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ABSTRACT

ASYMPTOTIC INTEGRATION OF THE 2D EQUATIONS OF MOTION FOR AN
INHOMOGENEOUS THIN ELASTIC SHELL

Noorullah NOORI

Department of Mathematics
Eskisehir Technical University, Institute of Graduate Programs, January 2023
Supervisor: Prof. Dr. Nihal EGE
( Co-Supervisor: Prof. Dr. Barig ERBAS )

In this study, low-frequency dispersion analysis of cylindrical thin shells is carried
out by asymptotic approximation using special scalings and compared with the theories
in the literature. In particular, this asymptotic approach is applied to 3D general elasticity
equations and 1D equations are obtained at the mid-surface for the problems considered
in the thesis. For each problem, new results are obtained that are consistent with and
contribute to the literature.

In the analysis of the first problem, the 2D annulus, it is shown that the even part of
the circumferential stress is not constant with respect to the thickness and is polynomial
in form, which is contrary to the characteristic of the mechanical behavior related to the
almost inextensible mid-plane effect. As a second problem, an approximate 1D fourth-
order equation for a 3D thin shell cylinder is obtained based on the assumption that the ratio
of the shell thickness to the radius is of the same order as the ratio of the radius to a typical
wavelength, and it is found that most of the coefficients in the equation coincide with
their counterparts in Sanders-Koiter shell theory. Finally, the low-frequency vibrations
of a thin-shell functionally graded (FGM) cylinder are considered in the plane strain
framework. Similarly, a consistent approximate equation of motion at the mid-surface is
derived using special scaling and dynamic relations in elasticity. The original formulas
for the variation of natural frequencies and all stress components arising from the derived

equation are obtained.

Keywords: Low frequency, Vibration, Asymptotic, Elasticity, Cut-off, Thin-walled.
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OZET

HOMOJEN OLMAYAN INCE ELASTIK KABUK ICIN 2 BOYUTLU HAREKET
DENKLEMLERININ ASIMPTOTIK INTEGRASYONU

Noorullah NOORI

Matematik Anabilim Dali
Eskisehir Teknik Universitesi, Lisansiistii Egitim Enstitiisii, Ocak 2023
Danigsman: Prof. Dr. Nihal EGE
(Ikinci Danigman: Prof. Dr. Barig ERBAS)

Bu calismada, silindirik yapidaki ince kabuklarin, 6zel 6lgeklendirmeler kullanarak
asimptotik yaklasim ile diisiik frekansta dispersiyon analizi yapilmisg ve literatiirde yer alan
teoriler ile kargilastirilmistir. Bu asimptotik yaklagim 6zellikle 3-Boyutlu genel elastisite
denklemlere uygulanmis ve tezde ele alinan problemler i¢in orta yiizeyde bir boyutlu
denklemler elde edilmistir. Her bir ele alinan problem icin literatiire uyumlu ve katki
saglayan yeni sonuglar elde edilmistir.

[k problem olan 2-Boyutlu halkanin analizinde, neredeyse uzatilamaz orta diizlem
etkisi ile ilgili mekanik davranigin 6zelligine ters diisen ¢evresel gerilmenin ¢ift kisminin
kalinliga gore sabit olmadig1 ve polinom bigiminde oldugu ortaya konmustur. Ikinci
bir problem olarak 3-Boyutlu ince kabuklu bir silindir i¢in kabuk kalinliginin yaricapina
oraninin, yarigapin tipik bir dalga boyuna oram ile aym1 mertebede oldugu varsayimina
dayandirilarak yaklasik 1-Boyutlu dordiincii mertebeden denklem elde edilmis ve den-
klemdeki cogu katsaymin Sanders- Koiter kabuk teorisindeki karsiliklariyla ortiistiigii
goriilmistiir.  Son olarak ise ince kabuklu fonksiyonel derecelendirilmis (FGM) bir
silindirin diisiik frekansh titresimleri diizlem sekil degistirme ¢ercevesinde ele alinmustir.
Yine benzer olarak 6zel 6lgeklendirmeler ve elastikiyetteki dinamik iligkiler kullanilarak
orta yiizeyde tutarl bir yaklasik hareket denklemi tiiretilmistir. Tiiretilen denklemden kay-
naklanan dogal frekanslarin ve tiim gerilme bilegenlerinin degisimi icin orijinal formiiller

elde edilmis.

Anahtar Sozciikler: Diisiik frekans, Titresim, Asimptotik, Elastisite, Ince duvarl:.
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1. INTRODUCTION

The theory of elasticity deals with the relationship between forces applied to an
object and the resulting deformations. The first consideration of elasticity was carried out
by Galileo in his work on the nature of the resistance of solids to rupture. Later on, many
scientists and mathematicians contributed to developing the theory of elasticity [53].

One of the fields of elasticity theory is shell theory. Looking around on our earth,
we can see various natural shell structures as: eggs in our fridges, snails on beaches,
tortoises dwelling on the land, crustaceans, and the skulls of humans and animals. At the
microscopic level, every cell in our body is a thin shell. On a larger scale, every earth
quake rings like a bell around the world. In this thesis, we shall be concerned with the
mathematical modeling and the derivation of relevant equations of motion for man-made
shell structures, which are widely used as structural elements in modern construction
engineering, architecture and building, power and chemical engineering, vehicle body
structures, and in other fields of technology: aircraft construction, ship buildings, rocket
construction, automobiles, turbines, vessels, submarine hulls, roofing structures, etc.

In the theory of elasticity, shell is a three-dimensional body or solid material that

is enclosed by two curvilinear surfaces. The surface, that divides it in half throughout
its entire thickness is called the mid-surface, or the locus of points that lie between these
surfaces is called the mid-surface. The distance between the surfaces, measured along the
normal to the mid-surface, is the thickness of the shell at that point. A plate is a special
case of the shell having no curvature.
Elastic shells can be classified into thick and thin shells. A shell is called thin if its one
dimension (thickness) is small compared with the other two dimensions of the shell, where
shear deformation and rotary inertia are negligible; otherwise, it is thick. Shells are also
classified according to the shape of their surfaces as spherical, cylindrical, hyperbolic,
paraboloidal, or other shapes.

The basic approaches which are employed in the derivations of linear shell theory
can be summarized as: Direct approach, vibrational method, Method of parametric ex-
pansion and asymptotic integration, and Method of Taylor series expansion.

According to William (1965) "In the method of parametric expansion and asymptotic in-

tegration, appropriate quantities in three- dimensional elasticity are expanded into power



series of some small thickness-parameter, then the shell equations are derived by asymp-
totic integrations."(p.3).

While deriving the stress-strain relations, strain-displacement relations, and equilib-
rium equations, various assumptions are made which ensure various thin shell theories.
Most common of these are the Love, Naghdi, Reissner, Flugge, and Sanders shell theories.
For comparison of these and other thin shell theories, Leissa’s 1973 monograph [52] is
a good choice. All the theories, including the literature about vibration of shells are ex-
plained there and a more recent publication [3] gives a comprehensive review of vibration
of shells. The theories in [52] were first derived for isotropic shells and then expanded
for laminated composite shells by the help of integration through lamina, and stress-strain
relations.

The analysis of shell structures has a very long history, starting from the simplest
practical shell theory that is a membrane theory [29], where bending and twisting moments
are assumed to be negligibly small and then the bending theories of several shell theories.
The book written by Flugge and Kraus deals with both the statics and dynamics of shells
[83]. An excellent survey of the static and dynamic behaviour of laminated composite
shells and homogeneous shells can be found in [67, 68, 70], a vast part of 2D analysis
deals with the dynamic behaviour of circular cylindrical shells, e.g. [52]. In [86] and
references therein, a brief review of 3D dynamic analysis of cylindrical shells within the
framework of linear elasticity can be found.

Thin cylindrical shells as structural elements are broadly used and plenty of theories
have been developed. Aron was the first who studied the cylindrical shell problem and
Love provided a mathematical framework for a thin shell theory [83]. Love’s mathematical
framework, also known as Love’s first approximation theory, included four principal
assumptions which opened a door for the development of many thin shell theories. These
four assumptions are also known as the Kirchhoft-Love hypothesis.

The method which is both applicable to general shell problems and simplifies the
mathematics involved in the solution is called the approximate method, and this method
provides a solution technique that can be applied to general shell problems without solving
the complete formulation [17]. It is worth mentioning that an important concept (for

singular asymptotics) of an edge effect appeared in the works of Lamb and Basset in 1890,



while the boundary layer concept did not appear until 1904 in Fluid Mechanics [4]. The
classical papers of Vishik and Lyusternik are a generalization of some previous results
obtained by Gold’denveizer [19].

Much of the the activities in the last decades of the last century in the theory of shells
has been concerned with the derivation of approximate theories; different approximate
formulations based on appropriate physical assumptions or originate from asymptotic
expansions are presented in [8, 19, 41, 51] and references therein. All possible shortened
forms of the classical 2D dynamic equations have already been derived by Goldenveizer.
Asymptotic integration of dynamic problems of shells developed and described in [20,
21, 22, 39, 40] and references therein. The equations of motion are derived in [44] using
a straightforward asymptotic procedure in the framework of the Sanders-Koiter version of
2D shell theory. The results in [44] were extended to an anisotropic cylindrical shell in
[45]. The technique based on a deferred approach to a limit, for analyzing the dispersion
relation for long waves in a curved waveguide is presented in [9] within the framework
of plane strain. The plane strain problem in 3 D elasticity for a homogeneous thin-walled
elastic cylinder has been recently studied in [14].

The theory of shells outlines a general methodology for the transition from 3D to
2D (or 1D) models. For sake of simplicity, we limit ourselves to shells, which are made
up of homogeneous and inhomogeneous, isotropic, and perfectly elastic material.

The main objective of this research is to suggest an efficient approach to finding
1D equations of motion through asymptotic integration for both 2D homogeneous and
inhomogeneous cylinders as well as 3D homogeneous cylinders. In this thesis, mechanical
parameters such as Young’s modulus, Poisson’s ratio, and mass density are assumed to be
constant in a homogeneous shell and varying along the thickness direction in a functionally
graded material (FGM) shell. The governing 1D refined equations of motion are obtained

based on the principles of asymptotic analysis.



The thesis is organized as follows.

After the brief Introduction organized in Chapter 1, a concise account of some
basic definitions and concepts that are frequently used throughout the thesis; equations of
elasticity, the theory of surfaces and construction of shell theory are outlined in separate
sections of Chapter 2.

Chapter 3 starts with a brief account of 3D equations of motion. The equations are
rewritten in a simplified form, which will be the basis for our main research. In this chapter,
2D analysis for a thin elastic annulus starts with a statement of the problem followed by
asymptotic scaling. Unlike Chapters 4 and 5 the displacement and stress components are
separated into even and odd parts with respect to the thickness variable. With the help of
iterative asymptotic integration, a 1D refined long-wave low-frequency model for a thin
elastic annulus is derived from plane strain equations.

In Chapter 4, a homogeneous thin elastic cylindrical shell is subjected for study.
Unlike chapters 3 and 5, the 1D equations of motion are reduced from full 3D equations
of motion, and the scaled quantities are assumed in harmonic form.

In Chapter 5, FGM annulus is taken into account where the mechanical parameters
are functions of thickness coordinate, the procedure of finding the result is also much
common with that of homogeneous case studied in chapter 3, here a new asymptotically
consistent equation of motion on the mid-surface is derived. The validity of each derived
result is checked by comparison of other articles and outlined in discussions.

Finally, in Chapter 6, conclusions are given and the main results of the thesis are

discussed with suggestions for future work.



2. FUNDAMENTAL EQUATIONS OF THIN SHELL THEORY

In this chapter, some basic definitions and concepts of elasticity and solid mechanics
are discussed, followed by the elements of the theory of surfaces. Following the explanation
of Kraus [49], the image of the geometry of the shell is clarified by the determination of its
mid-surface and thickness at all points. Finally, the chapter ends with a brief introduction
to shell theory and some basic postulates, concepts, and appropriate relations that will be

developed for a thin elastic shell.

2.1. Equations of Elasticity

A solid material is said to be elastic if it returns to its initial shape and size after
removing the external forces, and this property of materials is called elasticity. The theory
of elasticity generally deals with the elasticity of deformable bodies. An elastic body is
said to be homogeneous if its physical properties are the same at every point in the body.
Inhomogeneous materials, unlike homogeneous materials, change their properties from
point to point. Also, an elastic body is said to be isotropic if its elastic properties are the
same in all directions. In the opposite case, it is considered anisotropic.
To understand the behavior of solid materials, the following concepts and definitions are

necessary to be discussed.

2.1.1. Stresses

Let us consider a deformable body, to know the behavior of internal forces that are
produced within the body after applying loads at a specific point O, we divide the body
by a plane through the point of interest. Consider an element with a small area AA on the
cut surface and let the resultant force AF act on this small area, then the stress is defined

as the limiting value of the ratio ﬁ—i at any point across the area AA, i.e.,

St li AF 2.1
ress = lim —, .
¢ss A—0 AA

where AF is an internal force, if the origin of coordinates is placed at point O, with x

normal and x2, x3 tangent to AA, and decomposing AF into components parallel to x1, x2,

and x3, then we have



AF,,

= 1i
71 AEO AA
o2 = lim AFX?, (2.2)
AM—-0 AA
_ AF,,
TI3= 450 AA

where the normal and shear stresses are denoted by o and o;, i = 2, 3, respectively.

X
3
External fores Internal fores
AA .‘f |
/ Eﬁ Bk
| \ ﬂ
| L Ry

Figure 2.1. Free body with external and internal forces, enlarged area AA with components of the force AF

193]

Now, let us consider an infinitesimal cubic element in the cartesian coordinate system
surrounding the point O, whose visible faces have outward normals along the positive x1,
X2, and x3 axes, respectively. Nine quantities act on the faces of this cubic element and
are known as the stress components. The stress components in a 3 X 3 matrix notation can
be written as

o1 012 013
091 02 0923]|- (2.3)

031 032 03
This matrix notation is known as the Cauchy stress tensor, where o7 is the simplified form

of oy; with 7 = 1,2, 3. These nine components completely define the state of stress at a
point inside the cubic element in its deformed state.

The first subscript indicates the direction of a normal to the plane on which the stress
components act, and the second subscript refers to the direction of stress components on

this plane.
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Figure 2.2. Components of stress

2.1.2. Strains
The deformation occurs when an external force is applied to a body, so the strain is
defined as the ratio of the change in dimension of the body to the original dimension of

the body and is denoted as &. The strain of a material line element is expressed as

g=—, 2.4)

where Al is the change in the length and / is the original length of the line element. Unlike

stress, strain is a dimensionless quantity.

Strain may be classified into three types; normal strain, shear strain, and volumetric strain.
The normal strain is the relative change in length of the body and is denoted by &;;
(i =1,2,3). So &1 is the relative change (elongation or contraction) of the material along
the x; axis. Shear strain measures changes in angle with respect to two specific directions,
it is denoted by &;; (i # j). As an example, €12 gives the angular change between the x;

and xo axes. The volumetric strain is the relative change in the volume of the body.



2.1.3. Hooke’s law

The linear relationship between stress and strain in one dimension can be written as

o11 = Eeqq, (2.5)

where E is a proportionality constant for the material known as the modulus of elasticity or

Young’s modulus after Thomas Young (1773-1829), equation (2.5) is known as Hooke’s
law, named for Robert Hooke (1635-1703), which simply states that the applied stress is
directly proportional to strain in a solid body within the elastic limit of that solid. The

generalized Hooke’s law in the form of a fourth-order tensor can be written as

oij = Eijxi€, (2.6)

where the 81 coefficients E; ;i are called the elastic constants. Hooke’s law for homoge-

neous and isotropic bodies in terms of Lame constants is

gjj = /lfsijskk + 2/18,']', (27)

where ¢;; is Kronecker delta and A, u are known as Lame constants.

Making use of equation (2.5) into equation (2.7), see [28], we obtain

p(34 + 2p)
=—"¢

) 2.8
1T a 11 (2.8)

Latter gives us a modulus of elasticity in terms of the Lame constants as

34+ 2
g B2

T+ n (2.9)

The Poisson’s ratio, denoted by v, is defined as the ratio of transverse strain and longitudinal

strain and can be written as

A



Similarly, shear modulus or modulus of rigidity, denoted by G, is defined as the ratio of

shear stress to the shear strain, which can be written in terms of Young’s modulus and

Poisson’s ratio as

E
= . 2.11
2(1+7) 2.11)
Strain displacement relations can be written with the indicial notation as
1 . .
eij = 5(ij+up) (1) =1,2,3). (2.12)

2.1.4. Equations of motion

Consider the normal and tangential components of stresses acting on the surface
element of an infinitesimal rectangular parallelepiped. In order to derive the force acting
on each face, we take the value of stress at the center of each face times the area of the face.
With the help of Newton’s second law and the body forces, the resultant forces acting on

the x1, x9, and x3 directions, see [57],

(90'11 + 60’12 30’13 _ 82u

0x1 0x9 0xs3 - P or2’

do91 Doy oz 0%
+ + =

2.13
ox; | Oxy  oxg Lo 19
(90'31 (90'32 (90'33 (92W
+ + =p ,
0x1 0x9 ax;), ot?
these equations can be written in the form of indicial notation as
oy 0%u,
v, i, j=1,2,3), 2.14
ox, P o (i, ] ) (2.14)
where p is mass density, from Hooke’s law for isotropic bodies we know that
oii = AN+ 2ue;,
(2.15)

ij = 2,ugl~j (l,] = 1, 29 3)’



where A is the dilatation, i.e., A = £11 + £99 + £33.

Making use of equations (2.12) and (2.15) into equation (2.14), we get

A 5 0%u
A — +uVu=p—,
(A4 +u) o, THV =P
oA ) 0%y
bl — +uViy=p— 2.16
( +,U)ax2+/l V=P (2.16)
AA 8%w
A+ p)— +uViw = p—r-,
(A+u) s THY W =P
where the operator V? is defined as
0% 9%  0?
V2= (2.17)

= + +
2 2 P
oxy  Ox; 0x3
relations of (2.16) are equations of motion of an isotropic elastic solid in which the body

forces (gravitation and moments) are neglected.
If displacements in equations of motion are replaced by strains and the equations are
grouped together after taking the derivative of equation (2.16) with respect to x1, x2, and

x3 respectively, we obtain
9’°A  A+2u

— = V2A, 2.18
a2 5 (2.18)

this equation is known as the longitudinal (dilatational) wave and travels at a velocity

o (a+2u\'? E(1-v)
Vlong =C1 = (T) = \/(1 +V)(1 _ 2V)p (219)

Also, by assuming the dilatation zero in the equations of motion (2.16), we get

9%u
Viu=p—s,
HY U= PG
9%y
vy = p 20 (2.20)
YV =P
9%w
Viw=p—
HYW =P

Thus, transverse (distortional) waves travel at a velocity

10



1/2
O 2 R /_E
Vi=c2= (p) N2l +v)p’ 221)

vE E

where

(2.22)

2.2. The Theory of Surfaces
2.2.1. The first fundamental form

Every surface € in rectangular coordinate system may be written as a single-valued

and continuous functions of two parameters a and g as follows:

X1 =X1 (Q’,ﬂ), X2 = X2 (a/’ﬁ)’ X3 = X3 (Q’,ﬁ),

thus, the last relations are parametric equations of a surface, where a and 3 are curvilinear

coordinates of the surface. By fixing, in turn, one parameter and varying the other, we
obtain a family of curves called parametric curves of the surface.

If @ and B are eliminated in the parametric equations of a surface, then we obtain the

familiar form of the equation of a surface as

F(x1,x2,x3) = 0.

The position vector of any point M («, 8) on the surface Q can be given by following
equation:

F=7(a,p) =x1(a,p) €1 +x2(a,p) é2+x3(a,p) €. (2.23)

A differential change in the position vector 7, as we move from point M on the surface to

another point M7 on the surface, where both points are infinitesimally close to each other
is given by dr

d7 = F1da + 7 2dB, (2.24)

11



where for partial derivatives of vectors, we introduce the notation

or or
—_— Fo=—. 2.2
50 o 35 (2.25)

Fi=

Since ds ~ |dr], then, by help of equation (2.24), we can write

=71 -F1(da)® + 271 - Fo(da)(dB) + Ty - Fo(dB)>.

s

Let us consider the following relations

then
(ds)? = d7 - dF = E(da)? + 2F (da)(dB) + G (dB)>, (2.26)

equation (2.26) is known as the first fundamental form of the surface Q defined by vector

F(a, B), it allows us to determine the infinitesimal lengths, the angle between the curve,
and the area of the surface. E, F, and G are called the first fundamental magnitudes. Along

the parametric curves themselves, differential length of arcs take the form

ds1 = VEda along a curve of constant 8
(2.27)

dsg = \/Edﬁ along a curve of constant &

For an orthogonal net, since 71 and 7, are tangent to curves of constant & and 3 respec-

tively, it follows that F' = 0, then equation (2.26) becomes
(ds)? = A3(da)* + A5(dB)?, (2.28)

where A% = E and A% = G, the quantities A and A9 are termed as Lame’s parameters.
Lame parameters are quantities which relate a change in arc length on the surface to the

corresponding change in curvilinear coordinate.

12



Figure 2.3. Mid-Surface coordinates [49]

2.2.2. The second fundamental form
At every point M on the surface €, there exists unit normal vector 7(a, 8) which is

perpendicular to the tangent plane containing 7 and 7 5. i.e.,

- X -
i(a,B) = —i’l 2’2 : (2.29)
|r,1 X r,2|

Note that

|I_’:1 X 17,2| = |I_”:1| |I_’:2| sind = VEGsind,
Fi1-Fo=|F1||F2|cosd = VEGcoso = F,
where @ is angle between 7 | and 7 2.
So that
F1-T2 F1-T2 _F
Fallfel  VFE1 71 Fa72) VEG

sinf = V(1 — cos?0) = \/(1 — %) = \/(EGE—_GFQ),

13



and thus the final expression for the unit normal vector n is

( ,8) 17,1 X _:2 7,1 X 7_’:2 }_’:1 X 7’2 EG
na,B)=—=———~= = )

71 %72 VEGsindé VEG YEG-—F?

R F1XTFo 2

n(a,,B) = T, H = (EG - F ), (230)

equation (2.30) requires that H does not vanish.

Now let us consider a curve on the surface Q, see [49] for further detail. The

curvature vector K of this curve is described by

~
’

=K =KN, (2.31)

where 7 = fl—f is the unit tangent vector to the curve; hence it lies in the tangent plane to

the surface. Here 1’ = % () and s is the variable of the arc length along the curve.

Now K can be resolved into components Iz'n and I?,

K=K,+K, (2.32)

where K,, is called normal curvature vector. It is the curvature of the curve projected onto

the plane containing the curve’s tangent 7 and surface normal 7. This plane is normal to
the tangent plane to the surface. K, is tangential curvature vector or geodesic curvature
vector, it is the curvature of the curve projected onto the tangent plane to the surface.

Now, K, is along 7, so it is proportional to 72 and can be expressed as

K, = -K,n, (2.33)

where K, is called normal curvature, the minus sign takes into account the fact that

the direction of the K,, is opposite to that of the nn. Note that the normal curvature is a
curvature of a normal section of the surface at a point, since 7 lies in the tangent plane and

n is normal to the tangent plane.

14



Hence, 71 - t = 0 and differentiating it with respect to s, we get

noi=—t - (2.34)
From equations (2.31) and (2.32), we have
K-a=t-i=K, n, (2.35)
where
_>t : ﬁ = O’
from scalar product of equation (2.33), we have
K,=-K, i (2.36)
Making use of equations (2.34) and (2.35) into equation (2.36), we have
K,=n -1 (2.37)
hence
~ . dn dr dn-dr dn-dr
Kn: ’.t:_._: = = = 238
" ds ds  (ds)2  dr-dr (2.38)
Then, since
dn =nida +n2dp,
dr = 7,1da + 7',2dﬁ,
(2.39)

it follows that
dit - dF = L(da)? + 2M (de)(dB) + N(dB)?,

equation (2.39) is known as the second fundamental form of the surface  defined by
vector 7(a, B), where the second fundamental magnitudes are

(2.40)

15



Second fundamental form can be used to compute the curvature of the curves obtained

by intersecting the surface with normal planes, i.e., normal sections of the surface.

2.2.3. Principal curvatures

We know that

di-di _ L(da))*+2M(de)(dB) + N(dB)*

Ko = 07 d7 = Eda))2+ 2F (do)(dB) + G(dB)2

The simplified form of latter is

_ L+2MA+NA?
- E+2F1+Ga%’

(2.41)

n

where , 1 = Z—g, for the values of A for which the normal curvature K,, is maximum or

minimum, K2 = (. After some manipulation we find that the extreme value of K, (1) is

* Al
given by
M+NA L+MA
n = * = b , (2.42)
F+GA E+FA
where A is a root of
(MG —NF)/l2 + (LG - NE)A+ (LF — ME) = 0. (2.43)

These two roots will give two extremum values of normal curvature K1 and K», one of

them would be the maximum curvature (say K1) and the other would be the minimum
curvature (say K2).

Since the normal curvature is a curvature of a normal section of the surface at
a point, therefore, K; and Ko represent the principal curvatures of the surface and the
corresponding curves are called principal curves of the surface. Radii Ry and Ry are
called principal radii of curvature. The principal radii of curvatures are the maximum and

minimum radii of curvatures out of all possible radii of curvatures.

16



Ri=—=— (minimum radii of curvature)
Ki L
1 G . ..
Ry=—=— (maximum radii of curvature)
Ky N

for obtaining relations above one can see [49].

Since principal curves are orthogonal to each other, then ' = M = 0. Hence, for the

principal curves, the principal curvature would be given by

_L+NA*  L(da)*+ N(dp)*
"TE+GA2  E(da)?+G(dB)?

2.2.4. Gauss-Codazzi conditions

The relations

A~ Al 2 ~ AQA
ni= I, no=—Io,
Ry Ry
and
; Alﬁ Ao,
1,1 =——n———1is,
Ry Ao
. Ao .
o= A—t2,
1
R Ao,
I21 = A_tl’
2
; Agﬂ Agq.
29 =——Nn———11,
R> Aq

(2.44)

(2.45)

(2.46)

are known as theorem of Rodriques and Weingarten formula respectively, one can find

the proof of each in textbooks of differential geometry and 1, f and 7 are units vectors.

Now we derive three differential equations which are known as Gauss-Codazzi

conditions, which relate the quantities A1, A2, R; and Ry of a given surface, these are

found from the equality of the mixed second derivatives of the unit vectors, these vectors

have continuous second derivatives,



With help of Rodriques theorem and rules of differentiation, the latter equation can be

written as

Next, using Weingarten formulae, we obtain

(Al) . Ay Aagq.
2

A . Ay Aq1o.
) oo
1

Ry R A |\Ry Ry Ay |’
hence 4
R (A1) Aig| . (A2) Az
Ol — 5 =2l 5|
Rl ’2 R2 | R2 ,1 Rl

f1 can not be along 75 as they both are perpendicular, the contents in square brackets must

B (B e
2 1

be zero
R Ry’ Ry Ry’
these two equations are called Codazzi conditions.

Now, again we take equations

11,12 = 11,21,

(f11) 4 = (f1.2) ; -

Using Weingarten formula

after some manipulation we get

1 1 A1Ay
_AZ,I) + (—ALQ) = -, (248)
(A1 1 AQ 2 R1R2

this equation is called Gauss condition.
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2.3. The Construction of a Shell Theory

2.3.1. Love’s first approximation
The first approximate shell theory based on classical elasticity was introduced by
Love. Love’s first approximation, which is also known as the Kirchhoff-Love hypothesis,

depends on the following assumptions:
1. The shell is assumed to be thin,
2. The shell deflections are assumed to be small,

3. The transverse normal stress is small compared to other components of stress, and

may be neglected,

4. Normals to the undeformed reference surface remain normal to the deformed refer-

ence surface.

The first assumption is basic to the entire theory, which states that the ratio of shell
thickness (/) to one of the radii of curvature (R;) shall be small compared to unity, i.e.,

% < 1. The second one ensure that

£33 =&13 = &23 = 0, (2.49)

while in some references, instead of above y;3 (i = 1, 2, 3.) is used, where

Yi3 = 2&3 (i=1,2,3).

The third one states that o3, is much smaller than o, 09, i.e., 03 < 07, 0.

By considering the above assumptions, the stress-strain relations for an isotropic, homo-
geneous elastic solid can be written as
1
g1 =4 (o1 —voy),

E (2.50)

1
&9 = z (o0 —vory).

The latter gives another convenient form as

19



E
o1 = 1-.2 (e1+ve),
v (2.51)

02 = 1_—1/2(824"/81),

o012 = 2Ge12 = Gy, o013 =093 =0. (2.52)

2.3.2. Shell coordinates
The position vector of an arbitrary point (a1, @2, z) in the space occupied by a thin

shell, see [12] is defined as

R(a1, @, 2) = F(a1, @) + zi(ay, a9), (2.53)

where 7 is the position of the point measured from the mid (reference) surface along with

i1, it is the unit normal vector from the mid-surface to the point and 7 is the position vector
of a corresponding point on the mid-surface.

The differential line element on a surface away from the mid-surface is

dR = dF + zdh + idz. (2.54)

Thus, by using the equation (2.54), the magnitude of an arbitrary differential element of

length in space is given as

(ds)? = dr - dr + 2zdr - dn + 2dz(dr - n) + z°(dn - dn)

+2zdz(n - dn) + (dz2)*(n - n). (2.55)

From previous notes of section (2.2), especially equations (2.28), (2.41), principal radii

of curvatures and theorem of Rodrigues we get
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dr - dr = A2 (day)* + A2 (daz)?,
A? A2
_M 2 2 2
dr - dr = R (day)” + R (dag)”,
dr-n=0, (2.56)
A A
dn - dn = (52)? (day)? + (52)? (dao)?,
R, R5
dn-dn =0,

n-n=1.

Substituting the values of last equation into equation (2.55), one obtain

2 2
(ds)? = A2 (1 + i) (day)? + A2 (1 + i) (daz)? + (d2)2, (2.57)
R Ry

the first two terms on the right-hand side of this equation is the first fundamental form of

a surface at a distance z from the mid-surface and should satisfy the Codazzi conditions.

The last equation can be written in convenient form as

(ds)? = g1(da1)? + ga(daz)* + g3(dz)?, (2.58)

where the Lame parameters are

2
Z
=A% [1+ =],
$1 1( Rl)
z 2
g2 = A3 (1+—), (2.59)
Ry
g3=1

The lengths of the edges of the fundamental element are given by

dsi1(z) = Aq (1 + Ri) day,
! (2.60)

dsa(z) = Ao (1 + i) das.
Ry
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The corresponding area elements of the faces are

d¥1(z) = Ay (1 + Ri) (day)(dz),
1

(2.61)
d%5(z) = As (1 + Ri) (da)(dz).
2
The volume of the fundamental element can be written as
dv(z) = A1As (1 + i) (1 + i) (day)(da2)(dz). (2.62)
R, R,

Figure 2.4. Differential element of a shell [49]

2.3.3. Strain-displacements relations

The normal and shear strain components in an orthogonal curvilinear system are

0 og; U
we ()t
a; \Vgi 2g; 4 dak gk

(2.63)
ij = i +8i— | — 5 L, :192’35
T e [g a; (vz Yoa \\gi )|
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where g;,7;;, and U; are normal strains, shear strains, and displacement components,

respectively, at an arbitrary point.

Let

a =aq, @z = a2, as =2,
(2.64)
U =U, Uy =V, Us=W.
Using equations (2.59), and (2.64) into equation (2.63), we obtain
1 ou N V 0A1 N AW
£ = — ,
A+ ) \Gar T Ayday T Ry
1 oV N U J0A, N AW
g2 = — ,
T M1+ £) \daz Ardar T Ry
ow
g3 =—, (2.65)
0z
_A1(1+Ri1) P U +A2(1+Riz) g, 1%
TR T A (Tr £) bas \ AL+ ) ) T AL+ 2) dar A1+ ) )
ow z.0 U
= + A1+ —)— | ——1,
TS s oea TN T R e\ a2
1 ow z .0 %
= +A(1+ —)— | ———,
P P N (A2(1+Ri2))

these relations are exact, i.e., Love’s assumptions are not introduced in these. Now to

satisfy the Kirchhoff hypothesis, the following linear relationships of displacements are

taken.

U=u+z8, V =v+ 2789, W=w, (2.66)

where 31, B2 are rotations that express changes in the slope of the normal to the reference

surface and u, v, w are displacements of mid-surface that correspond to the direction a1,
a9 and normal n respectively.
With help of equation (2.66), Codazzi-conditions and second assumption, the exact rela-

tions (2.65) can be written as
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= +
£1= 17 z (£10 + zK1)
= +
£2= T = (&20 + zk2)
ow
—_— ———= 0’
&3 0z
Y12 =77 2 (y10 + 261)
1
1 ( 1 ow
Y13 = - -
1+ Ril Aq 60’1
B 1 1 ow
yis = 1+ RLQ As aa’g

b

)

(2.67)
+1 "'11% (¥20 + 202),
Ril +ﬁ1) =0,
RLQ +ﬁ2) =0,

from third equation of (2.67), itis clear that deflection w is independent of the z coordinate.

Also, from last two relations of equation (2.67), the rotations S1, 82 can be expressed in

terms of displacement u, v, and w of the reference surface as

where

5 u 1 ow
1= 5 — % a_ >
R1 A1dm
p » 1 ow (2.68)
27 Ry Ay 6a2’

1 du N v 0Aq N w
£10 = — —,
10 A1 0a; A1Ay0as R

1 ov N u 0A9 N w
90 = — —,
20 A9 das A1As 0a;  Ro
oo LB B2 0A
! A1 8(1’1 A1A2 6@2 ’
wo o L OB B 04
°T Ay 0ay  A1As day’

24



with

1 ov u 6A1

Yo = A_18a1 B A1A2 80’2’

1 Ou v 0As

Y20 = A_Qaag B A1As Oay’

51 = 1 0B  p1 0A

A1 60/1 A1A2 (90/2 ’

5o = op1 B2 0Ay
9= — —

B AQ (9(1’2 A1A2 8(1’1 ’

£10, €90 are extensional strains at reference surface and «1, k2 are changes in the curvature
of the reference surface during deformations.

From assumption (1), %= are small compared with unity and can be neglected, hence, the

i

relations in (2.67) reduce to

€1 = €10 *+ ZK1,
E9 = &90 + ZK2, (2.69)

Y120 = Y12 + ZK12.

Shear strain y129 of the mid-surface is given by

Y120 = Y10 t Y20. (2.70)

Also, the twisting direction k12 is defined by

K12 = 01 + 02, (2.71)

for further discussion see [52].

2.3.4. Stress resultants and stress couples
Stress resultants and stress couples acting per unit length of the mid-surface of the
shell, represent the system of internal forces and moments (bending and twisting moments)

respectively acting on the differential shell element.
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The stress resultants are defined as

h h
7}2/(1+%)0'iid013, Sij:/(l"'%)o'ijda’?n (i#j=12).
. J A J
2.72)

Similarly, stress couples are defined as

h h
Gi= /(1 + %)O'iia’?, das, Hij = /(1 + %)‘Tl’j% das, (i#j=12).
J ) A J
(2.73)

Finally, the shear force resultants are defined as

h
J
—h

where h and a3 are half thickness of mid-surface of shell and transverse coordinate
respectively. Also T; are the longitudinal stress resultants, S;; are the membrane shear
forces, G; are the bending stress couples, H;; are the twisting stress couples, N; are the
transverse shear forces.

Now, applying assumption (1) on the equations (2.72), (2.73), and (2.74), we will get the

simplified form of these equations. In this case,
Sl'jZSji, H,‘j:Hﬁ.

Substituting equation (2.69) into equations (2.51) and (2.52), then inserting the result into

a simplified form of equations (2.72) and (2.73) will give the constitutive equations, i.e.,

T; = k (€i0 + vejo) »
Sij = Sji = Ghyijo,
G,=D (K,' + VKj) , (2.75)

1-v
Hij=H;; = TDKU,
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where

Eh E Eh3
k = : G=———, D=——.
1 -2 2(1+v) 12(1 - v2)

(2.76)

k is called the extensional rigidity, D is bending (flexural) rigidity or stiffness, and G

is the shear modulus of the shell. The system of equations (2.75) is also known as the

stress-strain relationship.

2.3.5. Force-displacement equations
If we substitute values of €19, €29, Y120, K1, k2, and k12 from previous notes into

equation (2.75), we get the force-displacement relationships.

2.3.6. Equilibrium equations
Equations of motion are derived by three different methods [52]. For the sake of
simplicity, the equations of motion are derived in the static case, yielding equations which

govern the equilibrium of a shell element.

OT:A;  0S;Ar . 8A; . 0A; N;
+ +Sii—-Ti—+AAi— =0,
8a/,~ Haj / 8aj / 6&,- / Rl'
ON1As ONoA; I 1o
+ —|—+—]A1A9 =0, 2.77
daq oay (R1 RQ) 142 ( )
6G,~Aj 6HjiA,' 8Al G aAJ AAN 0
+ ija— G, 7——A4;4;N; =0,
aai 0&’]' jaaj / aai /

The sixth equilibrium equation given below can also be derived by some appropriate

method,

Hio Hoy
— — — + 8519 —S91 =0. 2.78
R R 12 — 821 (2.78)

Effective external force terms have been omitted from the above equations of equilibrium

for simplicity. Also, for dynamic equations of motion, see section (8.1) of the cited refer-
ence [49].

By eliminating shear force resultants N; from last equation of (2.77), substituting the re-
sulting equations for AV; into the first two equations of equation (2.77), then the equilibrium

equations will be reduced to system of three equations.
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2.4. A Brief Account of 3D Equations of Motion

Let us consider a linearly elastic isotropic body of uniform thickness. The mechanical
parameters can be written as : E is Young’s modulus, v is Poisson’s ratio, p is the mass
density of the body and 24 is the thickness of the body .

In this thesis we use the orthogonal coordinate system specified by the vector equality

P (a1, a2, a3) = M (a1, az) + azn, (2.79)

where a1, g are parameters of the lines of curvature on the mid-surface of the body

I" (a3 = 0); n is the unit mid-surface normal; a3 is the distance from I" along the normal

(see figure (2.5)).

0

Figure 2.5. Mid-Surface of an arbitrary shell [41]

In the coordinates a1, @2, a3 the 3D dynamic equations of elasticity can be written

as, see [41],
1 doy; 1 0o doy; 1 OH; 1 O0H;
H; da; Hj; 0a; Odaz HH; 0a; Coat) HH; da; (o +07j2)
1 OHH; 1 6H, 82y,
+ i+ ———03—p—7—5 =0, (2.80
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1 doys + 1 60—]‘3 N 0033 1 0H; 1 aHj N 1 6HiHj

— — — - — 0t —— o

H; da; H; Oa; das H;dag " H; das 1 H;H; Odas 33
1 aHj 1 O0H; 02\/3 B

+ 3+ 3—p—— =0 (2.81
HI'H]' oa; i3 Hl'Hj 8aj0-]3 P ot? ( )
and
E v 0vs 1 0v; 1 O0H; 1 0H;
gy = + — + Vi+ ——V3
2(1+v)x?|1-v\das H;oa; HH; o H; das
1 8v,- 1 aHl 1 aHl
+ — v+ — , (2.82
H,' 00’,‘ H,'H/' 8a/j Vi Hl' (9&’3 V3 ( )
E )4 1 6v,~ + 1 an + 1 6H,
033 = — + —i Vi
BT 20+v) 2 |1-v\Hida; " H;ba; " HH;da; ’
1 8H, 1 6H; 1 0H, dvs
+ 7 + ——v3|+—, (2.83
HiHj (’)a/i 2 Hi (9&3‘)3 Hj 803 & 8&3 ( )
E 1 6\/3 c’)vl- 1 6Hl
V- aldAlY Ny AN 2.84
y 2(1+v) (Hl- oa; Oasg H,-@a/gv ( )
E 1 dv; 1 dv; 1 0H; 1 0H;
o = AR . Ly — Ly, (2.85)
2(1+V) Hj (')aj H; c')a/i Hl'Hj 5@] Hl'Hj 8a/,~

where i # j = 1,2 and

_C2 _ 1-2v
XY=~ \/2(1—v)’ (2-86)
3 E(1-v) 3 E
= \/(1+v)(1—2v)p’ 2= \/2(1+v)p' 2.87)

Here oy (k,l = 1,2, 3) are the stresses, v,, (m = 1, 2, 3) are the displacements, 7 is

with

time, H; are Lame’s coefficients, c1 is the dilatation wave speed, c2 is the distortion wave

speed.
In the 3D dynamic equations of elasticity H; are the Lame’s coefficients which are
defined by the formula
H; = A; (1 + @) : (2.88)
R;
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where A; are the coefficients of the first quadratic form A%d(z% +A§doz§ of the mid-surface,

R; are the principal curvature radii of the mid-surface.
The derivatives of Lame’s coefficients by Minardi-Codazzi relations (2.47) can be written

as

O0H; 0A; a3 OH; A; o
—=—11 —1, = —, = 1, 2 . 289
da; da; ( " Rj) daz R; (i#7 ) (289)

The traction - free boundary conditions along the faces { = 1 are considered as

o3; = 0. (2.90)

Now, we obtain after straight forward calculations of (2.82)

0
o33 = A2+ L (a1 +a), (2.91)
dag 1-v
where
1 8vl~ " 1 6H, + 1 6H,
a) = — —_——vVi+ ——V3,
! Hi (')a/i Hl'HJ' 8Qj / Hl' (90’3 3
1 an 1 c?Hj 1 5Hj
as = — + Vit ——V3
Hj 8aj Hl'Hj 6&,- Hj 603
and
B E
C2(1+ V)x?
It is obvious from equation (2.91) that
(9\/3 033 4

= . 292
das - A T, (a1+az) (2.92)

Next, inserting the latter into equation (2.82), we have

Oii

E 1 Ovi + 1 6Hl + 1 6Hl-v
1- V2 H,‘ 60/,' HiHj 80’] J Hi 60’3 3
( 1 3\/]' 1 c?Hj 1 6Hj )] 4
+v +

—_— + it .
HJ' 6aj Hl'Hj 6&’[ Vi Hj 60’3‘}3 1—V0-33

(2.93)
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Interchanging i «— j in equation (2.82), we have

+——3

E 1 dv; 1 OH; 1 0H,
Ojj =7 —_— + Vi
1 V2 Hj 8a/j Hl'Hj 3a/,- HJ' 8@3

(2.94)
+ 1 (9\/1' + 1 (9Hl~ + 1 (9Hl~ + v o
v|— — VitV .
H,' 8@1' Hl'Hj 8CY]' / Hl' 503 3 1-v 33
Similarly, from equations (2.91) (2.93) and (2.94), we get
ovs
EHTOZ?)ZO'gg—V(O',','+O'jj), (2.95)

equations (2.93) and (2.95) are the simplified form of equations (2.82) and (2.83) respec-

tively.
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3. ASYMPTOTIC ANALYSIS OF A 2D HOMOGENEOUS ANNULUS

In this chapter, we investigate the asymptotic integration of 2D dynamic equations of
motion for a thin elastic annulus, which is assumed to be a cross-section of a thin homoge-
nous cylindrical shell. Low-frequency vibrations are considered for a thin elastic annulus.
The 2D dynamic equations starting from the 3D equations are subjected to asymptotic
analysis for leading and next-order (second-order) approximation. The displacement and
stress components are first separated into their even and odd parts, then normalized under
appropriate assumptions. A 1D equation that will govern the vibrations of a thin elastic
cylindrical shell at the lowest cut-off frequencies is derived. For validity and accuracy of

these approximate solutions, the result is compared with other relevant results.

3.1. Statement of the Problem

Consider a thin elastic cylindrical shell of thickness 24 for which the geometrical
parameter 1 = % is small compared to unity, where R is the radius of curvature of the
mid-surface of the shell. The mechanical parameters can be written as : E is Young’s

modulus, v is Poisson’s ratio, and p is the mass density of the shell.

We define the curvilinear coordinates @2 and a3 as

as = RO, a3 = h(, (3.1

where 6(0 < 6 < 2r) is the dimensionless circumferential coordinate and /(-1 </ < 1)
is the dimensionless transverse coordinate , while the longitudinal coordinate a7 is not
shown in figure (3.1).

Also, A; and R; of (2.88) can be considered throughout the thesis as

Ry = oo, A =1,
3.2)
Ro =R, Ar =1.

With the help of above given relations we can proceed our study, in first attempt we deal
with the thin elastic homogeneous shell, which will be base for our further study on an
inhomogeneous case. In an inhomogeneous shell, the above mentioned mechanical pa-

rameters will be assumed as functions of thickness variable a3.
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Figure 3.1. A thin elastic annulus.

The 3D equations of motion can be reduced to 2D plane strain equations of motion

as, see section (2.4),

R  Jdoy N 00739 N 2 - _p62v2 ~0

R+ a3 das das R+ a3 Ot? ’

R 0do3o N 00733 B 1 o + 1 53 _p@zv;g ~0
R+ a3 das Jdas R+as R+ a3 ot? ’

with

E ( R 0Ovo 1 ) v

= + + ,
2T 2 \Rras 0 TR+ ?) "1
0

Eﬁ =(1- v2)0'33 —v(1+v)ooo,

0&’3

E R 8V3+8v2 1
039 = - val,
52 2(1+v) \R+a3day Oas R+a32

where v;, i = 2, 3 are displacements and o0;, i = 2, 3 are the stress components.

(3.3)

(3.4)

(3.5)

(3.6)

3.7

For the sake of simplicity, the traction-free boundary conditions along the faces

{ = £1, is considered as

g3; = 0.
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For separating symmetric and antisymmetric motion, let us first separate the dis-
placement and stress components into their even and odd parts with respect to the thickness

variable a3, as

Oij = Tije + Tijos Vi = Vie+Vio, i,j=2,3, (3.9)

where the quantities with suffixes e and o, are even and odd quantities, respectively. Thus,

equations (3.3)-(3.7) become,

R? 0022, B Ras 0092, N 0032, N 2R o
R2-af day R?-a3 Oa dag  R?-a iz
2a3 0%vy,
- mo':sz,o -p at2e =0, (3.10)
B Rasz 0022, R? 0022, y 00732, N 2R o
R?—a? daz  R?-a2 Oay daz  R>-a3 328
2(}’3 32\)2,
- mo'sze - pP 8t20 =0, (3.11)
R? (90'32,6 3 Ras (90'32,0 N 0033, _ R -
R?-a? daz R?-a? Oa daz  R?-a? 2%
2
as R a3 073,
et O — 3 — €20, (312
R2_ ag 20+ 23— a% 330 T p3_ a§ 33.0 P55 (3.12)
R2 80’32’0 _ Ra’g 00‘32’6 + 60'33,e _ R o
R?—ai day  R?>-a3 Oa dag  R?-aj 220
2
as R a3 a V3,0
+ ———F=0 + ——F0 - =0 - - :07 3-13
R o 2+ 23— ” 330~ 72 22 83.e TP (3.13)

with
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E R? 0voe Raz 0va, R
a- = — 1%
2T 12 |\ R —a? day  R?-a? day R?-al >
a3 %
- v?,,o) + e (14)
%3
E R?> vy, Ras 0Ova, R
a- = — 1%
20T T2 R?—af day  R?-aj 0oz R?-aj >
a3 14
_RQ—Q/QVS’e) + 1 V0-33’0’ (3.15)
— a3 —
6V3’0 2
E 8@3 = (1 -V )0-33,e - V(l + V)O-22,e, (316)
ov
E aj; = (1-v?)a330 — v(1 +v)022,, (3.17)
E R? 03, Ras dvz, 0va,
0326 = -
T o1+ |R2C al daz  R?-qa daz  Oag
R as
_R2 ~ §V2,e + m\lz,()) , (318)
E R2 3V3 0 Ras (9\/3 e 3\12,6
0320 = -
32,0 2(1+v) - a/3 0as R2 — a'3 day oas
R as
—ra/g\/’lo + rag\/ze) . (319)

Also, the even and odd quantities of stresses must satisfy the boundary conditions at

a3 = +has

O03ie =03i0 =0,

i=2,3.
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3.2. Asymptotic Scaling

Keeping in mind that asymptotic order neither changes with differentiation with

respect to the dimensionless variables 6§ and ¢, see equation (3.1), nor changes with

dimensionless time 7, given by

_ e

= —t

R

Let us define the dimensionless frequency as

wR E
Q=—, 2=,
nes V2(1 +v)p

where w is the original frequency.

The scaled stress and displacement components are as follows
- E 2 _x - E * - FE 2 _x
022, = £1] T99 > 022,0 = £N09 4» 033,e = L1] 033,
- E 3 _* - E 2 _x - E 3 _x
033,0 = L] 033 > 032, = L1] 039 ,> 032,0 = L£1] 039,
and
Vo, = RvQ,e, Vo, = an2,o’ V3. = Rvg’e, V3o = Rn V3 00

in above scaling the starred quantities have the same asymptotic order.

In addition, we suppose

v,
,€ *
69 + Vg,e n e,

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

meaning that the annulus is nearly inextensible along the circumferential direction. The

proposed scaling is motivated by previous asymptotic considerations in the framework of

the Kirchhoff-Love theory for cylindrical shells, see [14].

On substituting the dimensionless variables together with equations (3.23) — (3.25)

into equations (3.10) — (3.19) and the boundary conditions (3.20), we obtain
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1 0oy, ¢ 00y, 003, 2,
- 272 + + 22923,
1-n272 00 1-n2/2 06 ¢ 1-n%¢
2’ Q

- +
1= 2227207 511 v)

vy, =0, (3.26)

L 0%, % B, 00, P
1—-n222 00 1-n272 96 9 1-n2p2 %30
R S

-+ 5, =0, (3.27
1— 20202 T 3T 4y) 20 27

1 60-53,e _ 772§ 80—53,0 m (90'53’0 _ 1 o
1-n222 860  1-n22 66 9 1-n22 22
ly, W 1 ., Q?

T TR T e T T e T gy e T O

772 a0-53,0 . 772§ 00-53,6 y 60-53,6 _ 1 ot
1-n222 060  1-3222 06 0 1-np22 %
2 2 2 102
e, U . L. et L
1-— 772§2 0-22,e + 1— 77252 0-33,0 - 1-— 7724«2 0-33,e + 2(1 + V) v3,o - (3'29)
In similar way, we arrive at equations of the form
* 1 € g av;ﬂ 772§ * v *
022 = 1— 2 (1 _ 7724«2 - 1— 7724/2 90 - 1— 7724«2‘}3,0 + 1— V0-33,e’ (3.30)
. 1 n2l 1 Oy, n” o, Voo,
090 = 1,2 (—1 Ry e+ 1222 96 + =20 Vi, |+ T, 7330 (3.31)
av;),() - (1 PAPE 1 * 332
9 - (I1-v )0'33’6 - v( +v)0‘22’e, (3.32)
Vie _ o 1-v3os (1 ; 3.33
W =n (1=v9)og3, —nv(1+v)oy,, (3.33)
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2 . _ 1 1 dvg, ~ ¢ 9vy,
T2 =50+ \1-22%2 90 1-322 06
ov3 1 2
2,0 * 77 g *
Tor 1ol e T T

) , (3.34)

A _ 1 774 (9\/;’0 _ 7724 avg,e
T2 =50+ \T=222 896~ 1-1222 6
ov 2 2
2.e n * n g *
*ar T To g e T n2§2V2’6) , (3.35)
where
030=03,=0, =23, (3.36)
at J = 1.

The solutions to equations (3.26) to (3.35) are sought in the form of an asymptotic series

oy = a'l.(20’zn + 7720';2{; e Vi = vl(,?z + 772",(,2 o ey=eg+nler---  (3.37)

i2,m
wherei = 2,3 and m = ¢, 0.
3.3. The Leading-Order Approximation

Let us substitute equation (3.37) into equations (3.26)—(3.35) and discarding O (n?)

terms, to yield

(0) (0) (0)
004, 004y, 003, 950 Qg O _g 338
90 CTa6 T Tar TTRe T o(Tay) 2e T 339
(0) (0)
60-22,() 632,6 — 0 (3 39)
a0 ac '
(0) (0)
do do. Q2
32,e 33,0 (0) (0) (0) 0 0) _
00 oz T2’ {00+ 033, + 21 +v) 3¢ 0, (3.40)
(0)
oo
33, o _
e T =0, (3.41)

38



1 avg)) v
0 _ 0 (0)
Toge = 1,2 ep— ¢ 30 + = VO-33’6’ (3.42)
ov'?
o _ 1 2,0
0-22,0 - 1-v2 00 ’ (343)
oy
62’;" = (1-V)oly, —v(1+v)oy),, (3.44)
ovy,
64’, =0, (3.45)
@ 5,0
3.e 2,0
36t a0 vy =0, (3.46)
0vy,
04’ =0, (3.47)
with the boundary conditions at { = +1
o =¥ =0, =23 (3.48)

Integrating these equations with respect to thickness variable £, itis evident from equations

(3.47) and (3.45) that

WO =V, v =vO0,), (3.49)

where V2(0) (6, 7) and Vz,fo) (6, 7) are arbitrary functions of 6 and 7.

Also taking into account the latter relation, the leading terms of inextensible conditions

(3.25), gives

vy
(0) 2
V2l =— . 3.50
3 34 (3.50)
Then, we have from equations (3.46), (3.43), (3.41) and (3.39), that
v = ¢py, (3.51)
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s - ¢ Py, (3.52)

22,0 1 —V2

2

o ___1-¢
0'3378 = —mpl, (353)

o _ 1-¢

0'32’8 = mPQ (354)

The boundary conditions (3.48) are taken into account while deriving equations (3.53)

and (3.54).

The notation

' (0)
P; r ( 0) _ A

)’ i20,1’2’...’

~ 90 |2 90 (3.55)
P;(6) = Pi1(6),
is adapted throughout thesis for 2D problem:s.
Now, we assume general quadratic form
Ty, = ay +asl’. (3.56)

where a;,i = 1,2 are 1D differential operators. The last formula, in fact, contradicts the

traditional uniform distribution of the circumferential stress o9 across the thickness. The
semi-membrane approximation is usually derived using such an assumption.
Next, integrating (3.40) with respect to  and considering the boundary conditions (3.48),

we obtain

o _ {B=-, (- 1 {2000
=20 Ip S0 I p v anl +—and® - Qv 3.57
Ta30 = “o(1=v2) 3T gy T ad g T o Vs B9
with
1 1
_ Pa— —ao + Q2y0, 3.58
302 23T (1 ay) 0" (3.58)

It is worth nothing that the expressions for each of operators a; and a2 can be determined

only at the next-order approximation. Also, as it follows from equations (3.56) and (3.58),
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(0) 2 L 20,0
dc = P Q20
/“2276 =30 B Ty s

i.e., the formulation does not depend on the unknown operators a; and as. This is why

the aforementioned semi-membrane formulation based on engineering hypotheses and
operating with membrane forces (stress resultants) but not stresses, is valid at the leading
order.

Now, substituting equations (3.51), (3.53) and (3.56) into equation (3.42), yields

v+ (2-3v)2

ST P. (3.59)

ey = (1 — VQ) (a1 +a2§2) +

Integrating (3.38) at leading order, it follows that

o B2, e Pday g
2077312 290 396 2(1+v)

Qv (3.60)

On substituting the latter into the boundary conditions (3.48) and taking into account

equation (3.58), one obtains

2
Q5
2(1+v)

(0)
oV,
O, 23 )— ! (P4 +Ps). (3.61)

2 90 |~ 3(1-v2)

Using the adapted notation in equation (3.61), we arrive at the sought for leading order

equation in displacements

2 2y,(0) 6y,(0) 4y,(0) 2y,(0)
Q) o _ 9V, __ 1 0°Vy " 28 Vs + oV, (3.62)
2(1+v) | 2 062 3(1-v2) | 066 06* 062

Where the relation between VZ(O) and Véo) is employed, see (3.50).

Integrating equation (3.44) with respective thickness variable £, and taking into account

(3.53) and (3.56), we get
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_ 72 3
é?é = —¥P1 —v(l+v) ({al + %ag) : (3.63)

Thus, we expressed all the given quantities in terms of 1D functions V2(0) and V:,SO). In

current section some quantities are still dependent on the operators a; and ay related
to each other by equation (3.58). It is worth mentioning that these operators will be

determined in next-order approximation.

3.4. Next-Order Approximation
At next order, let us substitute (3.37) into (3.26)—(3.35) with (3.25) and keeping
O(n?) terms, yields

(1) (0) (1) (0) (1)
0059, 2‘90'22,e 0059, 3‘90'22,0 9039, 95D 407250
96 T8 Tas ¢ ae ‘T ar TTmet Tme
Q2 Q?
(0) 0 (1) 1 0) _
- 2{032’0 + 21 +) Voot 21 +) Vo, = 0, (3.64)
ool ¥ o' gl Q2
220  ,99%22, 22, 32,¢ (0) (0) 0 (0
+ - + +2 -2 + — =0, (3.65
20 "¢ g S a8 9r T 2320 T X0 ¥ 5y 20 (3.65)
(0) (1 (0) (1)
, 0035, 003, 003y, 0033, (1) 2 (0) (1)
4 + -{ + -0, — (70, + {0
00 00 06 a{ 22.e 22.e 22,0

Q2 Q?
3 __(0) D 2 (0 (0) 0 (D) 1 0) _
+ g 0-22,0 + 0-33,6’ + 4 0-33,e - 40-33,0 + 2(1 + V) v3,e + 2(1 + V) V3,e - 0’

(3.66)

(0) (0) (1
(90'32’0 80'3276 .\ oo

G0 (gt gt i~ oy, v dof) v ol ~ Lol =0, (36D
5y, = ﬁ lleg+ ey - gaggg e G;gﬁ ~ oo |+ Tvva?f;) (3.68)
0'2(%,)0 1 —11/2 —{ep+ 6;;013) + §2 62:2903 n Vi(%(,)g + %Gég?o, (3.69)

6;? = 1=y, vl +v)oyy). (3.70)
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oviH
azf = —v(1+ Vo). (3.71)

(1) (0) (D
81/3’6 28\/3’6 5v2’o

o __ 1 e

T32¢ =51 +v) | 00

(1) 2.(0) (0)
50 Y% Vo, ~ 4 Vot §v2’0 , (3.72)

avéoe) 6\)(1)

2,
i TRyl v+ vy =0, (3.73)
FNC
ey = —0Z’e + vg,le), (3.74)
with the boundary conditions at { = +1
oy =0y =0, =23 (3.75)

The adopted notation in leading-order is also valid for next-order approximation, for

simplicity at next order we introduce the notation

i (1)
o [.a 9V .
Qi: aei (V2 - 89 b l :O7 ]"2’.'. b

(3.76)
Q;(6) = Qi1 (6),
Again we begin by integrating these equations with respect to the thickness variable
{, from equations (3.73) and (3.71), we have

2
1~ yD (g, ), m___ e

Vae Y= ya oyt @) 377

Next, comparison of equation (3.59) and (3.74) gives

vV vl -9

3700 iy P arad). (3.78)

Since the left-hand side of the latter is independent of £, then the coefficients of £? must

equal to zero, hence we get
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1

1-v

P1. (3.79)

as = — B

Now, inserting value of as from latter into equation (3.58), we have

1 1 1 2:,(0)

= P3 + P+ 3.80
302 27302 1T 21 +y) 073 (3-80)
Also, (3.78) gives
vV 24 1
1, %% v 20,(0)
1% = —Py+—" P +-(1-v)Q2V?, 3.81
3 T g T3t gaop il oY, (3.81)

Thus, all quantities that were dependent on the operators a; and ag are now fully defined. It

is also worth nothing that the well-expected assumption on leading-order uniform variation
of the normal stress across the thickness for which as = 0 in equation (3.56) would lead

to a contradiction in equation (3.78). In fact, in the latter case, we would have

(1+2v)g2P

1=0, (3.82)
1-v

which is generally not the case.

From equation (3.72) and (3.69) respectively, we obtain

1 _ 60-@2-v73

V2,0 - 6(]. _ V) + é/QO (383)
and
n _@=-ni=20-n8  16-70) { L o0
99220 = 6(1—v)(1—2) Ps 6(1—2) 1+1—v2Q1 2(1_V2)90V3 . (3.84)

Inserting the previous derived equations related to stress in equation (3.67), then integrat-

ing with respect to thickness variable £, we arrive at
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o _ W= -20-vt - 2(10-95%) ¢
033, = 2 Py - 5y D1 N
4(1-v)(1-v?) 8(1—-v?) 2(1-v?)
_2IE oy,
4(1 ) 0"3
Applying the boundary conditions (3.75) in latter, we have

1 _ (2-v)-(4-3n+201 - v){4P . 1-1022%+974
T33.e 1(1-v)(1-1?) TR
1-/2 (2-v)-(2-»{°

B TR A YT pe)

Py

Q2vi”. (3.85)

Integrating (3.65) with respect to thickness varibale £, we arrive at

o _ Qe -0-wgt  (B0=31)¢, L

T32e = T 1M1=y AT o102 2T 39?2
2-n L0 2
4(1-v2"2 90  4(1+v)

+ Q(Q)P0+C,

and, as before, applying the boundary conditions (3.75), we get

1 _ (1+2v) - (2+y)g2+(1—v)§4p _13-504% +37¢*

T82.e = 12(1 = v)(1 = v2) SRS YTE Ve
1-¢2 2-»(1-) L0V  1-2
2(1—v2)Q2_ 4(1 —v?) i a6 +4(1+ )QOPO (3.86)

Inserting the previous derived equations related to stress and displacement in equation

(3.66), we have

005y, (1+2v) = 2+ 92+ (1 -t

ar 12(1 - v)(1 - 2 Ps
(25— 19v) — (122 — 104v) 2+ 97(1 = v) &4 b 1 —302 + 454
24(1 =) (1-12) TR !
1-72 1= 5 1-342 0 ey L g0

S 2(1-42) 2(1 - v2) 20 +v) 03 T 301y
_@-na-35) (2-v) - (2=, 2V

QQV(O) + Q —
4(1 - v2) 073 4(1 -v2) 0 992
(1-v)=¢*

4(1 - v?)

Q2Py + by + bl + b3t
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with
oSS = by +ba? + byl (3.87)

where b;,i = 1,2, 3 are 1D differential operators.

Integrating the latter relation with respect to £, we arrive at

S 15(1+2v) 52+ W3 +3(1 =)o Py
33,0 180(1 — v)(1 — v2)
15(25 = 19v)¢ — 10(61 = 52v) &3 +291(1 = v) &
+ Ps
360(1 = v)(1 —v2?)
{-108%+98° 0 (3-8, 0=
S0 LT eaom Bt oa o

01

£ £ 2-v( -2 89
_ QQ‘/(D _ QQ‘/(O) _ Ak — Q2V(O)
21+v) 03 2(1+v) 13 A1-y2) O3
(0)
30— o, (2B 9V
1210 -v2) Ot 12(1-v2) 07 5g2
1 I
+ b1l + —bz{g + —b3{5.
3 5)
Then, using the boundary conditions (3.75), we get
4+11v 7 1 1 N
by = — Pa+ + 2¢/(
L0 T A T 3a o B o) 0 59
f L ey 273V a2V 282‘/3(0)_1[9 _1, .
2(1+v) 13 T -2 0 T g1 —y2) 0 ge2 372 5%
Now, inserting b from equation (3.89) into equation (3.87), we have
(1) 4+ 11y 7 1 1 2:,(1)
- - P3 + + V.
T2 = 0T -1 T B BT 30 L o) Y
2y,(0)
1 2y,(0) 2-3v 2 2-v 29V 1 2
+ =7 - — = (1-3%b
2(1+v) 13 T 121 —v2) 0T 61— y2) 0 gg2 51 =3¢0)b2
1
- =(1=50"bs.
(3.90)

Next, taking into account equations (3.49), (3.52) (3.56), (3.60), (3.72), (3.84) and (3.86)

in equation (3.64), we arrive at
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do'h - 2 -t
520 4+ 11y (1+44v) - 302+ )2 +45(1 -0
4

= Pe —
ol 90(1 = v)(1—v2) ° 90(1 — v)(1 - v2)
[13 — (2 - 3v)Q2] - 10042 + 1114 1
+ 5 2~ 704
12(1 -2 3(1—v2)
L1222 L 2ow) 0V 2o 0V
1—v2 227 6(1-v2) 0 963 2(1—v2) 9 5
o ©
2(1+v) ae 2(1+v) ae 3 90

_ 54 _ 2
LL=5taby  1-¢

- Q2P
5 00 2(l+v) 00

integrating latter relation with respect to thickness variable at = 1, we have

S (A+1ng C(L+440) ¢ -102+ 9% +901 —v)g?’
32,0 90(1 —v)(1 -2 ° 90(1 = v)(1 = v?)
15[13 = (2 - 3v)Q2]¢ - 50043 + 3335 Ve
* 180(1 —2) 2730,

1B-200) 20 L0V @2-vBr-20) L9

+ +
3(1 - v2) Q2 6(1—v2) 0 963 6(1—12) 0790
<1> (0)
L o2y ov. ) L gy, vy )+§(1—§2)8b2

T 2(1+v) o 2(1+v) 9 a6 3 a6

{(1-¢" dby 4(3 - §2> 2
- Q:P
TS 90 6(1ev) 0O
(3.91)
and applying the boundary condition at { = —1, we have
(0)
Q] o, o Axly 2 - 5y )
2(1+v) " 2 a0 90(1 —v)(1 —v2) 18(1 = v)(1 -v?)
7 1 2 —3v 1

—_— Py ————— -—————Py————P

T2 2T 31— (Q4+Q2)+[ 12(1—+2) 2 31+ "
31,(0) (0) (1)
2—-y 0°V, 2—y 9V, 1 AL o2
6(1 - v2) 903 6(1 - v2) 90 2(1+v) a6 0
(3.92)

Paying attention to the latter, it is clearly seen that the operators b2 and b3 are eliminated

after applying boundary conditions.
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Satisfying the appropriate boundary condition in equation (3.75) and inserting values of

P and Q, we obtain

2y,(1) 2v,(0)
1 (Vu)_avz )Qz 1 (V<0>_‘9V2 )92

2(1+v) 202 | "0 o1y 502 |1
1 (910‘/2(0) 1368‘/2(0) 1866‘/2(0) 1784‘/2(0) 762‘/2(0)
= + + + +
45(1 — v2) 0610 068 066 064 062
1 66‘/(1) 64‘/(1) 62‘/(1) 1— 62‘/(0)
_ ~ 2 . 2 . 2 0
3(1-v2) | 966 004 062 4(1 + v) 002
1 66‘/2(0) 64‘/(0) 82‘/(0) 0
+m(( V) + (3-2) +(3-2v) + (1= |2
(3.93)
3.5. Discussion and Refined 1D Equations
We know that
vy = Vol + vy, Q% = Q2 +%Q?, (3.94)

Taking into account the latter, the sum of equation (3.62) and (3.93) expressed in dimen-

sionless form, can be written as

2 6.,* 4 2
1 (V*e_av2e)92:_ 1 (a VQ,e 26 v2e aV2e)

+ +
2(1+v) 562 3(1-v2) | 060 904 " 962
1 oloyz %y a%v: oty i
2€ 4 13——2¢ 4 18— 2% 4 17—2¢ 4 7—2¢
45(1 —2) |7 910 9% PYS 06" 062
5 1 . 06 * 4y 84\)* 4y 82\/*
-t ‘4 ‘4
T A=) (1=v)—75 606 (B=2)— B=-2)—2%

204 l-v 8v2e

1- *)92 .
HL=yvy O T

(3.95)

The derived equation (3.95) in terms of original variables, gives
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2 2 6 4 2
_ R2 9 ) 9 V2. = — 1 (R4 0 + 2R2a— + a_) V2.e
(04

dai) or? 3(1-v2)

1 2 10 8 6 4
P S (ol [ AR Y CCARNPTY TR T ) I
45(1 - v2) R? dal? das dal dary
) . \ (3.96)
2p 6 8 4 6
+7T— | vae + 7———= | (1 =R — + (3-2v)R'—;
(901%) > 3(1-v)E [( ) dal ( ) da;

92 0%2 e (1=v)P2R"[( 8% o*
" 12| \6a2] 8:1| %
2

2
+(3-2v)R 6_+(1_ V) 2 2
Now, multiplying both side of latter by R?A2, we arrive to our desired equation, i.e.,

“2

8 Vo (9 Vo (9 V9
LY =3+ WLy v + P — 2+ L) — 2+ W Ly =0, (3.97)
with operators
2
LO=Ppify g2
E (')01
R? A% a* 92
Léo) == 5 (R4 5 +2R*— + —)
3(1—v?) das 8042 0a2
6 4 2
(1) _ 2P 2 6 0 4 0 2 0
Ly =—R 1-v)VRP—+(3-2v) RF—+ (3 -2V)R"—= + (1 —v) |,
1 T 3g ( ) 9al ( ) 9o ( ) 9a? ( )
1—v2)02 . 92
Lél) _d=-vI)p RS9
E? da;
(3.98)
1 910 98 X a* 2
L = — |5RS—— + 13RS — + 18R — + 1TR*— +T— |,
45(1 = v#) da, (9042 8&2 0&2 da;
where
va, =RV + Latvel (3.99)
26 - R2 2 . .

Keeping only the first two terms in the latter, we arrive at its leading-order counterpart,

2
)(9 V2.e

e +h2L vy, =0, (3.100)

(0
Ll
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the latter equation is identical to (3.62). We also write down the formulae for the associated

refined 2D displacement

82
Vo = Vgt By, + agR (3.101)
R o?
and
0va,e ag v Ravz,e . R 63\/276 (3.102)
Vaq = — - — . .
7T 00 R22(1-v) | das oas

By making use of ep from equation (3.59), together with the values of a; and a from

equations (3.80) and (3.79) respectively, we have on mid-surface

(9\/26 h2 262‘/33 464‘}36 h2 2+V 262‘/36
R——+v3,=—- R — + R — |+ =— e+ R :
day T 3R2\T a2 T aad | T RZ6(L-w "M T a2
1-v¥Hpd
~ g2 Ev)p pe (3.103)
where

v < R[VO B 2y (3.104)
e 3T RZ2(1-v) R '

This formula assures all ? corrections to the assumption of circumferential inextensibility.

As an example, the natural frequencies can be derived from equation (3.97), on substituting

vo. = exp (i(naz2/R — wt)), we get

1 2\ 2 "2(1 - ”2)2 772 10 8 6
1+n%) Q2% = _ 138+ 1
2(1+v) ( o ) 3(1-v2)  45(1 -2 (5” Sn”+ 18n
2
17t 4 7n2) - 3(1’7—_V2)[ (1 =W)rb+ (3—2v)nt = (3-2v)n  (3.105)

5 (1 —v)n2 4

2
+(1—v)]Q -7 Ity o

where Q = 57 'wR/c» and n is the wavenumber.
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Inserting the two-term expansion Q2 = Qg + 17252% + - - - into this relation, we obtain

3 2 n?(1-n??
T 3(1-v) 1+n?

Q2 : (3.106)

2n2(1 — n?)? [17(1 —V) =9+ v)n® +11(1 = v)n* + (17 - 7v)n6]
- 45(1 — v)2(1 + n2)3 ‘

— N

(3.107)

n

Figure 3.2. Comparison of (3.107) (blue line) and (3.108) (orange line) at v = 0.3

Let us compare the frequency obtained above with the results of [44]. To this end,
the convenient form of equation of (3.6)s of [44] which is the counterpart of the considered
frequency in terms of notations introduced in section (3.2) can be written as

8 nf(1-n??

2—_
Q] = S1=v) (L+ndp (3.108)

It is clearly seen that (3.106) agrees with (3.6)1, but Q% in (3.6)2 of [44] does not coincide
with formula (3.107). However, equation (3.107) coincides with the result of the asymp-
totic analysis of the exact dispersion relation in plane elasticity of cited paper [44] within
higher-order terms.

If we substitute v, = Vexp (i(naa/R — wt)), vs, = iW exp (i(naz/R — wt)) into equa-
tion (3.103), we obtain

1 h? 9
V+;W:ﬁ(1—n)

6+3v+6(1+ v)n2W+ 2R%(1+v)p n(1 —n?)?

N
18(1+v)n 3E 1+ n? w. G109

which also does not agree with equation (5.1) of [44].
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4. ASYMPTOTIC DERIVATION OF 3D EQUATIONS OF MOTION FOR HOMO-
GENEOUS ELASTIC SHELL

In this chapter, a refined 1D consistent equation is obtained from full 3D dynamic
equations of motion for a thin elastic cylindrical shell, and low-frequency vibration is
considered for the problem. For the first time, the quantities are normalized by a novel
special scaling, and unlike the previous chapter, the stress and displacement components
are not separated into even and odd parts. Except for the first-order frequency Q2 in the
frequency expansion, all of the coeflicients in the derived fourth-order equation correspond

to their counterparts in the Sanders-Koiter shell theory.
4.1. Statement of the Problem

Consider a thin elastic cylindrical shell of thickness 24 for which the geometrical

parameter n = % is small compared to unity, where R is the radius of curvature of the

n
y

—

mid-surface of the shell, see figure (4.1) .

Figure 4.1. A thin elastic cylindrical shell

The traditional three orthogonal coordinates along the mid-surface a;, i = 1,2, 3,

are taken in the form

R2
—¢, a2 = RO, az = h{, 4.1)

a/1=h

where ¢ is the longitudinal coordinate (—co < & < 00), 6 is the circumferential coordinate

(angular coordinate) (0 < 6 < 2x), and ¢ is the transverse coordinate (-1 < ¢ < 1).

Also, define the dimensionless frequency by

52



R E
o= = —= 4.2)
nea 2(L+v)p

where w is the original frequency, E is the Young’s modulus, p is the mass density, and v
is the Poisson’s ratio; in what follows the factor ¢/, where t is time, is omitted. The first
formula (4.1) defines a typical wavelength L of order %2 which is much greater not only
then the shell thickness (i/L ~ n? < 1) but also then the shell radius (R/L ~ n < 1).
Assuming, in addition,  ~ 1 we restrict ourselves to the lowest vibration modes investigate
in [44] within the framework of the 2D shell theory.

Let us introduce the 3D dimensionless displacement and stress components as

V1 = Uy cosné, Vo = ug sin né, V3 = ug cos né 4.3)
and
o111 = §11 cosnd, 099 = §99 cOSnb, 091 = So1 sinné,
031 = §31 cos no, 039 = S39 sinnd, 0733 = 533 cos no, “4.4)

where stresses and displacements denote 2D unknown quantities, 7 is the circumferential
wave number. As is clear, the circumferential coordinate is separated in the displacement
and stress components.

The 3D equations of motion can be reduced to simplified form written below, see section

(2.4),

0s1; . n dss; 21 E
2051i i-1_ " 3i n 3 2 .
-1 i i —Q%u; =0, =1,2 4.5
PR e i i sl T gy il : (4.5)
ds n os E
205831 n 33 n n 3 2
+ + - +— gt ——— Q%3 =0, (4.6
08 1+l o T A1enl R T 1w T R (4.6)
together with
E ouq ve v
= + + , 4.7
" (1—v2)R(’76§ 1+n§) T “n
E ouq e %
= + + , 4.8
2 (1—v2)R(”V65 1+n§) Ty o
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E Ous
=533 — vV (S11 + 522) ,

hor
oy = E 26u3+6u1
5@+ nn \T o T oz |
_ E 1(9142_ 1 ( + )
E9A+nR\par  Tenz 2T
B E n Ous
wl_Q(L+WR1+n§0MéE +ﬁ'
where
e =nug+u S_%—EM
- 2 3 = ag 1-

4.9)

(4.10)

(4.11)

(4.12)

(4.13)

s and e are the deformations corresponding to mid-surface shear and circumferential

extension respectively. We also impose homogeneous boundary conditions on traction

free faces, i.e.,

s3=0, (=+1 i=123.

(4.14)

The main purpose of this chapter is to reduce the 3D equations to a 1D form over the

long-wave, low-frequency domain defined in this section.

4.2. Asymptotic Scaling

Let us introduce dimensionless displacements and stresses by

u1 = nRuj, us = Rus, u3 = Ruj
and
2
s11 = Ensiy, s12 = En~siy, 522 = Ensso,
_ 3 _ 2 * _ 2 x
531 = En”s3q, s32 = En®s3, 533 = En®s33.

In addition, let

e =nRe,, s =1nRs.,
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because such special arrangements are made to incorporate the generation of the defor-

mations corresponding to mid-surface shear and circumferential extension.
On using (4.17), the constraints (4.13) take the form
ou;,

a_; — i = s, (4.18)

* *
Ny + Ug = ne.,

where all starred quantities are assumed to be of order one. This scaling is motivated by

asymptotic consideration in [46] within the framework of Sanders-Koiter version of 2D
classical shell theory.
Now, inserting the dimensionless variables together with the scaling given by for-

mulae (4.15) and (4.16) into the equations (4.5)—(4.12), we obtain

6;_;1:1 *Taghn* 8@? Tt oy = (4.19)

v 6;? i +n774“ 2t 5;32 1 i?;gsé? g 2(1)7+ @ =0, (4.20)

77358321 +o Z’;{% + ‘9;33 - +1n{s;2 + +’7n§S§3 N ﬁg%g —0. @421
with

1 ou} v %
= + «| + n——s%a, 4.22
1 1—v2(”a§ 1+n§e) T (4.22)
) 1 duy 1 Voo
5o = Y (nv Py + T 7756*) +n:s33, (4.23)
ou,
6_4“3 = 11°55 = vin? (51 + 39) (4.24)
0”1 au;’: 3 *
ous
2= T+ ul) + 203 (1 + v) s (4.26)
o 1+nl
1 1 Ou
51 = o 4.27
S21 2(1+v)1+17{({6§ +S) 27
Boundary conditions (4.14) take the form
s =0, ¢==+1 i=1,23. (4.28)
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We expand all the starred stress and displacement components in asymptotic series as

In this case, we also have for the dimensionless frequency

Fr= O anfO e f

Q= Q2+ +?Q2 + -+,

(4.29)

(4.30)

corresponding to a near cut-off expansion around the frequency value Q =~ Q, earlier

adapted within the 2D set-up discussed in the previous chapter and many in others studies.

4.3. The Leading-Order Approximation

Let us substitute (4.29) and (4.30) into equations (4.19) — (4.27) and neglect O(7n)

terms, yields

(0) (0)
6s31 6s1
¢

+ —(951 + ns;?) =0,
(0)
9839 () _ 0
o7 nSy9 =Y,
(0)
0533 0 _g
6{ 22 ’
o _ Y (0
ST 77 ,2¢
(0) L
a2 =7 2¢
8u§0)
=0,
¢
0u§0)
=0,
¢
0uéo)
=0,
re
(0)
1 KON {8u2
2(1+v) o¢

(4.31)

(4.32)

(4.33)
(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)



with the boundary conditions at { = +1

s =0, i=1,23 (4.40)

First, integrating equations (4.37), (4.38) and (4.36) respectively with respect to thickness

variable £, we obtain

" =U0@), W =vO@), W) =wOe). (@41)

On account of (4.18) at leading order, we write

ou0
nud” +uf) =0, —62 —nu\” =0, (4.42)
and from (4.41), we get
wO = _,y 0 (4.43)

and

yo _ 1 oV

- 4.44
Y- (4.44)
Also, from (4.43) and (4.44), it is obvious that
1 (0)
p© = _LoW (4.45)
n? o0&

Next, integrating equation (4.32) with respect to ¢ and taking into account boundary
conditions (4.40) ati = 2, we get

1

s = —n / s (s) ds (4.46)
e
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and
1

n / s () ds = 0, (4.47)
-1

demonstrating that normal circumferential stress resultant disappears at leading order. As
a result, the associated stress couple appears to be more significant. This observation
nicely illustrates the basic idea of the semi-membrane shell theory, see [24, 27]

Similarly, integrating equation (4.33) with respect to £ and taking into account boundary

conditions (4.40) ati = 3, we get

1

sé%) = —/ s;g)(s) ds (4.48)
{
and
1
/ 55 (s) ds = 0. (4.49)

-1
The relations above do not form a close set of equations and not allow calculating the
leading order term Q% in the asymptotic series (4.30). This motivates to proceed to the

first order approximation.

4.4. First-Order Approximation
Let us substitute (4.29) and (4.30) into equations (4.19) — (4.27) and neglect 0(772)

terms, yields

11 (1) ©, %531, (0 1 2 (0) _
aé: +ns21 - I’l{S21 + W +S31 + mﬂoul =0, 4.50)
(1)
6s32 — stV +n§s(0) +2s9 4+ L Q2,0 = 0, 4.51)
64 22 22 32 2(1+V) 02
1
0535 . 0 _ 0,0, 0, 1 20 _, 152
W+nS32—S22 +§S22 +S33 +m 0”3 =V, ( )
(0)
m_ 1 (o (1) O], Y 0
si{ = -2 ( FY: +ve'’ —vie + :833 ) (4.53)
0u(0)
o _ 1 1 (1) 0) V(0
2 T (V e TC T T s (359
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(D
6u3

=0,
74
D o
a; o
oull
)
(1) ©
qo L (O 0 )
2T 21+ |° o¢ 9¢

with the boundary conditions at £ = +1

s =0, i=1,23.

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

We begin by integrating equations (4.55)—(4.57) with respect to the thickness variable £,

yields

(1) W(l)
(0
) — (1)
+ U,
n{ oE

(1) gP + V(l)

(1

The relation

(-1)2nk P, k=246,
(-1)'5nkPy  k=1,3,5,-

k:

is adapted throughout the chapter, where Py = (1 — n?)V(®.

The first order terms of (4.18); gives

e =Py +nv® 1w,

Integrating (4.35) from —1 to 1 with respect to { and employing (4.49), we get

1
/ e ds = 0,
-1
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(4.63)

(4.64)
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from latter we get
W = v, (4.66)

Substituting (4.64) together with (4.66) in (4.35), we obtain

©__¢
S22 = 1_—1/2P1, (467)

comparison of equations (4.34) and (4.35) and taking into account (4.67), we have

SO - Y po (4.68)

On considering (4.67) equations (4.46) and (4.48) can be rewritten as

o 1= , 4.69
sgz—m 2 ( )
o_ 1-2

=— P;. 4.70
S33 2(1 _ Vz) 1 ( )

Additionally, the first order terms of (4.18)y gives

PO
s© = % — nul! (4.71)

On considering (4.61) and (4.62), we have

oV gy
4 +V——nU<1>. 4.72)

YT

sO = (1-2n%)¢

Integrating (4.31) with respect to { and taking into account upper boundary conditions

(4.40) at i = 1, we obtain

(4.73)

) _ n(l- n2)(1 - 42) oV n(l-2y¢) v R
3107 50—y g T20+v e ")

then, taking into account boundary conditions (4.40) at = 1, we obtain
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1
m v

U 4.74
n 9% (4.74)
Making use of (4.44) and (4.72) in equation (4.39), we obtain
_n2 (0)
(0) (1 n )f oV
= . 4.75
S21 1+v 8¢ (4.75)
Inserting (4.74) into (4.73), we have
1— 2 1-— 2 0)
o _n(l-n)(1-77)0V 4.76)

BT T 00,2 0

Figure 4.2. Cross-Section of thin elastic shell

Integrating (4.51) and (4.52) with respect to thickness variable ¢ and taking into

account the boundary conditions (4.59) at i = 2 and i = 3 respectively, we arrive at

1

(m _ () 1-34+24° 1-4 2y

S35 ——n/s22 (s)ds + 3% P2+2(1+V)QOV() (4.77)
:

and

1
w__ [ 2-3¢+° 0 (-8, n(1-¢)
E /SQQ(S)d” 61— 3toaon T sy
¢

Qv (4.78)
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Now, the solvability of (4.51) and taking into account the boundary conditions (4.59) at

i = 2, we obtain

2 1
/ s$H () ds = Pt Vszgv(‘”. (4.79)

Similarly, the solvability of (4.52) and taking into account the boundary conditions (4.59)

at i = 3, we obtain

1

2 n
(1) _ 2v,(0
/ Syq () ds = 3o V2)P3 - v90v< ). (4.80)

-1
Comparison of (4.79) and (4.80), subject to (4.63), yields

1+ﬂ292V(0) _d 2”2(1 —n2)2V0
0 T a1 — 2y
1+v 3(1—v?)

(4.81)

The latter equation can be written in simplified form as

2 n%(1-n??
Q2 = ' 4.82
07 3(1=-v) 1+n2 (4.82)

At a given n, this is the expression of the lowest cut-off frequency within the classical 2D
shell theory, e.g., see previous chapter and [42, 44]. For n = 0 and n = 1, we have Q% =0.
In this case, the assumptions underlying the asymptotic consideration above are violated.
These two modes correspond to the so-called bar (or beam) type vibration of a cylindrical
shell and assume a special treatment.

Although we determined the frequency, we do not yet have the sought for equation of

motion. Therefore, we should proceed to higher orders.

4.5. Second-Order Approximation
Let us substitute (4.29) and (4.30) into equations (4.19) — (4.27) and neglect O(n3)

terms, yields

85t <

os
FY: +ns;{i) n{s(1)+n§2 (0) +s§11) {s(o)

(1) 1 2 (0) _
Sy + Y u;+ Qlul =0,

2
2(1+v) Y 2(1+v)

(4.83)
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PRO) 2

P21 (2) (1) 2,0 (1) (0) 1 2 (1)
Py —NSgy +N{Soy —NL7555 + 0{ +2s — 2{s4 mﬂo 5
1
Q2 =0 4.84
toayy e =0 48D
O asé? (2) (1) 0, (D O L 1 (1)
2 2
ns32 —ndSq, PY: = S99 t S99 — {7859 + 835 — {Saq 2(1—_‘_)90143
1
Qi =0, (485
Ty 1Y (4.85)
(1)
1 ou v
2 _ 1 _ (1) 2 _(0) (1) 4.86
s17 = —1—1/2( Py +ve? vie'”V +vi-e ) 1_Vs33, (4.86)
e
@2 1 duy @ _ o) 4 2,0 v

Sy = T2 (V 9¢ +e le') + (e 1 =553 (4.87)

du'l?
& - v (519 +5%9). (4.88)
auf) ﬁuél) 4.89

du'?
—32 = nuél) ng’u(o) (1) {u(O) (4.90)

(2 (1) (0)
1 ou ou ou
sézl) = 517 ( 2 _ 72 852‘3 +3 6; +5@ = s 4 20| (4.91)
with the boundary conditions at { = +1

sP=0, i=1,23 (4.92)

We begin by integrating equations (4.88)—(4.90) with respect to the thickness variable £,

yields
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O p 4.93

3 = —m 1+ ) (4.93)
oV

ul? = ne—a v, (4.94)

u$? = 0o+ V. (4.95)

The relation

0 (-Din*Qy k=246, w96
k= _ .
(-1)7nkQy  k=1,3,5,--

is also adapted throughout the chapter, where Qg = (1 — n?)V().

The second order terms of (4.18); gives

e =70 - 2P +nv? W, (4.97)

v
2(1-v)
Integrating (4.54) from —1 to 1 with respect to  and considering (4.64), (4.80) and (4.97),

we get

9?vO g 2+ v
W v = Y +-P3+
" n 9e2 3 ° " 6(1-v)

1
Py - on(1- v)Qav O, (4.98)

inserting (4.98) back into (4.54), we get

2
(1) 4 1 1-3¢ n
= + Ps3 + P -
S =T 2t s o Pt s T P T 5y

Qv (4.99)

Similarly, inserting (4.98) into (4.53), we get

1 277(0) 1+3 2
§11)=—8V N v{ 01+ v P3_v(+§) L ny
n o0& 1 -2 3(1—v2) 6(1 —v2) 2(1+v)

Q2v(®. (4.100)

Substituting (4.99) into (4.77) and (4.78) respectively, we obtain

1 1-22 1-¢ 1 -4 +383 (1+n2)(1=2)
R TS B L R Y ) i T R S I T B

Qv @ @.101)
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and

_ 72 _ 2 2
o __ 1-4 _¢a §)P 5(1 §)P

= + . 4.102
3 = 02 T 1) BT oy ! (4.102)
The second order terms of (4.18)2 gives
oV oV
sW=(1- 2n2){—a§ ~nU® + T (4.103)

Integrating (4.50) with respect to { and taking into account the boundary conditions (4.59)

at { = 1, we obtain

1y _ 1=¢ 801 v(1=0 dP3 (1=-»)+L{B-»)=2°2-v)dP;

O3y C2(1-2) 9¢ +3(1—V2) A& 6(1—12) Py
n(1-¢) (Vv o\ =g ( gv@ N
+2(1+v)( oz " )_2(1+v) (”V oe Y )Qo- (4.104)

Then, substituting values of P, Q, Qg and taking into account boundary conditions (4.59)

at = —1, we obtain

(4.105)

1 @ V@ 28VO 1 4p?+3n" VO
nUY — =— + .
1+v o0& n?2 083 3(1-v)(1+n?) ¢

Here, the relation between U and V2 are derived.

Now, making use of (4.44), (4.74) and (4.105) into (4.58), we arrived at

m_ 18VO A -d4n?+3n")(1+v) +3(1—n")(1 -2 v . (1-n2)¢ov®

Sl T T2 T gen 6(1—v2)(1+n2) 0& 1+v  0f
(4.106)

Integrating (4.84) and (4.85) with respect to thickness variable ¢ and taking into account the

boundary conditions (4.92) ati = 2 and i = 3 respectively, we arrive at
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1

2 2 277(0) _ 3 _ 2
(2) _ ) (1—11)(1—()6‘/ 1 3§+2§ 1 4§+3§ p
S32 = ”/sﬂ(s)d T sy 022 30— 2T Teo !
l
1487 —247% + 1574 1-¢ oomy . 1=4 a0
- P Qv 4 ——° %y
12(1 = 2) T S M T
3-4(1+n*) + (A +4n*)° 5 )
Q 4.107
" A(1+) oV (4107

1

— 3 _ 72 _ 2
i = /?mkﬂﬁ+—7ﬁiiigg+“l ST e 8

%33 = 6(1—12) 2(1 - 12) 6(1—2)
¢
_1+4§—10§2+5§4 552(1—5) _n(1-9) 2(1)
12(1 -2 T T6(1 - v?) 2(1+v)
n(l 0) 02v(© nd =2n(1+n?) +n(2+n®% 0)
2(1+V) QIVY + 21+) Qv (4.108)

Now, the solvability of (4.84) and taking into account the boundary conditions (4.92) ati = 2, we

obtain

1

ds = P P Qv
/s22 (s) ds 3(1—V2)Q2+3(1—V2) 4+3(1—v2) 27T
=il (4.109)

2
2y 20 oy )
1+v 1+v

Similarly, the solvability of (4.85) and taking into account the boundary conditions (4.92) ati = 3,

we obtain
1 5 9 9
) _ n 2v,(1)
/SQQ(s)ds ——5 Qs+ g Pst o Py = —QfV
J 3(1-v2) 3(1-v2) 7 3(1-v?) 1+vy (4.110)
B n Q%V(O) I’L(l +n )ng(o)
1+v +v

Comparison of (4.109) and (4.110), and taking into account (4.63) and (4.82), we have

1+n2 2 2 4 (1+n2)(2 n®)
T 2y - - Pg - Py - Qv
T+y 1 3(1-v2) © 12 31—y ° L+v
_ 2n5(1 = n?) _ () _ 2n*(1-n?) () 4 4n*(1 - n?) 4.111)
3(1-2) 1 -2 3(1-v2)
21’14(1 - n2)2 0) _ 4712(1 - nZ)ZV(O)
3(1 -2 3(1-v2)
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hence

Q2 =0.

4.112)

i.e., there is no first order correction to the lowest cut-off frequency which is in agreement with

[44]. Thus, we need to proceed to the next asymptotic order.

4.6. Third-Order Approximation

Let us substitute (4.29) and (4.30) into equations (4.19) — (4.27) and keeping O (n?) terms,

yields
ds\?) 3 2 1 0 ‘9 (3) e 1
U 2,0, 1 o, Q2

T G R T P ! 2(1+)

2 (0)
S31

=0,

Js (3)
— — NSy, +n§s(2) n§2sé§) +n§3ség) + —= +2¢s (2) 2§s(1) + 2§2s§g)
¢ 34
1 o2,® L o2, Q2ul® = 0

+ +
T a2 Tyt 2(1+)

(3)
2,(0) ds 0833 (3

1 2 1 0
¥+ns32 —n{s( )+n{ Sg9 + Py — S5 +§s() {2s52) {3séz)
@ _ (), 20 L 62,@ L 62,0
+ + + —-Q + Q
EREC I BTy b BT
1
+ Q2ul” = o,
2(1+v)
(2)
1 ou
3 1 2
s§1> 1.2 (W +ved —vze® +yiZeW - v§3e(0)) — Vség),

@_ 1 (e o LU _ 3,0, Y@
—— |\v——+e" = eV + (e - (¢ 1 s33,

So2 T 1 2

24

0u(
O3 (0) (1) (1)
or s T V(n +s22)
(9u(3) 6u(2)
1 3 (0)
o =- 9¢ +2(1+v)sq,,
duy” 2 1 0 2 1 0 0
32 —nué) n{u()+n§2 ()+ué) {u() {2 ()+2(1+v)s§2),
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(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

(4.119)

(4.120)



(3) (2) (1) (0)
3 1 du, 3 o Olty 301y B 40y (3) _ +u(2) L 2.1 _ 43 .(0)
20 S50y “ o ¢ ae TS o ¢ Tae TS TS res I oasT

4.121)

with the boundary conditions at = +1
sP=0, i=1,23, (4.122)

We begin by integrating (4.118)—(4.120) with respect to thickness variable { respectively, we get

@ v eV 2 v (B-v){ -1+
U == """z Q1 - Ps - h
n 0£2  2(1-v) 3(1-v) 6(1-v) (4.123)
1
+§nv§QgV(0) + WO,
1 _ 2 _ 1 _ 2 2 — 3 (0) (2)
A 6n(l —n*){ —n(l-n*)(2-v){" oV oW (4.124)

6(1-v) 0é ¢

(A=)~ (=)= o) o
o (4.125)
+v® 1y,

(3 _
U, =

Also, the third order terms of (4.18) gives

2y/(0
6(2) _ 2v (9 V( )

_ (4.126)
n’ &2
n(1-n?) (1-2v— (1+v)2+n2(11-10v =3 +n' (6 - 2-)?) o
_ 1%
6(1 —v)(1+n?)
_ Vn(l — I’[2) {2‘/(1) . (1 _ n2)§W(2) +nv(3) + W(3)
2(1-v)
and
@ __ v, 0VY
- (4.127)
N (1-n%) (2+v-n?(14+120% = 5v = 2(1 +n2)(2 - v){?)) oV

6(1—v)(1+n?) o0&
22 —1_ow®? ove)
+ - 9% + T
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Inserting (4.60), (4.102) and first, second, third order terms of (4.18); into equation (4.87), we
arrive at

@ _ (1 =nHv;s’v® LY vl v +2(1 -2

S22 TR a2 T n(1-02) 06 2(1—w)(1—?)
32-v)-2(1-v)3 3(1=2v) =7T(1=w)3

6(1-v)(1-v?) Fs = 6(1-v)(1-v?) F1 (4.128)

2
_A=me e, L (WO +av) + _md
1-v2 1-v2 2(1-v2?)

01

Qv

Integrating the latter equation from —1 to 1 with respect to { and comparing it with (4.110), we get

v 92v . 1 05+ 2+ vy
n(1—v2) 92 3(1-v2)~>" 6(1—v)(1—2)
1 1 n 9 n(1+n?)
p Pa— (D) 2y7(0).
B3I T30 2T 2T ey) 0 2(1+v) 0

01

1 (W<3) N nv<3>) __

2
1-v (4.129)

Now, insert the latter back into (4.128), we obtain

@ _ (1 =nHv;s’v® 1 1 4342 1
220 =708 a2 Taa-m Bt 3ao ) d T ia oy
21 =v)+32-v)(-2(1 -3 3(1=2v) =7(1=w)3
6(1—v)(1-12) Ps = 6(1—v)(1-12) P1 150
(1=-n*Z n a1y, N+ A=) +nvd o )
12 DT 2(1-v2) V-

Inserting (4.130) into (4.107) and (4.108) respectively, we get

@  (1-n?)(1-¢2)0%v0 1-¢ 1-47+383
27 o0y ae2 Taaowmtt 3ao,n &
1-¢ (11—8v)—12(1—v)§—3v§2+(1—v)§4p
+3(1—v2) 12(1 - v)(1-»?) !
(=T +16(1 = v){ = (54 = 60v)° +37(1 = v)¢*
24(1 - v)(1 -v2)
n(1=n*)(1=0%) ) +0*)(1=0) o0y
T A TP et 1
n2(2-v) - (1-v)(3-2n% 0)
- 4(1-2) %V
20 =v)2+n%2 =M = (1 =v) +n2(4 - 3v)) 2 21,(0)
_ IR Qv (4.131)

Pg +

Ps
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and

@ _ (-npA-)ovO (-2, 5=, 1-2
T VR 1§ Q) L AT s ) S BT s g S
_(10=7v) = (16 = 13v)* +6(1 - v){4
12(1 = v)(1-v2)
_(1+5v) +(26 - 32v) % - 27(1 —v) ¢t . (1-n®(1-22 e

Ps

24(1— ) (1 -2 ! 2(1-v2)
n((2-v)+n*(1-v)(1 -2 5 0
B o> Qv (4.132)

Now, the solvability of (4.114) and taking into account the boundary conditions (4.122) ati = 2,

we obtain
1
w [ sy as = - 2V 20 =)A=y 43 +v)) 92V
22 n2 &l 3(1=v2)(1+n2) 0&?
-1
4 4 4
+ + + s
T T L T L
58 — 53 32 - 27v 2n(1 - n?)
+ 4+ 2+
(1= 1-v2) 151 -v)(1-v2) T 3(1-?)
1 L gy, 2(1_+”)Q2v<1> - ——Q2v®
1y L+v 1+v
2
(1-2v)+6(1-v)(2- n)Qg ) (4.133)

3(1-v?)

Similarly, the solvability of (4.115) and taking into account the boundary conditions (4.122) at
i = 3, we obtain

1

) 4n(1 - n?) 92vO 2 2 2
/s22 D ds=230 05 e T3-St 3ao B a0

28 — 23y 12 -7y 2n%(1 — n?)
+ 5 + 3+
15(1—v)(1—v2) 15(1 = v)(1 = v?) 3(1-v2)

1 +n?) n
— 2w + n(l+n%) 2y - _— 2y
1 +v 1+vy 0 1+v 2
10— 11v) —=n3(2 = v) —6n°(1 -
, M0 —11v) —n*(2 - v) = 6n°( )Q2V<0) (4.134)
6(1 —v2)
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Comparison of (4.133) and (4.134), we arrive at

1+n? Ln? ooy 1 (8?v® naU<2> L0 n?)(4n% - 3 +v) 9*v©
1+v C1+v | 02 o0& 3(1-v2) 0&2
2 2 4 2
- - - - P
3(1—v2)Q6 -2 3(1—v2)Q2 3(1—»2) °
48 — 43y 68 — 58 6—5v

B R L D e T
_ 21 =n)? o) 2P =n?) )

—Q2w®?
3= ' N Ty
4
92 2) _ 2+n”—n 92‘/(1)
14y L+v
24(1 =) +6n°(1 = v) —n?(8 = Tv) —n*(10 - 1Y) g2y 4.135
6(1—2) 13

Finally, with taking into account the relations (4.63), (4.96) and (4.98) into latter equation, we

arrive at

n?(1+ n2)92V(0) _ 264V(0) i 2n%(1 - n?)%2n% +1-2v) 82vO
in- T 4 A&l 3(1 = v2)(1 +n?) dE?
2n4(1 —n?)? (17(1-v) - n2(9+v) +11n*(1 —v) +n8(17 - 7v))
45(1 = v)(1 = v2)(1 + n?)2

(4.136)

The sum of equation (4.81) and (4.136), and taking into account (4.30) and (4.43), we arrive at

277 (1L+v) WO 2p2(1 - n?)2 (20 +1 - 2v) 3*W .\ 2n2%(1 — n?)?

n2(1+n2) 9&4 3(1—v)(1+n?)2 &2 3(1—v)(1+n2)

217(1—1/)—n2(9+v)+11n4(1—v)+n6(17 ™)\ W (4.137)
15(1 = v)(1 + n?)2

xX|1-

-Q*w©® = .

4.7. Discussion
Introducing W = RW® and setting w?>W = —3?W/d¢, and keeping terms of O (%) the

last equation in the earlier section can be written in the original variables as

o'W h? 0°W  1—v h? p(1-v?) 0*wW
R2——46——+ Q2+ —Q? -~ =0. 4.138
" ba 1 R? 9a? = 2 R4( 0" R2 2) E o (-138)
where
1—v? (1-n%)2%22n%+1-2v)
- 5= : 4.139
YT 2A+n?) 12(1 +n2)2 (4.139)
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with

2n2(1 — n?)? (17(1-v) - n2(9+v) +11n*(1 —v) +n8(17 - 7v))

Q=-
2 45(1 = v)2(1 +n2)3 ’

(4.140)

and Q% is given by (4.82). The graph of the coefficients given by (4.82), (4.139) and (4.140) versus
Poisson’s ratio v are displayed in figures for n = 2, 3, 4.

The solutions of equation (4.138) can be substituted into the formulae in the previous two
sections in order to derive the expressions for stress and strain components. As an example, we
present the asymptotic estimations for the quantities e and s, see (4.13), at the mid-surface ¢ = 0.
We stress once more that these quantities are key ones for a cylindrical shell. Starting from formulae
(4.98) and (4.105), along with other intermediate relations, we readily deduce, at leading order,

_VR?2O?W  (1-n?)(2+4v—n?(2-5v)) h?

= - Tw 4.141
TR da? 6(1 —v)(1+n?) R? ( )

and

s

2 [ p2 43 —n2)(1 = 3n2) K2
:2<1+V>R_(R | ) Qi) aW). (4.142)

n h\n29a3 T 6(1-v)(1+n2) R

We also present the expressions in terms of W for the tangential stress resultants, see (2.72) defined

as

h h
Ti:/(1+@ sii daa, S,,-:/ 1+@)s,~,da3, (4.143)
R; Rj)
-h -h

where i # j = 1, 2. Let us set, according to (4.29)

Eh h
Skl = —~ (s,((?) + Es,g) e ) , k,1=1,2. (4.144)

First, insert the latter into the first formula in (4.143) taking into consideration (4.67), (4.68) and

(4.99), (4.100) together with (4.43) and (4.44), we obtain at leading order

T =

2 92 201 _ 2 2
_2Eh(R_aW 2vn2(1-n%) h ) 4.145)

R \n2 80 3(1-v)(1+n?)R?
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and

4ER®  n?(1-n?)

- 3(1-v2)R? 1+n? (4.146)

1

Similarly, substituting equations (4.75) and (4.106) in the second equation of (4.143), we arrive at

the following leading order expressions

_,2\R2 43 — 12\ (y — n? 2
5y, = _2ER_[BA=VHRZ W (1=n)(v=n*2+) h* oW (4.147)
3(1-12) B 9ad n(1+n?) R? 9a
and
2F L= V)RZPW (1 -n2)(1 - n?(1+2)) h?
So1 = h [3A-vIR"FW (A-n)(A-n"(1+2v)) " W} (4.148)
3(1-v2) n3 da? n(1+n?) R? 0ay

It is important to compare the formulae above in this section with the prediction of the 2D

Sanders-Koiter theory in [44]. First of all, we note that all coefficients in the equations of motion
(4.138) apart from the correction to the cut-off frequency Q2, which is denoted in the paper [44]
by Q%, see formula (3.6) there, are identical to those predicted by Sanders-Koiter theory. At
the same time, the value Q% in (4.140) is the same as in the plane problem studied in previous

chapter. For the quantities e and s, we start from the refined formulae (5.1) and (5.2) derived in [44]

for mid-surface displacements in terms of the notation of the current chapter they can be rewritten as

250 - : B
200 B

5 1501 ]
Qo L — n=2 ]
n=3

100 : n=4 ]

T S S S S S S S S S S R
0.0 0.1 0.2 0.3 0.4 0.5
v

Figure 4.3. The dimensionless frequency Qg given by (4.82) versus the Poisson’s ratio v for n = 2, 3, 4.
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-2000 . B
— n=2
n=3

Q I =
2 -4000 - n=4

-6000 - B

S S S T S S S S O S SR
0.0 0.1 0.2 0.3 0.4 0.5
v

Figure 4.4. The dimensionless frequency Qg given by (4.140) versus the Poisson’s ratio v for n = 2, 3,4.

20 B
1.5 B

L — n=2

n=3

o [ n=4
1.0+ B
0.5 q

S S S S S S S S S

0.0 0.1 0.2 0.3 0.4 0.5

v

Figure 4.5. The coefficient 6 given by (4.139) versus the Poisson’s ratio v for n = 2, 3, 4.

1 VR? 0%uz  2n(1 —n?) h?

L h” 4.149
Mot LU TTE da?  3(1+n?) R21 ( )
- £6u3 R (v(1+v) —2) R? d%us
"T20ar  (1-v)n2 n? da?
_(1—n2)(1+v—n2(5+v))h_26u3 . (4.150)
3(1+12) R? 0,

These relations are similar but not identical to the formulae (4.98) and (4.105). Inserting (4.149)

and (4.150) into (4.13), we have
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0.05- .
0.04F : : : .
0.03F .

0.02 n=3 .
r n=4

0.01F . : 4

T S S S T S S S
0.0 0.1 0.2 0.3 04 0.5
v

Figure 4.6. The coefficient y given by (4.139) versus the Poisson’s ratio v for n = 2, 3, 4.

vR2O°W  2n%(1 - n?) h?
== + _— ,
n? fa? 3(1+n2) R2?
_2(1+v)R? [R?0°W p (1 —n?)(1-3n?) h? oW
" on h \n? da3  6(1-v)(1+n%) R%da;|

em (4.151)

Sar (4.152)

Thus, the coefficients in formula (4.152) coincide with that given by (4.142) and (4.151) only for

the highest order derivatives of (4.141) and the last term in the right hand side of this formula
is identical to that in [44]. Now, substitute (4.149), (4.150) into the traditional expressions for

tangential stress couples, e.g. see [24, 42], given by

2Eh (Ouy; ve
T=——+—=], 4.153
! 1—V2(a(11+R) ( )
2Eh (e ouq
To=———|— —_— 4.154
2 l—vz(R-H/c')aq) ( )
and
Eh2 2 (9142 aug
Sig=——— —h|— —11, 4.155
12 (1+V)R2 [S+ 3 (8011 +n8a1) ( )
Eh?
Sa1 (4.156)

“aenre”
As a result, the formula for 7; are identical to (4.145) and (4.146) while for S;; these coincide

with (4.147), (4.148) only with respect to the coefficients at the highest order derivatives taking

the form
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2Eh [R?3*W (1 -n®)(1 =3v+n2(5+v)) h? oW
Sip = — = - - > — , (4.157)
n o \n® oa; 6(1—-v*)(1+n? R? 0
2Eh [R?33W (1 —n?)(1-3n?) h? W
So1 = =+ ( ) . )—2 . (4.158)
n \n? day  6(1-v)(1+n?) R?0a

It is worth noting that the deviation between two above mentioned sets of formulae occurs despite

the same expression for the tangential shear s given by (4.142). This happens due to the presence
of the ¢2 term in (4.106), see also (4.143) and (4.144). Thus, the coincidence of the tangential
shear deformations along the mid-surface does not guarantee asymptotic correct expressions for

the tangential shear stress resultants calculated from the classical 2D shell theory.
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5. ASYMPTOTIC DERIVATION OF 2D DYNAMIC EQUATIONS OF MOTION
FOR INHOMOGENEOUS ELASTIC SHELL

In this chapter, the low-frequency vibration of a thin-walled functionally graded cylinder,
that is characterized by a continuous through thickness variation of material properties through-
thickness, is considered within the plane strain framework. The procedure for calculating a
1D approximate equation of motion from dynamic equations at the mid-surface is similar to that
described in previous chapters, but the mechanical parameters vary across the thickness. The effect
of the transverse inhomogenety manifests in an explicit manner through the constant coefficients in
the aforementioned equation. A simple explicit formula for natural frequencies emerging from the
derived equation of motion is validated by comparison with previous numerical predictions. Also

useful expansions for the variation of all stress components across the thickness are obtained.

5.1. Statement of the Problem

In this section, we consider the problem discussed in chapter (3) for an FGM thin-walled
cylinder. Let us consider a thin elastic cylinder made of FGM with having thickness of 24 for
which the geometrical parameter 7 = h/R is small compared to unity, where R is the radius of
curvature of the mid-surface of the shell. The mechanical parameters are considered as a function
of thickness variable @3 (—h < a3 < h), i.e., E = E(a3), v = v(a3), and p = p(as), where E, v
and p denotes Young’s modulus, Poisson’s ratio and density, respectively.

We define the curvilinear coordinates oy and a3 as

as = RO, a3 = h(, (5.1

where 6(0 < 0 < 2n) is the angular coordinate and (-1 < ¢ < 1) is the transverse coordinate,

while the coordinate a; along the longitudinal axis of the cylinder is not shown in figure (5.1).

The 3D equations of motion can be reduced to 2D plane strain equations of motion as, see

section (2.4),

R (90'22 30'32 2 62\/2
—p—==0, 52
R+ a3 das das R+ a3 782~ p ot? (5-2)

R (90'32 (90'33 1 1 821)3
+ — + — =0, 5.3
R+ as Jdas (90!3 R+a/30-2 R+a/30-33 p (53)

with
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E R 0dvs 1 %
"22—1_—y2(R+agaz+R+aJ3)+1_y"33’ G
6V3 2
E— = (1-v%)o33—v(l+v)os, (5.5)
oas

(5.6)

E ( R 6\)3 8\12 1 )
032 21>

= — - v
2(1+V) R+ as das (9(13 R+ a3
where o7, are the stress components, v; are displacements with i, j = 2, 3, and t denotes the time

variable.

Figure 5.1. A thin-Walled FGM cylinder.

The above equations are same as we derived for the plane strain problem for a homogeneous
thin-walled elastic cylinder, see chapter (3).
For purposes of simplicity, we consider traction-free boundary conditions along the faces a3 = +h,

that 1s

o3 = 0. (5.7

The main focus of this chapter is to reduce the formulated 2D problem to a 1D one over the

low-frequency range defined through the dimensionless time variable 7 as

nca0 EO
= 1o, g —— 58
TR 0=\ 2T om0 ©-5)
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where Eg = E(0), vo = v(0) and pg = p(0).

Let us write equations (5.2) — (5.6) in the nondimensional coordinates

1 0oos 10039 2 772030 821/2
- + 32— p =0,
1+ns 00 n 0  1+nl R 012
1 (90'32 " 1 (90'33 1 " 1 7726%0 62\/2
T+9z 90 5 0z  1+q2 2 179278 PTR 912
E 1 1 8v2+ 1 N %
90 = — — vy | + ——0m3,
2T 2R\ 149200  1+nc P) 1w
E o
R—nalg’=(1—v2)0'33—v(1+v)0'22,
E 1 1 6V3+16v2 1
g32 = = —_—t —— = val,
2o +v)R\1+92 00 " nor 1+ql °

with the boundary conditions at { = +1

0'3,'20, i:2,3.

5.2. Asymptotic Scaling

Let us introduce dimensionless stresses and displacements by

o1 = Eonoyy, o2 = Eqnosy,,
033 = Lol 033, 032 = Lol T39,
and
vo = Rvj, vs = Rvs,

’

(5.9

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

with all starred quantities to be of order unity. Above scaling is motivated by that for a homogeneous

cylinder in section (3.2) of chapter (3).

Now, insert the scaling given by formulae (5.15) and (5.16) into the equations of motion (5.9)-

(5.13), yields
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1 do3, 005, 0 0

e~ 2 ) 5.17
T+nz 00 a7 149272 P 2T 4w 002 ©-17)
n 0oz oy 1 x n « n 9%

_ B B Y 5.18
1+nl 00 ¢ 1+77§0-22+ 1+77§O-33 P 2(1+vg) 012 (5.18)

E* 1 aV; 1 v 2
2 =T — 5 ;. 5.19
1722 1—v2(1+77§ ae+1+ngV3)+1_v'7 T33; (5.19)

vy 2,3 2 _u
By = (=vmos —v(L+vin on, (5.20)
) E* n o} ov’ n

3 s 3 2 .
= -t 5.21
T3 2(1+v)(1+ng 90 T ac  1+nl"?) (>-21)

where
E() (&)
E({) = E_g p«({) = 207 (5.22)
0 o
The boundary conditions become

oL =0, =zl (5.23)

In addition, we suppose nearly inextensible condition along the circumferential direction, that is,

avy
0 + Vs =1ne,. (5.24)

It arises from mid-surface inextensibility in the semi membrane shell theory. Such asymptotic

behaviour is also observed within the framework of plane strain problem for a homogeneous

cylinder, see chapter (3). Taking into account the last formula, equation (5.19) may be rewritten as

. E. €. N %
TR 21 T 1

33 5.25
N N033 ( )
In order to derive 1D robust approximation of the original 2D problem, we expand all the starred

quantities in asymptotic series as

f;'* — fl(O) + nfl(l) + 7]2]‘;(2) 4., (526)
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5.3. The Leading-Order Approximation
Let us substitute equation (5.26) into equations (5.17) — (5.21), and (5.24) with discarding

O(n) terms, yields

(0) (0)
005y 003,

—2 = 527
a0 *or TV 627
ao'?
623 ~o =0, (5.28)
E.
o) = e, (5.29)
v vl
5e = o =" (5.30)
and
oy
—o+vy) =0, (5.31)
with the boundary conditions at = +1
o =0, =23 (5.32)

Integrating equations (5.30) with respect to the thickness variable ¢, it is straightforward that

V;O) = VQ(O) (0’ T)’ V;)O) = V3(0) (9’ T)’ (533)

where the functions VQ(O) and V3(0) are related by equation (5.31) as

oy
yo _ 9%

. .34
3 50 (5.34)

As might be expected, the last formula corresponds to circumferential inextensibility of the

midplane in the semi-membrane theory for thin elastic shells.
Next, integrating equation (5.28) with respect to ¢ and employing the boundary condition (5.32)

on the upper boundary we obtain
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80'(0)

Y33 _ _(0)
64 22 °
4
0 0
0'353) = / 0'22)(s) ds + s:(as)’
0
1
O'zfg) = /022)(s) ds. (5.35)
l

Thus, as it follows from the boundary condition (5.32) at { = —1, we have

1

/ o9 (s)ds = (5.36)

=1l

Solving equation (5.27) for 0'32 , we get below relations

(0) (0)
00, _ _80’22
0¢ a0
e
O'?Eg) = /0'2(2)) ds+s(0)
0

Applying the boundary condition (5.32) on the upper and lower surfaces { = +1 in the latter

equation, we obtain, respectively,

60'( )(s)
0) _
T —/ 50 (5.37)
4
and
80-(0) (s) =0 5.38
/ 50 . (5.38)

-1

The relations above do not form a close set of equations and also do not incorporate inertial

terms, this motivates to proceed to the first order approximation.
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5.4. First-Order Approximation
At first order, let us substitute equation (5.26) into equations (5.17) — (5.21), and (5.24), with

Keeping O(n) terms, yields

(1) (0) (1) (0)
00y, B gao'zz 4 003, 4050 _ P ‘92"2 ~0 (5.39)
6 6 a¢ 2 2(1+w) 972 7
(0) (1) 2.(0)
005y %55 ), o o0 P OV (5.40)
90 a¢ 22 2778 2(1+vg) 912
o - _E (eu) _ §e<o>) + S0 (5.41)
2 T 1,2 1—y 337
(9vél)
iy 5.42
3¢ (5.42)
vy avy)
3 2 (0)
+ - =0 543
r ;. V2 (5.43)
and
avsV
e = —2 i, (5.44)
with the boundary conditions at { = +1
g§}> =0, i=2,3. (5.45)

On integrating (5.42) and (5.43) along the thickness and using the functions (5.33), we obtain

viY =viV (e, 1), (5.46)

vi = ¢Py + ViV (6,7), (5.47)

where, here and henceforth, operator notation (3.55) is valid.

On employing equations (5.46) and (5.47) in the inextensible condition (5.44) we obtain, at first

order,

av.
eV =gPis —2 s VY. (5.48)

It is worth nothing that the latter feature is usually outside of the limits of the traditional shell

theory.
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Making use of the last equation in (5.29), we have

av(l)
o _ _Ex 2 (1)
O9y' = -2 §P1+W+Vg . (549)

avi &
e Vi = —8—%P1, (5.50)

from the last two equations, we conclude

1 o
o5 = 12,2 (g%E*(i) —{E()] P, (5.51)
where we introduce the notation
B
i 4 .

=0,1,2,---. 5.52
/§ v2(§) ! (5.52)

-1

Comparing equation (5.29) with (5.51), it is easy to see that (5.48) may conveniently be rewritten

as
(0) &1
e = — 8* - é/ Pl (553)

We may now obtain the first order displacement component V?f b using (5.46), (5.47) and (5.53)

in the inextensible condition (5.24) to give

vV e
(1) 2 1
V. =—-——P;. 5.54
3 T o0 T g (5:54)
Itis now a straightforward matter to obtain leading order stress components o- ( ) and 0'§3) , inserting

equation (5.51) in equations (5.37) and (5.35), respectively, we get
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1 1
& E. E.
e / G . / STy20n () _ g Py, (5.55)
Vs

€5 1=v2(s) —v2(s)
’
& [ B FEW
o_f9 Bl o [ BB)
OU33 = 8*0/ 1= v2(s) ds /sl—vz(s) ds | Py. (5.56)
¢ ¢

Integrating (5.40) along the thickness and using (5.51), (5.55) and (5.56), gives

a?f?_/%) ds + 8// fv(j()z)dd _// 12_Evgz()z)dds P3
. ¢
X %O/S/fv(;z@dd ‘//1Z—Evgz<)z>dds y

g Ve )

8#1( SE*(S) S2E*(S) 62‘/( "

' 8_8/1—1’2@) ds_‘/l—VQ(s)d P1+2(1+ )/p*(s)ds o972 i (5.57)
0 0

on employing the boundary condition at { = 1 we get the constant of integration, and reducing the

double integral to single one, we get

1 1
0'35;)— /022)ds— —0‘(/( —{) (;())ds—(/s(s—g) (2())ds Ps

¢
1 1
8*
+ e*/( ~4) E(2S<)>ds‘/s(s‘§) E(2S<)> i
z z
O S X R P S/ L N
“len ) 1) s_/s 12 | T 20+ vg) 022 /”*(S) s (538)
4 4

Similarly, applying the boundary condition at { = —1, we obtain
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1
/0’22)ds_ (8*/( — ) E(;())ds—/s(s—{)%(j()s)ds)P:;

1 1
&1 E.(s) E.(s)
(86[@—{) (s )ds—/s(s—f)—l_VQ(s) ds)Pl

* 1 0) 1
& E.(s) , E.(s) 1 o
_(S_S/S—l—v2(s) dS—/S TZ(S)dS)Pl_ 2(1+V0) 972 /p*(S) ds. (559)
-1

-1

Simplifying the last equation and employing the notation (5.52), we arrive at

! " 8*2 1 82‘/?50) !
ds = | &5 P3 - «(s) ds, 5.60
b |

-1
defining the resultant for the circumferential normal stress, which is zero at leading order according

to (5.36).

Integrating (5.39) along the thickness and using (5.51), (5.55), gives

¢ 1) 4 g
do. &l E.(s) s?E.(s)
(1) 22 1 SL 4 *
= —ds—|—= | ——=—ds—- | ————ds|P
I3 / a6 &y / 1—v2(s) s f 1—v2(s) 5172
0

0
&l : E.(z) 7E.(2) 1 62V2(0)
2| L - P
" 83//1—v2(z)dd //1—v2(z)dzds 2 A4y 92
0
Z
X/p*(s) ds +s), (5.61)
0

and on employing the boundary condition at { = 1 we get the constant of integration, and reducing

double integral to single one, we get

1 1 1
doH &} E.(s) E.(s)
1 _ 22 * 5 E,
= [ —=d ———ds— —————ds|P
039 / 90 S + 8*/s1—v2(s) S /s 1—v2(s) S | P2
4 4

Fs
1
E.(s) E.(s)
-2 8/( - 07 j()ds—!s(s—g) T &P
1 82v(0)
v 5722 / p:(5) ds. (5.62)
Ve
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Here, applying the boundary condition at { = —1, we obtain

1

1 1
ooy & [ E.s) E.(s)
ds = —| — b S ds — 2=\ ds | P
/ a6 ES/SI—VQ(S) s /s 1—v2(s) 12
1

-1

1 1
8*
+2(8—%_[(s—{)E*—(s)ds—L[s(s—()E*—(s)ds)Pz

1—-v2(s) 1-v2(s)

1

1 a2y
(s) ds. 5.63
oA+ o2 /p(s) g (5.63)

Simplifying the last equation and employing the notation (5.52), we arrive at

1

* (0)
/ ds = —|&x - 8_12 Py + 1 62‘/3 /p*(s) ds. (5.64)
30 Y < 2(1+vg) 0Ot2
=1l

Now, comparing equations (5.60) and (5.64) , we conclude that

(0) (0) *
R, [V, 9, y &?
2(14+vp) | 72 002072 &

- 3*2) (Ps+P3),

using the adapted notation (3.55), we arrive at

g2 —gres [0V atv®  92vY 1 (Y e o s
+ + + - = .
R.E | 068 a0t " 62 |t atew | o aeorr) = OO
where
1
R*=/p*(§) d¢. (5.66)

-1

This 1D equation governs low-frequency plane strain motion of a thin-walled FGM cylinder.

5.5. Discussion

Writing equation (5.65) in terms of the original variables given by (5.1), (5.8), we arrive at

&2 -¢,¢ 6
po—L——22 19V2 op +
REwE, | dal 903 " 9a2

284\/2 52\/2 + 1 R_22(1+V0)p082\/2_
2(1+v) \ 2 Eg a2

’

_R4 2(1 + Vo)po (94\/2
h? Ey ('3(1’%&2
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the convenient form of latter is

202_g¢. ¢ 2 4 2 2 2
LN PRAPYC KN N i B PR L} e P
RZ2  RE&p 8&2 6@2 6@2 6&2 or?

where vy = RV2(O), R=poRsand &, = Ep&),n=1,2,....
For a traveling wave vo = exp[i(nas/R — wt)], where n is wavenumber and w is angular
frequency, we have from equation (5.67) for natural frequencies,

€185 — €12 n2(1 = n2)?

2=2(1+
(1+v0)=2 R.E, 1+n?

(5.68)

where Q = 7 wR/cog with p = & <« 1 and c9 defined in (5.8).
It might easily be verified that 5 — 8’{2 > 0. Because using the notation (5.52) and the

Holder’s inequality, we can prove the above inequality

{E. ()
1—V2(§)

1
E.0) £E0 [ E©
'5" 2(5)‘ ‘s /'5'\/ 2<§>\/1—v2(5>"{
-1

1 1
E.(0) ZEO
S([l—v?(o ) ( 120 )

_ ox1/2 x1/2
= 80 . 82

€11 = dg

IA

hence

e < & &

It is also clear from equation (5.68) that the effect of inhomogeneity, due to the presence of the
integral quantities €, and R, does not depend on the mode number n. For a homogeneous cylinder,
when &y = 2Eq/(1 —v?), &1 =0, €3 = 2E(/3(1 —v?), R = 2py, the last formula agrees with
previous results, e.g., see chapter (3) and [44]. For n ~ 1, (5.68) gives generally Q ~ 1. However,
this formula is also valid at n < n~%/2 when Q < 5!

It is worth mentioning that the leading order stress and displacement components can be

expressed through the solution of equation (5.67). In particular, we obtain from equation (5.34)

Oovy V3
+

—+—==0 5.69
das TR (5.69)
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where vz = RV3(0). Also, the stress 0'2(3) in equation (5.51) can be written in original variables as

1 1 vy 82\/3 &1 as
— = ———— | —= - —E(as) - —E ,
Eor " = T v0)E |82y~ X Gaz (8,59 L)
simplifying the latter, we obtain
h E a3 81 6vQ 62\’3
=——|—-—||7—/—-R—=]. 5.70
2RI ( h 80) (5@’2 da? 470

In similar manner, the stresses oég), oég) in (5.55) and (5.56) can be written in original variables

as

1 1
ié / E(s) J 1 SE(s)

o = (=1)k s — — —— _ds|x
Eop2 2k (=1) Eoo J 1-v2(s) Eo J 1-20s)
as/h as/h
9 1 84_kVQ 55_k\/3
R R41*k dai™k —Rsl,k dask

Simplifying the latter we get

1

1
n? & E(s) SE(s) 0+ Ky, 3> kyg
= (- — == / —d —/ d -R . (571
=g ) Toem T ) T P\ Gt g ) O
as/h as/h

here k = 2, 3.

At the same time, the first order corrections to stresses and displacements do not follow from
the formulae in the previous sections necessitating analysis at higher orders. For example, we may
only calculate the resultant of the normal circumferential stress starting from formula (5.60) but
not its variation across the thickness.

In contrast to a homogeneous cylinder, the leading order stresses do not demonstrate a simple
polynomial variation in thickness. Consequently, they cannot be restored from the associated
stress resultants and stress couples as in the classical shell theory, e.g., see [27]. In spite of this
observation, we present below the one dimensional equations of motion expressed in terms of the

stress resultants and stress couples following a long term tradition.
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5.6. Stress Resultants and Stress Couples

Let us write the basic formulae in the section (5.3) and (5.4) as:

0T Ng
—+—=-h = 5.72
8a2 61‘2 0 ( )
0
ﬂ - Ny =0, (5.73)
Jdas
1
(9N2 T2 / 62\13
- =_n 2 = T4
50, " R p(O) L5 =0, (5.74)
-1
with
82 > 8082 0 8V3 Va
Go=h?1t_——-_— [Z=2_-2=2 5.75
2 80 6&2 (aa’g R ) ( )

the above equations are written in terms of the mid-surface displacements vo and v3 and longitudinal

stress resultant 75, shear force resultant N2 and stress couple G2. Above mentioned resultants and

couple are derived from (2.72) — (2.74) as

h h h
T2 = f g9292 dalg, GQ = / 09203 dalg, NQ = / 039 dalg. (5.76)
—h -h -h

Now we derive the above equations one by one with the help of the previous sections.

Derivation of (5.72)

Integrating the equation (5.39) with respect to ¢ from —1 to 1, we have

: 52y

1

119 ( o (1)/)_;_2/ ~

77/ 50 (0'22 +10, ) d¢ + | o3yd¢ 31 +vy) 012 0.(0)dl =0, 5.77)
-1

-1 -1

rewriting the last equation back in form of original variables (i.e., (5.1) and (5.2)), one obtain

h h 1

R 1 (90'22 1 1 / R f
— — — das — =0, 5.78
W ER ) a4 + nEo ) T4 T o p({) { 6t2 (5.78)

—h -h -1

On considering (5.76), the latter can be written as hence
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1
0T, No

o2 ——h/ () d @—o 5.79
aa p( §6t2 - Y ( )
-1

Derivation of (5.73)

Multiply equation (5.27) by ¢ and integrate with respect to  form —1 to 1, we have

1

/ LoD dg - / ol dz =0,

returning back to the original variables, we get

h h
R 1 0 1 1
e 4 das — das =0,
" E00602/022a3 as h ‘/0'32 as
~h —h
hence
oG
—22 _Ny=0. (5.80)
(9&’2

Derivation of (5.74)

Integrating the equation (5.40) with respect to ¢ from —1 to 1, we get

1

0 A
.
/ 32 07 + / n/ (o83 + 0y d{+/{ © d§+/033) dc

-1

2, (0)

2(1+v0)/ p(O)dl——5= =0, (581)

simplifying this relation, we get

2 (0)

o d W dg - d = 5.82
rewriting the last equation back in form of original variables, we get
5 h h 1 52
R 1 11 R V3
- das — —— dag - — d{—— =0, 5.83
7 Eon? 9y / oz das =4 g / op2das = pog /0(5) {50 (5.83)
~h - -1
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hence

%___h

6t2

Derivation of (5.75)

Multiply equation (5.28) by ¢ and integrate with respect to ¢ from —1 to 1, we have

1 1

/ o0 dg + / (oY dz =0,

-1 -1

for evaluation of the first integral of this equation, we use (5.56), that is

) d E(Z)dd—//ZE(Z)ddP
/“33 4 (E* // =) -2 U
By change of a variable, we reduce the double integral to a single one as

1

-1

Py,

(U)d _ 8;2 ex
O35 dg = o T2
0

by using this equation in (5.85), we get

8*2 ©
(8* - )P +/4022>dg 0.

Next, returning back to the original coordinates, we have

%_R(?Zv;g 1 6_%_
6a2 aag E(] 80

G can be written as

h

1
+ d¢ =0,
hQEon/CY?,O'zz 4
“h

92

1
J e (8*/(“ O e [ e (fg)dZ)Pl'

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)



Gy =h® (5.91)

E1-€o€x 0 (dvs vy
80 (9(12 6a2 R '

In conclusion, remark that for a homogeneous cylinder the formulae in this section coincide with

those within the traditional semi-membrane shell theory adopted for plane strain [14].

5.7. Numerical Examples

First, we present two examples related to two special types of Young’s modulus variable. For
the sake of simplicity, density and Poisson’s ratio are assumed to be uniform across the thickness.
We restrict ourselves to the squared natural frequencies of the FGM cylinder § normalized by
qu denoting those of a homogeneous cylinder of the same size characterized by the material

parameters Eg, pg and vg, see [14, 44]. In this case,

QQ gxrex _ 8*2
6= — =3(1-y3)22 1 5.92
gz =R (5:92)
where
2 n?(1 —n?)?
Q2 = 5.93
H ™ 3(1-vy) 1+n2 (5.93)
First, consider the Young’s modulus given by
E(as3) = Eo(1 +asin (Bas/h)), |a| <1 (5.94)
Inserting (5.94) into (5.92) and taking into account (5.52) and (5.66),
6:1_3(12(/3008,8—5111,8)2, (5.95)

:34

Figure (5.2) displays the normalized squared frequencies ¢ against a for several values of 8. The

variation of ¢ against S is presented in figure (5.3).

It can easily be verified that 6 given by (5.92) does not depend on the Poisson’s ratio and
density, see (5.52) and (5.66). The derivation from the § = 1 corresponding to a homogeneous
cylinder, illustrates the effect of FGM. Figures (5.3) and (5.4) show that the natural frequencies
may both decrease or stay the same within the considered parameter range.

Formula (5.92) is also valid for layered cylinders with piecewise uniform Young’s modulus.
As an example, consider a three -layered cylinder with the outer layers having the same material

properties and thicknesses. In this case
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Figure 5.2. The ratio 6 against « for several values of B.
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Figure 5.3. The ratio ¢ against B for several values of .

Eog, —hi <az3<h
E(as) = (5.96)

Ei, -h<az3<-hy, hh <az<h

where E( and E; are the Young’s modulus of the inner and outer layers, respectively, and 4, is the

half thickness of the inner layer.

once again, inserting (5.96) into (5.92), we obtain

§=hd+E.(1-hd), (5.97)

where h, = hi/h and E, = E1/Ey. The numerical results are given in figures (5.4) and (5.5)

adapting the similar layout for illustrating two parametric formulae as in previous two figures above
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with the exception of an expected increase in natural frequencies for a stiffer cylinder displayed in

figure (5.5).

0.8

0.6

0.4

0.0 02 04 06 0.8 1.0
h.

Figure 5.4. The nondimensional frequency (5.92) against h. for several values of E.
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[ — h=1
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i . . . . i . . . . i
0.5 1.0 1.5

Figure 5.5. The nondimensional frequency (5.92) against E, for several values of h..

The proposed asymptotic formula is also tested against the results in [54] obtained using
the full Kirchhoff-Love theory adopted for an FGM cylindrical shell. The FGM is assumed to be
composed of two constituent materials with Young’s modulus, Poisson’s ratio and mass density

expressed, respectively, as

1 p
E = (Eousr — Ein) ( ) + Ein, (5.98)
p

{+
2
+1

V= (Vout - Vin) (gT) + Vin (5.99)
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and

+1\?
pP= (pout - pin) ({T) + Pin> (5.100)

where p is a non-negative real number denoting the volume fraction exponent, see [54], and also
[36]; =1 < ¢ < 1 as above. The values of the natural frequencies y = Qcqo/(27R)(Hz) versus
the circumferential wavenumber n are presented in Table 1. The data in the second and fourth
columns in the table correspond to formula (31) in [54] using the constants C;;,i,j = 1,2 and 6
defined in the Appendix of the mentioned reference at m = 0 associated with plane strain. The
results in the third and fifth columns in the table are calculated from formula (5.68) evaluating

numerically integrals (5.52) and (5.66) with R = poR, and &, = E¢€,, n=1,2,... and ¢y =

\/Eo/ (2(1 + vg)po). The material properties of the cylinder vary from Nickel at the inner surface
¢ = -1 with Ej, = 223.95 x 10°N/m?, vi, = 0.31 and p;,, = 8900kg/m? to stainless steel at
the outer surface ¢ = 1 with E,,,; = 201.04 x 10°N/m?, vou; = 0.3262 and p,,; = 8166kg/m3.
The half-thickness is # = 0.001m and the radius is R = 1m. Excellent agreement with the results
for the Kirchhoff-Love theory suggests that the latter may be substituted by the derived shortened
asymptotic formulation oriented to the low-frequency range.

Table 5.1. Variation of fundamental natural frequency y(Hz) versus the wavenumber n for h/R =

0.002 withm =0

n P=1 P=15
Ref. [54] Current Ref. [54] Current

2 1.29727 129724 1.29534  1.29533
3 3.66925 3.66915 3.66378  3.66375
4 7.03548 7.03527 7.02499  7.02492
S 113779 113775  11.3609 11.3608
6 16.6911 16.6906 16.6662 16.6661
7 229732 229725 229389  22.9387
8 30.2233  30.2223  30.1782  30.1779
9 384408 38.4397 38.3835 38.3831
10 47.6258 47.6243  47.5547  47.5542
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6. CONCLUSSIONS

In any asymptotic analysis, the problem is normalized, i.e., defined in terms of dimensionless
variables whose typical scale is of the order of one, and the relative magnitude of different physical
effects is measured by dimensionless parameters and non-dimensional groups [4].

In this thesis, first the related problem is normalized, then the 1D equation of motion is
derived from reduced 2D equations of motion starting from 3D equations for a transverse cross-
section (annulus) of both homogeneous and FGM thin elastic circular cylindrical shells within
a plane strain framework. Mechanical parameters are assumed to be constant for homogeneous
problems and vary along a thickness coordinate in FGM. Also, the consistent 1D equation of
motion is derived from full 3D equations of motion for a homogeneous, thin, elastic cylindrical
shell. These 1D equations of motion govern the vibration of a cylindrical shell. In order to obtain
the expected results, we assumed the deformations to be inextensible, which means that any line
drawn on the mid-surface remains unchanged during vibrations of minor amplitude. Stretching
of the shell is ignored, while bending is accepted. The inextensible conditions are written in the
form of formulae in each chapter. Let’s wrap up each chapter separately so that we have a better

understanding of it.

In Chapter 3, low-frequency vibrations of a thin elastic annulus are considered. The reduced
2D equations of motion are subjected to asymptotic treatment for leading and next-order (second-
order) approximations. All the dimensionless stresses and displacements are expanded into an
asymptotic series expressed in terms of relative thickness. The relative thickness of the annulus is
assumed to be small. The leading-order low-frequency approximations correspond to the so-called
semi-membrane theory of shells. The derived next-order low-frequency approximation to the
original 2D equations has never been deducted from full equations in linear elasticity. We dealt
with the low-frequency vibrations of an elastic annulus with traction-free inner and outer contours,
and the obtained results may also be generalized to the loaded inner and outer contours of the
annulus.

As aresult of the asymptotic treatment of plane strain equations, a 1D refined low-frequency model
for a thin annulus with frequencies of the order of relative thickness is obtained. These frequencies
are also the cutoffs for a thin cylindrical shell. The investigated problem may be treated as a plane
strain problem for a cylindrical shell. The presented analysis is a significant preliminary step for
developing 2D asymptotic equations for a cylindrical shell, starting from 3D elasticity. Neither
leading-order nor next-order natural frequencies are identical to the formula expressed in [44].

Finally, the asymptotic technique adapted in the study is not restricted to a circular cylinder; it can
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be applied to non-circular cylindrical shells.

In Chapter 4, a novel special scaling is introduced for the first time, in order to derive an
asymptotically consistent 1D equation for a cylindrical shell from a 3D framework. Comparisons
with previous results obtained using the popular 2D Sanders-Koiter shell theory [44] is presented,
where in [44] the equations of motion are derived using a straightforward asymptotic procedure
in the framework of the Sanders-Koiter version of 2D shell theory. Asymptotic corrections are
deduced for the fourth-order equation of low-frequency motion and some other relations. Most
of the coeflicients in the established low-frequency equation are identical to their counterparts in
[44]. The essential correction to the leading order estimation for the cut-off frequency, which
coincides with that obtained in [9, 14] from the related plane strain problem, is the exception.
At the same time, the leading-order expressions for the mid-surface circumferential extension
and the tangential shear stress resultants are different from those in [44], whereas the tangential
normal stress resultants and mid-plane shear deformation are the same. The established asymptotic
formulation is also valid over a broader parameter range.

In Chapter 5, low-frequency vibration of a thin-walled functionally graded cylinder is
considered within the plane strain framework. The procedure of attaining a new asymptotically
consistent approximate equation of motion on the mid-surface from dynamic equations subject
to asymptotic analysis over a cylinder cross-section is very similar to that of homogenization
techniques generalized to thin structures. The derived 1D equation governs the low-frequency
motion of a thin-walled FGM cylinder under plane strain conditions. The governing equations for
stress resultants and stress couples are also presented.

The squared natural frequencies of the FGM cylinder, which are generated from the 1D equation
and govern low-frequency plane strain motion in a thin-walled FGM cylinder, are normalized by a
natural frequency, those of a homogeneous cylinder. This normalized equation does not depend on
the Poisson’s ratio and density. This means that these parameters are uniform across the thickness.
The predictions by the useful asymptotic formula for natural frequencies derived from 1D refined
equations are in excellent agreement with the calculations according to the setup developed in
[36, 54] on the basis of Kirchhoff-Love theory. The elegant formula for natural frequencies
obtained is tested by comparison with numerical data in [54]. The results obtained here have
the potential to be implemented for the interpretation of numerical and experimental data. The
obtained results may be extended to the derivation of higher-order low-frequency approximations

for a 2D plane strain problem as well as to a full 3D problem for an FGM cylinder.

The proposed asymptotic formulation may be generalized to an FGM cylindrical shell within
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a 3D framework, and the established approach is also valid over a broader parameter range. Also,
it exhibits that this asymptotic treatment is not limited to cylindrical shells only, which means that

it may be applied to non-cylindrical shells.
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