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ABSTRACT

MSc THESIS

ANALYTICAL INVESTIGATION OF PARAMETERS
AFFECTING STIFFNESS OF HELICAL SPRINGS
OF ARBITRARY SHAPES UNDER COMPRESSION

Eylem ZEYDAN

DEPARTMENT OF MECHANICAL ENGINEERING
INSTITUTE OF NATURAL AND APPLIED SCIENCES
UNIVERSITY OF CUKUROVA

Supervisor : Prof. Dr. Vebil YILDIRIM
Year: 2006, Pages: 112
Jury : Prof. Dr. Vebil YILDIRIM
: Prof. Dr. Naki TUTUNCU
: Assist. Prof. Dr. H. Murat ARSLAN

The present study deals with the determination of the vertical tip
deflection of the most commonly used cylindrical and noncylindrical (barrel,
conical, hyperboloidal types) helical compression springs subjected to an axial
concentrated force acting along the helix axis and springs having doubly
symmetric cross-sections such as solid circle, square, rectangle, ellipse, and
hollow circle etc. By using Castigliano’s first theorem, closed-form solutions for
the vertical tip deflection of helical springs with arbitrary shaped and large pitch
angles are obtained by considering the whole effect of the stress resultants such as
axial and shearing forces, bending and torsional moments. The analytical
formulas presented in the present study may be used for springs made of both
isotropic and composite (transversely isotropic) materials. Thus, the designers
will be free to design more appropriate and more accurate springs by using those
generalized formulas presented in this study.

Key Words: Helical springs, Castigliano’s theorem, Spring constant



0z

YUKSEK LISANS TEZI

BASMAYA MARUZ GELISIGUZEL SEKILLI
HELISEL YAYLARIN RiJIiDLiGiNi ETKILEYEN
PARAMETRELERIN ANALITIiK OLARAK iNCELENMESI

Eylem ZEYDAN

CUKUROVA UNIVERSITESI
FEN BILIMLERI ENSTITUSU
MAKINA MUHENDISLIGI ANABILIM DALI

Supervisor : Prof. Dr. Vebil YILDIRIM
Yil: 2006, Sayfa : 112
Jury : Prof. Dr. Vebil YILDIRIM
: Prof. Dr. Naki TUTUNCU
: Yrd. Dog. Dr. H. Murat ARSLAN

Bu caligma uygulamada sik¢a kullanilan, helis ekseni boyunca etkiyen tekil
kuvvete maruz silindirik ve silindirik olmayan (fi¢1, konik, hiperboloidal tip), dolu
daire, kare, dikdortgen, elips ve halka kesit gibi ¢ift simetri eksenine sahip helisel
basi1 yaylarinda meydana gelen diisey dogrultudaki u¢ yer degistirmenin belirlenmesi
konusu ile ilgilidir. Castiliano’nun birinci teoremi yardimiyla, eksenel ve kayma
kuvvetleri, egilme ve burulma momentleri gibi tiim gerilme bileskelerinin etkisi
dikkate alinarak, biiyiik helis ylikselme ac¢isina sahip helisel yaylarin diisey yer
degistirmesi i¢in kapali formdaki ¢oziimler elde edilmistir. Bu ¢alismada sunulan
formiiller izotropik ve kompozit (enine izotropik) malzemeden yapilmis yaylar igin
kullanilabilmektedir. Bu c¢alismada gelistirilen formiiller yardimi ile tasarimcilar
uygun ve hassas yay tasariminda daha 6zgiir olacaklardir.

Anahtar Kelimeler: Helisel yaylar, Castigliano teoremi, Yay sabiti.
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1. INTRODUCTION Eylem ZEYDAN

1. INTRODUCTION

When an elastic function is required, designers often use springs which are
classified as compression springs, extension springs, torsion springs, specialty

springs, assembly springs and wire forms.

It is commonly known that the helical springs are fundamental elements of
machines. Helical springs can be found in basic mechanisms where their sizing is not
critical and can also be found in high-level mechanisms such as cars, hand prostheses
and satellites. In such mechanisms, spring design has to be reliable and well

controlled as poor spring behavior would lead to major damage.

Helical springs generally work under dynamic conditions and under take
different tasks. They are also referred to as coil springs. Coil springs come in many
forms but there are three common classes; Compression springs, extension/tension

springs and torsion springs (Figure 1.1).

(@) (b) ©)

Figure 1.1. Types of helical springs a) compression b) tension c) torsion

Regardless of which is used, coil springs must be designed to satisfy four

operating requirements: Energy, Space, Environment and Service.

Energy is the first consideration in coil spring design because a spring is by

definition a device for storing energy. Energy is a function of load and deflection.


http://www.acewirespring.com/ace-wire-spring/springs-help.htm
http://www.acewirespring.com/ace-wire-spring/springs-help.htm
http://www.acewirespring.com/ace-wire-spring/springs-help.htm
http://www.springhouston.com/compression_springs.htm
http://www.springhouston.com/extension_springs.htm
http://www.springhouston.com/extension_springs.htm
http://www.springhouston.com/torsion_springs.htm
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Space is defined by the operating envelope, the area in which the coil springs
will operate. In the case of a compression spring, this might be the hole into which

the spring fits, the rod over which it operates.

Compression helical springs are springs with an open-coil configuration
designed to store energy or to resist a force applied along the axis of the coil. When
you put a load on the compression spring, making it shorter, it pushes back against
the load and tries to get back to its original length. The most common form of
compression spring is a straight cylindrical coil spring with the ends squared

(closed). The end coils may also be ground to improve squareness and reduce

buckling.
T

Figure 1.2. The ends of the compression helical springs

(http://www.efunda.com/designstandards/springs/spring_design.cfm)

The number of active coils is equal to the total number of coils minus the
number of end coils n* that do not help carry the load. The value for n* depends on
the ends of the spring (Figure 1.2).

Compression springs are commonly wound with uniform spacing between the
coils however variable coil spacing can be used to achieve improved performance
against buckling and surging. A compression spring with variable pitch assures a
spectrum of frequency response as opposed to the single resonant frequency in a

compression spring with constant pitch.

Compression springs are also manufactured in conical, barrel or hourglass
(hyperboloidal) configurations (Figure 1.3). These forms of compression springs

allow for reduced solid height.
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R 'R,

-

EE

(a) (b)

A

(d)
Cylindrical Barrel Conical Hyperboloidal

Figure 1.3. Types of helical compression springs

The extension/tension spring is similar to the compression spring however it

requires special ends to permit application of the load. A tension spring can be

wound with initial pre-load so that it deforms only after the load reaches a certain

minimum value. The ends of tension springs assume many forms but they are all

potential sources of weakness not present in compression springs. Extension springs

are found in garage door assemblies, vise-grip pliers, and carburetors. They are

attached at both ends, and when the things they are attached to move apart, the spring

tries to bring them together again.

Helical torsion spring is similar to the helical tension spring in requiring

specially formed ends to transmit the load. Torsion springs can be found on

clipboards, underneath swing-down tailgates, and, again, in car engines. The ends

of torsion springs are attached to other things, and when those things rotate

around the center of the spring, the spring tries to push them back to their original

position.

Rigorous duties usually call for compression rather than tension and torsion

helical springs. The basic geometrical parameters of a helical compression spring are

shown

in Figure (1.4). Close-coiled requires a small helix pitch angle,

say a <59...129. The ratio of mean coil diameter to wire diameter is known as the

spring index, C=D/d. Low indices result in difficulty with spring manufacture and
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in stress concentrations induced by curvature. Springs in the range 5 < C < [0 are

preferred, while indices less than 3 are generally impracticable.

Wire

Figure 1.4. Helical spring geometry
(http://www.engineerstoolbox.com/doc/etb/mod/stat1/spring/spring_help.html)

Various wire diameters are obtainable, most frequently used decade is

0.8 09 1.0 1.12 125 14 1.6 18 2 224 25 28 3.15
355 4 45 5 56 63 7.1 8 9 10 11.2 125 ... mm

The performance of a spring is characterized by the relationship between

the load applied to it and the deflection (F —A).

Figure 1.5. Helical spring subjected to an axial load.

(http://www.efunda.com/designstandards/springs/spring_design.cfm)


http://www.efunda.com/designstandards/springs/spring_design.cfm
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The F-A characteristic is approximately linear provided the spring is
close-coiled and the material elastic, that is Hooke's law is typically assumed to
hold, ' = kA . The slope of the characteristic, k, is known as “the stiffness of the
spring” (spring 'constant’, or 'rate', or 'scale' or 'gradient') and is determined by the
spring geometry and modulus of rigidity, G.

Active coils (n) are the number of coils which actually deform when the
spring is loaded, as opposed to the inactive turns at each end which are in contact
with the spring seat or base.

The spring constant k for a compression spring that exerts a force 7 when

deformed to the length Lg.ris

Figure 1.6. Deformed compression helical spring

(http://www.efunda.com/designstandards/springs/calc_comp_k.cfm)

The spring constant k is found by inverting Hooke's Law

F
Lfree - "Etigf'

(1.1

The spring constant can be expanded as a function of the material properties

of the spring as follows

_F_Gd' _ Gd _ aGd' _ Gd*

- - = 1.2
A 8D’n 8C’n 8D’L, 64nR’ (12

k
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where L, is the active wire length, L, = zDn . The useful range for C is about 4 to

12, with an optimum value of approximately 9. The wire diameter, d, should
conform to a standard size if at all possible. Considering the formula given above,
there are three basic principles in spring design:

e The heavier the wire, the stronger the spring.

e The smaller the coil, the stronger the spring.

e The more active coils, the less load you will have to apply in order to

get it to move a certain distance.

Based on these general principles, you know what to do to change the
properties of a spring you already have. For instance, if you want to make the
spring a little stronger than stock, you can a) go to a slightly heavier wire and
keep the dimensions and coil count the same, b) decrease the diameter of the
spring, keeping the wire size and coil count the same, or ¢) decrease the number
of active coils, keeping the wire size and spring diameter the same. Naturally, you
can also go to a stronger material to achieve the same result. Equation (1.2.) is
valid for

e Small pitch angles

e Circular cross-sections

e Just taking into consideration the effect of torsional moment.

e Isotropic material with Poisson’s ratio of 0.3.

e Cylinder surface with constant radius.

e (Constant curvatures.

Helical springs of square or rectangular bar section are sometimes used for

cases where a large amount of energy must be stored within a given space. The

formulas are based on the assumption of a true square or rectangular shape and will

generally be sufficiently accurate for practical calculations.
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In general, when bar stock of rectangular section is coiled to a helical form, a
key-stone or trapezoidal shape of cross section finally results, and this tends to

reduce the space efficiency and energy storage capacity.

I»

Figure 1.7. Helical spring of square wire axially loaded (The wire becomes
somewhat trapezoidal during the cooling operation) (Wahl, 1963)
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Figure 1.8. a) Helical spring of rectangular wire, coiled flat-wise,
b) Helical spring with long side of bar parallel to axis (Wahl, 1963)
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In contrast to round-wire helical compression or tension springs where
curvature effects can be neglected in calculating deflections, such effects are
particularly important in rectangular-wire springs coiled flat-wise (Figure 1.8). In
such cases neglecting curvature may result in errors of /5 percent or more. Such

effects may be taken into account using chart in Figure 1.9.  10-6.

Re=ls o o

e D& =
£ FReg-iE S
T 7] 1 s & = - 1]
R
il w3 B o 5 f_ﬁ\kﬁ“ 2

| ¥ i 2 bz @ ":E 14
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Figure 1.9. Curves for finding deflection factor y for calculating rectangular-bar
springs (Wahl, 1963)

Particularly if the spring is coiled flat-wise (Figure 1.8a), it is clear that a
larger amount of material may be provided within a given outside diameter and
compressed length than if a circular section were used. Consequently, other things
being equal, more energy may be stored within a given space for such a design than

would be the case if a circular bar section were used. Although the rectangular bar



1. INTRODUCTION Eylem ZEYDAN

section theoretically does not have as favorable an elastic stress distribution as does
the round bar section, for static loading or loads repeated only a few times this
disadvantage is of no particular importance, since local yielding of the highest
stressed portions can occur without appreciably affecting the performance of the
spring or the capacity for storing energy. However, where fatigue or repeated loading
of the spring is present, this non-uniformity of stress distribution will be
disadvantage. A further disadvantage is the fact that the quality of material used is
generally not as good as would be the case where round wire is used; also, the
rectangular-bar material may be difficult to produce.

Springs with rectangular cross sections having the long side of the section
parallel to the axis (Figure 1.8b) are sometimes used in the design of precision scales
in order to obtain a more nearly linear load-deflection characteristic. The best results
are obtained by making the ratio a/h=3 and D/h=20 for small deflections. Where

large deflections are involved, the analysis shows that a more nearly linear load-

deflection diagram is found for % =2

The amount of upsetting due to cooling of a rectangular or square wire

section can be obtained from the following formula (Wahl, 1963)

k(D, - D,)

h, = h{l+
D, +D

} (1.3)

i

where Dy is the outside diameter of the spring, D; is the inside diameter of the spring,
h is the original thickness, /; is the upset thickness, and £=0.3 for cold-wound

springs, k=0.4 for hot-wound springs and annealed materials.

In helical compression spring design with square section, 7 represents the
corrected stress, which includes effects of curvature and direct shear and which
should be used to calculate stress range for fatigue loading and K is the curvature

correction factor.
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K':1+£+0'526+0—'35 (1.4a)
C C C
- Ke412,056,05 247D 0.
C C C a

where the spring index is defined by (Wahl,1963)

D D
c=— (orc=—) (1.5)
a a,
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Figure 1.10. Curvature correction factor for square sections (Wahl, 1963)

As seen from Figure (1.10), K is slightly below the factor K for round wire

and applies for ¢ = b >3.
a

The deflection 6 for a square-bar helical spring is given by Wahl (1963)

_5.59PD’n

o
Ga*

(1.6)

where G is the modulus of rigidity and # is the number of active turns. This formula
1s theoretically around 2 to 4 per cent in error for springs with indexes between 3 and

4, but for most practical cases it is accurate enough (Wahl, 1963).

10
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: P Ga'

Spring rate = 5 = 559D (1.7)

As stated above, helical compression springs are open-coiled springs
having helix pitch angles greater thana >10°. In this case, the effects of all the
stress resultants at the centroid of the cross-section should be considered, namely
axial and shearing forces, bending and torsional moments.

As far as known, the analytical deflection expressions where variable
curvatures, different types of helical spring, different types of cross-sections,
different materials, and large pitch angles are considered do not exist in the
available literature.

The present study deals with the most commonly used helical compression
springs having doubled symmetric such as solid circle, square, rectangle, and
ellipse, and hollow circle etc., cross-sections. By using Castigliano’s theorem, it is
expected to find closed-form solutions for the vertical tip deflection of helical
springs with arbitrary shaped and large pitch angles. As it is well known, the
stiffness of the spring is closely related with the tip deflection. From equation
(1.7) the spring constant can be easily determined by multiplying the reciprocal of
the deflection and the force applied.

Thus, the designers will be free to design suitable and most accurate

springs by using more generalized formulas presented in the present study.

11
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2. PREVIOUS STUDIES

Wahl (1963) presented a book, which is assumed to be an authoritative work
on spring design, emphasizing the widely used isotropic helical compression and
extension springs. This book is considered by many spring makers as the "bible" of
spring design. This book also covers helical torsion springs, ring springs, coned-disk
springs, torsion bar springs, power springs, volute springs and other types.

Compression spring design considerations are numerous. The problem of
spring design is often resolved using tables and charts containing certain pre-selected
specifications and objectives. Spring design takes considerable time due to trial and
error method. Along with the development in computers, some commercial software
programs based on existing analytical and empirical equations together with some
design charts are presented for designers. The main commercial software available to
designers is stated as “Compression Spring Software” from IST, “FEDI1” from
Hexagon and “Advanced Spring Design” from SMI. They use standard calculations.

Existing analytical formulas used in the spring design for computation of
vertical displacements due to the static load are generally valid for small helix pitch
angles (o <10?), relatively large spring indices (D/d>10), circular/square cross-
sections and right cylinders.

In general, the effects of the axial force and bending moment are not
considered in the spring design. For springs with circular sections and large pitch
angles, Timoshenko (1984) presented a formula by taking into consideration the
whole effects of the shearing force, bending and torsional moment except the axial
force.

As it is well known, one way to obtain springs having different rigidities
under the constant load for a given volume is to wrap the wire on different
cylindrical surfaces by keeping other geometrical and material properties constant.

Although dynamic behaviour of isotropic and composite cylindrical and non-
cylindrical helical springs are almost widely studied recently (Yildirim, 1999a-b,

Yildirirm and Sancaktar, 2000; Yildirim, 2001a-b; Yildirim, 2002; Yildirim, 2004),

12
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there is not enough contribution on the determination of the vertical tip deflection of
those springs.

Haktanir (1992) studied numerically on the variation of the spring constants
with respect to the spring index, helix pitch angle and the ratio of R,/R.x of the
isotropic conical helical springs with the help of the complementary functions
method. The effects of axial and shear deformations and bending moment are
considered in this work.

Haktanir (1994) worked out the static behaviour of isotropic cylindrical and
non-cylindrical helical springs (barrel, hyperboloidal and conical types) subjected to
a concentrated axial force acting along the cylinder axis. She presented analytical
formulas for the vertical tip deflection of those springs by considering the whole
effects of the stress resultants, large helix pitch angles and different types of cross
sections with the help of the Castigliano’s first theorem.

The present study is a continuation of Haktanir (1994)’s work to study the
determination of the vertical tip deflection of springs made of orthotropic materials.

Thus the stiffness of the spring is determined by using this deflection.

13
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3. MATERIAL AND METHOD

3.1. Calculations of Stress and Deformation for Cylindrical Helical Springs

with Small Pitch Angles
3.1.1. Stress Calculations

Consider a helical spring with a pitch angle o loaded axially with a force P
shown in Figure 3.1. In this figure the mean coil diameter and the wire diameter are

symbolized by D and d respectively. The vertical distance between two coils called

pitch, H, is defined by

H 2zxh _h (3.1)

tang = — = =—
2z R 27 R R

Figure 3.1 Axially loaded helical spring (Omurtag, 2005)

14
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If the spring is cut by two perpendicular planes passing through the cylinder
axis, than the equivalent force-couple system at sections of wire due to the axial load

is shown in Figure 3.2.

a) Section I-I b) Section II-11

Figure 3.2 Equivalent force couple system at sections I-I and II-II (Omurtag, 2005)

The sections shown in Figure 3.2 are not true cross-sections. Those sections
make an angle « with the true cross section of the wire. Thus, that force and couple
acting on those sections are not considered as true shearing force and true torsional
moment. The components of the equivalent force-couple system along the coordinate

axes attached to the centroid of the sections are

N = Psina (3.2a)
T =Pcosa (3.2b)
M) = PRsina (3.2¢)
M, =PRcosa (3.2d)

15
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where N is the axial force, T is the shearing force, M, is the bending moment and M,
is he torsional moment.

Under the assumption that pitch angle is small, than the effect of the axial
force and bending moment becomes zero, Sina =0andCosa =1. Mainly stress

resultants are being torsional moment and shearing force at cross-section of the wire

(Figure 3.3)

N=0 (3.3a)
My =0 (3.3b)
T=P (3.3¢)
M, = PR (3.3d)

M=PR

Figure 3.3 Mainly stress resultants at the cross section of the wire (Omurtag, 2005)

Both the shearing force and the torsional moment cause just the shearing
stresses at the section. Denoting the shear correction factor (k-factor) by k’, which
appears as a coefficient in the expression for the transverse shear stress resultant, to
consider the shear deformation effects with a good approximation as a result of non-
uniform distribution of the shear stresses over the cross-section of the beam, shearing

stresses induced by shearing moment is computed by (Omurtag, 2005)

_ 1eP (3.4)

4 P
32d* 3rd?
4

T
kA

(USHINN
N

Tk =

and due to the torsional moment is as follows

16



3. MATERIAL AND METHOD Eylem ZEYDAN

d d
M;(—) PR(—
4 3 '
) Td wd

32

Tp =

1

where A4 is the cross-sectional area of the circular cross-section, /, is the polar
moment of inertia of that section, and k&’ is the shear correction factor.

By using the superposition principle, the total shearing stress at points 4 and
B on the cross-section is determined by (Inan, 1967; Kayan, 1987; Omurtag, 2005)

The first term in equation (3.6) represents the contribution of the shearing
force. The stress distribution over the cross section is shown in Figure (3.4). It is
concluded from the figure that, the critical point on the section is actually point 4.
That is, the maximum shear stress in a helical spring occurs on the inner face of the

spring coils.

T

min

Figure 3.4 The stress distribution over the cross section (Omurtag, 2005)

17
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The ratio of mean coil diameter to wire diameter is known as the “spring

index”.

C = (3.7)

D
d

Low indices result in difficulty with spring manufacture and in stress
concentrations induced by curvature. Springs in the range 5 < C < /0 are preferred,
while indices less than 3 are generally impracticable. The optimum value of the
spring index is taken as C=9 in practice.

If we consider just helical springs with large spring indices then equation

(3.6) becomes

16PR _SPD 8PC
wd o >

1

< qufety (38)

Tmax

Wahl (1963) proposed the following equation with a correction factor called
with his name, K, to consider the whole effect of both shearing force and torsional

moment.

16PR _8PD _8PC
= K= = K—— < Typy (3.9)

d? P
where Wabhl factor is defined as a function of the spring index.

c_4c-1 0615

_ 3.10
aCc—4 C (3.10)

Variation of the Wahl factor, which accounts for shear stress resulting from

spring curvature, with the spring index is shown in Figure (3.5). Since the stress

18
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calculation is out of the scope of the present study, the knowledge given above is

almost sufficient to understand the behavior of the spring subjected to the axial force.

5 2.06
& 1.86
g
s 1.67
2 K(C)
3 ¢ 1.48
=
< 1.28
=

1.09

2 48 76 104 132 16
C
Spring index (D/d)

Figure 3.5 Variation of the Wahl factor with the spring index

3.1.2. Deformation Calculations

The performance of a spring is characterized by the relationship between the
load applied to it and the deflection (P —w) (Figure 3.6). The (P — w) characteristic is
approximately linear provided the spring is close-coiled and the material elastic, that
is Hooke's law is typically assumed to hold P = kw . The slope of the characteristic, £,
is known as “the stiffness of the spring” or “spring constant”, or “spring rate”, or
“spring scale” or “spring gradient”, and is determined by the spring geometry and

spring material.

19
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-
*c<—j' \/\/\/j—» v

I\~

i

Figure 3.6 Axial deformation of the spring subjected to the an axial force
(Omurtag, 2005)

Let’s consider a small spring arc element Aswith an opening angle, A&
(Figure 3.7).

Figure 3.7 Deflection of a small spring arc element (Omurtag, 2005)

Relative rotation between two sections, AQ2, is defined by

M
AQ = wAs = —L As

3.11
a7 (3.11)

20
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where G is the shear modulus of the wire material, @ is the unit relative torsional
rotation about helix axis, and J is the torsional moment of the inertia of the wire
section. Torsional moment of inertia takes different values with respect to the section

types (Table 3.1).

Table 3.1 Formulas for finding the torsional moment of inertia (Inan, 1967)

Circular section Jo =1
3,3
b
Ellipse section Jo = 7[2(1 3
a”+b
. . . 3 4
Equilateral triangle section Jo = 8_0a
Square section Jo =0.141a 4
4 4
A A
General solid section Jg=2—=0.025—
017 Iy

For circular sections, since the torsional moment of inertia and the polar

moment of inertia are equal to each other.

4 4
wd Tr

I _ 3.12
0=73, 2 (3.12)

Equation (3.11) may be rewritten in the following form.

M
AQ = ons = it g = 32PR (3.13)

Gl Grd*

From the Figure (3.6),

21
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32PR?

Aw = RAQ = 2
Grd

As (3.14)

The above means that the vertical displacement along the cylinder axis is
proportional to the length of the spring.
For closed coil springs having small pitch angles, the total active length of the

wire is defined by

2
L=2rnc=2r RnVl+tan’ « ZZ”RHW’“'A}HW =2x Rn=7nDn  (3.15)
V4

where 7 is the total number of active coils and

h=Rtana

H=2rh

2 2 2 2 2 2 B2 2 H?

c“=R"+h"=R°(l+tan“ @) =R (1+—2)=R (1+ 5 2) (3.16)
R 47°R

Active coils are the number of coils which actually deform when the spring is
loaded, as opposed to the inactive turns at each end which are in contact with the
spring seat or base.

Substituting equation (3.15) into equation (3.14) yields the following.

3
W= 641’[Pf (317)
Gd
The spring constant can be evaluated in different form as follows
4 4 4
k:£— Gd” _ Gd _nGd” _ Gd (3.18)

w  8D3% 8C3n SD2L  64nR>

22
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For conical springs shown in Figure (3.8) the radius of the cylinder along the
wire axis is variable.

R=R(0)=R, +

(Ry —Ry)
e (3.19)

Figure 3.8 Conical helical spring (Omurtag, 2005)

For closed coiled springs, the infinitesimal arc length becomes ds = Rd@ and

2
total axial deflection is obtained by using equation (3.14), Aw = RAQ = 32PR 2 As
Grd
27m 2 2
16nP(R{ + R5)(Ry + R
w= 32P4 [Ra0 - 6nP(R{ + 24)( 1+ R) (3.20)
Gmd™ Gd

f(0,r1,12,n) =11 + (12 — r1)-
2-mn

2-7n
w:=J (0,r1,r2,n))° do

0

1
ww = w simplify — E~(rl3 + r2-r12 + r22~r1 + r23)-n~n

1
www := ww factor — E-(rZ + rl)'(rl2 + r22)‘1t-n

23
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3.2. Elastic Strain Energy

For the elastic deformation of an isotropic body, the strain energy, U, is

defined by the following

U, = [udv
Vv

(3.21)

where u; is the strain-energy density and V' is the volume of the body.

_du

= 3.22
U= (3.22)

3.2.1. Generalized Hooke’s Law

A G
GOzx
(¢
yz
Oxz |
f’f = O
yy
Ox: ny
Oxx

Figure 3.9 Normal and shear stresses on surfaces of a cube element

The generalized Hooke’s law for a homogeneous anisotropic material under

the most general stress condition is (Figure 3.9)

O; = Cijklg K

(3.23)
or

&, = S0 (3.24)

J
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= 7;; 18 the shear stress,

where ¢;; is the normal strain, o;is the normal stress, o ij

.
and ¢;; =(1/2) y;;1s the shear stain. For a linear elastic material, Cy;; is the element

of the material stiffness tensor and S;j; is the element of the material compliance

tensor. Those tensors are inverses of each other. For isotropic material those

constitutive equations becomes

(3.25a)

e = _YOx Oy _ (3.25b)

g =Y 0 O (3.25¢)
E E E

Vay = Téy (3.25d)

Vxz = T(’;Z (3.25¢)

Vyz = Téz (3.25f)

where E is the Young’s modulus of the material, G is the shear modulus. The
Poisson’s ratio of the linear elastic material is represented by v. The three

independent material constants of an isotropic material are related by

L (3.26)

A compact form of equation (3.25) as follows
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1+v v
or
O'l] :leé‘ij +2G‘9ij
(3.28)

where &;;is the Kronecker delta (6;; =1 and 6;; =0), and

ou Ov Oow = 1-2v
+—t+—=

_p, ow v ow  om 1=ve 3.29
= ek = e v Z (o1 +03 +03) (3.29)

and, Lame constant is given by

Ev

Ao 2V (3.30)
(1+v)(1-2v)

3.2.2. Strain Energy Density For A General State of Stress

For 3-D anisotropic body, the strain energy density may be expressed by six

stress relations as follows

1 1
i = 5 Zi%i :ECijklgijgkl :ESideO—ijo-kl (3.31)

or
1
u, = E(cfxgx to,6,+0.6 47,7, +T. 7.+ z'yzyyz) (3.32)

Using the stress-strain equations in (3.25), the strain energy density may be

written in terms of just stresses for isotropic materials

Uu.

Ny {(Gf +0.+0.)-2v(0,0,+0,0. + ayaz)}+ %{rfy +7l + rj} (3.33)
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If the principal axes (1,2,3) at a given point are used as coordinate axes, the

shearing stresses become zero and the above equation reduces to

u, =E{(012 +022 +032)—2V(0102 + 0,0, +020'3)} (3.34)

And finally, the strain energy density may be written in terms of just strains

for isotropic material as follows

1
u, =5/1€2 +G(gf +gy2 +322)+§(7fy +)/fz+}/;) (3.35)
For in cases where just principal strains exist, y =0,

u; =%/1e2 +G(ef + 63 +£3) (3.36)

3.3. Computation of Work for Spatial Bars

3.3.1. Work Done by External Loads

Figure 3.10 External concentrated and distributed loads acting on ds element
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Consider an infinitesimal arc element, ds, and external force and couples

acting on it (Figure 3.10). Let P be concentrated force, ; be distributed force, ;1 be

concentrated couple, and m be distributed couple acting on the element. The scalar

components of those vector quantities along (x,y,z) axes are

—

;:px;'+py}+pzk (3.37a)
P=P.i+P,j+Pk (3.37b)
%:mx;#my}'—i-mzié (3.37¢)
;l:ﬂx;+ﬂy}+/uzl; (3.37d)

Assume that the external loads acting on the element are slowly increased

from zero to the final value.

Let U be the displacement vector of a point on the bar axis and Q be the

rotation of the section. Those vectors may be expressed as follows in rectangular

coordinates
U=U,i+U,j+U.k (3.382)
Q=0Q,i+Q,j+Qk (3.38b)

As it is well known, the work done by a force is defined by a scalar product

(dot product) of the force and displacement vectors.
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B
U, :%j(p0U+mOQ)ds+%Z(P0U+,uOQ)
A
1 B
= Ej(pxe +p, U, +pU, +mQ +mQ +mQ )ds (3.39)
A

1
+EZ(Pxe +PU, +PU, + 1, Q +u,Q, +u.Q))
3.3.2. Work Done by Internal Forces

> = -

It is common to use the Frenet unit vectors, (¢,n,b= tangential, normal and
binormal unit vectors) to determine the stress resultants.

Let T be the internal force vector, M be the internal couple vector attached
at centroid of the section. Let ; be the relative unit extension vector and @ be the

relative unit rotation vector on a point on the bar axis. Frenet components of the

vectors stated above are

M=Mt+M,n+Mpb (3.40a)
T=T,t+T,n+Tyb (3.40b)
y=yt+y,n+ypb (3.40c)
=t +w,n+opb (3.40d)

From the constitutive relations for isotropic materials the followings may be

written
T; T, Ty
i —n. S 3.41a
7t C, Yn c, b C, (3.41a)
M M M
o, =—L; w,=""; ay=—= (3.41b)
D, D, Dy
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where T; is the axial force; 7, and T} are shearing forces; M, is the torsional moment;
M, and M), are the bending moments; C; is the axial rigidity; C, and C, are the
shearing rigidities; D; is the torsional rigidity; and finally D, and D, are bending

rigidities
C,=E4; C,= @; Cy = o4 (3.42a)
ky kp
D, =GJy; D, =El,; D,=EIl, (3.42b)

where J; is the torsional moment of inertia (see the Table 3.1), I, and I, are the of
inertia of the section, %, and k;, are shear correction factors of the section.

Timoshenko’s beam theory (7B7) accounts both the shear and rotatory inertia
effects based upon the first order shear deformation theory which offers the simple
and acceptable solutions. The numerical value of the k-factor which was originally
proposed by Timoshenko depends upon generally both the Poisson’s ratio of the
material and the shape of the cross-section. For rectangular sections, Timoshenko
(1921, 1922) offers the k-factor dependent on just Poisson’s ratio as follows by
solving 2-D elasticity bending problem

5+ 50

ko v)=k =k, ="
szoshenko( ) 1 2 6+5U (343)

and Cowper (1966) recommended the following k-factor which depends upon

Poisson’s ratio for the 3-D integral solution of the elasticity problem

10+ 100

k v)=k =k, =
Cowper( ) 1 2 12+1]U (344)

Here some k- factors:

v k, =k, =12 (forrectangle)

vk, =k, =1.1 (for solid circle) (Cowper, 1966)
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d.
vk, =k, =1.61 (for hollow circle with —"¢~ =0.5) (Cowper, 1966)

outer

v' k, =kp =2 (for thin hollow circle) (Inan, 1967)

The work done by internal forces are computed by the following integrals.

07/+Moa))ds

Ty, +Ty, +T,y, +M,0, +M o, +M,w,)ds

18 1 T2 T2 M? M’ M2 (3.49)
=+ 2 )ds
2°C, D, D, Db

C,y.+C,y. +Cyy; +D,w] + D,w; + D,w, )ds

=00
2]
I
gl

3.4. Determination of Deflection by Castigliano’s Theorem

According to the conservation of the energy the work done by external forces

is equal to the work done by internal forces.

U =U, (3.46)

1

In order to determine the deflection under a single load (concentrated force or
couple) applied to a structure consisting of several component parts, it may be
necessary to integrate the strain energy density over the various parts of the structure.
This procedure simplifies the solution of many impact loading problems.

The strain energy of the structure subjected to several loads cannot be
determined by computing the work of each load as if it were applied independently

to the structure. If it were possible to compute the strain energy of the structure in
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this manner, only one equation would be available to determine deflections
corresponding to the various loads.

Castigliano’s theorem based on the concept of strain energy is used to
determine the deflection or slope at a given point of a structure, even when that
structure is subjected simultaneously to several concentrated loads, distributed loads,
or couples.

If an elastic structure is subjected to n loads P (or M ), the deflection x; of the
point of application of P;, measured along the line of action of P;, may be expressed

as the partial derivative of the strain energy of the structure with respect to the P;.

oU.
=2 3.47a
xj aP] ( )
o= U
M (3.47b)

Equation (3.47) is called Castigliano’s first theorem that is valid for linear
elastic structures. Castigliano’s second theorem, which is used for both linear and

nonlinear elastic structures, is determined as follows

P = %
8 (3.48a)
_au,
=
00, (3.48b)

For example, for the truss consisting of » uniform members of length L;, cross

sectional area 4,, and the internal force F, the strain energy of the truss

n R
L 3.49
¥ (3.49)

a=;2
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The deflection x; of the point of application of the load P; is obtained by

differentiating with respect to P; each term of sum.

F.L 0F,
-'_ ZAEaP

(3.50)

In this study we will use just Castigliano’s first theorem. In summary, the
deflection x; of a structure at the point of application of a load P; may be determined
: : ... ou :
by computing the partial derivative —— of the strain energy U of the structure. The
oP;
total strain energy is obtained by integrating or summing over the structure the strain
energy of each element of the structure. From equation (3.45), for spatial bars of

length L, the following may be written.

L T2 T2 T2 M2 M2 M2
Ui:lj‘(#+—”+—b+ Ly —" 4+ —Lyds
23%¢. "¢, "¢, D, D, Db (3.51)

Substituting equation (3.51) into the first equation (3.47) gives

10 ¢ T T} T} M} M} M,
X, =——|(F+2+2+—"F+—"—+ ds
7 20P I (Ct c, C, D D D,,) (3.52)

J o t n

By interchanging the integral and derivative operators we have

—

_LTa_TTaiTaT M, oM, M, M, M, M,
alcer C,op, caPDaP D, P, D, 0P,

}ds (3.53)

0

So, the calculation of the deflection is simplified by carrying out the
differentiation before the integration.
Castigliano’s theorem is used for determination of deflections and slopes at

various points of a given structure. The theorem may be used for both statically
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determinate and statically indeterminate structures. The use of dummy loads enables

us to include points where no actual load is applied.

3.5. Application of Castigliano’s Theorem to the Determination of Deflection

%%%

—
= =0 ==

of Helical Springs

ﬂ%\“\@

IR
(a) (b) () (d)
Cylindrical Barrel Conical Hyperboloidal

Figure 3.11 Types of helical compression springs

Considering Figure 3.11, the radius of the cylinder at any point on the rod

axis can be defined for conical springs as follows

R,—R
R(O) =R, +M9 (3.54)
and for barrel and hyperboloidal type helical springs as
0 .
R(@)=R,+(R, —R)(1- %) (3.55)
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where n and @ represent the number of active coils and angular displacement
respectively, and 0 < 8 < 27m. For helical springs subjected to a single vertical force,

non-zero stress resultants at the cross-section are defined by

T, =—-Psinax ; T, =—Pcosa (3.56a)

M, =PR(@)cosa M, =-PR(0)sina (3.56b)

where T; is the axial force, 7, is the shearing force, M, is the bending moment and M,

is the torsional moment (Figure 3.12).

T

ba

M,

T:

Figure 3.12 Stress resultants in Frenet coordinates (¢,n,b)

The first derivative of the stress resultants with respect to the external single

force are

o, =-—singa (3.57a)
OP
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ai =—cosa (3.57b)
oP
oM,
=—R(0 3.57

P (@)sinx (3.57¢)
oM

L =—R(O)si 3.57d
v (@)sina ( )

Considering the non-zero stress resultants and denoting the total vertical

deflection at the end of the spring by fro:.1, €quation (3.53) becomes

(3.58)

T oer T oT, M, oM, M, oM,
f Total I - t— + dS
. opP C 'oOP D, 0P D, OP

l‘

where C; is the axial rigidity; Cp is the shearing rigidity; D; is the torsional rigidity;
and finally Dj, is the bending rigidity.
The infinitesimal arc length of the spring may be written in terms of &

(0 <6 < 27m) and the helix pitch angle, o.

ds =cdf = R(a)V1+tan’ a.dO = R©) do (3.59)

coso

Equation (3.58) may be rewritten as follows

@\r or T, 0T, M, oM, M, oM
meFLj roen, 1 on M oM M, oM, R(O)dO (3.60)
cosa 3 |C, oP C, oP D, oP D, OP
or
fTota/:fT,+fT,,+be+fM, (3.61)
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where f;., f., fy, and f, represent the contribution of each stress resultant to the

total vertical deflection. Substituting equation (3.57) into equation (3.60) yields the

followings
- 2m
le _ Psna.tana IR(H)d@ (3.62a)
C, 0
P.cosa
fy = [R©)a0 (3.62b)
b 0
Psina.tane °f 3
fu, =————= [(R(6))’d0 (3.62¢)
’ Db 0
P.cosa ;
fu == [COXE (3.62d)
t 0

Equations (3.62) comprise the effect of the helix pitch angle and variation of
the helix axis. They are also valid for the general cross sections having two
symmetry axes. Finally they can be used for both isotropic and transversely isotropic

materials. Evaluation of the integrals in equation (3.62) is given in Table (3.2).

2
f0,r1,r2,n) :=rl + (12— rl)(l - i)

T n

2-m-n
W= J (f(e ,rl,r2,n))3 do

0

12 1 2
W — —-r23-n-n + —-n-n-r22-r1 + —6-Tt-n-r2-rl2 + 3’—-1r-n-rl3
7 35 35
2 12 16 32
ww = w simplify — ;~r23-n~n + g-n-n~r22-rl + —-TE~Il-I‘2~I'12 + §~n-n-rl3

www = ww factor — %-Tt-n-(S-rz3 + 6-r22~rl + 8-r2~r12 + 16~r13)
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Table 3.2 Evaluation of the integrals in equation (3.62)

2/m 2m
j R(0)dO j (R(0))’dO
0 0
Cylindrical 2/mR 2/mR’
Conical m(R, +R,)

%ﬂn(Rl +R, )(Rl2 + Rzz)

Barrel and
arrel an %ﬂn(2Rl+R2) %m(5R§+6R§R1+8R2R12+16R13)

Hyperboloidal

3.5.1. For Isotropic Materials

As it is known, isotropic materials are defined by just three material

properties as follows. Two of them may be determined independently.

G-—L
2(1+v)

(3.63)

where G is called the modulus of rigidity or shear modulus, £ is Young’s

modulus and v is Poisson’s ratio. These three quantities are independent from

the orientation of coordinate axes attached at the centroid of the cross section.
The axial, the shearing, the torsional and the bending rigidities for an

isotropic material can be defined as follows

C, = EA=2(1+v)GA (3.640)
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kp (3.64b)
Dy =GJp (3.64c)
D, = EI, =2(1+v)GI, (3.64)

where k; represents the shear correction factor, J, denotes the torsional moment of
inertia, /, represents the second moment of inertia of the section with respect to the
binormal axis, and A4 is the undeformed cross sectional area.

3.5.2. For Transversely Isotropic Materials

For a three-dimensional body, the stress-strain relationship, o - ¢, is assumed

to be in the following form:

{01,02,03,T2,T31,T12} " =C{6‘1,6‘2,6‘3,]/23,7/31,7/12}T (3.65)

The elements of the compliance matrix, S=C’, for an orthotropic material are

given in terms of engineering constants.

S, S, S; 0 0 0
S, S, S, 0 0 0
S - Sy Sy Sy 0 0 0 (3.66)
o o o §, 0 0
0 0O 0 S, O
| 0 0 0 S
where (Jones, 1975)
N 1 (3.67a)
11 E,1 .
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S, = Z—IT_
S, = 2—113_
S, —%_
S, =
G13

(3.67b)

(3.67¢)

(3.67d)

(3.67¢)

(3.67f)

(3.672)

(3.67h)

(3.67i)

The elements of the stiffness matrix, C, for an orthotropic material are given

in terms of engineering constants or elements of the compliance matrix.

a

a

]

a

(%)

oS O O

where (Jones, 1975)

ClZ

22

a 0

23

a AN

[9%)

oS O O

S O O O

40
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c - SpSy =Sy _1-vyvy (3.69a)
S E,EA
c, - S8y =85 _ 1-viuvy, (3.69b)
S EEA
C33 _ S”S22 —S122 _ 1_V12V21 (3.69C)
S EEA
C,= S8 =SuSs _ Vo tVaVs Vi HVaVis (3.69d)
S E2E3A E1E3A
Cs= SSu =S1Sn _ VatVaVn _ VistViVa (3.6%)
S E.EA E\E,A
Cy = SuSis =85Sy _ Ve tViVa | Ve VoV (3.69/)
S E1E3A EIEZA
S= 511S22S33 - S11S223 - 522S123 - S33S122 + 2S12S23S13 (3'69g)
Ao L=V, = VyaVay =V Vi — 2V, Vv, (3.69h)
E,E,E,
| .
.- _q. (3.69)
Su
. .
.- -g, (3.69))
S55
1
e - g (3.69%)
S66



3. MATERIAL AND METHOD Eylem ZEYDAN

The following relations exist in the definition of the elements given above

(Jones, 1975; Tsai and Hahn, 1980).

€
Vi =7 (3.70a)
gl
-1 (3.70b)
E, E,

From the equation (3.65), the reduced stiffness matrix for rods, @, is in the

form of

{019T12»T13}T :Q{5197/12»7/31}T (3.71)

Matrix

Figure 3.13 Unidirectional fibers along the helix axis.
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For unidirectional fibers and transversely isotropic material, the reduced

stiffness matrix becomes diagonal (Y1ildirim, 1999)

o, 0 0
0=10 0, 0 (3.72)
0 0 Oy
where
0, =C,+(C,S,, +C;38,)/ S, (3.73a)
0, = C66 (3.73b)
Oy = Css (3.73¢)

As seen from equation (3.73), the elements of the reduced stiffness matrix,
are achieved in terms of the elements of general three dimensional stiffness and
compliance matrices, C and S, respectively. In Equations (3.65)-(3.73), (1,2,3)axes
are coincide with Frenet unit vectors (¢,n,b) (Figure 3.13).

The axial, the shearing, the torsional and the bending rigidities for a

transversely isotropic material can be defined as follows

C =0,4 (3.74a)
€y =0sd (3.74b)
D, =01, (3.74¢)
D, =0yl +0nl, (3.74d)

Since Q;; =(Q,, for transversely isotropic material, the above can be

generalized as

€, =0,4 (3.75a)
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A
C, = On4 (3.75b)
kb
D, =01, (3.75¢)
Dz :Q22(1b+]n):Q22]0 :Q22Jb (3-75d)

where A4 is the undeformed cross-sectional area of the cross-section, 7, and [, are the inertia
moments about the normal and binormal axes, /, is the polar moment of inertia for circular
sections. As stated before the torsional moment of inertia is defined for general closed

sections having two symmetry axes by

1

J, =
"7 40

AN, +1,) (3.76)
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4. RESULTS AND DISCUSSION

In this study the following assumptions are used for obtaining the analytical

expressions for isotropic and composite helical springs of arbitrary shapes

The helix pitch angle is assumed to be constant along the helix.
The centroid of the cross section and the shear center coincide.
The material is homogeneous and linear.

Warping and pre-twisting of the cross-section are neglected.

(n,b) axes are principal inertia moment axes.

DS NE N N NN

The first order shear deformation theory called Timoshenko beam theory
is used. That is shear deformations are considered in the formulation.

v" Deformations are assumed to be infinitesimal.

4.1. Analytical Expressions for the Tip Deflection of the Spring

Analytical expressions given below may be used for

v All sections having double symmetry property.
v" Isotropic and composite springs of unidirectional fibers.

v" Both small and large constant helix pitch angles.

The axial, the shearing, the torsional and the bending rigidities for a

transversely isotropic material can be defined as follows (E=Q;; and G=02,)

C,=EA=Q, A
Cb = @ = —Q22A
kb kb

D, :GJb :Q22Jb

D,=El,=0,l, (4.1)
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4.1.1. Cylindrical Helical Springs

2PnnR cosa
f —
! G, (4.22)
£, = 2PnzR sin o tan (4.2b)
t Ct
3 .
fu = 2Pn7R” sinatan (4.20)
Db
2PnaR’ cosa
fu, = ~p
: (4.2d)
4.1.2. Conical Helical Springs (R;=Rax)
£, = Pnrn(R, +R,)cosa (4.32)
Cb
f = Pnr(R, +I§)sinatana (4.3b)
Pnr(R’ +R'R, + R,R: + R})sinatana
fu, = R+ R Ry 211)2 2 (4.3¢)
b
fo - Pnr(R} +R'R, + RR; + R})cosa 43d)

' 2D

t
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4.1.3. Barrel (R;=R,..x) and Hyperboloidal (R,=R,,.,) Helical Springs

_ 2Pnz(2R, + R,)cosx
3C,

I,

Fa 2Pnz(2R, + R,)sina tana

g 3C,

_ 2Pnz(16R’ +8R’R, + 6R R, +5R))sina tana
35D,

M,

_ 2Pnrn(16R] +8R'R, + 6R R; +5R;)cosa
35D,

M)‘

(4.4a)

(4.4b)

(4.4c)

(4.4d)

Equations (4.2-4.4) coincide with the formulas for vertical tip deflection

given by Haktanir (1994).

The percent contribution of each stress resultant is defined by the division of

each deflection due to related stress resultant by the total tip deflection.

4.2. Numerical Results for Isotropic Springs Having Circular Sections

Let reconsider equations (3.62) to study the variation of integrals with respect

to the ratio (Ruiw/Rimax) (See Appendix A).

Pnsina.tana ¥ Pnsin o tan
fr = j R(0)d0 = —— ——— (Integral 1)
t 0 t
2r
fTb _ P.n.cosa IR(H)dHZ Pncosa (Integral 1)
b 0 Cb
nsina.tana °f i
£ - Pnsina.tana .[(R(Q))3d¢9= Pnsin a tan o (Integral 2)
’ Db 0 Db
foo= Pn.cosa T(R(g))3d9:Pncosa (Integral 2)
My D D 8

t 0 t
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As seen from the above equations tip deflection is proportional to the
quantities (Integral 1) and (Integral 2) for the same spring. If the other properties are
kept constant, the percent variation of those integrals with the ratio (Ri/Rinax) Will
be in the form of in Figure (4.1). In this figure the maximum radius of the cylinder is
taken as unity. R/Rma=1 corresponds to the cylindrical helical spring.

Increasing the ratio of R/Ruma increases the numerical value of those
integrals. This means that the tip deflection increases since the total length of the
wire increases. The cylindrical helical spring has the maximum wire length. The
deflection is given as hyperboloidal, conical, barrel, and cylindrical in ascending
order. Stated in another words, among the springs having the same value of D,

hyperboloidal type is stronger one.

For non-cylindrical helical springs the spring index is defined as

C — max — max (4'6)

The geometric and material properties of the spring considered in this section

are as follows (Inan, 1967):

Rmax = ﬂ
k, = 1.1 (circular) 2
k, =1.2 (square) €=34.15
G =800000 kg , / cm’ %:o.l—og
P =150 kg "
! a=10° —40°
n=18 T
v=03 I, = mro_ (circular)
4 64
d =1.85 = const 4 4
J =1 ="" _ (circular)
P2 32

48



4. RESULTS AND DISCUSSION Eylem ZEYDAN

1
.-
.t
023 . :
B e I S ey~ i
'E ...-'I- /—f
NE .-.'I"-b ..-""'— --—
0.5 pe //,f o7
E 033 e el
E g -‘-_'_,.plll""- --"_r
w8 -__-
017 P

0
or o2 03 04 035 06 0F 08 09 1

cotical

LN ] tlﬂITEl
=== hyperboloidal

[}
]
[EN )}
L.
-\t

forIntegral 1
)
(=)
=1
1

]
Ln
b |

0.33

Fercent

017

I:IIZI.I nz ns 04 ns 06 07 Nz ne 1
FimituFra
= cohical
=+ harrel

=== hyperboloidal

Figure 4.1. Percent variations of the integrals in equation (3.62) with respect to
(Rmin/ Rmax)
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4.2.1. Cylindrical Helical Springs
The percent effect of the stress resultants on the tip deflection of the
cylindrical helical compression spring is shown in Figures (4.2) and (4.3) (See

Appendix B). From those figures the followings may be written.

The effect of the axial force on the tip deflection (Figure 4.2):

v' Increasing the helix angle results an apparent increase in the percent
contribution of the axial force on the tip deflection of the spring.

v' Increasing the spring index decreases the percent contribution of the axial
force on the tip deflection of the cylindrical helical spring.

v" For small spring indices (C=3) and large helix pitch angles (a=40°), the

effect of the axial force on the tip deflection is about 1%.

The effect of the shearing force on the tip deflection (Figure 4.2):

v’ Increasing the helix angle results a decrease in the percent contribution of the
shearing force on the tip deflection of the spring.

v" Increasing the spring index decreases the percent contribution of the shearing
force on the tip deflection of the cylindrical helical spring.

v" For small spring indices (C=3) and small helix pitch angles (a=10°), the

effect of the shearing force on the tip deflection is less than 6%.
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Figure 4.2. Percent contributions of axial and shearing forces on the total deflection

of cylindrical isotropic spring
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The effect of the bending moment on the tip deflection (Figure 4.3):

v' Increasing the helix angle results a visible increase in the percent contribution
of the bending moment on the tip deflection of the spring.

v' Increasing the spring index increases very little by little the percent
contribution of the bending moment on the tip deflection of the cylindrical
helical spring. It may be concluded that the value of the spring index almost
does not affect the numerical value of the tip deflection forC > 5.

v For large helix pitch angles (@=40°), the effect of the bending moment on the

tip deflection is about 35%. For a=10°this value is about 2-2.5%.

The effect of the torsional moment on the tip deflection (Figure 4.3):

v' Increasing the helix angle results a noticeable decrease in the percent
contribution of the torsional moment on the tip deflection of the spring.

v Increasing the spring index increases very slightly the percent contribution of
the torsional moment on the tip deflection of the cylindrical helical spring. It
may be concluded that the value of the spring index almost the same
forC >10.

v For small helix pitch angles (a@=10°), the effect of the bending moment on the

tip deflection is about 97.5%. For a=40° this value is about 65%.
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Figure 4.3. Percent contributions of bending and torsional moments on the total
deflection of cylindrical isotropic spring
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4.2.2. Conical Helical Springs
The percent effect of the stress resultants on the tip deflection of the conical
helical compression spring is shown in Figures (4.4-4.7). From those figures the

followings may be drawn (See also Appendix C).

The effect of the axial force on the tip deflection (Figure 4.4):

v Increasing the helix angle results an apparent increase in the percent
contribution of the axial force on the tip deflection of the conical spring.

v" Increasing the spring index decreases the percent contribution of the axial
force on the tip deflection of the conical spring.

v’ Increasing the ratio R,;/R...x decreases those effects.

v" For small spring indices (C=3), for small ratio R,;/Ru.. and large helix pitch
angles (a=40°), the effect of the axial force on the tip deflection is about
1.8% while this value is almost 1% for cylindrical helical springs.

v' The percent contribution of the axial force acting on the conical springs is

greater than the cylindrical ones.
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The effect of the shearing force on the tip deflection (Figure 4.5):

v" Increasing the helix angle results a decrease in the percent contribution of the
shearing force on the tip deflection of the conical spring.

v Increasing the spring index decreases the percent contribution of the shearing
force on the tip deflection of the conical spring. For C >10 the percent
contribution is less than 1%.

v" Increasing the ratio R,/Rnax decreases those effects.

v For small spring indices (C=3), for small ratio R,;;/R... and small helix pitch
angles (a=10°), the effect of the shearing force on the tip deflection is less

than 11% while this value is almost 6% for cylindrical helical springs.

The effect of the bending moment on the tip deflection (Figure 4.6):

v’ Increasing the helix angle results a visible increase in the percent contribution
of the bending moment on the tip deflection of the conical spring.

v' Increasing the spring index increases very slowly the percent contribution of
the bending moment on the tip deflection of the conical helical spring. It may
be concluded that the value of the spring index almost does not affect the
numerical value of the tip deflection forC > 7.

v" Increasing the ratio R,.;/Ru. increases very slightly those effects especially
for small helix indices.

v" For large helix pitch angles (a@=40°), for large ratio R,/Rnax the effect of the
bending moment on the tip deflection is about 35%. For a=10° this value is
about 2-2.5%.

v In general the effect of the bending moment on the tip deflection is not very

changed with the types of helices forC > 7.
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The effect of the torsional moment on the tip deflection (Figure 4.7):

v' Increasing the helix angle results a noticeable decrease in the percent
contribution of the torsional moment on the tip deflection of the conical
spring.

v" Increasing the spring index increases very slowly the percent contribution of
the torsional moment on the tip deflection of the conical helical spring. It may
be concluded that the value of the spring index almost the same for C > 10.

v’ Increasing the ratio R,./R... increases very slightly those effects especially
for small helix indices.

v" For small helix pitch angles (a=10°), for large ratio R,/R... the effect of the
torsional moment on the tip deflection is about 97.5%. For a=40° this value is
about 65%.

v In general the effect of the torsional moment on the tip deflection is not

mainly changed with the types of helices for C > 10.
4.2.3. Barrel Helical Springs
The percent effect of the stress resultants on the tip deflection of the barrel

helical compression spring is shown in Figures (4.8-4.11). From those figures the

followings may be stated (See also Appendix D).
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The effect of the axial force on the tip deflection (Figure 4.8):

v' Increasing the helix angle results an obvious increase in the percent
contribution of the axial force on the tip deflection of the barrel spring.

v Increasing the spring index decreases the percent contribution of the axial
force on the tip deflection of the barrel spring.

v" Increasing the ratio R,/Rnqx decreases those effects.

v For small spring indices (C=3), for small ratio R,/Rnuax and large helix pitch
angles (a=40°), the effect of the axial force on the tip deflection is about
1.4% while this value is almost 1% for cylindrical helical springs and 1.8%
for conical springs.

v The percent contribution of the axial force acting on the barrel springs is

greater than the cylindrical ones and less than the conical springs.

The effect of the shearing force on the tip deflection (Figure 4.9):

v" Increasing the helix angle results a decrease in the percent contribution of the
shearing force on the tip deflection of the barrel spring.

v Increasing the spring index decreases the percent contribution of the shearing
force on the tip deflection of the barrel spring. For C >10 the percent
contribution is less than 1%.

v’ Increasing the ratio R,;/Rnuax decreases those effects.

v" For small spring indices (C=3), for small ratio R,;/R .. and small helix pitch
angles (a=10°), the effect of the shearing force on the tip deflection is less
than 8% while this value is almost 6% for cylindrical helical springs and

while this value is almost 11% for conical helical springs.
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The effect of the bending moment on the tip deflection (Figure 4.10):

v' Increasing the helix angle results a noticeable increase in the percent
contribution of the bending moment on the tip deflection of the barrel spring.

v’ Increasing the spring index increases very slowly the percent contribution of
the bending moment on the tip deflection of the barrel helical spring. It may
be concluded that the value of the spring index almost does not affect the
numerical value of the tip deflection forC > 7.

v’ Increasing the ratio R,;/R.. increases very slightly those effects especially
for small helix indices.

v For large helix pitch angles (@=40°), for large ratio R,;/Rnax the effect of the
bending moment on the tip deflection is about 35%. For a=10° this value is
about 2-2.5%.

v" In general the effect of the bending moment on the tip deflection is not very

changed with the types of isotropic helices forC > 7.

The effect of the torsional moment on the tip deflection (Figure 4.11):

v' Increasing the helix angle results a noticeable decrease in the percent
contribution of the torsional moment on the tip deflection of the barrel spring.

v Increasing the spring index increases very slowly the percent contribution of
the torsional moment on the tip deflection of the barrel helical spring. It may
be concluded that the value of the spring index almost the same for C > 10.

v" Increasing the ratio R,;/R... increases very slightly those effects especially
for small helix indices.

v For small helix pitch angles (a=10°), for large ratio R,;/Ru.. the effect of the
torsional moment on the tip deflection is about 97.5%. For a=40° this value is
about 65%.

v" In general the effect of the torsional moment on the tip deflection is not

mainly changed with the types of isotropic helices for C > 10.
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4.2.4. Hyperboloidal Helical Springs
The percent effect of the stress resultants on the tip deflection of the
hyperboloidal helical compression spring is shown in Figures (4.12-4.15). From

those figures the followings may be concluded (See also Appendix E).

The effect of the axial force on the tip deflection (Figure 4.12):

v Increasing the helix angle results an obvious increase in the percent
contribution of the axial force on the tip deflection of the hyperboloidal
spring.

v' Increasing the spring index decreases the percent contribution of the axial
force on the tip deflection of the hyperboloidal spring.

v" Increasing the ratio R,/Rnuqx decreases those effects.

v" For small spring indices (C=3), for small ratio R,;/R... and large helix pitch
angles (a=40°), the effect of the axial force on the tip deflection is about
2.2% while this value is almost 1% for cylindrical helical springs, and while
this value is almost 1.8 for conical helical springs and while this value is
almost 1.4% for barrel helical springs.

v' The percent contribution of the axial force acting on the hyperboloidal

springs is greater than all other types of helices.
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The effect of the shearing force on the tip deflection (Figure 4.13):

v" Increasing the helix angle results a decrease in the percent contribution of the
shearing force on the tip deflection of the hyperboloidal spring.

v Increasing the spring index decreases the percent contribution of the shearing
force on the tip deflection of the hyperboloidal spring. For C > 10 the percent
contribution is less than 1%.

v" Increasing the ratio R,u/Rnax decreases those effects.

v For small spring indices (C=3), for small ratio R,;;/R... and small helix pitch
angles (a=10°), the effect of the shearing force on the tip deflection is less
than 13% while this value is almost 6% for cylindrical helical springs, while
this value is almost 11% for conical helical springs, and while this value is
almost 8% for barrel helical springs.

v' The percent contribution of the shearing force acting on the hyperboloidal

springs is greater than all other types of helices.

The effect of the bending moment on the tip deflection (Figure 4.14):

v Increasing the helix angle results a noticeable increase in the percent
contribution of the bending moment on the tip deflection.

v" Increasing the spring index increases very slightly the percent contribution of
the bending moment on the tip deflection. It may be concluded that the value
of the spring index almost does not affect the numerical value of the tip
deflection forC > 7.

v' Increasing the ratio R,;/Ru.. increases very slowly those effects especially
for small helix indices.

v" For large helix pitch angles (a=40°), for large ratio R,/Rnax the effect of the
bending moment on the tip deflection is about 35%. For a=10° this value is
about 2-2.5%. In general the effect of the bending moment on the tip
deflection is not very changed with the types of helices for C > 7.
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The effect of the torsional moment on the tip deflection (Figure 4.15):

v' Increasing the helix angle results a noticeable decrease in the percent
contribution of the torsional moment on the tip deflection of the
hyperboloidal type spring.

v" Increasing the spring index increases slowly the percent contribution of the
torsional moment on the tip deflection of the hyperboloidal helical spring. It
may be concluded that the value of the spring index almost the same
forC >10.

v’ Increasing the ratio R,;/R... increases very slightly those effects especially
for small helix indices.

v" For small helix pitch angles (a=10°), for large ratio R,;/Ru... the effect of the
torsional moment on the tip deflection is about 97.5%. For a=40" this value is
about 65%.

v' In general the effect of the torsional moment on the tip deflection is not

mainly changed with the types of helices for C > 10.
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4.3. Effect of the Section Types of the Tip Deflection

The spring index of the spring of square section is defined by

c=-12 (4.7)

In this section to compare the results belong to square and circular sections,
the undeformed area of the section is taken constant. This means that since

A=constant, the axial rigidity will be the same for both square and circular sections.

a=1.639519812cm = const G = 800000 kg /cm? R - Ca
A=a’ P=150kg, "
‘ C=34,.15
k, =12 n=18 R
) v=03 —mn = 0.1-0.9

J, =0.141a R .

2 a =107 —40°
I, ==—

12

Figures (4.16-4.18) show the percent contribution of shearing force, bending
moment and torsional moment on the total deflection of cylindrical isotropic spring
having circular and square sections, respectively.

v For small spring indices (C=3), and small helix pitch angles (a=10°), the
effect of the shearing force on the tip deflection of the cylindrical isotropic
spring with square section is about 7% while this value is almost 6% for
circular section.

v' The effect of the shearing force on the tip deflection of the cylindrical spring

with square section is greater than circular section.
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v' The effect of the bending moment on the tip deflection of the cylindrical
spring with square section is less than circular section. The percent effect
decreases from 35% to 31% for C=3 anda = 40° .

v' The effect of the torsional moment on the tip deflection of the cylindrical
spring with square section is somewhat greater than circular section. The
percent effect increases from 65% to about 68% for large spring indices

anda =40°.

Figures (4.19-4.21) show the percent contribution of shearing force, bending

moment and torsional moment on the total deflection of hyperboloidal type isotropic

spring having circular and square sections, respectively (R . /R, =0.1).

min

v" For small spring indices (C=3), R, /R, =0.1 and small helix pitch angles

(a=10°), the effect of the shearing force on the tip deflection of the
hyperboloidal isotropic spring with square section is about 16% while this
value is almost 13% for circular section.

v' The effect of the shearing force on the tip deflection of the non-cylindrical

spring with square section is greater than circular section.

v' ForR_. /R, =0.1, the effect of the bending moment on the tip deflection of
hyperboloidal spring with square section is less than circular section. The
percent effect decreases from 35% to 31% for C=3 anda = 40°.

v' ForR_, /R, =0.1, the effect of the torsional moment on the tip deflection

of hyperboloidal spring with square section is somewhat greater than circular
section. The percent effect increases from 77% to about 83% for large spring

indices and o = 30°.
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As stated in "Introduction”, Wahl (1963) presented the following formula for

cylindrical helical springs with square sections.

_5.59PD’n

o
Ga*'

(4.8)

Comparison of the present analytical formulas in equations (4.2) and Wahl’s

formula in equation (4.8) for square sections is shown in Figure (4.22). From the

figure we can say that Wahl’s formula for valid for small helix pitch angles, o <10°.

P=10kgf / Cylindrical and Isotropic
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N
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Figure 4.22. Comparison of the present analytical formula and Wahl’s formula
for square sections
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4.4. Numerical Results for Composite Cylindrical Springs

The properties of the composite materials considered in this section are given
in Table (4.1).

Table 4.1. The transversely isotropic material properties (Yildirim and Sancaktar,
2000; Yildirim, 2001a-2001b, 2004)

Carbon Epoxy | Carbon Epoxy Kevlar 49-Epoxy

(AS4/3501-6) | (T300/N5208)
E;(GPa) 144.8 181.0 76.0
E>(GPa) 9.65 10.3 5.56
E;(GPa) 9.65 10.3 5.56
G2(GPa) |4.14 7.17 2.30
G;3(GPa) | 3.45 3.433 1.618
Vi, 0.3 0.28 0.34
Vi 0.019 0.0159 0.0248
Vo 0.019 0.0159 0.0248
p (kg/m’) | 1389.23 1600.0 1460.0

The geometric properties of the composite cylindrical spring with circular

section are as follows

k, =1.1(circular) Cd
P=150.9.81 N R =75

n=18 C=3,4,..15

v=0.3 R. /R . =01-09
d =1.85.10" m = const a =107 -40°
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Figures (4.23-4.26) show the percent contribution of axial force, shearing
force, bending moment, torsional moment on the total deflection of cylindrical
unidirectional composite spring having circular section, respectively (See also

Appendix F). From the figures, the followings may be drawn:

v" The effect of the percent contribution of the axial force on the tip deflection
of the cylindrical composite spring is considerable less than isotropic ones
(maximum 0.11%-0.15%).

v The effect of the percent contribution of the shearing force on the tip
deflection of the cylindrical composite spring is almost independent of the
helix pith angle and material types (maximum 6%).

v' The effect of the percent contribution of the bending moment on the tip
deflection of the cylindrical composite spring is noticeable less than isotropic
ones (maximum 4%).

v' The effect of the percent contribution of the torsional moment on the tip
deflection of the cylindrical composite spring is noticeable greater than

isotropic ones (minimum 90%).
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cylindrical unidirectional composite spring having circular section
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5. CONCLUSIONS

In this study, analytical expressions for determination of the vertical tip
displacement of both isotropic/composite cylindrical and non-cylindrical helices
subjected to an axial force acting along the helix cylinder axis are presented by
using the Castigliano’s first theorem. These formulas comprise the whole effect of
the stress resultants such as axial and shearing forces, bending and torsional
moments and may be used for

v constant helix pitch angles
homogeneous and linear isotropic and composite materials
doubly symmetric cross-sections

both small and large pitch angles

SR NEE NN

all types of helices used in practice such as cylindrical, conical, barrel and

hyperboloidal springs

Comparison of the present results with the results of the existing formulas

given by Wahl (1963) shows that Wahl’s formulas are valid for just small helix pitch
angles <10° and isotropic materials. Apart from this it is shown that, among the

D,.. 2R,

springs having the same value of spring index, C =#

ax

, hyperboloidal

type helical spring is the most stronger one. The other conclusions obtained from the

present work are outlined below:

The effect of the axial force:

v Increasing the helix angle results an obvious increase in the percent
contribution of the axial force on the tip deflection of cylindrical and
noncylindrical helical compression spring.

v" Increasing the spring index decreases the percent contribution of the axial
force on the tip deflection of cylindrical and noncylindrical helical

compression spring.
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v’ Increasing the ratio R,;/R ... decreases those effects.
v" For small spring indices (C=3), for small ratio R,;;/R... and large helix pitch
angles (a=40°), the effect of the axial force on the tip deflection is about
* 1% for cylindrical isotropic spring with circular section
* 1.4% for barrel isotropic spring with circular section
» 1.8% for conical isotropic spring with circular section
= 2.2% for hyperboloidal isotropic spring with circular section
v' The percent contribution of the axial force acting on the hyperboloidal
springs is greater than all other types of helices.
v The effect of the percent contribution of the axial force on the tip deflection
of the cylindrical composite spring is considerable less than isotropic ones

(maximum 0.11%-0.15%).

The effect of the shearing force:

v" Increasing the helix angle results a decrease in the percent contribution of the
shearing force on the tip deflection of cylindrical and noncylindrical spring.
v’ Increasing the spring index decreases the percent contribution of the shearing
force on the tip deflection of cylindrical and noncylindrical spring. For
C >10 the percent contribution is less than 1% for springs with circular
section.
v' Increasing the ratio R,;/R . decreases those effects.
v For small spring indices (C=3), for small ratio R,;/R .. and small helix pitch
angles (a=10°), the effect of the shearing force on the tip deflection is almost
» 6% for isotropic cylindrical spring with circular section
= 8% for isotropic barrel spring with circular section
* 11% for isotropic conical spring with circular section

* 13% for isotropic hyperboloidal spring with circular section

v The percent contribution of the shearing force acting on the hyperboloidal

springs is greater than all other types of helices.
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v For small spring indices (C=3), and small helix pitch angles (a=10°), the
effect of the shearing force on the tip deflection of the cylindrical isotropic
spring with square section is about 7% while this value is almost 6% for
circular section.

v' The effect of the shearing force on the tip deflection of the cylindrical spring

with square section is greater than circular section.

v" For small spring indices (C=3), R, /R, =0.1 and small helix pitch angles

(a=10°), the effect of the shearing force on the tip deflection of the
hyperboloidal isotropic spring with square section is about 16% while this
value is almost 13% for circular section.

v' The effect of the shearing force on the tip deflection of the non-cylindrical
spring with square section is greater than circular section.

v' The effect of the percent contribution of the shearing force on the tip
deflection of the cylindrical composite spring is almost independent of the

helix pith angle and material types (maximum 6%).

The effect of the bending moment:

v" Increasing the helix angle results a noticeable increase in the percent
contribution of the bending moment on the tip deflection of cylindrical and
noncylindrical helical springs.

v’ Increasing the spring index increases very slightly the percent contribution of
the bending moment on the tip deflection. It may be concluded that the value
of the spring index almost does not affect the numerical value of the tip
deflection forC =7 .

v Increasing the ratio R,;/Ru.. increases very slowly those effects especially

for small helix indices.
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v' For large helix pitch angles (a@=40°), for large ratio R,/Rnax the effect of the
bending moment on the tip deflection is about 35%. For a=10° this value is
about 2-2.5%. In general the effect of the bending moment on the tip
deflection is not very changed with the types of isotropic helices for C >7.

v' The effect of the bending moment on the tip deflection of isotropic
cylindrical spring with square section is less than circular section. The
percent effect decreases from 35% to 31% for C=3 anda = 40° .

v' ForR_, /R,, =0.1, the effect of the bending moment on the tip deflection of

isotropic hyperboloidal spring with square section is less than circular
section. The percent effect decreases from 35% to 31% for C=3 anda = 40° .
v The effect of the percent contribution of the bending moment on the tip
deflection of the cylindrical composite spring is noticeable less than isotropic

ones (maximum 4%).

The effect of the torsional moment:

v' Increasing the helix angle results a noticeable decrease in the percent
contribution of the torsional moment on the tip deflection of cylindrical and
noncylindrical helical springs.

v' Increasing the spring index increases slowly the percent contribution of the
torsional moment on the tip deflection of cylindrical and noncylindrical
helical springs.

v It may be concluded that the value of the isotropic spring index almost the
same for C > 10.

v’ Increasing the ratio R,/R... increases very slightly those effects especially

for small helix indices.
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v For small helix pitch angles (a=10°), for large ratio R,;/Ru... the effect of the
torsional moment on the tip deflection is about 97.5%. For a=40" this value is
about 65% for isotropic springs with circular section.

v" In general the effect of the torsional moment on the tip deflection is not
mainly changed with the types of isotropic helices for C >10.

v The effect of the torsional moment on the tip deflection of the cylindrical
isotropic spring with square section is somewhat greater than circular section.
The percent effect increases from 65% to about 68% for large spring indices
anda =40°.

v' ForR,, /R, =0.1, the effect of the torsional moment on the tip deflection

of hyperboloidal spring with square section is somewhat greater than circular
section. The percent effect increases from 77% to about 83% for large spring
indices anda = 30°.

v The effect of the percent contribution of the torsional moment on the tip
deflection of the cylindrical composite spring is noticeable greater than

isotropic ones (minimum 90%).
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APPENDIX A

Eylem ZEYDAN
Variation of Integrals with respect to the Ratio of R,;, and R,
c:=0.1,0.2..1 rm:=1

2
intlk(rl,r2) := n-(rl + r2) intlvh(rl,r2) = §~n-(2-r1 + 12)

Barrel and conical-> R2=c*R1

1 ) ) (Rmax=Rm=R1)
int2k(rl,r2) = E~n~(rl + r2)'(r1 + 12 )

Hyperboloidal -> R1=c*R2 (Rmax=Rm=R2)

2
int2vh(rl,r2) = §~n-(5-r23 + 6-r22~r1 + 8-r2-r12 + 16-r13)
2
flk(rm,¢) := w-(rm + c-rm) flv(rm,c) := g-n~(2~rm+ c-rm)
2
flh(rm,c) := §-n~(2-c~rm + rm)

f2k(rm, c) := %-Tc~(rm+ c-rm)-I:rm2 + (c-rm)z]

2
f2v(rm,c) := E-TC-I:S-(c-rm)3 + 6-(c-rm)2-rm+ 8~c-rm-rm2 + 16-rm3}

2
f2h(rm, c) := §~n~|:5'rm3 + 6~rm2~c~rm+ 8~rm~(c~rm)2 + 16~(c~rm)3]

6.5

5.5
f2k(rm, ¢
( ) 4,

f2v(rm, c) 35

Integral 2
[ ]
[ ]
[

f2h(rm,c) 2.5

-- -

1.5
0.5

0.1 02 03 04 05 06 07 0.8 09 1

c
Rmin/Rmax
conical
®®°* Dbarrel
=== hyperboloidal

flk(rm, c)
TSD flv(rm,c)
‘g o0 0
™ flh(rm,c¢)
1.5
0.5
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c
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conical
®®°* Dbarrel
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Eylem ZEYDAN

Variation of Integrals with respect to the Ratio of R,;, and R,

oranl :=f1k(1,1) oranl = 6.283
oran2 :=f2k(1,1) oran2 = 6.283
] L)
° ° ’
o* /1
f2k(rm, ¢) 0-83 Lot
———— ° d
oran2 0.67 .,.°. e
I ’ o0 ? ° /,
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& oram2 05 peet ,,’,
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oranl Lo’ ,."'
0.67 .7
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Tip Deflection of Cylindrical Isotropic Helical Springs

C=D/d=2R/d, R=Rmax=rm=Cd/2 d=constant
Note: Angles are radial

P:=15(C ab :=1.1 G:=8x 105 d:=1.8¢ v :=0.2
no= 18 E=2(1+v)C Rd:=— E=2.08x 10°
180

n-d4 n-d2
Ib:= Jb :=2.Ib A= C:==3.1:%

64 4

GA
CT.=—— CN:=EA De :=EIb Db:=GJb

ab

(e, C) ::P'LS(“).Z.,T.E.H
CT 2

(ot 0) :zw.m%.n

ol ). Pl (€0,

fTOT(at, C) := fT(a, C) + fN(at,C) + tMb(a,C) + fMe(a,C)

fT(5-Rd, 10) = 0.0799648177 IN(5-Rd, 10) = 21401119043« 10~
fMb(5-Rd, 10) = 14.5390577559  fMe(5-Rd, 10) = 0.0856044762
fTOT(5-Rd, 10) = 14.704841061
fNla,C fT(a,C

orl(a,C) ::L-m( or2(a,C) ::L-lo(

fTOT(a,C) fTOT(at,C)

Me(or,C

Mb(at, C) ord(a,C) = Mela.0) | 100
0r3(ot,C) =——7-10C fTOT(oc C)

fTOT(a, C) ’
orl(5-Rd, 10) = 1.455379147% 10" ° or2(5-Rd, 10) = 0.5437992653
or3(5-Rd, 10) = 98.8725936966 ord(5-Rd, 10) = 0.5821516589

99



APPENDIX B Eylem ZEYDAN

Tip Deflection of Cylindrical Isotropic Helical Springs
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Tip Deflection of Conical Isotropic Helical Springs

C=D/d=2R/d, R=Rmax=rm=Cd/2 d=constant
Note: Angles are radial

P:=15(C ab :=1.1 G:=8x 105 d:=1.8¢

n:= 1§ E:=2'(1+D)~C

Jb :=2-1b A= C:=3..15 T, =

CN:=EA De :=EIb

I

Db :=GJb

rm(C) = -
flk(rm,c,C) := - (rm(C) + c-rm(C))

P-cos ((x)-

ka(oL,C,c,rm) = oT n'flk(rm,c,C)

P-n'sin(ot)'tan(ot)
CN

ka(oc,C,c,rm) = -flk(rm,c,C)

f2k(rm,c,C) = %-n-(rm(C) + c-rm(C))-[rm(C)2 + (C-rm(C))2]

P-n~cos(0c)

bek(ot,C,c,rm) =
Db

-f2k(rm, ¢, C)

P~n-sin(0c)-tan(oc)

De

fMek(ot,C,c,rm) =

-f2k(rm, ¢, C)

fTOTk(ot,C,c,rm) = ka((x,C,c,rm) + ka(oc,C,c,rm) + bek(oc,C,c,rm) + fMek(ot,C,c,rm)

fTk(5-Rd, 10,0.2,rm) = 0.0479788906

orl(oc,C,c,rm) — ka(OL,C,C,rm) 10¢ 0r2(0c,C,c,rm) - ka(oc,C,c,rm) 100
fTOTk((x,C,c,rm) fTOTk(oc,C,c,rm)
0r3((x,C,c,rm) = bek(oc,C,c,rm) -10( 0r4(0L,C,c,rm) = fMek(a,C,c,rm) .10(

fTOTk(c, C, ¢, rm)
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Eylem ZEYDAN

Tip Deflection of Conical Isotropic Helical Springs
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Tip Deflection of Conical Isotropic Helical Springs
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Tip Deflection of Barrel Isotropic Helical Springs

C=D/d=2R/d, R=Rmax=rm=Cd/2 d=constant
Note: Angles are radial

P:=15( ab :=1.1 G:=8x 105 d:=1.8¢ v :=0.2 c:=0.1,0.2.. 1
n =18 E=2(1+v)C Rdi=— E=208x 10°
180
4 2
d d .
Ibi=——  Jb:=2Ib A=— C=3.1f .=l
64 4 C 2
GA
CT:=—— CN:=EA De :=EIb Db :=GJb
ab o
m(C) = -

flk(rm,c,C) = %-n-(Z-rm(C) + ¢-rm(C))

ka(oc,C,c,rm) = P'CL(OL).H~flk(rm,c,C)
CT
ka(oc,C,c,rm) = P-n-sin(((:xlz]-tan(oc) -flk(rm, c,C)

2 [ 3 2 2 3}
f2k(rm,c,C) = g-n- 5-(ccrm(C))” + 6:(c-rm(C)) -rm(C) + 8-¢:rm(C)-rm(C) + 16:rm(C)

bek(oc,C,c,rm) = P'L()S(Ot)-lﬁk(rm,c,@
Db
fMek((x,C,c,rm) = P~n~sin(l()x)'tan((x) -f2k(rm, ¢, C)
e

fTOTk(oc,C,c,rm) = ka((x,C,c,rm) + ka(a,C,c,rm) + bek(a,C,c,rm) + fMek(on,C,c,rm)

fTk(5-Rd, 10,0.2,rm) = 0.0586408663

orl(a,C,c,rm) = ka(oc,C,c,rm) -10C 0r2(0L,C,c,rm) = fl"k(oc,C,c,rm) -10C
fTOTk(a,C,c,rm) fTOTk(oc,C,c,rm)

or3(a,C,c,rm) = bek(oc,C,c,rm) -10C 0r4(0c,C,c,rm) = fMek((x,C,c,rm) -10C
fTOTl((a,C,c,rm) fTOTk(oc,C,c,rm)
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Eylem ZEYDAN

Tip Deflection of Barrel Isotropic Helical Springs
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§ or4(40-Rd,C,05,rm) 13
E - e 10
5
0
100
4.
g 0r3(10~Rd,C,0.5,rm)9 38
E e 88.75
2 or3(20-Rd,C,0.5,rm)
5.0 83.13
o
© or3(30-Rd,C,0.5,rm) 77.5
20

o - e .

Percent:

or3(40-Rd,C,0.5,rm)’1-88

66.25
60.63
55

Tip Deflection of Barrel Isotropic Helical Springs

Bending Moment (Rmin/Rmax=0.5)
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Torsion Moment (Rmin/Rmax=0.5)
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C
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= =" 30 Degrees
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Eylem ZEYDAN
Tip Deflection of Hyperboloidal Isotropic Helical Springs
C=D/d=2R/d, R=Rmax=rm=Cd/2 d=constant
Note: Angles are radial
P:=15(C ab :=1.1 G:=8x 105 d:=1.8¢ v =0.72 c:=0.1,0.2.. 1
n= 16 E=2(1+v)C Rd:=— E=2.08x 10°
180
Tc-d4 n-d2 Cd
Ib:=—— Jb:=2-1b A = C=3.1°¢ T, =——
64 4 C 2
GA
CTi=— CN:=EA De :=EIb Db :=GJb
ab o
rm(C) = -
2
flk(rm,c,C) := g~n-(2~c-rm(C) + rm(C))
P: .
fl"k(oc,C,c,rm) = M-flk(rm,c,C)
P-n-si .
ka(oc,C,c,rm) = 1 Sm(((jxl\)l tan(a) -f1k(rm,c,C)

f2k(rm,c,C) = g'rc'[S'rm(C)3 + 6'rm(C)2'c~rm(C) + 8'rm(C)-(c~rm(C))2 + 16~(c~rm(C))3i|

bkt ., ) = Pc0s(a)

-f2k(rm, ¢, C
Db k( )

fMek(a,C,c,rm) = P«n~sin(lc;)~tan(a) -f2k(rm, ¢, C)
e

fTOTk(ot,C,c,rm) = ka((x,C,c,rm) + ka(oc,C,c,rm) + bek(oc,C,c,rm) + fMek(ot,C,c,rm)

orl(a,C,c,rm) = ka(oc,C,c,rm) -10( 0r2(0L,C,c,rm) = fl"k(oc,C,c,rm)
fTOTk(a,C,c,rm) fTOTk(oc,C,c,rm)

-10C

or3{or. C.c.rm) = Mbk(o,Cocom) ord{cc.C.c.m) = fMek(ct, C, ¢, rm)
fTOTl((a,C,c,rm) fTOTk(oc,C,c,rm)

-10(
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Eylem ZEYDAN

Tip Deflection of Hyperboloidal Isotropic Helical Springs

Percentage Contribution

Contribution
[ ]
[ )
[ )

1.93
orl (10-Rd, C,0.5,rm)

orl (20-Rd,C,0.5,rm)

orl (40-Rd, C,0.5,rm) 0-83

or2(10-Rd,

or2(20-Rd,

Axial Force (Rmin/Rmax=0.5)

22

1.65
1.38

orl (30-Rd,C,0.5,rm) 1.1 \

0.55
0.28

=== 10 Degrees

¢ * 20 Degrees

= = 30 Degrees
== 40 Degrees

13
C,05, rm)l 1.38
9.75

C,0.5,rm)
8.13

3.25
1.63
0

Shearing Force (Rmin/Rmax=0.5)

=== 10 Degrees
®®e* 20 Degrees
= = 30 Degrees
== 40 Degrees
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Tip Deflection of Hyperboloidal Isotropic Helical Springs

Bending Moment (Rmin/Rmax=0.5)

40
35 —._._.-._._.—----.-.-.-.q
or4(10-Rd, C,0.5,rm) o *
— 30
or4(20-Rd, C,0.5,rm)
25
LN )
0r4(30~Rd,C,0.5,rm) 20 ___-‘-------_-------
or4(40-Rd, C,0.5,rm) 1°
== 10'.........................I
5
0
3 5 7 9 11 13 15
C
C=D/d
= 10 Degrees
®e®e* 20 Degrees
= =* 30 Degrees
== 40 Degrees
Torsion Moment (Rmin/Rmax=0.5)
100
= or3(10.Rd,c,o.5,rm)94'38/
ks e00000000000000
= 88.75 R R
2 or3(20-Rd,C,0.5,rm) o’
g 83.13 |
O... - o> s e» o> o o =
< or3(30-Rd,C,0.5,rm) 77.5 |  _e==""T" "
%"--. ’/
5 or3(40-Rd,C, 0.5, rm)’ -88
Be-r- 66.25 PN PR Ry s g
-’
60.63 =
55
3 5 7 9 11 13 15
C
C=D/d

= 10 Degrees
®¢®e* 20 Degrees
= =* 30 Degrees
== 40 Degrees
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Eylem ZEYDAN

Tip Deflection of Cylindrical Composite Helical Springs

C=D/d=2R/d,
Ki=1x 10
G12:=7.17K

v12:=0.2¢

S11:=—
El

—v12
S12:=
El

R=Rmax=rm=Cd/2 d=constant Carbon Epoxy T300/N5208

El
El:=181.0K E2:=103K  E3:=EZ = 17572815534
G13:= GI: G23:= 3.433K
Bl 52440725044
v13:=0.015¢  v23:=0.015¢ Gl2
1 1 1 1
S22:= — S33:= — $55:= — S66:= —
E2 E3 G13 G12
—-v13 —v23
SI13:= $23 =
1 2

S :=S811-S22-S33 - 511-5232 - 522-8132 - S33-8122 + 2-S12:523-S132

(522-533 - 5232)

(S13-523 - S12-S33)

Cl2:=
Cll:=
. S
1 1
(S12:523 — S13-522) C55:= — C66:= —
Cl3:= . S55 S66
C12812+ CI3S13
Ql1:=Cl1+ & ) Q22:= C6¢ Q33:= C5¢
S11
E:=Qll G:= Q2
P:=1509.8] =18 d:=0018*  ab=1.1 Rd =
180
n-d4 n-d2
Ib = Jb:=2Ib A= C:=3.15
64 4
GA
CT:=—— CN:=EA De :=EIb Db :=GJb
ob
p cd
fT(oc,C) = COS(OL) 2.-m-——-n
CT 2
P-sin(a)-t cd
Na.0) o Do) anla) ) cd
CN 2
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Tip Deflection of Cylindrical Composite Helical Springs

3
Mbloc. ) ;:PLS(OL)Q%_(Q) .
Db

-n

Moo ) = P.sin(o];):an(a) .2%(%)3

fTOT(at, C) = fT(c,C) + fN(at,C) + tMb(a,C) + fMe(a,C)

3 6

fT(5-Rd, 10) = 8.7526344348< 10 fN(5-Rd, 10) = 2.4126273693 10

fMb(5-Rd, 10) = 1.5913880791 4

fMe(5-Rd, 10) = 9.6505094773< 10

fTOT(5-Rd, 10) = 1.6011081771

orl(a,C) = M~ 10( 0r2(a,C) = M' 10C
fTOT(at, C) fTOT(a, C)
orx(a.C) = Mb(a,C) o oe0 ::%-m(
" 10w, 0) fTOTa,C
orl(5-Rd, 10) = 1.5068484463< 10 4 or2(5-Rd, 10) = 0.5466610289
or3(5-Rd, 10) = 99.3929143484 or4(5-Rd, 10) = 0.0602739379
Axial Force (circular section) T300
0.15

0.13
orl(10-Rd, C) \

=
s .
g — 0.11( 7%
2 1(20-Rd, C :
E orl{ 0,004 | 3
o) o0 0 .
© orl(30-Rd,C0.075 | %,
& - Y
g orl(40-Rd, 0050 | V7
S - - 0.037| ~
A~ b \ N ~. ~,
0019 e, “ea Tl o.
..000..~----:o~°-0~.~
o Tttt il Lol e C S
3 5 7 9 11 13 15
C
C=D/d

=== 10 Degrees
¢e*e 20 Degrees
= =" 30 Degrees
=-= 40 Degrees
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Tip Deflection of Cylindrical Composite Helical Springs

1 1 1 1 1
Sni=—  |So=— S;3=— |[Sss=—-— 66 =
Ey E, Ej Gi3 Gio
G
Si2 = . S13 -3 Sy3=——2
E E Ey
2 2 2
S = 511522533 - 511323 - S22513 - S33S12 + 2512523513
522533 —5223 Cir = S13S23_SIZS33
C11 === - == 12 —
S S
S$17893 — 5138 1 1
Ci3 = 12923 13222 Css = Ce6 =
S S5 S66
011 =C11 +(C12812 + C13513)/ 811 ‘sz =Ces Q33 =Css
Composite Material Constants
E, E2 G12=G13 Gos p Vi2 V13=V23
(GPa) (GPa) (GPa) (GPa) (kg/m®)
Graphite-epoxy’
(AS4/3501-6) 144.8 9.65 4.14 3.45 1389.23 0.3 0.019
Graphite-epoxy”
(T300/N5208) 181.0 10.3 717 3.433 1600.0 0.28 | 0.0159
Kevlar 49-
epoxy 76.0 5.56 2.30 1.618 1460.0 0.34 | 0.0248

112



