrix. Therefore, for a given
constant step size u the distance to the optimal point is always bounded and there is
no issue of unstable error growth, due to the fact that the norm of the subgradient is

always bounded.

¢ Normalized Constant Step Size (u(® = QI }: This is in analogy to Normalized-
LMS (NLMS) where the step size has a dynamic adjustment based on the norm of

the current search vector.

e A Zero-Limit-Divergent-Sum(ZLDS) Step Size ( u® = #%): This step size
rule satisfies the Polyak’s Conditions in 2.10 and 2.11 and therefore the SGBA using
this step size is guaranteed to converge (to the solution of Problem 3) as we mentioned

in the previous section.

e The Relaxation Rule with Variable Target Value:

; 2 (%)
(i)=a|zl((‘3) —f ,
T .13

as in the relaxation rule of Equation 2.14 with o € (0,2). If the target value f* were

(4.10)

known a priori then this scheme would converge with a monotonic decrease in distance
to the solution of Problem 3. However, as f* is not known a priori, we need to use a

variable target value scheme. There are different approaches in updating f +@) :

— Use of variable target schemes outlined in the previous section [30, 22, 31]. Among
these algorithms, we used the Goffin&Kiwiel algorithm[30] in our simulations in
Section 6. This algorithm has a relatively simple rule for updating the target

value f* ® and it is guaranteed to converge to f*.

— As an alternative variable target scheme, for constant modulus signaling we pro-

pose the use of

a0 1

Y = LG ITw® + qllp, p=1,2 (4.11)

which is the average of the magnitude of the output for p = 1 or the RMS of
the output for p = 2 within the selected window. The resulting yu; will always be
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nonnegative since

T + allp < [Twl) + (@12)
with equality if the magnitude of the equalizer output is constant which refers
to the perfect equalization condition. For non-constant modulus constellations
proper adjustments can be made to f*(i) by scaling with a constellation depen-

dent parameter.

With the choice of the variable target value the algorithm becomes independent of the in-

formation about the cost function which is not available for most of the time.

4.2 Fixed Window SGBA

If we keep the data matrix I' to be the same at each iteration of SGBA algorithm given by
(4.7), it would be equivalent to the use of some data window. Therefore, we refer to this

case as the Fixed Window SGBA.

4.3 Moving window SGBA

The fixed window SGBA algorithms performs very well in environments with a low noise
level. As seen in the results, its speed is independent from the noise level however the con-
vergence precision is suffered from the noise. Also when the channel is changing we want
to track the channel. With a fixed window this is not possible. When the change in the
channel makes equalization impossible, the only thing we can do is to form a new window
from newer samples and to restart the algorithm. Finally there are some cases where we
can prefer lower complexity for higher convergence speeds. These problems can be summed

up as the following two statements:

o The complexity of the algorithm is linearly dependent to the size of the window hence
if the size of the window is reduced then the complexity of the algorithm will also
reduce linearly. In situations where the output of the equalizer is calculated in the

hardware this complexity is not a concern. However if the output of the equalizer is
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calculated via software then this will have a significant effect on the complexity of the

algorithm. (Problem 4)

¢ Fixed Window SGBA is not robust against noise since the window is static. Although
the eye opening performance is independent of noise, later in the equalization process
we end up with oscillation around the optimal point(The range of the oscillation is

linearly dependent to the variance of the noise). (Problem 5)

o Since the window is static when a change in the channel occurs the equalizer can not

track the channel. (Problem 6)

To overcome these problems we introduce the SGBA with a moving window. The main
idea is to use a dynamic window with a much smaller size instead of a large fixed window
for estimating the infinity norm of the output. The dynamic window will make it possible
to reduce the effect of the noise since the noise is independent in time and the average of
the noise eventually goes to zero.
The dynamic window not only consists of new data vectors but also have some of the old
data vectors. In other words this window has two main sub matrices having the old and the
new vectors. If we define T'* as the dynamic window then the two main components can be
written as follows:

k= ot . (4.13)

I}

In the equation above:

o T% € CF1xWw—1) consists of the subgradient vectors from previous iterations.
o I'% ¢ CR2x(Nw=1) congists of the subgradient vectors from the current iteration.

(Remember that every input vector to the window matrix is also a subgradient vector for
the cost function).
As seen above I"f matrix serves the window as a memory element since it covers previous

subgradients. This memory is crucial since the lo, norm is dependent on the maximum
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element in the whole time interval.
The update rule for the moving window SGBA is very similar to the Fixed window SGBA

and is given as follows:

witD = w® — 4@ gign (00", (4-14)

The only difference of this update rule is that the subgradient vector is chosen from the
moving window instead of a static one. The crucial point in the algorithm is the update

rule for the moving window. The update procedure is given as follows:

. ]."Yﬂ'l) is formed by N vectors in T'®) giving the closest values to the value of the cost
function.

. I‘g") matrix is formed by the newly acquired subgradient vectors.

When we have I"2“ having length L, we can write this matrix in terms of y; (input of the

equalizer) as follows:

YLxk YLxk+1 " YLxk+Ny—2
YrLxk+1 YLxk+2 - YLxk+Ny—1
rk= ¢ (4.15)
YLxk+P—-1 YLxk+P °°° YLxk+Ny+P-1

The formulation given above is simulated under noisy conditions and the simulation results
can be found in the chapter 6. The suggested method reduces the complexity while keeping
the speed of convergence in reasonable bounds. Also it will be seen that the algorithm
has gained robustness against noise. The discussion of the results will be given after the
simulation results.

This concludes the ”Moving Window SGBA ” algorithm. Now we can move on to ” Weighted
SGBA” which offers a great improvement in speed of convergence for SGBA algorithms.

4.4 Weighted SGBA

We introduce the following modification to the update rule in Equation 4.7
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wiith) = w(d — ,O1-1g®), (4.16)

) N &
where g(®) = sign(zl((zi)))I‘l(i) _is the subgradient. The only change in Equation 4.16 compared
to the original SGBA is the introduction of the weighting matrix TI~!, which is constrained

to be positive definite. If we choose the step size as

lzl((zz))| - f*

@) =y K 4.17
where 0 < 7; < 2, then we can show that, given f® #£ f*,
[wi*D —wilim < W — willm, (4.18)

ie. the weighted distance to the optimal point decreases monotonically. In order to prove

this statement, we write

(Wi —wiln = [[w® —w* — uOI1g®||y (4.19)
. R . T g ~2 _ .
= W — w3 — 2uPg®" (Wl — w?) + u®7 I 1g® |3 (4.20)
. R ; 2 R
wl® —wild — 2P (28| - 7*) +p@ I g® | (a21)

- (125 = £7)?
= [|w —wiliF - 72— ’Yi)ﬁw (4.22)

IA

where the inequality in (4.21) is obtained by using the fact that g® is a subgradient and
therefore we can use the inequality in Equation 2.3. For 0 < 4; < 2 the second term in
(4.22) is strictly positive and therefore we obtain the inequality in (4.18). As a result, since
the weighted distance to the optimal point decreases monotonically and it is lower bounded
by 0, the convergence to the optimal point is achieved in the limit.

Note that this proof of convergence with monotonic decrease in weighted distance to the
optimal point is valid for any positive definite II. If we choose IT = I then the weighted
SGBA would be equivalent to the ordinary SGBA algorithm with relaxation step size rule
and therefore we have a proof of convergence covered for this case.

Another choice of interest is the selection of IT as the covariance of the observations

vector,

T
Yi=[yz' Yiml «-r YieL4l Yi-LI—1 --- yz‘—-Nw+1] ) (4.23)
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i.e.,
II = Ry (4.24)
= E(yyi’) (4.25)
which would yield
Wi —willm = (W —wi) Ry (wl? —w}) (4.26)
= E(w@ yi—wTyil) (4.27)

which is the mean square of the error between the outputs of a given w(®) and the optimal
equalizer w*. Therefore, if the covariance matrix of the observations vector is estimated and
its inverse is used as the weighting matrix, then the corresponding weighted SGBA will pro-
vide a monotonic decrease in the output mean square error relative to the optimal equalizer

w*. Furthermore, the update rule in Equation 4.16 will mimic the Newton algorithm.

4.5 Fractionally Spaced SGBA

The SGBA algorithm can be easily adapted to the fractionally spaced equalization setting
in Figure (1.2). Although the treatment is very similar to the standard SGBA case there
are some important differences.

First and the most important difference is this time we assume to have a full rank, fat
matrix allowing us to have perfect equalization. Under some generic assumptions about the
channel perfect equalization will occur at the points (excluding 0) where the cost function
is equal to the average value of the absolute values of the equalizer outputs(J(w) = ||z||o0)-
This is the case when all the outputs have the same magnitudes and this is only possible
when the combined response is equal to a scaled and shifted version of delta function.
Another difference is that we will avoid using any constraints on the equalizer vector. With-

out any linear constraints the cost function becomes
F(w) = Izlleo = ITW]|co- (4.28)
The target value estimate function fayg

1
Favg(W) = @llabS(I‘W)Hl, : (4.29)
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For this case the global minimum of the cost function will surely be equal to 0 and this value
will be reached at the origin. In Figure (4.1) the epigraph of the cost and the averaging
function on a line a passing from the origin is shown. At any point on the a axis the
subgradient vector is the same. This subgradient vector g’ is the vector giving the max
|< g; - @ >| and linearity guarantees us that along axis a this product stays maximum
among all of the subgradients. Since we are considering the absolute value of the outputs
and no linear constraints, it is clear that the cost function fe.s is symmetric with respect to
the origin. Since foyg is formed by a weighted sum of these subgradient vectors (and there

are no constraints)it is also symmetric.
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Figure 4.1: Cost function on an arbitrary line crossing from the origin.

About the average and the cost functions, the statements below can be written:

fa.vg 7é fcost- (4.30)

If fovg(x) = feost(z) where z # 0, then at any point y belonging to the axis passing from

the origin and z,
favg(y) = feost(y) (4.31)

since both functions epigraph for an axis a is nothing more then a simple line (4.1) and
both functions have the same value at the origin. With this new x point we have two lines
intersecting at two points and this is possible if and only if two lines are the same.

We have stated that the points where (other then the origin) the cost and the averaging func-

tions are equal to each other, are the equalizing points(points coordinates are the equalizer
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vector’s coefficients). Now we can easily say that in the space containing the subgradient
vectors there are lines passing from the origin which are formed by the equalizing points. As
the equalizer vector gets close to the neighborhood of one of these lines, the cost function
gets closer to the average function. The step size approaches to 0 as the equalizer vector
gets closer to one of these line(s). Then it is clear that when we get closer to this line the
algorithm’s step size will get smaller and eventually when we reach the line it reaches zero
causing the algorithm to stop. When the algorithm stops at a point other then the origin,
although this is not the global minimum for this function this is a point which equalizes the
channel.
Without the linear constraint we can see that there are two possible outcomes of this al-
gorithm. One of them is to reach an equalizing point and the other is to reach the origin
which is the all-zero setup.
Although with finite precision effects it is nearly impossible to reach the origin by using
SGBA, theoretically it is possible. Suppose that the algorithm reaches to a point x where
z =k x g' and at point z the subgradient is equal to g¢. Also assume that the cost function
is not equal to the averaging function at point z. Since the direction of x and g’ are the
same, the next point will also be located on the line between the origin and point z. From
the fact that the subgradient of the cost function is the same on every point along a line
crossing the origin , clearly g¢ will be the subgradient choice for the rest of the iterations
and since this is not an equalizing line then the algorithm will converge to the origin. In
figure (4.2) an example for this case can be seen.

This makes the choice of the initial point very crucial(In the simulations it can be seen
that with a wise selection of the initial point, reaching the origin is very unlikely).
The convergence to zero can be avoided by renormalization of w every time ||wi|o drops
below a certain level. By this scheme only possible stationary points of the algorithm would

be the equalizing points.
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Figure 4.2: In this case SGBA algorithm converges to the origin directly.
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Chapter 5

COMPLEXITY ANALYSIS

The basic advantage of SGBA is its simple update rule (4.7), which makes it snitable
for hardware-only implementation. Here the update vector is calculated from the inputs
and the outputs of the equalizer with a simple mathematical operation and therefore the
algorithm is less prone to errors due to fixed point implementations.

In SGBA, for each iteration, we need to

e compute 2 output samples, which requires QN,, multiplications and Q(Ny — 1) addi-

tions,
e determine the peak location, which requires {2 — 1 subtractions,

e compute the step size whose complexity depends on the step size rule:

— the constant step size: no computation,
— ZLDS: one division.

— Variable target scheme with f* ® in Equation 4.11: for the average magnitude

case (p=1), Ny, multiplications, Q2 + N, — 1 additions and and 2 divisions.

e compute the update, which requires N,, multiplications and N, additions.

Overall we need about (2 + 1)V,, multiplications and additions (and additional compu-
tational load depending on the step size selections scheme) per iteration. Therefore, the
overall complexity is (2 + 1)Nynsapa operations where nsgpa is the number of iterations.
The linear programming solution of Problem 8 requires O(Q3L) operations, where L is a
precision based factor[40]. Therefore, considering that the number of iterations is typically
much less than the window length, as justified by the examples in the next section, there
is a big computational saving obtained by the SGBA algorithm compared to the linear

programming solution.
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The major computational burden of SGBA is due to the output computation which
requires QN,nsgp4 operations whereas the update part requires (assuming simple step
size selection rule) only Nynsepa (N2nsgpa in weighted SGBA) operations. In many
physical layer communication system implementations, the equalizer is designed to be the
part of the hardware, and therefore both input and output samples are available to the
adaptive algorithm during the data collection stage with no additional cost. As a result, in
such systems, unless there is a constraint on the reuse of the same input data window, we
can drop the load of the output computations from the overall computation budget. The
peak detection (and the magnitude averaging required for Equation 4.11) can be also done
during the data collection stage with simple additions. At the end of the data collection,
the update can be performed which requires only N, (N2 for weighted SGBA) operations
per iteration.

If we compare the complexity SGBA with some other iterative methods’s complexities:

e CMA algorithm[4, 5] requires Nyncara operations. Here nopra >> nseBa in general.

o the super-exponential algorithm by Shalvi-Weinstein[36] requires QN,,ngw operations
for output computation, 6Q2N,,nsw operations for the computation of the empirical
cumulant expression and N2nsw operations for the multiplication with the inverse
covariance matrix. As illustrated in Section 6 7nsw is typically less than nsgpa,

however the overall computational complexity of both algorithms are similar.

e Vembu algorithm [14] ( based on [, approximation of ln,) requires Nyfvempyp and

typically pnvembu >> NscBA-

When the output computation can be dropped from the computational budget by the hard-
ware implementation of the equalizer, SGBA has significantly lower complexity than all of

the above algorithms.

5.1 Moving Window SGBA

The moving windowed version of SGBA has a very similar expression for complexity as the

fixed window SGBA. The difference is the additional complexity caused by the update of
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the row vectors in the moving window. For each update, these vectors are sorted by the
corresponding output value(The vectors giving the closest value to the cost function are
selected). The complexity of the sort operation is O(Nr lg(Nr)). Since Nr is very small for
the moving window SGBA this addition is nearly negligible (as we will see in the simulations
the dynamic window size is nearly 50 times smaller then the static ones size and this makes
the number of iterations the dominating term for the complexity). As we will see the rate
of increase in the number of iterations is less then the rate of decrease in the window size
causing the moving window SGBA to have significantly lower complexity then fixed window

SGBA.

5.2 Weighted SGBA

Weighted SGBA needs the calculation of the weighting matrix ][] and [J~}. Since this cal-
culation needs to be done only once it will not cause a burden on the complexity. Also for a
fixed window, [T~! g’ and its norm can be precalculated only once (since g? vectors are also
predefined). We can say that for a static window the complexity of the weighted SGBA is
nearly the same as the complexity of the standard SGBA.

5.8 Fractionally Spaced SGBA

For this case only the definition of the matrices (block convolution matrices rather then
standard convolution matrices) are different but the algorithms update rule stays the same.
As we can see the formula to calculate the complexity of the algorithm is the same as the
fixed window SGBA. However the size of the matrix I' is p times wider as we can see in
equation (3.38). Then under the same conditions we can see that the complexity of the

fractionally spaced equalizer will be p times higher then the standard SGBA per iteration.



Chapter 6: Performance Analysis Of SGBA 44

Chapter 6

PERFORMANCE ANALYSIS OF SGBA

In this chapter, we provide examples illustrating the performance of the SGBA algorithm

for some sample channels.

: 21DS
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Figure 6.1: Distance to the optimal point for different step size selections.

6.1 Comparison Of Step Size Rules

In the first example, we compare the convergence performance of different step size selection

rules. We assume

o h={-1.0493 + 0.2305i,1.4129 — 1.4497%, —0.2540 + 0.20213, 0.5302 — 0.7732i} as the

impulse response of the channel (taken from the reference [41]),

e 4 QAM Input Constellation,



Chapter 6: Performance Analysis Of SGBA 45

e N, =21, L=28, Q=400.
The step size selection schemes we compared are:

() _ px
1. Relazation: p® = 1.7%%; where f* is assumed to be known. Here we pre-
(%) ;12
calculated f* using the Linear Programming method. This is not reasonable in real-life
applications, however, we include this case to provide a basis of comparison for the

other step size selection schemes.

. Rez® |- f+® i
2. Relazation with Average:p® = 1.3'——”‘2% where f*(z) is selected as the average
(%) 12

magnitude in Equation 4.11.

3. Normalized Constant: p® = ]Tf‘%;'

4. ZLDS: p® = Zz-l-_lﬂ]%;(Tﬂ;

5. Goffin & Kiwiel Algorithm: We updated the target level based on the rules presented
in Section 2.3.3, following the steps of the Goffin & Kiwiel algorithm in [30]. Here we
choose the threshold for the total path length traversed for the given target level as
0.9(R parameter in [30] and the initial distance between the minimum and the target

level as 4 (41 parameter in [30]).

The plots for the distance to the optimal point and the open eye measures for the different
step size selection rules are shown in Figures 6.1 and 6.2 respectively. Among different
choices, the best performance is achieved with the relaxation with perfect knowledge of
f*, for which the eye becomes open after 40-60 iterations. When f* is replaced with the
average magnitude approximation, a similar eye-opening performance is achieved. However,
the performance is worse after the eye-opening stage. The degradation is due to fact that
only a finite time window is considered and a sample spaced FIR equalizer is employed
such that the perfect equalization condition is never achieved. If the SBGA algorithm is
considered as the initial eye-opener algorithm, which opens the initially closed eye and then
leaves the stage to the decision directed blind algorithms later, then the relaxation with
average magnitude step size rule can replace the relaxation with f* as their eye opening

performances are almost identical.
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Figure 6.2: Open eye measure for different step size selections..

The ZLDS rule, although slower, provides a reasonably fast convergence. The expected
sublinear convergence behavior of ZLDS (from Section 2.3.1) is also confirmed by Figure
6.1. The normalized constant step size rules leads to a slow convergence as expected. The
Goflin&Kiwiel algorithm, after careful tune of its parameters, provides fast convergence.
However, the performance of this algorithm tends to be very sensitive to the selection of
its algorithm parameters. For example, if the threshold parameter for the expression in
Equation 2.29 and the initial target value are not properly chosen, then the algorithm can
become very slow. Similarly, we observed that the behavior of Nedic & Bertsekas algorithm
is highly dependent on the 8 parameter in Equation 2.31 and slight deviations in 8 cause

drastic differences in convergence behaviors.

6.2 Comparison of Blind Algorithms: Complex Channel

As another example, we consider the same complex channel as the previous example and

we compare the convergence of SGBA with the following algorithms:

o CMA [5] with constant step size, where a high value of step size is chosen to increase
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Figure 6.3: ISI as a function of iterations for the 4-tap complex channel.

the speed of convergence,

e Vembu Algorithm [14]: this is the I, based approximation of the o cost function.

We used a dynamic step size adjustment to increase the speed of convergence for the

gradient search algorithm. We selected p parameter according to the following rule

8 1 < 5000
p=1{ 12 5000 <1< 9000 , (6.1)
50 9000 <1

where [ is the iteration index.

o Shalvi-Weinstein (super-exponential) Algorithm [36]. The window length is chosen as

400 (same as SGBA algorithm).
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The Figure 6.3 summarizes the results of the simulations with all four algorithms, where
each curve corresponds to a different initialization point. Initial points are chosen randomly
from the surface of the sphere around the optimal point so that the initial distance to the
optimal point is same at each run. In SGBA simulations, we used the SGBA with the
relaxation rule with the average magnitude as the variable target value. The following are

the observations based on this figure:

e convergence to a global optimal point is obtained by SGBA and Vembu algorithms
whereas for Shalvi-Weinstein and CMA algorithms w can converge to different sta-
tionary points depending on the initialization[42]. The ISI level obtained by the Linear
Programming based solution is —39.6dB, which verifies that the point converged by
the SGBA algorithm is close to the solution of Problem 3.

o When entered into a steady convergence path Shalvi-Weinstein algorithm provide fast
convergence. However, depending on the initial point, the performance may drag at

high IST levels for a while (which is probably caused by the attraction of saddle points).

e SGBA converges at reasonably low number of iterations and is less sensitive to the

choice of initial point due to the convex nature of its cost function.

e Both CMA and Vembu algorithms are slow and require quite a large number of iter-

ations.

6.3 Comparison of Blind Algorithms : DSL Channel

As the next example, we consider a DSL channel, the combination of ITU G.SHDSL Central
Office transmitter mask and a transmission channel defined in standard test cases (CSA4
Channel with 2 bridge taps)[43]. The corresponding 128 tap impulse response and its
frequency response are shown in Figure 6.4.

In this simulation, we assumed M = 2, Q) = 800, N, = 30, L = 12 and used the weighted

SGBA (with average magnitude estimate of f*). Figure 6.5 summarizes the results:

o The weighted SGBA. algorithm converged in 50-to-100 iterations.
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Figure 6.4: Impulse Response and the Frequency Response for a Sample DSL Channel.

o The super exponential algorithm convergence curves have initial high ISI-drag sections

followed by sharp falls.

e The CMA and Vembu Algorithms again require large numbers of iterations. Further-
more, the stationary point of the CMA algorithm with —10dB ISI level corresponds to
an undesired stationary point with two significant ISI taps (i.e., an undesired minima

which is expected in a sample spaced FIR equalization setting.).

e The computations required for each algorithm:

— SGBA: Assuming 75 iterations on average, the required computation is about 2
Million operations (1.8 Million for the output computations and 0.2 Million for
the updates). Note that if the output computation’s complexity can be dropped
(with a hardware equalizer implementation) then the computational requirement

reduces to 0.2 Million.

— Shalvi-Weinstein: Assuming 20 iterations on average, the required computation

is about 3.3 Million operations (0.5 Million for the output computations and 2.8
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Figure 6.5: ISI as a function of iterations for the sample DSL channel.

Million for the updates)

— CMA: Assuming 10° iterations, the required computation is 6 Million operations.
— Vembu: The required computation is more than 20 Million operations.

— LP solution of Problem 3: In the order of 512 Million operations.

6.4 Moving Window SGBA

In this section we will look at some examples to illustrate the performance of the Moving

Window SGBA. For the simulations in this section:

o h ={—1.0493 + 0.2305i,1.4129 — 1.4497¢, —0.2540 + 0.20213, 0.5302 — 0.7732i} as the

impulse response of the channel (the same as the first example),

e In the moving window I'! has size 7 and I'? has size 1,
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e the size of the equalizer is 17,

o this simulations are made for 5 different starting points which are chosen from a sphere

that has a diameter equal to the norm of the optimum equalizer vector.

e the SNR value is 20dB.

The ISI measure is used for the examples in this section(given in the introduction).
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Figure 6.6: Fixed Window SGBA 1ISI as a function of iterations for the sample channel.

ISI is a reliable measure for eye opening performance. In the examples above, the chan-
nel eye begins to open near 1.5. In Mowing Window SGBA our aim is to open the channel
eye. When the channel eye is open we can switch to decision directed equalization.

In figure 6.6 the ISI measure curve for a Fixed Window SGBA using window length 600 is
given. It is seen that the algorithm is still independent from choice of initial point. The
algorithm reaches 1.5 ISI value in nearly 50 iterations which is a very small number. How-
ever for 50 iterations we have 50 x 600 = 30000 pumber of output calculations. When
the equalizer is implemented in hardware we don’t have to worry about this computational

burden but when this is not the case we simply face with a considerably high computational
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Figure 6.7: Moving Window SGBA ISI as a function of iterations for the sample channel.

complexity. Another important issue we see in 6.6 is the oscillations caused by the noise
after the eye is opened.

In figure 6.7 the ISI curve for the Moving Window SGBA is given. It is seen that the de-
pendence of the performance on the initial point selection is very low as the Fixed Window
SGBA. The number of iterations for reaching the ISI value 1.5 is higher when compared
with the Fixed Window SGBA. For reaching the target ISI value 1.5 nearly 350 iterations is
needed. In this example our moving window size was 8 hence the average number of output
calculations is 350 x 8 = 2800. When compared with the Fixed Window SGBA it is seen

that we have a considerably lower complexity for this case.

6.5 [Fractionally Spaced SGBA

In this section we will look at the simulation results for the Fractionally Spaced SGBA
algorithm. For the simulations in this section:

o A fractionally spaced channel having single input and 5 outputs is used. The inpulse

response of the channel is as follows:
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—0.049 +0.359¢ 0.482 — 0.569¢ —0.556 + 0.587¢ 1 —0.171 + 0.0614

b 0.443 — 0.03641 1 0.921 —0.194¢ 0.189 —0.2087 —0.087 — 0.0544
—0.221 - 0.322¢ —0.199 4 0.918: 1 0.284 —0.524:  0.139 —0.19¢

0.417 + 0.0307 1 0.873 +0.145:  0.285 +0.309¢ —0.049 + 0.1614

e the size of the equalizer is 25,

e In the first simulation delta functions are used as the starting points of the algorithm.
In the second simulation the points satisfying the scheme in (4.2) are used as the

sataring points for the algorithm.
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Figure 6.8: Fractionally spaced SGBA, delta function as the starting point.

In the first simulation (6.8) we can see that the algorithm gives similar results for different
runs. Since the window size is large, it is obvious that the cost function and the averaging
function will have similar characteristics for each run(for the same or scaled version of the
starting point). The 1.5 ISI value is reached nearly 60 iterations which is pretty fast. Also
you can see that perfect equalization is reached. First one (speed) is a property of SGBA
and perfect equalization is the result of the setup being fractionally spaced.
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Figure 6.9: Fractionally spaced SGBA, starting point chosen for converging to zero.

In the second simulation (6.9) we can see that perfect equalization is reached for all of the
simulations. Theoretically in these simulations the algorithm must converge to the zero
point without hitting any of the equalizing points. However as we have stated before when
the algorithm gets closer to O finite precision effects causes the algorithm to choose a wrong
vector as subgradient. This change in direction results in the convergence to an equalizing
point. You can see that the equalized constellation has a magnitude in the order of 10~%7

while in the first simulation it was in the order of 10° and this is a result of the discussion

above.
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Chapter 7

CONCLUSIONS

We introduced a novel iterative blind equalization approach which is based on the itera-
tive minimization of the [, norm of the equalizer output using the subgradient optimization
technique. SGBA updates are very simple and fast especially for DSP systems where the
equalizer is implemented in hardware. As the computational requirement for the updates
is minimal, the algorithm is expected to be insensitive against the round-off noise effects in
fixed point implementations. Furthermore, due to the convex nature of the [, cost func-
tion, the convergence problems that exist in CM type algorithms caused by the saddle and
undesirable equilibria points and arbitrary initialization points do not exist. Further im-
provement in the convergence rate can be achieved through wise selection of the step-size,
as illustrated by the examples in the previous section. Also the speed of convergence can be
increased further by using weighting matrix proposed in chapter 4. Furthermore, the num-
ber of data samples consumed to blindly train the equalizer is less than the other iterative
blind equalization algorithms such as CMA.

Moreover we have seen that the complexity of SGBA can be reduced and it can be made
robust to noise by the use of a moving window. While the resulting algorithm keeps the
reliability(guaranteed convergence, independence from the initial point) behavior of the
standard SGBA there is a big decrease in the complexity. The algorithm still has incompa-
rably high speed of convergence when compared to the CMA but now its complexity is lower
then the CMA making it a better choice for systems requiring low complexity equalizers.
Also this version makes tracking of a time varying channel possible which is another major

improvement over the Fixed Window SGBA.
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7.1 Future Work

We have seen that SGBA can be used for fractionally spaced channels as well as the symbol
spaced channels. This is the result of our algorithm being an implicit HOS method. In
Fractionally Spaced version of the algorithm, as stated in chapter 4, there is no need for
any linear constraint which makes the algorithm even faster and makes the implementation
easier. Fractionally spaced SGBA with weighting will be implemented as a future work.
The convergence proof and the analysis of the convergence speed for this case will be made.
The extension of SGBA to the MIMO case is another subject of interest. When the algorithm
is extended to the MIMO case it will also be eligible for using in an arbitrary channel.
The algorithm can also be used in the fields of image restoration, PAR minimization, H*
Equalization.

Finally it can be seen that the algorithm(and its versions) we proposed here has very high
convergence speed and low complexity which makes it a great replacement for the current

blind equalization algorithms whether it is a hardware only implementation or not.
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