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ABSTRACT

Applications of Quantum Metrology and Thermodynamics in Emerging
Quantum Technologies
Ali Pedram
Doctor of Philosophy in Physics
June 4, 2024

The emerging field of quantum technologies is poised to revolutionize various as-
pects of science, engineering, and computing. One of the most promising branches
of quantum information sciences is quantum metrology, which plays a pivotal role
in modern quantum technologies by enabling ultra-precise measurements that un-
derpin their functionality and performance. At the heart of quantum metrology
lies the exploitation of quantum resources such as entanglement which allow for
unprecedented levels of sensitivity and resolution. Additionally, optimal design of
quantum devices makes it necessary to study the fundamental principles govern-
ing energy transfer, work extraction, and entropy production in quantum systems.
Hence, quantum thermodynamics offers profound insights into the efficiency limits
of energy conversion processes, ultimately shaping the design of quantum technolo-

gies.

In this thesis, I review my five manuscripts, three of which are on optical quan-
tum metrology and two of which are on thermodynamics of engineered quantum
devices, which are presented in chapter 2 to chapter 6. In chapter 2, we calculate
the precision bounds of Fock state optical probes for extracting information from
an artificial neural network, which mimics the behavior of the retinal network. We
shown that Fock state probes yield higher sensitivity than their coherent and ther-
mal counterparts. In chapter 3 we investigate the precision bounds of polarization
entangled Bell state for a polarimetric task. Theoretical calculations are accompa-
nied by experimental data. We show that although entanglement provides quantum
advantage in terms of precision, environmental noise introduces bias in the esti-

mated values of the parameters which limits the mentioned advantage. In chapter
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4 we calculate the precision bounds on estimation of rotation angle due to a bire-
fringent medium in a general polarimetric setup. In our study we take into account
several models of depolarization and ordering of polarimetric channels and include
the effect of optical losses. Our results show that NOON state probes provide su-
perior metrological performance compared with coherent and anticoherent states as
depolarization as diattenuation of the probe is not strong. Even for relatively high
depolarization rates, NOON state with small mean photon numbers yield a better

precision bound compared with the coherent and anticoherent states.

In chapter 5 we investigate the effect of coupling strengths and coherence within a
structured environment on the steady-state heat transfer in an engineered biomimetic
system, using collision model for simulating the open quantum dynamics. We show
that interaction with the environment modulates the energy levels of the system and
decreases the transition energy between certain eigenstates, making these transitions
more accessible to the hot thermal bath. In chapter 6 we implement counterdiabatic
drive to accelerate adiabatic and hot isochoric branches of a quantum Otto engine.
Our results for a single cycle show that, taking the control costs into considera-
tion, the heat engine with both adiabatic and isochoric controlled branches reaches
a higher power output, albeit with slightly reduced efficiency compared with the
engine with counterdiabatic drive only implemented on its adiabatic strokes. How-
ever, in limit cycle, it is possible to allocate stroke durations such that the engine
with both controlled adiabatic and isochoric branches operates with higher efficiency
and power output. Finally, a detailed analysis and discussion of the results for all

chapters is given in the conclusions section.



OZETCE

Kuantum Teknolojilerinde Kuantum Metroloji ve Termodinamigin
Uygulamalari
Ali Pedram
Fizik, Doktora
10 Mayis 2024

Kuantum teknolojileri tinvaninda ortaya ¢ikan yeni alan, bilim, miihendislik ve bilgi
islem alanlarinin gesitli yonlerininde devrim niteliginde gelismelere yol acacaktir.
Kuantum bilimlerinin en umut verici dallarindan biri olan kuantum metroloji, mod-
ern kuantum teknolojilerinde anahtar rol oynayarak iglevselliklerini ve performanslarini
temellendiren ultra hassas ol¢timleri saglayarak bu alana katkida bulunuyor. Kuan-
tum metroloji cercevesinde klasik olciimlerden ¢ok daha yiiksek bir hassasiyet ve
¢ozuntrliik seviyesinde ol¢timleri miimkiin kilan dolagiklik gibi kuantum kaynaklardir.
Ayrica, kuantum cihazlarimin optimal tasarimi, enerji transferi, ig ¢gikarma ve kuan-
tum sistemlerdeki entropi liretiminin temel prensiplerinin incelenmesini gerektirir.
Bu nedenle, kuantum termodinamigi, enerji doniigtim siireclerinin verimlilik sinirlarina
dair derinlemesine anlayiglar sunar ve nihayetinde kuantum teknolojilerinin tasarimini

sekillendirir.

Bu tez, 2. bolimden 6. bolime sunulan bes makaleden olusmaktadir. Bu
makalelerin ii¢ii optik kuantum metroloji ve ikisi kuantum cihazlarin termodinamgi
konularindaki arastirmalarimin sonuclaridir. 2. boliimde, retinanin fonksiyonal
modelini temsil eden yapay bir sinir aginin fiziksel parametrelerinin ol¢imi i¢in
Fock durumu 11g1n hassasiyet sinirlarin1 hesapladik. Fock durumu optik prob, ko-
herent ve termal problariyle kiyasta daha yiiksek hassasiyet sagladigimi gosterdik.
3. boliimde, polarizasyon dolagikli Bell durumunun bir polarimetrik gorev igin has-
sasiyet sinirlarini arastiriyoruz. Teorik hesaplamalar deneysel verilerle desteklenir.
Dolagikligin hassasiyet agisindan kuantum avantaji sagladigini gosteriyoruz, an-
cak cevresel giiriiltli, parametrelerin tahmin edilen degerlerinde yanlhlik olusturarak

bu avantaji siirlar. 4. boliimde, genel bir polarimetrik kurulumdaki bir bire-
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fringent ortam nedeniyle donme agisinin tahmini tizerindeki hassasiyet sinirlarini
hesaplariz. Calismamizda, depolarizasyon ve polarimetrik kanallarin siralanmasinin
gesitli tirlerini dikkate aliriz ve optik kayiplarin etkisini de igeririz. Sonuclarimiz,
NOON durumu probunun, depolarizasyon ve diattenuasyonun giiclii olmadigr du-
rumlarda, koherent ve antikoherent durumlarla karsilagtirildiginda iistiin metrolojik
performans sagladigini gostermektedir. Nispeten yiiksek depolarizasyon oranlari igin
bile, kii¢iik ortalama foton sayilarina sahip NOON durumu, koherent ve antikoherent
durumlarla karsilagtirildiginda daha iyi bir hassasiyet sinir1 saglar.

5. boliimde, yapay biyomimetik bir sistemdeki kararli hal 1s1 transferi tizerinde
yapilandirilmig bir ortamdaki baglanma kuvvetlerinin ve koherensin etkisini inceliy-
oruz, acik kuantum dinamiklerini simiile etmek i¢in ¢arpisma modelini kullaniyoruz.
Ortamla etkilegim, sistemin enerji seviyelerini modiile eder ve belirli 6zdurumlar
arasindaki gecig enerjisini azaltir, bu gecisleri sicak termal banyoya daha erigilebilir
hale getirir. 6. boliimde, adyabatik ve sicak izokorik branglar1 hizlandirmak igin
karsidiyabatik kontrol uygulariz. Tek bir dongii i¢in sonuclarimiz, kontrol maliyet-
lerini dikkate aldigimizda, adyabatik ve izokorik kontrollii branslar1 olan Otto mo-
torunun, sadece adyabatik vuruslarinda uygulanan karsidiyabatik kontrol’ile kiyasta
biraz azaltilmig verimlilikle daha ytiksek bir gii¢ ¢ikigina ulagtigini gostermektedir.
Ancak, sinirli dongiide, adyabatik ve izokorik dalgalanmalar1 olan motorun, daha
yiiksek verimlilik ve gii¢ ¢ikigi ile ¢aligmasi i¢in vurug siirelerini tahsis etmek miimkiindiir.
Son olarak, tim boltimler igin ayrintili bir analiz ve sonuglarin tartigilmasi boliimiinde

sunulmustur.
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Chapter 1

INTRODUCTION

Quantum technologies represent the cutting edge of scientific and technological
advancement, promising revolutionary breakthroughs across various fields. Rooted
in the principles of quantum mechanics, these technologies harness the unique prop-
erties of quantum systems to manipulate information and physical processes in ways
previously unimaginable. From quantum computing to quantum communication
and sensing, the potential applications are vast and transformative. The impor-
tance of quantum technologies lies in their capability to transcend the limitations of
classical approaches, offering unparalleled computational power, enhanced security,
and unprecedented levels of precision. As classical computing approaches its fun-
damental physical limits, quantum computing emerges as a promising solution to
tackle complex problems in areas such as cryptography, drug discovery, optimization,
and materials science. Furthermore, quantum communication holds the promise of
ultra-secure networks resistant to hacking and interception, revolutionizing the way

information is transmitted and safeguarded.

In addition to computing and communication, quantum technologies also offer
breakthroughs in sensing and metrology. With the rapid development of science and
technologies, methods to perform measurements with higher precision become a hot
issue in various research areas. Quantum metrology, also known as quantum pa-
rameter estimation, is a subject utilizing quantum resources including quantum cor-
relation and quantum entanglement to do estimation on parameters with precision
beyond the limit in classical schemes. Quantum sensors have the potential to detect

minute changes in physical parameters with unprecedented sensitivity, enabling ad-
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vancements in fields ranging from medical imaging to environmental monitoring and
navigation systems. In an idealistic scenario, provided with N quantum-entangled
probes, the mean squared error for estimating a phase-like parameter can achieve
the Heisenberg limit, which is characterized by its 1/N? scaling beyond the classical
limit with 1/N scaling. As the optimal probe states and optimal measurements to
be performed on the system being identified, the ultimate precision for quantum
parameter estimation can be obtained, which is the most crucial problem in quan-
tum metrology. If available, additional controls can be employed to achieve higher
precision by optimizing the parameter-encoding process, such as eliminating the de-

coherence or correcting quantum errors.

Another research field which is gaining more ground with ongoing advancements
in quantum technologies is quantum thermodynamics [Deffner and Campbell, 2019].
Quantum thermodynamics emerges as a relatively recent domain, blossoming into
a dynamic sector of contemporary investigation. Its primary focus lies in eluci-
dating the transformation of heat, work, and information within quantum systems.
Analogous to classical thermodynamics, quantum thermodynamics employs ideal-
ized processes that universally delineate a broad spectrum of scenarios. Notably,
the inception of the first quantum heat engine dates back to the late 1950s [Scovil
and Schulz-DuBois, 1959]. However, it is only within the past decade or so that the
literature concerning quantum thermal devices has truly burgeoned. This surge can
be attributed to quantum heat engines offering straightforward, instructive portray-
als of otherwise considerably intricate quantum scenarios. It’s worth noting that
thermodynamics emerged alongside the Industrial Revolution, originally aimed at
comprehending and improving the efficiency of steam engines. Similarly, we find
ourselves in a comparable era, sometimes dubbed the Second Quantum Revolution.
Moreover, the proliferation of genuine quantum devices’ inaugural experimental re-

alizations further contributes to this expanding discourse.

In this thesis I utilize the frameworks of quantum metrology and quantum ther-
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modynamics to address some of the problems which are relevant to the ongoing
efforts in quantum technologies. A special emphasis is given to the optical quantum
metrology, quantum polarimetry and thermodynamics of engineered quantum sys-
tems. The topics covered in this work are divided into five sections (chapter 2 to

chapter 6) and the organization of thesis is as follows.

In chapter 2, we investigate the fundamental metrological capabilities of different
quantum states of light to probe the retina, which is modeled using a simple neural
network. Stimulating the rod cells by Fock, coherent and thermal states of light, and
calculating the Cramer-Rao lower bound (CRLB) and Fisher information matrix for
the signal produced by the ganglion cells in various conditions, we determine the
volume of minimum error ellipsoid. Comparing the resulting ellipsoid volumes, we
determine the metrological performance of different states of light for probing the
retinal network. The results indicate that the thermal state yields the largest error
ellipsoid volume and hence the worst metrological performance, and the Fock state
yields the best performance for all parameters. This advantage persists even if an-

other layer is added to the network or optical losses are considered in the calculations.

In chapter 3, we present a nonlocal quantum approach to polarimetry, leverag-
ing the phenomenon of entanglement in photon pairs to enhance the precision in
sample property determination. By employing two distinct channels, one containing
the sample of interest and the other serving as a reference, we explore the condi-
tions under which the inherent correlation between entangled photons can increase
measurement sensitivity. Specifically, we calculate the quantum Fisher informa-
tion (QFI) and compare the accuracy and sensitivity for the cases of single sample
channel versus two channel quantum state tomography measurements. The theoret-
ical results are verified by experimental analysis. Our theoretical and experimental
framework demonstrates that the nonlocal strategy enables enhanced precision and
accuracy in extracting information about sample characteristics more than the lo-

cal measurements. Depending on the chosen estimators and noise channels present,
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theoretical and experimental results show that noise-induced bias decreases the pre-
cision for the estimated parameter. Such a quantum-enhanced nonlocal polarimetry
holds promise for advancing diverse fields including material science, biomedical
imaging, and remote sensing, via high-precision measurements through quantum

entanglement.

In chapter 4, drawing inspiration from polarimetric investigations in biological
tissues, we investigate the precision limits of polarization rotation angle estimation
about a known rotation axis, in a quantum polarimetric process, comprising three
distinct quantum channels. The rotation angle to be estimated is induced by the
retarder channel on the Stokes vector of the probe state. The diattenuator and
depolarizer channels, acting on the probe state, can be thought of as effective noise
processes. We explore the precision constraints inherent in quantum polarimetry by
evaluating the quantum Fisher information (QFI) for probe states of significance in
quantum metrology, namely NOON, Kings of Quantumness, and Coherent states.
The effects of the noise channels as well as their ordering is analyzed on the estima-
tion error of the rotation angle to characterize practical and optimal quantum probe
states for quantum polarimetry. Furthermore, we propose an experimental frame-
work tailored for NOON state quantum polarimetry, aiming to bridge theoretical

insights with empirical validation.

In chapter 5, inspired by the research works on quantum effects in photosyn-
thetic light harvesting complexes and related engineered biomimetic systems, we
explore the effect of an auxiliary hierarchically structured environment interacting
with a system on the steady-state heat transport across the system. The cold and
hot baths are modeled by a series of identically prepared qubits in their respective
thermal states, and we use a collision model to simulate the open quantum dynamics
of the system. We investigate the effects of system-environment, inter-environment
couplings and coherence of the structured environment on the steady state heat flux

and find that such a coupling enhances the energy transfer. Our calculations reveal
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that there exists a non-monotonic and non-trivial relationship between the steady-

state heat flux and the mentioned parameters.

In chapter 6, we investigate the energetic advantage of accelerating a quantum
harmonic oscillator (QHO) Otto engine by use of shortcuts to adiabaticity (for the
expansion and compression strokes) and to equilibrium (for the hot isochore), by
means of counter-diabatic (CD) driving. By comparing various protocols with and
without CD driving, we find that, applying both type of shortcuts leads to enhanced
power and efficiency even after the driving costs are taken into account. The hy-
brid protocol not only retains its advantage in the limit cycle, but also recovers
engine functionality (i.e., a positive power output) in parameter regimes where an
uncontrolled, finite-time Otto cycle fails. We show that controlling three strokes
of the cycle leads to an overall improvement of the performance metrics compared
with controlling only the two adiabatic strokes. Moreover, we numerically calculate
the limit cycle behavior of the engine and show that the engines with accelerated
isochoric and adiabatic strokes display a superior power output in this mode of

operation.

1.1 Preliminaries of Classical and Quantum Parameter Estimation

The classical problem of parameter estimation can be described mathematically as
follows: Suppose there’s a random variable, X, governed by a probability distribu-
tion function, pg(z), where 6 is an unknown parameter of interest. Sampling X,
N times yields a dataset, * = 1, 29, ..., xx, comprising N independent identically
distributed random variables X, following py(z) = [[X, ps(z;). To estimate 6, one
must devise an estimator, é(az), which is a function of the dataset . It’s worth not-
ing that since @ is a random variable, é(w) is also a random variable and possesses a
mean value and variance. In the frequentist approach, 0 is treated as a deterministic

value, and thus the problem is tackled locally for this particular value. The quality
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of an estimator is evaluated by its mean squared error (MSE).
AQé:E{(é(m) —9)2} (1.1)

in which E denotes the expected value. Minimizing Eq. gives the optimal es-
timator. An efficient estimator should output the true value of the parameter at
least asymptotically. Hence, it is natural to assume that the estimator is unbiased,
E(f) = 6. Fisher information plays a central role in the theory of parameter esti-
mation. It quantifies the amount of information given by a probability distribution

about a parameter. It is formally defined as variance of score,

7 B { (5 st} (12)

Here, the base of logarithm is e. If the probability distribution depends on more
than one parameter, the Fisher information takes a matrix form. The parameters
under consideration for our problem are the weight factors. For the multivariate

parameter estimation case, we can write the Fisher information matrix as

71 = B{ (55 1om(@) - ol | 13)

For single-parameter estimation the CRLB establishes a connection between the
lower bound on the variance of unbiased estimators of the parameter and Fisher

information as

A 1
A0 > — 1.4
2 N7 (1.4)
For multivariate case, if we take the estimator 0 to be unbiased, we have the following

relation

cov(f) > [I];} (1.5)

/[:7j ’
which means that cov(@) — [Z];. jl is positive semidefinite. This is the statement of

CRLB for the multivariate case. To understand the meaning of this statement, let

us assume 6 is a Gaussian with zero mean; its probability density function is given

p(0) = : (1.6)



Chapter 1: Introduction 7

The contours of this probability distribution with equal value are given by
#Tcov1(0)h = K. (1.7)

In this equation, K is a constant which determines the size of the confidence re-
gion. Knowing that the covariance matrix is symmetric, it is easy to show that the
mentioned contours are ellipsoids. With this insight, the geometric interpretation of
CRLB for the case of multiple parameters is that the error ellipsoids formed using
the covariance matrix of any unbiased estimator will be larger than the error ellip-
soid formed using the inverse of Fisher information matrix. Hence, by comparing
the sizes of error ellipsoids in different scenarios, we can compare their metrolog-

ical capabilities. For the purpose of demonstrating some basic properties of error

Vi

V2

-~

6,
Figure 1.1: An error ellipse for two positively correlated parameters. The eigen-
values of the covariance matrix and the constant K which determines the size of

the confidence region, are used to calculate the length of the axes. The SD of the

parameters is proportional to the distance from the center.

ellipsoids, we take the two-dimensional case 6 = [él ég]T for which the confidence
region will be elliptic. The semi major and semi minor axes of error ellipse are along
the direction of eigenvectors of the covariance matrix and their sizes are given by

K+/)\; in which )\; are the eigenvalues. The volume of an n-dimensional ellipsoid is
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given by the formula

n/2
V=—or"r—"—MM,.M,, 1.8
rz+1 7 (1.8)
in which M; through M,, are principal axes and I' is the gamma function. Since the

axis lengths are given by

the expression for the volume of the error ellipsoid becomes

(Km)"/?
V=- AN\, 1.10
L 41)Y (1.10)

The SD of the parameters for the given covariance matrix is given by the distance
between the center of the ellipse to the line parallel to the axes. If 0, and 0, are not
correlated, the ellipse will be aligned with the axes, and the SD values will be the
lengths of the semi-major and semi-minor axes. The error ellipse will be circular
if they are uncorrelated and the SD for parameters is equal. If they are positively
correlated (positive Pearson coefficient), the orientation of the error ellipse will be
similar to Fig. [I.1]

Quantum parameter estimation involves applying the aforementioned strategies
within quantum systems. Essentially, instead of employing classical probes, quan-
tum ones can be utilized to leverage quantum effects and achieve greater precision.
In quantum systems, the parameter estimation problem can typically be depicted
as Fig.[1.2] Let’s assume that we have a quantum system starting in an initial state
p. To extract information about parameter 6, we encode 6 into the quantum state
by constructing a quantum evolution, €y, that depends on 6. We then allow the
density matrix to evolve under the action of the quantum channel. The evolution
encodes the parameter on the density matrix and the final state becomes py. After
performing a quantum measurement, denoted as II, on the resulting state py, we
obtain a measurement outcome with a probability that depends on both # and the
measurement II. For a parameterized state the lower bound for the variance of any
unbiased estimator @ of the parameter, is given by the QCRB [Helstrom, 1967, Hel-
strom,_ 1968 Helstrom 1969 _[Braunstein and Caves, 1994 [PARTS 2009 Sidhn_and
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Figure 1.2: In order to estimate the parameter 6 associated with a given quantum
channel €, the process begins by preparing a probe state p. Subsequently, the probe
state evolves under the dynamics €y, resulting in the final parametrized state py. Fol-
lowing this evolution, quantum measurement is performed on the final state, yielding
outcomes that are likewise dependent on #. The final step involves constructing an
estimator, é, which utilizes the measurement outcomes to provide an estimation of

the parameter 6.

Kok, 2020a]

1

(802 NFq(0)

(1.11)

Here, Fg is the QFI and N is the number of measurement repetitions. QFI is a
generalization of the classical Fisher information. For a pure state QFI is defined

as,

Fo(0) = 4[{009106%) — [{Det4)]?]. (1.12)

For a mixed state, one can define QFI using the symmetric logarithmic derivative

(SLD) operator as
Fol0) = Tr[pL2]. (1.13)

SLD is implicitly defined by the following equation

Lop + pL
B — w. (1.14)
By expressing Lg in the eigenbasis of p, one can write QFI as
(k|Dpp|1) |2
_ 22| |0pp|1)| . (1.15)

e+ N

Here, k, [ and A\, A\; are the eigenvalues and eigenvectors of p.
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Chapter 2

USING QUANTUM STATES OF LIGHT TO PROBE
THE RETINAL NETWORK

2.1 Introduction: Limits of Human Vision

The minimum intensity of light for triggering visual experience has been a research
topic for over a century. However, due to technological deficiencies, a reliable answer
was not given until recent years. The earliest academic record investigating this
question dates back to 1889 by Langley |Langley, 1889]. He used a bolometer to
measure the minimum energy of light necessary for vision. Later on, researchers
started investigating the minimum quanta of light for vision with the advent of
quantum mechanics and understanding the quantum nature of light. One of the
earliest studies on this topic was done by Lorentz [Bouman, 2012].

Vision experiments can be classified into two broad groups: psychophysical ex-
periments and single-cell physiology experiments performed in-vitro. After dark
adaptation, subjects are interrogated about their visual experience in psychophys-
ical experiments, and conclusions are drawn by analyzing the answers. Hecht et
al. showed that humans are capable of seeing as low as 5 to 7 photons [Hecht
et al., 1942]. These types of experiments are usually called HSP experiments in
the literature after the authors’ initials. Van der Velden [van der Velden, 1946]
showed that 2 photons are sufficient for visual perception. Barlow stated that the
noise in the optical pathway influences the vision threshold [Barlow, 1956]. By
rating the visual experience on a scale instead of a yes/no option and comparing
the statistical characteristics of the light source and observer responses, Sakitt et
al. [Sakitt, 1972] showed that humans could see single photons. Teich et al. studied

the influence of controllable photon fluctuations on the response of the visual sys-
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tem [Teich et al., 1982a; [Prucnal and Teich, 1982} |Teich et al., 1982b] based on HSP
type experiments. Holmes et al. [Holmes et al., 2017, Holmes, 2017] have utilized
single-photon sources to study the temporal summation window of the human visual
system. Vaziri et al. [Tinsley et al., 2016] performed a series of HSP experiments
with a two-alternative forced-choice design and demonstrated that humans could
detect single photons with a probability significantly above chance.

Physiological (in-vitro) experiments expose isolated photoreceptor cells to a dim
flash of light and measure their electric response in a measurement circuit to study vi-
sual phototransduction [Rieke and Baylor, 1998|. Baylor et al. [Yau et al., 1977, Bay-
lor et al., 1979a] were able to show that the extracellular membrane of the toad rod
cells responds to single photons by electrical current in the order of pA. Later on,
using in-vitro experiments and analyzing the statistical responses of the photocur-
rents, Baylor et al. showed that the rod cells of toads [Baylor et al., 1979b] and
monkeys [Baylor et al., 1984] respond to single photons. Combining electrophys-
iological data and the results obtained from computational models of the visual
signaling cascade, Reingruber et al. [Reingruber et al., 2013| showed that toad and
mouse rods could detect single photons. Using a single-photon light source based on
spontaneous parametric down-conversion (SPDC), which can produce a fixed num-
ber of photons, Krivitsky et al. demonstrated that the rod cells could measure the
photon statistics of the stimulating light source [Sim et al., 2012] and later showed
that the rod cells can indeed respond to single photons |[Phan et al., 2014].

A deeper understanding of the visual system’s response to few photons has led
to several ideas exploring possible applications of the retina used as a photode-
tector. Creating new technologies, like introducing more secure biometric pro-
cesses [Loulakis et al., 2017] and increasing the accuracy of retinal images using
quantum imaging |Berchera and Degiovanni, 2019] are notable examples of these
developments. Researchers also have designed possible experimental scenarios in-
vestigating the role of the human observer in quantum mechanics [Brunner et al.,
2008, |Dodel et al., 2017].

However, metrological capabilities and limitations of different quantum states of
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light within the context of the visual system are relatively unexplored. Furthermore,
quantum mechanical studies of the visual system currently do not consider the so-
phisticated neural network structure of the retina. This work will synthesize the
presently independent research directions of neural networks and quantum optical
modeling of the visual system. Specifically, we will model the retina as a simple
input-output model based on an artificial neural network. These types of models
are widely used in computer vision and visual information processing and vision re-
search communities |Glorot et al., 2011}, \Wen et al., 2017, Tran et al., 2015} [Uchida
et al., 2016, Kim et al., 2016, |Lozano et al., 2018, McIntosh et al., 2016]. The goal
is to derive the bounds on the estimation of the network parameters using different
states of light, namely Fock, thermal, and coherent states. The network parameters
chosen for this study are the weight factors of the neural network which effectively
quantify the degree of dependence of the output on the corresponding input. The
efficacy of these states to probe retinal network will be compared using standard
measures of metrology and parameter estimation theory, Fisher information, and
CRLB. The figure of merit for the metrological performance in our study for the
error estimation is the inverse of the Fisher information in the single parameter
problem and the volume of the error ellipsoid for the multiparameter problem. Our
study shows that using Fock state light gives the lowest CRLB and smallest error
ellipsoid for the considered range of parameters when using few number of photons
and therefore the estimation error is smaller for this state. Practically, this result
can mean that using quantum light sources that can produce few photon states, pro-
vides less noisy optical probes to explore retinal diseases relative to more traditional

laser (coherent) or thermal light.

2.2 The Model

In the context of this work, we start with a relatively simple model to get a clear
picture of the efficacy of various states of light. At this stage, we model transmis-
sion effects from photoreceptors to ganglion cells using a weight factor and ignore

inhibitory neurotransmission effects within the retina. In our functional modeling
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of the retinal neural network, the weight factors do not correspond to a specific bio-
logical function of the real retina network. However, they can be seen as the fitting
parameters of the responses of the retina based on a given input |Lozano et al.,
2018, McIntosh et al., 2016]. We take the values for these parameters to be between
zero and one, simply to reflect what fraction of the signal contributes to the output
of the ganglion cell. Our model consists of an artificial neuron which is a two-layer

neural network. A schematic picture of the model is given in Fig. 2.1]

Light Rod Cells Ganglion Cell Action Potential

2

Figure 2.1: Neural network model of the retina. First, light illuminates the rod cells,

causing them to produce a response. The weighted response of the rod cells is given
as an input to the activation function of the ganglion cell, output of which is the

action potential rate.

First, light in a certain state (with its corresponding photon distribution) il-
luminates the retina. The light then impinges on rhodopsin molecules of the rod
cells, which in turn go through isomerization if they have detected any photon. It
is evident from this description that the conditional probability distribution for iso-
merization of k molecules with an imperfect photodetection efficiency n by n photons

is given by a binomial distribution [Gardiner, 1991]

Pl = ()=, 1)

Given that in most cases, instead of the number of photons, we deal with their
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probability distribution p,,, using the Bayes’ rule, we can write the isomerization

probability of k£ molecules as
Pr(k) = P(k[n)p,. (2.2)
n=0

In this work we consider Fock, coherent and thermal states of light and their respec-

tive photon distributions are given by:

p'ng) 571,?”
(0 _ —al"
pn =e€ n| 9 (23)
wm___
Py (T_L ua 1>n+1'

in which n is the average photon number. In response to isomerization, photore-
ceptor cells produce photocurrents. The probability distribution for a photocurrent

with amplitude A in response to k isomerizations is given by |Bialek, 2012]

P<A|k’) A0 1 6—(A—k/fo)2/2(02D+ka%)7 (24)
2m(0} + ko)

where A is the average of photocurrent, o4 is the standard deviation (SD) of pho-
tocurrent amplitude for a single isomerization, and op is the photocurrent SD in
darkness. Applying Bayes’ rule, we can obtain the probability distribution for pho-

tocurrent as
P(A) =" P(Alk)Py(k). (2.5)
k=0

After this stage, considering the input photocurrents, the ganglion cells produce
an action potential to convey visual information to several regions of the brain.
In this work, we have considered the activation function for action potential to be
a rectified linear unit (ReLU) function. If the weighted sum of photocurrents is
smaller than a certain threshold, 7', then the action potential F' is zero. Otherwise,
it is proportional to the difference between this weighted input and the threshold.
Here, we have neglected the saturation effect. The equation describing the action

potential is

0, sz’Ai <T;
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Given the relationship between photocurrents and the rate of action potential and
the probability distribution for photocurrents of single rod cells, we need to calcu-
late P(A;) in order to calculate the probability distribution for F. If we assume
that the wavefront of light is much larger than the dimension of the cells and the
photoreceptor efficiency is small, we can make the calculations simpler. In this case,
the probability that the photons cross any particular cell becomes negligible. Hence
the expected number of isomerizations k is also small, i.e., k < n. So we can neglect
the photon number change due to absorptions by each rod and consider that the
probability distribution P(A4;) for the current A; produced by each rod cell is pa-
rameterized by the same photon number distribution p,. So apart from the variable
change, the probability distributions P(A;) are the same. The parameters are given
in [Sim et al., 2012] fit into this description.

For large photoreceptor efficiencies, one rod cell might absorb a considerable
fraction of the total impinging photons in its vicinity, reducing the number of avail-
able photons for the other rod cells. In this scenario Eq. (1) must be corrected in
order to give a better expression for the effective probability distribution of photons
sensed by each photoreceptor cell. For the case of two rod cells, if one of the cells
has isomerized ¢ molecules, then the other photoreceptor will have n — ¢ photons to

isomerize its k molecules. Accordingly, we can write

Pl = 3 (M) (" )t o 27)

q
It is straightforward to generalize this expression for a larger number of rod cells.
Using these distributions, we can calculate the probability distribution for action
potential Pr. For the moment, let us consider the case for three rod cells. We can
express the probability distribution of action potential as the convolution of proba-
bility distributions of photocurrents for each cell. For a single cell, since the action
potential is given by the linear transformation of the photocurrent distribution, the

probability distribution function for the action potential is given by

1 F+T

). (2.8)
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For the details of derivation, the reader can refer to [Grimmett and Stirzaker, 2020].
For two cells, the action potential is given by the weighted sums of two random
variables. Hence, we need to convolve the probability distributions of the rod outputs
in order to obtain Pr(F') [Grimmett and Stirzaker, 2020]. This takes into account
every possible way that the weighted sum of the photocurrents of the rods equals to

the certain value of F

Pr(F) = /OOPAA%)PAAHMX. (2.9)

W1W2 J_s W

For n cells, in order to obtain the probability distribution for action potential, we

need to calculate the convolution of Ay, As, ..., A,,.

2.3 Optical Losses

As light travels through the eyes, some of the photons get absorbed by the various
materials in the eyes, some of them are reflected, and the remaining photons are
transmitted. Presence of optical losses affects the number (and in some cases the
distribution) of the photons on the retina. To model the optical losses, we will use the
biological photodetector model presented in [2.2preceded by a beam splitter [Loudon,
2000]. Quantum mechanically, each port of the beam splitter is modeled using
creation and annihilation operators as shown in Fig. [2.2]

The photons are sent through port 1. Port 2 is empty (contains vacuum). The
photons are transmitted to the retina through port 3, and the photons in port 4 are
discarded. The transformation relations between the input and output ports can
be written in matrix form [Gerry and Knight, 2004]. Elements of the transforma-
tion matrix M are limited by the commutation relations of the field operators and
conservation of energy. In this work, we take the beam splitter matrix to be

M = Vi ilsu , (2.10)

ii=u  Ju

in which u is the transmission parameter of the beam splitter. Using these trans-

formations, we can find the state of port 3 given any state we choose to input in
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Figure 2.2: Schematic view of the quantum beam splitter. a; are the annihilations
operators of their respective ports. In our scheme, the light is sent to the eye through
port 1. The port 2 is empty (vacuum state). The output port 4 is discarded, which
amounts to the experienced optical loss. The photons coming out of output 3, are

sent to the retina.

port 1. Then, by writing the state in port 3 in number basis, we can obtain the
photon statistics after optical losses. For example, Fock state light with n photons

undergoes the following transformation in the beam splitter.
1 1
_ ~T\n _
n),10)y = /—n!(al) 10)110), ol

Expanding using the binomial theorem, we find

(Vaal + VT = ual)" |0, [0y, . (2.11)

E: gV VT g o= ) (212)

Hence, the initial number state transforms into a linear superposition of number
states conserving the total photon number. Thus, for each m < n, the photon
distribution for the Fock state light received by the retina after going through the

beam splitter becomes

|
"(f) _ n: m 1— n—m 2.1
P = =y (1 —u)"™™. (2.13)

Applying the same procedure for coherent and thermal states we find that the proba-

bility distribution of photons in port 3 for the coherent and thermal states as having
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the same form as Eq. (5.3)) with the average photon number modified by a factor of

u.

2.4 Results

This section compares the efficacy of the Fock, coherent and thermal states of light
for probing retinal network in various conditions using the framework described in
the previous section. The simulations are performed for multiple photoreceptor cells
in lossy and lossless conditions and consider variations in key parameters to study
different parametric regimes and better understand the underlying effects. In all of
our calculations op, o4, Ay and T are taken to be 0.15pA, 0.5pA, 0.7pA and 0.1pA
respectively. These parameters are taken from the seminal work by Krivitsky et
al. [Phan et al., 2014]. We will use the volume given by Eq. as the criterion
for metrological performance, which describes the overall estimation errors for all
parameters. Our objective is to characterize total estimation errors using CRLB
without having to deal with specific metrological procedures. Minimization of this
volume corresponds to maximization of the determinant of the information matrix.

For constructing the error ellipsoids, a 99% confidence region is used.

2.4.1 In-Vitro Metrology of the Retina

For in-vitro setup, it is desirable to find the response of the retina to a few photons.
In this section we will assume that the optical losses are negligible (u = 1). First, we
check how a single cell model behaves within our framework. In Fig. the results
for CRLB vs weight factors is given for different states of light for n =1 and n =5
given that the photoreceptor efficiency is n = 0.4. Here, CRLB in the vertical axes
denote the Cramer-Rao lower bound calculated for the corresponding states which
is given by the reciprocal of the Fisher information.

It is clear that the thermal state gives the largest result for CRLB and the Fock
state provides a better metrological advantage compared to thermal and coherent
states throughout the parametric regime. It is also obvious that for n = 5 the

overall performance is better for all states compared to n = 1. Performing the same
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Figure 2.3: CRLB vs w for n =04. (a) n =1 (b) n = 5.

calculations using different photoreceptor efficiencies and average photon numbers
show that the discrepancy between the Fock and coherent states becomes larger for
higher 1 and smaller for higher n. Hence, the Fock state light is particularly useful
for low-photon imaging and metrology of the retina where it is desirable to avoid
strong probe signal intensities in order to decrease the noise. In general, a lower
overall value for CRLB is obtained using the Fock state and for the larger photon
numbers and photoreceptor efficiencies. This can also be understood by analyzing
the properties of the input signal of the ganglion cell with different mean number
of photons. From Eq. it is clear that for the case of single rod cell, the mean
and the variance of the input photocurrent (A) and the output of the ganglion cell
(F) are related by the weight factor (w). Hence, for a poor signal quality with
high uncertainty in the input we will get an output signal with high uncertainty and
therefore the estimation error for w will be higher. Using the probability distribution

in Eq. (5.7]) we can define the expected value, variance and signal to noise ratio (SNR)
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of A as:
Amaz
E(A) = P(A)AdA
Amé‘
Var(A) = / P(A)A%dA — E(A)?, (2.14)
SNR(4) = — 2
Var(A)

in which A,,,, is the maximum of the photocurrent amplitude used in the calcula-
tions. Using SNR(A) as a figure of merit for the quality of the photocurrent signal
we give the SNR of the total photocurrent for different values of the mean photon

number in Fig. 2.4 It is also evident from Fig. [2.4] that increasing the mean number
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Figure 2.4: SNR of the total photocurrent for different values of the mean photon

number.

of photons results in a higher SNR(A). This result is also expected from the form
of Eq. . For a larger n more molecules will be isomerized. From Eq. ,
variance and mean of the photocurrent per photoisomerization scales with k, which
means that for a single isomerization event the SNR scales as k. In conclusion, for

this specific classical parameter estimation problem we see that the Fock state light
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results in smaller error when used as a probe. Additionally, if we assume that we
have a 2-layer neural network with /N-cells for which all the respective weight factors
always take the same value (w; = wj;), then they can’t be treated as separate ran-
dom variables and the problem reduces to a single parameter estimation problem.
This effectively means that we can fit the output data of the network to the input
data using a single parameter. So, all the results obtained for the single parameter
estimation scenario so far can be applied to this problem as well. It is worth men-
tioning that the optimality of Fock state for other quantum estimation problems
involving transmission or loss scenarios and intensity-sensitive measurements is also

well established [Monras and Paris, 2007, Adesso et al., 2009).

In contrast, for the cases where w; # w, for any 7 and j as shown in Fig.
we need to treat each weight factor as an individual random variable and find the
area/volume of the error ellipse/ellipsoid, which describes the collective estimation
errors of all parameters. In these cases, the problem is a genuine multiparameter
estimation problem. Fig.[2.5and Fig.[2.6]show the logarithm of volume for minimum
error ellipsoids for the Fock, coherent and thermal states with mean photon number
of 1 and 5 and rod cells with n = 0.4.

It is evident that the thermal state performs considerably worse than the coherent
and Fock states, and the Fock state has a smaller error ellipse area than the coherent
state. The volume of the error ellipses increases with the weight factors w. Hence
the better performance is achieved for lower weight factors. This is also suggested
by the form of the probability distribution given in Eq. and Eq. in which
the inverse of the weights appears as the coefficient of the distribution.

Since this analysis is valid for any line on the w-plane, we can choose a line on
this plane and compare the error bounds for the three states on that line. This
approach is beneficial for a larger number of rod cells since it is not feasible to
compare more than two-rod cells graphically. In Fig. for example, the area for
minimum error ellipses are shown for ws = 0.7w; and photoreceptor efficiency of

1 = 0.4. The horizontal axis is taken to be w; = w. This image is a cross-sectional
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Figure 2.5: Minimum error ellipse area for n = 0.4 and n = 1 for the whole domain
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Figure 2.6: Minimum error ellipse area for n = 0.4 and n = 5 for the whole domain

of weight factors (w; # wy).
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view of Fig. 2.5] and Fig. 2.6l As it is seen in Fig. 2.7] for a larger ni, the advantage
that the Fock state has over the coherent state is smaller. However, for small 72, the
difference in their performance becomes more and more considerable.

The same trend exists for higher number of rod cells. As an example, for the
case of 3 cells, in Fig. the error ellipsoid volumes for different states of light are
compared when the average photon number is set to n = 1. The weight factors
are chosen such that wy = 0.5w; and w3z = 0.7w;. Similarly to the previous case,
the horizontal axis is w; = w. As it was the case for two rod cells, Fig. shows
that the Fock state and coherent state outperform the thermal state after we add
another cell to the layer. Unlike the previous figures, the vertical axis in Fig.
is denoted as "Log Volume” simply because for 3 independent parameters, we will
have an error ellipsoid (not an ellipse) and its size is characterized by volume (not
area). For a higher number of rod cells, we get similar results. The calculations are

done using various ratios of the weight factors, and in all cases, similar results are

obtained.
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Figure 2.7: Minimum error ellipse area for wy = 0.7w; and n = 0.4. (a) n =1 (b)

n = 9.
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Figure 2.8: Minimum error ellipsoid volume for wy = 0.5wy, w3 = 0.7w; and n = 0.4

and n = 1.

In order to have a more detailed description of the retina, now we add another
layer in between the rod and ganglion cells which will account for the function of
the bipolar cells as shown in Fig. 2.9 Like the ganglion cells, the bipolar cells are
modeled using a ReLLU function.

In this 3-layer network, the rod cells produce photocurrent upon interacting with
photons and these photocurrents are directed to the bipolar cells. The outputs of the
bipolar cells are determined by sum of the photocurrents and hence their probabil-
ity distributions are given by the convolution of their respective input photocurrent
probability distributions. Finally, the output of the ganglion cell is given by the
weighted sum of the signals of the bipolar cells and therefore the probability dis-
tribution for the action potential will be given by the convolution of the bipolar
cell distributions. Hence, we have 2 convolution steps in this model. Our goal is to
calculate an estimate for the total error in this network for the parameters w;, which
are the weights of the input to the ganglion cells, as was the case for the 2-layer

network. In Fig. the results for the simplest 3-layer model with four rod cells
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Figure 2.9: Schematic illustration for the 3-layer neural network model of the retina.
The weighted sum of the photocurrents produced by the rod cells are given as an
input to the bipolar cells. Then, the output of the bipolar cells is sent to the ganglion

cell, the output of which is the action potential.

and two bipolar cells are given. The average photon number used is n = 5, and
the activation threshold for the bipolar cells is chosen to be zero. The results are

consistent with the ones obtained previously.

2.4.2 In-Vivo Metrology of the Retina

Now, assume that we want to investigate the retina in-vivo using light pulses and
record the response of the ganglion cells. In this case the optical losses become
significant because the photons need to pass through a medium before targeting
the rod cells (u < 1). In this scenario, the probing light signals must contain a
higher number of photons on average for the effective stimuli to reach the rod cells
after experiencing optical losses. Using the beam splitter framework describing the
optical losses and given the transmission parameter u, which is taken to be 0.5 in our
calculations, we find the probability distribution of photons after passing through
the beam splitter for Fock, coherent and thermal input states. Assuming that the
photoreceptor cells have an efficiency of n = 0.4, we want to check if the advantage

of quantum states of light still holds once we introduce optical losses. In Fig.
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the CRLB is given for a network with a single rod cell.
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Figure 2.11: CRLB vs w for n = 0.4 and n = 10 including optical losses.
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Comparing Fig. and Fig. we see that similar to the case with no optical
losses, coherent and Fock states give a smaller value for CRLB. This shows that
the advantage of the Fock state persists even after optical losses alter its photon
distribution. In order to analyze the effect of optical losses on unequal weight factors,

as an example, the case for two rod cells is demonstrated in Fig. [2.12]
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Figure 2.12: Minimum error ellipse area for wy = 0.8w;, n = 0.4 and n = 10

including optical losses.

As expected, the trend is similar to the case with no optical losses. The area for
the error ellipse is the largest for the thermal state and the smallest for the Fock
state. We can conclude that the quantum states of light have better metrological
capabilities even if optical losses are introduced. Calculation of the error ellipsoid
volume for more rod cells and more complicated network topologies (3-layer network)
gives similar results.

Adding optical losses results in a decrease in the mean number of photons and (for
the case of Fock state) change in the photon distribution function. So the net effect
of the loss is that it decreases the number of photons available for isomerization. Our

calculations for this case show that similar to the case with no losses, an increase in
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the mean photon number enhances the metrological performance. It is also worth
mentioning that even when optical losses are included, probing the retina using light
in the Fock or coherent states results in a smaller overall error than the thermal state.
Performance enhancement of the Fock state over coherent and thermal states in our
in-vivo metrology calculations suggests that there is a possibility of developing more
accurate effective neural network models of the retina using Fock state light in order
to stimulate it. One can use an electroretinogram or as recently suggested, optically
pumped magnetometers [Westner et al., 2021| in order to measure the response of the
retina to the photonic stimuli and statistically infer more accurate effective network
parameters for retina modeling using Fock state light compared with thermal and

coherent states.



Chapter 3: Nonlocality enhanced precision in quantum polarimetry via entangled photo29

Chapter 3

NONLOCALITY ENHANCED PRECISION IN
QUANTUM POLARIMETRY VIA ENTANGLED
PHOTONS

3.1 Introduction: Entanglement-Assisted Metrology

The concept of light polarization is fundamental, depicting the directional behavior
of electric field oscillations within the electromagnetic context. In cases where light
encompasses diverse polarization states, it remains unpolarized. Polarizers, materi-
als adept at transforming unpolarized light into a single polarization, play a vital
role in this context. Meanwhile, analyzing how light’s polarization evolves upon
interaction with materials offers insights into their inherent properties, forming the
core of polarimetry |Vitkin et al., 2015a}, He et al., 2021a].

In the realm of contemporary metrology, the pursuit of refined techniques for
enhancing precision measurements is unceasing. One intriguing avenue is quantum
enhanced metrology in which the goal is to use quantum resources such as entan-
glement and squeezing, for transcending classical precision bounds |Caves, 1981}, |Ma;
et al., 2011} Engelsen et al., 2017, |[Nagata et al., 2007, Israel et al., 2014a;, |Giovannetti
et al., 2006, Pezze et al., 2018, |Giovannetti et al., 2004]. Entangled photon pairs,
generated through processes like spontaneous parametric down-conversion [Burnham
and Weinberg, 1970, Hong and Mandel, 1985], have enabled remarkable applications
in quantum communication and cryptography [Brendel et al., 1999, Bennett et al.,
1993, Bouwmeester et al., 1997, |Furusawa et al., 1998| Long and Liu, 2002, Deng
et al., 2003, [Kimble, 2008, Luo et al., 2023]. Due to this fact, quantum entanglement,
a phenomenon where particles achieve intrinsic correlation regardless of spatial sep-

aration, has captured particular attention in optical quantum metrology and it is
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revealed that prudent use of entanglement can be effective in mitigating classical

noise, potentially elevating precision beyond classical limits [Dowling, 2008, |Cable
and Durkin, 2010|, [Berry et al., 2009, |Cappellaro et al., 2005, [Wolfgramm et al.
2013a;, [Demkowicz-Dobrzanski and Maccone, 2014} |Czekaj et al., 2015/ Zhang et al. |
2015|, |Augusiak et al., 2016, [Huang et al., 2016, Wang et al., 2018, Long et al., 2022].

This leads to the natural question, whether the integration of quantum entangled
light could potentially amplify the precision of polarimetric measurements.

To reveal the sensitivity of quantum states of light for estimating physical pa-
rameters of optical samples one needs to treat light-matter interaction in a fully

quantum manner. To this end attempts have been made to describe the polariza-

tion states within the framework of quantum optics |Luis, 2016, Luis and Sanchez-|
Soto, 1993 Shumovsky and Miistecaplioglu, 1998| [Luis, 2005, Soderholm et al.,|
2012, |Goldberg et al., 2021a]. It is well established that the classical definition for

degree of polarization fails to capture polarization characteristics of quantum states
of light and quantum states can contain so called "hidden polarization” or higher
order polarization to which higher moments of the Stokes vectors contribute. Several
works have been published to demonstrate the discrepancy between quantum and

classical concepts of polarization and also new measures for quantifying the quantum

degree of polarization have been proposed [Klyshko, 1992, |Alodjants and Arake-
lian, 1999, [Luis, 2002, Klimov et al., 2005|, [Luis, 2007b| [Klimov et al., 2010}, [Bjork|
et al., 2010, Luis, 2007a, (Iskhakov et al., 2011, Nogueira et al., 2013| |Kothe et al.
2013), [Sanchez-Soto et al., 2013].

One can describe polarization transformation of light interacting with a medium
using Jones calculus or more generally using Mueller calculus [Hecht, 2017]. Inter-
action of the optical signal with a medium can induce various effects on the signal
including attenuation due to absorption or reflection, diattenuation of the signal
due to dichroism, rotation of its Stokes vector due to birefringence or depolarization
due to random scattering. In the classical theory of polarimetry, in case that the
Mueller matrix is not singular, the Lu-Chipman decomposition (polar decomposi-

tion) can be utilized to effectively establish an input-output relation between input



Chapter 3: Nonlocality enhanced precision in quantum polarimetry via entangled photodd

and output Stokes vectors decomposing the original Mueller matrix into three el-
ementary matrices with well defined optical properties and parameterized by their

respective physical parameters (rotation angles, depolarization factors, etc.) [Lu and

Chipman, 1996a]. It is important to note that there has been attempts to generalize

the framework of classical Mueller polarimetry and ellipsometry into the quantum

domain |Goldberg, 2020, Rudnicki et al., 2020]. Finding the ultimate measurement

sensitivity of these parameters using optimal quantum probes and measurements

is of utmost importance. It is shown that NOON states and anti-coherent states

can saturate the Heisenberg limit for rotation sensing [Kolenderski and Demkowicz-|
Dobrzanski, 2008, |(Goldberg and James, 2018|, [Martin et al., 2020} |Goldberg et al.
2021b}, |Goldberg et al., 2023, [Eriksson et al., 2023|. The problem of rotation sensing

is also studied considering different polar decompositions with optical depolariza-

tion and diattenuation noise channels [Pedram et al., 2024a]. Furthermore, Fock and

two-mode squeezed vacuum (TMSV) states are optimal for sensing loss channels and

outperform coherent states for estimating the loss parameter in the bosonic chan-

nels, however they can’t beat the shot noise limit [Adesso et al., 2009, |Alipour et al.,
2014, Brambilla et al., 2008, |Crowley et al., 2014, [Hayat et al., 1999 Heidmann et al. |
1987) Toannou et al., 2021), [Jakeman and Rarity, 1986, [Losero et al., 2018, [Monras
and Paris, 2007, Nair, 2018, |Atkinson et al., 2021]. For a depolarization channel

it is shown that Heisenberg limit scaling is not possible, however using correlated

probes and ancilla-assisted schemes increases the estimation accuracy [Sasaki et al.,
2002, (Collins and Stephens, 2015, Frey et al., 2011} Hotta et al., 2005]. In general,

it was argued that no parameter which is encoded on the density matrix by a non-

unitary operator or a convex combination of unitary operators can be estimated

beyond the shot-noise limit [Ji et al., 2008]. However, later research revealed that

controlled and error-corrected metrology and environmental monitoring can be uti-

lized to restore the Heisenberg limit for certain problems [Kessler et al., 2014, |Zhou

et al., 2018, |Albarelli et al., 2018, [Tratzmiller et al., 2020]. Recently it was demon-

strated that using an entangled photonic source, one can non-destructively probe

single-layer cell cultures and differentiate between different optical elements in the
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setup with a fewer number of projective measurements, [Zhang et al., 2024} Besaga
et al., 2023]. However, quantum advantage in terms of metrology is not studied
in detail these works. It has been shown theoretically and experimentally that
using entangled photons one can achieve a higher precision in ellipsometric mea-
surements [Abouraddy et al., 2002, |Toussaint et al., 2004]. Additionally, ghost
polarimetry using polarization entangled photons and utilizing correlations between
the Stokes operators in the reference and sample beams have gained attraction in
recent years because of increased sensitivity in parameter estimation, specifically for
the cases in which having a few number of photons is advantageous in order not to
perturb the material that is being probed [Hannonen et al., 2020, Magnitskiy et al.,
2020, Magnitskiy et al., 2022, |[Restuccia et al., 2022a, Magnitskiy et al., 2021].
Within the framework of our quantum polarimetry approach, we endeavor to
harness the unique nonlocal attributes inherent to entangled photons. Illustrated
in Fig. 3.1} our approach employs two separate pathways: a channel containing the
sample (s) and a reference channel (r), with each accommodating one photon and
the photons in the two channels being entangled. By capitalizing on the nonlocal
correlations between these photons, we aim to discern subtle polarization changes
with enhanced precision. This nonlocal methodology has the potential to mitigate
local noise and disturbances that traditionally challenge single-channel polarimetry
methods. Through comprehensive theoretical analysis, we examine the viability
of the nonlocal approach, particularly by evaluating the QFI, in comparison to
the single-channel approach. Hereby, our work contributes to the understanding of
fundamental nonlocal quantum phenomena in metrology and proposes a practical
avenue for utilizing nonlocal quantum states in polarimetry. This avenue could

potentially impact high-sensitivity measurements across scientific disciplines.

3.2 Preliminaries: Local and Nonlocal Polarimetry

We consider an entangled pair of photons, signal and idler, generated by spontaneous
parametric down conversion (SPDC). They are prepared in a Bell-type entangled

state in the canonical polarization basis. We assume the initial state can be ideally
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Figure 3.1: ((Top Panel) Nonlocal Quantum Polarimetry Using Entangled Photons.
In this setup, a pair of photons initially prepared in a polarization-entangled state
pi(gs) is directed through two distinct spatial channels. One of these paths incorpo-
rates a sample denoted as (s), while the other path serves as the reference denoted
as (r). The sample channel can induce changes in the polarization state of the
photon, a phenomenon described by a single-parameter operation Us(a). On the
contrary, the (r) channel applies an identity operation, I, to the photon it contains.
By employing quantum state tomography (QST) and conducting measurements in

(rs)

out 18 reconstructed. (Bottom

various polarization bases, the resulting output state p
Panel) Local Quantum Polarimetry Using Single Photons. This scenario involves
a single photon that is prepared in the reduced state of the two-photon entangled
state, specifically pi(i) = Trr(pi(:;s)). Subsequently, this photon traverses the sample

channel. Employing QST allows for the reconstruction of the output state.
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prepared as a pure state such that
1
V2

where H and V refers to horizontal and vertical polarizations, respectively. For the

Vi) = —=([HV) + [V H)), (3.1)

sake of brevity, we adopt a convenient notation |AB) = |A), ® |B), with A, B €
{H,V} such that the first letter corresponds to the photon’s state in the reference
channel, while the second letter pertains to the sample channel’s photon state.

A more explicit connection to the Bell state can be established by delving further
into the polarization states. These states can be effectively expressed in terms of
Fock number states, wherein the quantities ngy and ny denote the counts of horizon-
tally (H) and vertically (V') polarized photons. Specifically, |H) = |nyg = 1,ny = 0) =
|1y) and |V) = |ng = 0,ny = 1) = |1y). The introduction of a vacuum state en-
compassing both polarizations, denoted as |vac) := |0,0) = |0), facilitates the intro-
duction of creation and annihilation operators corresponding to H and V' polarized

photons. This can be mathematically articulated as follows:

ag)m
m) = @) (3.2)

AV nk'

where £k = H,V. The translation of polarization mode number states into spin

states |S,.S,) is achieved through the utilization of the total spin, defined as S =
(ng +ny)/2, and the S, = (ng — ny)/2-component of spin (or magnetic quantum
number). This translation assumes that the z-axis is chosen as the quantization
axis. Consequently, the horizontal polarization state, |H) = |ng = 1,ny =0) =
|S=1/2,5, =1/2) = |1), can be identified as the spin-up state of a spin-1/2 par-
ticle. Similarly, we can equate |V') with the spin-down state, |}). In light of this,
Equation can be interpreted as a Bell state, associated with the entanglement
of two spin-1/2 particles; although the photons are not spin-1/2 particles. For trans-
verse waves, away from radiation sources in the far field, we can thus use an effective
spin-1/2 representation for the polarization states of a single photon.

In the context of a single photon polarization and spin-1/2 analogy, the utiliza-

tion of polarization mode creation and annihilation operators as Schwinger boson
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representation of spin operators allows for the identification of generators corre-
sponding to the SU(2) spin algebra. These generators serve as observables that
capture the quantum polarization attributes of photons. Named after their resem-
blance to classical Stokes parameters, these observables are referred to as Stokes

operators. In the context of canonical polarizations, they are expressed as follows:

Sp = %(aLaH +dlay), (3.3)
S, = %(d}]av + aHaL), (3.4)
Sy = —%( bay —alap), (3.5)
Sy = %(d}laH —alay), (3.6)

where S = (515,55)7 constitutes the quantum Stokes vector. Notably, this vector
commutes with S, while its individual components adhere to the spin algebra:
[S’i, S']] = ieiij'k. Within the domain of a single photon state, the Stokes operators
serve as comprehensive descriptors of the photon’s density matrix, thus enabling
quantum state tomography (QST) of the single photon state through measurement
of these operators. Consequently, any alterations in quantum polarization attributes
resulting from photon-sample interactions manifest as changes in the expectation
values of the Stokes operators, denoted as Sy, = Tr[pSy].

The Bell state arising from Eq. embodies a spin triplet state |S = 1,5, = 0),
emerging from the amalgamation of two spin-1/2 entities. This insight prompts the
proposal of extending the concept of single photon Stokes parameters to scenarios
involving two or more photons, thereby encapsulating the polarization attributes of
composite multiphoton systems. We remark that multiphoton nonlocal generaliza-
tions of Stokes parameters are different than generalized Stokes operators written
for spin-1 atomic Bose Einstein condensate to describe their magnetization proper-
ties or for photons that can have longitudinal polarization components in near or
intermediate radiation zones, where transverve wave approximation fails. Such local
generalizations of Stokes operators uses generators of SU(3) algebra, introduced by
Gell-Mann to explore strong interaction in particle physics [Griffiths, 2008]. In con-

tradistinction to the ”local” Stokes operators linked with individual photons, this
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"nonlocal” extension of Stokes parameters introduces a heightened level of com-
plexity in terms of visualization and interpretation. Given the equivalence between
Stokes parameter measurements and the direct determination of density matrices,
multiphoton Stokes parameters can be equated with the process of quantum state
tomography (QST) applied to a multiphoton density matrix |[James et al., 2001].
Remarkably, the density matrix itself offers a means to quantify the degree of po-
larization. This is achieved by assessing the Q function across angular coordinates,
integrating it across the entire angular domain, and subsequently gauging the de-
viation from the Q function of unpolarized photons |Luis, 2002|. Furthermore, the
density matrix of a single photon can be decomposed using Stokes operators, which
intriguingly coincide with the decomposition obtained via Pauli matrices. This prop-
erty can be further generalized to encompass multiphoton scenarios.

N-photon generalized nonlocal Stokes operators are proposed by direct general-
ization of single photon Stokes operators |Goldberg et al., 2021a], which are equiv-
alent to Pauli spin-1/2 operators STL =o0; with7=20,1,2,3 to

A

Siy.iy = 0iy @ .. @ Oy (3.7)

Here, 6o = I is the identity operator, and we have Tr(6,0;) = 26;;. Simlar to the
Pauli operator decomposition of single photon density matrix, the N-photon density

matrix can be written as

p= QLN Z Y S Sy (3.8)

where S;, i = Tr(pS;, i\) are the multiphoton nonlocal Stokes parameters.

In our case, we have N = 2 photons in an initially entangled state. One photon
will interact with the sample in the s-channel while the other channel is empty and
taken as the reference (r-channel). Accordingly, we determine the output state by

evaluating the map

[Gou) = (1 @ U(@)) [} (3.9)

In this formulation, we account for the scenario wherein the sample under consider-

ation could either take the form of a linear polarizer (LP) or a quarter wave plate
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(QWP), each characterized by a distinct angular parameter denoted as «. In the
case of the LP, « signifies the transmission angle relative to the vertical axis within
the laboratory frame. Conversely, for the QWP, « denotes the angle defining the
orientation of the fast axis of the birefringent crystal concerning the vertical axis
within the laboratory frame.

The effect of a QWP in the canonical polarization basis can be described by [Bar-
nett, 2009

cos?a+isina (i —1)sinacosa

Uqwe (@) = , (3.10)

(i—1)sinacosa icos®a + sin®
while for an LP we have |[Barnett, 2009

- sin? o Sin o cos «
ULP(Oé) = . (311)

Sin o cos o cos? o

In the forthcoming section, our analysis is dedicated to the evaluation of the
output state, which arises from a predetermined initial entangled state and distinct
models characterizing the sample. The density matrix components of this output
state are ascertained via QST. These elements, when combined in specific ways,
give the nonlocal 2-photon Stokes parameters. Our objective is to examine the
potential manifestation of a quantum advantage that may arise due to quantum
nonlocality. More specifically, we endeavor to discern whether the adoption of this
nonlocal quantum approach offers any discernible advantages over conventional local
measurements, which are confined to single channels. After finding the output states,

we evaluate the QFI to answer this question.

3.3 Evaluation of the output state

The determination of the output state follows a straightforward matrix product
procedure. For the specific case of a linear polarizer (LP) sample, the outcome can

be succinctly expressed as:

|Yout) = A(|HH) + |VV))+ C|HV)+ B|VH), (3.12)
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Here, the coefficients are assigned as A = sinacosa, B =sin*a, and C =1— B =
cos? a.

Discrepancies between the theoretical predictions and experimental outcomes
for the output state can be attributed to a couple of distinct factors. Firstly, the
experimental initial state possesses slight deviations from the ideal entangled state,
necessitating its description through a density matrix p;,, accounting for these imper-
fections. Consequently, these deviations propagate to the output state, warranting a
depiction as the density matrix p,.. Secondly, real-world sample conditions diverge
from the ideal LP or QWP, introducing diattenuation and depolarization influences
on the photon’s polarization state. These alterations can be effectively modeled
through supplementary operations alongside Us(a), formalized using Mueller matri-
ces in accordance with the Lu-Chipman decomposition |[Lu and Chipman, 1996a],
extended to the quantum domain |[Goldberg, 2020].

In the present analysis, the modest impact of these effects, coupled with the close
proximity of theoretical and experimental outcomes, has led us to omit a detailed
exploration of imperfections in the results. Nevertheless, it is noteworthy that such
imperfections could potentially enrich the polarimetric analysis of an unknown sam-
ple. The constellation of parameters encompassing retardation angle, diattenuation,
and depolarization characteristics can serve as distinctive signatures for materials,
offering a means of characterization and classification vis-a-vis datasets from other
samples.

Further comparison between the theoretical output state and experimental find-
ings has consistently yielded nearly perfect agreement in the case of the QWP as
well. An essential divergence between the LP and QWP scenarios lies in the emer-
gence of imaginary components within the density matrix elements in the latter
case.

The input state for the local, single s-channel scenario is given by the reduced

state
s 1
) = SUH) (HI + V) V), (3.13)

which is maximally mixed, unpolarized, state with Sop = 1/2,5; = Sy = 53 = 0.
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After the LP, the output state becomes
Pt = BIH) (H| +C|V) (VI + A(H) V], + V), (H],). (3.14)

The Stokes parameters of the output state are given by Sy = 1/2,5; = A, Sy =
0,53 = B—1/2, which shows that LP can polarize the initially unbpolarized photon.
Following a similar procedure we find the output of the two photon entangled

state after being acted upon by QWP to be

%(mm vV + ZC%B HV) + C*—\/EZB VH).  (3.15)

For the case of local polarimetry, the state at the output of QWP becomes

W}out) =

ook = S, (HI, + V), (V1,) (3.16)

It is evident that the utilization of both single-channel local and two-channel
non-local quantum polarimetry, encompassing the examination of local and nonlocal
Stokes parameters, or equivalently, the elements of local or nonlocal states, furnishes
a viable means to ascertain the unknown parameters associated with the sample,
represented in this context by the angle . However, which strategy proves more
precise in this pursuit? In order to address this question rigorously, we proceed to

evaluate the QFI in the subsequent section.

3.4 Comparison of the precision

QFI quantifies the maximum achievable information about a parameter using a pa-
rameterized density matrix. The Quantum Cramer-Rao bound (QCRB) establishes
a lower bound on the variance of any unbiased estimator & of the parameter o such
that for a single repetition of the measurement of #, the variance of the estima-
tor is lower bounded by the reciprocal of the QFI [Sidhu and Kok, 2020b|. The

mathematical expression of the QCRB for an unbiased estimator & is

1

> _ -
Var(a) > iy

(3.17)



Chapter 3: Nonlocality enhanced precision in quantum polarimetry via entangled photo#d

in which m is the number of observations and Fy is the QFI. For a pure state QFI
can be expressed as [Sidhu and Kok, 2020b]

Fo = 4[(5a¢\3a¢> - ‘<w|aaw>‘2] (3-18)

For a mixed state the QFI becomes [Sidhu and Kok, 2020b]

— (ath)‘i)2 ()\Z - /\j)2 ' NG
]:_; Ai +2; Ai + X [(€3lacs)" (3.19)

We aim to find the estimation precision of the parameter o using QFI for both
local and non-local scenarios. For the case of the LP, the output state for the single

channel has the matrix form

B A
Pout — 3 (320)
A 1-B

whose eigenvalues are A\g = 0 and A\; = 1. The corresponding eigenvectors can be
written as eg = (cosa —sina)” and e; = (sinacosa)?. For the case of an entangled
initial state and two-channel nonlocal polarimetry, the output state is a pure state as
given in Eq. . Substituting them into the quantum Fisher information formula
gives

F II:P =4,

(3.21)

Fip = 8.
Both expressions are independent of . Hence we find Py = 2F%. Similar calcu-
lations for local metrology for the case of QWP gives

L

Fawe =0 (3.22)

Fowe = 8.
It is clear that the output state for the local case is parameter independent as given
in Eq. and we can’t use it to give any estimate of a. Therefore the non-local
approach is far superior than the local one for the case of QWP. It is instructive to

check the QFT for equally weighted superposition states of vertical and horizontal
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polarization modes for the two photon polarimetry scheme. Using such a state for
two-photon LP and QWP settings we get
Fir =4,
(3.23)
]:SEVP =8 — 4cos*(2a).

From Eq. we see that for local polarimetry, the QFI for the superposition
state (|H) + |V))/v/2 for the case of LP is equivalent to that of completely mixed
state given in Eq. . For the case of QWP, upon using the superposition state
as a probe, one gains an overall increase in efficiency compared with the completely
mixed probe states. However, we see that the QFI becomes dependent on « in this
case and it takes values between 4 and 8. We see that polarimetry for QWP and LP
with entangled photons not only yields a larger result for QFI, but entanglement is

also necessary to gain information independent of the specific choice of a.

3.5 Quantum State Tomography

QST is the process of reconstructing a quantum state from the measurement out-
comes of experiments on an ensemble of identical quantum states |[James et al.,
2001}, [Paris and Rehécek, 2004, D’Ariano et al., 2003, Altepeter et al., 2005]. Con-
sidering that the measurements are represented by the positive operator-valued mea-
surements (POVM) II; = |¢;) (4|, we know that measuring II; will produce an

outcome with label ¢ whose probability is calculated using Born rule
pi = Te[pIL;]. (3.24)

Experimentally, one measures the POVM, N times using N copies of the unknown

state p. The average number of coincidence counts will be given by
n; = N'Tr[I1;]. (3.25)

Therefore in QST one approximates p; by f; = n;/N. For N' — oo the probability
for these measurement outcomes is given by p; = n;/N. Assuming that the Hilbert

space is finite dimensional and taking E; as a set of orthonormal Hermitian basis of
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traceless operators, we can express the density matrix as:

I

Here, r; are real numbers and d is the dimensionality of the Hilbert space. Substi-

tuting Eq. (3.27)) in Eq. (3.24)) and approximating the probabilities with frequencies

we get.
fi ~ Z 7 Tr[I1, E;). (3.27)
Assuming that f; = f; — Tr[[l;]d and II;; = Tr[I; ;] we can write this equation in

a matrix form as f ~ IIr. The goal is to find the vector of expansion coefficients
T using f which is only possible if the matrix IT is invertible. This condition is
satisfied for informationally complete sets of POV Ms that span the space of density
matrices acting on the Hilbert space.

In what follows in this section, we will present a basic review of optical polariza-
tion QST for a single and two qubit systems. In polarization QST the experimental
data is a collection of coincidence counts of the photodetectors implementing a col-
lection of projective measurements. In polarization measurements, the usual states
used for projective measurements are horizontal (|H)) and vertical (|V)) linear po-
larized states, right (|R)) and left (|L)) circular states and diagonal (|D)) and anti-
diagonal (|A)) polarization states. Hence, the goal is to estimate the state p based
on the information of the coincidence counts n; for each projective measurement

|1;) (¢;]. For a single qubit Eq. (3.8) can be written as

3
1 Si
S § o, 3.28
2 £ 5,7 (3.28)
Writing the Stokes operators in terms of the POVMs one can find their expectation

values as

N =ng+ny=np+ns=ng+ng,

1
Sl - —(TLD - TLA),

N (3.29)
SQ = N(nR — nL),

1
S3 = /T/(nH — nv).
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Upon substituting these equations into Eq. (3.28) and assuming Sy = 1 (no photon
loss) one can estimate the one qubit density matrix using the coincidence numbers

of the six POVMs. For two qubits Eq. (3.8) can be written as
p=S rb (3.30)

in which the basis I'; are the two-qubit Stokes operators. In Eq. |j r; = Tr [f‘l )
are the expansion coefficients of the density matrix for their respective two-qubit
Stokes operators given as a 16 x 1 vector. The coincidence counts and the expansion

coefficients are connected via

16
n; = NZ(Bil)iJ"n,j. (331)
=1

The 16 x 16 matrix B is defined as B;; = (¢;|I'j [¢;). It is shown that the density

matrix can be expanded as
1o
p=— Mn, (3.32)
N i=1
in which the matrix ]\Z/Z are 4 x 4 matrices defined via

16
M; =) (Bl (3.33)
=1

To partially mitigate the detrimental effects of experimental systematic errors on
the reconstructed density matrices, one can utilize maximum likelihood estimation
(MLE). In MLE, the objective is to explore the entire space of permissible, physically
valid density matrices in order to identify the one that maximizes the likelihood of
yielding the observed measurement outcomes. During this optimization process, to
ensure that the resulting states are physical, the density matrices are written as
their normalized Cholesky decomposition
T
T T[]

p(t)

(3.34)

By construction, Eq. (3.34) yields a positive, Hermitian and normalized density
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matrix. The operator T is a triangular matrix and is parametrized as

~ t n + Zt n t R O
T(f) _ |t 241 2 (3.35)
t4n,1 + 'it4n t4n,3 + 'l't4n,2 t4n,5 + it4n,4 t2n.

The distribution of coincidence numbers is of Poisson type but for large coincidence
counts, due to the central limit theorem, one can approximate this using a normal
distribution. For a normally distributed coincidence counts, the likelihood that the
parametrized density matrix Eq. produces the measured counts is

WTe[ILp(6)] — i)
2NTr[ﬂiﬁ(f>] .

1
N’I’LOT‘T}’L

(3.36)

The task is to maximize this likelihood function by finding the optimal values for
the parameters in . To simplify the procedure, one can minimize the negative of the
log-likelihood function instead of maximizing the likelihood. Doing so, the function
that MLE minimizes becomes

Lox  (NVTILA(F)] — ni)?
£ = 2o | = T ) ] |

(3.37)

Hence, through the process of MLE quantum state tomography, due to Eq. (3.34])
one is guaranteed to get a valid density matrix which minimizes the penalty func-
tion Eq. (3.37)) and therefore is most likely to produce the experimentally measured

coincidence counts.

3.6 Experimental Implementation

The experimental setup that we used within the reported studies is outlined in Fig.[3.2]

A polarization Mach-Zehnder interferometer with two periodically-poled KTP (KTiOPO,)
crystals serves as the source of polarization-entangled photon pairs [Horn and Jen-
newein, 2019]. The wavelength-degenerate photons at 810 nm are produced through
spontaneous parametric down-conversion (SPDC) in type-IT phase matching config-

uration. At the exit of the interferometer the photons are split into two spatially
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Figure 3.2: Optical arrangement used in the experiments. (a) Nonlocal quantum
polarimetry using a pair of polarization-entangled photons (Bell state in the form
ofl/v/2(|[HV) + |V H)). (b) Local quantum polarimetry. The partner photon from
the entangled pair acts as a heralding one. PSA: polarization state analyzer; a:
angle of sample’s principal optical axis orientation (fast axis for quarter-wave plate,

transmission axis for linear polarizer); SPCM: single photon counting module.
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separated channels. In one of the channels we employ a combination of quarter-
and half-wave plates to ensure the Bell state in the form of \%(\H V)+|VH)). The
preparation of the entangled photon pairs is not detailed in the figure.

The performance of the source is evaluated via QST [James et al., 2001] using
one detector per channel. For projective polarization detection we introduce rotating
QWP and LP in both channels and fiber-coupled single photon counting modules.
By using a time tagging device we acquire the coincidence events which are then used
for reconstructing the density matrix by the maximum likelihood method [Paris and
Rehdcek, 2004]. The experimentally achieved state reaches a concurrence of 0.94
and a fidelity with the designed Bell state of 0.96.

During the sample evaluation, a QWP or a LP is introduced into the sample
channel at several orientations. The angles between the optical axis of the sample
(fast axis of the QWP, transmission axis of the LP) and the vertical axis in the
laboratory frame were 0, 45°, 90°, and a randomly generated angled of 37°. Following
the concept from Fig. we performed measurements using the one- and two-
channel configurations. For the latter, the same procedure as for source performance
evaluation was used, but with a sample influencing the polarization of one of the
photons from the pair.

For the one-photon measurement we utilized the same source but polarization
sensing was performed only in the sample channel. Taking into account that the
number of coincidence events is much less than the single photon counts, the coinci-
dence based measurement in two-channel configuration can not be directly compared
with the single-photon experiment by simply using the same integration time. To
overcome this issue we performed heralded single-channel measurements. For this,
the QWP and LP in the reference arm were removed and the projective measure-
ments were performed only in the sample channel. Also here, we counted the coinci-
dence events between two channels, now the reference photon acting as a heralding
one, and used these counts for one-photon density matrix reconstruction [Paris and
Rehécek, 2004]. Hereby we kept the number of photons contributing to the useful

signal on the same level as in the two-channel measurement mode.
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Figure 3.3: Representative density matrices of the probe state (”source”); two-
photon state after the signal photon interacted with a linear polarizer (LP) and a
quarter wave plate (QWP) oriented with their optical axis at 37° (averaged over 10
experimental runs); signal photon state after interaction with LP and QWP oriented

at 37° (averaged over 10 experimental runs).

The representative examples of the density matrix of the two-photon state en-
tering the experimental arrangement, and outcomes from the two- and one-channel
measurements are shown in Fig. [3.3] For both modes of the experiments we mea-
sured the density matrix of the quantum state altered by the sample, each repeated

10 times.

3.7 Theoretical Analysis of the Data

In order to compare the experimental results given in Fig. [3.3] with the theoretical
predictions, in Fig. we calculated the expected output density matrices for each
polarimetry task, which are shown in Fig.[3.4. We have used the open source package
QuTiP for our calculations [Johansson et al., 2013].

Upon comparing Fig. [3.3] and Fig. we see that although they are qualita-
tively very close, the measured and calculated density matrix differ slightly. This is
expected due to several sources of error and noise including state preparation error,

ambient dark noise, imperfections in the optical elements, fluctuations of the photon
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Figure 3.4: Theoretical results for the density matrix after each experiment shown
as a histogram. Real (a) and imaginary (b) components of the density matrix for
the non-local scheme with LP. Real (c¢) and imaginary (d) components of the density
matrix for the non-local scheme with QWP. Real (e) and imaginary (f) components
of the density matrix for the local scheme with LP. Real (g) and imaginary (h)
components of the density matrix for the local scheme with QWP. Both LP and
QWP are oriented at 37°.
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source and errors in photon counting and post-processing. The errors are more pro-
nounced for the local and non-local polarimetry experiments on LP. To gain a better
understanding of the errors with respect to the theoretical predictions, in Fig.
the fidelity of the experimental density matrices with their theoretical counterparts
are given. Here we clearly see that the aforementioned experimental data are more
distant to their theoretical counterparts. The goal in these experiments is to predict
the value of o which we set to be equal to 37 degrees. We consider two different

estimators to find the rotation angle of the optical devices.

1.00{ ¢ & & 4 ¢ 4 ¢ 4 4 e
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e o o ®° ° 4 4 o o o
- e owpy
£ 0.90 A LPy
g * LP
[ ¢ owp
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* *
2 4 6 8 10
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Figure 3.5: Fidelity between the tomographically reconstructed experimental density
matrix and the theoretical density matrix for each experiment. Black diamonds,
green circles, blue triangles and red stars represent the results for local QWP, non-

local QWP, non-local LP and local LP respectively.

From Eq. (3.12), Eq. (3.14) and Eq. (3.15)) we can use the following expressions

as estimators for a.

AL = arctan( &),
P22
deWPNL = arccos(v/2(ps3 — paa)), (3.38)
A"t = arctan( &)

P22
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We can also define another estimator based on the value of angle that maximizes
the fidelity between the experimental density matrix and the density matrix obtained
by transforming the input state (entangled state for the non-local and maximally
mixed state for the local) by that angle, using the corresponding transformation

matrix related to the experiment

Gy = {a" € [0,7/2] : Vo € [0, /2], fidelity (pexp, €a+ (pin)) = fidelity (pexp, Ealpin))}-

(3.39)

Here, ¢, represents a transformation operator using QWP or LP acting on the
initial state and giving the final state and parameterized by a. So all the estimators
given in Eq. have their counterparts in Eq. . In Fig. the estimated
angles given by these two sets of estimators are given.

Although theoretical predictions without considering any source of noise yield
the correct result for the value of the angle, it is evident that the average value of the
estimated angles for all polarimetric procedures and both estimators, does not equal
to the real value of a = 37. Therefore, the results suggest that the angles estimated
using experimental data contain statistical bias, reports for which are available in
the literature [Riberi et al., 2023, [Yamamoto et al., 2022|. From Fig. m(a) we see
that indeed non-local polarimetry for LP using entangled photons gives a better
estimate of a as compared to the local case. Also, we see that the QWP experiment
has a far larger error compared with both of the LP experiments. However, even
this is a considerable improvement compared to the local QWP experiment because
in that case QFI is zero and no angle can be estimated. In Fig. |3.6(b) we see that
applying the estimator defined by the fidelity maximization procedure, more accu-
rate estimates for the values of o are obtained. In this estimator, unlike the one
given by Eq. , the information from all of the elements of the density matrices
are used and therefore generally it is expected that it will yield a better estimate.
However, the effect of the noise on the estimation of the angle is highly non-trivial
and comparing Fig. 3.6(a) and Fig. |3.6(b) we can see that although the accuracy of

non-local polarimetry is higher than local case for the estimator &y, the converse is
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Figure 3.6: Estimated angle a for each experiment using two different estimators.
(a) Estimated angles with &; using the trigonometric relations between the elements
of the density matrices given in Eq. . The red stars and red dotted line are
the angles estimated for local LP experiment and their average. The blue triangles
and blue dot dashed line are the angles estimated for non-local LP experiment and
their average. The green circles and green dashed line are the angles estimated
for non-local QWP experiment and their averages. (b) Estimated angles with &s
using the fidelity maximization procedure given in Eq. . The description of
the data points and their averages are similar to part (a). The solid black line is the
actual value of the angle at 37 degrees. The variances for the estimated angles in
(a) are Var(aX™™) = 0.1202, Var(aV"™) = 0.0135 and Var(at™) = 0.0087. The
variances for the estimated angles in (b) are Var(a5™™) = 0.0744, Var(a3" M) =

0.1735 and Var(as™) = 0.4049.
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true for &y . Additionally it must be stated that the estimate given in Eq. (3.38))
has one advantage over Eq. (3.39) and that is the fact that one only needs two den-

sity matrix elements to come up with an angle estimate and full QST is not required.

Our results demonstrate that although one can use entanglement to enhance
parameter estimation sensitivity, it is also important to consider the effect of realistic
metrological experiments with various possible noise contributions on the accuracy
of the estimated parameters. It is also important to design estimators which are
more robust to loss of accuracy due to noise. For example, it is shown in Fig.
that a; is more susceptible to the noise-induced bias compared with &s. It is worth
mentioning that for biased estimators the QCRB becomes [Sidhu and Kok, 2020b]

(1 + 0ab)?

Var(a) > Yo

, (3.40)

in which b is the bias of the estimator. Our results show that, taking into account
the various sources of experimental noise and uncertainty, estimated values for the
angle will contain bias. To investigate the validity of this assertion and get more
insight, in the next section we will perform QST on a set of numerically generated

data which takes into account several sources of noise.

3.8 Theoretical Model of the Experimental noise

However small it may be, no experiment is immune to noise. It is important to take
into account the effects of noise on the results of the experiment, quantify it if it
is possible, and take measures to mitigate such effects. In our experiment several
sources of error exist that can potentially distort the data. In our theoretical analysis
of the effect of noise we only consider four sources of noise, namely state preparation
noise, dark counts, misalignment of measurement bases and Poisson noise in photon
counting. Other possible sources of error such as imperfections of the photodetectors

and other optical elements are neglected. We model the state preparation noise as

pin = qp + (1 —q1)pr, (3.41)



Chapter 3: Nonlocality enhanced precision in quantum polarimetry via entangled photobs

in which p is the desired noiseless input state, p, is a an average of a number of
random density matrices and ¢; € [0, 1] is a real number quantifying the amount of
preparation noise. In addition to the optical signal, the background noise can also
trigger the photodetectors and induce dark counts. To model this effect, we assume
that the quantum state of the background noise is given by a maximally mixed
state and that it also contributes to the input of the photodetectors [Czerwinski,
2022, (Czerwinski, 2021].

Iy

2. (3.42)

ﬁ/ = QZ)aout + (1 - Q2)

Here, ¢; € [0, 1] is a real number quantifying the amount of dark counts and I isadx
d identity matrix. po, is the density matrix at the output of LP or QWP considering
the fact that the input state is p;,. During the experiments, the measurement
process is also subject to noise. In our calculations we model this noise by random
rotations of the projection operators. The rotation operator is given by [Lohani
et al., 2020} Danaci et al., 2021} |Czerwinski, 2022, |Czerwinski, 2021].

. e“1/2cos(ws)  —ie™?/%sin(ws)

U(wl,WQ,W3) = (343)

—ie”2/%gin(ws) e “1/2cos(ws),

in which wy, wo, ws are normally distributed parameters with zero mean and stan-
dard deviation o. In this framework, o determines the amount of noise due to
random rotations and misalignment in the measurement bases. The rotated projec-

tion operator becomes

A ~ ~ A A~

I = (I @ ILI o UY. (3.44)

)

The coincidence counts, including the sources of noise, is given by
n) = N{Tr[T,p), (3.45)

in which N; € Pois(N) is randomly generated using the Poisson distribution with
the mean value of N. Using Eq. (3.45]) we include the effect of Poisson noise in our

calculations for photon counting.
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Our goal is to show that the mentioned experimental noise models can induce bias
in our parameter estimation problem. We don’t intend to optimize the parameters
of our noise model to quantify the experimental errors more accurately. For our
calculations we take o = 7/720, N' = 5000. The random density matrix in Eq.
is averaged out of 20 random density matrices. Also, to make presentation of our
results simpler, we take q; = g2 = ¢. The theoretical results for noisy QST for our
chosen set of parameters is given in Fig.|3.7 Comparing Fig. [3.7(a) and Fig. [3.7|(b)
it is clear that compared to &; using s as an estimator will result in a smaller bias.
Our calculations show that for &y, although there are fluctuations due to Poisson
noise, the bias increases linearly with parameter ¢ as shown in Fig. [3.7(a). For our
selected set of parameters we see that in Fig.|3.7(a) that in case of using &; as the

ML results in the smallest bias. However, using the estimator as, as

estimator a1"
shown in Fig. [3.7(b), 5" " yields the smallest value for bias. Our results clearly show
that including sources of error in our calculations will induce bias in the estimated
angles. Therefore, to fully utilize the metrological quantum advantage one can either

try to reduce the effect of noise on the experimental results, or design estimators

that are less susceptible to noise.
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Figure 3.7: The magnitude of bias for the estimator (a) &; and &s (b) . In both
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Chapter 4

QUANTUM ESTIMATION OF THE STOKES VECTOR
ROTATION FOR A GENERAL POLARIMETRIC
TRANSFORMATION

4.1 Introduction: Quantum Polarimetry of Biological Tissues

Polarization is a property of a propagating electromagnetic wave which quantifies
the direction of the oscillations of the electric field. This property of the electromag-
netic waves is exploited in a diverse set of technological applications in materials sci-
ence [Nesse and Nesse, 2004, |Kaminsky et al., 2004, Theeten and Aspnes, 1981}, [Lo-
surdo et al., 2009, |Andreou and Kalayjian, 2002, astronomy |[Tinbergen, 1996 |Snik
and Keller, 2013], medical sciences |[He et al., 2021b, Vitkin et al., 2015b| |Ghosh
and Vitkin, 2011, |Ramella-Roman et al., 2020, Gramatikov, 2014], and quantum
information [Kok et al., 2007]. Interaction with a medium can alter the polarization
state of light. A simple framework for calculating the transformation of polarized
light by different optical elements is Jones matrix calculus [Hecht, 2017]. Here, the
polarized light is modeled using a 2 x 1 vector and the optical elements causing
the polarized light to undergo linear transformations is modeled by 2 x 2 matrices.
However, Jones calculus is only applicable for fully polarized states. A more general
framework is the Mueller matrix calculus, which can be used to model partially
polarized states and depolarizing transformations as well [Hecht, 2017]. In Mueller
calculus the polarization states are represented by the Stokes vectors which are 4 x 1

vectors and optical elements are modeled using 4 x 4 Mueller matrices.

Optical polarimetry is a field of study and a set of techniques concerning measure-

ment and interpretation of the polarization information. Studying the polarization
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of light before and after it interacts (transmission, reflection, or scattering) with a
medium, one can infer several optical and geometric properties of the sample. Based
on the optical properties of the material under study different polarimetry techniques
might be used, such as transmission polarimetry or ellipsometry. Mueller polarime-
ters comprehensively measure the change of polarization state of light providing 16
elements of the Mueller matrix of a sample . The non-invasive nature
and high precision of polarimetry makes it suitable for studying sensitive samples.

Ellipsometry is widely used for many applications including measurement of the re-

fractive index and thickness of thin films [Theeten and Aspnes, 1981]. Polarimetry

techniques can also be used to measure the polarization parameters of the biological

samples. For instance, the thickness of the retinal nerve fiber layer (RNFL) can

be used to diagnose glaucoma |Gramatikov, 2014, Bueno, 2000, Knighton et al.|
2002, Benoit et al., 2001, Huang and Knighton, 2003]. The basic principle is that,

RNFL is birefringent, therefore it can be modeled by a linear retarder which rotates

the Stokes vector of the incoming probe state. Estimation of this rotation angle

yields an estimate of the thickness of the RNFL [Knighton et al., 2002} Benoit et al.|
2001} Huang and Knighton, 2003].

With growing interest in quantum metrology, there have been attempts to utilize
quantum resources for precise measurement of physical parameters. Estimation of

rotation angles is also of a great interest in quantum communication for studies in

alignment of the reference frames of the communicating parties|Peres and Scudo,
2001a; [Peres and Scudo, 2001b|, Rezazadeh et al., 2017, Bagan et al., 2001, Chiri-|
bella et al., 2004}, [Kolenderski and Demkowicz-Dobrzanski, 2008, [Safranek et al.

2015, |[Koochakie et al., 2021]. Interestingly, there is a straightforward link between

classical polarization optics and quantum mechanics of two level systems [Aiello
et al., 2007]. Other than rotation sensing, there are also attempts to utilize quan-

tum resources for specific polarimetric tasks [Yoon et al., 2020, Rudnicki et al.|

2020, Jarzyna, 2021]. Furthermore, quantum correlations of the probe state have

been utilized to enhance the measurement precision in polarimetry tasks
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mnonen et al., 2020, Magnitskiy et al., 2020, Magnitskiy et al., 2022, |Restuccia
et al., 2022b| Vega et al., 2021|, [Pedram et al., 2024b]. Goldberg et al. [Goldberg,
2020, |Goldberg et al., 20214, |Goldberg, 2021}, \Goldberg, 2022a] have studied changes

in quantum polarization and have consolidated a quantum mechanical framework

for polarimetry.

Several works have been carried out investigating the ultimate sensitivity limit
and possible improvement for measurement of the optical properties of samples. It is

shown that the NOON states and Kings of Quantumness (anticoherent states) yield

Heisenberg limit (HL) scaling for rotation sensing [Chryssomalakos and Hernandez-
\Coronado, 2017, Bouchard et al., 2017, Kolenderski and Demkowicz-Dobrzanski,|
2008, |(Goldberg and James, 2018|, Martin et al., 2020, Goldberg et al., 2021, [Eriks-

son et al., 2023]. For measurement of optical losses in a bosonic channel it is shown

that Fock and two-mode squeezed vacuum (TMSV) states are optimal, however
their error scaling doesn’t surpass the standard quantum limit (SQL) [Adesso et al.,
2009, [Alipour et al., 2014], Brambilla et al., 2008, [Crowley et al., 2014, [Hayat et al.)
11999, Heidmann et al., 1987, loannou et al., 2021],|Jakeman and Rarity, 1986/, |Losero|
et al., 2018, Monras and Paris, 2007, Nair, 2018, |Atkinson et al., 2021]. Studies

have shown that for sensing the depolarization parameter HL scaling is not pos-

sible. However, using correlated probes and ancilla-assisted schemes increases the

estimation accuracy [Sasaki et al., 2002, |Collins and Stephens, 2015, [Frey et al.|

2011}, Hotta et al., 2005]. In general, it was argued that no parameter which is

encoded on the density matrix by a non-unitary operator or a convex combina-
tion of unitary operators can be estimated beyond shot noise limit [Ji et al., 2008].
At the same time, subsequent studies demonstrated that employing controlled and
error-corrected methodologies in metrology and environmental monitoring could po-
tentially reinstate the HL in specific cases [Kessler et al., 2014} [Zhou et al., 2018,
barelli et al., 2018, Tratzmiller et al., 2020].

Based on the framework developed in |Goldberg, 2020] and inspired by the stud-
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ies in vision and applications of metrology in biological systems |[He et al., 2021b|
Vitkin et al., 2015b|, (Ghosh and Vitkin, 2011, Ramella-Roman et al., 2020, |Gra-|
matikov, 2014] Bueno, 2000|, [Knighton et al., 2002], [Benoit et al., 2001], [Huang and|
Knighton, 2003, Taylor and Bowen, 2016, Pedram et al., 2022], we aim to assess

the feasibility of using quantum polarimetry for estimation of rotation angle due to
a birefringent medium, modeled by a linear retarder, in presence of diattenuation

and depolarization. Studies on biological tissues have shown that, although the po-

lar decomposition of Mueller matrix [Lu and Chipman, 1996b] in tissue polarimetry

can yield reliable polarization properties in classical regime, this decomposition does

not correspond to the underlying physical reality [Vitkin et al., 2015b} Ghosh et al.,

2009, |Gao, 2021]. Furthermore, experimental evidence suggests that optical quan-

tum entanglement can survive while photons are being transmitted through highly

scattering biological tissues [Shi et al., 2016, [Huang and Zeng, 2020, Lum et al.,

2021, Mamani et al., 2018]. Therefore, it is crucial to investigate the precision limits

in quantum polarimetry considering non-commutativity of the elementary compo-
nents of the Mueller matrix, which implies considering different composition orders

of the quantum polarization channels.

This chapter is organized as follows. In Section we introduce concepts in
quantum polarimetry such as Stokes operators and their transformations due to po-
larization channels. In Section [4.3] we present a brief explanation on Majorana repre-
sentation of quantum polarization states and quantum concepts in optical polariza-
tion and introduce Kings of Quantumness and the concept of anticoherence. In Sec-
tion the results of our calculations for QFI using NOON, Kings of Quantum-
ness [Chryssomalakos and Hernandez-Coronado, 2017, Bouchard et al., 2017, Kolen-|

derski and Demkowicz-Dobrzanski, 2008, (Goldberg and James, 2018|, [Martin et al. |

2020, |Goldberg et al., 2021b| [Eriksson et al., 2023] and coherent states as probe

states are given and in Section a possible experimental implementation is dis-

cussed and finally.
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4.2 Quantum Description of Polarized Light and Polarization Trans-

formations

In a quantum optical setting, each polarization mode can be thought of as a harmonic
oscillator. One can write a general pure state of light by acting the creation operators

of the horizontal and vertical polarization modes on the vacuum state.

’\IJ> = Z Cni,ng ’n17n2>7

e 4.1
atmptne (4.1)
ny,ng) = ——10,0) .
| 1 2> \/W| >

We take G and b to be the annihilation operators of the horizontal and vertical
polarization modes respectively. These operators satisfy the bosonic commutation
relations.
la;,al) = 6,5, @i, a5) = [a},al] =0, @ € {a,b}. (4.2)
Using the field operators of the horizontal and vertical polarization modes we can
define the Stokes operators as
So = (a*a+ BTIS) /2, S = (a*ﬂé*a) /2,
. . . L (4.3)
Sy = —i (&Tb _ bTa) 12, 8y = (a*a _ b%) /2.
The Stokes operators are quantum generalizations of the Stokes parameters, which
are promoted to an operator status. These operators obey the following su(2) alge-
braic relations,
3
[Si, S]} =i €Sk,
= (4.4)
524824+ 52=25, (S0+1).
Similar to the classical case, one can use the Stokes operators to define a semiclassical

degree of polarization (DOP) [Goldberg et al., 2021a]:

Pwﬂyzww”@ﬁﬂwf .
(So) (So)
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Here, (S;) = Tr[pS;] denotes the expectation value of the operator S; and S is the
normalized Stokes vector. However, in general for quantum states, this definition
for the DOP fails to capture their polarization behavior and one needs to take into
account so called “hidden polarization” or higher order polarization to which higher
moments of the Stokes operators contribute [Klyshko, 1992, |Alodjants and Arake-
lian, 1999, Luis, 2002, Klimov et al., 2005, |Luis, 2007b, |[Klimov et al., 2010} Bjork
et al., 2010, Luis, 2007al, Iskhakov et al., 2011, [Nogueira et al., 2013 Kothe et al.,
2013| Sanchez-Soto et al., 2013|. In quantum mechanics, a general transformation
of an operator is described by a completely positive trace preserving (CPTP) dy-
namical map which is also dubbed as a quantum channel. Kraus’ theorem states
that any quantum channel can be described by a set of Kraus operators {K;} such

that,
5, > Y KIS.K, (4.6)
!

For the expectation values of the Stokes operators to transform according to the

classical Mueller description, the following condition must be satisfied:

(Su) = > M, (S,). (4.7)

For both Eq. (4.6) and Eq. (4.7)) to hold, we can impose the condition that the Stokes
operators should transform in the same way as the Stokes parameters |Goldberg,

5020], thus
Z AITS(;LKZ = Z MHJ/SV' (48)

It has also been shown that if the Mueller matrix is not singular, one can decompose
it into a product of three elementary matrix factors with well-defined polarimetric
properties, a retarder, a diattenuator, and a depolarizer [Lu and Chipman, 1996b],

using the standard Lu-Chipman decomposition as
M = MygMgMp. (4.9)

Here, Mp, Mg and Mj are the elementary Mueller matrices for the diattenuation, re-

tardation and depolarization components respectively. Firstly, it must be noted that
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this decomposition is made solely for interpreting the polarimetric data and extract-
ing physical parameters more conveniently by capturing the effective polarization
transformation and doesn’t necessarily describe the actual physical underlying pro-
cess. This is specially the case for biological tissues for which the depolarization,
diattenuation and retardation effects are likely to occur simultaneously
2015b, |Ghosh et al., 2009, (Gao, 2021]. Secondly, due to the fact that in general the

matrix product is non-commutative, the decomposition order given in Eq. is
not the only decomposition that one can make out of the original Mueller matrix.
Based on the optical characteristics of the sample, there exist a multitude of ways
to break down the total Mueller matrix into a combination of the elementary ones,
of which Eq. is only a special case [Vitkin et al., 2015b, [Lu and Chipman,
1996b, |Ghosh et al., 2009, (Gao, 2021, Morio and Goudail, 2004}, \Gil et al., 2013}, |Os-|
sikovski et al., 2007, |Ossikovski, 2012, |Ortega-Quijano and Arce-Diego, 2011, |Os-|
sikovski et al., 2008]. Based on Eq. we can describe the quantum mechanical

polarization channels as [Goldberg, 2020]

e(p) =eqoeroep(p), (4.10)

in which ep, eg and ¢, are the diattenuator, retarder and depolarizer channels,
respectively. A schematic representation of this channel is given in Fig. [4.1(a). The
retarder channel rotates the Stokes vector which also acts as a unitary rotation on
the density matrix [Goldberg and James, 2018, Goldberg, 2020, Goldberg, 2021,
Goldberg, 2022a]:

er(p) = R(0,n)pR (0, n). (4.11)

Here, the operator R is given by

R(A,n) = exp(i#S.n), (4.12)
in which n = (0, ®) is the rotation axis with and 6 is the angle of rotation. In
composite, anisotropic media such as biological tissues, retardation phenomena may

arise from various factors such as reflection, refraction at interfaces, or propagation
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Figure 4.1: (a) A schematic representation of the general polarization channel. In
this figure the order of the action of the diattunator, retarder and depolarizer chan-
nels follows the standard Lu-Chipman form. (b) Distribution of fibers in an inho-
mogeneous biological sample and overall rotation axis experienced by the probe.
The large gray arrow represents the net rotation axis for the entire sample and the
smaller colored arrows in dashed circles represents the local net rotation axis for the

respective fiber distribution at each specific subsection of the sample.

through the medium. Notably, these materials harbor distributed fibers, such as
collagen fibers, exhibiting non-uniform distribution throughout the sample. While
initial models often assumed uniformity in the refractive index difference between
ordinary and extraordinary axes, and the uniform direction of the extraordinary
axis across the sample, recent investigations have begun to challenge this simplifi-
cation [Vitkin et al., 2015b]. The orientation of the retarder axis aligns with the
prevailing direction of these fibers within a specific volume of the sample [Vitkin:
et al., 2015b]. However, during local probing of the sample, fiber orientations may
locally fluctuate across different subsections, as illustrated in Fig. |4.1(b). Moreover,
reconstructing three-dimensional images from various sections to ascertain fiber di-
rection introduces inherent noise susceptibility, leading to inevitable uncertainties in
inferred orientations |Jones, 2003, Bancelin et al., 2014} [Menzel et al., 2017, Schmitz
et al., 2020, Chang et al., 2023]. Consequently, among the retarder’s three param-

eters, two primarily dictate the resultant fiber orientation—thus determining the
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rotation axis, albeit subject to uncertainty arising from the aforementioned fac-
tors—while the remaining parameter quantifies the degree of rotation, facilitating
estimation of sample thickness. Our focus lies solely on accurately estimating the
rotation angle.

The diattenuator channel can be modeled by a sequential application of rotation
operators in an enlarged Hilbert space containing two ancillary modes and tracing
out the ancillary modes. It is given by |Goldberg, 2020, (Goldberg, 2021} |Goldberg,
2022a]

€D (ﬁ) — Trm,vz [UD</3 ® |Vac>’017”021)1ﬂ)2 <V&CDUL], (413)
in which v; and v, are the ancillary modes and the operator Up is

Up = R} (0, 8,7) Ry, (0, —2c0s ™ (0, /7, 0))

) ) (4.14)
Ry, (0, —2cos (0, V4, 0)) R (0, 5,7).

Here, Ra,b denotes a rotation operator between modes a and b parametrized by
the Euler angles (0, 3,7). ]:Za,m and Ji’bm are rotations between modes a and vy
and b and v, correspondingly with their respective attenuation parameters ¢ and
r. For the case of depolarization, one can give a classical-like decomposition of a
state into a convex combination of the completely polarized state and the isotropic

state [Goldberg, 2020].

~

In
N+1’

e() = Phpor+ (1=1) Y by (4.15)
N

in which p is the depolarization parameter and py is the weight factor in each pho-
ton number subspace. However, this decomposition doesn’t always work for the
case of quantum states and also, such a convex combination can only describe sin-
gle photon states and classical states undergoing isotropic depolarization |Goldberg,
2022a;, |Goldberg, 2022b, |Goldberg, 2021]. We can construct a quantum depolar-
ization channel by a convex combination of different rotation operators |Goldberg,

2021 [Goldberg, 2022a).

ey () =Y P(i)RipR. (4.16)
i=1
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In Eq. (4.16]), P(i) is the probability for the rotation operator R; and the sum
of all the probabilities must add up to one. Depolarization can be caused by the
interaction of light with an ensemble of atoms due to random rotations induced by
the interaction on the photonic state [Klimov et al., 2006| [Klimov et al., 2008, Rivas
and Luis, 2013]. The channel given in Eq. is a simple model for such a
physical process [Goldberg, 2021]. However, there are also models for depolarization

of quantum states based on master equations [Klimov et al., 2006, Klimov et al.,

2008, Rivas and Luis, 2013], two of which are presented in Eq. (4.17)) and Eq. (4.18)).

Do~y dp AN A AN - AN A
£§(p) = =& = vi(D(51)p + D(S2)p + D(Sa)5). (4.17)

a)/ A dA A\ A A\ A A A
LEP) = T = e D505 + va(D(S2)p + D(Ss)5). (4.18)

In Eq. and Eq. , the expression D(A)p = 24pAt — At Ap— pAT A denotes
the dissipator superoperator with the jump operator A, while E((;) and Egl) repre-
sent the Lindblad generators governing their respective Markovian depolarization
dynamics. Consequently, we establish a connection between these generators and
their associated channels as 5&‘? (p) = exp(ﬁ&x)t)[)(O), where x = i,a. It is impor-
tant to differentiate between the two depolarization master equations: in Eq. ,
unlike Eq. , the depolarization rates along the three axes Si, Sy and Sy are
not equal. Moreover, it’s worth noting that the dissipator ﬁ(go) in Eq. holds
no relevance for depolarization dynamics. Accordingly, the master equations de-
scribed in Eq. and Eq. are commonly referred to as the isotropic and
anisotropic depolarization channels, respectively. The master equation in Eq.
is also recognized as the su(2)-invariant depolarization in literature [Rivas and Luis,
2013].

While the isotropic depolarization, as delineated by the Markovian master equa-
tion in Eq. , exhibits a more intricate dynamic behavior compared to the
semi-classical phenomenological channel outlined in Eq. [Denis and Martin,
2022|, it inherently assumes that the probability distribution governing the rotation
vector (encompassing both rotation direction and angle) is solely contingent upon

the magnitude of said vector. Consequently, transformations with non-negligible
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probability primarily involve small magnitudes of the rotation vector, hence imply-
ing small rotation angles. Consequently, the isotropic depolarization channel can
be conceptualized as a composite of numerous small rotation operators. On the
other hand, the dynamics governing anisotropic depolarization are derived within
the weak coupling limit, thereby implying small rotation angles, and are subject
to the rotating wave approximation and Markovianity assumption [Klimov et al.,
2006, Klimov et al., 2008]. A thorough examination of isotropic and anisotropic
depolarization dynamics concerning spin states is undertaken in |[Denis and Martin,

2022].

4.3 Majorana Constellations and Quantumness of Polarization States

A quantum state describing a particle with angular momentum or spin S is in
a (25 + 1)-dimensional Hilbert space Hg. For spin S, we label 25 + 1 levels as
m = —=S,....,S. Hg is spanned by the set of basis |S,m), which is usually called
the angular momentum basis or Dicke basis. One should note that for spin S
the space of states is Hg € C?*! but for angular momentum the space of bound
states is the infinite sum of such spaces for every possible value that S can take,
H = PgHs [Bengtsson and Zyczkowski, 2006]. Additionally, Hg is the carrier of
the irreducible representation (irrep) of spin .S of su(2), and therefore any two states
in Hg which only differ by an su(2) rotation are physically equivalent. An arbitrary

pure state describing such a system can be written as

S

T) = ) cs|S,m). (4.19)

m=—5

Using a method called the Majorana spin representation, one can construct an ar-
bitrary pure state with angular momentum S as a superposition of 25 spin-1/2
systems. Note that although the Hilbert space of S spin-1/2 systems H € C? is
of dimension 2°, its symmetric subspace, is of dimension 25 + 1 [Bengtsson and
Zyczkowski, 20006, |Giraud et al., 2015]. Majorana showed that there exists a bijec-
tion between the pure spin state given in Eq. and roots of the polynomial

M (), which is called the Majorana polynomial [Majorana, 1932, Bengtsson and
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Zyczkowski, 2006].

M(z) = i Cr (215 ) 1/22:25*’“. (4.20)

k

The roots &, of M(z) in turn, have bijective correspondence to the points on S2.
Therefore, one can uniquely represent the angular momentum state [¢) in Eq.
on the surface of the extended complex plane (Riemann sphere), up to the action of
su(2) rotations [Bengtsson and Zyczkowski, 2006]. One can accomplish this task by

the stereographic projection
-1 O i
tan (5)6 P =&, (4.21)

in which 6, and ¢, are the polar and azimuthal coordinates for a point on the
sphere. Within the symmetric subspace of the Hilbert space that we mentioned
earlier, using Majorana representation one can decompose the angular momentum

state in Eq. (4.19) as a single product of individual spin-1/2 systems.

25
9k G ek
V) = § V), [tw) = cos 7 |0) + e ’“sm? 11). (4.22)

Schwinger showed that commutation relations of an angular momentum operator
can be reduced to those of a two-dimensional harmonic oscillator and using a trans-
formation one can map quantum mechanical spins onto bosonic fields [Schwinger,
1977|. This method is called Schwinger boson representation, which is a special case
of Jordan-Schwinger map. Upon application of this method the Schwinger boson
representation of the angular momentum operators takes the form given in Eq.
for the Stokes operators. In light of this transformation, we can express the quan-
tum polarization states expressed using Fock basis in Eq. using Dicke (angular
momentum) basis. The optical state can be thought of as a collection of spin-1/2
states with n; = S + m particles in spin-up and ny = S — m particles in spin-down
states. It should be noted that, by construction, unlike the usual angular momen-
tum addition rules, combining the mentioned spin up and down states will result

in a symmetric state with n; + ny = 25 spin-1/2 particles with total spin S. The
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polarization state in Dicke basis is given by
G (S+m) (s —m)

V(S +mI(s —m)

Iny, ng) = |5, m) = 10,0). (4.23)

Due to the isomorphism that is established by Schwinger boson representation be-
tween spin systems and two-mode bosonic systems, one can use Majorana’s method
to represent any pure polarization state with n = 25 photons as a collection of
points on the surface of a Riemann sphere (Poincare sphere within the context of

polarization optics).

ﬁa 10,0),

k:l (4.24)
S R ek i O T
al = cos(— 5 )a' +e ksm( LaTAY

Uk

In Eq. (4.24)), V,,(U) is the normalization factor which is a function of U = {uy, ..., uss}
and uy = (0k, ¢r) are the coordinates of the points on the Poincare sphere, which
are called the constellations of the state. The normalization factor is given by [Liu

and Fu, 2016, |Lee, 1988]

N

[n/2]
| (n+1)! Dy
NulU) = 2n kz (2k + D 7

ZZ Z Z i ). (g, 05,)-

i1=1j1>11 Ig>lg—1 Jr >0k

(4.25)

In Eq. (4.25), in the first line, [o] at the upper limit of the sum signifies the floor
function and in the second line, * indicates a restriction on the summations such
that the values that the indices take in each term must all be different.

The methodology described so far, explains how to represent a general pure
polarization state as a constellation of points on the surface of a sphere and its
connection to the original method by Majorana developed for quantum angular
momentum states. However, it is constructive to briefly describe another approach
based on coherent states to make connections between the constellations, quasi-
probability distribution and different notions of quantumness of polarization states.

It is convenient to express the Bloch coherent (also known as spin coherent, atomic
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coherent and su(2) coherent) state using Dicke basis.

s ;
1) = D(0, ) |S, —S) = m _ZS (Szfm) S S ). (4.26)

In Eq. , D is the displacement operator on S?. Any pure state in Dicke
basis can be written as Eq. (4.19). The stellar function (also known as Fock-
Bargmann representation) of the state for Hg is defined using the overlap between
the state Eq. and the Bloch coherent state [Bargmann, 1961], |(Gazeau, 2009].

s }
F(2) = (14 |2]2)% (U*]2) = Z cs( "4 ) Vi (4.27)

F— S+m

In Eq. (4.27) we used the following notation.

S S S

(U= ) es{Sml; [¥)= Y cglSm); (V= ) cs|S,m). (4.28)

m=—S m=—5 m=—S
It is worth mentioning that the stellar function can also be defined in H, (continuous-
variable quantum systems) using the canonical coherent states [Gazeau, 2009, Gold-
berg et al., 2020]. F(z) is a holomorphic function which provides an analytic
representation of a quantum state. The transformation in Eq. defines the
Bargmann-Segal transform on the spin coherent states which maps a quantum state
to the space of holomorphic functions, called the Segal-Bargmann space [Bargmann,
1961} |Goldberg et al., 2020, |Hall, 1994, Gazeau, 2009]. The Bargmann representation
is directly related to the Husimi Q-function, which is a quasi-probability distribution
on the phase space. For the case of a pure state p = |¥)(¥| and this relationship

becomes
Q(z) = (zlplz) = (1 + [21*)°|F(z")]*. (4.29)

Husimi function (unlike Wigner function) is non-negative definite and is bounded
by 0 < Q(z) < 1/m. It is evident that the zeros of the Husimi Q-function are
the complex conjugates of the zeros of the stellar function. The Q function also
has a geometric interpretation on the manifold of quantum states. The Fubini-

Study distance between states |¥) and |z) is related to the @ function by Dpg =
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arccosy/Q(z). Using Husimi Q-function one can define Wehrl entropy on the sphere
(Hs) as

25 +1

Sw(p) =~ / dQ()Q2). (4.30)

Unlike Von-Neumann entropy, Wehrl entropy doesn’t vanish for pure states and is
always positive. It can be interpreted as an information measure for a joint noisy
measurement of position and momentum of the quantum system. Lieb and Solovej
proved that Wehrl entropy on Hg is lower bounded by

. 28
Sw(p) =

SETEE 431

and the lower bound is attained only for the Bloch coherent states for which the Ma-
jorana constellations are concentrated at a single point on the Poincare sphere [Lieb
and Solovej, 2014, (Goldberg et al., 2020]. The more spread out the points are on
the sphere, the larger the value of the Wehrl entropy becomes. It is also proven that
canonical coherent states minimize Wehrl entropy on the space of states defined on
Hoo [Lieb, 1978]. Since the coherent states are known to be the most classical-like
states, one can interpret the Wehrl entropy as a measure of non-classicality such
that the larger the value for Sy (p) is, more “distant” the state becomes from the
Bloch coherent states. In this sense, the states that maximize the Wehrl entropy,
for which the Majorana constellations are distributed such that the points are as far
away as possible from each other on the unit sphere, are the most quantum ones.
For these states the Majorana points are distributed symmetrically on the Poincare
sphere. To obtain these maximally non-classical states, for each S, one must solve
an optimization problem. However, the problem of optimizing the value of Sy (p)
based on the positions of the Majorana points on S? is extremely challenging, es-
pecially for larger values of S [Lee, 1988 |Schupp, 1999]. These states are obtained
for a limited set of values of S, not by full-scale optimization, but by selecting a
set of candidates for the optimal states based on the geometry of the constellations
and checking if the selected states result in a local maxima for Sy (p) |[Baecklund

and Bengtsson, 2014} |[Baecklund, 2013]. We must make it clear that maximization
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of Wehrl entropy is not the only criterion for finding the “maximally quantum”
states in the literature. Depending on the problem under investigation, there are
various procedures to find such states. Application of different extremum principles
result in a different set of maximally quantum states for discrete variable systems,
as opposed to the continuous variable case [Goldberg et al., 2020]. The important
theme underlying the methodology for finding such states is that all of these meth-
ods are based on identifying an suitable functional of quantum states and finding
the maximally quantum states by optimizing that functional. For a more detailed
explanation of such procedures the readers can refer to [Goldberg et al., 2020, |Gi-

raud et al., 2010, |Aulbach et al., 2010, Baguette et al., 2014, Hiibener et al., 2009).

One can verify that in the case of mentioned maximally quantum states, due
to the fact that the constellations are symmetrically distributed on S?, the polar-
ization measure defined in Eq. vanishes. Although these states are classically
unpolarized, they contain hidden polarization which can be understood as a mani-
festation of the higher moments of the Stokes operators [Goldberg et al., 2021a Luis,
2002, Hiibener et al., 2009, Sanchez-Soto et al., 2013]. One can expand a general

polarization state in terms of irreducible tensors as

In Eq. (4.32), Tf(fq) are the irreducible tensors defined as [Goldberg et al., 2021a,
Goldberg et al., 2020]

S
) 2K +1
TKq - 2S—|—1 mm,Z_SCSqu‘S m><Sam’> (433)

in which Cg™ kg are the Clebsch-Gordan coefficients that couple a spin S and a

(4.32)

I‘I MN

spin K (0 < K < 2S5) to a total spin S. The tensors form an orthonormal basis
Tr[TI(g]) (T[((S,;),)T] = 0550k k04 and are covariant under su(2) transformations. The
expansion coefficients pg, = Tr(ﬁT;{q) are known as the state multipoles. Complete

characterization of the state requires knowledge of all of these multipoles. One can
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use these multipoles to expand the Q function as [Goldberg et al., 2021a) (Goldberg
et al., 2020]

Q(z) =>_ Q™) (4.34)

where Q) is the K multipole of the Q function and contains information of
the K" moment of the Stokes operators. It can be expressed as |Goldberg et al.,

2021a;, \Goldberg et al., 2020]

K
[ 4w .
Q(K) = 25+1 Z ng,KOIOKqYKq’
qg=—K

ss V25 + 1(25)!
SO (25 — KRS + 1+ K)l

in which Y%, are the spherical harmonics and in the second line of Eq. (4.35)) the

(4.35)

analytical form for the Clebsch-Gordan coefficient C’gg Ko 1S given. Since it is cal-
culated using all of the state multipoles, the Husimi Q function (and therefore the
Wehrl entropy), contains complete information of the state. One can utilize the in-
formation encoded in the () function to define a distance based polarization measure

which takes into account the contributions from all of the multipoles [Luis, 2002]
1 1

P =1-——) Y= .
=T g [dQIQ(0, $))?

In Eq. (4.36)), the DOP of a state is defined as the distance between the Q function of

(4.36)

that state and the Q function for the maximally unpolarized state (Qunpor = 1/47).
The DOP defined in Eq. is more suitable for quantum states of light compared
to Eq. because, as explained previously, the higher order multipoles play a
more significant role in the polarization behavior of the quantum states. However,
in most of the cases, one can gain substantial amount of information on polarization
characteristics of the state only considering a finite number of its multipoles. A useful
quantity which encodes the polarization information of a quantum state up to its M
order is the M*™ order cumulative multipolar distribution defined below |[Goldberg

et al., 2021a}, Sdnchez-Soto et al., 2013, |Goldberg et al., 2020].

M K

Z ’PKqP' (4.37)

K=1q=—

Au
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su(2) coherent states maximize Ay, for all orders M. The states that minimize
Ay are called Kings of Quantumness (anticoherent states). A state is called M-
anticoherent if for all ¢ < M and unit vectors n the moments of the Stokes vector
are isotropic ((S.n)!) = ¢, and independent of n. It is shown that the states with
the anticoherence order of 2 and higher are optimal for estimating all three rotation
parameters [Chryssomalakos and Herndndez-Coronado, 2017, Bouchard et al., 2017,
Kolenderski and Demkowicz-Dobrzanski, 2008, |Goldberg and James, 2018|, Martin
et al., 2020} \Goldberg et al., 2021b, |[Eriksson et al., 2023].

4.4 Results

In this section we numerically calculate the QFI for the rotation angle 6 in order
to determine its ultimate measurement precision. In all of our calculations the
rotation angle to be estimated is § = m/10, which falls into the range of small
angles for which the Kings of Quantumness yield optimal sensitivity [Martin et al.,
2020] for every value of S considered in this study. The probe states that have
been considered for this task are the coherent state, NOON states and Kings of
Quantumness. For estimation of small rotation angles, coherent state saturates
SQL, NOON state saturates HL. as long as the rotation axis is not orthogonal to
(©,P) = (0,0) axis (maximum sensitivity occurs for (©,®) = (0,0) axis), and
anticoherent states saturate HL for all rotation axes [Goldberg and James, 2018|.
Because of the dependence of the precision of NOON state on the rotation axis, the
optimal strategy is to align the sample such that (©,®) = (0,0) axis corresponds
to the net orientation direction of the fibers. However, as explained earlier, in
realistic cases there will be an uncertainty in the direction of this axis. The Kings of
Quantumness utilized in our calculations are taken from [Martin et al., 2020|. For
all optical modes, the cut-off dimension for Hilbert space is taken to be 12. In our
calculations we have used the open source QuTiP [Johansson et al., 2012al | Johansson:
et al., 2013] and QuanEstimation |[Zhang et al., 2022b| packages for Python. As
a reference, our numerical results for the QFI in case of no depolarization and

diattenuation is presented in Fig. [4.2]
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Figure 4.2: QFI for rotation angle (no depolarization and diattenuation) vs average
photon number. Calculations are for coherent state (solid line with triangular data
points in red), NOON state (dash dotted line with circular data points in blue) and
Kings of Quantumness (dashed green line with star datapoints) for (a) (0, ®,60) =
(0,0,7/10) (b) (©,®,0) = (7/5,0,7/10)
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In Fig. M(a) we consider a perfect alignment of the optimal axis for the NOON
state ((©,®) = (0,0)) and the retarder axis and in Fig.4.2(b) we consider an uncer-
tainty in the retarder axis which creates a misalignment between the two directions.
Comparing Fig. [4.2|a) and Fig. [1.2(b) we see that, as expected, the QFI for NOON
state reduces when the rotation axis is not aligned along its optimal axis, although
it scales quadratically with the average photon number in both cases. QFI for coher-
ent state scales linearly with (n) regardless of the rotation direction. The Kings of
Quantumness (referred to as the King state in the figures) result in a larger value for
QFI compared to the coherent state except for S = 1 ((n) = 2) which corresponds to
the bi-photon state (which is 1-anticoherent). For both of the rotation axes, NOON
state achieves a higher sensitivity than the Kings of Quantumness. In Fig.[4.2(a) we
observe non-monotonicity in QFI for Kings of Quantumness at S =5/2 ((n) = 5).
This is not surprising if we consider the fact that optimal rotation sensors must be
2-anticoherent but for S = 5/2 the state is only 1-anticoherent [Martin et al., 2020].
However, in Fig. 4.2(b) the QFI for Kings of quantumness is monotonic with (n)
and the precision limits for 6 are slightly different as compared to Fig. 4.2{(a). It is
instructive to assess the performance of these states by considering the effect of each
of the noise channels on the estimation precision of the rotation angle. Therefore,
in Section we will study the effect of the depolarization channel on the QFI
for the rotation angle and in Section the joint effect of depolarization and di-
attenuation is considered. In both of these cases the ordering of the implementation
of the channels is also considered. Based on the polarimetric studies in biologi-
cal tissues [Jones, 2003, Bancelin et al., 2014} |Menzel et al., 2017, Schmitz et al.,
2020, (Chang et al., 2023|, in all subsequent calculations we will take the retarder
axis to be (0, ®) = (7/5,0) with a misalignment of 7/5 with the optimal axis for the
NOON state. Using the terminology common in the classical polarimetry, we will call
tor(p) = eqoeroep(p) as the “forward” decomposition and €,y (p) = epocgoeq(p)

as the “reverse” decomposition.
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4.4.1 Noisy Rotation Sensing with Depolarization

In this section we calculate the QFT for the rotation angle induced by the retarder,
in both forward and reverse processes without considering the effect of diattenua-
tion, focusing only on depolarization. We have considered 3 depolarization channels,
namely the isotropic, anisotropic and using convex combination of rotations. Since
in the master equation for the anisotropic depolarization Eq. , the dissipator
D(SO) is irrelevant for depolarization [Rivas and Luis, 2013], we set v,, = 0 for the
master equation. For implementing the depolarization channel based on convex com-
bination of rotations we have assumed a range of equally spaced n, rotation angles
between 7,,;, and ., With rotation probabilities in Eq. given by a normal
distribution with mean at zero rotation angle. One can choose which rotation angles
to include and their probabilities by changing the range of angles considered and the
standard deviation o, for the normal distribution respectively. To make sure that
no rotation axis or decomposition order is preferred, we took an average of the results
given by all 6 permutations of the convex combination of n, rotations using three
rotation operators R, = exp(—igﬁé’l), Ry = exp(—z'qﬁéb) and Ry = exp(—iqﬁgg). We
stress that our choice of depolarization channel, although is physically motivated,
is only a specific one among an infinite number of choices that are possible based
on Eq. . For all depolarization channels we considered low and high depolar-
ization regimes in our calculations. The results for isotropic, anisotropic and random
rotation depolarization channels are presented in Fig. [4.3] Fig. [4.4] and Fig. re-

spectively.

It is clear that for all of the considered cases, introducing depolarization greatly
reduces the measurement sensitivity of the retardation angle. Reduction in QFI
is more dramatic for larger depolarization values. Additionally for all depolariza-
tion channels there is no difference in terms of metrological power between forward
and reverse decomposition for coherent state. The isotropic depolarization channel
is su(2)-invariant and as discussed in the derivation of master equation Eq.

in |Rivas and Luis, 2013] different ordering of rotation and depolarization channels
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Figure 4.3: QFT for rotation angle in presence of isotropic depolarization noise vs

average photon number. Calculations are for coherent state in forward (solid line

with triangular data points in red) and reverse (dashed line with square data points

in magenta) processes, NOON state in forward (dash dotted line with circular data

points in blue) and reverse (dotted line with triangular data points in cyan) processes
and Kings of Quantumness in forward (dashed green line with star datapoints)

and reverse (dash-dotted yellow line with plus shaped datapoints) processes for (a)

vt = 0.003 (b) vt = 0.03.
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Figure 4.4: QFT for rotation angle in presence of anisotropic depolarization noise vs
average photon number. Calculations are for coherent state in forward (solid line
with triangular data points in red) and reverse (dashed line with square data points
in magenta) processes, NOON state in forward (dash dotted line with circular data
points in blue) and reverse (dotted line with triangular data points in cyan) processes
and Kings of Quantumness in forward (dashed green line with star datapoints)
and reverse (dash-dotted yellow line with plus shaped datapoints) processes for (a)

Vot = 0.05 (b) vot = 0.15.
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Figure 4.5: QFI for rotation angle in presence depolarization noise based on convex
combination of rotations vs average photon number. Calculations are for coherent
state in forward (solid line with triangular data points in red) and reverse (dashed
line with square data points in magenta) processes, NOON state in forward (dash
dotted line with circular data points in blue) and reverse (dotted line with triangular
data points in cyan) processes and Kings of Quantumness in forward (dashed green
line with star data points) and reverse (dash-dotted yellow line with plus shaped
datapoints) processes for (&) [Mmin, Mmaz] = [—7/8,7/8], 0. = 7/32, n, = 6 (b)

[nminanmax] = [_7T,7T], Or = 7T/8, n, = 20.
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should yield the same result. Additionally, as explained earlier, the depolarization
channel based on convex combinations of rotations is chosen such that the effects
of decomposition order and choice of rotation axis for depolarization is minimized.
However, from Fig. and Fig. we see that there are differences between for-
ward and reverse decomposition for NOON state and Kings of Quantumness, the
difference being larger for higher depolarization. These differences can be present
due to a few reasons. First of all, due to numerical nature of our study, the results
inevitably contain numerical errors. Also, from the explicit relation given for v,
in [Rivas and Luis, 2013] we see that for larger values of v;,, either the time derivative
of the probability distribution for the rotation vectors comprising the depolarization
channel or the amplitude of the rotation vectors must be large. The latter condition
weakens the su(2)-invariance condition because for perfect su(2)-invariance to hold
the rotations must be infinitesimally small.

Interestingly, in Fig. (a) we see that for the anisotropic depolarization chan-
nel, the metrological performance for the NOON state and Kings of Quantumness
is slightly better for the case of reverse decomposition. Inspecting Fig. (b) we see
that this advantage still holds for a larger amount of depolarization. It is also clear
from our results that for all depolarization channels considered, NOON state and
Kings of Quantumness lose their metrological power faster when depolarization is
applied, compared with the coherent state. This confirms the common understand-
ing that quantum states are more susceptible to noise compared to the classical
states. Needless to say that for stronger depolarization than what we considered in
this study, the coherent state results in a larger QFI than the quantum probe states
for all average photon numbers. Another general feature underlying all depolariza-
tion channels is that the QFI vs (n) is no longer monotonic for all states except the
coherent state, specially for large depolarization. This might be rather surprising
considering the fact that usually the QFT scales monotonically with the number of
resources. However, as discussed in |[Rivas and Luis, 2013] and |[Denis and Martin,
2022|, different state multipoles have different decay rates and states with a larger

S values experience a larger decay.
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4.4.2  Noisy Rotation Sensing with Depolarization and Diattenuation

Finally, we calculate the QFI for the rotation angle vs the average photon number
of the probe states considering both depolarization and diattenuation channels in
forward and reverse decomposition channels. The results are shown in Fig. 4.6
We have only included the results for the weak depolarization case for each depo-
larization channel considered in Section to see wether the quantum advantage
present in this regime still persists after implementation of the new loss channel. The
parameters of rotation are identical with the ones chosen in the previous subsection

and diattenuation parameters are ¢ = r = 0.9. The general behavior of the QFI with
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Figure 4.6: QFI for rotation angle in presence of depolarization and diattenuaion
noise vs average photon number. Calculations are for coherent state in forward
(solid line with triangular data points in red) and reverse (dashed line with square
data points in magenta) processes, NOON state in forward (dash dotted line with
circular data points in blue) and reverse (dotted line with triangular data points
in cyan) processes and Kings of Quantumness in forward (dashed green line with
star datapoints) and reverse (dash-dotted yellow line with plus shaped datapoints)
processes for ¢ = r = 0.9 and (a) isotropic depolarization with ;¢ = 0.003 (b)
anisotropic depolarization with v,t = 0.05 (c¢) depolarization based on convex com-

bination of rotations with [Mmin, Mmaz] = [—7/8,7/8|, 0, = 7/32, n, = 6.

the number of photons is similar to the case where diattenuation is not considered.

However, as expected, for all cases it is evident that due to implementation of the
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diattenuation channel the QFI for each (n) shrinks even further. Comparing Fig.
with the results given in the previous subsection it is clear that the diattenuation
channel diminishes the metrological power of the NOON state more than it does
for Kings of Quantumness. Furthermore, the relative advantage of the NOON state
in reverse decomposition as compared with the forward decomposition still remains
after inclusion of diattenuation. From Fig. [4.6/a) and Fig. [4.6{c) it is clear that for
larger photon numbers Kings of Quantumness surpass the NOON state in terms of
precision and from Fig. [1.6(b) we see that for Kings of Quantumness at (n) = 5
(which corresponds to a l-anticoherent state) the QFI is smaller than that of the

coherent state.

4.5 Experimental Implementation of NOON State Polarimetry

In addition to theoretical investigations [Belsley and Matthews, 2022, several recent
experimental examples of applications of NOON states, for instance, for scattering-
based probing of delicate samples like an atomic spin ensemble [Wolfgramm et al.,
2013b| and highly sensitive measurement of protein concentration via the refractive
index change [Peng and Zhao, 2023|, support the motivation of our study. Aiming at
experimental validation of the theoretical findings described in the previous sections
and at testing the feasibility to enhance the polarimetric sensing accuracy in presence
of depolarization and diattenuation channels, we conceive a series of measurements.
Here, we follow the previous works on realization and characterization of the two-
photon and higher-order NOON states [Yurke et al., 1986, Kuzmich and Mandel,
1998, [Sanaka et al., 2004, Israel et al., 2012, [Israel et al., 2014b].

Experimentally a NOON state can be both prepared and detected by exploit-
ing the Hong-Ou-Mandel (HOM) effect [Hong et al., 1987]. Alternatively, in case
of a two-photon NOON state, the preparation can be realized by the spontaneous
parametric down-conversion (SPDC) process. Under conditions of type-II phase
matching, a correlated pair of the vertically (V) and horizontally (H) polarized pho-
tons |HV')|HV') is generated by SPDC. This state can be regarded as a NOON state
of the form i/v/2(|2z,0r) + |2r,01)), where L and R stand for the left- and right-
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circular polarizations, respectively [Adamson et al., 2007, |Wolfgramm et al., 2010).
The projection of this state to the (H,V) basis can be obtained by a quarter-wave
plate (QWP), oriented with its fast axis at 45° to the incoming polarization orien-
tations. Such a strategy is followed in Fig[4.7] where a possible optical arrangement
for test experiments is represented.

After the two-photon NOON state is prepared, it is split by a polarizing beam
splitter into two paths. One of them is regarded as reference channel, and the other
is used for introducing the object under study. The two beams are then merged
with a non-polarizing beam splitter. At both outputs of the latter a polarization
state analyzer consisting of a QWP and a linear polarizer (LP) is implemented to
perform projective measurements with the help of single photon detectors. The
coincidences between the two channels for state reconstruction via the quantum
state tomography [James et al., 2001}, |Adamson et al., 2007] or HOM interference
visibility measurements are counted with the time tagging device.

In order to check the feasibility of the method for practical applications like for
the already mentioned eye retina diagnostics, first technical samples of controllable
thickness and retardance should be used. For the first case, a possible option would
be a series of transparent homogeneous thin films of different thicknesses. For the
second case, the retardance estimation under minimal impacts of diattenuation and
depolarization, fixed (QWP, half-wave plate) and variable (Soleil-Babinet compen-
sator) retarders at different orientations (angle «) of their optical axis can be used.
It is expected that successful demonstration of such experiments with technical sam-
ples could be later directly translated for method feasibility checks with biological

specimen probing.
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Figure 4.7: A possible optical arrangement for test experiments on polarimetric
accuracy enhancement with NOON states. A state i/v/2(|2z,0g) +|2r,0L)) is gen-
erated within an SPDC event of type-II phase matching (not depicted). This state
is translated into 1/v/2(|2x,0v) + [0y, 25)) by a quarter-wave plate and enters a
Mach-Zehnder interferometer with a sample in one of the channels. The Hong-Ou-
Mandel interference at the last non-polarizing beamsplitter takes place. Coincidence

counts between the two outputs of the beamsplitter are measured.
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Chapter 5

ENVIRONMENT-ASSISTED MODULATION OF HEAT
FLUX IN A BIO-INSPIRED SYSTEM BASED ON
COLLISION MODEL

5.1 Introduction: Photosynthetic Energy Transport and Quantum Me-

chanics

Photosynthesis is the natural photochemical process of converting the energy of light
into chemical energy, which can be used by an organism itself. Most plants, algae,
and cyanobacteria are known to perform photosynthesis. Since its discovery almost
three centuries ago, it has been a topic of continuous research. In the initial stage
of this process, the energy from light is absorbed by the light harvesting antenna
complex (a network of chromophores), and the excitation energy is transferred to
the reaction center. Antenna complexes are very diverse in their structure, and we
can classify the photosynthetic organisms based on the structure of their antennas.
One of the remarkable features of photosynthesis, which also has attracted the at-
tention of the physics community, is its high energy transfer efficiency during this

stage [Blankenship, 2014].

There has been many theoretical and experimental attempts to uncover the un-
derlying physical mechanism responsible for such an efficient energy transfer in the
biological light harvesting systems. Specifically, the role of quantum mechanics in
excitation energy transfer has been a topic of active debate within the scientific com-
munity. The subject of considerable fraction of these studies is the Fenna-Matthews-
Olson (FMO) complex, which is a pigment-protein complex found in green sulfur

bacteria and is responsible for funneling the exciton energy collected by the chloro-
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some antenna to the reaction center.

One of the processes using which the photosynthetic light harvesting systems are
thought to transfer the solar energy is called electronic (or excitation) energy trans-
fer (EET), resonance energy transfer (RET), fluorescence resonance energy transfer,
or Forster resonance energy transfer (FRET). In this process the photoexcitation
induces an oscillating dipole in the excited (donor) molecule. A molecule nearby
(acceptor) can feel the oscillating electric field associated with the donor molecule’s
oscillating dipole, which in turn induces a dipole in the acceptor molecule. Once
the donor molecule relaxes to its ground state, the excess energy gets transferred
to the acceptor incoherently via emission of a virtual photon. In short, the FRET
theory is the application of the Fermi Golden rule to the molecular systems in which
the donor is in its excited state and the acceptor in its ground state. The earliest
experimental observations of this process were done in 1922 by Frank et al. and
Carlo [Franck, 1922, Carlo, 1922, (Cario and Franck, 1922]. The role of dipole-dipole
interactions in this form of energy transfer was first put forward by F. Perrin and
J. Perrin |Perrin, 1927, Perrin, 1932]. In his seminal work, Forster found that the
energy transfer through this nonradiative dipole-dipole coupling depends on spec-
tral overlap and intermolecular distance of the molecules |[Forster, 1946, Forster,
1948| [Forster, 1959, Sener et al., |. An early example of Foster’s theory in light
harvesting systems is the study on electronic excitation transfer of photosynthetic

purple bacteria by Duysens in 1951 |[Duysens, 1951].

It is worth mentioning that Forster’s theory doesn’t give an accurate description
of the energy transfer process when the chromophores are packed tightly and are
very close to each other, because in this case the inter-chromophore coupling becomes
strong and the inter-chromophore orbital overlap is no longer negligible. Under these
conditions the excitation is delocalized (shared) between the molecules. The method-
ology used in the theoretical simulation of photosynthetic energy transfer depends

on the strength of inter-chromophore interactions and chromophore-environment in-
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teraction. In the cases where the inter-chromophore coupling is weak (strong) com-
pared with the chromophore-environment coupling, the excitation transfer dynamics
is well described by Forster (Redfield) theory [YAN, 2002, Ishizaki and Fleming,
2009a] in which the energy spread is incoherent (coherent). For the intermediate
coupling regime, the interplay between coherent and incoherent energy transform
modes becomes highly nontrivial. Several theoretical approaches, including modi-
fied Redfield theory, generalized Markovian master equation, hierarchical equations
of motion and other methods have been used to model the energy transfer in the
intermediate coupling regime |[Kenkre and Knox, 1974} |[Leegwater, 1996, [Kakitani
et al., 1999, Kimura et al., 2000, Ishizaki and Fleming, 2009b, Kimura and Kakitani,
2007, Kimura, 2009, Jang, 2011, [Jang, 2009, Hossein-Nejad et al., 2012].

One of the earliest theoretical studies on the coherent energy transfer contribu-
tion in photosynthetic complexes was carried out by Leegwater using a phenomeno-
logical model to distinguish between the coherent and incoherent dynamics |[Leeg-
water, 1996]. Subsequently, Schulten et al. suggested that coherence increases the
FRET rates in light harvesting purple bacterias by causing a spectral shift and im-
proving resonance between the bacteriochlorophyll (BChl) clusters [Hu et al., 1997].
In the following years quantum coherence contributions in photosynthetic energy
transfer became a topic of considerable interest within quantum physics and quan-
tum chemistry community, a trend that continues to this day. A significant body of
scientific work investigate the possibility of quantum coherence at the physiological
conditions and link between the coherence in light harvesting complexes and their

energy transfer efficiency.

Comprehensive critical reviews on energy transfer in these complexes and pos-
sible coherence effects in photosynthesis are available in the literature [Chenu and
Scholes, 2015, Curutchet and Mennucci, 2017, MAN, 2020, TAO, 2020|. Experimen-
tal studies by Savikhin et al. [SAV, 1997] on the FMO complex using fluorescence

anisotropy claimed the existence of quantum beating in its exciton levels. Later,
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using two-dimensional time-resolved spectroscopy experiments, Fleming et al. re-
ported the existence of long-lived oscillatory patterns at cryogenic temperatures in
FMO [Engel et al., 2007] and LH2 [Calhoun et al., 2009] complexes which were
attributed to the dynamic electronic coherence in these structures. In the subse-
quent experimental works it was argued that the dynamical effects of coherence also
manifest in room temperature and might play a role in the energy transfer pro-
cess [Collini et al., 2010} |Panitchayangkoon et al., 2010, [Panitchayangkoon et al.,
2011]. Particularly, Engel’s work [Engel et al., 2007] attracted the attention of the
quantum information community because it was claimed that using this coherence,
the photosynthetic organism might perform a Grover search algorithm in order to
find the optimal pathway for energy transfer. This work caused a paradigm shift
in the study of energy transport in the light harvesting complexes and a significant
number of papers that have been published ever since, focus on studying dynamical
coherence in several models and making connections between coherence and spatial
domain energy transfer. Several mechanisms have been proposed to explain how
quantum coherence alone or coherent dynamics alongside with environmental noise,
aids the light harvesting complex in energy transfer [Mohseni et al., 2008| |Reben-
trost et al., 2009, Plenio and Huelga, 2008, Olaya-Castro et al., 2008].

In recent years, several theoretical and experimental works have been published
which dispute the significance of the coherent energy transport in biological light
harvesting complexes [Duan et al., 2017, Harush and Dubi, 2021, |Wilkins and Dat-
tani, 2015| Kassal et al., 2013, |Cao et al., 2020]. In the light of these developments,
environmental noise tunes the spectral properties of the biological light harvesting
complex, which can be thought of as an enhanced thermalization device, in a way
to boost its transport efficiency. This phenomena is typically called noise assisted
transport (NAT) or environment assisted quantum transport (ENAQT). In recent
years an experimental verification of the constructive role of the environmental noise
on the energy transport properties of light harvesting complexes, based on super-

conducting qubits is demonstrated by Potocnik et al. [Potocnik et al., 2018]. In this
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work the energy transport properties a network of 3 superconducting qubits, which
simulate the chromophores chlorophyll molecules, is studied upon excitation with
both coherent and incoherent light. It is found that introducing noise to system can

have positive effect on the energy transmission.

These studies are of great importance because understanding the physical mech-
anism responsible for biological photosynthetic light harvesting systems and their
limitations might lead the way in order to design biomimetic devices with compara-
ble or even greater efficiency than their biological counterparts. Bio-inspired designs
based on photosynthetic complexes have proven to be promising and efficient and
are currently a subject of an active and diverse research effort encompassing quan-
tum optics [Kozyrev, 2019, Mattiotti et al., 2021], quantum thermodynamics [Scully
et al., 2011}, Killoran et al., 2015, |Chen et al., 2017], and energy transport and conver-
sion |Ringsmuth et al., 2012, [Sarovar and Whaley, 2013, Romero et al., 2017, [Rupp
and Gruber, 2019|.

In the past decade, quantum collision models, a.k.a repeated interaction schemes,
have gained popularity in order to model open quantum system dynamics [Scarani
et al., 2002, |Ciccarello, | [Ciccarello et al., 2013| [Lorenzo et al., 2017h|, Lorenzo
et al., 2017a, |CIC, 2022, |Arisoy et al., 2019, Cakmak et al., 2017, |Cakmak et al.,
2019, Campbell et al., 2019|. In collision models, the bath is modeled as a collection
of identical ancillae with which an open system interacts one at a time. Collision
models can simulate any Markovian open system dynamics [Cattaneo et al., 2021]
but they are also particularly insightful for studies on non-Markovian open system
dynamics and open quantum systems with correlations between system and envi-
ronment. Recently, there have been attempts to utilize the repeated interaction
scheme to study the transport phenomena in light harvesting complexes. Chisholm
et al., using a stochastic collision model, studied the transport phenomena in a
quantum network model of the FMO complex, investigating the Markovian and

non-Markovian effects |[Chisholm et al., 2021]. Gallina et al. have simulated the
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dephasing assisted transport of a four-site network based on a collision model using

the IBM Qiskit QASM simulator [Gallina et al., 2022].

Inspired by the experimental setup given in [Potocnik et al., 2018] for simulating
the energy transport in biological light harvesting complexes using superconduct-
ing qubits, we use a quantum collision model to investigate the heat transport in
a similar network of qubits whose role is to transfer energy from a hot bath to a
cold bath. The goal is to study the effect of interaction between the system and a
hierarchically structured environment (HSE), on the steady state heat flux. Colli-
sion models have proven to be effective in thermodynamic analysis of a network of
qubits between two thermal baths [Tian et al., 2021], a qubit coupled to a structured
environment |Li and Li, 2021] and a system of qubits interacting with a thermal and
a coherent thermal bath [Yu et al., 2021]. Also, coupling with an HSE is shown to
have a profound effect on coherent exciton transfer [Levi et al., 2016]. However, to
the best of our knowledge modulation of heat flow between two thermal baths using
an auxiliary HSE has not been investigated. Such an auxiliary HSE in a natural
system could be envisioned as a background matrix molecules supporting a system
of energy transfer molecules. Therefore our work utilizes the concepts and methods
of the mentioned works to explore the thermodynamic behavior of an open quantum

system in a complex environment.

The remainder of this work is organized as follows. In section[5.2] we describe the
components of our model, namely the system, the HSE, the heat baths and their
interaction. Next, we describe the repeated interaction framework and quantify
the heat flux. In section first we show the effect of the system-environment
and inter-environment interactions on enhancement of the transient and steady-
state heat flux and provide with a possible explanation for this behavior. We then

continue to analyze the effect of coherence in the HSE on the steady-state heat flux.
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5.2 The Collision Model

We consider a system made out of three qubits, namely S;, Sy and S5, arranged on
a line. S; and S3 interact with a set of ancillary qubits representing the hot and
cold thermal baths (temperatures T, and T}), respectively, which we refer as R and
R¢. BEach system qubit interacts with its nearest neighbor, In addition, we have a
HSE, which is composed of a qubit A, with which Sy directly interacts, and a set of
ancillary qubits B, interacting with qubit A. Our main goal is to study the effect
of the HSE interacting locally with S;, and also the effect of the coherence in B,
qubits, on energy transfer from the hot bath to the cold bath. We setup our model
in the described fashion in order to mimic a similar model considered in [Potocnik
et al., 2018], which presents an experimental investigation of the light harvesting

complexes. A schematic representation of our model is given in Fig. 5.1

0900
o @

Figure 5.1: A schematic representation of the model. The system qubits, denoted
by 51, Se and S3, are interacting with each other and the qubits from the cold bath,

hot bath and the hierarchical environment.

The initial states of the hot bath qubits are taken to be the thermal state of

their Hamiltonian at temperature T}, while the initial states of the system qubits,
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qubit A and the cold bath qubits are assumed to be the thermal states of their
corresponding free Hamiltonian at temperature T,.. The initial state for qubits B,

is taken to be

ps =p|¥) (W + (1 - p)pg (5.1)

where p € [0,1] and pi? is the thermal state of the qubit at temperature T,.. The
state [¢) is defined as

1

[9) = (e3P

1
0 Zweﬂc
7 ) +e

1), (5.2)

where Z, = Tr[exp(—F.H?)] is the partition function and f. is the inverse tempera-
ture. The form of density matrix given by Equation ([5.1]) assures that the diagonal
elements of pp and p% are identical but the diagonals are non-zero for p # 0. Hence,
p is the parameter which controls the amount of coherence in the HSE. The free
Hamiltonians for the qubits are all of the form I—:T? = w; /26" for i =1,2,3,h,c,e in
which w; and 6° are the corresponding transition frequencies and Pauli 2 operators.
The system Hamiltonian is given by the sum of free and interaction Hamiltonians

of the system qubits as

A Wi i i Ad i A
Hyo = HY + HL =) S0+ > g6l + 6067, (5.3)

i i<j
in which 6, and ¢_ are the raising and lowering operators. We model the the
interaction Hamiltonian between the system and both thermal baths as an energy

preserving dipole-dipole interaction

Hj = gp(6i6" +6lon) (5.4)
+

56¢). (5.5)

The interaction between qubits A and S, is described by a purely dephasing inter-

action given in the following form

Hy = ga62672 (5.6)
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We particularly consider a different interaction Hamiltonian at this stage. The rea-
son behind this is to make sure that we do not inject coherence into the system
qubits. As stated earlier, our aim is to investigate the effect of the coherence con-
tained in the HSE. Finally, the interaction Hamiltonian between the qubits that

belong in HSE is also chosen to be a dipole-dipole interaction
iy = (6468 + 6557 (5.7)

Considering all the interaction times of collisions to be equal to t. = 0.01, using
U; = exp(—iH!t./h) we can calculate the corresponding time evolution operator for
each Hamiltonian interaction. As a standard procedure in collision models, each
collision is described by brief unitary couplings between the elements of the model.
Therefore, we consider gt. to be smaller than 1. The repeated interaction scheme

we considered is made out of the following steps:
1. R" interacts with S}
2. S interacts with Ss
3. S, interacts with A
4. A interacts with B,,
5. Sy interacts with Ss
6. S5 interacts with R

After each set of collisions, the qubits for the hot bath R", cold bath R¢ and
B, are traced out and are replaced with fresh ones, R" |, R¢., and B, 1, in their
corresponding initial states. We emphasize that qubit A is not reset to its initial
state; it plays a role as an interface between a larger background (B, qubits) and the
qubits forming the energy transport medium (S, S, S3). It is important to note
that the qubits A and B,, qubits form an HSE to the transport medium qubits. Our

collision model reflects a hierarchical coupling between the transport system and
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this auxiliary environment. Based on this scheme, the thermal energy transferred

to the cold bath from the system at each collision step n can be written as
AQ, = Tr[H(5; — pl)), (5.8)

in which p and p are the density matrices for the cold bath qubit before and after
the collision, respectively. Based on this definition, the heat current can be defined

as

AQ, 1 N
AT (5.9)

I
These sets of collisions repeat until the energy transport per collision reaches a
steady state. Hence, the steady state heat flux becomes

1 4
Jss = lim —Tr[H.(pr — p2)]. (5.10)

n—oo c

5.3 Results

In this section, we study the effects of g,, g, and p, on the heat flux transported
to the cold bath. We assume each qubit has the same transition frequency wy and
use as our time-energy scaling parameter so that we use scaled and dimensionless
parameters, where wy = 1. In all our calculations, the system—bath interaction

couplings are taken to be g. = g, = 7.5 and the collision time is ¢. = 0.01.

5.3.1 Elffect of the System-HSE and Inter-HSE Couplings

Using the framework laid out in Section [5.2] we can quantify the amount of energy
transferred from the hot bath to the cold bath with and without the system-HSE
interaction. For the network of qubits demonstrated in Fig.[5.1], the results are shown
in Fig. 5.2l It is evident from Figure Fig. that coupling with HSE enhances
transient and steady-state heat transfer in both of the coupling regimes that is
considered. A qualitative reason for one of the mechanisms responsible for this

behavior can be given based on the energy level diagram of the system Hamiltonian,

as given in Fig. 5.3
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Figure 5.2: Heat flux to the cold bath, J, with and without interaction with the
HSE for different coupling constants. The HSE are assumed to be in thermal state
(p = 0) and for blue curves we have g, = 0. The remaining couplings are (a)
g12 = 30, go3 = 15 and for the orange curve g, = 20, g, = 40 (b) g12 = 50, g23 = 25

and for the orange curve g, = 40, g, = 30.
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Figure 5.3: Energy level diagram for the system with and without interaction with
the HSE. The interaction couplings of the system are g1 = 50 and go3 = 20. The
system-HSE interaction is (a) g, = 40 (b) g, = 0.
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From Fig. [5.3] we can observe that the interaction between system and the HSE
modulates the energy levels of the system. The changes in the energy levels decreases
the transition energy between certain eigenstates, which, therefore, makes these
transitions more accessible to the hot thermal bath. As a result, the net thermal
energy transfer increases upon interacting with the HSE. It is worth mentioning that
due to the form of the interaction Hamiltonian H} , given in Equation , there is
no energy transfer between qubits A and Sy, and the system qubits only transport
the energy between the hot and the cold bath. In Figure the steady-state heat

flux as a function of g, and g, is shown when the B, qubits are fully thermal.

50

0.0530

40 0.0512

0.0494
30 0.0476

0.0458

9a

20 0.0440

0.0422
0.0404

104

0.0386

T T y T 1 0.0368
0 10 20 30 40 50
9»
Figure 5.4: Contour plots for the steady state heat flux Js vs. system-HSE and
inter-HSE couplings g, and g, considering no coherence in HSE (p = 0). The inter-

system couplings are g;o = 50 and go3 = 25.

An increase in g, and g, overall, results in an enhancement of J,,. However,
for a fixed g, (gs), this enhancement is more pronounced for larger values of g,
(gp). Therefore, we see that coupling with the HSE has a positive effect on the
steady-state heat current, regardless of the initial coherence of the HSE qubits.
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5.3.2  Effect of Coherence within the HSE

Presently, we turn our attention to the effect of coherence within HSE on the steady-
state heat transfer. For this aim, in Fig. [5.5] we present the dependence of Jg4 to
different values of p and g,.

The results indicate that there is a negligible change in Jg4 for increased values
of coherence, especially for a smaller g,. However, for larger values of g,, it is
clear that there is a noteworthy enhancement of Jys for a larger g, as indicated
in Fig. [5.0b, and a considerable non-monotonic change in .J,, for a smaller g,, as
shown in Fig. [5.5h.

In Fig. 5.6, the values of Jy by changes in the coherence parameter p and g,
is shown. There is a limited gain in .J,, for an increased p, especially for smaller
values of g,. This gain is more significant for larger values of g,. As the comparison

between Fig. [5.6p,b indicates, this effect is more pronounced for a larger g, coupling.
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Figure 5.5: Contour plots for the steady state heat flux, Jgs vs. system-HSE cou-

pling, g,, and coherence in the HSE, p. The couplings are (a) gio = 50, g3 = 25,
gy =10 (b) g12 = 50, ga3 = 25, g, = 30.
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Figure 5.6: Contour plots for the steady state heat flux, Jg,, vs inter-HSE coupling,

g, and coherence in the HSE, p. The couplings are (a) gia = 50, gos = 25, g, = 20
(b) g12 = 50, go5 = 25, g, = 40.
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Chapter 6

A QUANTUM OTTO ENGINE WITH SHORTCUTS TO
THERMALIZATION AND ADIABATICITY

6.1 Introduction: Quantum Heat Engines and Their Counterdiabatic

Control

Enhancing the performance of heat engines has been a long-standing objective in
the field of thermodynamic cycle investigations. The pinnacle of these endeavors
is reflected in Carnot’s second law of thermodynamics, which establishes an upper
limit on the efficiency of heat engines [Carnot et al., |. This limit can, in principle,
be attained through a Carnot cycle, comprising reversible processes. However, while
the Carnot engine achieves this limit, it is unable to generate any power due to the
quasi-static nature of its processes. Practical heat engine cycles such as Otto, Diesel,
or Stirling face the challenge of balancing efficiency and power, necessitating real-
world engines to complete a cycle within a finite time, albeit with lower efficiency.
Of particular significance is the efficiency at maximum power, which was studied by
Curzon and Ahlborn in their seminal paper [Curzon and Ahlborn, 1975].
Currently, there is ongoing research in quantum heat engines and refrigerators [Kosloff
and Levy, 2014} Kosloftf and Rezek, 2017, [Tuncer and Mustecaplioglu, 2020, Kur-
izki and Kofman, 2022, |Deffner and Campbell, 2019]. Since the pioneering work by
Scovil and Schulz-DuBois [Scovil and Schulz-DuBois, 1959], quantum heat engines
have been extensively studied theoretically [Alicki, 1979, Kosloff, 1984, |Geva and
Kosloft, 1992, (Geva and Kosloft, 1996/ Feldmann et al., 1996} Scully, 2002, Humphrey
et al., 2002, Scully et al., 2003 [Feldmann and Kosloff, 2003, Kieu, 2004}, Feld-
mann and Kosloff, 2004 Quan et al., 2005, Rezek and Kosloft, 2006, |Quan et al.,
2007, Allahverdyan et al., 2008|, /Abah et al., 2012, \Gelbwaser-Klimovsky and Kur-
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izki, 2014} Hardal and Mistecaplioglu, 2015, [Newman et al., 2017, [Turkpence et al. |
2017, Agarwalla et al., 2017, Hardal et al., 2017, Niedenzu et al., 2018| [nsinga)
|et al., 2018|, |Naseem and Ozgiir E. Miistecaplhoglu, 2019|, |Kb'se et al., 2019|, |Singh|

and Miustecaplioglu, 2020, [Raja et al., 2021, B.S et al., 2022, |Pozas-Kerstjens et al. |

2018 |Li et al., 2022], and successful experimental demonstrations have been recently

reported [Zou et al., 2017, [Klatzow et al., 2019| [Peterson et al., 2019, Bouton et al. |
2021} Sheng et al., 2021} |Lisboa et al., 2022 |Zhang et al., 2022al |Reyes-Ayala et al.
2023|. Despite these theoretical and experimental developments, it is still an open

question whether the quantum advantage can lead to Carnot efficiency or better at

finite power [RoBnagel et al., 2014, Campisi and Fazio, 2016, Kim et al., 2022]. It is,

therefore, crucial to study the potential and limitations of quantum thermal devices

and investigate methods to boost their finite-time performance.

A specific type of control techniques which are collectively known as shortcuts to
adiabaticity (STA) have gained a particular interest in the study of quantum heat

engines. The central idea in STA is to design protocols to drive the system by emu-

lating its adiabatic dynamics in finite time |[Torrontegui et al., 2013, |Guéry-Odelin|
et al., 2019|. Since its foundation [Demirplak and Rice, 2003, Demirplak and Rice,|
2005, Berry, 2009, Chen et al., 2010] different approaches have been developed to

engineer STA, such as using dynamical invariants, [Chen et al., 2010} |Chen et al. |

2011], inversion of scaling laws [del Campo, 2011} |Campo and Boshier, 2012] and

the fast-forward technique [Masuda and Nakamura, 2010, Masuda and Nakamura,|

2011} [Torrontegui et al., 2012]. In recent years, successful experimental realizations

of STA have been reported in the literature [Vepsalainen et al., 2019, [Vepsalédinen|
and Paraoanu, 2020, Zhou et al., 2020, [Yin et al., 2022].

STA has been extensively explored as a means to enhance the performance of

quantum refrigerators [Funo et al., 2019, |Abah et al., 2020] and boost the power
output of QHO [Campo et al., 2014, |Abah and Lutz, 2018, /Abah and Paternostro,|
2019, Beau et al., 2016] and spin chain [Cakmak and Mistecaplioglu, 2019, [Hart-
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mann et al., 2020, |Cakmak, 2021] based quantum heat engines by emulating adi-

abatic strokes within finite time frames. Previous studies in these domains have
commonly assumed a rapid thermalization step. However, with the growing interest
in the application of STA to open quantum systems, recent research has increas-

ingly focused on the possibility of achieving swift thermalization using various tech-

niques [Dann et al., 2018| [Dann et al., 2019, [Villazon et al., 2019, Alipour et al.,
2020}, Dupays et al., 2020], Pancotti et al., 2020|, Suri et al., 2018|, [Dann and Kosloff)|
2020]. These approaches are often referred to as fast thermalization, shortcuts to

thermalization (STT) or shortcuts to equilibrium (STE). Since quantum heat en-
gines contain thermalization branches, study of these techniques is of paramount
importance in order to optimize the power and efficiency of these devices [Villazon
et al., 2019, [Pancotti et al., 2020| [Suri et al., 2018, [Dann and Kosloff, 2020, |del
Campo et al., 2018].

Motivated by these advancements, we conduct an analysis of the energy dynam-
ics, power output, and efficiency characteristics of an Otto cycle utilizing a QHO as
its working medium within a finite time frame. To achieve this, we employ shortcuts
to adiabaticity (STA) during the expansion and compression strokes, while imple-
menting STE during the hot isochoric strokes, resulting in what we refer to as an
STA engine. In our investigation, we compare the thermodynamic performance
metrics of this engine with an uncontrolled non-adiabatic quantum Otto (UNA en-
gine) and a quantum Otto engine in which only the adiabatic strokes are accelerated

using CD-driving (STA engine).

For a comprehensive evaluation of the thermodynamic performance within con-

trolled dynamics, it is essential to meticulously account for the energetic expenses as-

sociated with the implementation of the control protocols [Cakmak and Miistecaplhoglu,

2019, |Abah and Lutz, 2018, Abah and Paternostro, 2019, [Hartmann et al., 2020].

In this regard, we adopt a widely employed cost measure to quantify the energetic

requirements of the STA protocol during the adiabatic strokes. Additionally, we
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introduce a novel cost measure based on the dissipative work performed by the en-
vironment [Alipour et al., 2022] specifically for STE protocol. This approach allows
for an accurate evaluation of energy-related aspects when both STA and STE pro-

tocols are implemented.

Initially, we conduct a thermodynamic analysis of the three engines (UNA, STA,
and STA) by considering a single cycle following the preparation phase. Subse-
quently, we extend our examination to their respective limit cycles. Our findings
clearly demonstrate that the ST/A engine, incorporating both shortcuts to adia-
baticity (STA) and shortcuts to equilibrium (STE) protocols, attains superior power
output and efficiency when compared to the STA-only engine and the UNA engine.

This manuscript is organised as follows. In Section [6.2] we briefly introduce
the quantum Otto cycle. In Section the scheme for STA using counterdiabatic
driving is introduced. In Section the protocol for the fast driving of the Otto
cycle towards thermalization is introduced. In Section |6.5( we describe the quantum
Otto engine for which both STA and STE is used and in Section [6.6| we present our

results.

6.2 Quantum Harmonic Otto Cycle

We study a finite-time quantum Otto cycle and consider the working medium to

be a harmonic oscillator with a time dependent frequency. The Hamiltonian for a

QHO is
Hy = p*/2m + mw?i?/2 (6.1)

in which z and p are the position and momentum operators respectively and wy
is the time-dependent frequency and m is the mass of the oscillator. As shown in

Fig. the cycle consists of the following strokes.

(1) Adiabatic compression (1 — 2): Unitary evolution for a duration of 75 while

the frequency increases from w, to wy.
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(2) Hot isochore (2 — 3): Heat transfer from the hot bath to the system for a
duration of 793 as the system equilibrates with the bath at temperature T} at

fixed frequency.

(3) Adiabatic expansion (3 — 4): Unitary evolution for a duration of 734 while

the frequency decreases from wy to w,.

(4) Cold isochore (4 — 1): Heat transfer from the system to the cold bath for a
duration of 741 as the system equilibrates with the bath at temperature T, at

fixed frequency.

Mean Energy

W Frequency Wp

Figure 6.1: Schematic representation of a quantum Otto cycle composed of adiabatic
compression (1 — 2), isochoric hot thermalization (2 — 3), adiabatic expansion

(3 — 4) and isochoric cold thermalization (4 — 1) strokes.

During the adiabatic steps the system is decoupled from the heat baths, and the
frequency is varied over time, at a rate bounded by the adiabatic theorem [Berry,
, so that the populations of the drifting energy levels remain unchanged. The
resulting isentropic evolution is more restrictive than the classical adiabaticity con-
dition of constant entropy. This is due to the fact that in a quantum adiabatic

evolution, the adiabatic condition implies that the distribution of the populations
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must remain unchanged. However, in a classical adiabatic process the entropy is
unchanged [Quan et al., 2007].

Mathematical formulations of the adiabatic time evolution for an isolated quan-
tum system employ a time-scale separation between fast and slow degrees of freedom,
yielding product states as solutions. For the compression and expansion strokes of
the QHO Otto engine, this condition implies that the system will always remain in
an instantaneous eigenstate of the time-dependent Hamiltonian. The unitary time
evolution of such a process, which ideally takes infinite time, can be solved exactly
and has zero entropy production. The average work and heat exchange values during

the cycle is given by [Deffner and Lutz, 2008, Deffner et al., 2010],

Wio) = D(n@is — woleoth(Z) (62)
(@) = " o) - Qo 25%) (©3)
W) = (0@ — wneoth( P2 (6.4
(Qu) = h;” {coth(ﬁcz%)—Q§4coth(5h’;‘“h)} (6.5)

where W refers to the work input and @) refers to the heat input to the engine during
the indicated strokes. (. and S, are the inverse temperatures for the cold and hot
bath respectively. The terms )7, and ()5, are the adiabaticity parameters and their
values depend on the driving scheme |[Abah and Lutz, 2018]. We are employing a
sign convention in which all the incoming fluxes (heat and work) are taken to be

positive [Singh et al., 2022, [Singh and Miustecaplioglu, 2020].

In order to study the finite-time Otto cycle, we need to consider the time evolu-
tion along each stroke separately. The unitary evolution of the adiabatic strokes is
governed by

7

h[f{&ﬁL (66)

(9t,5 —

where p is the system’s density matrix. For the duration of the isochoric strokes, a

Markovian open system dynamics given by a Gorini-Kossakowski-Sudarshan—Lindblad
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(GKLS) master equation governs the system’s dynamics,

op = —5[Ho, pl+D(p), (6.7)

in which D(p) is the dissipation superoperator which must conform to Lindblad’s

form for a Markovian evolution
5 stoe _ Leaat s aaat _ Leata
D(p) = kr(a'pa — 5 {aa’, p}) + ky(apa’ — 5{a'a, p}). (6.8)

The ky and k| are called heat conductance rates and the heat conductivity (heat
transport rate) is defined as I' = k| — ky [Kosloff and Rezek, 2017]. Note that,
heat transport is not the only source of irreversibility in a quantum heat engine.
Non-commutativity of the Hamiltonians at different times results in an additional

dissipation channel, dubbed ”quantum friction” [Kosloff and Feldmann, 2002].

Thermalization times are often neglected in the analyses of quantum heat en-
gines, since they are assumed to be much shorter than the compression and expan-
sion times. [Rofinagel et al., 2014, /Abah and Lutz, 2018, |Abah and Paternostro,
2019, Cakmak and Miistecaplioglu, 2019, Beau et al., 2016]. However, this assump-
tion requires heat transport rates to be large, a circumstance for which it is shown
that the optimal power production happens when the cycle times are vanishingly

small [Feldmann et al., 1996} Rezek and Kosloff, 2006, Kosloff and Rezek, 2017].

Another line of reasoning to justify small thermalization times in the isochoric
process is that, for the frequency to stay constant (hence, the Hamiltonian to be
static), the duration of the system-bath interaction must be shorter than the dura-
tion of the isentropic process. Meanwhile, assuming that there exists a considerable
energy exchange between the system and the bath or that the system equilibrates to
the temperature of the bath, controlling the interaction time is equivalent to adjust-
ing the system-bath coupling. However, a large system-bath coupling also implies
a large heat transport rate. Additionally, in a thermalization map, which follows a

GKLS type master equation, there is an implicit assumption that the thermalization
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time (which scales proportional to the inverse of the system-bath interaction energy),
is longer than the relaxation dynamics of the bath and the unperturbed dynamics of
the system [Alicki, 1979]. Therefore, for a realistic and consistent thermodynamic
analysis of a quantum heat engine in its full generality, it is important to take into

account the effect of thermalization times without imposing additional assumptions.

In order to see the effect of the duration of isochoric strokes, we take the total
cycle time to be Ty = T12 + To3 + T34 + 741. We assume that 7,4, = 712 = 734 and

Tiso = To3 = T41. 1he engine power can be expressed as,

(Wig) + (W)

P=- 6.9
Ttot ( )
in which 7y, = 27,4; + 27;5,. For an ideal engine, efficiency becomes
W, W-
(Wiz) + ( 34>' (6.10)

T T Q)

Due to the fact that the ideal adiabatic and isochoric strokes are quasi-static, upon
implementing a full cycle in finite time, the state the working medium of the engine
doesn’t precisely return to the initial state from which the cycle started. Therefore,
for a complete study of a finite time quantum heat engine a limit cycle analysis
has to be taken into account and the thermodynamic behavior of the engine in this
mode of operation needs to be addressed |Kosloff and Rezek, 2017, [Insinga et al.,

2018, [Feldmann and Kosloff, 2004].

Existence of a limit cycle for a quantum heat engine can be argued in very
general terms. A general quantum process is described by a completely positive trace
preserving (CPTP) map. The quantum channel for the entire cycle is a composition

of four CPTP maps,

£(p) = €451 03540253 0 €152(P) (6.11)

which makes itself CPTP. Due to the Brouwer fixed-point theorem, every such chan-

nel should have at least one density operator fixed point p* such that [Watrous, 2018§]
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() =5 (6.12)

Lindblad showed that relative entropy (KL-divergence) between a state and a ref-
erence state is contractive under CPTP maps [Lindblad, 1975]. Later, Petz proved
that a variety of metrics (including the Bures metric) are monotone (contractive)
under CPTP maps [Petz, 1996]. These theorems can be expressed mathematically

as

Dy (e(p)|[e(Pret)) < Dxr(pl]pret), (6.13)

D(5<16)7 8(:.ﬁref)) S D(ﬁa ﬁref) (614)

Here, Dy, is the relative entropy (which is not a metric but a divergence function)
and D is a metric on the statistical manifold of the density operators. According
to these theorems, the two states become less and less distinguishable upon succes-
sive application of the map e. If the fixed point of the CPTP map is unique, the
density operator will monotonically approach the steady-state via the dynamical
map [Frigerio, 1977, Frigerio, 1978]. In this case, if we take p.f = p*, Eq.
and Eq. imply that upon successive application of the quantum channel, the

system monotonically approaches the fixed point.

6.3 STA by CD-driving

In1 — 2 and 3 — 4 the quantum system is isolated and work is performed by
changing the frequency between w. and wy, which are fixed as design parameters.
We now consider a counter-diabatic drive on the system by means of a control
Hamiltonian added to I:.,g, ie.,

Hep(t) = Ho(t) + H(t) (6.15)

such that the resulting dynamics given by

Oup = —Hop, i (6.16)
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is identical to the adiabatic evolution under Hy alone. For a closed system, the

general form of H; reads [Berry, 2009]
Hy(t) = ihZ(@n) (n| = (n) O |ny (n|) (6.17)

where |n) is the n-th eigenstate of Hy(t). This STA protocol requires that (H;(0)) =

(H,(7)) = 0. Hence, the frequency satisfies the following initial and final conditions.

wi(0) =w;, @(0) =0, @(0)=0,

wi(T) =wyp, w(1) =0, &(1)=0. (6.18)

An interpolating ansatz which satisfies the mentioned boundary conditions is [Deftner

et al., 2014],
wy = w; + (wy — w;)[108® — 155* + 65°] (6.19)

in which s = ¢/7,4;. For a time-dependent QHO, H, in Eq. can be expressed
as [Muga et al., 2010]

H = — 2 (@p + pa). (6.20)

The total Hamiltonian governing the time evolution of the STA controlled QHO

becomes
/\2 2 /\2 .
. P mw; T Wt on o oan
Hop = — - ) 6.21
op =5 + 5 T (Zp + pz) ( )

Hence, for a time dependent QHO, the total Hamiltonian is quadratic in Z and p

and can be considered a generalized QHO [Mishima and Izumida, 2017],
Hep = hQy(bib, +1/2), (6.22)

with an effective frequency €2, and the ladder operator b, given by

~ mQt N Zﬁ
by = . 24
¢ \ o7 (Gt + mQt) (6.24)
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The work done during this process is given by

W= /0 T (0)5(0))dt (6.25)

The expectation value of the CD driving is defined as [Abah and Lutz, 2018],

(0 = (1ett) - () -

2%-<Eim0)> (%%-—-1). (6.26)

In order to obtain an accurate thermodynamic description of this controlled
process, one should also keep track of the energy cost of CD-driving. The energetic
cost of CD driving can be given as the time average of <ﬁ1 (t)> [Abah and Lutz,
2018].

1 [Tdi
Cora = /0 <H1(t)> dt. (6.27)

Tadi

6.4 STE by CD-driving

In the previous section we briefly explained superadiabatic control protocol of an
isolated quantum system which will be used to accelerate the unitary compression
and expansion strokes of our quantum Otto engine. However, to be able to acceler-
ate thermalization processes in quantum heat engines, one must implement a similar
protocol for an open system. Such control methods are of utmost importance for
designing quantum thermal devices within the context of finite time thermodynam-
ics. In this section we will briefly explain a fast thermalization protocol for a driven
open QHO which is presented in [Alipour et al., 2020, [Dupays et al., 2020]. For
open quantum systems, eigenvalues of the density matrix are time dependent. The
time evolution of the density matrix can be written in terms of changes in its eigen-

projectors and changes in the eigenvalues. Such a trajectory map can be written as

l

p= h[HCDna] + Z OpAn(t) |ne) (nal - (6.28)
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It is known that (after a modification to make it norm preserving) we can cast

Eq. (6.28) into a Lindblad-like form [Alipour et al., 2020],

i - - 1o~ -
p =Y Youn(Lun Ll = S{ L L 73). (6.29)

mn

in which L,,, and Ymn are the jump operators and the dissipation rates in the
Lindblad-like master equation for a unitarily equivalent trajectory p. In [Alipour
et al., 2020| it is shown that, using the CD-driven STE framework, one can achieve
the fast thermalization of a time-dependent QHO from an initial to a final thermal
state. For an open and time-dependent QHO, we can write the trajectory map
for the unitary transformed density matrix p = U,pUl with U, = exp(ima,i?/2h)
as |Alipour et al., 2020],

AL S . ol
0= 7 |5 + 3mlnt® p| = vl &4l (6.30)

in which wep is the effective frequency and ~; is the effective dissipation rate. Such
a procedure for shortcut to thermalization can be implemented by modulation of the
driving frequency and the dephasing strength [Alipour et al., 2020, Dupays et al.,

2020]. For Eq. (6.30)) we have [Alipour et al., 2020],
wep = Wi —ap — (6.31)
= mer (6.32)
! ho (1 —wuy)?
u = e P (6.33)
(6.34)
(6.35)

ay = Ct—w/th;
w Uy

G = ——+

20&.),5 1—ut2

Here, f3; is the inverse temperature at time ¢. Similar to the STA case, shortcut
to equilibrium is achieved for a general setup by requesting w; to follow Eq. (6.19)
(with s = t/7is,) and f; to conform to the ansatz [Alipour et al., 2020],

Bi = Bi + (Bf — Bi)[10s* — 15s* + 65°], (6.36)
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in which s = t/7;5,. For this protocol, an entropy based definition for the infinitesi-

mal thermal energy and work can be calculated as given in [Alipour et al., 2022].

dQ =dQ —dWep = Tr [ﬁcp(ﬁ)ﬁo] dt; (6.37)
AW =AW +dWep = Tr [ﬁ (ﬁo g [ﬁo, FICD} )] dt (6.38)

in which Hep is the transformed CD Hamiltonian governing the coherent evolution
and Dep = —v, [, [, p]] is the transformed dissipator contributing to the coherent
and incoherent evolution in Eq. (6.30)) respectively. dWep = —iTr[[H , Hep)pldt is
the dissipative work, due to the CD evolution along the state trajectory. dQ and
dW are heat and work calculated in the instantaneous eigenbasis of p. In Eq.
and Eq. , dQ) and dW signify the infinitesimal changes in the conventional
definitions of heat @@ = Tr[,éﬁo] and work W = Tr[[)ﬁo], resulting from Spohn
separation [Spohn, 2008|, in which the coherent (dissipative) changes of the inter-

nal energy due to the master equation is phenomenologically labelled as work (heat).

However, it is argued in [Alipour et al., 2022] that for a general evolution of an
open quantum system, the contribution of changes in the internal energy which one
can label as heat must also coincide with the contribution associated with changes in
the entropy. In general, Spohn seperation doesn’t necessarily respect this condition.
As a resolution to this issue, the contribution to the changes in the internal energy
associated with changes in the eigenvalues of the density matrix is called heat and
the contribution associated with the changes in the eigenprojectors is called work.
For the CD-driven harmonic oscillator driven to thermalization, these contributions
take the form given in Eq. and Eq. as discussed in |Alipour et al.,
2022|. Therefore, for the driven system described in this section, the actual values
for heat (Q) and work (W) during the process can be found by integrating Eq.
and Eq. throughout the trajectory. dWesp quantifies the environment-induced
dissipative work (positive or negative) due to CD driving of the open quantum
system evolving for a time dt. More specifically, it is argued that for a system

initialized in an equilibrium state and whose dynamics has a unique equilibrium
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steady state, the amount of dWsp quantifies the energetic cost associated with the
difference between the real trajectory and the quasistatic one [Alipour et al., 2022].
Therefore, the magnitude of the dissipative work at each infinitesimal time step can
be associated with the control cost for its corresponding infinitesimal evolution along
the trajectory. Since during an isochoric process the Hamiltonian is static (ﬁo =0)
we can define the integral of the absolute value of dW¢p through the state trajectory

during this process as the total cost function

Tiso
Cstp = /
0

This cost is not defined operationally but based on the arguments that are given,

Tr[[Ho, Heplp)| dt. (6.39)

any driving protocol must expend at least the amount of energy given in Eq. (6.39)
to drive the system for the duration of the isochore. Therefore it can be thought of

as a lower bound on any operational cost that one can define for such a process.

6.5 Otto engine with CD driven STA and STE

Using the frameworks explained in the previous sections, we propose a CD driven
Otto engine with a QHO as a working medium. In Fig. we boost the engine us-
ing CD driven STA protocols for expansion and compression and using a CD driven
STE protocol for the hot isochore. The cold isochore is modeled by a Markovian

master equation and no control Hamiltonian is applied during this step.

Adiabatic evolution implies S;w; = Biw;. Hence, after an adiabatic driving for
the compression (expansion) stroke, the evolution of the system leads to a density
matrix whose statistical distance is close to the thermal density matrix at ws = wy,
and Ty = (wp/we) X T, (wy = we and Ty = (w./wp) X T.). We can quantify this
statistical distance using fidelity. Also, due to the fact that for an isochoric process
the frequency must be kept constant, we will use w; = wy, throughout the CD-driven
hot isochoric stroke, which means that in order to achieve STE we will only consider

modulation of the dephasing strength.
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We distinguish between the thermodynamic efficiency (') of the control engine,
which doesn’t take into account the control costs and is given by an expression similar
to Eq. , and the operational efficiency (7°?) which considers the energetic costs.
The operational efficiency for the CD-driven Otto engine can be calculated taking
into account the costs for STA and STE protocols.
B Wiz + Way

Qo3+ Cogl? + CLP + C3

180

In Eq. (6.40), W12 and W34 are calculated using Eq. (6.25) and Qa3 is calculated
by integrating Eq. (6.37). C'72, C273 and C3;7* are the driving costs for the

a, 150 Qa

P = (6.40)

compression, cold isochore and expansion strokes and are defined in the previous
sections. Power output is calculated using a similar expression given in Eq. by

substituting Wis and W34 into the equation.

6.6 Results

In this section, we compare UNA, STA, and STA Otto engines in terms of power and
efficiency. To this end, we choose w., = w1 = ws =1 and wy, = wy = w3 = 2.5. We
assume the durations of the two adiabatic strokes to be identical (7,4;), and similarly
for the two isochores (7;5,). We vary 7,4 and 7;, independently between 0.7 and
7.5. The temperatures for the cold and hot bath are taken to be T, = 77 = 1 and
T, = T; = 10, respectively. We further assume that the heat conductivities for the
hot and cold isochores are equal, i.e., I, = ', = 0.22. All numerical values are given
in appropriate units (energy in units of fiw., temperature in units of hw./kg, etc.).
The parameter ranges were chosen such that all relevant operational regimes were
accessible in the analysis. Throughout this section, all the calculated efficiencies are
operational except when it is directly stated otherwise. For convenience we drop
the "op” superscript for the operational efficiency. We have used the open source

package QuTiP for our calculations [Johansson et al., 2012b].

Fig. compares both the power output of the three engines (top panel) and

their efficiencies (bottom panel) as a function of the stroke durations, for a single
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Figure 6.2: Power and efficiency of the Otto engine as a function of the duration of
the isochoric and adiabatic branches. Top row: Power vs 7,4 and 7, for the (a)
UNA engine; (b) STA engine; (¢) STA engine. Bottom row: Efficiency vs 7,4; and
Tiso for the (d) UNA engine; (e) STA engine; (f) STAE engine. Negative power and

efficiency results for the finite time Otto engine are greyed out.

cycle of operation starting from the thermal state (w., T.) which is indicated as ”1”
in Fig. It is evident from Fig. ﬂ(a) that for small values of 7,4 and 7, the
UNA engine results in a negative power output and hence, does not behave as a
proper heat engine. However, in STA Fig. [6.2(b) and STA Fig. [6.2(c) engines, a
positive power output is produced even for small stroke times. It should be noted
that we have not considered stroke times smaller than 0.7 because for the parameter
regime that we chose, this results in trap inversion (with an infinite STA driving

cost). The maximum power output of the STA and STA engines occur for the
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smallest stroke times however for the uncontrolled engine maximum power occurs
for an intermediate time 7,4 = Tiso &~ 2.3, after which the power output declines.
The figures demonstrate that the maximum power is larger for ST A engine than the
STA-only engine, which itself yields higher power than the finite-time engine with no
CD-driving. When cycle time is dominated by either isochoric or adiabatic processes
the power output of the uncontrolled engine is low and, as expected, the STA engine
yields higher a power output when the cycle time is dominated by the isochoric pro-
cesses. However, ST /A engine outputs a relatively large values for power whether the
contribution of the isochoric processes is larger for the cycle time than the adiabatic
ones or vice-versa. For large values of the cycle time, the difference between the
power outputs of the three engines become negligible as expected. Fig.[6.2{d) shows
that in the parameter regime that we have considered, the UNA engine yields a
negative value for efficiency as the cycle time becomes very small. Hence, it doesn’t
act as a proper heat engine. Comparing Fig. [6.2(d), Fig. [6.2(e) and Fig. [6.2{f) we
see that for small values of 7,4, the efficiency is comparatively small for all three
engines. However, STA and STA engines give larger values for the efficiency, the
former displaying a superior performance. For cycle times dominated by 7,4 and
short durations of the isochoric branches, the ST/ engine performs poorly as com-
pared with the UNA and STA engines. As 7,4; and 7;5, become larger, the difference
between the values of the efficiency of the three engines diminish. To see finer de-
tails of the performance metrics of the three engines for a subset of the cycle times
considered in Fig. [6.2] in Fig. [6.3] efficiency and power of the engines are presented
for 7,4i = Tiso = 7. In Fig. [6.3[(a) we see a dramatic difference between the power
output of the STA engine with the other two engines considered in this study spe-
cially for short cycle times. This figure shows a clear advantage of using CD-driving
for thermalization and adiabaticity to enhance the power output. From Fig. [6.3(b)
it is clear that for equal time allocated to isochoric and adiabatic branches, the
largest to smallest efficiencies are obtained for the STA engine, the STA engine and
the UNA engine, respectively for smaller cycle times. For the intermediate cycle

times efficiency of the UNA engine exceeds that of STA. For larger cycle times the
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Figure 6.3: Power and efficiency characteristics of the controlled and uncontrolled
finite time Otto engines for an equally allocated time for their isochoric and adiabatic
branches, 750 = Taai = 7. (a) Power vs 7: UNA engine (solid blue), STA engine
(green dash-dotted), ST/A engine (yellow dashed). (b) Efficiency vs 7: UNA engine
(solid blue), STA engine (green dash-dotted), operational efficiency (yellow dashed)
and thermodynamic efficiency (red dotted) of the ST/ engine.
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efficiency of the three engines approach the ideal value of 1 — w./w;, = 0.6. Also,
for the entirely of cycle times, the efficiency of all three engines is below the Carnot
efficiency 1 — T,/Tj, = 0.9 and Curzon-Ahlborn (CA) efficiency 1 — \/T./T}, = 0.68.
Note that without considering the costs, the thermodynamic efficiency of the ST/AE
engine equals the ideal value.

In Fig. |6.4] we can see the control costs for the ST A engine. As expected, Fig.|6.4{(a)
and Fig.|6.4{c) show that the energetic cost for CD-driving for adiabaticity decreases
for longer 7,4;, whereas in Fig. [6.4(b) we can see that the cost for driving the system
to thermalization shrinks as we increase 7;5,. Comparison between the costs for the
controlled strokes in the ST engine reveal that the maximum of the energetic con-
trol costs in increasing order are for the compression, expansion and thermalizaion
strokes. Moreover, the expansion stage has more populations in excited levels as it
starts after the heating stroke, in contrast to compression stage where the popula-
tions are less as it follows the cooling stroke. Accordingly, more energy needs to be
spent by the external agent to control and stop the transitions during accelerated
adiabatic transformation in the expansion stroke, a fact which was also stated in
earlier studies [Li et al., 2021]. Next, we move on to the performance metrics of the
engines in their respective limit cycles. Our numerical calculations show that all
three engines reach a limit cycle throughout the cycle times that we have considered
in this study. One has to note that in the limit cycle the state of the working medium
at the end of each stroke do not necessarily coincide with the ones given in the ideal
Otto engine as represented by Fig. [6.1], unless the times allocated for each stroke are
very large. Calculating the fidelity of the state of the working medium and the final
state after each repetition of the cycle, we see observed that 7 cycles are enough
to converge to the limit cycle of the engines for all the cycle times. In Fig. the
results for the power and efficiency of the engines are shown.

From Fig. m(a) we can observe that the UNA engine yields a negative power
output for a considerably large subset of allocated times for the adiabatic and iso-
choric strokes. Comparing Fig. [6.5(a) and Fig. [6.2(a), we see that the uncontrolled

engine is much more unreliable in its limit cycle than when we only consider one
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Figure 6.4: Cost of the STA and STE driving for one cycle of the STA engine vs
Taai and Ts. (a) Cost of the STA driving for adiabatic compression; (b) cost of the
STE driving for hot isochore; (c) cost of the STA driving for adiabatic expansion;

(d) total costs for one cycle.
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Figure 6.5: Power and efficiency of the Otto engine at its limit cycle as a function of
the duration of the isochoric and adiabatic branches. Top row: Limit cycle power vs
Taai and 7;5, for the (a) UNA engine; (b) STA engine; (c) STA engine. Bottom row:
Limit cycle efficiency vs 7,4 and 7, for the (d) UNA engine; (e) STA engine; (f)
STA engine. Negative power and efficiency results for the finite time Otto engine

are greyed out.

cycle of operation. In comparison, Fig. [6.5(b) and Fig. [6.5(c) give a positive power
output in their limit cycles for all 7,4; and 7;5,. Moreover, in Fig. [6.5(a) we see that
in its limit cycle, the UNA engine yields a vanishingly small power outputs for cycle
times dominated by isochoric/adiabatic processes. On the other hand, Fig. |6.5(b)
shows that the power output in the STA engine gets vanishingly small only for the
cycle times dominated by adiabatic processes. However, Fig. [6.5|c) shows a clear

advantage of using STA engine, in which power output is much larger compared to
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the UNA and STA engines, specially when we consider isochoric or adiabatic process
dominated cycle times. The figure shows that similar to the case of single cycle, for
the STAAE engine in its limit cycle, the power output is higher for smaller values of

T.a;i and T;s,. The grey areas in Fig. [6.5(d) show that for a considerable section of the
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Figure 6.6: Limit cycle power and efficiency characteristics of the controlled and
uncontrolled finite time Otto engines for an equally allocated time for their isochoric
and adiabatic branches, 7,5, = T,q; = 7. (a) Limit cycle power vs 7: UNA engine
(solid blue), STA engine (green dash-dotted), STAE engine (yellow dashed) of the
engine with STA on its adiabatic strokes and STE on its hot isochore. (b) Limit
cycle efficiency vs 7: UNA engine (solid blue), STA engine (green dash-dotted),
STA engine (yellow dashed). Negative power and efficiency results for the finite

time Otto engine are not displayed.

considered allocated times for the isochoric and adiabatic strokes, the uncontrolled
engine doesn’t act as a proper heat engine. In its limit cycle the efficiency of the
UNA engine is low compared to the STA and the STA engines except when 7;,, and
Tqai are both large. Comparing Fig. [6.5e) and Fig. [6.5](f) we see that surprisingly,
for cycles with small 7;,, the efficiency of the STA engine is smaller than that of
the STA engine except when 7,4; is also small. Although, this doesn’t mean that the

STA-only engine is superior to the STA engine for the mentioned cycle time alloca-
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tions because in this case, as seen in Fig. [6.5(b) the power output of the STA-only
engine becomes much smaller than the STA engine. An interesting aspect of the
STZA protocol limit cycles is that the performance is non-monotonous in 7,4;,. As a
result, high-power/high-efficiency islands appear, such as the one observed around
Tadi = Tiso &~ 1.6 in Fig. 6.5(f). In order to make a more detailed comparison of
the performance metrics of the engines for a subset of the stroke times considered
in this study, in Fig. we present efficiency and power of the heat engines for
Tadi = Tiso = T. In Fig. (a) we can see that the STA engine yields a much higher
power output than the STA and UNA engines. Comparing Fig.|6.3(a) and Fig. (a)
we see that in their limit cycle, the power of the STA and UNA engines get reduced,
as compared with the case of single cycle, throughout the cycle times. However, for
the STA engine the power output for the limit cycle is higher than that of the single
cycle for the entirety of the considered cycle durations. As shown in Fig. (b),
in its limit cycle, the efficiency of the ST/ engine is no longer monotonic in the
cycle time. The difference between the efficiencies of the uncontrolled engine and
the controlled engines is more dramatic in their limit cycles and their efficiency
values don’t approach each other to the ideal value of 1 — w./w;, = 0.6 unless the
cycle time is very large. The results show that the STA engine has higher effi-
ciency than the STA engine, for smaller cycle times. However, after a certain value
for the stroke durations, efficiency of the STA engine exceeds that of the STA en-
gine. Inspecting Fig. |6.3(a) and Fig. [6.3(b) we see that there exists a time interval
for which the ST/ engine achieves higher efficiency and power than the STA engine.

In Fig. the costs for CD-driving at the limit cycle for the STA engine are
presented. Similar to the case of single cycle, we can see that the cost of the hot
isochoric and adiabatic strokes are highest for short 7;,, and 7,4; respectively. Addi-
tionally, for short cycle times in the limit cycle the share of the thermalization cost
is the highest in the total control cost similar to the case of single cycle. Again, as
Tadi a0d T4, s increased, the control costs of the adiabatic and hot isochoric strokes

decreases. However, for small 7,4 in the limit cycle, the cost for CD-driving during
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Figure 6.7: Cost of the STA and STE driving for the limit cycle of the STA engine
VS Taa; and Tiso. (a) Cost of the STA driving for adiabatic compression; (b) cost of
the STE driving for hot isochore; (¢) cost of the STA driving for adiabatic expansion;

(d) total costs for one cycle.
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the expansion and compression strokes becomes relatively small for larger 7, as

opposed to what we see for a single cycle.

Comparing Fig. and Fig. we see that for the limit cycle, the control costs
tend to increase as compared to the single cycle case. The difference between the be-
havior of the cost functions for a single cycle and limit cycle can be explained by the
fact that for short cycle durations, specifically for a short cold isochoric stroke, upon
completion of a single cycle the system doesn’t return to the thermal state at T, and
we. Additionally, non-commutativity of the system Hamiltonian at different times
and also non-commutativity of the system and control Hamiltonians will induce
diabatic transition of the populations and also generate coherence in the system’s
density matrix in the energy eigenbasis. It is evident from the definition of the cost
functions Eq. and Eq. that both the diagonals and off-diagonals of the
density matrix influences the cost value along their respective processes. Therefore
due to the mentioned diabatic transitions and generated coherences, which are more
pronounced for smaller cycle durations, in the limit cycle the total control cost in

the limit cycle will be larger than that of a single cycle.

Fig. shows the fidelity between the density matrix at the end of each stroke
and their counterparts in an ideal quasistatic quantum Otto engine for different time
allocation of the cycle durations. The density matrices at the end of each stroke for
an ideal quasistatic heat engine are thermal states at (7}, w;) in which ¢ = 1,2, 3, 4.
The results are shown for a single cycle and an equal time duration for the isochoric
and adiabatic strokes. If the fidelity between the density matrix at the end of a
finite-time stroke in a controlled heat engine and its corresponding quasistatic coun-
terpart is one, it is an indicator that the quantum evolution governing the dynamics
of the stroke has successfully achieved its control target. From Fig. (a) we see
that in the UNA engine none of the four branches yield a high fidelity unless the
stroke times are very large. From Fig. (b) we see that implementation of STA

drives the density matrix at the end of the compression stroke to its corresponding
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Figure 6.8: Fidelity between the density matrix at the end of each stroke and their
respective counterparts for an ideal quasistatic quantum Otto engine vs the stroke
duration 7 = 7,4; = Tiso. The calculations are carried out for a single cycle for (a)
UNA engine (b) STA engine (¢) STAE engine. The solid blue, dot-dashed green,
dashed orange and dotted red curves are for the cold isochore, hot isochore, com-

pression and expansion strokes respectively.

quasistatic counterpart with almost perfect fidelity regardless of the stroke duration.
It is worth mentioning that the same doesn’t happen for the expansion stroke be-
cause the thermalization stroke doesn’t thermalize the system for smaller duration
of this branch and the control law for the expansion presumes that the temperature
at the beginning of the stroke is T3 = Tj,. From Fig. [6.8(c) we see that all of the
controlled strokes in the ST/A achieve perfect fidelity regardless of their duration.
In Fig. we show the fidelity between the density matrix at the end of each
stroke and their counterparts in an ideal quasistatic quantum Otto engine for limit
cycle and an equal time duration for the isochoric and adiabatic strokes. Since the
three engines under investigation have different cycle propagators, they will reach
different limit cycles at different times. This fact is evident upon comparing the
fidelity curves for the cold isochore process of the UNA, STA and STZA engines

in Fig. for different times. Also from Fig. [6.9(b) and Fig. [6.9(c), we see that in
the limit cycle, non of the controlled branches in the STA and STA engines achieve
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Figure 6.9: Fidelity between the density matrix at the end of each stroke and their
respective counterparts for an ideal quasistatic quantum Otto engine vs the stroke
duration 7 = T,4; = Tiso. The calculations are carried out for the limit cycle for
(a) UNA engine (b) STA engine (¢) STA engine. The solid blue, dot-dashed green,
dashed orange and dotted red curves are for the cold isochore, hot isochore, com-

pression and expansion strokes respectively.

unit fidelity unlike what was the case for a single cycle as displayed in Fig. (b)
and Fig. [6.§|c). As explained earlier, this is due to the diabatic populations transi-
tions and accumulated coherence in the energy eigenbasis (which increase the cost
in limit cycle) and the differences between the fidelities for a single cycle and limit
cycle shows confirms this fact.

In Fig. [6.10] we provide the coherence accumulated in the density matrix for
different 7 = 7,5, = 7.4 calculated for each cycle number until the limit cycle is
reached. To quantify coherence, 11-norm of coherence is used. The results show
that as a general trend, for shorter cycle durations more coherence is accumulated
in the density matrix. Also, as the cycle number increases, until the limit cycle is
reached, the amount of coherence gets larger. The results displayed in Fig. [6.10)
also demonstrate a clear reason based on the contribution of the off-diagonals of the

density matrix that why the cost functions yield larger values at the limit cycle.
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Chapter 7

CONCLUSION

In Chapter [2, we studied the metrological capability of different states of light
for probing a simple model of the retinal network. Our objective was to analyze the
parameter estimation error by calculating the Fisher information matrix for gain pa-
rameters in this network, given a photon distribution by Fock, coherent and thermal
states of light. These calculations are performed for in-vitro and in-vivo scenarios
which include both lossless conditions and including optical losses. We investigated
the error bounds for the single parameter and multi-parameter cases using the in-
verse of the Fisher information (CRLB) and the volume of the error ellipsoid as their

corresponding figures of merit.

Our study shows that the minimum error ellipsoid volume for thermal light is
much larger than coherent and Fock state light for all parameters. When 7 is con-
sidered very small, Fock and coherent states outperform thermal state for parameter
estimation task, Fock state having a smaller error bound. Error ellipsoid volume dif-
ference between Fock and coherent states increases with 7. This difference becomes
even more significant when smaller mean photon numbers are considered. In all
cases, the Fock state has superior metrological advantage even for more complicated
network topologies (increased numbers of cells and layers). The smallest value for
the error ellipsoid volume is obtained for large values of n and n. This intuitively
makes sense, because a large photoreceptor efficiency and a larger stimuli result in
a stronger response, from which a more accurate estimation of the underlying pa-

rameters would be possible.

Including optical losses increases the error bound for all states. Calculating for
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the case with equal and unequal weight factors, we showed that similar to the case
with no optical losses, Fock state and thermal state yield the smallest and largest
error ellipsoid volumes, respectively. Hence the advantage of quantum states of light
for parameter estimation on the retina network persists even when considerable op-

tical losses are introduced.

In Chapter 3] our theoretical and experimental framework illustrates that em-
ploying nonlocal polarimetry with an initially entangled state leads to improved pre-
cision and accuracy in extracting information about sample characteristics compared
to the case of local polarimetry. Our results show that using quantum entanglement
can increase the precision and accuracy depending on the chosen estimators and ex-
isting noise channels. We have seen that the experimental noise induces bias in our
estimators and therefore reduces the accuracy of the estimated results. Therefore,
to harness the full potential of quantum states for metrological tasks, one needs to

address the issue of noise-induced bias as well.

Our investigation reveals the presence of a quantum nonlocality advantage within
the ambit of two-channel entangled state quantum polarimetry. However, it is
pertinent to note that this quantum advantage remains suboptimal. Within the
realm of quantum metrology, the utilization of NOON states, expressed in the form
(|[HH)+|VV))/V/2, could conceivably offer a higher enhancement in precision com-
pared to local polarimetry [Dowling and Seshadreesan, 2015]. Furthermore, such
states could potentially be harnessed to attain quadratic advantages with increas-
ing photon numbers. While our current study identifies the nonlocal advantage, the
pursuit of optimization for this nonlocal scheme remains an open challenge, awaiting

exploration in future investigations.

In Chapter 4] we studied the precision limits for single parameter estimation of
the rotation angle of the Stokes vector in a polarimetric setup, within the frame-

work of quantum polarimetry. We have incorporated the effects of depolarization
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and diattenuation channels within our numerical calculations and considered differ-
ent orders of implementations of these channels. For the sake of completeness, we
have utilized three different depolarization channels found in the literature in our
calculations. The results show that, for our chosen sets of parameters and opera-
tors, QFI greatly diminishes upon implementation of the depolarization channel. For
depolarization based on convex combination of rotations and the isotropic depolar-
ization, there exists a minimal difference between forward and reverse decomposition
in the final result for the QFI for weak depolarization and the difference is slightly
more pronounced in the strong depolarization regime. However, for the anisotropic
depolarization, after applying the depolarization channel, the reverse and forward
decompositions yield different behavior with the average number of photons for

Kings of Quantumness and the NOON state.

The scaling of coherent state remains monotonic with the average number of
photons and both decompositions yield the same result. However, for NOON state
and Kings of Quantumness QFI becomes non-monotonic with the average photon
number in the strong depolarization regime. As expected, implementing diattenua-
tion decreases QF1I for all cases. However, our results demonstrate that metrological
power of the NOON state diminishes more than that of Kings of Quantumness such
that for larger average photon numbers the latter yields a higher QFI. Therefore our
results suggest that, although HL scaling is lost after applying the noise channels,
one can potentially utilize low photon number NOON states to gain a quantum
advantage in polarimetric retardation measurements on a lossy medium. Possible

experimental procedure for carrying out such a task is proposed.

In Chapter [5], inspired by the recent developments concerning the constructive
effect of noise in energy transport in biological light harvesting complexes, we have
studied the effect of an auxiliary, HSE interacting with a linear system of three qubits
on heat transport from a hot bath to the cold bath, connected by this system. We

saw that such a coupling modulates, and in a broad range of parameters, enhances,
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the transient and steady state heat transport. This is partly due to the changes in
the energy levels of the total system Hamiltonian, including the interaction with the
HSE. Due to these changes, the thermal baths can access and induce transitions in

the energy levels of the system more easily, hence enhancing the heat transport.

We conducted a full scale numerical characterization of the steady-state heat
flux, with the independent parameters being the system-HSE coupling, inter-HSE
coupling and coherence of the HSE qubits. Our results indicate that, for the pa-
rameter regime considered in this study, an increase in system-HSE and inter-HSE
couplings corresponds to an increase in the steady-state heat current, especially for
the larger values of the coupling constants. Coherence within the HSE generally
has a smaller effect on the steady-state heat flux and its effect is only noticeable
within a smaller parameter regime. The enhancement of the energy transfer due to
the HSE coherence is more pronounced for the larger coupling constants g, and g

considered in this study.

As a future direction, one might consider the effect of non-Markovianity within
the heat baths or the HSE on the heat flux by considering long range interactions
between their corresponding qubits. It might also be worthwhile to study the effect
of system-environment correlations or the correlations in the bath on heat trans-
fer. Finally, our work in a sense can be understood as an open-loop control of the
thermal energy through a simple network by an auxiliary environment. One might
consider a more complex network of qubits and study where and how strong the lo-

cal interactions with the HSE should be in order to optimally modulate the heat flux.

In Chapter [0 we studied the thermodynamic performance of a quantum har-
monic Otto engine in finite time and compared three cases of Otto engine with no
CD-driving, Otto engine with STA on the adiabatic strokes and Otto engine with
STA on the adiabatic strokes and STE on the hot isochoric branch. We have in-

cluded the costs of driving the engine for calculating the thermodynamic figures
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of merit. In our calculations we have considered two modes of operation. First we
studied the thermodynamic performance criteria for a single cycle and then we calcu-

lated the same figures of merit for the engines running in their respective limit cycles.

Our results for single cycle indicate that controlling the hot thermalization pro-
cess in the Otto engine greatly increases the power output of the engine for the
entirety of the considered stroke times, specifically for short cycle time durations.
Taking the control costs into account, the STA engine yields a lower efficiency than
the STA and UNA engines for cycle times dominated by 7,4;. At this mode of oper-
ation, the STA engine outperforms STA engine in terms of efficiency. However, for
short cycle durations the STA engine results in a larger efficiency than the UNA
engine. For a single cycle starting from the thermal state of the cold bath, the con-
trol costs for thermalization is larger than that of the compression and expansion
strokes. In total, the control costs decline as we increase the time allocated for the
isochoric and adiabatic branches. Our calculations show that for the UNA engine
the parameter regime of the stroke time durations for which the power output and
efficiency are negative greatly increases in its limit cycle as compared to only a sin-
gle cycle of operation. For the CD-driven engines (both STA and STA), the power

output remains positive throughout the stroke times considered in this study.

For limit cycle the ST/ engine displays a far more superior performance in terms
of power output than the STA and UNA engines. The power for the ST/ engine
in this mode of operation increases unlike the STA and UNA engines compared to
the single cycle case. Our numerical calculations show that in the limit cycle, the
efficiency vs cycle time is not necessarily monotonic for cycle time for the ST/AE
engine. This is of practical importance because it means that one can design an
STA engine which has larger power output and efficiency compared to the STA
engine. In its limit cycle, the thermalization cost dominates the control costs for the
ST /A engine, specially for small time allocation for the isochoric branches. However,

similar to the single cycle case, the costs decline as the cycle time is increases. Due
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to the generation of coherence and also diabatic population transfer, the costs in
the limit cycle are larger than that of a single cycle, specially for shorter stroke
durations. In addition to illuminating the fundamental potential and energetic cost
limitations of finite-time quantum heat engines with shortcuts to adiabaticity and
equilibration, our results can be significant for their practical implementations with

optimum power and efficiency.
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