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A NEW GOODNESS-OF-FIT APPROACH FOR ARCHIMEDEAN COPULA
MODELS AND POWER ANALYSIS

ABSTRACT

In this thesis, a new class of bivariate multi-parameter Archimedean copula based on
Kendall distribution using Bernstein-Bézier polynomials is introduced. This new class
copula has flexible dependence properties depending on the polynomial degree and
the control points. Some dependence characteristics such as Kendall’s tau, upper tail
and lower tail dependence of the this new Archimedean copula class are derived. The

simulation procedure based on these desired dependence characteristics is presented.

Also, we propose an estimation method for the Archimedean family of copula in
a nonparametric setting. Bernstein polynomials and Bézier curve approaches are used
to estimate the Kendall distribution function of the Archimedean copula. Also, a new
goodness-of-fit test based on Cramér-Von Mises type statistic is constructed using new
estimation methods of Kendall distribution function. A Monte Carlo study is performed
to measure the performance of the proposed tests. The simulation results show that both
the Bernstein polynomial and the Bézier curve based tests have better performances

than the classical one since they have flexible form according to its order m.

Keywords: Kendall distribution function, Bernstein polynomial, Bézier curve,

Cramér-von-Mises statistic, Archimedean copula
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ARCHIMEDEAN KOPULA MODELLERI iCiN YENI BiR UYUM 1YILiGi
YAKLASIMI VE GUC ANALIZI

0z

Bu tezde, Bernstein-Bézier polinomlari kullanilarak Kendall dagilimina dayali yeni
bir iki degiskenli Archimedean kopula sinifi tanitildi. Bu yeni smif kopula, polinom
derecesine ve kontrol noktalarina bagl olarak esnek bagimlilik 6zelliklerine sahiptir.
Bu yeni Archimedean kopula sinifinin Kendall tau, iist kuyruk ve alt kuyruk bagimlilig
gibi baz1 bagimlilik dzellikleri elde edilmistir. Istenen bagimlilik 6zelliklerine dayanan

benzetim prosediirii tanitilmigtir.

Ayrica, Archimedean ailesi i¢in parametrik olmayan tahmin ydntemleri
onerilmektedir. Archimedean Kopula’nin Kendall dagilim fonksiyonunu tahmin
etmek icin Bernstein polinomlar1 ve Bézier egrisi yaklasimi kullanilmistir. Ayrica,
Cramér-Von Mises tiirii istatistige dayali yeni bir uyum 1yiligi testi, Kendall dagilim
fonksiyonunun yeni tahmin ydntemleri kullanilarak elde edilmistir. Onerilen testlerin
performansini 6lgmek icin Monte Carlo benzetim calismasi gergeklestirilmistir.
Benzetim sonuglari, hem Bernstein polinomu hem de Bézier egrisi temelli testlerin,
”m” derecesine dayali olarak esnek bir forma sahip olmasindan dolay1 klasik olandan

daha iyi bir performansa sahip oldugunu gostermektedir.

Anahtar kelimeler: Kendall dagilim fonksiyonu, Bernstein polinomu, Bézier egrisi,

Cramér-von-Mises istatistigi, Archimedean kopula
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CHAPTER ONE
INTRODUCTION

In order to understand the relationship between the variables, it is necessary to
explain the dependence structure of the variables. The dependence structure has been
investigated for many years in statistical theory and many methods have been
developed to reveal this dependence structure. One of them is the function of Copula.
The most important benefit of the copula functions is the distinction between the
dependence structure and the univariate distributions of variables. This property
allows copula functions to model the dependence structure through the distribution
functions. Copula modeling has been also used in many applicational areas, especially
finance, insurance, survival analysis, enviroment engineering, medicine, etc. For

further information, see Joe (1997) and Nelsen (2006).

First time in Copula literature, in 1940, Hoéftding carried out several studies on
multivariate distributions, characteristics of these distributions and dependence
measures. In 1959, Sklar demonstrated the presence of Copulas. Nelsen (2006)
described the Copula functions as follows: “Copulas are functions that join or
“couple” multivariate distribution functions to their one dimensional marginal
distribution functions. Alternatively, copulas are multivariate distribution functions
whose one-dimensional margins are uniform on the interval [0, 1].” Fisher (1997)
answered the questions of “Why are copulas of interest to students of probability and
statistics?”” in the Encyclopedia of Statistical Sciences. He stated that “Copulas are of
interest to statisticians for two main reasons: Firstly, as a way of studying scale-free
measures of dependence; and secondly, as a starting point for constructing families of

bivariate distributions, sometimes with a view to simulation.”

The flexibility of copula models allows us to capture a complex joint distribution
simply by changing the specification of the copula model and the marginal
distributions. Because of this flexibility, copulas have gained popularity in many of
the applicational areas. Plackett (1965) proposed one of the earliest family of
dependence functions. Clayton (1978), Cook & Johnson (1981), Oakes (1982), Oakes



(1989), Tawn (1988) and some others proposed and studied the other type of family of
copulas. Genest & MacKay (1986) and Nelsen (2006) studied on Archimedean
copula which is wide and mathematically tractable and this class is more attractive for
the statistical treatment of data. In this thesis, we firstly propose constructing a
multi-parameter Archimedean copula using Kendall distribution function. We use
Bernstein-Bézier polynomials to create the new Archimedean class. This new
Archimedean copula family is contributed to the expansion of the existed

Archimedean copula family which is limited in the literature.

Inference problem about copulas gains a considerable afford recently. Some
parametric and nonparametric estimation approaches have been proposed for copula
models depending on which the copula and the marginals are assumed to be known.
When the true copula does not belong to an assumed parametric family,
nonparametric estimation leads to a good fit to data. Also, parametric methods as
maximum likelihood leads to a good fit when the true copula belongs to a parametric
family. Deheuvels (1978), Genest et al. (1995), Joe & Xu (1996), Joe (1997),
Fermanian et al. (2004) studied on the estimation methods and gave some

comparisons among them.

Genest & Rivest (1993) presented statistical inference procedure for bivariate
Archimedean copulas. Lambert (2007) used a penalized smoothing spline in
Archimedean copula parameter estimation via an MCMC algorithm with Bayesian
approach. Dimitrova et al. (2008) obtained geometrically designed (GED) spline
estimator for Kendall distribution function, K'(¢) through multivariate Archimedean
copula estimation process. Susam & Ucer (2018) defined an estimator of K (¢) using
Bernstein polynomial approximation. In this thesis, we secondly propose an estimator
for Kendall distribution function using Bernstein and Bézier polynomial
approximation to estimate smooth curves. For the Archimedean family of copulas, the
difficulties in estimating the generator function motivate us for some alternative

approaches.

The study of goodness-of-fit tests (GoF) for copulas arise recently as an inferential



problem. Several GoF approaches for copulas have been proposed in the literature to
see which copula family is convenient. Genest & Rivest (1993) proposed an empirical
method to choose the best Archimedean copula. First work is conducted by Wang &
Wells (2000) whose foundations are based on the study proposed by Genest & Rivest
(1993). Later, Genest et al. (2006) proposed some alternative tests for the
Archimedean copulas and these methods are based on probability integral
transformation. This transformation is also called as Kendall transformation. Berg
(2009) examined several copula goodness-of-fit approaches. Fermanian et al. (2004)
defined the distribution-free goodness-of-fit test statistics for copulas and investigated
their asymptotic distributions. Diebold et al. (1999), Berkowitz (2001) and Breymann
et al. (2003) used the probability integral transform (PIT) of Rosenblatt (1952) in
estimation of density models. Susam & Ucer (2018) constructed independence test for
Archimedean copula using Bernstein estimation of Kendall distribution function. In
this thesis, as a third contribution, we construct a goodness of fit test based on
Bernstein and Bernstein-Bézier Empirical Kendall distribution function to choose

which Archimedean copula is better.

This thesis is organized as follows. The copula function and its properties are given
in Chapter 2. The general concept of Archimedean copula is given in Chapter 3.
Kendall distribution function in terms of Archimedean copula is also given. In
Chapter 4, Bernstein-Bézier type Archimedean copula is presented and some
dependence characteristics are investigated. A simulation procedure of this new class
for different polynomial degrees is given in this section. Also, In Chapter 4, we
propose an estimator for Kendall distribution function using Bernstein polynomial
and Bernstein-Bézier curve approximation to estimate smooth curves. We investigate
its estimation performance by a simulation study. In Chapter 5, we construct a
Goodness-of-fit test based on Bernstein polynomial and Bézier curve estimation of
Kendall distribution for Archimedean copula. Also, the power and the size of the new
test statistics are given and compared with the empirical estimation of Kendall

distribution function. And the last chapter is devoted to the conclusion.



CHAPTER TWO
BIVARIATE COPULA FUNCTIONS

2.1 Bivariate Copula Definitions

Copula is used to model the dependence structure between random variables. Sklar
(1959) explained the relationship between the marginal distribution functions and the

joint distribution function in terms of copula.

Theorem 2.1 (Sklar (1959)). For bivariate random variables X and Y, let H be a
bivariate joint distribution function with marginals F' and G, respectively. Then, there

exists a Copula C' in such a way that

H(z,y) = C(F(z),G(y)) (2.1)

for all (z,y) € R.

If the margins are continuous, then C' is unique; otherwise C' is uniquely
determined on Range(F') x Range(G). When the bivariate joint distribution function
H and the marginals F' and G are known, copula can be constructed as

C(u,v) = H(F'(u), G™*(v)) where U = F(z) and V = G(y).

Definition 2.1. A bivariate copula C' : [0,1]> — [0, 1] is a bivariate distribution

function with the following properties:

1. C(u,0) = C(0,0) =0
2. C(u,1) =uand C(1,v) = v

3. C is two increasing. For every rectangle B : [uj,us| X [v1,v5] in I such that

uy < ug and v; < v9. The C-Volume of B is non-negative, i.e.

‘/C(B) = C(UQ,UQ) — C(UQ,Ul) — C(ul,Ug) + C(ul,vl) Z 0



Property 1 is referred to as grounded property of a copula. Property 2 says that if
one variable is known with marginal probabilty 1 then joint probabilty of two
outcomes is identical with the probability of the remaining uncertain outcome. That
is, univariate margins F(xz) and G(y) of C(F(x),G(y) are obtained by letting
F(z) — 1and G(y) — 1, respectively. Property 3 is the two-dimensional analogue of
a nondecreasing one-dimensional function. Properties 1 and 3 are general properties

of bivariate distribution functions.

2.2 Properties of Copulas

2.2.1 Fréchet-Hoeffding Bounds Inequality

Theorem 2.2 (Nelsen (2006)). Let C be a copula. Then for every u, v in [0, 1] then

max(u +v — 1,0) < C(u,v) < min(u, v)

The bounds in Theorem 2.2 are themselves copula and are denoted by M (u,v) =
max(u + v — 1,0) and W (u,v) = min(u, v). M is referred as the Fréchet-Hoeffding
upper bound which indicates the perfect positive dependence and W is referred as the
Fréchet-Hoeffding lower bound which indicates the perfect negative dependence. Third
important copula is the product copula II(u, v) = uv which indicates the independent
case. From Theorem 2.2, any copula lies between the Fréchet-Hoeftfding bounds. In

Figure 2.1, copulas M, W and II are presented.

2.2.2 Invariance

Most of the nonparametric statistics for copula are derived from the property of
strictly monotone transformations of the random variables. If « is a strictly monotone

function then the distribution of random variable «(X) have continuous distribution



Figure 2.1 M, W and II copulas

function.

Theorem 2.3 (Nelsen (2006)). Let X and Y be a random variable with copula C'y y.
If o and /3 are stricty increasing then C,(x) g(v) = Cx,y. Thus Cx y is invariant under

strictly increasing transformations of X and Y.

2.2.3 Symmetry

Consider continuous random variables X and Y having copula C, joint
distribution function H (z,y) and marginals F'(z) and G(y), respectively. X and Y
are exchangeable if and only if for all (u,v) in [0,1]%, F = G and C(u,v) = C(v,u).
When C'(u,v) = C(v, u), then C' is symmetric.

2.2.4 Continuity

Let C' be a copula of random variables X and Y. Then for every uy, us, v; and vy in
domain C,

|O('LL27U2> — O(Ul,U1>’ S |’UQ —'LL1’ + ’Ug —U1| s

hence, C'is uniformly continuous on its domain.



2.3 Dependence Measure of Copulas

In this section, we restrict the discussion with the bivariate case although

generalization to higher dimensions is possible.

Let X and Y be random variables with marginal distribution functions F', G and
joint distribution function H, then X and Y are dependent , if H (z,y) # F(z) X G(y).
Let 6(X,Y) denote the measure of dependence. Embrechts et al. (2002) listed four

desirable properties of this measure:

1. §(X,Y) =4(Y, X) (symmetry)
2. -1 <4(X,Y) < —1 (normalization)

3. 6(X,Y)=1<= X and Y are comonotonic; 6(X,Y) = —1 <= X and Y are

countermonotonic;

4. For a strictly monotonic transformation 7' : R — R of X, if T' is increasing then

NT(X),Y)=0(Y,X) and if T is decreasing then 6(7T(X),Y) = —4(Y, X)

Dependence can be measured using several alternative concepts: linear correlation,

concordance (rank correlation), tail dependence.

2.3.1 Correlation and Dependence

The most preferred dependence measure is the correlation coefficient between the

random variables X and Y given by

Cov(X,Y)

O0x0y

p(X, Y) =

where Cov(X,Y) = E(X,Y) — E(X)E(Y) ; 0x,0y > 0. 0x and ox denote the
standard deviations of X and Y, respectively. It is known that: (a) p(X, Y') is a measure

of linear dependence, (b) p(X, Y") is symmetric, (c) that the lower and upper bounds on



the inequality —1 < p(X,Y) < 1 measures perfect negative linear and positive linear
dependence (a property referred to as normalization), (d) it is invariant with respect to

linear transformations of the variables.

Trivedi & Zimmer (2007) explained the weakness of correlation as: “In general
zero correlation does not imply independence. For example, if X ~ N(0,1) and
Y = X? then Cov(X,Y) = 0 but X and Y are clearly dependent. Zero correlation
only requires Cov(X,Y) = 0, whereas zero dependence requires
Cov(p1(X), ¢2(Y)) = 0 for any functions ¢, and ¢. This represents the weakness of
correlation as a measure of dependence. The second limitation of correlation is that it
is not defined for some heavy-tailed distributions whose second moments do not exist.
The third limitation of the correlation measure is that it is not invariant under strictly
increasing nonlinear transformations. Given these limitations, alternative measures of

dependence should be considered such as rank correlation (concordance).”

2.3.2 Concordance Measure

Kendall’s tau (7) and Spearman’s rho (p) that are defined in terms of copulas are
known as measures of associations. Before any discussion about these dependence

measures, it is better to define the term concordance.

Theorem 2.4 (Nelsen (2006)). Let (X, Y') be a pair of continuous random variables
with joint distribution function H(X,Y), and let (x1, y1) and (z2, y2) be independent
observations from (X, Y"). These observations are concordant if (x;—22)(y1—y2) > 0

and discordant if (z1—x2)(y1—y2) < 0.

Nelsen (2006) informally defined concordance as: “a pair of random variables are
concordant if large values of one tend to be associated with large values of the other

and small values of one with small values of the other.”

Theorem 2.5 (Nelsen (2006)). Let (X1, Y7) and (X3, Y2) be two pairs of independent

continuous random variables with a common joint distribution function H(x,y) and



copula C(u,v), and let 7 be equal to the probability of concordance minus the

probability of discordance:

7= P((Xi=X,)(Yi=Y3) > 0) — P((X1=X)(Yi—Y2) < 0)

then the Kendall’s tau measure in terms of copula is given by

7:4/01/010(%@)510(%@)—1.

Theorem 2.6 (Nelsen (2006)). Let (X1,Y7), (Xs,Ys) and (X3, Y3) be three pairs of
independent continuous random variables with a common joint distribution function
H(z,y) and copula C'(u, v), and let p be equal to the probability of concordance minus

the probability of discordance for the pairs (X7, Y7) and (X5, Y3):

p=3P((X1 — X3)(Y1 — ¥3) > 0) = P((X; — X3) (Y1 — ¥3) <0)

then the Spearman’s rho measure in terms of copula is given by

1
p= 12/ / C(u,v)dudv — 3.
o Jo

2.3.3 Tail Dependence

Concordance measures are designed to describe how large (or small) values of one
random variable appear with large (or small) values of the other. The tail dependence
relates to the level of dependence in the upper-right quadrant tail or lower-left
quadrant tail of a bivariate distribution. Copula method is used to model the tail
dependence structure. Right tail dependence is the probability that random variable X
reaches the large values given that random variable Y attains the large values. And,
left tail dependence is the probability that random variable X reaches the small values

given that random variable Y attains the small values.



Theorem 2.7 (Nelsen (2006)). Let X and Y be continuous random variables with
distribution functions F’ and G, respectively. The upper tail dependence parameter Ay
is the limit (if it exists) of the conditional probability that:

M= lim P(Y >G'(t)| X > F (1))

t—1-
Similarly, the lower tail dependence parameter A\; is the limit (if it exists) of the
conditional probability that:

A= lim P(Y <G'(t) | X < F'(t))

t—0t

where F'~! and G~! denote the generalized inverse distribution functions of X and
Y, respectively. Then the right tail and the left tail dependence measures in terms of

copula are given by

142t —
o= lim LEE=CGY g, CG8
t—1— 1—t¢ t—0+ t

respectively. See, Nelsen (2006).

10



CHAPTER THREE
BIVARIATE ARCHIMEDEAN COPULA

In this chapter, we concentrate on Archimedean family of copula. The main feature
that separates this class from the others is that it has a generator function ¢ which
is used to construct an Archimedean copula. This generator function and its pseudo

inverse function are defined in Nelsen (2006).

3.1 Generator Function of Archimedean Copulas

Theorem 3.1 (Nelsen (2006)). A generator function ¢ is a continuous, strictly
decreasing convex function defined from I to [0,00) such that ¢(1) = 0. If
©(0) = oo, then the generator is called strict. The pseudo inverse of ¢ is the function

©~1, defined on [0, 0o) to I is given by

o1 — p (1) 0=t < p(0)

0 0(0) <t < oo

Then the Copula in terms of generator function is given by the next definition.

Theorem 3.2 (Nelsen (2006)). Let ¢ be a continuous, strictly decreasing function from
I to [0, 00] such that ¢(1) = 0, and let ¢!~ ! be the pseudo-inverse of o defined by
Definition 3.1. Let C be the function from I2 to I given by

C(u,v) = o {p(u) + p(v)}. (3.1)

Then, C satisfies the boundary conditions in definition 2.1

Example 3.1. Let () = — In(¢) for ¢ € [0, 1]. Because ¢(0) = oo then o (t) is strict.
Thus p=Y(¢) = p=(t) = exp(—t). Then

C(u,v) = exp ( — (= In(u) — ln(v))) = uv.
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C'(u,v) is known as independent Archimedean copula I1(u, v).

Example 3.2. Let ¢(t) = 1 — ¢ . Then ¢[74(¢t) =1 —t fort € [0,1] and O for ¢ > 1.
So ¢[~U(t) = max(1 —t,0). Then

C(u,v) =max(u+v—1,0) = W(u,v)
Then C'(u, v) is known as Fréchet-Hoeffding lower bound.

Some algebric properties of Archimedean copulas are given in next theorem.

Theorem 3.3 (Nelsen (2006)). Let C' be an Archimedean copula with generator .

1. C is symmetric; that is C'(u,v) = C(v,u)
2. (C'is associative; that is C'(C'(u, v), w) = C(u, C(v,w))

3. If ¢ > 0 is any constant, then cyp is also a generator of C.

3.2 Some Archimedean Copulas

Some well-known Archimedean copula functions are proposed by Clayton (1978),
Frank (1979), Gumbel (1960). We give some general theory about these Archimedean

copulas.

3.2.1 Clayton copula

The Clayton (1978) copula, also referred to as the Cook & Johnson (1981) copula,
has been originally investigated by Kimeldorf & Sampson (1975), is defined as takes
the form:

Cluv)=(w’+vl+1)77:uvel0,1]?,0>0

with dependence parameter 6 € [0, 00]. If limy_,oo C'(u,v) = min(u,v) then the

dependence structure approaches its maximum when # — oo. On the other hand,
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gin}) C(u,v) = wv; independence is obtained when ¢ — 0. The Clayton copula
ﬁ

exhibits strong left tail dependence.

3.2.2 Frank Copula

The Frank (1979) copula takes the form:

—Ou __ 1)(6—91) o
=1

Cfu,v) = — 5 log (+F (e 1)) w0 € [0,1]2,8 € (=00, +00)/(0)

The dependence parameter § € (—oo, +00)/(0). If 6]Er_nooC(u, v) = max(u + v —
1,0) so Frank copula attains to Fréchet lower bound, elLrgO C(u,v) = min(u,v) then
Frank copula attains to Fréchet upper bound, On the other hand, if 6l)i_1>1(1) C(u,v) = uv;
independence is obtained. Frank copula exhibits symmetric and weak tail dependence

in both tails.

3.2.3 Gumbel Copula

The Gumbel (1960) copula has the form:

=

C(u,v) = ¢~ (~ log(u)’—(log(v))") w0 €[0,112,6 € (1, +00)

The dependence parameter § € [1,00). If éin} C(u,v) = wuwv; then independence is
—
obtained. On the other hand, if elim C(u,v) = min(u, v) then Frank copula attains to
—00
Fréchet upper bound. Gumbel copula cannot model negative dependence, but it

contrasts to Clayton, Gumbel has strong right tail dependence.

3.3 Kendall Distribution Function and Related Dependence Measure

The most important feature for Archimedean copulas is that its multivariate

distribution function can be reduced to univariate distribution function through

13



Archimedean representation. This feature was investigated by Genest & Rivest
(1993). This method is also known as dimension reduction method or Kendall

transform method. Genest & Rivest (1993) have given the link between the function

©(t) and K (t).

Theorem 3.4 (Nelsen (2006)). Let C' be an Archimedean copula wtih generator
function ¢. Let K(t) denote C' measure of set {(u7 v) € I*|C(u,v) < t}, or

equivalently, of the set {(u, v) € Po(u) + p(v) > gp(t)}. Then for any ¢ in [0, 1]

Kolt) =t — %. (3.2)

The Kendall distribution function K (¢) has some properties. The following

properties were summarized in Nelsen (2006).

Properties 3.1. The Kendall distribution function K (¢) has properties:

3. K(t) > t,t € (0,1)

4. K'(t)>0,t€(0,1)

The generator function ¢(t) can be obtained as

o(t) = p(to) exp {/t: A(lz)dz] ) (3.3)

where 0 < ¢y < 1is a constant. K () is an important factor for identifying the function
©(t). That means, K (t) determines the dependence structure of Archimedean copula
family. For a bivariate Archimedean copula with Kendall distribution function K (¢),

Genest & MacKay (1986) defined Kendall’s Tau (7) as given in the next theorem.

Theorem 3.5 (Genest & MacKay (1986)). Let X and Y be random variables with an

Archimedean copula C' with generator function ¢(¢). Then Kendall’s tau for X and Y
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Table 3.1 Archimedean Copulas with Generator functions ¢(t)

Copula o(t) K(t) Range of ¢

Clayton (t —1)/6 ¢ — 0=t GO R (U

Frank 10g<ee)§;(t9)) 11) p (exp(t@)l)ll(;g( oxp(—0)—1 ) (—OO, OO) . {O}
tlog(t

Gumbel (—log(t))? t— % [1,00)

Independence —log(t) t — tlog(t) -

Table 3.2 Kendall’s Tau (7), Lower A, and Upper Ay tail dependences some Archimedean copulas

Copula 7(0) AL AU
Clayton % 277 0
Frank  1+4+4074(D,"()—1) 0 0
1
Gumbel %1 0 2-20
=o' [ t(exp(t) — 1)~ 'dt

is given by;

T =4E(C(u,v)) — 1 = 1+4/01 %dtzia—zl/ol K(t)dt. (3.4)

And also, lower and upper tail dependence coefficients for Archimedean copulas are

given in the next theorem.

Theorem 3.6 (Michiels et al. (2011)). Let X and Y be random variables with an
Archimedean copula C' with generator function ((¢). Then lower A7, and upper Ay tail

dependence for X and Y are given by,

/7 !

A = 2imos (2KO) \ g gimi- (-K() (3.5)

Some well-known Archimedean copula functions were proposed by Clayton
(1978), Frank (1979), Gumbel (1960). These three Archimedean copulas with
generator function (), Kendall distribution function K (¢) are summarized in Table
3.1. And also, Kendall’s Tau (7), Lower A\, and Upper Ay tail dependence for

Archimedean copula are summarized in Table 3.2.
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CHAPTER FOUR
BERNSTEIN POLYNOMIALS IN ARCHIMEDIAN COPULA

In this chapter, a new class of bivariate multi-parameter Archimedean copula based
on Kendall distribution using Bernstein-Bézier polynomials is introduced. The new
class copula has flexible dependence properties depending on the polynomial degree
and the control points. Some dependence characteristics such as Kendall’s tau, upper
tail and lower tail dependence of the new Archimedean copula class are derived. The
simulation procedure based on these desired dependence characteristics is presented.
Also, we propose an estimator for Kendall distribution function using Bernstein and
Bézier curve approximation to estimate smooth curves. We investigate the estimation
performance by a simulation study. More parameterized generators allow for better
flexibility while modelling the copula, however it should be avoided too much of a
bias. A possible way to increase the flexibility of the generator ¢, so of the copula C'
1s using the spline functions. For the Archimedean family of copulas, the difficulties in

estimating the generator function motivates us for some alternative approaches.

Before any discussion about these topics, we give a brief information about

Bernstein polynomials.

4.1 Bernstein Polynomials

In many applications of Mathematics and Statistics, there are much more complex
functions that are difficult to examine. One of the most important studies of
approximation theory is to obtain a representation of these functions in terms of other
functions which have better properties. Let f be a continuous function on the support

[a, b] and B be any polynomial, Weierstrass (1885) showed that

|B(z) — f(z)] <€

16



forall e > 0 and z € [a,b]. Bernstein (1912) introduced a polynomial B which

converges the function f on the support [0, 1]. These polynomials are defined as

=Y 1 % Pz

k=0

where Py ,,(z) = 2¥(1 — 2)™*(7}) are Bernstein basis and m is the degree of
polynomial. Also we note that Py ,,(x) > 0. Bernstein polynomial has some useful
properties. For example, it is clear that B,,(f,0) = f(0) and B,,(f,1) = f(1) so that
a Bernstein polynomials for f interpolates f at both endpoints of the interval [0, 1].
This property is called as end-points rule. Another important property of Bernstein
polynomials is shape preserving property. We established non-decreasing property for

the Bernstein polynomials. First derivative of the Bernstein polynomials is given as

[y

m—

2y =m > (FOED) 700 P ()

k=0
If f is non-decreasing such that f(%tl) — f(£) > 0 then B, (f,x) is also
non-decreasing because B, (f,z) > 0. This property is also true for increasing,
convex or concave function f. The third important property of Bernstein polynomial

is linear precision property such that B,,(z,z) = x.

Bernstein polynomials have been frequently used in various areas of Statistics.
First time in the literature, Bernstein polynomials are used by Vitale (1975) for
smooth density function estimation. Then, Kim (1996) used Bézier curve for density
estimation. Kim et al. (1999) compared performances of Bézier curve density
estimation for kernel method. Recently, Babu et al. (2002) used the advantages of
Bernstein polynomial approximation to estimate the underlying distribution function.
They showed that Bernstein distribution function is uniformly strongly consistent
estimator. And also, Leblanc (2009) proved that Bernstein polynomial distribution
function has Chung-Simirnov property. Leblanc (2012) introduced a higher order

expansion for the asymptotic integrated mean-squared error of Bernstein estimators of
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distribution functions. They also established the (pointwise) asymptotic normality of
Bernstein distribution function. Erdogan et al. (2019) proposed general method for
non-parametric distribution function estimation using the rational Bernstein
polynomials. They also investigated theoretical properties of the new estimator. The
estimation of the underlying distribution function of population is one of the most
interested problem in statistical inference. When F' is known to be continuous
distribution function, one can consider the estimation of F' by using smooth functions
rather then the empirical distribution function. Also, we can define a distribution

function using properties of the Bernstein polynomials easily.

4.2 Bernstein-Bézier type Bivariate Archimedean Copula

In this section, a new Archimedean copula class based on Bernstein-Bézier
polynomial is proposed. The proposed class has flexible dependence structure.
Because by changing the polynomial degree and the coefficients, different values of
Kendall’s tau (negative or positive), lower and upper tail dependence coefficients can
be obtained. It is possible to create a new distribution function which has desirable
dependence characteristics. This is quite useful in power analysis of goodness-of-fit
test statistic. Also, an algorithm is proposed to create different distributions with the
same dependence level by changing the control points for polynomial degree greater

than four. This case is investigated in sub-section 4.2.4.

Michiels et al. (2011) investigated a general method for constructing bivariate
Archimedean copula families using A function. They worked with polynomials to
construct multi-parameter copula families. Cooray (2018) introduced two-parameter
strict Archimedean generator function based on Clayton copula. Najjari et al. (2014)
constructed a new generator function ¢(¢) using hyperbolic functions as generators of
Archimedean copulas. The majority of the papers proposed some methods based on
generator function ¢ for constructing a new Archimedean family of copulas. In this
chapter, we propose creating a multi-parameter Archimedean copula using Kendall

distribution function K (¢). We use Bernstein-Bézier polynomials to create the new

18



Archimedean class. Kendall’s tau, lower and upper tail dependence coefficients are
also obtained according to the polynomial degree and the control points. This new
Archimedean copula family is contributed to the expansion of the existed

Archimedean copula family which is limited in the literature.

A Kendall distribution function, K(¢) should satisfy the properties 3.1 (1-4)
described in Section 3. The properties of the distribution function K (¢) follow the

properties of the generator function o(t) for ¢t € [0, 1].

Let K(m,«;t) be a Bernstein-Bézier type Kendall distribution function with

polynomial degree m and control points a:
K(m,o;t) =Y axBim(t) , (4.1)
k=0

where By, (t) = (7)tF(1 — ¢)™ " for ¢t € [0,1]. K(m, ;1) satisfies the following

Lemma.

Lemma4.1. A Bernstein-Bézier type Kendall distribution function K (m, «; t) satisfies

the properties (1-4) if the following constraints hold:

. gyy=0<an<an<...<aq,=1

2o >E k=1,...,m-1
Proof:

K(m,o,t = 0) = Y - axPym(t = 0) = 0 holds since ag = 0. Similarly,
K(m,a,t =1) =" japBrm(t = 1) = 1 holds since a,,, = 1.

Also, K(m,a,t) = m S (k1 — ar)Pem_1(t) > 0 holds since oy = 0 <

ap < ag < ... < a,, = 1. See, Duncan (2005).
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If the Bézier control points «, > %, k=1,...,m—1where ay, = k/m + ¢, then,

K(m,a,t) = iak (Z) tR (1 — )k

= é(% + ;U(T]Z) (1 — )yt
- g%) () s i()( V)i
= tkz:; (Wk?— f)tk_l(l )™k 4 é(Ek) (”};) £(1 — ¢y

p=0 k=0
n m
=t 1 =" F >t
£ ra-art >

We also obtain the Kendall’s tau, the lower and the upper tail coefficients of the

Bernstein-Bézier type Archimedean copula class using the following lemmas.

Lemma 4.2. Kendall’s tau for Bernstein-Bézier type Archimedean copula is obtained

7—3—4Z&k(z)ﬁ(k+1,m—k+1)
k=0

where /3(., .) is the beta function defined as 3(vy, v) = fol tor (1 — )2~ 1dt for vy, vy

positive integers.

Proof:

7 is easily derived from equation 7 = 3 — 4 fol K(t)dt.

1
7:3—4/ K(m,a;t)dt
0

T=3- 4/1 iak <m)tk(1 — )" *dt
0 k=0 k
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T=3-4)" <k>ak/ t*(1 — )kt
0

k=0

m

T:3—4Z(Tg>akﬁ(k‘+l,m—k+l)

k=0
Lemma 4.3. The lower tail A, and the upper tail Ay dependences for Bernstein-Bézier

type Archimedean copula are obtained by
)\L — 21—mo<1

>\U -9 _ 21—m(1—o¢m71)

Proof:

!
lim

t—K(t
Ay and Af are/easily derived from the equations \;, = 2t—ot ( ( )) and \py =
lim (t—K(t))

2 — 2t~>1*

)\L r 21&21(1)’1+ (th(m,a;t))

Ay =2— 2tET7 (t_K(m,a;t))

first order derivative of Bernstein-Bézier polynomial is derived by
m—1
Kmat mzak+1—@kpkml
k=0

And also, from the end-point rule of Bersntein-Bézier polynomial, K (m,a;t = 0)
and K'(m, a;t = 1) are equal to (o — ay) and (o, — a,_1 ) Tespectively, see Duncan
(2005). Because of ap = 0 and o; = 1 then lower and upper tail dependence are
derived by

_ ol—-may
A =2 :

)\U -9 _ 217m(17am_1)'

It is seen that A\; and Ay are affected by only the control points «; and a1,

respectively. We can create Bernstein-Bézier type Archimedean copula using A;, and
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Au, setting up the control points o and v, 1.

The following inequalities given in the next lemma provide an information for

proper selection of A\yy and Aj,.

Lemma 4.4. Let \; and )\ be lower and upper tail dependence of Bernstein-Bézier

type Archimedean copula with polynomial degree m. Then,

2—m

2— My

1> XM >

is hold for all values of polynomial degree m.

Proof:

It can ve proved using the equation a; < «ay,—1. Also, 0 < Ay, A\ < 1, see
Charpentier & Segers (2009). «; and «,,_; can be written in terms of A, and Ay,

respectively.

1 —1logy(\z) ~logy(2—Ay) +m—1
Q= ———"—, Up-1~=
m m

Then, using the inequations o; < av,,,—1 and 0 < Ay < 1, desired result is obtained.

4.2.1 Simulating Data from Bernstein-Bézier type Archimedean Copula

Data simulation from Bernstein-Bézier type Archimedean copula is given. And
also, how it is possible to create a new distribution function which has desirable
Kendall’s tau and tail dependence are investigated. It is possible that we can create

different distributions with the same dependence level.

The following procedure is used to create a distribution with the dependence

characteristics represented by Kendall’s tau and tail dependence coefficients.
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1. The arbitrary value of the upper tail dependence )\ is determined primarily.
2. Ar is determined arbitrarily by using Lemma 4.4.

3. The value of Kendall’s tau 7 is determined for the distributions with polynomial
degrees 2 and 3. For the distributions having polynomial degree m > 4, an
interval of Kendall’s tau is determined. Then, Kendall’s tau is selected

arbitrarily from this interval.

4. Bivariate data is simulated using following algorithms described in Nelsen

(2006).

The algorithm based on Nelsen (2006) allows one to simulate C'(u,v) by Kendall
distribution function K (t).

—

. Simulate two uniformly distributed random variables S and 7" on [0, 1].

2. Setw = K~1(t).

[98)

. Setusuch that [/ ;77 dt —In(s) = 0.

NN

. Setvsuch that [, —dt — In(1 —s) = 0.

The range of the parameters and the dependence coefficients depending on the
Bernstein-Bézier polynomial degree m are summarized in Table 4.1. The relation
among the parameters can also be seen in Table 4.1. It is observed that as the degree

of the polynomial increases, the range of the dependence coefficients gets wider.

Kendall’s tau, upper and lower tail dependence coefficients obtained by the
Bernstein-Bézier type Archimedean copula with control points for degree
(m = 3,4,5) are summarized in Table 4.2. Also, different distributions having the
same dependence level at the control points oy and a3 for polynomial degree 5 are
given. All the Bernstein-Bézier control points and dependence coefficients are
obtained by applying the simulation procedure (1-4). All cases in Table 4.2 are

examined in the subsection (4.1.2-4.1.4).

23



Table 4.1 Range of parameters and dependence coefficients for different values of degree m

m o (e %)) (6%} Qy T )\U )\L

3 (%71) (max(§7a1)71) - - (07 1) (07 1) (%71)

4 (3,1) (max(f,00),1) (max(§,02),1) - (-02,1)  (0,1) (51)

5 (3,1) (max(%,ay),1) (max(2,a),1) (max(3,a3),1) (—=0.33,1) (0,1) (%,1)
Table 4.2 Parameters and dependence coefficients for different values of degree m

Degree Qg Q1 (6%)) (073 Oy Qs T )\U )\L

m=3 0 07173 0.7928 1 - - 04899 0.7 0.45

m =4

0.3537 0.5828 0.9815 1 - 0.68 0.1 0.75

0
m=5 0 04 0.43 0.8531 09169 1 0.6 0.5 0.5
0 04 0.63 0.6531 09169 1 0.6 0.5 0.5

4.2.2 Bernstein-Bézier Type Archimedean Copula with Degree Three

A Bernstein-Bézier type Archimedean copula with degree 3 has the following
distribution function,

=3

KB a;t) =Y ay (Z)t’“(l — )3t €[0,1]

=0

3

el

from Lemma4.1, a0 = 0,3 =1, 0p < a1 < oy < az and oy > %,ag > % Kendall’s

tau of the distribution is given by:
. /3
7—3—4§ak(k>ﬁ(/€+1,3—k+1) =2—a; —
and lower and upper tail dependence are
Ap =217 N\ =2 — 282

(1 — 4) procedure is applied to determine the Kendall’s tau and the tail dependence
values of the distribution. The arbitrary value of the upper tail dependence Ay is

determined primarily in the range Ay € (0, 1). We select A\yy as 0.7, so s is equal to
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0.7928 . From Lemma 4.4, 1 > A\, > 0.3846. Then, A is determined arbitrarily as
0.45. So, o is equal to 0.7173. The stage conditions for control points given Lemma
4.1 are satisfied. Finally, Kendall’s tau is 0.4899. K (3, «;t) with control points
ap = 0,1 = 0.7173, 0 = 0.7928 and a3 = 1 has the Kendall’s tau value as
7 = 0.4899 and the value tail dependence coefficients as A\;, = 0.45 and \yy = 0.7.

Simulated data and K(m = 3,«;t) with the sample of size 150 are visualized in
Figure 4.1.

v K(t)
10} 10
0.8} s S 08k
oef - el o 06}
04f ° . - 04F

’ — K@3,at
0.2F ..- " T e e 0.2} S
02 04 06 08 10" 02 04 06 08 10

Figure 4.1 Simulated data from K (3, a;t) with 7 = 0.4899, A;, = 0.45, Ay = 0.7

4.2.3 Bernstein-Bézier Type Archimedean Copula with Degree Four

Bernstein-Bézier type Archimedean copula with degree 4 has the following
distribution function with the dependence characteristics, Kendall’s tau, lower and

upper tail dependence,

4

at) — o A\ ky ik
K4, o) ; k(k)t (1—t)** te0,1],

11—4 Oél—i-OéQ—l—Oég)),

CﬂlH
VR

—4an )\ 2404373 )

(1 — 4) procedure is applied to determine the Kendall’s tau and the tail dependence
values of the distribution. The arbitrary value of the upper tail dependence Ay is
determined primarily in range Ay € (0,1). We select Ay as 0.1 and so a3 is equal to

0.9815. From Lemma 4.4, 1 > Ay, > 0.1315. Then, Ay is determined arbitrarily as
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0.75. So, « 1s equal to 0.3537. Finally from Lemma 4.1, Kendall’s tau should be
selected in the range 7 € (0.3610,0.7462). We determine Kendall’s tau arbitrarily as
0.68. So, s is equal to 0.5828. Kendall distribution function K (4, a; t) with control
points ap = 0,7 = 0.3537, g = 0.5828, a3 = 0.9815 and vy = 1 has the value of
Kendall’s tau 7 = 0.68 and the values of tail dependences as A\;, = 0.75 and \y = 0.1.

Simulated data and K (4, a; t) with the sample of size 150 is visualized in Figure 4.2.

v K()
1.0p . e 10}
0.8} LT 08f
06f R 06l
04f rae e 04l
I . — K(4,a;t)
02f e tueet 02
L L 1 L L 1 u 1 L 1 L L t
02 04 06 08 10 02 04 06 08 10

Figure 4.2 Simulated data from K (4, «;t) for 7 = 0.68, A\, = 0.75, \y = 0.1

4.2.4 Bernstein-Bézier Type Archimedean Copula with Degree Five

Bernstein-Bézier type Archimedean copula with degree 5 has the following
distribution function with the dependence characteristics Kendall’s tau, lower and

upper tail dependence,

Ax5¢xt)::§{:ak<2)tku—t)5k,te[o,u,

k=0

1
725(7—2(0514—0(24-0434-044)),

Ap = 21750 )\ =2 — 20t

(1 — 4) procedure is again applied to determine the Kendall’s tau and the tail
dependence values of the distribution. The arbitrary value of the upper tail
dependence \; is determined primarily in range A\ € (0, 1). We select Ay as 0.5 and
S0 ayy 1s equal to 0.9169. From Lemma 4.4, 1 > A\, > 0.0833. Then, A}, is determined

arbitrarily as 0.5. So, o is equal to 0.4. Finally from Lemma 4.1, Kendall’s tau should
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be selected in the range 7 € (0.2328,0.6220). We determine Kendall’s tau arbitrarily
as 0.6. ap and a3 can be derived from solving equations oy + a3 = 1.2831. From the
last equation and Lemma 4.1, oy, and a3 should be selected in the range
as € (0.4,0.6415) and a3 € (0.6415,0.8831), respectively. Different cy and as
values can be selected in order to provide s + a3 = 1.2831 in the range of o, and as.
This case is important, because we can create different distributions with the same
dependence level by selecting different a, and a3 values. One possible selection is
as = 0.43 and a3 = 0.8531. Another possible selection is as = 0.63 and
a3 = 0.6531. Kendall distribution functions K7(5, «v; t) with control points g = 0,
a; = 0.4, ag = 043, a3 = 0.8531, ay = 0.9169, a5 = 1 and K5 (5, ; t) with control
points ag = 0, oy = 0.4, s = 0.63, a3 = 0.6531, ay = 0.9169, a5 = 1 at the same

dependence level are visualized in Figure 4.3.

For the higher order polynomial degree, for example m = 6, the range of 7, A\, and
Ay are determined as the same as for degree m < 6. But the range of ap, a3 and a4 for

the solutions of as + a3 + a4 = a cannot be determined easily.

v K(t)
1.0+ s e 1.0F
081 e e 0.8}
04f - Lol L 04f
o T LT ’ — Ki(5,a:t)
0.2f .-, . 0.2
. . . . Ly . . . . Ly
0.2 04 0.6 0.8 1.0 0.2 04 06 0.8 1.0
v K(t)
1.0 Lo e 10F
o8f - - AT 0sf
06 . L Th 06
Y T 04l
L . — Ka(5,a;t
02F <7 - e L 0.2f G.at)
. .A N 1 A. 1 1 u 1 1 1 1 1 t
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 08 1.0

Figure 4.3 Simulated data from K (5, «; t) and K2(5, a;t) for 7 = 0.6, A\, = 0.5, \yy = 0.5
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4.3 Estimation of Archimedean Copula Via Kendall Transform and Bernstein

Polynomials

4.3.1 Classical Estimate of Kendall Distribution Function

Genest & Rivest (1993) investigated empirical estimate of Kendall distribution
function. From the Theorem 3.2, Archimedean copulas are characterized by random
variable 7' = C'(u,v). For the estimation of the random variable ' = H(z,y),
univariate distribution function K (7') = P(H (z,y) < t) = P(C(u,v) < t) should be
estimated on the interval [0, 1]. This estimation process can be accomplished in two

steps.

1. Empirical bivariate distribution function H,,(X,Y") should be constructed

2. Then, the psuedo observations of T; are obtained by

To= Y 10X < X, Yo < Y))/(n—1)i=1....n.

j=1

By using these psuedo observations, K (t) is estimated by the empirical distribution

function as
n

K. (t) =Y LT <t)/n.

=1

Genest & Rivest (1993) stated that the empirical estimation of Kendall distribution
function \/n-consistent estimator. And, Barbe et al. (1996) proved consistency of this

estimator.

Theorem 4.1 (Genest & Rivest (1993)). Let (X3,Y1),...,(X,,Y,) be random
sample from Copula C'(u, v). Under weak regularity conditions, the distribution of 7;
converges to Kendall distribution function K(¢) = P(C(u,v) < t). And also

empirical distribution function K, () is y/n-consistent estimator of K (¢).

It should also be noted that the pseudo-observations are dependent and hence cannot
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be viewed as a random sample from K (t). Despite this, the function &, (¢) indeed
happens to be a consistent estimator of K () (see Barbe et al. (1996) and Dimitrova

et al. (2008)).

4.3.2 Bernstein Polynomial Based Estimate of Kendall Distribution Function

Generally, classical empirical distribution function has a good performance as an
estimator of distribution function, however since it has jump discontinuities,
estimating continuous distribution function may not be appropriate. Babu et al. (2002)
proposed a smooth estimator of distribution function by using Bernstein polynomials.
Then, Leblanc (2012) studied on estimating distribution function using Bernstein
polynomials. The study has shown that Bernstein estimators of distribution functions

have very good boundary properties, asymptotically normal and first-order efficient.

Susam & Ucer (2018) defined the Bernstein estimator of order (m > 0) of the

Kendall distribution function K as,
Kopn(t) = Ku(k/m)Pm(t) (4.2)
k=0
where Py, (t) = (7')t*(1 — t)™~* is the Binomial probability and K, is the empirical

distribution function of K (t).

In Figure 4.4, visual comparison between classical empirical and Bernstein
empirical estimates of independent Kendall distribution function for sample size

n = 50 and m = 7 is given.

It can be easily seen that Bernstein estimator of Kendall distribution function is

genuine distribution function with the following properties for all values of m.

Lemma 4.5. The Bernstein estimator of Kendall distribution function has the following

properties;

1. Kpn(t) =0forallt <0,
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Figure 4.4 Estimated Kendall Distribution Function: K11 (¢), K, (t), K n(t)

2. Kpn(t) =1forallt > 1,

)

3. K,

m,n

(t) >0,t€(0,1)

4. Kpnlt) > t,t €(0,1)

Proof:

At the interval endpoints 0 and 1, only the first and the last Bernstein polynomials
are non-zero;

Pom(0) =1, Pom(0) =0 k=1,....m—1,
Ppm(1)=1,Pepn(1)=0, k=1,...,m—1,

As a result, Bernstein polynomial based estimator Y ;" K, (£) P, (¢) is equal to
K,(0) =0att = 0and equal to K,,(1) = 1 att = 1. This property is referred to as
endpoint interpolation. See Duncan (2005), Lorentz (1986).

For the proof of Property 4, first we note that £ () = (T::ll) and Y (W)tR(1 —
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)™k = 1.If K, (t) > t is satisfied, that is K,,(£) = £ + ¢ then,

- ,i(%) () s éw(,{)t (1t
- t;m; (F2))ra-om . kf%(ek) ()
=t+ §(€k> (Z‘)t’“(l — " > ¢

For the proof of Property 4, first derivative of Bernstein estimator of Kendall

distribution function is given by

for all &, Znml® ~ (in ¢ € (0,1). See, Babu et al. (2002).

4.3.2.1 Asymptotic Properties of Bernstein Estimator

The following theorem which is introduced in Feller (1965) is very useful in
demonstrating the asymptotic properties of Bernstein estimator of Kendall

distribution function.

Theorem 4.2 (Feller (1965)). If u(t) is a bounded and continious function on the

interval [0, 1], then as m — oo

Xm:u% ( )t’“l—t) — u(t)

k=0
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The following theorem adopted from Babu et al. (2002) shows that Kn,m is strongly

consistent.

Lemma 4.6. Let K be Kendall distribution function support on interval [0, 1]. If

m,n — oo, then sup{ K, (t) — K(t))} — 0 as.
Proof:

SUp{ K m (1) = K (1))} < sup{ Ky () — K (8))} + sup{ K, (¢) — K (1)},

where

Fon) = K00 = 3 (1l 5y~ 6 5)) (7)1

k=0

then we have

Sup{ o m(t) — K3, (6)} < max | Ku(©) = K| < sup{K(t) = K (1)

Since by Theorem 4.1, sup{ K, (t) — K(t)} — 0 asn — oc.

4.3.3 Bézier Curve Based Estimate of Kendall Distribution Function

Dimitrova et al. (2008) estimated Kendall distribution function with B-spline
estimator K, (¢, tx ) of order m (degree m — 1) and the number of internal knots, &,

defined on the set of 2m + £ knots,
tom = (0,...,0 <ty < ... <tpyr <1,...,1).

Then the estimate of Kendall distribution function is

ttkm Zaz zm
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where «;’s are unknown coefficients and N, ,,,(¢)’s are p = k + m B-Splines of order

order m on the knots ¢, ,,,. Where

It <t <tipa

Nio(t) = ;
0 otherwise
t— ti ti m —t
Nipn(t) = ——Nipmo1(t) + — 0 Ny (8).
Livm — ti Livmt1 — tiya
In this approach, (a1,...,p, k tmi1,...,tmex) should be estimated

simultaneously. In our approach, we select the sequence of knots as
theom = (0,...,0,1,...,1),

then NV, ,,(t) are defined as Bernstein basis (a B-spline with no ‘interior knots’ is a

Bézier curve). See, Oruc et al. (2017). So, we obtain the estimator given by

where P, ,,,(t) = (7)¢'(1 — t)™ " is a Bernstein basis. The Bézier curve is defined by
a set of control points. This estimator is easier to implement than the B-Spline based
estimator. In our thesis, we use minimum distance estimator for estimating coefficients
;i =1,...,m—1. Weighted Cramér-von-Mises distance between K, (t) and K, ()

is obtained by the following equation,

/0 n(Eop(t) — Fopo(1)) 2 (1)

given the pseudo-observations Tj, J = 1,...,n, the coefficients can be estimated by

minimizing Weighted Cramér-von-Mises distance as

n . R m . 2
> (Kn(Tn,<j>) -3 Oéil%,m(Tnxj))) : (4.3)
j=1 i=0

By using the next Lemma, «; can be estimated. For estimating Bernstein-Bézier
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coefficients, statistical programming language R is used. The Package “nloptr” is

quite handy while optimizing non-linear function.

Lemma 4.7. The estimator K «,m () satisfies properties 3.1 if the following constraints
hold;
I.ag=0< g <as <...<ay,=1,

2.0 >Lu=1...,m—1
Proof:

Similarly in the proof of Definition 4.1 K, (t = 0,m) = 3.7, iy1 Pim(t = 0) = 0
holds since oy = 0 similarly Kmm(t =1) =>",a;41P;m(t = 1) = 1 holds since

Um+1 = 1.

Also, first derivative of function K;m(t) =m > (s — )P (t) > 0in

€ (0,1). See, Duncan (2005). So, g =0 < ag < ag < ... <, = 1.

If Bézier control points a; > %,2’ =1,...,m — 1thatis o; = i/m + ¢; then,

0= St o

=0

ez)< )t’(l — )™

.
(3o S () ea - o

_ f: = >
= té (T_ f)t’ "1—t)m™ "+ ;(ei) (77) (1 —t)m
= tm:tp(l )" 1<m; 1) + g;&»(m)t’(l —)"
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4.3.3.1 Asymptotic Properties of Bézier Curve Estimator

We know from the Subsection 4.3.3 that the Bézier curve is a special case of the
spline estimator. Asymptotic properties of the spline estimator of Kendall distribution
have been investigated by Kaishev et al. (2006), Dimitrova et al. (2008). Because of
the spline based estimator is consistent, Bernstein-Bézier curve based estimator is
also consistent for Kendall distribution function. Also, Wang & Ghosh (2012)
introduced Bernstein-Bézier polynomial regression estimation and investigated its

asymptotic properties.

We consider equation (4.3) as a Bernstein-Bézier polynomial regression problem.
Consistency of Bernstein-Bézier curve based estimation of Kendall distribution

n

function is proved by Bernstein-Bézier polynomial regression. Let {xi, yl} - be set
of observations which is idependently and identically distributed as (X, Y) ;;tisfying
regression model Y = m(X) + ¢, where m(X) = E(Y|X = x) (True regression
function). Let F be a class of continious function subject to a given class of shape

restrictions. Then, the regression function m(.) minimizes the distance as

m(.) = arfgenjlrin E<f(X) - Y)Q.

We consider the constrained Bernstein-Bézier polynomial family as follows

Fono ={Bn(2) = > pPem(®) : Apety > 0,3 oy < L} (44)
k=0

k=0

form =1,2,..., where P, (z) = ()2"(1—z)™* are Bernstein basis polynomials.
Note that, we can express B,,(z) = P a,, where PL = (Py,.(z), ..., Ppm(z)) and
o, = (ag,. .., ozm)/. A, represents the restriction matrix with dimension R,,, x (m +

1) where R,, denotes the rank of A,,. The estimator 77(.), which is selected in F,,,,

minimizes the function

n

1
() = PLéw; Gy —argmin— 3 (Play, — V)2 (4.5)

dmesm n i=1
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where

€n={om € R™: Ay, >0, ) |oy| < Ly}
k=0

In following theorem, Wang & Ghosh (2012) stated a bound for /(.) and true

regression function m/(.).

Theorem 4.3 (Wang & Ghosh (2012)). Let £, be a class of functions F,,, : R — R
which depends on data {(x;,y;),i = 1,...,n}. If m(.) satisfies the equation 4.5 then

<2 sup
Bm€Fm

+ inf /(Bm(x)—m(x)>2u(dx)

where ;1 denotes the distribution of X.

Theorem 4.4 (Wang & Ghosh (2012)). Let F,,, be as in equation (4.4) and m/(.) be

estimator defined as in equation (4.5). Let 77, denote the truncation operation as
Yy =T, (Y) =yl(ly| < L) + Lsign(y)I(ly| > L),

and T F,, = {T.f : f € F,} is aclass of truncated functions. When L,, — oo and
L,, > 0if

m—o0 By €T, Fm

lim  inf / (Bm(x) - m(w))z,u(dt) =0 a.s.

n

%Z <Bm(Xi _ y;’L)>2 — E<(Bm(:l?) — YL))

2
lim  sup =0 a.s.

m—00 Bm ETL»Fm

then

7&1_1}130 (ﬁl(x) — m(:c))2u(dx) =0 a.s.

By using Theorem 4.4 and Theorem 4.5 the required conditions proposed estimator

m(.) defined in equation (4.5), are described in the following theorem.

Theorem 4.5 (Wang & Ghosh (2012)). Let F,,, be a function space defined in equation
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(4.4) and m(.) be restricted regression function estimator given in equation (4.5). Then

R,, denotes the rank of restriction matrix A,, if

L4 log(L I
E(Y?) < o0 Ry, Ly — oo Cmbm108Em) o0 m 50 for 6> 0
n m

then,

/ <m(a:) - m(x))QM(da:) — 0 as.

as n — oo

We consider equation (4.3) as a Bernstein-Bézier polynomial regression problem.
For regression estimation of Kendall distribution function, consider data points

n

{Ti, Kn(ﬁ)}Z:1 where TAl are the psuedo observations defined in Section 4.2. Let
Y; = K,(T;) and X; = T}, then m(z) is the Bernstein-Bézier polynomail regression
estimation of Kendall distribution function. Note that, K » 18 the consistent estimator
of K. The estimation of Kendall distribution function is the solution of the following

optimizitation problem:
.1 - o\ 2
minimize: — ), (P%(Ti)am — Kn(ﬂ))
n
subject to: A0, >0, YL |ak| < L.

The restriction matrix A,,, can be choosen according to Lemma 4.5. In practice L,,
can be choosen as reasonably large number and hence we do not need to choose its
value to compute a,,,. They state that L,, > n¢ maxj <;<,, |Y;| for some d > 0 can be

used. Thus, L,, has larger upper bounds. See, Wang & Ghosh (2012).

4.3.4 Performance of the Proposed Estimators

In this section, Monte Carlo simulation study is performed to compare the finite
sample performances of the classical method, the Bernstein method and the Bézier
Curve Method as mentioned in Section 4.2. The data are generated from three

Archimedean copulas such as Clayton, Frank and Gumbel with Kendall’s Tau 0.05,
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Table 4.3 MISE scores of three Archimedean copula estimators for sample size n = 100

COPllla T f(n Kn,m:5 Kn,m:lO Kn,m:lS Ka,m:S Ka,m:l() Ka,m:lS
Gumbel 0.05 0.00059 0.00374 0.00111 0.00050 0.00032 0.00037 0.00040
0.2 0.00058 0.00275 0.00083 0.00039 0.00034 0.00040 0.00044
0.5 0.00052 0.00111 0.00037 0.00021 0.00029 0.00036 0.00040
0.8 0.00032 0.00021 0.00008 0.00006 0.00016 0.00020 0.00022
Clayton 0.05 0.00061 0.00366 0.00110 0.00052 0.00036 0.00040 0.00044
0.2 0.00059 0.00226 0.00071 0.00037 0.00030 0.00041 0.00045
0.5 0.00051 0.00097 0.00033 0.00022 0.00027 0.00035 0.00038
0.8 0.00031 0.00032 0.00011 0.00009 0.00015 0.00020 0.00021
Frank 0.05 0.00056 0.00377 0.00109 0.00048 0.00035 0.00036 0.00039
0.2 0.00056 0.00257 0.00077 0.00037 0.00034 0.00038 0.00041
0.5 0.00054 0.00108 0.00038 0.00023 0.00030 0.00037 0.00040
0.8 0.00034 0.00030 0.00013 0.00010 0.00019 0.00021 0.00023
Table 4.4 MISE scores of three Archimedean copula estimators for sample size n = 200
Copula T Kn Kn,m:5 Kn,m:lo [A(n,m:15 Koz,m:5 Ka,m:lo ka,m:lfi
Gumbel 0.05 0.00026 0.00368 0.00100 0.00044 0.00019 0.00017 0.00018
0.2 0.00026 0.00263 0.00072 0.00033 0.00018 0.00018 0.00020
0.5 0.00024 0.00105 0.00031 0.00016 0.00013 0.00016 0.00017
0.8 0.00015 0.00018 0.00006 0.00003 0.00006 0.00008 0.00009
Clayton 0.05 0.00028 0.00349 0.00095 0.00043 0.00018 0.00019 0.00020
0.2 0.00027 0.00213 0.00060 0.00029 0.00013 0.00018 0.00020
0.5 0.00024 0.00089 0.00027 0.00016 0.00012 0.00015 0.00017
0.8 0.00014 0.00029 0.00009 0.00006 0.00005 0.00007 0.00008
Frank 0.05 0.00025 0.00363 0.00097 0.00042 0.00021 0.00017 0.00018
0.2 0.00026 0.00240 0.00067 0.00031 0.00018 0.00017 0.00019
0.5 0.00025 0.00102 0.00031 0.00017 0.00015 0.00016 0.00018
0.8 0.00016 0.00028 0.00010 0.00006 0.00008 0.00008 0.00009
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0.2, 0.5 and 0.8. These distributions cover different shapes and characteristics. 10, 000
Monte Carlo samples of size n = 100,200 are generated from each type of
Archimedean copulas and investigated the performances of the Bernstein estimator
and the Bézier estimator for polynomial degrees m = 5,10. We compare the
performances of these estimators using Mean Integrated Square Error (MISE) scores

which MISE is defined as

MISE[K] = E [ / (Rt — K62t

Simulation results are shown in Table 4.3-4.4. When the results are examined, it
is seen that MISE[K ] < MISE[K,, .| < MISE[K,]. When the Kendall’s tau is
increased, MISE scores of all tests decrease. And also, it is a classical fact that when

the sample of size n is increased, MISE results decrease.

In Figure 4.5, MISE scores of the Bernstein and Bézier based tests are plotted for
polynomial degree m = 1,...,20. It is seen that the Bézier curve based results with
polynomial degree m < 5 have lower MISE scores than the Bernstein polynomial

based results for the same polynomial degree.
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CHAPTER FIVE
GOODNESS OF FIT TESTS FOR BIVARIATE ARCHIMEDEAN COPULA

In this chapter, we construct a goodness-of-fit test of the null hypothesis H : C' € C,
where the assumed copula belongs to the Archimedean family of copulas based on
Cramér-von-Mises type statistics using both Bernstein polynomial and Bézier curve
estimation of K (t). We measure the power and the size of the proposed test and compare

its performance with the existing ones by Monte Carlo study.

5.1 Testing Independence for Archimedean Copula based on Bernstein Estimate

of Kendall Distribution Function

Copulas offers a great flexibility in building multivariate models in such a way that
various general types of dependence can be represented. Thereupon, testing
independence among these random variables gains importance in many disciplines. In
the context of linear dependence, Gaussian model based tests have been used, but
these tests cannot capture the other types of dependence and these types of tests do
not answer how the variables are dependent, just simply answer whether or not they
are independent of one another. So, alternative dependence measures and
independence tests have been proposed. Blum et al. (1961) developed a
nonparametric test based on Cramér-von-Mises measure which uses the joint
empirical distribution in comparison. Belalia et al. (2017) proposed also
nonparametric tests of independence by using Bernstein Empirical Copula which is

also based on Cramér-von-Mises and Kullback-Leibler divergence type functionals.

The concept of estimating copula is related to that of testing independence in a
bivariate sample. Copula becomes a product of two uniform distributions when the

random variables of the bivariate sample are independent.

In this chapter, we introduce a test of independence of Archimedean Copula family

based on Kendall distribution function K (t) using Bernstein polynomial
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approximation. We obtain a test statistic for Archimedean family and compare its
power using Monte Calo simulation as an attempt to choose the best candidate in that
class. The new test statistic is based on Cramér-Von-Mises distance that is constructed

using Bernstein Empirical Kendall distribution function K, (t) such as,
1 A
CoM, =n / (Kpm(t) — K(t))%dt (5.1)
0

for the null hypothesis,
Hy: K(t) = Kn(t) (5.2)

where K1 = t — tlog(t) is the independence form of Kendall distribution function.
Genest & Rivest (1993) proposed a test statistic for independence of Archimedean
copula given as

Hy: K(t) = K1) (5.3)

where K(t) is the Kendall distribution function and 0 is the inverted Kendall’s tau
estimator of dependence parameter 6. For Archimedean copulas, Kendall distribution

function K (¢) is summarized in Table 3.1. The proposed test statistic is given by

U nZK Dyl k)
(5.4)

= ——i—nZKz

where K, is the classical empirical Kendall distribution function. Bernstein
polynomial based estimator is used to define a new test statistic of independence. For

testing independence, the null hyphothesis is given by
Hy: K(t) = Kn(t) (5.5)
where K7y(t) = t —tlog(t) is the Kendall distribution function for independent copula.

To test the independence, we use Cramér-von-Mises divergence which measure the
distance between Bernstein Empirical Kendall distribution function and the

independent copula.
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Theorem 5.1 (Susam & Ucer (2018)). Let K,,,,(f) be the empirical Bernstein
Kendall distribution and let K(¢) be the Kendall distribution for independent case,

then Cramér-von-Mises test statistic S,, ,,, 1S given by
1 A
Spm =1 / (Kpm(t) — Kn(t))?dt, (5.6)
0
then under H, the test statistic is obtained as,
" im\? ., k
k=0

2 Y (’Z)(m)f%n(g)m(%)ﬁ(mw1,2m—k—s+1)

_Zni ((”Z)kn(%)(ﬁ(mz,m—kﬂ)
m—k .

B io(—l)’( i k)(_(k+@'1+ 2)2)>>

+ 0.6296n

where /3(., .) is the beta function defined as 3(vy, v) = fol tor (1 — )2~ 1dt for vy, vy

positive integers.
Proof:

Cramér-Von-Mises test statistic measures the distance between Bernstein empirical
distribution function and the independent copula. Cramér-von-Mises type test statistic

Sp,m can be written by

1 A
Spm = n/ (Kpm(t) — K(t))%dt (5.7)
0
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Under null hyphothesis Hy : K(t) = Kn(t) =t — tlog(t)

Spm =1 / 1(f(nm(t) (t — tlog(t))2dt
—n/ dt—i—n/ol(t—tlog( £)2dt — zn/ Ko (1)t — tlog(t))dt
—n/o (kz (k)tk(l—t)m—’ff(n(%)) dt—i—n/ol(t(l — log(t))%dt

p /0 1 i (TZ) (1 — t)mkf(n(%)m ~ log(t)dt

=L +1L—1I3

Now we calculate part of /;. We know that,

(a1 +ag+ ...+ ay)? Za +2 ) aa,

1<i<j<n
then we can write
m - 2 ]{7 1
= () R [ e
k=0
m\ ~ k. (m\ ~ s !
2 K, (— K, (= thrs(1 — )2k qq
rom Y (k) ()i [

0<k<s<m

:nZ( ) )B(2k +1,2m — 2k + 1)
2y <k>Kn(%)(m)kn(%)ﬁ(k+s+1,2m—k—s+1).

S
0<k<s<m

Now we calculate the part of /3

I = anm: <Z”) s /01 t5(1 — )™ k(1 — log(t))dt

— 2n§ <”;) f(n(%)(/ol 1 — )™ Rat — /01 thrl(1 — ¢)m=F log(t)dt)
=2n kmo (TZ) kn(%) <ﬁ(k‘ +2m—k+1)— 01 (1 — )k log(t)dt).
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If we get binomial expansion term (1 — ¢)™~* in the right side of equation
13:2ni " Kn(£)<ﬂ(k+2 m—k+1)
k m ’

E 1 o)

Because log(0) does not exist, 0 is not the domain of the integrand. This is an improper

integral, so we use
Iy = zni m Kn(£)<ﬁ(k+2 m—k+41)
k m ’

m—k 1
4 — k 4
_ (_1)Z<mz_ ) lim / t’“““log(t)dt))
i=0 a

Recalling that log(1) = 0, we get partial integral of integrand (u = log(t),dv =
tk+1+idt)

() () (th +20m k)

S (" m—md%%))))

aF+it2
limaﬁo(%) is indeterminate because it equals to =22 . Applying L'Hopital’s
ak+z+2

rule gives us

i(() k)(ﬂ(k+2m k+1)

k=

S (")

1=

Finally, after some calculation /5 is calculated by 0.6296n.

p-values are obtained by parametric bootstrap method as described in Berg (2009),

Genest et al. (2006).
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5.1.1 Parametric Bootstrap Method for Independence Test

In order to compute p-values for any test statistic, one requires generating a large
number, N, of independent samples of size n from Cy, (u,v) and computing the
corresponding values of the selected statistic, such as S, ,,,. The procedure works as

follows:
Step 1: Compute test statistic .5, ,,, for data sets of size n

Step 2: Generate /N random samples of size n from independent copula. Then

compute test statistcs for all random samples V.

Step 3: If S(1:n)nm < - -« < S(N:N),n,m denote the ordered values of the test statistics
calculated in step 2, an estimate of the critical value of the test at level a based on .S, ,,

is given by
N
1
N Z I<S(i:N),n,m Z Sn,m)
=1

which yields an estimate of the p-value associated with the observed value S, ,,, of the

statistic.

5.1.2 Performance of the Independence Test

Performance of the new test statistic given in Section 5.1 is conducted by Monte
Carlo simulation study for different levels of Kendall’s tau, sample sizes and the
alternative Archimedean copulas. The purpose of this Monte Carlo simulation is to
determine the level and the power of the underlying test statistic. In order to evaluate
the critical value of the proposed test statistic under the null hypothesis at &« = 0.05
significance level, data is simulated from independent copula. The results are shown
in Table 5.1. Testing procedure consists of rejecting H, when S, ,, is greater than the
100(1 — «)th percentile of its distribution under the null hypothesis. The following

factors are used in simulation;
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1. H; copula (Clayton, Gumbel and Frank)
2. Level of dependence Kendall’s tau (7 = 0.05,0.1, 0.2)

3. Sample sizes (n = 50, 150)

In each case, 10.000 pseudo random samples of size n = 50, 150 are generated
from the selected model with specified value of Kendall’s tau. For each sample, 1.000
bootstrap sample is generated from identified Archimedean copula for several levels
of Kendall’s tau, then 5, ,, statistic is calculated under the null hypothesis H,. In each
simulation case, sample of size n is drawn from alternative hypothesis H; with several

levels of Kendall’s Tau. The hypotheses are given by

HO o K(t) = Kn(t)
Hy : K(t) # Ku(t)

where Kpi(t) =t — tlog(t).

Table 5.1 Percentage rejection of Hy by various tests for data sets arising from independent copula (Level
of the tests)

Test based on
Hl n Cn Sn,m:? Sn,m:15

Independent 50  0.0483 0.0496 0.0501
150 0.0545 0.0541 0.0546

The size and the power of the test are evaluated and the results are summarized in
Table 5.1, 5.2 and 5.3. Each line of the tables is the percentage rejection of hypothesis
Hy : K(t) = Knu(t) corresponds to H; (Clayton, Frank and Gumbel). For example,
in Table 6.2, when testing the independent copula from sample size n = 50, the test
based on Bernstein polynomial with order m = 7 has power at 0.1259 level, when the
data are from Clayton copula with Kendall’s tau 0.05. We see that almost all cases,
the new test statistic based on Bernstein polynomial has a better power than classical

approximation proposed by Genest et al. (2006).
When Table 5.1 is examined, both of the tests based on Bernstein Empirical Kendall
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Table 5.2 Percentage rejection of Hy by various tests for data sets of size n = 50 arising from three
Archimedean Copula models

Test based on
Hl T Cn Sn,m:? Sn,m:lS

Clayton 0.05 0.0490 0.1259 0.0979
0.1 0.1146 0.2775 0.2249
0.2 04492 0.6569 0.6156

Frank 0.05 0.0428 0.1272  0.0996
0.1 0.0774 0.2592 0.2132
0.2 03028 0.6427 0.5876

Gumbel 0.05 0.0463 0.1246 0.0943
0.14 0.0641 0.2492 0.2028
0.2 0.2280 0.6133 0.5506

distribution S, ,,, and classical empirical distribution C', hold their nominal level (0.05).
The test based on .S, ,,, outperforms the test based on C,, in all cases. It is a classical

fact that the power of the test increases, as sample size increases.

Note that when the level of dependence increases for all types of Archimedean
copulas, percentage of rejection of the null hypothesis increases in all cases. For the
test based on S, ,, with sample size n = 50, when the order of the Bernstein
polynomial m increases, power of the test decreases. However, for the test based on
Sp.m With sample size n = 150, when the order of the Bernstein polynomial m
increases, power of the test increases. So, optimum m can be obtained to increase the
power of the test for a given sample of size n. In short, the test based on 5, ,, for
fitting the data is flexible and performs better when compared with the test based on

Ch.
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Table 5.3 Percentage rejection of Hy by various tests for data sets of size n = 150 arising from three
Archimedean Copula models

Test based on
Hl T Cn Sn,m:? Sn,m:15

Clayton 0.05 0.1277 0.2356 0.2384
0.1 04399 0.5719 0.5905
0.2 09613 09719 0.9792

Frank 0.05 0.0955 0.2257 0.2366
0.1 03076 0.5603 0.5705
0.2 0.8882 0.9179 0.9972

Gumbel 0.05 0.0767 0.2068 0.2144
0.1 0.2234 0.5066 0.5185
0.2 0.7717 0.9552 0.9619

5.2 Goodness-of-fit Test Based on Bernstein Polynomial and Bézier Curve

Estimation of Kendall distribution for Archimedean Copula

We consider methods for assessing the adequacy of Archimedean copula
specification and we try to avoid parametric assumptions for the marginals. We
provide a way to test the fit of a parametric copula family for bivariate data. Several
copula goodness-of-fit approaches have been proposed lately. Genest et al. (2006)
introduced a test based on Cramér-von Mises distance of Kendall distribution
function K (t) = Pr{C(u,v) < t} and Empirical Kendall distribution function under
the null hypothesis that

Ho: K(1) = Kj(t) (5.8)

where K;(t) is the Kendall distribution function which are listed in Table 3.1 and 0 is
the estimation of dependence parameter 6. For parameter estimation, inverted Kendall’s
tau method is used. This method is based on Equation (3.4). Also population value of
Kendall’s tau 7 = 4E(T") — 1 is estimated where 7"s are pseudo observations defined

in Section 4.2. Finally, 6 can be expressed by

O =7 1(%0) (5.9)
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7(0) function is also listed in Table 3.2. /n(0 — ) is asymptotically normal with zero
mean. See, Kojadinovic & Yan (2010).

We use Bernstein polynomial and Bézier curve methods to estimate the Kendall

distribution function and the Cramér-von Mises test statistics which are given by

l A
Sum =11 [ (R (t) — K (1), (5.10)
0

1 ~
Tom = [ (Ronlt) = K(0) (5.11)
0

respectively, where K, ,,(t) is Bernstein based estimator of K (t) with polynomial
degree m and K a.m(t) is Bézier curve based estimator with control points v and with

polynomisl degree m.

Proposition 5.1, 5.2 and 5.3 are given for the test statistics based on Bernstein
estimator. And also, Proposition 5.4, 5.5 and 5.6 are given for the Bézier curve based

polynomial test.

Proposition 5.1. Let Knm(t) be the empirical Bernstein Kendall distribution and
K, 4(t) be the Kendall distribution for Gumbel copula and 0 is the inverted Kendall’s
tau estimation of dependence parameter 6, then Cramér-Von Mises test statistic ng

under Hy : K (1) = K ¢ 4)(¢) is given by

0<k<s<m s

7 m\ ~ k
—anz_%<(k>Kn(E)<B(k+2,m—k+1)
(=) fm—k 1
B 0 i <_(/~c—|—i—|—2)2)>
1=0
n2+60+992

2762
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where 3(., .) is the beta function defined as 3(vy, vy) = fol to1 =11 —t)v2~1dt for vy, vy

positive integers

Proof:

Cramér-Von-Mises test statistic measures the distance between Bernstein empirical
distribution function and the Gumbel copula. Cramer-Von-Mises type test statistic Sﬁ m

can be written as

1
8¢, =n / (Knm(t) — Kgg(t)) dt (5.12)
0
Under the null hyphothesis of Hy : K (t) = K 4(t) = t(1 — ")
1
56 n/ (Rom(t) — (1 — tl0g<t>))2dt
0
1 1
=n f(ﬁm(t)dtJrn/ (t(l—tlo{g(t)))?dt
0 ) ' 0 0
“on | K (t)(t(1 — ”"?”))dt
0
Lixm (m m—k i B )2 ' tlog(t) .2
=n | (Z(k)tk(l—t) Kn(a)> dt+n/0(t(1— T
k=0
Nk (m\ (! tlog(t)
-2 K,(— R —t)m k(1 — —=
D> U A
:Il+12—13

Now, we calculate part of /;. We know that,

(a1+a2+...—|—an)2:2a?+2 Z a;a;,
i=1

0<i<j<n
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then we can write

=~ (m 2A2 k ! 2%k 2m—2k
Li=n)_ L) ) Ot (1—1) dt

k=0
m X k m ¢ S ' S m—Kk—s
0<k<s<m 0
m m 2 . 2
=ny_ (k) K2 (—)5(2k +1,2m — 2k + 1)
k=0
m\ ~ k. [m\ . , s
+2n Z ( )Kn(_)( )Kn(—)ﬁ(/{—i—s—i-l,Qm—k—s—i—l)
0<k<s<m k m S m

Now, we calculate the part of I3

o m’ Jo é

N (m\ .k ! k1 K i i log(t)
_ v 1 — m o +1 _4a\m k_A
—anEO: (k)K"(m)</0 (L — )Rt /0 A1 — ¢) > dt)

If we get binomial expansion term (1 — ¢)™~* in the right side of equation, then we

obtain

Because log(0) does not exist, 0 is not the domain of the integrand. This is an
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improper integral, so we use

( E B(k—l—Q,m—k:—i—l)
prd m
—k ( 1
k+1+1
0 9 Z ) lim / / 10g(t)dt>>

Recalling that log(1) = 0, we get partial integral of integrand (u = log(t),dv =
tk+1+idt>

- k;
— §:< — Mk+2m k+1)
m
k
k ( 1
o Q (k+1i+2)?
log(a )
_(!L—>0(k+/l+2))
limaﬁo(%) is indeterminate because it equals to =2 . Applying L’Hopital’s
ak+it+2

rule gives us

Mk+2m k+1)

gy

ﬁ
k: m
(é ) k+z+2 0)

i= 0

Finally, after some calculation /5 is calculated by

2 + 66 + 9>
n——,——.
2762

Proposition 5.2. Let f(n,m(t) be the empirical Bernstein Kendall distribution
function, K ;(¢) be the Kendall distribution for Clayton copula and and 0 be the

inverted Kendall’s tau estimation of dependence parameter #, then Cramér-Von Mises
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test statistic Sy, under Hy : K (t) = K 4)(t) is given by

m 2
S —n (m> 25802k 41, 2m — 2k 4+ 1)
k=0

m
m m\ -~ k. s
i n0<];<m(k')( ) n(m) ”(m)/B( + s+ ,2m s+ )

_Qni <(7Z>Kn(ri)<ﬂ(l€+2 m — k+1)<9;1>

ﬁ(k;+é+2,m—k:+1)> h 17 4 130 + 262
0 27(1 + ) + 662

where (., .) is the beta function defined as 3(vy, vo) f oI )21t for vy, vy

positive integers.
Proof:

Cramér-Von-Mises type test statistic Sg ., can be obtained as

1 A
SC. =n / (R (1) — K (1))l (5.13)
0

Koglt) =1+ = — —. 5.14
colt) 5T (5.14)
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Under null hyphothesis ofHO:K(t)—Kce(t):t+§—t8g1,
I 0+1
ng—n/ (Kpm(t) — (t+ = — ——))%dt
0
1 . 1 t té—‘rl 1 R t té+1
=n Kgm(t)dt+n/(t+7— - )th—Qn/ Kpym(®)(t+ = — ——)dt
0 ’ 0 0 0 0 0 60
1 m m 2 k 2 1 t té-‘rl )
—n/o (Z(k)tk(l—t) K"(E)> dt+n/0(t+§— 7 )odt
k=0
“(m\ k[ t 0t
—2n Kn—/tkl—tm_kt+7— — )dt
Z(k) ) [ ta-orrer s -
:Il+[2—[3

part of the I; is the same as in proof of the proposition 5.1. Now we calculate the part

Of.[g

I :2ni (Z‘) s /1 ra—grreat o

om0 m-Jo 0 0
" m\ .k 1 !

= K (=) ((1+=) [ "1 -t Fdt
23 ()0 [

1 1

0 Jo
"im\ . ko 0+ 1

:2nz(k;>K"(E>< ; Bk+2,m—Fk+1)
k=0

Finally, after some calculation /5 is calculated as

17 + 130 + 262
27(1 + 0) + 662

Proposition 5.3. Let K, ,,,(¢) be the empirical Bernstein Kendall distribution , K Fi(t)
be the Kendall distribution for Frank copula and and 0 be the inverted Kendall’s tau

estimation of dependence parameter 6, then Cramér-Von Mises test statistic Sf; ., under
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m 2
SEL=nY (7]?) 25802k 41, 2m — 2k 4+ 1)

m m\ ~ ko . s
+2n0<}§<m(k)( )Kn(E)Kn(E)/B(k‘f‘S—f-1,2m_k_8+1)

_ Qni <<7Z> f(n(%) <B(k Yom—k+1)

)A(t, k, z’)) +nB(t,0)

where (., .) is the beta function defined as 3(vy, v) fo oY )22~ Lt for vy, vy
positive integers and A(¢, k, j) and B(t, §) are numerical solution of the f th+9 (exp(t*

0) — l)log(eXp(T ) and fo ( (exp( te =) log(eXp(( te)) 1)) dt respectively.

Proof:

Cramér-Von-Mises test statistic measures the distance between Bézier empirical
distribution function and the Frank copula. Cramér-von-Mises type test statistic Si m

can be written as

1 A
SF. =n / (Ko (t) — K1) (5.15)
0
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(exp(t) —1) log( SRt =1y

Under null hyphothesis of Hy : K(t) =t — e

exp(—0)—1 ))2dt

L L (exp(th) — 1) log(22D-)
/(t— _ exp(—0)—1 )th
0

. exp(—t0)—1
(explth) ~ Dloa SRR
0

_ n/ol (i (Tg)tk(l - t)kan(%))th

0
N\ exp(—t0)—1
., n/l(t - (exp(t0) — 1) log(T - —5— p(—é)—1)
0

— = )2dt

i oW ! (exp(t) — 1) log(22==1 )
—2nz< )Kn(ﬁ)/o AP ) ; RCOZL0 g

— L+ LI

Part of the [, is the same as in proof of the proposition 5.1. Now we calculate the part

of I3 as

m 1 er—loM
%ZC%KF AMLﬁW%_(W>1)ﬁw)4wt

k=0 k 0
::ani ™ g L/1ﬁ+%1—-ﬂm—hﬁ
k n 0
k=0 )
1 @mﬁﬁ)—l)bgﬁﬁtﬁt5
_/ tk(l—t)m_k( é exp(—0)—1 )dt
0

If we get binomial expansion term (1 — #)™~* in second integral of the right side of

equation
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There are no explicit solutions of integral

exp(—t0)—1

L (exp(th) — 1) log(Z20-1)
At k,§) = / tk+]( p exp(—0)—1 ),
0

We should use numerical solution of the integral.

Finallyy, [, is  calculated by numerical from the  integral

_ (exp(th)-1)1 (th)-1y
nB(t,0) = n [ (t — — O )2gy.

Proposition 5.4. Let K, ,,(t) be the empirical Bézier Kendall distribution function,
K, ;(t) be the Kendall distribution for Gumbel copula and 0 be the inverted Kendall’s
tau estimation of dependence parameter ¢, then Cramér-Von Mises test statistic Tgm

under Hy : K(t) = K ¢ 4)(t) is given by
m 2
fﬁ%zn}j(?)a%@%+L%n—%+l)
+2n Z (7?)(T:)aiasﬁ(i+s+1,2m—i—s+1)
—2n§(<7)ai<ﬁ(i+2,m—i+l)
(1) (m—i 1
2 ( j ><_(i+j+2>2)))

2+69+9W
2762

Y

where /3(., .) is the beta function defined as 5(vy, v2) = fol t (1 —t)2 1 dt for vy, vy

positive integers.

Proof:

Cramér-von-Mises test statistic measures the distance between Bézier empirical

distribution function and the Gumbel copula. Cramér-von-Mises type test statistic
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S¢ ., under null hyphothesis of Hy : K(t) = K4)(t) = t(1 - loge(t) ) can be written as

1
TS, =n /0 (Kam(t) = Kgg/(t))dt (5.16)

a,m

/K
—n/ dt+n/1( H1— log / Kom(D)((1 — 220y gy
= ( )tll—t >dt+n/0((1—10g9(>))2dt

—QnZ%( ,)/Oltl (1—10%(t)))dt

=L+1L—-1I3

n

Now we calculate part of I;. We know that, (a; + as + ... +a,)* = > " a? +

=1 "%

2 0<icj<m Gitt;, then we can write

I, — }m: m\* 2 ' 2i(] _ §)2m=2i
- 0

=0
1
m m ] .
2 ; s tz+s 1_t2m—z—sdt
oo 3 (D)D) ffeo
0<i<s<m
m m 2
=n (_)a35(2i+1,2m—2z+1)
]
=0
m m
9 . B 1,2m —i—s+1
+2n Z (i>a(s>aﬁ(z+s+ m—i—s+1)
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Now we calculate the part of I3

0
- ZnZ (T) ai</01 tHH 1 — )™t — /01 £ (1 — )™ loé(t)dt)
_2ni< ) ( (i+2,m—i+1)— /Olti“(l—t)m"logé(t)dt)

If we get binomial expansion term (1 — ¢)™* in the right side of equation
13—2712 (( ) ( Bli+2,m—i+1)

r ‘_Z (—él)j <m]— 2) /01 fit1 log(t)dt)>

Because log(0) does not exist, 0 is not the domain of the integrand. This is an

3

<
i
o

improper integral, so we use
]3:2n§: m ai<6(i—|—2m—z’—|—1)
= Z ,
m—k ; . 1
—1)J _ o
— ( A) (m , Z) lim/ it log(t)dt)).
- 0 7 a—0 /.

Recalling that log(1) = 0, we get partial integral of integrand (v = log(t),dv =
tk+1+idt>

(1 SR ey e

—mulﬁ“%w))

qitit+2
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(lllir(l) (%) is indeterminate because it equals to 2. Applying L’Hopital’s rule

qiti+2
gives us
2 (=1) (m—i 1
Iy =2 J(Bl+2,m—i+1)- (")) ).
3 nZ(( ) i m—i 2.5 j ( <Z+]+2)2>
Finally, after some algebra I is calculated by
L2 60 + 962
2762

Proposition 5.5. Let [A(am(t) be the empirical Bézier Kendall distribution function,
Kecp(t) be the Kendall distribution for Clayton copula and and 0 be the inverted
Kendall’s tau estimation of dependence parameter ¢, then Cramér-Von Mises test

statistic 7){,,, under Hy : K (t) = K 04)(t) is given by

m 2
fﬁ%:n§:<2>a%@%+L%n—%+l)

1=0

+on Y (T)(?)m%ﬁ@+8+L2m—i—s+D
_Qn§:<<> ( Z+2m_Z+DﬁZ¢)_5@+é+2m—i+n)>

17 + 136 + 262
27(1 4 6) + 662

where /3(., .) is the beta function defined as 5(vy, v2) = fol tr (1 — )2~ 1dt for vy, vy

positive integers.
Proof:

Cramér-von-Mises type test statistic 7, under null hyphothesis of Hy : K(t) =

K 4)(t) can be written as

1
ng:nA(KWAw—K@m@fﬁ (5.17)
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K 4(t) can be rewritten as

t té+1
K. ;t)=t+=— — 5.18
c(t) A (5.18)
. I t té+1 )
Ton=n | (Raplt) = (145 = =)t
1 ¢ té+1 1 " té+1
—n/ dt+n/( L0 )%lt—gn/ Ram(®)(t + 5 = Z s
0 0 0 0 ) 0 0
m\ . ) 2 1 t $o+1
=n e =)™y dt+n/ t4+ = — —)%dt
/0 <Z(Z) ( ) > 0( 0 0 )

=0
m t t9+1
—2%2( )Oéz/ Z1 )m z<t+5_7)dt

=0+ 1, —Is.

Part of the I is the same as in proof of the proposition 5.4. Now we calculate the

part of I3 as

" /m ! A
Iy =2n / (1= )™ (¢t + = — ——)dt
’ Z( ) 0 A I

=0

.

. m 1 1i m—1i 12 1 m—1i
:2n;(z)az<(1+§)/o tH (1 — )™t /0 0Tl — o) dt)
ZQni(TZ)a,(leﬁ(Hz m—i+1)—=p(i+0+2 m—z+1)>

=0

Finally, after some calculation /5 is calculated by

17 + 130 + 262
27(1 + ) + 662

Proposition 5.6. Let K, ,,(t) be the empirical Bézier Kendall distribution, Kz (t)

be the Kendall distribution for Frank copula and and 0 be the inverted Kendall’s tau
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estimation of dependence parameter ¢, then Cramér-von Mises test statistic Tf, m under

Ho: K(t) = K 14)(t) is given by

= Z() o2B(2i+1,2m —2i + 1)
+2nz Zm: < )< )al SBli+s+1,2m—i—s+1)

2ni<( ) Z<6Z+2 m—i+1) 2(_§)j<m;i)A(t,z‘,j)>)
+nB(t,0) )

where (3(.,.) is the beta function defined as (v, v9) = fol tor=1(1 — t)»=~1dt for
v1, v, positive integers and A(t,4,j) and B(t,0) are numerical solution of the

N A 2
1 544 A ex — 1 exp(t0)— exp(—t0)—
Jy 9 (exp(td) — 1)1og(SDL) and [ (¢~ 2D jog(20C))) gy

respectively.
Proof:

Cramér-von-Mises test statistic measures the distance between Bezier empirical
distribution function and the Frank copula. Cramér-von-Mises type test statistic T£ m

can be written as

TF, =n / (Eam(®) = Kpg0) (5.19)
0
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(exp(t0)—1) log(22=2=L)

Under null hyphothesis of Hy : K(t) =t — R
L (exp(t0) — 1) log(22D=1)
TF = | (Kom(t) — (t — e hL Ty
0 ’ 0 )
L 1 (exp(tf) — 1) log(22=01)
—n | K2 (t)dt+ n/ (t — R R
0 ’ 0 0
1 (exp(1) — 1) log(22-L)—1)
—on | Kam(t)(t— _—ewhL Ty gy
0 0
—n/1<i(m)tl(1—t) >2dt
0 “i=o ‘
1 (exp(th) — 1) log(22=0=)
+n/ (t _ exp(—0)—1 )2dt
0 0
2 exp(—t6)—1
™ L , (exp(t0) — 1) log(TE—5=)
— o , ai/tll—tm—lt— _—ewhL Ty gy
> (7 )as [ e —om 6 )
=L+ 1— 13

Part of the /; is the same as in proof of the Proposition 5.4. Now we calculate the

part of I3

(cap(th) — 1)log(<2D=L)
]3 — (m) / tz 1 —t m— 7, _ _ exp(—0)—1 )dt
0

m ( tz+1 o m ldt

1 (exp(t) — 1) log( 2201
/tz(l t)m z( é exp(—0)—1 )dt ]
0

If we get binomial expansion term (1 — )™ in second integral of the right side of
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equation

_ anm: (T) a; (ﬁ(z’ +2m—i+1)— 3 Z(—l)j (mj_ z)

L1

=0
. exp(—t?)—l
) / g (S0~ VIR
0 9
There is no explicit solutions of integral
o 1y (exp(th)—1) log(SX=t=1) . .
Alt,ig) = [y ¢79( ;—M=2=—)dt, we use numerical solution of the

integral.

Finally, I is calculated by numerical solutions of the integral n.B(t,0) = n fol (t —

(exp(t0)—1) log( 22101

axp(—0)—1 2
9" ) dt-

5.2.1 Parametric Bootstrap Method for Tests Based on Bernstein Polynomial and

Beézier Curve Estimation

In order to compute p-values for any test statistic, one requires generating a large
number, N, of independent samples of size n from Cj (u,v) and computing the
corresponding values of the selected statistic, such as .S, ,,, or T, ,,. The procedure

would work as follows:

Step 1: Estimate 6 by a consistent estimator 6,,. Then, compute test statistic .5, ,,, for

data sets of size n

Step 2: Generate IV random samples of size n from C; (u,v). Then compute test

statistcs for all random samples /V.

Step 3: If S(1:n)nm < - - - < S(N:N),n,m denote the ordered values of the test statistics
calculated in Step 2, an estimate of the critical value of the test at level o based on .S, ,,,

is given by

1 N
ZI(S(ZN yam = Sum )

=1
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which yields an estimate of the p-value associated with the observed value S, ,,, of the

statistic.

5.3 Performance of the GoF Tests

Performance of the new test statistics given in Section 5.2 is conducted by Monte
Carlo simulation study for different levels of Kendall’s tau and the alternative
Archimedean copulas. The purpose of this Monte Carlo simulation is to determine the
level and the power of the underlying test statistics. In order to evaluate the critical
value of the proposed test statistic under the null hypothesis at given significance
level, data is simulated from H; copula. Testing procedure consists of rejecting H,
when S, ., and T, ,,, are greater than the 100(1 — «)th percentile of its distribution

under the null hypothesis. The following factors are used in the simulation;

1. Hj copula (Clayton, Gumbel and Frank)
2. H; copula (Clayton, Gumbel and Frank)
3. Level of dependence Kendall’s tau (7 = 0.2, 0.4, 0.6)

4. Sample sizes (n = 100)

In each case, 10.000 pseudo random samples of size n = 100 are generated from the
selected model with specified value of Kendall’s tau. For each sample, 1.000 bootstrap
samples are generated from the identified Archimedean copula for several levels of
Kendall’s tau, then S, ,,, and T, ,,, statistics are calculated under the null hypothesis
Hy. The size and the power of the tests are evaluated. In each simulation case, sample
of size n is drawn from alternative hypothesis H; with several levels of Kendall’s Tau.

The hypotheses are given by

Hy: K(t) = K, (1)
Hy: K(t) # Ko g(1)
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where symbol (x) is denoted for G (Gumbel), C (Clayton) and F (Frank). Also,
Kp)(t), K 5)(t) and K 1. 4)(t) are summarized in Table 3.1.

Table 5.4 Percentage rejection of H by various tests for data sets of size n = 100 arising from Hy
Copula (Level of the tests)

Test based on
HO T Cn Sn,m:S Sn,m:lO Ta,m:B Toa,m:l()

Gumbel 0.2 0.0506 0.0259 0.0524 0.0561  0.0494
0.4 0.0487 0.0276 0.0474 0.052  0.0500
0.6 0.0478 0.0313 0.0484 0.0458 0.0520

Clayton 0.2 0.0411 0.0158 0.0248 0.0495 0.0478
0.4 0.0449 0.0398 0.0477  0.0506 0.0532
0.6 0.0475 0.0452 0.0572 0.0512 0.0507

Frank 0.2 0.0490 0.0146 0.0372 0.0523 0.0457
0.4 0.0488 0.0234 0.0386 0.0479 0.0487
0.6 0.0452 0.0359 0.0419 0.0446 0.0502

The size and the power of the tests are summarized in Table 5.4-5.5. Each line of the
tables is the percentage rejection of hypothesis Hy : K(t) = K|, 5 (t). For example, in
Table 5.4, when testing the Gumbel copula from sample size n=100, the test based on
Bernstein polynomial with order m = 10 has power at 0.0524 level, when the data is
from Gumbel copula with Kendall’s tau 0.2. When Table 5.4 is examined, both of the
tests based on Bernstein Empirical Kendall distribution 5, ,,,, Bézier Empirical Kendall
distribution 7, ,,, and classical empirical distribution C;, hold their nominal level (0.05)

except from Bernstein based test with polynomial degree m = 5

For Table 5.5, we can conclude that when H; is Frank copula, the test based on
Bernstein polynomial with degree 10 has a better result than the other tests. When H;
is Clayton copula, the classical test has better power result. And also, when H is

Gumbel copula, Bézier curve test has better results.

The tests based on Bernstein polynomial and Bézier curve approximations are

flexible methods since the power of the test can be increased by changing the value of
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Table 5.5 Percentage rejection of Hy by various tests for data sets of size n = 100 arising from three
Archimedean Copula models

Test based on
HO Hl T Cn Sn,m:5 Smmzl() Ta,m:5 Ta,mle

Gumbel Clayton 0.2 0.6723 0.1028 0.5748 0.4502 0.3548
0.4 0968 0.3982 0.9468 0.8672 0.8368
0.6 0.9962 0.7195 0.9957 0.981 0.9616

Frank 0.2 0.1266 0.0888 0.2129 0.1236 0.0659
0.4 0.2417 0.1846 0.3953 0.2255 0.1789
0.6 0.3581 0.2657 0.4996 0.3151 0.2793

Clayton Gumbel 0.2 0.2007 0.0413 0.2355 0.3894 0.4970
0.4 0.7188 0.4696 0.9077 0.8542 0.9109
0.6 0.9436 0.8785 0.9965 0.9785 0.9888

Frank 0.2 0.1206 0.0535 0.1378 0.1550 0.2506
0.4 0.5273 0.3617 0.7238 0.4787 0.6366
0.6 0.7941 0.6924 0.9333 0.7239 0.8442

Frank Clayton 0.2 0.4949 0.0133 0.2437 0.2896 0.2353
0.4 0.8448 0.0497 0.6494 0.6244 0.5888
0.6 0.9392 0.1173 0.8672 0.8325 0.7841

Gumbel 0.2 0.0487 0.0029 0.0086 0.1231 0.1792
0.4 0.1212 0.0060 0.0799 0.2955 0.3379
0.6 0.2281 0.0107 0.2946 0.4473 0.4422

m. This is the main advantage when compared with the other tests. So, optimum m

can be obtained by increasing the power of the test for a given sample of size n.

5.4 Real Data Application: LOSS and ALAE Insurance Data

We illustrate an application of three Archimedean copulas (Gumbel, Frank and
Clayton) for modelling the real insurance data. The data comprise 1.500 general
liability claims randomly chosen from late settlement lags and were provided by
Insurance Services Office, Inc. Each claim consists of an indemnity payment (the
loss) and an allocated loss adjustment expense (ALAE). For more details, see Frees &
Valdez (1998). For simplicity, 34 censored data haven’t been used. For uncensored

data, general degree of dependence is calculated as 0.30865.
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Figure 5.1 Scatterplot of Insurance data for n = 1500

Figure 5.1 shows scatter plot of the Insurance data. When Figure 5.2 is examined,
right tail dependence is observed. Nonparametric estimate of A, (¢) for Insurance data
and parametric estimate of K, ; (t) are obtained for three Archimedean copulas
(Frank, Clayton and Gumbel) as shown in Figure 5.2. We select A-function for the
comparison, because A(¢) function has better visualization than the function K(¢).
See for more details, Michiels et al. (2012). In Figure 5.2, Gumbel copula seems to
have a good fit for the insurance data, especially at the tails. But there is a deviation
center of the graphs between classical estimation of ), and parametric estimation of
Gumbel copula. These visual results verify the goodness-of- fit test results for the
classical approximation. Goodness-of-fit results of the Insurance data are shown in

Table 5.6. P-values are obtained via 10.000 bootstrap samples.

Table 5.6 Goodness of fit results for Insurance data

Copula 0, Ch, (p —value)  Spm=10, (p — value) Tym=10, (p — value)
Gumbel 1.4464 0.081 (0.176) 0.543 (0.980) 0.068 (0.601)
Frank  3.0161 0.467 (0.000) 0.572 (0.849) 0411 (0.021)
Clayton 0.8920 3.006 (0.000) 1557 (0.000) 1.879  (0.000)

When Table 5.6 is examined, Gumbel copula is a good choice for Insurance data sets.
P-value for the Gumbel copula increases for the Bernstein and the Bézier based tests

which give reliable results for Gumbel copula according to the MISE and the power

69



—— Empirical Lambda
---- Frank

........ Gumbel ?
i D R Clayton

Lambda(t)
-0.25 -0.20 -0.15 -0.10 -0.05 0.00

Figure 5.2 Classical Non-parametric and Parametric estimates of A(¢) for Insurance Data

results.

For the insurance data, classical test and Bernstein-Bézier polynomial based tests
reject the Frank copula with p-values 0.000, 0.021, respectively. However, Bernstein
polynomial based test does not reject Frank copula with p — value = 0.849. Findings

obtained in this application confirm the goodness-of-fit results given in Table 5.5.
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CHAPTER SIX
CONCLUSION

In this thesis, we propose a new family of Archimedean copulas based on Kendall
distribution function K (¢). We use Bernstein polynomials-Bézier curve to construct
this new multi parameter distribution. The method is illustrated for polynomial degree
m = 3,4, 5. There are several advantages of this new Archimedean copula class. It is
shown that while working with the Bernstein polynomials-Bézier curve structures, a
multi-parameter copula family can be constructed in an organized way. It is possible to
create a new distribution function which has desirable dependence characteristics using
Kendall’s tau, lower and upper tail dependence. The parameters of the new model can
be interpreted in terms of these dependence characteristics. And also, it is possible that

we can create different distributions with the same dependence structures.

Also, we propose two methods of estimating bivariate Archimedean family of
copula. We estimate the Kendall distribution function using Bernstein polynomial and
Bézier curve approximation. We also establish the MISE values to measure the
performance of the estimators. Our simulation suggests that the Bézier estimator has
good performance when compared with the other empirical estimators. We show that
the Bernstein and the Bézier estimators of Kendall distribution function are flexible
by the polynomial degree m. The empirical Bernstein polynomial and Bézier curve
methods are helpful to construct goodness-of-fit test for Archimedean copulas and

also tests of independence.

As a third contrubition of this thesis, we provide a way to test the fit of a
parametric copula family for bivariate data. So, we also propose a nonparametric
goodness-of-fit test based on Kendall distribution function. We define Cramér-von
Mises statistic as a function of the empirical Bernstein and Bézier estimation. The test
statistic measures the distance between the estimated Kendall distribution function
using Bernstein-Bézier method and the theoretical Kendall distribution function.
Finally, a Monte Carlo simulation study is also performed to measure the

performance of the proposed test for some Archimedean copula models under given
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hypothesis and to compare it with the classical empirical Kendall distribution function
estimator. The size and the power of the tests are evaluated at a given significance
level. We investigate the performance according to the different levels of dependence
and sample sizes by comparing the power of classical test which is based on the
empirical copula process considered by Genest et al. (2006). The simulation results
show that the new Bernstein polynomials and the Bézier curve based estimators have
better performances than the classical one since they have flexible forms according to
its order m. They have satisfactory estimates of the underlying copula when

compared with the other empirical methods.

In copula goodness-of-fit test methodology, Bernstein polynomials based
estimations not only fix the jump discontinuities problem of classical empirical
estimation, but also decrease the estimation error. Thus, the power of the
goodness-of-fit test increases with the Bernstein polynomial estimation of Kendall
distribution function. And also, the tests based on Bernstein polynomials and Bézier
curve approximations outperform the classical one. Also, Bernstein polynomials
based tests perform better results in real data applications. On the other hand, real data

application results verify the goodness of fit results for the proposed tests.
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