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ABSTRACT

Analog models of gravity, in this case, the acoustic black holes, are based on the
mathematical correspondence between the propagation of sound waves in a certain
media and the propagation of fields in curved spacetime. Since the direct observation
of certain phenomena arising from curved space-time, such as the Hawking radiation
and the superradiance, is highly impractical, analog models provide an accessible
and controllable way to investigate them in the laboratory. Bose-Einstein condensate
provides a convenient system for the implementation of this analogy. Indeed, the
propagation of acoustic perturbations in the velocity potential of a Bose-Einstein
condensate (BEC) behaves like minimally coupled massless scalar fields in a curved
(2+1) dimensional Lorentzian space-time, where their propagation is governed by the
Klein-Gordon wave equation. For linearized perturbations, this geometric picture can
still apply in the presence of a single vortex state of the BEC. Based on this setting,
this thesis work investigates the amplified scattering of axisymmetric perturbations
from a vortex, as a manifestation of the acoustic superradiance. We first employ
the widely used constant background density under the hydrodynamic approximation
and conduct a comparative analysis of the time-domain and asymptotic frequency-
domain analysis of acoustic superradiance as a function of the rotational speed of the
vortex and the frequency of the impinging fluctuations. This shows that the solutions
in both domains are in good agreement near the characteristic rotational speed of
the single quantized vortex in its lowest energy state. However, for larger rotational
speeds time-domain calculations, especially near the event horizon becomes unreliable,
shown by the constraint equations introduced by the excision technique. While the
simulations in frequency domain do not suffer from the numerical instabilities due

to the coordinate transformations, allowing to increase the rotational velocity of the
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fluid. In addition, the formulation predicts an upper bound of the reflection coefficient
against the rotational velocity of the vortex.

The second part of the thesis examines the validity of the constant background
density approximation by calculating a self-consistent density profile through the
Gross-Pitaevskii equation. The resulting radial density profile around the vortex im-
plies a radially varying speed of sound, which modifies the entire propagation dynam-
ics as well as the loci of the event horizon and the ergosphere. The main conclusions
of this part are that the self-consistent density profile remedies the overshoot of the
superradiance dynamics temporally and that the spectral profile of the superradiance
differs significantly in the vortex-scaled low frequency regime between the constant
density and self-consistent density formulations. In this thesis, the superradiance
phenomena for a single vortex in Bose Einstein condensate under the hydrodynamic
approximation is analyzed, showing that the self-consistent density profile of the con-
densate improves on the constant background density approximation, particularly at
the low frequency regime of acoustic perturbations. And the qualitative corrections
in the transient behavior of the scattered waves energy within the ergosphere justifies
the radially varying density. The analysis could be extended for external confining
potentials which may be more attainable in terms of the experimental aspects of the
study. In reality, setting up a BEC vortex with a drain in (2+41)-dimension may be
a difficult task to achieve, acoustic black holes in BEC are already observed for a

1D-flow within a steplike potential combined with a harmonic potential.



OZETCE

Analog kiitlecekim modelleri, yani akustik karadelikler; belirli baz1 akigkanlarda
ses dalgalarinin yayilimi ile egrilikli uzay-zamanlarda 1gigin yayilimi arasindaki matem-
atiksel benzerliklere dayanmaktadir. Bu matematiksel benzerlikler, karadeliklerin
Hawking 1s51masi1 veya stiper-igimasi gibi uzay-zaman egriliginden kaynaklanan ve dogru-
dan gozlemlenemeyen fiziksel niteliklerinin laboratuvar ortaminda kontrollii bi¢imde
ele alimabilmesine olanak vermektedir. Ozellikle Bose-Einstein yogunlagmalar1 bu tiir
benzerliklerinin kurulmasi icin elverigli sistemlerdir. Bu tez g¢aligmasinda once bir
Bose-Einstein yogusumunda hiz potansiyelindeki pertiirbasyonlarin yayilma hizinin,
kiitlesiz bir skalar alanin (2+1) boyutlu egrilikli uzay-zamanda sagladigi Klein-Gordon
dalga denklemine denk oldugunu gosterilmektedir. Bu geometrik nitelik lineer pertiir-
basyonlar icin Bose-Einstein yogusumunda tek-vorteks durumlarimin varhigi halinde
bile gecerli olmaktadir. Bu sistemlerde akustik stiper-igimanin bir gortiniimii olarak
eksenel-simetrik pertiirbasyonlarin tek-vortekslerden sacilirken genliklerinin yiikselimi
iki farkll yogunluk dagilimi yardimiyla incelenmistir. Ilk olarak sabit hizla doénen
bir vorteksi bulunan Bose-Einstein yogusumu i¢in hidrodinamik yaklagiklikta sabit
yogunluk dagilhimi ele alinmigtir. Etkiler vorteksin agisal dénme hizi ile yollanan
salinimlarin frekansina bagli olarak zaman-araliklarinda ve asimptotik frekans-aralikla-
rinda kargilagtirilmali olarak incelenmistir. Ikinci olarak, ayni konfigiirasyonda yine
ayni yaklagiklikta sinirsiz bir Bose-Einstein yogugumunun saglayacagi Gross-Pitaevskii
denklemi coziilerek elde edilen tutarli bir yogunluk profili kullanilmigtir. Vorteksin
komsulugunda bulunan radyal yogunluk profili, ses hizinin da bir radyal dagilimini
gerektirmektedir. Boylece hem olay ufku ile ergo-kiirenin konumlari hem de tiim
yayilim dinamigi bir énceki duruma gore farklilagmig olmaktadirlar. Tez caligmasinda

zaman-araliklarinda ve bundan bagimsiz asimptotik frekans-araliklarinda stiper-igima
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bu kez tekrar incelenmigtir. Sonugta, siiper-igima dinamigi incelenirken sabit yogunluk
kullanimi ile tutarl yogunluk profilinin kullanimi kargilagtirildiginda, tutarh bir yogunluk
profilinin siiper-igima genliginin zamansal degisimini diizenledigi ve spektral degisimini

ozellikle diigtik frekanslarda etkiledigi gosterilmistir.
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Chapter 1

INTRODUCTION

1.1 Black Holes in General Relativity

The prediction of the existence of black holes(BH) emerges from the solutions of
field equations in General Relativity. After a massive object with a minimal mass of
~ 3Mg (Mg is the solar mass), has undergone a complete gravitational collapse, it
leaves a black hole behind. This forms a region in space where the gravity is so intense
that not even light can escape [1]. The term ”black hole” was first used by John A.
Wheeler in 1967 to describe an object resulting from a gravitational collapse |2]. While
the mathematical formulation dates back to 1915 when Albert Einstein introduced
the theory of general relativity(GR). The theory passed its first test in 1919 when
the bending of star light was observed during a solar eclipse [3]. GR is defined
via Einstein’s field equations, while the challenge is to find a metric that satisfies
them. Karl Schwarzschild in 1916 formulated a gravitational field generated by a
static point mass which satisfies the Einsteins equations, known as the Schwarzschild
metric which yielded the simplest known BH, one with no electric charge or angular
momentum, the most general spherically symmetric vacuum solution of the Einsteins
field equations [4]. For a rotating uncharged axially-symmetric BH (Kerr black hole),
it took almost 50 years to find a solution. The Kerr metric was discovered in 1963 by
Roy Kerr [5]. Black Holes are mainly categorized by their electric charge and angular
momentum: Schwarzschild (uncharged, non-rotating) black holes, Kerr (uncharged,
rotating) black holes, Reissner-Nordstrom (charged, non-rotating) black holes and

Kerr-Newman (charged, rotating) black holes.



2 Chapter 1: Introduction

Figure 1.1: The first image of a black hole, using Event Horizon Telescope observations
of the center of the galaxy M87. Retrieved from https://eventhorizontelescope.org

Experimentally, last years have been very rewarding for astrophysical researches.
The Laser Interferometer Gravitational-Wave Observatory collaboration(LIGO) an-
nounced the first direct detection of gravitational waves resulting from a black hole
merger in February 2016 [6]. After the first observation, more data from merging
black holes and binary neutron merger observations are reported [7]. On April 10,
2019, Event Horizon telescope announced first ever direct image of a black hole at

the center of the galaxy M87 (Fig[L.1]) [§].

While the observations of BH recently achieved, direct observations of the phe-
nomena theorized for BH such as Hawking radiations and superradiance are still
beyond our reach. One of the effects theorized by Roger Penrose in 1969 is called the
Penrose process |9]. In order to account for the loss of angular momentum, Penrose
argued that any particle that enters a region called ergosphere, i.e region around ro-
tating black holes in which particles can no longer remain stationary in space, could
be scattered and ejected with greater energy than the one they initially had . The
wave counterpart of the Penrose process is called superradiance, which was first sug-

gested by Zel’dovich in 1971 [10]. Zel’dovich pointed out that a cylinder made of an
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absorbing material, rotating around its axis can amplify incident waves under certain
conditions.

Another famous effect is the Hawking Radiation. Hawking’s semiclassical ap-
proach to black holes in 1974, by applying the techniques of quantum field theory in
curved spacetimes to the formation of a Schwarzschild black hole, showed that black
holes should emit particles with a characteristic temperature proportional to the area
of the BH |11}/12]. The calculated Hawking radiation from a black hole with the size of
one solar mass is ~ 107K, which makes astrophysical observation nearly impossible.

The idea of thermal emission is also supported by thermodynamic arguments [13].

1.2 Analog Black Holes

Even though the direct observation of BH has been achieved, observing the predicted
effects, Hawking radiation and superradiance, are still an open issue. Analogue mod-
els of gravity present alternative ways to detect such phenomena to some extent.
The general idea behind is that in many physical systems it is possible to identify
suitable excitations that propagate as fields on a curved spacetime (CS). That al-
lows constructing an analogy between the excitations, i.e sounds, traveling in flat
Minkowski spacetime but coupled to CS metric, with the light traveling on a CS near
BHs. Thus, starting from non-relativistic equations, the excitations are shown to be
endowed with a Lorentz invariant dynamics where the Lorentz group is associated
with an invariant speed coinciding with the speed of sound. Thus, the analogies
wish to avoid the observability problem caused by the fact that, the aforementioned
effects are very subtle and the observing in GR systems experimentally very diffi-
cult. A number of analogue systems have been proposed in different medias such as
condensed-matter, optical systems or superfluids, and the experimental realizations
gained popularity in the last decades as explained in the next part. Analog systems
are easier to handle compared to gravitational systems as such; instead of solving
complicated non-linear dynamical equations for the gravitational fields, in analogue

gravity, an effective geometry resulted from the equations of motion of the system,
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usually the wave propagation. However, the question is how much of general relativ-
ity can be analyzed when mapped into analogue systems. One big difference is that
the analogy isolates only the kinematic aspects of gravity. The dynamics of the BH
are governed by the Einsteins field equations whereas the analogy governed by the
fluid equations of motion. In other words, perfect fluids mimic the kinematical as-
pects of general relativity, i.e, those properties which depend only upon the geometry
of spacetime. The black hole configurations and the propagation of fields in curved
relativistic spacetimes are the features that can be mapped [14]. Therefore, the in-
teraction between the matter fields and the analogue geometric tensors are outside
the analogue properties since there are currently no known analogue systems that
reproduce the Einstein equations, which is why the analogy does not extend to the

dynamical level.

As an important note, while it is possible to construct analogue Schwarzschild
geometries, with an acoustic horizon (explained in section [3.5)), acoustic Kerr is highly
non-trivial. In fact it has been shown that the simulation of Kerr geometry in fluids,
up to a conformal factor, is impossible |15]. However, the ergoregion and the event
horizon concepts do not rely on the exact solution of the Kerr geometry. That shows
any system possessing two horizons may be used to study Hawking radiation or the
superradiance phenomena. In addition, it has been shown that (2+1 dimensional)
equatorial plane of the Kerr geometry which posses two horizons can be mapped as

an analogy.

1.3 Brief History

While the bases of the idea that the propagation of sound waves in inviscid fluids
following a relativistic metrics are known [16], in 1981 Unruh first showed the pos-
sibility of studying gravitational phenomena, that are otherwise impossible to study

experimentally, via black hole analogies [17]. After a decade later, Jacobson took this
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analogy as a guide to study the trans-Planckian problemin Hawking radiation [18].
In 1998 Visser rediscovered and gave mathematical proofs for the phenomena associ-
ated with black holes to their equivalence with the analogies such as ergoregion, event
horizon and surface gravity [14]. In condensed matter systems, 3He by Volovik and Ja-
cobson is the first condensed matter system to be implemented to the analogy [19}20].
The possibility of detecting Hawking radiation gained some popularity not only in
condensed matters but in more general analogue spacetimes as well [21}24].

In 2000 the first use of Bose-Einstein condensation(BEC) as an analogue model
was proposed for the detection of Hawking radiation [25,26]. BEC gained popularity
among the proposed analog models (explained in section [27-29]. The phenomena
is also investigated widely for solid state models [30,31], optical systems [32-35], rel-
ativistic fluids [36], superfluid Helium [37,38] shallow water systems [39-41]. General
review on different models is given in [42].

On the other hand, the experimental studies emerged only within the last few
years. Experimental realizations of horizons were reported in water channels [43] and
atomic BECs [44]. Recently, rotational superradiant scattering in a water vortex flow
was reported [45]. An acoustic black hole in a needle-shaped BEC of Rubidium-87
was achieved and recently spontaneous Hawking radiation, stimulated by quantum

vacuum fluctuations, emanating from an analogue black hole in an atomic BEC was

reported [46},47].

1.4 ‘Thesis plan

The purpose of this thesis is to study the superradiance phenomena in BEC vortex
systems considering different density approaches. The numerical study is useful to in-
vestigate the effects of different variables, such as the density, the rotational frequency
of a fluid or the event horizon location. Chapter [2]is intended as an introduction to

explain how the analogy is first set in classical fluids and includes the derivation of

INear event horizon, the frequency of a quanta must have an infinite value when it is traced back
from infinity where it is detected. Infinite frequency thus the wavelength becomes shorter than
the Planck length referred as the trans-Plankian problem.
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the metric and the equation of motion for the fluctuations traveling in the medium.

Chapter [3] includes a brief definition of the BEC and the formulation of the BH
analogy in BEC with the hydrodynamic description of the condensate (Sec and
the appropriate approximation that is used to form the effective metric (Sec.
In Section [3.4] we set up a vortex structure which is necessary to calculate the event
horizon and the ergoregion for the draining-bathtub model(DBT) implemented in two
different density profiles (Sec. .

Chapter [4] explains the superradiance phenomena and a few of the experimental
studies conducted in the last few years.

Finally, in chapter 5, we showed the methodology used to analyze the Klein Gordon
equation numerically (Sec. and the numerical results which show the superradi-
ance effect for the constant density approximation (Sec and the self-consistent
density profile (Sec both in the time and the frequency domains.

In chapter [6], we briefly discussed the results of the analysis.

Appendix [A] gives the null vector calculations of the effective metric for the prop-
agation field.

Appendix [B gives the detailed formulation of the wave equation in the frequency
domain.

Appendix [C] shows the explicit derivation of conjugate fields.



Chapter 2

BLACK HOLE ANALOGY IN CLASSICAL FLUIDS

Gravitational analogy started with Unruh in 1981, when he realized the equiv-
alency between the waves traveling through a fluid under certain assumptions with
the field propagating in a curved spacetime [17]. He derived the formulation by a
fluid that is inviscid, barotropic and has an irrotational flow, and showed the resulted
equation is, in fact, a massless Klein-Gordon equation for sound waves rather than

light [48],

1 0 0
§ /—ag¥ —— =
V=9 ij 8xi( 9 8qu)) . 21)

Here @ is a scalar field, in our analogy ® represents the small perturbations in velocity
potential, g;; is the acoustic metric depending on the density and the velocity of the
background, i.e fluid. The mathematical equivalence, shown in detail in section [2.1],
is the idea behind any analogue black hole systems, although, for different medias
derivations may slightly change such as in the case of Bose-Einstein condensates

derived in section [3.2l

2.1 Derivation of the Acoustic Metric

There are two main equations describing the fluid dynamics: the continuity equation

ap L
n + V- (p?) =0, (2.2)
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and the Euler equation
p— = p[0iT + (T-V)0] = F. (2.3)

Here v is the velocity of the fluid, p is the density field and F shows the net external

force defined in Euler equation as
F = —Vp— pVU, — pVU,, (2.4)

where U, is the potential of the external driving force, Uy is the gravitational potential
and p is the pressure term. Substituting the identity 1V (¢ ¥) = 0x (V x0)+(0-V)v
with the defined external force, ﬁ, to the Euler equation |D yields

_ 2
8tﬁ:ﬂ—VUe—VUg—vTv+ﬁx(VxU). (2.5)
p

Furthermore, the fluid is assumed to be barotropic, i.e the density is a function of the
pressure only, p = p(p), with that we can define the enthalpy from the first law of

thermodynamics
dH =TdS + Vdp (2.6)

and with the barotropic assumption, specific enthalpy can be written as

_ [T _Vp
h(p)—/o o) = Vh = . (2.7)

The next assumption is the locally irrotational flow, in other words, the vorticity free

fluid, where the velocity is defined in terms of a velocity potential ®

i=—Vo. (2.8)
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Inserting the enthalpy, and the velocity potential to the Eq. gives

d 2
—,VP — VO x (VXxVP)+Vh+ V((v2 ) +U.+U,) =0, (2.9)

and integrating this over a closed surface gives a Bernoulli type of equation

Vo)
—8t<‘;[>+h+(< 2) +U.+U,) =0. (2.10)

Next, we introduce small (first order in €) perturbations in the background pg, po, ®o

and in the velocity of the fluid vy and discard the higher order terms;
p = po+Epi, P = Do + €p1, D =Py + by, v = vg + V1. (2.11)

Starting with the enthalpy equation (2.7)), by Taylor expansion we can write

oh 1
Bo— ot 20— o) = e 4 —(p — 2.12
0o+ ap(p po) = ho + ro(p Do), (2.12)
h=hy+elL. (2.13)
Po

The Euler equation (2.9) with the perturbations becomes

Vo + )
—8,5((13(]4‘5(1)1)‘{‘ho“—gzﬁ‘i‘(M

p : +U. +U,)=0. (2.14)
0

The zeroth order and the first order equations in ¢ yield the unperturbed Euler equa-

tion for the background

(Vdy)?

—0; Do + ho + ( +U.+U,) =0, (2.15)

and an equation for the phase perturbations

0,0, + L 1 Vd, VB = 0,8, + 2L -V, -Gy =0, (2.16)
Po Po
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which gives the pressure perturbation as
P1 = po(V(I)l . 170 + 8tCI>1). (217)
Second, we apply the Taylor expansion to the density function around the pressure

po as the barotropic condition allows us to do

d 0

p(p) = p(po) + d—g(p —po) =p1= a—gpl (2.18)

with the definition of p; in the Eq2.17]
dp _
P1 = 8—pp0(vq>1 - Ug + 8t(I>1). (219)

We can know insert all to the continuity equation ([2.2))

(po + €p1)

o + V- ((po + ep1)(T, + £061)) = 0 (2.20)

and again discard the terms with €? and higher. Resulted equations are the continuity

equation for the background density

0 .
% + V- (poto) =0, (2:21)

and an equation for the density perturbation

0 . -
% -+ V- (plvo + P0U1) =0. (222)

Substituting EqJ2.19|into Eq gives

0 ~ P B ) )
O (a—gpo(VCIn - Uy + atq)l)) +V- <8—gpo(V<I>1 - Up + 0, P1) T + povl) =0, (2.23)
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and with the speed of sound % =4/ %g and the velocity perturbation v; = —V®; final

equation becomes
_%&e (VCI)1 . 170 + 57:@1) + %V . (C2V(I>1 _ (V(I)l . UO + 3@1) UO) =0. (2.24)

One can write the final equation in the form of the Klein-Gordon equation for a
massless scalar field

1

\/__gau (vV=99""0,91) =0, (2.25)

where g is the determinant of the inverse metric g"”; g = det(g,,). Which gives the

acoustic metric and its invert as,

o L 1 ~v po [ —(E—v5) —u
g = — N . (2.26)
PO\ —vp (%Y —vpup) —g Oij

with the determinant of the metric

—g=2 1, (2.27)

c2

and the line element

ds* = g, datdz” = Po [—Pdt?® + (da’ — vidt)d;;(da’ — vgdt)} : (2.28)
c

where " = (t,z") and p, v run from 0 to 3 while ¢, j run from 1 to 3.

2.1.1 Assumptions regarding the derivation

Here we have two metrics, one is the physical spacetime metric that the fluid couples,
which is the usual flat Minkowski background, (3+1) real vector space with signature
(—,+,+,+), and the other one is acoustic metric g,,, that the perturbation couples

which is a curved (341)-dimensional Lorentzian spacetime geometry [49].
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In addition, three assumptions made to derive the analogy play a critical role;
irrotational, inviscid fluid flow and barotropic condition. In order to define a velocity
potential which forms the analog scalar field in the final equation, irrotationality is
the key. And since any failure in the barotropic condition which in turn fails the
irrotationality, two assumptions are dire to the derivation of the metric [42]. While
the viscosity is also important in our derivation, there are scenarios where the viscous
fluids still allow an analogy to form [40].

Another assumption made in the derivation is the first order fluctuations. Any
non-linearity of the hydrodynamical equations will affect the fluid flow making the
derivation moot [50]. Also, the density and the velocity are assumed to be continuous
fields as such the microscopic structure of the fluid can be ignored. Since, at high
frequencies or short wavelengths fluid equation of motion is not applicable, in addition,
sound waves can not exist at wavelengths shorter than the inter-atomic spacing.

Finally it is important to note that the metric derivation comes from the conti-
nuity equation and the Euler equation compared to the black hole metric which is
derived from the Einstein’s field equations. Therefore the background behavior is
not explained by the analogy, only a wave propagation on a fluid background can be

mapped to a wave propagating on a curved space time.

2.2 Discussion

The idea introduced above is for a Newtonian fluid under certain assumptions. While
the analogy holds to observe the aforementioned effects, superradiance and Hawking
radiation, there are obstacles to overcome. Experiments performed at the University
of Nottingham, the Quantum Gravity Laboratory, created a region in water flows in
which the wave traveling upstream will encounter an obstacle they can not cross, i.e
the effective horizon. With this set-up, the group reported the presence of negative
mode conversion, a basic ingredient of the Hawking effect [41,51,/52]. In addition, the
observation of Bogoliubov coefficients is reported [43], which was considered as the

thermal properties of stimulated Hawking radiation. However, the results of the mode
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conversion or the Hawking radiation is under discussion due to the produced regions
in both experiments were not supercritical in the group velocity for all the relevant
frequencies. Although the scattered waves acquire negative norm components, i.e
presence of negative mode conversion, part of this conversion appears to come from
scattering between two different subsonic (subcritical) regimes. Therefore, whether
the effect is due to the horizon or not is under debate [53}54].

The important difference here is that the Hawking radiation is spontaneous ther-
mal radiation, and considering the effect is very subtle, water flow experiments are
unable to detect the analogue of spontaneous Hawking radiation due to the over-
whelming thermal effects of the setup itself.

Another effect mentioned is the superradiance, energy extraction at the expense
of rotational energy by a scattering wave. Compared to the Hawking effect, observing
superradiance is considered to be much simpler, since there are no temperature re-
strictions and the fact that the parameters affecting the energy gain such as rotational
frequency of the fluid can be controlled and increased to a point. The experiments
considering classical fluids by the Quantum Gravity laboratory [45,55] reported am-
plification of the incident wave. There are many other theoretical and experimental
works using different systems sucs as; optical systems, superfluids and Bose-Einstein

condensates, a detailed explanation is given in section [4]



Chapter 3

BOSE-EINSTEIN CONDENSATES

The gravitational model with BEC is one of the most studied analog systems of
gravity. As mentioned in Sec[1.3] it is the first quantum system to be successfully pro-
posed [26] and extensively investigated for different flow configurations corresponding
to different geometries [27,56,/57]. Especially for the Hawking radiation, numerical,
analytical as well as experimental investigations have been a big part of the analog
gravity models [58-63]. In 2010, event horizon was created in a system consisting
of 87Rb atoms by using a harmonic trap and a step-like potential, showing that the
condensate could be accelerated to a velocity higher than the speed of sound propa-
gating in BEC [44]. After that, black-hole laser configuration, showing the existence of
phononic excitations was reported [46], although the observation of spontaneous self-
amplifying Hawking radiation has been challenged [64,/65]. In 2016 Hawking particles
produced by a single black-hole horizon was again reported, this time by using the
correlation function between the outgoing and the ingoing Hawking pairs [47]. While
there are some discussions about the origin of the radiation signal [66-68|, there is
also positive feedback to the result of the experiment [69]. Besides Hawking radia-
tion other phenomena such as cosmological particle production in BECs [28]70,[71],
quantum gravity phenomenology [72-74] and superradiance phenomena, that will be

the focus of this thesis, have been studied [75].

In this chapter, we present the basics of the theoretical description of BECs
(Sec and show how the gravitational analogy is set (Sec.. The advantages
of BEC over other analog models are explained in section [3.3] Finally, the vortex
models for a constant density and a non-constant background density profiled are

derived (Sec. which provides a description of the analog event horizon and the
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ergoregion for our system (Sec/3.5)).

3.1 Theory of BEC

BEC is a gas of indistinguishable bosons in which the atoms are confined in traps
and cooled down to low enough temperatures (in the order of K). The macroscopic
amount of the condensate led to occupy a single quantum state, the ground state of
the system determined by a trap. The theoretical prediction of the BEC dates back
to 1924 by Satyendra Nath Bose [76] and Albert Einstein [77], where the idea was
explained as N bosonic particles in a cubic box would undergo a phase transition at
a specific temperature as such

h2p2/3
ka

T, =3.31 (3.1)

where m is the mass of the bosons, p is the particle density and kp is the Boltzmann
constant. The number of particles in the ground state (Ny) is considerably larger for

temperatures T' < T,

N, N, 7\ %?
il T>T 1= T <T. 2
~ T 0T>T, N <T) T <T, (3.2)

At high temperatures gas is described by classical physics, given example is "the
billiard balls”, while the temperature gets lowered but still higher than the critical
temperature defined, particles are still classical but the collisions are treated by quan-
tum mechanics. When the temperature reaches a critical value there is a matter wave
overlap and finally below T,., a giant matter wave due to constructive interference
of all the waves describing particles in the lowest quantum level accessible, creates a
BEC [78].

Bose Einstein condensation was first experimentally observed in 1995 at JILA in
rubidium (87Rb) [79], and at MIT in sodium (23Na) [80] after the advances of laser
cooling and magnetic trapping made it possible to cool down the condensate in the

order of uK. Later the occurrence of BEC in vapors of lithium (7Li) [81] was also



16 Chapter 3: Bose-FEinstein Condensates

reported. Although the experiments started in 1995, the theoretical aspects are much

older and grew in interdisciplinary areas.

3.2 Analog Black Holes in Bose Einstein Condensates

In a quantum system of N interacting bosons in which the most of the bosons lie in the

same single particle quantum state, the system can be described by the Hamiltonian

of the form;
A h2 2
H :/d:r;\I’T(t,x) {—Q—VQ + Vet (2) | U(t, 2) (3.3)
m
1 A A a A
+3 / dadx' VT (t, )T (t, 2 )V (x — /)W (t, 2" )W (t, z). (3.4)

Here —%VQ term represents the kinetic energy operator, V,,; is the external potential
or the trap potential and V(xz — ') is the interatomic two-body potential, m is the
mass of the bosons and \iff(t, x) is the boson field operator which is defined as classical
contribution (¢, z) plus excitations ¢. In the non relativistic limit when the most of
the atoms lie on the ground state, the interatomic interaction is defined as V' (r—r’) =

Upd(r — 1¢) with

B darh?
om

Uo (3.5)

which is a coupling constant characterized by a single parameter a, defined as a scat-
tering length for binary interactions between atoms and must be positive to prevent
an instability leading to a collapse.

Omitting the quantum fluctuations ¢, we can write the equation for a weakly

interacting boson condensate known as the Gross-Pitaevskii equation (GP)

0 h?
Zha_;p = <_%V2 + ‘/eact + UO |¢|2) ?,D(T', t)v (36)

which involves both the kinetic energy term, and the repulsive Hartree potential
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Vi = Uy [¢]*. Density of the condensate is given as

p(r,t) = [ (r, 1), (3.7)

The stationary solution can be written as 1(r, t) = ¥ (r)e~**/" where y is the chemical
potential derived from the interparticle energy of the condensate Ey ~ %UOTNQ with NV

is the number of particles and V' is the volume of the system

OFE, damh?p
=|==] =Up= : 3.8
It ( N ) y 0p - (3.8)
The pressure is derived from the thermodynamic relation
0Ey Ey, 1,
— == [ 3.9
P ( oV ) N Vo2 (3.9)

and the corresponding bulk speed of sound c is

1 darh?
2= (@) _ Yoo _ damlp (3.10)

m m m2

dp

On dimensional grounds, the balance between the kinetic energy term and the repul-

sive Hartree potential implies a correlation or healing length

2 h? 1
- 2omU,  Smpa’

(3.11)

It is described as the distance which the wave function of the condensate tends to its

bulk value when subjected to localized perturbations [82], [83].

3.2.1 Hydrodynamic description of BEC

The GP equation (3.6]) is recast in a hydrodynamic form by writing the condensate

wave function in terms of its magnitude, |y (r,t)|, and phase, ®(r,t), which is called
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the Madelung representation or the WKB approximation
b = [ 0)] %) = /p (e, (3.12)

And the particle current density is

h h
J = (V — gV) = plr 1) (3.13)

where the hydrodynamic relation j = pv gives the background fluid velocity as
U= (h/m)V. (3.14)
Now we can insert the wave function [3.12] into the GP equation

a 1P h2 .
W) (——V2 + Vear + UO,O) Ve, (3.15)

ot 2m

ih < 9p +iy/pe w®) —V- " Vo +i/pVoe™®
oot VP at “oam oy

+ (Vews + Uop) \/ﬁeZ , (3.16)

2./p 0t 2/p P ApP
+ (Vear + Uop) v/p- (3.17)

1 (VP i ) 2
m( 8p+ f&s)_ (V +va _ Vol +wﬁv2q>—¢qu>|2>

The final form generates two equations; one from the complex part

dp h h —,
- d— — d 1
By mVpV mpV (3.18)
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with the velocity defined in Eq)3.14] which gives the continuity equation,

8p -
e + V- (p?) =0, (3.19)

. and one from the real part

e R <v2 Vol

T 2m\ 2 4 |V‘I’V> (Vear + Uop) (3.20)

with the velocity defined

h? 1= VetV

OU+ (U-V)U = 2m2V(\/_p y -,

gives the Euler equation with an extra term containing 72, called the quantum pressure

term. Here, due to the nature of the velocity (3.14]) the term o x (V x ) is zero.

3.2.2  First order fluctuations and the effective metric

Phonons, i.e acoustic waves are the linear perturbations of the background solutions,

Eq.s 3.19 and [3.21} In order to investigate the propagation of the fluctuations in

the condensate, we linearize the equations around the background p = pg + €p1,

d = Py + ePq, and the velocity v = vy + €vy;

0 -
% EV - ((po + ep1) To + €t1) = 0 (3.22)

which in turns gives two equation, the continuity equation for the background density

8550 +V - (po?) = 0, (3.23)

and one for the density fluctuations

8p1

875 + V- ( 0U1) + V- (,011)0) =0. (324)
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Second, we apply the linearization to the Eq

0(®o+cd) _ I <v2 (o tep) IV (potep)l’

—h— = V (Bg + e¢d,)?
2(po+ep1) 4(po+ep)’ IV (2 1”)

ot 2m

+ Veur + Uo (po + €p1) , (3.25)

ot 2m
2

2p0 £o 45 Lo

o (IV (Do + €®1)|?) + Viwe + Up (po + €p1) . (3.26)

which in turns gives the Euler equation for the background,

0Py h? V2Po |V00’2 2

—h— = —— — — Vo Veor + U, 3.27
and for the first order fluctuations

0P h?

= U0 V& = Uops + 5 —Dapr, (3.28)
where Dypy is

1 P1 P1 o2
Dypy = V2 - V2o (3.29)
e 2v/po  \/Po 2p8/2 ’

Eq.s [3.27 and Eq.s |3.19 show that the total wave equations (\/ﬁei‘b) and
the background wave equations (\/%eiq’o) satisfy the GP equation separately.

3.2.83  Hydrodynamic(Quasiclassical) approximation

In order to use BEC models as an analogy for the gravitational systems, we hope
to reach the Klein Gordon equation that will show us the mathematical equality
between the propagation of the linearized phase ®; and the propagation of light in a

curved spacetime. Here D, is a messy second-order differential operator and there are
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several approximations mentioned in [84] mainly to deal with this quantum pressure
term. However, there are no numerical or analytical works that calculate the quantum
pressure effects in the superradiance studies. At this point, we face a conundrum: The
so-called hydrodynamic approximation neglects the quantum pressure term, thereby
enabling the construction of an effective acoustic metric and the usual quadratic
dispersion relation for the wave propagation. One way to justify the approximation,
Dy = 0, is to point out that D, is always multiplied by #% and in this sense is suitably
small. In the equation above Eq., the pressure term Upp; is of the order Uyp/R
while the quantum pressure term %Dgpl is of the order h?/mR3, where R is the

spatial scale [83]. This implies that for

h
\/QmUop

R >>

¢ (3.30)

the quantum pressure term is negligibly small. Unfortunately, the conditions enabling
the hydrodynamic approximation may not be satisfied near the event horizon and
the curved space-time picture breaks down near the vortex, revealing the underlying
quantum structure. Hence, in a BEC, the full (nonlinear) scattering from a vortex

appears to be incompatible with a classical relativistic treatment.

However, for linearized fluctuations, a ”forced” hydrodynamic approximation can
still capture the essence of the dynamics, provided that the quantum potential remains
small compared to Hartree potential, Uyp;. This is the standard practice for the low

frequency fluctuations against a constant background density [85], [86].

In the case of radially changing density, we have to elaborate a bit more. We note
that when the background density py(r) is radially smooth function, the low frequency
fluctuations are comparably small even near the event horizon. Beyond the horizon,
at the deep core of the vortex, this is not true. However, in the numerical computation
of the propagation of fluctuations (section , we describe a numerical technique
that monitors the outgoing waves from the horizon and ensures that they do not

contribute to the scattered waves in the physical domain. The ratio of the Hartree
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potential and the leading term of the quantum potential can be written as

= ) 3.31
Uop1 2p1 ( )

thus we demand that
p’l’/2p1 < 1. (3.32)

The ratio p/p; calculated by the ”forced” hydrodynamic approximation shows that

this condition is satisfied near the event horizon. With %Dgpl =0,
Pr=—7—F — 77V VP (3.33)

and after we insert p; to the Eqj3.24, with v; = %V@l and ¢ = % from the

definition Eql3.10], the final form becomes

0 [po (0P1 po (0P
E [0—2 (W + Up - Vq)l] ) —V-(poV®P)+V- L—Z <W + Vo - V@l) Uo} =0. (3.34)

The equation above is similar to the equation derived for a classical fluid (Eq{2.24))
and since the approximation used is to omit the quantum pressure term it is expected.

The result can be written in four-dimensional notation as

d, (f*0,®,) =0, (3.35)
—1 —u]
) =2 S (3.36)
N\ —vh (P — i)

where h¥ is a proper dimensionless 3-metric. In any Lorentzian manifold the curved
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space scalar d’Alembertian is given in terms of;

1

_gau (vV=99""0,®1) =0, (3.37)

Q‘

so that g = det(g,,) and /—gg"” = f,, with g,, and its inverse g"” given as

—1 —! — (2 =) —vkh;
Po g =22 ( ) vl (3.38)
c

g =
_U(i) (C2h” - U(i)Ug)) ¢ _Uéhki hij

The system analyzed in the next chapters, the fluid vortex, is studied in cylindrical
polar coordinates since it is more convenient to define appropriate velocities. The

metric in explicit form in cylindrical-polar coordinates can be written as

—(2—-vY) —v, —rvy -V,

o —Vy 1 0 0
G = — , (3.39)
¢ —rvg 0 r? 0
—, 0 0 1
—1 —U, —e —v,
, 1 —v, —c* —v? -~
g = o 2 (3.40)
Po _1;,_0 _UTTﬂ 2 5 —UrUy
—v,  —UU,  —Uw, =P
The line element for the analogy is written in the form
ds* = g, datdz” = Po [—Pdt?® + (da’ — vidt)d;;(da’ — vgdt)} : (3.41)
c

where 2" = (t,z") and g, v run from 0 to 3 while 4, j run from 1 to 3.

A few remarks about the importance of the metric and its signature are given
in section [2.1] Note that, we derived the acoustic metric from the GrossPitaevskii

equation and in classical fluids the same result is also obtained directly by combining
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and manipulating the Euler and the continuity equations for an irrotational flow of
any inviscid and barotropic fluid. We now showed that the wave equation for the
propagation of the fluctuation field ®; of the velocity potential (the sound wave), is
given by d’Alembertian equation of movement, which is formally identical to the wave

equation of a massless scalar field propagating in a curved spacetime.

3.3 Advantages of Bose Einstein Condensates in Black Hole Analogy

As shown in the previous chapter, the analogy is set for any fluid that is barotropic,
inviscid and has an irrotational flow. However, there are obvious setbacks to such
systems from an experimental point of view.

The first issue is the temperature restrictions. While it may be relatively easy to
create an apparent horizon between subsonic and supersonic flows, analog Hawking
radiation requires low temperatures. The effect is very subtle, in the order of ukK,
which becomes indistinguishable from the background noise. Obviously classical fluids
lose the necessary conditions at low temperatures, therefore superfluids and BEC
become strong alternatives.

The speed of sound is an another factor that separates the classical fluids from
the superfluids and BEC systems. Especially to create the horizon and to be able to
observe the superradiant effect, much lower speeds are necessary [87].

The superfluid Helium is an another good candidate with an extremely low tem-
perature. Compared to the BEC, the density is several orders of magnitude larger,
leading density variations, inter-atomic separation, and the scattering length to be in
the same order, and the effects of inhomogeneity take place on a microscopic scale. In
addition, two body interactions for superfluid Helium is much more complicated and
important, considering the superfluidity arise from fermion pairs behaving as bosons.
Therefore the depletion, the number of atoms in the ground state, is in the order of
%90, which is problematic when describing the system as a background for black hole
analogy.

In the BEC case, the interatomic relation, the pair interaction, is described by a
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single parameter, making it a much simpler model to analyze theoretically. And from
an experimental point of view, manipulating the system is much easier due to low

densities and higher depletion rates.

3.4 Vortex structure in BEC

The experimental detection of a vortex in a BEC was reported in 1999 [88]. After-
ward, vortex creation using different methods were also reported such as putting the
superfluid in rotation through a mechanical stirring [89-91], imprinting a phase pat-
tern on the wave function [92,93|, which leads to the formation of a single-vortex state
or merging different independent BECs [94], each with a well defined uniform phase
and so-called Kibble-Zurek mechanism [95,96]. Different methods allow to observe
several forms of quantized vortices such as single vortices [97], vortex lattices [98,99],
vortex pairs and rings |100,{101].

We showed that the metric describing the fluctuations depends on the velocity of
the fluid and we used a model defined in literature as the ”draining bathtub model
(DBT)” [14]. The model has both tangential and radial velocities which posses both
the event horizon and the ergoregion, which will be discussed later in section [3.5]
Before going into the velocities, it is useful to introduce some concepts in vortex
dynamics. One of the futures to describe the behavior of the vortices is the vorticity,
a vector field that describes a microscopic measure of the rotation at any point in the

fluid, given by
W=V x1. (3.42)

For a rigid body the vorticity is twice the angular velocity, €2 and given by, & = VXU =
V X (Q XT) = 20). For an irrotational vortex, the vorticity should be zero, any particle
would maintain the same orientation while moving in a circle around a vortex axis.

Because the fluid velocity for the BEC defined as ¢ = (h/m)V® ({3.14)), associated

with the gradient of the phase parameter , any flow is fundamentally restricted to be
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Figure 3.1: Streamlines of the vortex fluid for a single quantized vortex with winding
number ¢ = 1, for constant density (left) with velocity 0 = —AT,f + B%é and self con-
sistent density (right) with velocity U = —%f + %é Parameters A, A" are calculated
according to egs. (3.73) and (3.76) and B, B’ = h/m after the event horizon is set to

1 healing length.

irrotational (curl-free)
. h
Vxi=—=VxVd=0. (3.43)
m

The circulation, denoted by ©

@:fﬁwﬁ (3.44)

is used to parametrized the fluid rotation. While classical vortices can take any value
of the circulation, superfluids are irrotational, and any rotation or angular momen-
tum is constrained to occur through vortices with quantized circulation [82]. This is
a direct consequence of the fluid being associated with a macroscopic order param-
eter(wavefunction) 1 = [¢(r,t)|e’®*). The circulation around a contour enclosing

the vortex is non-vanishing and a multiple integer of the elementary circulation which
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gives the condition for tangential velocity,

; h
@z%ﬁ'dl:%rq—, g=41,42... (3.45)
m
o .
= —40. 4
ve 2mr (3.46)

where 7 is the radius from the core and 6 is the azimuthal unit vector. For a single
stable vortex ¢ = 1 is chosen. Detail analysis will be given later. The radial part
of the fluid velocity is calculated from continuity equation in cylindrical coordinates

V- (p¥) = 0 with the vector identity, V- (p0) = p(V-0) +T-(Vp) and V in cylindrical

coordinates
19 (rv,)  10ve = Ouv, L (Op . 10p, Op.\
(F o ‘Troe " az)“" (aﬂ?aeMazz - (347)

As stated above the tangential velocity is purely radial and keeping the density as a

general form for 2D- vortex p (1), the radial velocity becomes

0 A
5 (p(r)yrv,) =0= v, = o (3.48)

Here A is a positive constant to be determined, and the minus sign signifies the
inward direction of the radial velocity of the fluid. Thus, the velocity of the vortex
fluid becomes

—A

U =119+ v, = 7+

p(r)r

= |

0 (3.49)

where B is % from the Eq. One of the main assumption in the literature is the
constant density approximation which forms the DBT model defined in [49], [14] with
a velocity
A B’
i+ 2 (3.50)

T r

U=

where A" and B’ are determined accordingly.
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3.4.1 Density derivation of an unbound single vortex

We start with the GP equation (3.6)), defined for weakly interacting bosons

in ) (—h—2v2 Vi + U 4] ) bl t). (3.51)

In an unbounded condensate with V,,; = 0 the stationary solutions take the form
Y(z,t) = (x)e”™/" Known vortex solutions with a single winding number or index

q in cylindrical coordinates can be written as

b(r,0) = fo(r)e'®, (3.52)

and the density is defined as p(r) = [ (r, 8)|*. Inserting the Eq to the GP Eq
with the chemical potential p (3.8)), gives

4a7r,0h2f __h_ng (9fm
" o

m2 2mr Or

h2
> 5o+ Uoly: (3.53)

Here p represents the bulk density which in turns gives the bulk speed of sound Eq[3.10]
and the healing length Eq[3.11] While we are calculating the radial dependent density,
we assign the bulk value to the density at infinity p.,. Therefore the equation above
presents a natural scaling factor, the healing length &, and defining a new
variable x, = fq/\/P transforms the equation to a simple form:

1d dxq Xq B

with the boundary conditions

Yo(0) = 0 Yo(o0) = 1. (3.55)

The functional form of x, near » = 0 and r = oo can be established directly from
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Figure 3.2: The radial wave function x(7) obtained by numerical solution of the

stationary GP equation for a straight vortex line with the approximate form given in
Eq[3.57 shown by a dashed line.

the equation by taking the appropriate limit;

Flal + O(7la+2) as 7 — 0,
Xq(r) = (3.56)
1—¢?/2/2 + O(1/7) as T — oo.

The vortices with the winding numbers ¢ = +1 are found to be topologically stable,
while the vortices with larger values of |g| are considered to be unstable and should
decay into single-charge vortices [102], [103]. Thus, Eq[3.54] is analyzed for ¢ = 1
case. Fig[3.4]shows the numerical calculation of the equation with the boundaries
defined in Eq3.55] For an unbound vortex, it shows that the density goes to its bulk
value near ~ 7£. In addition, approximate analytical form is chosen which will be

used in the calculations of superradiance and horizons [83], |104]. Analytical form is
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given by

(3.57)

which in turn gives the density of the fluid and the speed of sound in most general

form with the Egs. [3.10H3.11

7"2

r2 4 262’

2
c(r) = Cooy| #252 (3.59)

where ¢y = %\/471’@/)00, Poo = Wé% is the bulk density or density at infinity, £ is the

po(1) = poo (3.58)

healing parameter.

3.5 Event horizon and Ergoregion

With fluid models, one can reproduce a wide variety of geometries with nontrivial
causal structures. Here, we analyze an analogy that corresponds to rotating black
holes, which posses two horizons; event horizon and ergosphere. The event horizon is
an outer trap for light i.e point of no return. The analogue event horizon is created
in a way that the fluid velocity overcomes the sound velocity at a specific boundary.
Therefore inside the horizon, sound can not travel beyond and trapped in a region.
The second horizon is the ergosphere, and inside is defined as the ergoregion. The
ergosphere, unlike the event horizon, occurs in rotating black holes only and defined
as the region in which the spatial points move with superluminal velocity relative to a
fixed star. Analogue ergosphere is defined by a much simpler way. A region where the
speed of flow is greater than the speed of sound and equal to the speed of sound at the
ergosphere. Differently from general spacetimes in GR, for acoustic analogues there

is a preferred reference frame given by the laboratory spatial and time coordinates.
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In particular, there is a natural definition of at rest, with respect to the lab, and
there is a preferred lab time coordinate t. Moreover, when the flow is steady, the time

translation Killing vector defined as

K* = (9/ot)* = (1,0,0,0)*, (3.60)
and for our metric

9 (0/01)"(0/08)" = gu, (3.61)

so that, the ergoregion is naturally defined as a region where the vector K becomes
spacelike and an ergosurface is the surface where K is null. The sign of ¢;; depends on
the values of the speed of sound ¢(r) and the velocity of the fluid v. A change of sign
in gy characterizes an ergoregion. In previous section [3.2.1], line element is calculated

as
ds* = == [—c(r)dt* + (dr — v,dt)* + (rd — vedt)?] . (3.62)

In order to minimize the number of off-diagonal components of the metric which helps
in analyzing the asymptotic behavior, thus to see the distinction between the event

horizon and the ergosphere, a new coordinate system is introduced as;

dt = dt* — v,/ (¢ —v?) dr, (3.63)
df = do* — v,vg/ (r (¢ — 7)) dr, (3.64)
r=r-z=2z" (3.65)

From now on, we drop the *-superscript and the final form is written as

2
ds2 = P (v* = ) dt* + %drz + r2d0* — 2ugrdtdd | . (3.66)

c c* — vy

From the definitions explained above, as for the Kerr black hole in general relativity,
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the radius of the ergosphere is given by the vanishing of the coefficient dt?, which is
v? — ¢(r)? = 0. Negative gy indicates the timelike character of the time-coordinate,

whereas positive g is the space-like character.

v? — ¢(r)? < 0, supersonic flow, i.e ergoregion (3.67)

v? — ¢(r)? > 0, subsonic flow, outside of the ergosphere. (3.68)

The coordinate singularity of the metric, i.e the event horizon, occurs when v? —

P
c(r)? = 0. We can deduce from this definition that the event horizon must be either
contained within or coincide with the ergosphere. For stationary black holes, i.e,
purely radial flow, the ergosphere actually coincides with the event horizon, thus has

a very little effect after all.

The presence of an ergoregion enables an important process called the Penrose pro-
cess, which amounts to the extraction of energy by outside agents from the rotational
energy of a black hole. Analogue of the Penrose process here that allows particles to
carry more energy coming out from a black hole is called the superradiance, that is

the main focus of our research and is discussed in detail in section [l

3.5.1 Derivation of the event horizon and the ergoregion for a DBT model with a

constant density profile

The constant density approximation is widely used in the calculation of the superra-

diance effect in DBT models. The velocity of the fluid given as

0= ——p+ =0 (3.69)

and by following the coordinate transformations in eqs. (3.63)) to (3.65)), the new

coordinates are

Al
At = dt — ——dr (3.70)

A2 — o292 )
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i —do— — 2B 4 (3.71)

T(A/Q _ 627"2)

*

with r = r* andz = z*. We drop the *-superscript in the following part of the

formulation. The line equation takes the form

A2 4 B” A2\ 2B'ddt
— <1—L) dt* + (1— ) dr® — ——— 4+ r?df* + dz*

c2r? c2r? c

(3.72)

The event horizon, 7}, and the ergosphere, 7/, can be identified termwise in the metric
now. The radius of the ergosphere is given by the vanishing of g and the coordinate

singularity of the metric signifies the event horizon;

r, = A/c, = (A% + B2 /e > 7). (3.73)

3.5.2  Derivation of the event horizon and the ergoregion for an unbound single vortex

with a self consistent density profile

Using the same method, with velocity the defined in EqJ3.49, the density p in EqJ3.58|
and the speed of sound in Eq/3.59, the new coordinates take the form of

AP L2 g (3.74)

dt* = dt —
2 poor® — A2(r2 +2€2)3

ABr(r? + 2£%)?

do* = df —
Zopr® — A7 1 207

dr (3.75)

with » = r* andz = z*. Now we can calculate the location of the ergosphere when

v? — ¢® = 0 and the coordinate singularity of the metric, i.e the event horizon, when
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Figure 3.3: Representation of the ergosphere vs the event horizon for a single vortex
with B = h/m and A = ¢(ry,) rpp (1), vertical bars show the radial length of the
ergoregion, T, — 7.

2

v2 — ¢® = 0. These conditions read respectively as

A 4
) S (3.76)
PocCoo  (r2 + 2¢2)%/°

A2 (92 1 9g2 2 B2 2 .2
Al +26)  B° e _ g (3.77)
Art e ag

From the two equations above we can set a relation between the ergosphere and the
event horizon for a single vortex with B = h/m = V26506
2
B e e

— = =5 =0. 3.78
(r2 4 2¢2)° 7S * r2 r2 4282 (3.78)

The relation is solved numerically, showing that the ergosphere is getting narrow by
the increasing event horizon shown in Fig[3.3] Numerical calculations showed that
after r, &~ 2.5¢, there is no superradiance since the ergoregion is considerably small

for the wave to extract enough energy during propagation. Which sets an upper
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Figure 3.4: The event horizon, r,, the ergoregion, r., the speed of sound, ¢(r) and
the radial velocity of the fluid, v,.(r) as a function of radial distance from the vortex
center.

boundary for the event horizon value in the case of an unbound vortex with self
consistent background density. While these restrictions can be overcome to some
extent by an external potential, in our case (V. = 0), the event horizon has to be
near healing length. After the event horizon, r}, is set to 1€, the constant A reads as

5%?/2” and the constant B is fi/m from the definition Eq{3.46/ In order to compare

the variables we used the parameters of the Bose-Einstein condensate produced in a

rubidium-87 gas given as [105], [79];
a =5.7Tmm m = 1.44%10"%kg Poo = 108m ™3

These numbers lead to values for the speed of sound at the infinity, ¢, = 6.2x107%m/s
and healing length ¢ = 8.3 x 10~8m. We can now numerically calculate the ergoregion
from Eq3.77, which gives 8 roots with only 1 positive, real root r. = 1.84¢. Fig[3.4]
shows the velocities as scaled with speed of sound away from the vortex c.,, and the

lengths scaled with the healing length &, 7 = r /€.
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3.6 Discussion

1D- flow of a condensate with a sonic horizon as an analogy for black holes has been
achieved experimentally [44] and considering the slow nature of the sound propagation
and the low temperature of the condensate, it presents an opportunity to observe the
desired effects. The 2D vortex structure of a Bose-Einstein condensation also presents
an analogy for black holes with both horizons under the hydrodynamic approximation.
While experimentally it may be challenging, we showed here in a theoretical point,
both the event horizon and the ergoregion are present in the DBT model with the
radial and the tangential velocities accordingly. In our case, we analyzed a single
unbound vortex with a winding number ¢ = 1 and numerically calculated the radial
dependent density form. Later, the density formalization is used to calculate the

corresponding event horizon and the ergosphere of the black hole analogy.
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ANALOG SUPERRADIANCE

The superradiance phenomena was first suggested by Zel’dovich in 1971 [10].
Zel’dovich pointed out that a cylinder made of an absorbing material, rotating around
its axis with angular velocity (), can amplify incident waves with angular frequency

w, provided the condition
w< mf (4.1)

is satisfied, where m is the azimuthal quantum number with respect to the rotation
axis. Energy extraction from black holes was first introduced by Roger Penrose [106].
The idea was based on a particle with initial energy decays into two particles and since
the energy of a particle within ergoregion can be negative relative to an observer at
infinity, the observed particle can have energy bigger than the initial energy due to
energy conservation (For a general review [107]). It is important to note that even
though superradiance is usually called the wave-counterpart of the Penrose process,
they are two different features. Any rotating body with internal degrees of freedom
can display superradiance as long as it has absorbing features, i.e a region where
energy can be dumped into. When spacetime is curved, superradiance can also occur
in vacuum, the existence of a horizon provides the dissipative mechanism that is
necessary for superradiance [108,109]. Therefore, the Penrose process does not need
an event horizon but only an ergoregion, while superradiance needs a certain horizon
where the negative energy particles should be confined in.
The scattering problem in a traditional sense defined as
d*f

Y@ ev) r=o, (42)
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here w is interpreted as frequencies and the solution to the wave, f, consist of incom-

ing, transmitted and outgoing solutions such as;

Tekn® 1 Re*r® g — too, (4.3)

Te* ™ z — —oo, (4.4)

where k;,, k, and k; are the momenta and Z,7 and R are the coefficients of incident,
reflected and transmitted waves respectively, which are obtained by the dispersion
relation;

— k2 4w+ V(z = +00) =0, (4.5)

n,r

— k24w +V (r = —00) =0. (4.6)

The conservation of the Wronskian of the solutions to Eq. [1.2] W/[f]

e

1—|R|” = :

T, (4.7)

gives a condition for the superradiance, |72|2 > 1, in certain cases depending on
the V (z). The formulation can be applied to gravitational waves scattering from
equatorial Kerr metric [110], electromagnetic radiation scattering on a rotating cylin-

der [111],wave scattering form Bose Einstein condensates.

4.1 Experimental Detection of Superradiance

For Kerr Black holes, the process is still purely kinematic, depends on the rotation of
objects and it is taking place in the background spacetime. Compared to the sponta-
neous Hawking radiation, the effect is stronger and the stimulated nature simplifies
the attempts to determine whether an analogue system in a laboratory setting will
manifest it or not. The first detection report was announced by Quantum Gravity
Laboratory in Nottingham. The experiment was performed on a surface of water with

a draining bathtub fluid flow. The plane waves were amplified after being scattered
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and %20 amplification was recorded [40,45]. Also, alternative methods have been

presented such as using a rotating cylinder to mimic the vortex for the scattering of

sound waves [55].
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NUMERICAL ANALYSIS OF SUPERRADIANCE

In this chapter, the two main assumptions; the constant density and the non-
constant, self consistent density profile, given in Eq[3.58| are analyzed in both time
and frequency domains. In the first part 5.1} we applied a numerical method mostly
presented in [85,[112,/113] in order to transform the second order partial differential
equation, the KG equation [3.34] into the first order set of equations by using the line
equation [3.66, which are much easier to handle numerically. After, in section [5.2.1}]
the first approximation, the constant density, is applied to the equation set and the
propagation of the phase fluctuation ®; is analyzed in the time domain. Thus the
energy of the wave and the reflection coefficients are calculated. In section [5.2.2] the
Eq[3:34]is solved in the frequency domain, which shows the superradiance condition by
analyzing the asymptotic solutions of the wave equation. Also the reflection coefficient
is calculated for different ranges of rotational frequencies of the fluid and the frequency
of the incident wave. We compare the two different methods to solve Eq. and
analyze the reflections coefficients of the scattered wave. In the section [5.3.1] the

second assumption, the self consistent density profile, is used to analyze the wave

propagation in both time (Sec)5.3.1|) and the frequency (Sec)5.3.2|) domains.

5.1 Derivation of the Field Equations

The KG equation

0 |po (0P1 po (0P
ot L—Q <W + Vo - Vq)l]) =V (poV®1)+V- [g (W + Vo - V(I)1) Uo] =0, (5.1)
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can be written in explicit form in cylindrical coordinates

8_2+2 0? +% 0? +( n )82+2U9UT 0?
a2 " “otor T 1 o080 ) gat T goa0
N _f+ 0? +18(rvr)2+ _Ugvr+%avr g
72 002 " r Or ot r2 r Or ) 00
c? 02 Ip(r) 02 v, dvg\ O 0?
+(_7_Z ottt 087“)87“ azz}q)l 0 (5:2)
and a line element written as
ds® = —a?dt® + v;;(dx’ + B'dt)(da? + Bidt), (5.3)

where o = ¢, ;; = diag(1,r% 1) and 8* = (—v,, —vy/r,0). Two conjugate fields are

introduced accordingly:

8‘131 8(bl
I'= — M=-—-(— - BT, 4
oxt ( ot p ) (54)

where z; = (r,0,2) denote the cylindrical coordinates and 3° = (—v,, —vy/r,0) are

the velocity components. The fields are introduced formally as
Oy = ¢y (t, 7)™ e IT = 7y (t, r)e™e*> [ = (¢, r)e™e (5.5)

with (k,m) denoting the axial and azimuthal wave numbers [114]. We can also cal-

culate the density fluctuations given in EqJ3.33] in terms of the conjugate fields;

L vq>1} =11 (5.6)

In this work, in accordance with the single BEC vortex stability conditions, az-
imuthal wave number m is chosen as m = 1 and m = 0 (non-superradiant condi-
tion) [102], [103]. In addition k& = 0 is chosen for the translational symmetry along

the z axis. Three coupled first order partial differential equations are obtained by
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using the conjugate fields I', IT, ®; (detailed derivation given in appendix |C|);

P .
% = —CTmy1 — Up7Y1 — ZW;U0¢1, (5-7)
oM Jc ory  Ovu, 0y1  Ougim muy B imug Op

, (5.8)

ot o " Ve et T o

ot or ¢ r r o or c r  por T
omy oy ¢ [(mPc? 9 9 MU, Uy 1MV Uy
p— — C—=— + — k* — — : )
ar ~ “or 4 c g e r Or 72 (5.9)

Here the density, p, the speed of sound, ¢, and the fluid velocity, v, are functions of

radial distance. Now the equation set is first order and much more easy to handle

than the KG equation(/5.2]).

5.1.1 Boundaries of the simulation

Our radial domain includes the event horizon 7, which is a condition for superradi-
ance phenomena to occur. Therefore, the numerical boundary should be placed inside
the horizon. However, in theory, no information should leave the event horizon. This
allows us to implement a technique called the ”black-hole excision” by allowing the
wave to propagate inside the horizon and excise its interior from the computational
domain and removing the coordinate singularity 7, and the singularity » = 0. The
excision technique is adopted from Ref.s [115] and [113]. Therefore, the inner bound-
ary is chosen as a free boundary where the wave propagates inside freely and removed
from the computational domain later by tracking the event horizon for any outgoing
waves during the simulations. The outer boundary is constructed from the null rays

(see appendix , that shows the outgoing and the incoming fields along the null ray
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in terms of conjugate fields

lj'u 8M(I)1+ xI'— H, U::la“q)l—i‘ ox I' + I (510)

out

The simulation is terminated before reaching the outer boundary so that any reflection
or unphysical wave is prevented. For the outer boundary, this translates to U},,,0,91 =
0, therefore I' = II. The initial wave is set far from the vortex, so it is not affected and
the reflection coefficient and the energy of the wave are measured at the same location
by tracking the reflected wave. Therefore both the radial and the time domains are
chosen accordingly, and the time domain is large enough that the wave can reach at
least the starting point and the radial domain is large enough that the final reflected
wave is entirely inside the domain. In order to check the simulation accuracy, the

constrained value, C is evaluated at the event horizon and the selected final position

of the wave, which is from the Eq/5.4]

: (5.11)

and the biggest violation occurs at the event horizon which is still under the accepted
range as shown in the next section [5.2.1} Consequently, constraint violations at the
event horizon start to interfere with the physical computation domain when the time
domain is chosen too large. Therefore simulation time has to be chosen according to

the constraint violation as well.

5.2 Simulation of the Superradiance in BEC for a Constant Density

Approximation

5.2.1  Numeric analysis in the time domain under a constant background density

The constant density, thus the constant speed of sound approximation, is one of the
most common methods in superradiance research. Although when defining a vortex,

the DBT fluid flow, density of the fluid at the center of the vortex should be nearly



44 Chapter 5: Numerical Analysis of Superradiance

zero, considering the vortex core is sufficiently small compared to the wavelength of

the scattered wave, we expect the result should not be too far off. Starting with the

fluid velocity in EqJ3.69 egs. (5.7)) to (5.9)) is written as

A/
oy + ey — —0,m = —imB'my /r* + c(k* +m? /1)y — e /7, (5.12)
r
A/
o1 — —0r 1 = —imB'¢1/r2 — €Ty, (5.13)
T
A/
Oy + cOpm — =0,y = 2imB' ¢y /1 — (A + imB' )y, /r?. (5.14)
r

Scaled parameters are selected via the event horizon for distances and the speed
of sound for the velocity. We assign the event horizon to a making, A" = ac according
to the Eq[3.73] and the angular frequency of the vortex defined at the event horizon
as 0y = O x 7, gives the constant B’ = Qa?. Thus for the simulations the scaled
radial coordinate is 7 = r/a and the time coordinate is ¢ = tc/a, and the resulted

frequencies are scaled by @ = wa/e, Q = Qa/c

The eqgs. (5.12)) to (5.14]) are integrated numerically using Matlab PDE solver
by modifying equation format and boundary conditions accordingly (Sec)5.1.1)).The

computational spatial (radial) and time domain are set as 0.2 < 7 < 150,0 < £ < 150,
with discretization steps of A7 = 0.05, At = 0.05, respectively. The domain is
sufficiently large to achieve steady state solutions, whereas the discretization steps

provide good accuracy for the solution.
¢1(0,7) = Nexp [—(r —ro + ct)*/b* —iw(r — ro + ct)/c] . (5.15)

The radial part of the incident wave is an axisymmetric imploding Gaussian pulse
modulated by a monochromatic wave, centered at ry with a width of b. Here, ¢ is the
speed of sound in the condensate. N is calculated by the normalization of the incident

wave on the radial domain. Initial equations for the wave m; and 7, are calculated

from the definitions [5.4]

Figf5.1] and Figl5.2| show the propagation of the wave at specific times for non-
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Figure 5.1: Snapshots of the time evolution of the perturbation, for the case m=0 as
a function of distance 7 from the vortex, for o = 50a and b = 10a with w = 0.7¢/a,

Q=14c/a
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Figure 5.2: Snapshots of the time evolution of the perturbation, for the case m=1 as
a function of distance r from the vortex. The parameters used are in Fig. [5.1
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Figure 5.3: Incident wave(t=0) and the reflected wave(t = 100a/c) for the superra-
diance case, amplified(dotted line) and non superradiant case. The parameters used
are 1o = 50a and b = 10a with w = 0.7¢/a, 2 = 1.4c/a

superradiant case m = 0 and the superradiant case m = 1, respectively. In the
superradiant case wave is amplified, while for non-superradiant case goes to zero as
expected. In order to see the amplification clearly, the incident and the reflected wave
has to be analyzed at the same location. Figl5.3|shows the side by side comparison
of the wave measured at the initial point ro = 50a. The reflected wave reaches the

start point around ¢ = 100.

Constraint violations C' = |0,¢1 — 71|, explained in Sec., are monitored during
the simulation in order to check the validity of the numerical result. To analyze the
constraint violations at the outer boundary we choose r = 70a and record the wave at
this location, as well as the event horizon as our inner boundary. While the violations
are recorded at r = 70a, the simulation boundary is much larger. However, since the
reflected wave can not reach the outer boundary of the simulation at a given time,
the monitor is positioned at an earlier point. The constraint violations at the event
horizon (left panels) and at the outer boundary r = 70a (right panels) are shown
in Figures |5.4] and for superradiant and non-superradiant cases. As expected,

the violations are much larger when the wave passes through a selected position.
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Figure 5.4: Constraint violations at event horizon(a) and outer boundary (7 = 70)(b)
for superradiance (m=1). The parameters used are in Fig. [5.1, Dotted lines sig-
nify the time frames(# = 40, 110), when the wave reaches the horizon and the outer
boundary

Figure 5.5: Constraint violations at event horizon(a) and outer boundary(7 = 70)(b)
for non-superradiance (m=0). The parameters used are in Fig. [5.1
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Figure 5.6: Time evolution of the wave energy normalized to its initial value for
superradiant m=1 case and non-superradiant m=0 case. The parameters used are in
Fig. [5.1

In addition, the magnitude of the constraint violations is observed to be an order
of magnitude higher at the event horizon than the outer boundary. Figl5.5[a) also
shows that after the wave left the horizon, there are still instabilities induced at the
boundary as well as the inside the region where the excision technique applied and
removed from the computational domain. Fig also shows at later times ¢ = 80
and ¢ = 100, at the left side of the wave tail there are small instabilities escaping
the event horizon which can be seen from the constraint evolution as well. While the
main wave Gaussian pulse is not disturbed by the effect, numerical analysis has to be
kept in check for outgoing unphysical waves from the horizon. If the simulation time
kept much longer, unphysical waves may propagate further and render the simulation
results obsolete. While the figures only show the constraint violations at a specific
rotational frequency, €2, as well as the wave frequency, w, our analysis shows that
for larger rotational frequency simulations become unstable faster and especially at

the event horizon magnitude of constraint increases significantly. Finally, the energy
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w/Q

Figure 5.7: The Energy of the wave normalized to its initial value as a function of
w/Q where 0 < w < €;.The parameters used in the calculations are Q; = 1.4¢/a,
2.8¢c/a, 4c/a, o = 50a, b = 10a. Energy values recorded when the outgoing wave
reached the initial position at r = 50a.

associated with the superfluid flow, the energy of the wave packet, is calculated from

27 H Tmaz
E(t) = /83T%Mp172 = (th/QM)/O dgb/o dz/1 (Vapy)*rdr. (5.16)

Fig shows the initialized energy for the non-radiant (dashed blue curve) and su-
perradiant (solid red curve) cases respectively. And the horizontal line represents the
approximate time the wave reaches the horizon. Almost %32 energy gain is observed

for superradiant case with parameters 2 = 1.4¢/a and w = 0.7¢/a .

For different rotational frequencies, the amplification of energy as a function of
the relative center frequency of the wave w/€) is plotted in Figl5.7, which shows the
change in the behavior when the rotational frequency is increased. The maximum
energy gain is in the range 0.6 < w/Q < 0.8 and there is a rapid decrease when

w/Q ~ 1 as expected from the superradiant condition w < mf). It is important
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Figure 5.8: Density fluctuations, p;, calculated according to Eq. and scaled as
p1 = p1/€po in 1-t plane for superradiance case, m=1 (left) and m=0 (right).The
parameters used in the calculations are given in Fig

to note that for the constant density approximation we used we have the freedom
to increase the fluid rotational frequency as an independent variable. However as
explained in Sec[5.3.1] that is not the case for self consistent BEC vortex density
profile.

Figf5.8 shows the time evolution of the density fluctuations for superradiant and
non superradiant cases. Here sudden increase in the density fluctuation for the super-
radiant case lies inside the event horizon, » = la. In cylindrical coordinates density

fluctuation is shown in Fig[5.9at a specific time ¢ = 100a/c.

5.2.2  Numeric analysis in the frequency domain under constant background density

Second method to study superradiance is to analyze the Klein Gordon equation 5.2
in the frequency domain. To start, the solution of KG equation is written by the

separation of variables in the form of
) = e WMtz p(r), (5.17)

where k& and m are the axial and azimuthal wave numbers, respectively. k is defined

by the boundary conditions along the z axis which taken as zero, considering that the
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Figure 5.9: Scaled density fluctuations p; = p1/€pp, in cylindrical coordinates at time
t = 100 for superradiant case. The parameters used in the calculations are given in

Figh I}

wave propagation along z axis is non-existing.

By inserting into [5.2 with the fluid velocity defined as v = —A’/r + B'/r
for the constant density approximation, we obtain a second order ODE for the radial

part:

d*P N AZ 4 72¢® + 204 (B'm — r*w)\ dP
dr? r(r2c? — A”?) dr

N 2iA'B'm — B”?m? + m?*r? + 2B'mwr? — r*w? + Akt P_o
TQ(TQC2 _ A’2) -

(5.18)

In order to eliminate the event horizon, coordinate change in the radial domain is
introduced to map the event horizon to —oco which is called Regge-Wheeler tortoise

coordinate shown as ., which will map r € [rg, 00| to . € [—00, +00]:

7,2
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After, the wave equation can be written as P = R(r)H(r,). Introducing r, into

Eq5.18 gives the final form of the equation for H(r,)

d*H (r.) w?
where
A”? 5A"  A”?(m? —3/2) + B?m? 1
_ 12 2 2 2
V=k (1_r202)_4c47*6_ 2y ey (c —4dm=c —SB’w).

(5.21)

Before solving the equation above, asymptotic behavior can be analyzed. At the

asymptotics » — 400 solutions behaves as harmonic functions;

—iw+r* +iw+r* «
H(r,)=e < 4+ Re = ,r"— o0, (5.22)
—i(w—Qm)rx %
H(r,)=Te < 1" — —o0, (5.23)

where w? = w? — k*c* and Q = B'/a® and R(T) are the amplitudes of the reflected
(transmitted) waves, respectively. Here, wi needs to be positive in order to achieve
scattering states. While we kept the constant k during the calculations, for the numer-
ical analysis k£ = 0 is used. Solutions at asymptotics and their complex conjugates are
independent from each other and their Wronskian is can be calculated as y; = H(r.)

and y, = H*(r.), where H* is the complex conjugate of H,

W (£00) = y19j2 — Y241, (5.24)
W (+00) = 2“;’* (1-[R?), (5.25)
W (—00) = 2i(w = mA) (1—|77)). (5.26)

C
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Figure 5.10: Reflection coefficients as a function of w, calculated in the range 0 <
w < mf;. Parameters are m = 1, Q;a/c =0.3, 0.5, 0.7, 0.9, 1 (right) and Q;a/c =1,
1.75, 2.5, 3.25, 4 (left)

Since the Wronskian of these solution at asymptotic should be equal to each other,
W (+00) = W (—00), we reach a relation between the reflection and the transmission

coefficients (R, T),
— mf)
IR = (M) 77 (5.27)
W4

which shows the reflection coefficient has a magnitude larger than unity when the

superradiance condition w < mf2 is satisfied [116], [117].

While we reach the superradiance condition by analyzing the asymptotic behav-
ior, in order to solve the EqJ5.20, we implement a method which solves the Eq[5.19)
and Eq5.19| simultaneously and calculate the Fourier components of the solution at
asymptotic to analyze the incoming and outgoing waves. Fig[5.1§ shows the behavior
of the reflection coefficients for a specific rotational frequency, while the Fig5.11{shows
the full spectrum. Here we employ the same values for the parameters (m, a, ¢, k, A, B)
with the time domain calculations in order to check the compatibility. Figure [5.18
shows that for 2 > 1 and €2 < 1, reflection coefficient behavior is slightly changing.
After we have the full spectrum, we can analyze the maximum reflection coefficient

as a function of rotational frequency and the wave frequency. Figf5.12(a) shows the
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Figure 5.11: Full spectrum of reflection coefficient values between 1 < Qa/c < 4.2
calculated in the range 0 < w < mf2;
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Figure 5.12: Maximum reflection coefficient behavior with respect to {2 between 1 <
Qa/c < 16 (right) and with respect to w/€Q between 1 < Qa/c < 16(left).
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Figure 5.13: Reflection coefficients of the scattered wave with parameters given under
Fig.1 calculated in the time domain and the frequency domain for Q = 1.4¢/a and
Q2 =28c/a

maximum value of the reflection coefficient as a function of ) rotational frequency of
the vortex. It shows an upper bound for the maximum amplification, which might
be connected to entropy bound as stated in [107]. Fig[5.12(b) shows the maximum
reflection coefficient achieved with respect to the ratios of the frequencies also shows
that there is a pile up just below the reflection coefficient two and the maximum
amplification appears to be achieved around w/Q. ~ 0.93. However, the stability of
the vortex at large frequencies is an another important issue, Thus in theory, while
we can increase the vortex rotational fluid, how much reliable are the results is a
significant question. Finally, we can compare the two methods we applied to solve
the Eq[5.2l We analyzed the refection coefficients in both domains keeping the pa-
rameters, such as m, k, Q,w, a, ¢, same. Fig[5.13| compares the reflection coefficients
calculated in the time domain and the frequency domain, for different values of (2.

At Q = 1.4¢/a, the agreement is very good while for larger rotational frequencies, we
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start to observe different behaviors. As stated in the time domain calculations, for
larger ) simulations become unstable much faster. This may be the reason for the

differences in the calculations.

5.3 Simulation of Superradiance in BEC for Self Consistent Background

Density Approximation

5.83.1 Numeric analysis in the time domain under self consistent background density

Now we have a single vortex with a density profile, Eq[3.57, derived from the GP
equation with known vortex solutions of the background ¢y = \/%e“b0 with first
order fluctuations ¢ = g + 11 = \/ﬁei‘b. The constant A calculated from Eq
after setting the event horizon to one healing length and the constant B is calculated

from for a single vortex with winding number ¢ = 1,

A = PocCoct B= % = V2eo k. (5.28)

3vV3

The fluid velocity for a single stable vortex Eq[3.49 and the speed of sound can be

written explicitly as

—A E
r

R Coo T2+ 262 2Co0€ ~
7+ & £r+\/— éqﬁ,

3v3 rd r

¢ (r) = Cooy /#%2. (5.30)

Length parameters are scaled with the healing length. Note that, the scaling factor

¢ = (5.20)

is not a free parameter, since in order to achieve the density profile (3.57) from the
Eqi3.54] lengths must be scaled with healing length. Otherwise the density profile

must be changed accordingly. Second, the velocity parameters are scaled with the
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speed of sound at infinity and the scaled velocities become;

V2. 1 7?42

b=z

P33

) &

The egs. (5.7)) to (5.9)) for the given speed of sound and the fluid velocity are;

(5.31)

Oy 7 72 42 imv/2
L ™+ _ImVE 5.33
o7 vErs et E -39
on_ 2 7 Om PH+6 - P42
o (P42 ViTi20F  3BM ) 330 or
22 )
v ‘Om@ _ imv22% (5.34)
7 or

- — — = + —=
ot 72 3v/374 3373 OF P2+ T(rP+2

T 8¢1 meQ
‘¢ﬁ:§af+(w¢ﬁ:§>%' (5:35)

o (im\/§ 2) 72 492 0m ( 1 4f+f3>
— =m - )

The same methodology with the constant density approximation is used. The equa-
tion set is integrated numerically by Matlab’s PDE solver toolbox with an FDTD
solver. The computational domain is chosen as 0.5 < r/& < 110 for spatial (radial)
and 0 < tcoo /€ < 110 for time whereas the discretization step is 0.05 for both cases.
Boundaries are selected with same procedure; i.e at large distances, purely outgoing
waves which corresponds to m — v = 0, and free inner boundary inside the event
horizon. Simulation is stopped before wave reaches the outer boundary. Accuracy

of the simulation is checked by constraint evolution defined in Eq at the event
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Figure 5.14: Time evaluation of the energy gain of the wave packet for superradiant
case for constant and non-constant density profiles. Wave parameters used are ry =

50¢ and b = 10§ with w = 0.8¢o /&

horizon and at a specific position chosen to be monitored during calculations.
¢1(0,7) = Aexp [—(r — ro + c(r)t)?/b° — iw(r — ro + c(r)t) /c(r)] . (5.36)

The incident wave is chosen as a cylindrically imploding Gaussian wave, centered at

ro with a width of b and the initial values for m; and ~; are calculated according to
Eqf.4
With the non constant speed of sound ¢, the velocity of the perturbation changes

on the radial domain. And the energy of the scattered wave is calculated using

E(t) = (h2/2M) /0 g /0 s /1 T ) (V@) Prdr (5.37)

The figure [5.14] shows the time evolution of the energy of the wave, normalized by its

initial value for the two main assumptions, the constant density and the non-constant
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Figure 5.15: Energy gain difference between constant density and non-constant den-
sity approach for /5 < © < ). Parameters given in Figd

density. Here for the comparison event horizon is set to 1 and the initial wave
parameters ro, b and w are the same in both cases. However, since the behavior of
density and the speed of sound differ, the radial velocity of the fluid and the location
of the ergosphere are different. For the non-constant density case, the wave reaches
the vortex at a later time, considering the speed of sound, ¢(r) gets slower closes to
the vortex core. In addition, we observe that the energy of the reflected wave reaches
a steady value much faster after leaving the vortex. And an extra ~ %8 energy gain,

compared to the initial energy, is observed.

Fig[5.15] shows the energy ratios between two assumptions analyzed in the region
of V/2¢s0 /5¢ < w < V2 /€. Upper boundary for w is set using the defined rotational
velocity of the BEC. For an irrotational flow rotational frequency behavior defined as
Q oc 1/r? such that ¢ 3= OxF. Superradiance condition is shown as w < mf), where

Q) corresponds to the rotational frequency at the event horizon. Given the value for



60 Chapter 5: Numerical Analysis of Superradiance

B, the rotational frequency of the vortex becomes
B
Q== = V2. /¢t (5.38)
Th

Compared to the constant density approximation, a higher energy gain is cal-
culated, for a single value of rotational frequency, since the §2 is quantized and for
a single stable vortex density profile |[3.57] shapes the radial velocity with the scal-
ing parameter 1£. Therefore, we do not have the freedom to increase the rotational
frequency or try different ¢ > 1 values without changing the density profile, hence
effecting the eqs. (5.7) to (5.9).

5.8.2  Numeric analysis in the frequency domain under self consistent background

density

We again start by writing the Klein-Gordon equation ({5.2]) with a formal solution of

the form
®y = P(r)emi=b; (5.39)
9?P(r) OP(r)
o + Q(r) B + Z(r)P(r) =0, (5.40)
where
2imu,vg , vi—c Fop 0 [, v
Q(r) = ( . — 2iwv, — " _?E—FE r+? g (5.41)
2mwuy ) ZUg — ¢ iwd(ru,)  imugu,  imug Ou, 1
A — _ _ - — .
(r) ( r weom r2 r Or r2 ro or ) v?—c?

(5.42)



Chapter 5: Numerical Analysis of Superradiance 61

Tortoise coordinates defined in the same fashion to map the event horizon to —oo, i.e

r € [rp,00] unto r, € [—o0, 0]

dr, V2 -1
== (1 — g) (5.43)

Next, the radial part of the solution is expressed by the product of two functions one

A

in tortoise coordinate and one in r, P(r) = H(r.)R(r), where introducing P (r) into

Eq[5.40] gives two equations

agi” + M(r)R(r) =0, (5.44)
and
% +V(r)H(r,) = 0. (5.45)

The solution of Eq5.44|is given by

R(r) = C (”2 * 262)1/2 exp (z / h(r)dr) (5.46)

r3

where

Uy (Vg — Tw)
r(v:—c2)’

h(r) = (5.47)

and C is an arbitrary constant and the exponential part in the Eql[5.46) is rather
complicated integration that we do not have to solve it completely. Eql5.45] is the
time-independent Schrodinger equation with

V(r) = é (—%—]\f + M?*— QM + Z) : (5.48)
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M(r) = (% + i%—f) , (5.49)

where V' (r) reads explicitly

w  mug\2 (V2 — ) v? (5rt + T6r2€? 4+ 180&1
V(T):(___0>+( : 4(2 2 2)2 :
detr2(r? 4+ 262)

C rc
(v2 = ) (4m? (12 4 262)° = 7' — 200%€% +12¢")

_|_
4c2r? (r? + 2{2)2

(5.50)

Detailed derivation is given in the Appendix [B| The first term above can be consid-
ered as the energy term, including the energy of the wave and the rotational energy
of the fluid such that we can write V (r) = E(r,w) + Vi (r). Inserting the scaled
velocity (Eq[5.31)) and the scaled speed of sound (Eq[5.32), we can express V(r) in

dimensionless form,

V(r,w) = E(F,®) + Vi(F), (5.51)
where
. 1L [(#2+2 (. mQ ’
E(f,0) = & ol ey (5.52)

Vi(7F) = — ((=277° 4+ 7° + 67* + 127% + 8) (27687 + 20327 + 6967° + 4307
—5357" — 277 4+ 108mr® (7 + 2) + 1440)) /(291675 (7 + 2)?).
(5.53)

Figl5.16(a) and Figl5.17[(a) show the behavior of V(7.,&) with respect to scaled
radial domain for m = 1 and m = 0, respectively, which shows that the ordering of

the w-level curves at either end of the range are reversed in superradiant case while for
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Figure 5.16: The radial behavior of V (7, &) for @ = 0.44,0.66,0.87,1.09, and behav-
iors of E(7,@) ,Vi(T) at fixed © = 0.87 for m =1
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Figure 5.17: The radial behavior of V (7., &) for @ = 0.44,0.66,0.87,1.09, and behav-
iors of E(7,@) ,Vi(7) at fixed @ = 0.87 for m =0 .
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non-superradiant regime is just shifted. Figl5.16(b) and Figf5.17[(b) show the three
terms of Eq separately for a fixed value of @ = 0.87. Curiously, we observed that
the maximum amplification is in fact occurs when the asymptotic values of V(7) are

the same, i.e, V (7, — +00) = V (7, — —o0). The asymptotic values of V (7, @);

V(F—1,0)=3 (w - mﬁ)2 /€2, (5.54)

V(7 — +oo,0) = &*/€2, (5.55)

are equal to each other, with the condition that w < mf), when @ is

V(F—1,0) = V(i — +00,d), (5.56)
- (64 /12

Dy = mQ#, (5.57)

O_ =0.63mQ =0.9, (5.58)

and the value correlates with the simulations exactly. Major difference between two
cases is the dip that occurs between the event horizon and the ergoregion in the
behavior of E(7,,®) for the superradiant case in contrast to the non-superradiant

case which has monotonically increasing form the asymptotic to the event horizon.

Returning to the massless scalar field in EqJ5.39 we have

2 2 2 1/2 . ih(r
d, = (#) H(r,)e!mo=wne™ (5.59)
T

where h = [ h(r)dr, which in fact in the form of the cylindrical imploding wave.
Asymptotic solutions are again harmonic solutions but with different speed of sound
values. Near the event horizon and at r — 400, the solution of Eq/5.45| reduces

asymptotically to harmonic solutions

H(r,) = e o™ + Re™ o™ 1" — 400 (5.60)
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Figure 5.18: |R| is calculated for superradiant case with Q = v/2 in constant and
non-constant density profiles.

h )T ,r* — —00. (5.61)

The Wronskian for the solutions with its complex conjugate yields the relation be-

tween the reflection and transmission coefficients as,

w — mf)
1-|RIP=V3 (T) 17|, (5.62)
which gives the superradiant (|R|2) > 1 condition as w < m$. In order to calculate
the reflection coefficient with respect to w for different rotational frequencies, we
solved the Eq and Eq together and analyze the Fourier components of the
asymptotic far field solutions. Figl5.18| shows the comparison between the previous

assumption, constant density, and the new density profile. The differences in the
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reflection coefficients is higher between 0.4 < w/§2 < 0.7 and peaks at w/Q = 0.52 ,
shows that new density profile resulted nearly %9 increase with respect to constant

density profile, while in the w/ = 1 limit they both take the value of one.
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CONCLUSION

This thesis investigated the acoustic superradiance from the vortex state in an un-
bound Bose-Einstein condensate, which manifests itself as the amplified scattering of
coaxial acoustic perturbations from the vortex. The study provides solid contributions
through (1) a qualitative assessment of the constant background density approxima-
tion that is commonly employed in the literature, by comparing its results to that
of a radially varying density profile, that is obtained self-consistently through the
solution of the Gross-Pitaevskii equation for the BEC-vortex state; (2) quantitative
and performance comparison of the time-domain and asymptotic frequency domain

calculations of the superradiance.

The first outcome is that the self-consistent density profile renders the curved-
space time landscape of the analogue black-hole and the propagation dynamics sub-
stantially different than that of the constant-density approximation since density-
dependent physical parameters (e.g. sound propagation speed) become inherently a
function of position (radial coordinate) and all black-hole landmarks (event horizon,
ergoregion) are relocated accordingly. A significant outcome is that the use of the
self-consistent density profile improves on the transient behavior of the scattering pro-
cess within the ergoregion by eliminating the overshoot behavior of the perturbative
wave’s energy, while providing a slightly higher amplification of the wave. Numerical
calculations show that for perturbative waves with low-frequency (compared to the
vortex angular frequency), the two density models differ significantly in the magni-
tude of superradiance. This difference disappears at the high-frequency regime of the

waves.

The second contribution demonstrates the impact of the mathematical formula-
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tion and its numerical implementation. Time domain calculations have the potential
to give insight about the transient behavior of the perturbative wave within the er-
goregion during the interaction with the event horizon. It is already known that
the time-domain simulation faces numerical challenges near the horizon and beyond
where no specific physical boundary condition is applicable. We employ a number of
techniques to suppress the numerical instabilities arising in this region through phys-
ical constraints imposed at the event horizon. Fortunately, integrated quantities (like
energy) can be obtained smoothly. On the other hand, the asymptotic frequency do-
main calculations apply a far-field analysis by mapping the event horizon to -infinity
through the so-called Tortoise coordinate transformation. Consequently, the far-field
form of the wave can be investigated through its Fourier components with no numer-
ical instabilities as the coordinate singularity of the event horizon is eliminated. This
gives a fast and efficient way of obtaining the reflection coefficient of the asymptotic
form of the perturbative wave and hence the computation of superradiance.
Evidently, the thesis work can provide a basis for future studies in which the model
can be improved and extended. For improvement, one can introduce a sink to the
vortex to better account for the draining-bathtub model. The formulation can be ap-
plied in a straightforward manner to vortices with higher winding numbers where the
density profile for each winding number has to be obtained self-consistently. Provided
that these vortices are stable, it may give different superradiance profiles. Finally,
one can introduce confinement potentials through the Gross-Pitaevskii equation which

may have profound impact on the dynamics of the superradiance.
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DERIVATION OF NULL VECTORS

The Lagrangian for the line equation [3.66] can be written as

2

2L = (V¥ =) £ + = 2+ 1202 — 2ugrbi, (A.1)

2
c* — vy

here, dots represent the derivative with respect to proper time, 7. Only two quantity
is conserved, the energy of the phonon, £ and the angular momentum, L and for the

null geodesics we have

2

. . c .9
—Et+ Lo + - Ugr =0. (A.2)
Conserved quantities are
oL : .
p=—= (=) i—rvl=—FE, (A.3)
ot
oL . .
=~ = —rut+7r*0=1 A4
Po Y] 0 (A.4)
which in turns gives
t‘:i<r29—L) (A.5)
U ’ '
E—UQ_CQ<L—T29>+TU9 (A.6)
 rug o '
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—Evgr + (v =) L

=—3 R (A7)
From EqJA.5| we hahe
. Er—1L
:Fé?i%%’ (A.8)
and finally inserting 6 and ¢ into the Eq give 1 as
7 = E—; — ZEI;UQ + 12;—22 (v* = 7). (A.9)
c rc ric

Considering at r — oco motion is purely radial, zero angular momentum is the ap-
proximation we will consider in order to set the boundaries, which gives the geodesics

as,

E
F=+—, (A.10)
c
. —FEuvgr
0= A1l
r2 (V2 — ?)’ ( )
. E
t= 2 (A.12)

The total angular momentum can be written using the Eq. [A.7]

E 2 _ 2
vr v ¢ (A.13)

T2 _ 2 2 _ 2
vE—c v —c

L' =r%=

and at infinity, it consists of fluid angular momentum and the phonon angular mo-

mentum due to frame dragging effect,

=T+ Evgr

(A.14)

c2

Associated four velocity vectors for the incoming and the outgoing waves can be
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71

written from the geodesics with the coefficients from [A.2]

o _[_E B Eu
"o e(e—wv) clcele—v)]’
oo _[_E__E _Eu
out ) ) .
c(v,+c¢) ¢ c(v+c)

Finally we can set up directional derivatives to the wave equation as

E E E
UL 0,®) = ———— 0,8y — —0,B1 + ———0— 9y,
c(c—wv,) c clc—wv,)
E ' E E
=— | —cll —vI' — vae@l ——I'+ iim@l
cle—v,) c c(c—vy)
E
— (II+T
c (C _ Ur) ( + ) )
E ) Evg
Ul .0, =—0,9 + —0,91 + ——— 9P
TR e+ uy) T 1+c(c~|—v,n) o
E ' E E
— = (o - "% )+ Zry Y ime,
clc+vy) c clc+u)
E
(C—1I).

clc+vy)

(A.15)

(A.16)

(A.17)
(A.18)

(A.19)

(A.20)
(A.21)

(A.22)
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KLEIN-GORDON EQUATION

The explicit form of the KG equation,

a_2+2va_2+%8_2+(_02+v2)8_+2vev7" 9
ot? "otor r Otol "l or? r  orod
N _02 N va\ 0 n 190(rv,.) 0 N _ Uply N vg Ov, \ O
r2  r2) 002 r Or Ot r2 r Or ) 00
2 Aop(r) P v, dug\ 0, 07
o c Y00, 4,20 229 g, = B.1
+( rp Or +T+UT8T+U08T)8T C@z2] =0, (B.-1)
with a formal solution of the form,
dy = P(r)elmi=—«t) (B.2)
1s written as
O*P(r) 4+ Q(r)0,P(r) + Z(r)P(r) = 0, (B.3)
2% 2 2 _ .2 2 2 1
Qr) = (—%w, g BT T Lo ptd, (“2 i _>) et
r r p 2 Vi —cC
(B.4)
20) = (—u? + 2mwup 2 v — 2 _iwd(ry,) imugy, N im0, vy 1 ‘
r r2 r r2 r v —c?
(B.5)
The tortoise coordinate
dr, w2\
A = =(1—--2L B.6
dr ( 2 ) (B.6)
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helps to express the radial part of the Eq[B.2) by the product of two functions, P(r) =

H(r,.)R(r). Introducing P (r) into equation above gives,

02 (H(r )R(r)) + Q(r)o, (H(r.)R(r)) + Z(r)H(r.)R(r) = (B.7)
=0, (H (1) 0. R(r) + 0yri0p, H (1) R(1r)) + Q (r) (H (1) 0. R(r) + 070y, H (1) R (1))
+ Z(r)H(r,)R(r) = (B.8)
=H(r)O’R(r) + 200, H (r.) 0,R(r) + R (r) 0,A0,. H (r.) + R (r) A*0? H (r..)

+@Q (r) H (r.) 0. R(r) + AQ (r) R(r) 9,. H (r) + Z(r)H(r.)R(r) = (B.9)
=R (r) A283*H (re) + 0r, H (1) (2A0,.R(r) + R (r) 0,A + AQ (r) R (r))
+ H (r.) (PR (r) + Q(r) 0, R(r) + Z (r) R(r)) . (B.10)

In order to preserve the Schrodinger like form of the wave equation the coefficient of
the 0,. H (r.) has to be null, which gives two main equations to be solved. The first

equation is for the function R (r)

O R(r)+R (r) 22 +2 ﬁQ ) _y (B.11)
) 02 300) )
_ (68247 JUr (muvg — wr)
C2r (262 +12) r(vZ—c?) (B.13)
R(r) = Cexp (—/M(r)dr) (B.14)

1/2
=C <7“2 i 252) exp (—i/wdr) , (B.15)

r3 r(v2 —c?)
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where C'is an arbitrary constant. The second equation is for H (r.),

o2 1 (1) + 7 (O}f(g) +Q ) a]jzg) +7 (r)> o, (B.16)
o 1 (r.) + 22 (ar (2RO (220 g 2+ 2 <r>) -0,
(B.17)

92 H (r.) + HA(Z*) (=OM+M*—-Q(r)M+Z(r)) =0 (B.18)
V(T>:—&JM—F]\/[Q—Q(?“)M—FZ(?”)7 (B.19)

A2
h (cu B mvg>2 N (V2 — ?)v2 (5r* + T6r2&* + 180¢%)
B Actr?(r? +2€2)2

(v2 = ) (4m? (r2 + 26%)° — r* — 2022 + 12¢)

C rc

f B.20
4¢2r? (12 4 2€2)° ( )

Finally wave equation becomes,
®y =P(r)elmi=wt) (B.21)
=H (r,) R (r) /"= (B.22)

7‘2 + 262 12 i(ml—wt) ,—1 r)dr

—H (7“*)( 5 ) eimd—wt) =i [ R(r)dr (B.23)
h (7”) Uy (mUG - (,d’f’) i(mb—wt) (B24)



Appendix C

DERIVATION OF THE CONJUGATE FIELDS

The line element is
ds® = —a?dt* + v;;(dx’ + B'dt)(dz? + Bidt), (C.1)

where o = ¢, v;; = diag(1,r% /1) and 8 = (—v,, —vg/r,0). Two conjugate fields are

introduced accordingly:

0P, 1 (0%, :
P — - H = — — _— ZF,L y .2
Ly Ox? c ( ot b ) (©-2)

where z; = (r,0,2) and 3* = (—v,, —vg/r,0). The fields are introduced formally as
Oy = ¢1(t, 7)™ e IT = 7y (t, r)e™e*> Ty =y (t, r)e™e*? (C.3)
with (k,m) denoting the axial and azimuthal wave numbers and I'; is calculated as
T = [y imepy ikepi]e™ e, (C.4)
Definition of the field II gives the first equation for the term 0,¢; as,

0, = —cll + BT + 3Ty, (C.6)
Orp1 = —cm — vy — IMUgy /T (C.7)
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For the second equation, 9, (0y¢1) provides the equation of 0,y as,

o'y = 0,0, P, (C.9)
Ohy1 = O (Oyh1) = O (—em — vy — tmUgPy /) (C.10)

= —cO,m — 7O — V0 Y1 — V10,0, — im@10,0g /T + imp1Ug /7* — im0, dr /.
(C.11)

Now we have the first two, we need to implement both to the KG equation [5.2]

021 + 20,071 + 2imugdy ¢y /1 + (—62 + Uf) Or1 + 2imugd, 1 /1
+ (m*cfr* — m*ui [r?) 1 + (vy + Opv0, /1) Opr + (—imugu, [r* + imugd,v, /1) ¢y

+ (—02/7" — 0p/p + V2 /r + 20,00, + Ugarvg) 01 + k%P1 =0 (C.12)
and in order to that we have to calculate

0!, = 0, (—cm — v,y — iMmugdy /1) Ml gikz (C.13)
= (—cOm — v 0py1 — imugdyy [1) €™ e*? (C.14)
= (—c@ﬂr + 0,0, + VO, + V20 + V10,0, + iMU,d1 000y [T

— MU, P10 /T 4 iMUgU, Oy /T 4 imugeT [T 4 imuguyy [T — m2v§¢1/r2) Ml gikz.

(C.15)

Now, inserting 9?¢; and the time derivatives; dyy; and 9;¢; into equation above we

reach the final time derivative we need,

Oy = m1 (—v.0.c/c — imug [T — Op(1Tv,.) /1) — V.01 — COpn

+m (—c/r —¢/pOpp + Vs Jrc + Ugarvg/c) + ¢1 (mzc/r2 + ck? — imu,0,vg [rc — imvrvg/ﬁ) )
(C.16)
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