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ABSTRACT 

 

 TENSEGRITY STRUCTURES WITH EMBEDDED INERTIAL 

AMPLIFICATION MECHANISMS 

 

In this thesis, novel tensegrity structures with embedded inertial amplification 

mechanisms are designed to obtain wide and deep low frequency band gaps. Two different 

lever type tensegrity structures (LTTSs) are introduced, which has one lever or two levers in 

their unit cells. Analytical models of these two types of LTTSs are obtained. Vibration 

isolation performance of these unit cells is determined and compared with the band structure 

of one-dimensional periodic systems that use these unit cells. Parametric studies are 

conducted to see how the system parameters affect the resonance and antiresonance 

frequencies of the one lever and two lever LTTSs. One lever LTTS shows low-pass filter 

type response whereas two lever LTTS can show low pass or band stop filter type response 

depending on the system parameters. To achieve effective vibration isolation at low 

frequencies, band gap should be as wide as possible. Moreover, to achieve high level of 

attenuation within the band gap, imaginary part of the wave vector should be as deep as 

possible. To achieve wide and deep band gaps, optimization study is performed via genetic 

algorithm. Prototype of the two lever LTTS having optimized parameters is manufactured. 

It is shown that analytical and experimental frequency responses are compatible.  
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ÖZET 

 

ATALET ARTIRIM MEKANİZMALI GERİLİM YAPILARI 

 

Bu tezde, düşük frekanslarda geniş ve derin bant aralıkları elde etmek için atalet artırım 

mekanizmalarına sahip yeni gerilim yapıları tasarlanmıştır. Birim hücrelerinde bir kaldıraç 

veya iki kaldıraç bulunan iki farklı kaldıraç tipi gerilim yapısı (LTTS) tanıtılmıştır. Bu iki 

tip LTTS'nin analitik modelleri elde edilmiştir. Bu birim hücrelerinin titreşim yalıtım 

performansı belirlenmiştir ve bu birim hücreleri kullanan tek boyutlu periyodik sistemlerin 

bant yapısı ile karşılaştırılmıştır. Sistem parametrelerinin tek kaldıraçlı ve iki kaldıraçlı 

LTTS'lerdeki rezonans ve antirezonans frekanslarını nasıl etkilediğini görmek için 

parametrik çalışmalar yürütülmüştür. Tek kaldıraçlı LTTS, düşük frekansları geçiren filtre 

tipi tepki gösterirken, iki kaldıraçlı LTTS, sistem parametrelerine bağlı olarak düşük 

frekansları geçiren veya bant durduran filtre tipi tepki gösterebilir. Düşük frekanslarda etkili 

titreşim yalıtımı elde etmek için bant aralığı mümkün olduğunca geniş olmalıdır. Ayrıca, 

bant aralığında titreşim seviyesini yüksek düzeyde azaltmak için dalga vektörünün sanal 

kısmı mümkün olduğunca derin olmalıdır. Geniş ve derin bant aralıklarına ulaşmak için 

genetik algoritma ile eniyileme çalışması yapılmıştır. Eniyilenmiş parametrelere sahip iki 

kaldıraçlı LTTS'nin prototipi üretilmiştir. Analitik ve deneysel frekans tepkilerinin uyumlu 

olduğu gösterilmiştir. 
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1.   INTRODUCTION 

This thesis is about applying inertial amplification method that is used for phononic 

band gap generation to tensegrity structures. Initially, three widely used methods for 

phononic band gap generation namely Bragg scattering [1-4], local resonance [5-9] and 

inertial amplification [10-19] are compared according to obtaining large bandgaps at desired 

frequency ranges.  

Phononic band gaps, also known as band gaps for elastic waves, are regions of 

frequency where wave propagation is prevented in periodic media. They have attracted 

significant attention in recent years due to their potential for use in a variety of applications 

such as sound insulation [20-23], vibration control [24-30], and energy harvesting [31,32]. 

Several methods have been proposed for creating phononic band gaps in periodic media, 

including Bragg scattering, local resonance and inertial amplification. 

Bragg scattering is a method that utilizes the periodicity of the structure to scatter 

waves at certain frequencies, known as Bragg frequencies. The scattered waves interfere 

destructively, resulting in a band gap at the Bragg frequency. This method is based on the 

constructive and destructive interference of waves scattered by a periodic array of scatterers. 

The lowest frequency gap due to Bragg scattering is of the order of the wave speed 

(longitudinal or transverse) of the medium divided by the lattice constant [33-35]. Therefore, 

low wave speeds or large lattice constants are needed to get low frequency Bragg gap. In 

this method, heavy, low stiffness and large sized structures are required, which is not 

practical and desired.  

Local resonance is a method that utilizes the resonant behavior of a periodic structure 

to create a band gap. In this method, the resonance of the structure is tuned to a specific 

frequency, resulting in a band gap at that frequency. This method is based on the 

enhancement of the natural frequency of the structure by introducing resonant elements. 

Band gaps can be obtained at frequencies lower than Bragg Scattering via using local 

resonators [8], [34-39]. But, heavy resonators are required in order to acquire large gaps at 

low frequencies.     
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Inertial amplification is a method that utilizes inertial amplification mechanisms to 

increase the effective inertia of the unit cell. Hence, the dynamic mass of a structure when 

subject to excitations can be much larger than its static mass. Due to increased effective 

inertia, band gaps at low frequencies can be obtained [40-44]. The inertial amplification 

method solves deficiencies of the previous methods. Thus, wide band gaps at low 

frequencies are obtained. 

Inertial amplification method has been applied to 1D, 2D and 3D periodic solid 

structures [45-47]. This study focuses on the use of inertial amplification for creating 

phononic band gaps in tensegrity structures. Tensegrity structures, which are composed of a 

combination of tensile and compressive elements, have gained significant attention in recent 

years due to their unique mechanical properties and potential for use in a variety of 

applications such as architectural [48-50], aerospace [51,52], and mechanical engineering 

[48], [53,54]. The combination of tensile and compressive elements in these structures 

results in a lightweight design. The tensile elements can only carry tensile load as they can 

be in the form of wire rope, string or chain. One of the challenges with these structures is 

their relatively low stiffness and strength when compared to traditional structures made of 

elements that can support both tension, compression and bending loads. By utilizing inertial 

amplification to create phononic band gaps in tensegrity structures, it is expected that the 

low frequency excitations can be mitigated with the use of lightweight elements. The study 

focuses on the design, analysis, and experimentation of tensegrity structures utilizing inertial 

amplification, with the goal of developing a new design approach for tensegrity structures. 

This work includes the development of design guidelines for incorporating inertial amplifiers 

into tensegrity structures, the numerical analysis of the dynamic response of tensegrity 

structures with inertial amplifiers, and the experimentation of tensegrity structures with 

inertial amplifiers. The main outcome of this research is the development of a new design 

approach for tensegrity structures that utilizes inertial amplification, which results in 

structures with improved vibration characteristics. This study provides potential applications 

in various fields such as architecture, aerospace and mechanical engineering. 
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1.1. Literature Review 

This research is about using inertial amplification method on tensegrity structures. 

Firstly, inertial amplification method will be explained. 

The effects of inertial amplification can be shown via comparison between results of 

inertial amplification and well-known Dynamic Vibration Absorber (DVA) [55-59]. In [55], 

SDOF systems equipped with DVA and different lever types of inertial amplification 

mechanisms are used for vibration isolation [55].  

According to [55], there are two types of lever type anti-resonant vibration isolators 

such as Type 1 and Type 2 based on the location of pivot point according to load and isolator 

mass. For Type 1 isolator, the location of pivot point connected to base is between load and 

isolator. On the other hand, for Type 2 isolator, the location of pivot point connected to load 

is between base and isolator [55]. In other words, the isolator mass movement is greater in 

Type 2 than in Type 1 with same load mass movement. However, in both cases, effective 

inertia of the isolator mass is amplified due to the lever.  

Bandwidth values of these three models are different from each other. As explained in 

[55], when a low frequency isolation is sought after with small mass, bandwidth of a Type 

2 isolator can be approximately 4 times that of a Type 1 isolator and approximately 16 times 

that of a DVA, with the same parameters. Hence, lever type inertially amplified vibration 

isolators offer a much better performance compared to DVA at low frequencies. 

 In order to create a phononic bandgap in a periodic structure, there are two widely 

known methods which are Bragg scattering [1-4] and local resonance [5-9], [40]. Inertial 

amplification method [10-19] is a new alternative method in this field. The advantages of 

inertial amplification method as against the other two methods are indicated in [17], [40,41], 

[60,61]. 

In [40,41], bridge type amplification mechanisms are used instead of lever type 

amplification mechanisms (Type 1 and Type 2 in [55]). Nevertheless, all these designs utilize 

the concept of inertial amplification to achieve low frequency vibration isolation. 
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Comparison between Bragg Scattering, Local Resonance and Inertial Amplification is 

performed in [41]. Both of Local Resonance and Inertial Amplification have deep 

antiresonance notches but they are different according to energy localization. In local 

resonance model, energy is transmitted through the structure but energy is localized at the 

excitation source and does not propagate for the inertial amplification model [41]. 

Both of Bragg Scattering and Inertial Amplification are similar in terms of energy 

localization [41]. For both models, transmitted energy is decreased from input location to 

output location but decrease rate in inertial amplification model is much more than the Bragg 

scattering model. Moreover, depth of the band gaps in frequency response function plots are 

qualitatively different [41]. Due to inertial coupling in the inertially amplified model, 

antiresonance notch appears, which provides high level of attenuation. On the other hand, 

no such antiresonance effect occurs in the Bragg scattering model. 

Tensegrity structure is a type of structural system that integrates tension and 

compression elements to create a stable and rigid form. This concept was introduced by 

Buckminster Fuller in the 1940s and has since been developed by researchers in various 

fields such as architecture [48-50], engineering [48], [53,54] and robotics [62-68]. The 

combination of tension elements such as cables or strings and compression elements such as 

struts or columns results in a structure that is both strong and efficient. The tension elements 

prevent the structure from collapsing while the compression elements resist compression and 

prevent buckling, resulting in the forces being evenly distributed throughout the structure 

leading to its lightweight and efficient design. 

Tensegrity structures are popular in architecture for their strength and stability, with 

examples such as domes and bridges. They are able to distribute forces evenly throughout 

the structure, making them suitable for use in harsh conditions and heavy loads. Tension 

elements provide stability while compression elements provide rigidity. These structures are 

also known for their efficiency, as the tension elements are lightweight and require less 

material and energy to construct, making them a sustainable and environmentally friendly 

option for construction [69]. 
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Tensegrity structures are also popular for their aesthetic appeal [70,71]. The 

combination of tension and compression elements creates a visually dynamic structure, with 

the compression elements appearing to float and the tension elements that support them can 

be quite thin and almost invisible. This creates a memorable and visually stunning structure 

that can serve as a landmark for a community.  

However, designing and constructing tensegrity structures comes with some 

challenges. Ensuring the structure is stable and rigid is important as a small change in the 

position of one element can undermine its stability. Additionally, ensuring the balance 

between tension and compression elements is crucial as an imbalance can result in collapsing 

or buckling of the structure. Careful consideration and advanced computer simulations may 

be necessary to ensure the stability of the structure. Despite these challenges, tensegrity 

structures offer many advantages in architecture, making them a popular choice for those 

looking to create strong, efficient, and sustainable structures. 

Tensegrity structures are a topic of interest in the field of robotics due to their potential 

for use in the design of soft robots and bio-inspired robots [67]. Tensegrity robot structures 

can be used for space industry, for instance, The ReCTeR is utilized for NASA space 

mission. Soft robots are made of flexible materials, such as silicone or elastomers, and are 

designed to adapt to their environment and conform to objects in their path. Tensegrity 

structures are ideal for use in the design of soft robots as they provide support and stability 

while allowing for flexibility and adaptability. Research has demonstrated the potential 

benefits of using tensegrity structures in soft robots. For example, tensegrity structures can 

enhance the stability and robustness of soft robots, making them better suited for use in 

challenging environments. Additionally, tensegrity structures can increase the efficiency of 

soft robots, allowing them to perform tasks with greater ease and speed. Furthermore, 

tensegrity structure embedded torsional movement mechanisms can be used in robotics 

[72,73].  

Tensegrity structures are present in biological systems [74-78] such as cells and bones, 

where they provide stability, rigidity and distribute forces evenly. The structure is created 

by the arrangement of tension and compression elements, such as actin filaments, 
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microtubules, collagen fibers and mineralized hydroxyapatite, in a manner that creates a 

balance between stability and adaptability. Studies have shown that the mechanical 

properties of cells and tissues, including stiffness and elasticity, are influenced by the 

arrangement of tensegrity elements [79]. Microtubules and actin filaments of multicellular 

organism cell are represented by struts and pre-stretched cables of tensegrity structure 

respectively. 

In the design of bio-inspired robots, tensegrity structures mimic the mechanical 

properties of biological systems, including strength, stability, and flexibility. This makes 

them an ideal choice for engineers and scientists working in the field of robotics who are 

looking to create robots that are inspired by biological systems [80]. 

Tensegrity structure embedded torsional movement mechanisms [81-83] are used in 

[84, 85] for vibration isolation, in [86-89] for airplane wing design. 

For vibration isolation, 1D axial to rotary motion conversion mechanism which 

provides large rotational motion as a result of small axial movement is used in [84]. In this 

model, axial and torsional stiffnesses are not high and effective mass is amplified via large 

rotational movement, which provides a band gap at low frequencies [84].  

 

1.2. Motivation and Research 

Earlier studies show that inertial amplification method offers wider antiresonance 

notch compared to dynamic vibration absorbers [55]. Moreover, when lattice structures are 

investigated, inertial amplification provides wider band gap than the Bragg Scattering, Local 

Resonance methods [40,41]. Hence, inertial amplification method has a great potential in 

vibration isolation. 

Tensegrity structures have a wide range of usage including architecture and robotics. 

They include tension and compression elements such as cables and strings; struts and 



7 

 

columns, respectively. Tension elements are generally lightweight so that the overall 

tensegrity structure can be lightweight.   

In this thesis, inertial amplification is used on a tensegrity structure. Inertial 

amplification and tensegrity structure are two different topics and intersection of these is not 

common in the literature. There are some studies that exploit torsional motion of tensegrity 

structures to isolate longitudinal excitations [84-86]. In this thesis, a novel design will be 

introduced that does not rely on torsional motion.  

Tensegrity structures, with their lightweight and compact design, are cost-effective 

and easy to manufacture. This gives tensegrity structures with embedded inertial 

amplification mechanisms an advantage over existing inertial amplification structures in the 

literature. Moreover, the fact that an inertial amplification structure operating under tension 

has not yet been designed opens up new potential applications, such as tension systems that 

do not transmit vibrations.    

The main motivation for doing this research is creating a novel tensegrity structure 

design that has embedded inertial amplification mechanisms to isolate vibrations in a wide 

frequency range. 

This research includes four chapters which are introduction, analytical studies, 

experimental validation and conclusion. Firstly, brief information including definitions, 

literature review, motivation and outline of research is given in the introduction part. The 

second part is about analytical model that contains explanation of analytical equations and 

graphs, optimization of the analytical model to have a large frequency range of operation. 

The third part is about experimentation which includes prototyping stage and experimental 

results. Conclusion is fourth part of thesis, that includes the results of this thesis. 

 

  



8 

 

2.   ANALYTICAL STUDIES 

The core model of this thesis is a tensegrity structure with embedded inertial 

amplification mechanisms. Lever type inertial amplification mechanisms are used in the 

structure, so it is named as Lever Type Tensegrity Structure (LTTS). LTTS includes lever 

type beams, springs and tension elements. There are two types of LTTS in this research, 

which contain one or two levers in a unit cell. 

One lever LTTS involves two rigid beams of mass m that can only translate 

horizontally, one rigid lever of mass mi that can translate horizontally and rotate, two 

inextensible cables and one spring with stiffness k. The model is shown in Figure 2.1 

 

Figure 2.1. One lever LTTS. 

 

When the masses m are moved away from one another, the rigid lever with mass mi 

rotates (see in Figure 2.2(a)). Due to the presence of the spring, the masses can return to their 

original state when released. The relative motion (ui+1-ui) of the masses m, creates rotation 

(β) for the lever with mass mi. Assuming that l2 is small compared to l1 in Figure 2.2(b), large 

amount of rotation can be obtained from small relative motion between the masses m. In 

order to quantify the amplification in the system, lever ratio (α) is used: 

𝛼 =
𝑙1

𝑙2
. (2. 1) 
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Figure 2.2. (a) Detailed movement of one lever LTTS (b) Dimensions of the lever. 

 

To find the equation of motion of the structure, Lagrange’s method will be used. The 

Lagrangian (L) is equal to the difference between kinetic energy (T) and potential energy 

(V):

𝐿 = 𝑇 − 𝑉. (2. 2)  

Total kinetic energy includes translational kinetic energy of two beams at the ends and 

translational and rotational kinetic energy of the lever in the middle, which are shown below: 

𝑇 = 𝑇1𝑡𝑟𝑎 + 𝑇3𝑡𝑟𝑎 + 𝑇2𝑡𝑟𝑎 + 𝑇2𝑟𝑜𝑡, (2. 3) 

𝑇1𝑡𝑟𝑎 =
1

2
𝑚(𝑢̇𝑖)

2, (2. 4) 

𝑇3𝑡𝑟𝑎 =
1

2
𝑚(𝑢̇𝑖+1)2, (2. 5) 

𝑇2𝑡𝑟𝑎 =
1

2
𝑚𝑖 (𝑢̇𝑖 +

(𝑢̇𝑖+1 − 𝑢̇𝑖)𝛼

2
)

2

, (2. 6) 

𝑇2𝑟𝑜𝑡 =
1

24
𝑚𝑖(𝛼(𝑢̇𝑖+1 − 𝑢̇𝑖))

2
. (2. 7) 
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Total potential energy contains only the potential energy of the spring. Due to the 

arrangement of the cables, input displacements are amplified by α = l1/l2: 

𝑉 =
1

2
𝑘𝛼2(𝑢𝑖+1 − 𝑢𝑖)

2. (2. 8) 

The Lagrangian (L) is shown below according to total kinetic (Equation (2.3)) and 

potential (Equation (2.8)) energies: 

𝐿 =
1

2
𝑚((𝑢̇𝑖)

2 + (𝑢̇𝑖+1)2) +
1

2
𝑚𝑖(𝑢̇𝑖)2 +

1

6
𝑚𝑖𝛼

2(𝑢̇𝑖+1 − 𝑢̇𝑖)2

+
1

2
𝑚𝑖𝛼(𝑢̇𝑖(𝑢̇𝑖+1 − 𝑢̇𝑖)) −

1

2
𝑘𝛼2(𝑢𝑖+1 − 𝑢𝑖)2. (2. 9)

 

Equation of motion for this model is obtained by  

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑢̇𝑖+1
) −

𝜕𝐿

𝜕𝑢𝑖+1
= 0, (2. 10) 

(𝑚 +
𝑚𝑖𝛼

2

3
) 𝑢̈𝑖+1 + (

𝑚𝑖𝛼

2
−

𝑚𝑖𝛼
2

3
) 𝑢̈𝑖 + 𝑘𝛼2𝑢𝑖+1 − 𝑘𝛼2𝑢𝑖 = 0. (2. 11) 

The term that multiplies the second derivative of output displacement (𝑢̈𝑖+1) is the 

effective mass of one lever LTTS. Effective mass can be more than m+mi, if α is more than 

1.732, which indicates the presence of inertial amplification. 

According to Equation (2.11), the resonance (ωp) and antiresonance (ωz) frequencies 

can be obtained as 

𝜔𝑝 = √
𝑘𝛼2

𝑚 +
𝑚𝑖𝛼2

3

, (2. 12) 
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𝜔𝑧 = √
𝑘𝛼2

𝑚𝑖𝛼2

3 −
𝑚𝑖𝛼

2

. (2. 13) 

Considering the antiresonance frequency equation (Equation (2.13)), the denominator 

can be equal zero at α=1.5, implying that the antiresonance frequency approaches infinity, 

i.e., there is no antiresonance frequency.  

Transmissibility (TR(ω)) can be calculated as 

𝑇𝑅(𝜔) = ||
1 − (

𝜔
𝜔𝑧

)
2

1 − (
𝜔
𝜔𝑝

)
2|| , (2. 14) 

𝑇𝑅(𝜔) = |
𝑘𝛼2 + 𝜔2 (

𝑚𝑖𝛼
2 −

𝑚𝑖𝛼
2

3
)

𝑘𝛼2 − 𝜔2 (𝑚 +
𝑚𝑖𝛼

2

3
)

| . (2. 15) 

Transmissibility (TR(∞)) at large frequencies (ω >> ωp, ωz) can be found as 

𝑇𝑅(∞) = |

𝑚𝑖𝛼
2

3 −
𝑚𝑖𝛼

2

𝑚 +
𝑚𝑖𝛼2

3

| . (2. 16) 

For k=4 N/m, m=1kg, mi=1kg and α=4, transmissibility graph is shown in Figure 2.3. 
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Figure 2.3. Transmissibility graph of one lever LTTS for k=4 N/m, m=1kg, mi=1kg and 

α=4. 

 

Resonance frequency (ωp) and antiresonance frequency (ωz) are at 0.506 Hz and 0.697 

Hz, respectively and these values agree with Equations (2.12) and (2.13), respectively. 

Transmissibility (TR(∞)) at large frequencies (ω >> ωp, ωz) is calculated as 0.52 according 

to Equation (2.16), which also agrees with the graph in Figure 2.3. 

For the one lever LTTS, antiresonance frequency (ωz) is always higher than resonance 

frequency (ωp) because the denominator of antiresonance frequency equation (Equation 

(2.13)) is always less than the denominator of resonance frequency equation (Equation 

(2.12)) while the numerators of both equations are the same.  

The parameters (m, mi, k, α) affect the frequency response of the system. To examine 

the effect of these parameters, parametric study for each one is performed. 

First of all, one lever LTTSs having different spring constants (k=2N/m, 4N/m and 

8N/m) are compared. Spring constant does not change transmissibility at large frequencies 
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(ω >> ωp, ωz) as indicated in Figure 2.4, since the equation of the transmissibility at large 

frequencies (Equation (2.16)) does not include the k term. However, antiresonance (ωz) and 

resonance (ωp) frequencies increase as the spring constant (k) increases (see Figure 2.4). 

 

Figure 2.4. Transmissibility graph of one lever LTTS (m=1kg, mi=1kg, α=4) for k=2 N/m, 

4 N/m and 8 N/m. 

 

 

Figure 2.5. Transmissibility graph of one lever LTTS (k=4 N/m, m=1kg, mi=1kg) for α=2, 

4 and 8. 
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Secondly, one lever LTTSs having different α values (α=2, 4 and 8) are compared. As 

α increases, transmissibility at large frequencies (ω >> ωp, ωz) increases, which is shown in 

Figure 2.5. The effect of α on antiresonance and resonance frequencies are not the same. An 

increase in α rises resonance frequency but decreases antiresonance frequency as seen in 

Figure 2.5. 

When α = 1.5, antiresonance frequency of the one lever LTTS approaches infinity. In 

order to see the effect of varying α close to 1.5, Figure 2.6 can be investigated.  Notice that, 

when α is less than 1.5, there is no antiresonance frequency. However, α is larger than 1.5 

results in an antiresonance frequency. Moreover, when α decreases, resonance frequency of 

the system decreases, as well.   

 

Figure 2.6. Transmissibility graph of one lever LTTS (k=4 N/m, m=1kg, mi=1kg) for α=1, 

1.5 and 2. 

 

Then, one lever LTTSs having different m values (m=1kg, 3kg and 10kg) are 

compared. m does not change antiresonance frequency as indicated in Figure 2.7, since the 

equation of the antiresonance frequency (Equation (2.13)) does not include m term. 

However, resonance frequency increases as m increases, which is demonstrated in Figure 

2.7. m has inverse proportion with transmissibility at large frequencies, i.e., increasing m 

decreases transmissibility as seen in Figure 2.7.  
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Figure 2.7. Transmissibility graph of one lever LTTS (k=4 N/m, mi=1kg, α=4) for m=1kg, 

3kg and 10kg. 

 

Lastly, one lever LTTSs having different mi values (mi=0.1kg, 0.3kg and 1kg) are 

compared. Increasing the lever mass mi decreases both antiresonance and resonance 

frequencies. Moreover, this also increases transmissibility at large frequencies as depicted 

in Figure 2.8. 

 

Figure 2.8. Transmissibility graph of one lever LTTS (k=4 N/m, m=1kg, α=4) for 

mi=0.1kg, 0.3kg and 1kg. 
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For vibration isolation, a 1D periodic tensegrity structure that has a unit cell as the one 

lever LTTS is generated. The periodic structure can be seen in Figure 2.9(a) whereas the unit 

cell is depicted in Figure 2.9(b). 

 

Figure 2.9. (a) 1D periodic model of one lever LTTS (b) One lever LTTS unit cell.  

Equations of motion for the unit cell of one lever LTTS are expressed as 

M11𝑢̈𝑖 + M12𝑢̈𝑖+1 + 𝑘̂𝑢𝑖 − 𝑘̂𝑢𝑖+1 = 0, (2. 17) 

M21𝑢̈𝑖 + M22𝑢̈𝑖+1 − 𝑘̂𝑢𝑖 + 𝑘̂𝑢𝑖+1 = 0, (2. 18) 

M11 = 0.5𝑚 + 𝑚𝑖 − 𝑚𝑖𝛼 +
𝑚𝑖𝛼

2

3
, (2. 19) 

M12 = M21 =
𝑚𝑖𝛼

2
−

𝑚𝑖𝛼
2

3
, (2. 20) 

M22 = 0.5𝑚 +
𝑚𝑖𝛼

2

3
, (2. 21) 

𝑘̂ = 𝑘𝛼2. (2. 22) 
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Equations of motion can be written in matrix form by defining mass matrix M, 

stiffness matrix K, displacement vector u and acceleration vector 𝐮̈: 

𝐌𝐮̈ + 𝐊𝐮 = 𝟎, (2. 23) 

𝐌 = [
M11 M12

M21 M22
] , (2. 24) 

𝐊 = [ 𝑘̂ −𝑘̂
−𝑘̂ 𝑘̂

] , (2. 25) 

𝐮̈ = [
𝑢̈𝑖

𝑢̈𝑖+1
] , (2. 26) 

𝐮 = [
𝑢𝑖

𝑢𝑖+1
] . (2. 27) 

In order to obtain the equation of motion of the infinitely periodic structure, Bloch’s 

Theorem can be used: 

𝑢𝑖+1 = 𝑒𝑗𝛾𝑢𝑖 . (2. 28) 

Displacement vector u transforms displacement of the nodes in the Bloch reduced 

coordinate 𝑢̃ via the transformation matrix T: 

𝑢̃ = 𝑢𝑖 , (2. 29) 

𝐮 = 𝐓𝑢̃, (2. 30) 

𝐓 = [
1

𝑒𝑗𝛾] . (2. 31) 
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To obtain the dispersion curve, Bloch transformation can be applied. Moreover, 

dynamic stiffness matrix D is obtained as 

𝐃 ≡ 𝐊 − 𝜔2𝐌, (2. 32) 

𝐃 = [
    𝑘̂ − 𝜔2M11 −𝑘̂ − 𝜔2M12

−𝑘̂ − 𝜔2M21    𝑘̂ − 𝜔2M22

] . (2. 33) 

Transformed dynamic stiffness matrix 𝐃̃ is acquired by multiplying TH (Hermitian 

transpose of transformation matrix), D and T: 

𝐃̃ = 𝐓H𝐃𝐓, (2. 34) 

𝐃̃ = [1 𝑒−𝑗𝛾] [
    𝑘̂ − 𝜔2M11 −𝑘̂ − 𝜔2M12

−𝑘̂ − 𝜔2M21    𝑘̂ − 𝜔2M22

] [
1

𝑒𝑗𝛾] , (2. 35) 

𝐃̃ = 2𝑘̂ − 𝜔2(M11 + M22) − (𝑘̂ + 𝜔2M12)(𝑒𝑗𝛾 + 𝑒−𝑗𝛾). (2. 36) 

Exponential terms are eliminated and converted to trigonometric terms by using 

Euler’s identity: 

𝑒𝑗𝛾 = cos 𝛾 + 𝑗 sin 𝛾 , (2. 37) 

𝑒−𝑗𝛾 = cos 𝛾 − 𝑗 sin 𝛾 , (2. 38) 

𝐃̃(𝛾, 𝜔)𝑢̃ = 0. (2. 39) 

The equation that is obtained from Bloch Transformation becomes an eigenvalue 

problem for a harmonic free wave motion. According to this equation, 𝛾(wave number) can 

be solved as 
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𝑐𝑜𝑠𝛾 =
2𝑘𝛼2 − 𝜔2 (𝑚 + 𝑚𝑖 − 𝑚𝑖𝛼 +

2𝑚𝑖𝛼2

3
)

2𝑘𝛼2 + 𝜔2 (𝑚𝑖𝛼 −
2𝑚𝑖𝛼2

3
)

. (2. 40) 

 

Figure 2.10. Complex band structure of the 1D periodic model generated by unit cell of 

one lever LTTS for k=4 N/m, m=1kg, mi=1kg and α=4 (a) Real wave vector (b) Absolute 

value of imaginary wave vector. 

 

According to Equation (2.40), complex band structure graphs can be obtained. For k=4 

N/m, m=1kg, mi=1kg and α=4, wave vector graphs with respect to frequency (Hz) are 

obtained, which are indicated in Figure 2.10. 

Band gap starting frequency of lattice structure is 0.65 Hz (see Figure 2.10(a)), which 

is slightly lower than the notch frequency at 0.697 Hz (see Figure 2.10(b)). The notch 

frequency in Figure 2.10(b) is equal to the antiresonance frequency of the one lever LTTS 

in Figure 2.3. The notch in the imaginary part of the wave vector is due to the inertial 

coupling effect. Above the notch frequency, imaginary wave vector value converges to a 

constant value as frequency goes to infinity, which is shown in Figure 2.10(b). Imaginary 

part of the wave vector is related to attenuation and higher attenuation signifies a deeper 

band gap in a finite periodic system. Moreover, to obtain a wide low frequency band gap, 

band gap starting frequency should be as low as possible. 
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The parameters (m, mi, k, α) influence the band gap starting frequency and band depth. 

To examine their effects, parametric studies are conducted for the periodic structure having 

one lever LTTS in its unit cell. 

First of all, one lever LTTSs having different spring constants (k=2N/m, 4N/m and 

8N/m) are compared. Spring constant does not alter band depth of the system which is related 

to the attenuation level when frequency goes to infinity as indicated in Figure 2.11. However, 

band gap starting frequency is raised by increasing stiffness value, which is undesirable to 

obtain a wide band gap at low frequencies. 

 

Figure 2.11. Complex band structure of the 1D periodic model generated by unit cell of 

one lever LTTS (m=1kg, mi=1kg and α=4) for k=2 N/m, 4 N/m and 8 N/m (a) Real wave 

vector (b) Absolute value of imaginary wave vector. 

 

Secondly, one lever LTTSs having different α values (α=2, 4 and 8) are compared. 

When α increases, band gap starting frequency and band depth decrease, which is shown in 

Figure 2.12. Decrease in band gap starting frequency is desirable but decrease in band depth 

is not desirable to get a wide and deep band gap at low frequencies resulting in a trade-off. 
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Figure 2.12. Complex band structure of the 1D periodic model generated by unit cell of 

one lever LTTS (k=4N/m, m=1kg and mi=1kg) for α=2, 4 and 8 (a) Real wave vector (b) 

Absolute value of imaginary wave vector. 

 

When α = 1.5, notch frequency of the one lever LTTS approaches infinity. In order to 

see the effect of varying α close to 1.5, Figure 2.13 can be investigated.  Notice that, when 

α is less than 1.5, there is no notch frequency in the imaginary part of the wave vector. 

Moreover, when α is smaller than 1.5, band gap starting frequency decreases, as well.   

 

Figure 2.13. Complex band structure of the 1D periodic model generated by unit cell of 

one lever LTTS (k=4N/m, m=1kg and mi=1kg) for α=1, 1.5 and 2 (a) Real wave vector (b) 

Absolute value of imaginary wave vector. 
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Figure 2.14. Complex band structure of the 1D periodic model generated by unit cell of 

one lever LTTS (k=4N/m, mi=1kg and α=4) for m=1kg, 3kg and 10kg (a) Real wave vector 

(b) Absolute value of imaginary wave vector. 

 

Then, one lever LTTS having different m values (m=1kg, 3kg and 10kg) are compared. 

m does not alter the notch frequency in the imaginary part of the wave vector as seen in 

Figure 2.14(b). However, higher attenuation and lower band gap starting frequency are 

obtained when m is increased.  

Lastly, one lever LTTSs having different mi values (mi=0.1kg, 0.3kg and 1kg) are 

compared. An increase in the lever mass mi decreases band gap starting frequency, which is 

desirable to obtain a wide low-frequency band gap. However, band depth diminishes by 

increasing mi as demonstrated in Figure 2.15(b).  

 

Figure 2.15. Complex band structure of the 1D periodic model generated by unit cell of 

one lever LTTS (k=4N/m, m=1kg and α=4) for mi=0.1kg, 0.3kg and 1kg (a) Real wave 

vector (b) Absolute value of imaginary wave vector. 
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Two lever LTTS involves two rigid beams of mass m that can only translate along the 

horizontal axis, two rigid levers of mass mi1 and mi2 that can translate and rotate, three 

inextensible cables and two springs with stiffnesses k1 and k2. The model can be seen in 

Figure 2.16(a). 

 

Figure 2.16 (a) Two lever LTTS (b) Lever dimensions. 

 

When the masses m are moved away from one another, the rigid levers with masses 

mi1 and mi2 rotate (see in Figure 2.17). Due to the presence of the springs, the system can 

return to its original state when released. The relative motion (ui+1-ui-1) of the masses m, 

creates rotation for the levers with masses mi1 and mi2. Assuming that l12 and l22 are small 

compared to l11 and l21 respectively, which are shown in Figure 2.16(b), a large amount of 

rotation can be obtained from small relative motion between the masses m. In order to 

quantify the amplification in the system, lever ratios (α1 and α2) are used: 

𝛼1 =
𝑙11

𝑙12
, (2. 41) 

𝛼2 =
𝑙21

𝑙22
. (2. 42) 
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Figure 2.17 Detailed movement of two lever LTTS. 

 

Equations of motion for the two lever LTTS are shown below: 

M̅11𝑢̈𝑖 + M̅12𝑢̈𝑖+1 + (𝑘̂1 + 𝑘̂2)𝑢𝑖 − 𝑘̂2𝑢𝑖+1 = 𝑚̅𝑖𝑢̈𝑖−1 + 𝑘̂1𝑢𝑖−1, (2. 43) 

M̅11𝑢̈𝑖 + M̅22𝑢̈𝑖+1 − 𝑘̂2𝑢𝑖 + 𝑘̂2𝑢𝑖+1 = 0, (2. 44) 

M̅11 =
𝑚𝑖1𝛼1

2

3
+

𝑚𝑖2𝛼2
2

3
, (2. 45) 

M̅12 = M̅21 =
𝑚𝑖2𝛼2

2
−

𝑚𝑖2𝛼2
2

3
, (2. 46) 

M̅22 = 𝑚 + 𝑚𝑖2 − 𝑚𝑖2𝛼2 +
𝑚𝑖2𝛼2

2

3
, (2. 47) 

𝑚̅𝑖 =
𝑚𝑖1𝛼1

2

3
−

𝑚𝑖1𝛼1

2
, (2. 48) 

𝑘̂1 = 𝑘1𝛼1
2, (2. 49) 

𝑘̂2 = 𝑘2𝛼2
2. (2. 50) 
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Equations of motion can be written in matrix form considering input displacement (ui-

1) and output displacements (ui and ui+1): 

𝐌𝐎𝐮̈𝐎 + 𝐊𝐎𝐮𝐎 = 𝐦𝐈𝑢̈𝐼 + 𝐤𝐈𝑢𝐼 , (2. 51) 

𝐌𝐎 = [
M̅11 M̅12

M̅21 M̅22

] , (2. 52) 

𝐊𝐎 = [
𝑘̂1 + 𝑘̂2 −𝑘̂2

−𝑘̂2    𝑘̂2

] , (2. 53) 

𝐦𝐈 = [
𝑚̅𝑖

0
] , (2. 54) 

𝐤𝐈 = [𝑘̂1

0
] , (2. 55) 

𝐮̈𝐎 = [
𝑢̈𝑖

𝑢̈𝑖+1
] , (2. 56) 

𝐮𝐎 = [
𝑢𝑖

𝑢𝑖+1
] , (2. 57) 

𝑢̈𝐼 = 𝑢̈𝑖−1, (2. 58) 

𝑢𝐼 = 𝑢𝑖−1. (2. 59) 

Dynamic stiffness matrix of output (A) and input (b) can be obtained by assuming 

harmonic waves: 

𝐀 ≡ 𝐊𝐎 − 𝜔2𝐌𝐎, (2. 60) 

𝐛 ≡ 𝐤𝐈 − 𝜔2𝐦𝐈. (2. 61) 
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After substituting A and b into Equation (2.51), new equations of motion are obtained 

as 

𝐀𝐮𝐎 = 𝐛𝑢𝐼 , (2. 62) 

𝐀 = [
𝑘̂1 + 𝑘̂2 − 𝜔2M̅11 −𝑘̂2 − 𝜔2M̅12

−𝑘̂2 − 𝜔2M̅21    𝑘̂2 − 𝜔2M̅22

] , (2. 63) 

𝐛 = [𝑘̂1 − 𝜔2𝑚̅𝑖

0
] . (2. 64) 

Transmissibility vector (TR) of this system is acquired by obtaining the ratio of output 

displacement to input displacement: 

𝑇𝑅 = [
𝑢𝑖 𝑢𝑖−1⁄

𝑢𝑖+1 𝑢𝑖−1⁄
] , (2. 65) 

𝑇𝑅 = 𝐀−1𝐛. (2. 66) 

In two lever LTTS, ui-1 is input displacement, ui and ui+1 are output displacements but 

ui is in the middle of the system and ui+1 is at the output boundary of the system, so 

transmissibility function is obtained by proportioning ui+1 and ui-1, which is the second row 

of transmissibility vector (TR). 

According to the second row of Equation (2.66), transmissibility graph can be 

obtained. Antiresonance and resonance frequency values are dependent on the system 

parameters, i.e., k1, k2, m, mi1, mi2, α1 and α2. The order of the antiresonance and resonance 

frequencies can be changed by varying the parameters. Although several other cases can be 

obtained, three different cases are shown, i.e., ωp1<ωp2<ωz1<ωz2, ωp1<ωp2<ωz1=ωz2 and 

ωp1<ωz1<ωz2<ωp2 depicted in Figure 2.18, Figure 2.19 and Figure 2.20, respectively. 
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Figure 2.18. Transmissibility graph of two lever LTTS for k1=8 N/m, k2=4 N/m m=1kg, 

mi1=0.5kg, mi2=0.5kg, α1=4 and α2=4. 

 

 

Figure 2.19. Transmissibility graph of two lever LTTS for k1=4 N/m, k2=4 N/m m=1kg, 

mi1=0.5kg, mi2=0.5kg, α1=4 and α2=4. 
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Figure 2.20. Transmissibility graph of two lever LTTS for k1=2 N/m, k2=4 N/m m=1kg, 

mi1=0.5kg, mi2=0.5kg, α1=4 and α2=8. 

 

For low-pass filter type response, cases in Figure 2.18, Figure 2.19 can be used. 

Moreover, for band-stop filter type response, case in Figure 2.20 can be utilized. To obtain 

a wide low frequency band gap, band-stop filter type system will be used.  

The parameters (m, k1, k2, mi1, mi2, α1, α2) affect the frequency response of the system. 

To examine the effect of these parameters, parametric study for each one is performed. 

Two lever LTTS having different m values (m=0.25kg, 0.5kg and 1kg) are compared. 

m does not change antiresonance frequencies (ωz1, ωz2) as seen in Figure 2.21. However, 

first and second resonance frequencies (ωp1, ωp2) decrease with increasing m value. 
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Figure 2.21. Transmissibility graph of two lever LTTS (k1=2 N/m, k2=4 N/m, mi1=0.5kg, 

mi2=0.5kg, α1=4 and α2=8) for m=0.25kg, 0.5kg and 1kg. 

 

Two lever LTTS having different masses of first lever (mi1=0.5kg, 0.75kg and 1kg) 

are compared. mi1 does not alter the second antiresonance (ωz2) and second resonance (ωp2) 

frequencies, which is depicted in Figure 2.22. Increase in mi1 causes decrease in the first 

resonance (ωp1) and first antiresonance (ωz1) frequencies, which is desirable to obtain wide 

low frequency band gap. However, attenuation level between the two antiresonance 

frequencies gets worse when the two antiresonance frequencies are further apart.  

 

Figure 2.22. Transmissibility graph of two lever LTTS (k1=2 N/m, k2=4 N/m, m=1kg, 

mi2=0.5kg, α1=4 and α2=8) for mi1=0.5kg, 0.75kg and 1kg. 
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Two lever LTTS having different masses of second lever (mi2=0.4kg, 0.5kg and 0.6kg) 

are compared. mi2 does not influence the first antiresonance (ωz1) and first resonance (ωp1) 

frequencies, which is indicated in Figure 2.23. Increase in mi2 decreases the second 

resonance (ωp2) and second antiresonance (ωz2) frequencies, which is undesirable to obtain 

a wide low frequency band gap. However, attenuation level between the two antiresonance 

frequencies improves when the two antiresonance frequencies are closer. 

 

Figure 2.23. Transmissibility graph of two lever (k1=2 N/m, k2=4 N/m, m=1kg, mi1=0.5kg, 

α1=4 and α2=8) for mi2=0.4kg, 0.5kg and 0.6kg. 

 

 

Figure 2.24. Transmissibility graph of two lever LTTS (k2=4 N/m, m=1kg, mi1=0.5kg, 

mi2=0.5kg, α1=4 and α2=8) for k1=1.5N/m, 2N/m and 2.5N/m. 



31 

 

Two lever LTTS having different stiffness of the first spring (k1=1.5N/m, 2N/m and 

2.5N/m) are compared. k1 does not change the second antiresonance (ωz2) and second 

resonance (ωp2) frequencies, which is depicted in Figure 2.24. However, the first 

antiresonance (ωz1) and first resonance (ωp1) frequencies raise by increasing the first spring 

constant (k1). 

Two lever LTTS having different stiffness of the second spring (k2=3N/m, 4N/m and 

5N/m) are compared. k2 does not influence the first antiresonance (ωz1) and first resonance 

(ωp1) frequencies, which is indicated in Figure 2.25. However, the second antiresonance 

(ωz2) and second resonance (ωp2) frequencies increase by increasing the second spring 

constant (k2). 

 

Figure 2.25. Transmissibility graph of two lever LTTS (k1=2 N/m, m=1kg, mi1=0.5kg, 

mi2=0.5kg, α1=4 and α2=8) for k1=3N/m, 4N/m and 5N/m. 

 

Two lever LTTS having different α1 values (α1=3, 4 and 5) are compared. α1 does not 

change the second antiresonance (ωz2) and second resonance (ωp2) frequencies, which is 

depicted in Figure 2.26. However, increase in α1 causes increase in the first resonance 

frequency (ωp1) and decrease in the first antiresonance frequency (ωz1). 
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Figure 2.26. Transmissibility graph of two lever LTTS (k1=2 N/m, k2=4 N/m m=1kg, 

mi1=0.5kg, mi2=0.5kg and α2=8) for α1=3, 4 and 5. 

 

Two lever LTTS having different α2 values (α2=8, 12 and 18) are compared. α2 does 

not influence the first antiresonance (ωz1) and first resonance (ωp1) frequencies, which is 

indicated in Figure 2.27. The second antiresonance (ωz2) and second resonance (ωp2) 

frequencies decrease with increasing α2. 

 

Figure 2.27. Transmissibility graph of two lever LTTS (k1=2 N/m, k2=4 N/m m=1kg, 

mi1=0.5kg, mi2=0.5kg and α1=4) for α2=8, 12 and 18. 
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The effect of each parameter (m, k1, k2, mi1, mi2, α1, α2) was examined one by one via 

parametric studies. To experience the total effect of all parameters, two models which are 

the first band-stop filter type model before parametric study shown in Figure 2.20 (m=1kg, 

mi1=0.5kg, mi2=0.5kg, k1=2 N/m, k2=4 N/m, α1=4, α2=8) and the model having the best 

parameter values in each parametric study (m=0.25kg, mi1=1kg, mi2=0.4kg, k1=1.5 N/m, k2=5 

N/m, α1=3, α2=8) are compared in Figure 2.28. The second model has higher second 

antiresonance (ωz2), resonance (ωp2) frequencies and lower first antiresonance (ωz1), 

resonance (ωp1) frequencies than the first one, which provides a wider stop band compared 

to the first model. However, the stop band is deeper in the first model. 

 

Figure 2.28. Transmissibility graph of two lever LTTS for m=1kg, mi1=0.5kg, mi2=0.5kg, 

k1=2 N/m, k2=4 N/m, α1=4, α2=8 and m=0.25kg, mi1=1kg, mi2=0.4kg, k1=1.5 N/m, k2=5 

N/m, α1=3, α2=8. 

 

In order to obtain a 1D lattice structure made of two lever LTTSs (Figure 2.29(a)), the 

unit cell in Figure 2.29(b) is used. Notice that lever dimensions are defined as in Figure 

2.16(b). 
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Figure 2.29 (a) 1D Periodic model of two lever LTTS (b) Two lever LTTS unit cell. 

 

Equations of motion containing 𝑘̂1(Equation (2.49)) and 𝑘̂2(Equation (2.50)) terms for 

the unit cell of two lever LTTS are expressed as 

M̿11𝑢̈𝑖−1 + M̿12𝑢̈𝑖 + 𝑘̂1𝑢𝑖−1 − 𝑘̂1𝑢𝑖 = 0, (2. 67) 

M̿21𝑢̈𝑖−1 + M̿22𝑢̈𝑖 + M̿23𝑢̈𝑖+1 − 𝑘̂1𝑢𝑖−1 + (𝑘̂1 + 𝑘̂2)𝑢𝑖 − 𝑘̂2𝑢𝑖+1 = 0, (2. 68) 

M̿32𝑢̈𝑖 + M̿33𝑢̈𝑖+1 − 𝑘̂2𝑢𝑖 + 𝑘̂2𝑢𝑖+1 = 0, (2. 69) 

M̿11 = 0.5𝑚 + 𝑚𝑖1 − 𝑚𝑖1𝛼1 +
𝑚𝑖1𝛼1

2

3
, (2. 70) 

M̿12 = M̿21 =
𝑚𝑖1𝛼1

2
−

𝑚𝑖1𝛼1
2

3
, (2. 71) 

M̿22 =
𝑚𝑖1𝛼1

2

3
+

𝑚𝑖2𝛼2
2

3
, (2. 72) 
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M̿23 = M̿32 =
𝑚𝑖2𝛼2

2
−

𝑚𝑖2𝛼2
2

3
, (2. 73) 

M̿33 = 0.5𝑚 + 𝑚𝑖2 − 𝑚𝑖2𝛼2 +
𝑚𝑖2𝛼2

2

3
. (2. 74) 

Equations of motion can be written in matrix form considering mass matrix 𝐌̿, 

stiffness matrix 𝐊̿, displacement vector u and acceleration vector 𝐮̈: 

𝐌̿𝐮̈ + 𝐊̿𝐮 = 0, (2. 75) 

𝐌̿ = [

M̿11 M̿12 0

M̿21 M̿22 M̿23

0 M̿32 M̿33

] , (2. 76) 

𝐊̿ = [

𝑘̂1 −𝑘̂1 0

−𝑘̂1 𝑘̂1 + 𝑘̂2 −𝑘̂2

0 −𝑘̂2 𝑘̂2

] , (2. 77) 

𝐮̈ = [

𝑢̈𝑖−1

𝑢̈𝑖

𝑢̈𝑖+1

] , (2. 78) 

𝐮 = [

𝑢𝑖−1

𝑢𝑖

𝑢𝑖+1

] . (2. 79) 

In order to obtain the equation of motion of the infinitely periodic structure, Bloch’s 

Theorem can be used: 

𝑢𝑖+1 = 𝑒𝑗𝛾𝑢𝑖−1. (2. 80) 

Displacement vector u transforms displacement of the nodes in the Bloch reduced 

coordinate 𝐮̃ via transformation matrix T: 
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𝐮̃ = [
𝑢𝑖−1

𝑢𝑖
] , (2. 81) 

𝐮 = 𝐓𝐮̃, (2. 82) 

𝐓 = [
1 0
0 1

𝑒𝑗𝛾 0
] . (2. 83) 

To obtain the dispersion curve, Bloch transformation is applied. Moreover, dynamic 

stiffness matrix D is obtained as 

𝐃 ≡ 𝐊 − 𝜔2𝐌, (2. 84) 

𝐃 = [

𝑘̂1 − 𝜔2M̿11 −𝑘̂1 − 𝜔2M̿12 0

−𝑘̂1 − 𝜔2M̿21 𝑘̂1 + 𝑘̂2 − 𝜔2M̿22 −𝑘̂2 − 𝜔2M̿23

0 −𝑘̂2 − 𝜔2M̿32 𝑘̂2 − 𝜔2M̿33

] . (2. 85) 

Transformed dynamic stiffness matrix 𝐃̃ is acquired by multiplying TH (Hermitian 

transpose of transformation matrix), D and T: 

𝐃̃ = 𝐓𝐇𝐃𝐓, (2. 86) 

𝐷̃ = [1 0 𝑒−𝑗𝛾

0 1 0
]

[

𝑘̂1 − 𝜔2M̿11 −𝑘̂1 − 𝜔2M̿12 0

−𝑘̂1 − 𝜔2M̿21 𝑘̂1 + 𝑘̂2 − 𝜔2M̿22 −𝑘̂2 − 𝜔2M̿23

0 −𝑘̂2 − 𝜔2M̿32 𝑘̂2 − 𝜔2M̿33

] [
1 0
0 1

𝑒𝑗𝛾 0
] . (2. 87)

 

The equation that is obtained from Bloch’s Transformation becomes an eigenvalue 

problem for a harmonic free wave motion: 

𝐃̃(𝛾, 𝜔)𝐮̃ = 0. (2. 88) 
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Dispersion curve of two lever LTTS can be obtained via solution of eigenvalue 

problem. According to Equation (2.88), complex band structure graphs can be obtained. For 

k1=4 N/m, k2=4 N/m, m=1kg, mi1=0.5kg, mi2=0.5kg, α1=4 and α2=4, wave vector graphs with 

respect to frequency (Hz) are obtained, which are indicated in Figure 2.30. Dispersion curve 

of low-pass filter type periodic structure (case in Figure 2.19) is obtained. 

 

Figure 2.30. Complex band structure of the 1D periodic model generated by unit cell of 

two lever LTTS for k1=4 N/m, k2=4 N/m, m=1kg, mi1=0.5kg, mi2=0.5kg, α1=4 and α2=4 (a) 

Real wave vector (b) Absolute value of imaginary wave vector.  

 

Band gap starting frequency of lattice structure is 0.78 Hz, which is lower than the 

notch frequency (0.98Hz) of the two lever LTTS. The notch in the imaginary part of the 

wave vector is due to the inertial coupling effect. Above the notch frequency, imaginary 

wave vector value converges to a constant value as frequency approaches infinity, which is 

shown in Figure 2.30(b). Imaginary part of the wave vector is related to attenuation and 

higher attenuation signifies a deeper band gap in a finite periodic system. Moreover, to obtain 

a wide low frequency band gap, band gap starting frequency should be as low as possible. 

In Figure 2.30, semi-infinite band gap is divided by flat branch at 0.98 Hz. However, 

there is an antiresonance notch generated by inertial amplification mechanism at that 

frequency, which is shown in Figure 2.19.  
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Figure 2.31. Complex band structure of the 1D periodic model generated by unit cell of 

two lever LTTS for m=0.25kg, mi1=1kg, mi2=0.4kg, k1=1.5 N/m, k2=5 N/m, α1=3, α2=8 (a) 

Real wave vector (b) Absolute value of imaginary wave vector. 

 

Dispersion curve of the band-stop filter type periodic structure (two lever LTTS with 

m=0.25kg, mi1=1kg, mi2=0.4kg, k1=1.5 N/m, k2=5 N/m, α1=3, α2=8 in Figure 2.28) is 

obtained in Figure 2.31. A wide band gap between 0.42 - 1.11 Hz is generated. In the real 

wave vector plot (seen in Figure 2.31(a)), there are two flat branches at 0.48 Hz and 1.08 

Hz, which divide the band gap. However, these branches are generated due to antiresonance 

notches at these frequencies, which are indicated in Figure 2.28. Therefore, the band gap 

between 0.42 - 1.11 Hz can be considered as a single band gap. 

 

Figure 2.32. Absolute value of imaginary wave vector of the 1D periodic model generated 

by unit cell of two lever LTTS for m=0.25kg, mi1=1kg, mi2=0.4kg, k1=1.5 N/m, k2=5 N/m, 

α1=3, α2=8. 
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 In Figure 2.32, the imaginary wave vector versus frequency is plotted by indicating 

the bandwidth (BW = 𝜔𝑢 −  𝜔𝑙) and band depth (BD). Band depth (BD) is quantified by the 

minimum attenuation level between the lower antiresonance frequency (𝜔𝑧1) and upper 

antiresonance frequency (𝜔𝑧2).  In Figure 2.33, the imaginary wave vectors are compared 

for the two cases in Figure 2.28. Notice that when the two antiresonance notches are further 

apart, the band gap is wider, however, depth of the band gap is reduced.  

 

Figure 2.33. Absolute value of imaginary wave vector of the 1D periodic model generated 

by unit cell of two lever LTTS for m=1kg, mi1=0.5kg, mi2=0.5kg, k1=2 N/m, k2=4 N/m, 

α1=4, α2=8 and m=0.25kg, mi1=1kg, mi2=0.4kg, k1=1.5 N/m, k2=5 N/m, α1=3, α2=8. 

 

To acquire a wide and deep band gap at low frequencies, optimization study is 

performed using the variables m, k1, k2, mi1, mi2, α1, α2. The objective function is to maximize 

the bandwidth (BW = 𝜔𝑢 −  𝜔𝑙) given the band depth (BD = 0.2, 0.4 or 0.6). Upper limit of 

the band gap is set as 𝜔𝑢=1 Hz. Hence, the aim is to minimize the lower limit of the band 

gap, i.e., 𝜔𝑙. The total stiffness of the unit cell is set as kt = 1 N/m. Moreover, total mass of 

the unit cell is set as mt = 1 kg. Consequently, the optimization study can be stated as 

  minimize 𝜔𝑙,                                                                                             (2. 89) 
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  subject to 𝐵𝐷 = 0.2, 0.4 or 0.6,                                                             (2. 90) 

    𝑚𝑡 = 𝑚 + 𝑚𝑖1 + 𝑚𝑖2,                                                         (2. 91) 

    
1

𝑘𝑡
=

1

𝑘1𝛼1
2 +

1

𝑘2𝛼2
2,                                                                (2. 92) 

    𝑚 ≥ 0, 𝑚𝑖1 ≥ 0,  𝑚𝑖2 ≥ 0,  𝑘1 ≥ 0,  𝑘2 ≥ 0,                 (2. 93) 

    𝛼1 ≥ 1, 𝛼2 ≥ 1.                                                                     (2. 94) 

Genetic algorithm is used to solve the optimization problem. Initial results show that 

𝜔𝑙 becomes minimum when m approaches zero and α1, α2 approach infinity. To obtain a 

realistic design, constant values are assigned to m (0.1kg) and α1, α2 (8).  

First of all, the effects of BD values (0.2, 0.4 and 0.6) on optimized results according 

to α1=α2=8 are examined. Dispersion curves of 1D periodic model with optimized 

parameters generated by the unit cell of two lever LTTS is indicated in Figure 2.34. Upper 

limit of the band gap are the same for all cases and equal to 1 Hz as seen in Figure 2.34(b). 

Lower limit of the band gap increases with increasing BD indicating that band gap gets 

narrower. 

 

Figure 2.34. Complex band structure of the 1D periodic model with optimized parameters 

generated by unit cell of two lever LTTS for BD = 0.2, 0.4 and 0.6 (a) Real wave vector (b) 

Absolute value of imaginary wave vector.   
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Transmissibility graph of two lever LTTS with optimized parameters is shown in 

Figure 2.35. As the band depth (BD) increases, the antiresonance frequencies get closer to 

each other, which decreases width of the band gap. 

 

Figure 2.35. Transmissibility graph of two lever LTTS with optimized parameters for BD = 

0.2, 0.4 and 0.6. 

 

 

Figure 2.36. Complex band structure of the 1D periodic model with optimized parameters 

generated by unit cell of two lever LTTS for α1=α2=5, 6.5 and 8 (a) Real wave vector (b) 

Absolute value of imaginary wave vector.  
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Secondly, the effects of α1 and α2 values (5, 6.5 and 8) on the optimization results 

according to BD = 0.2 are examined. While upper limit of the band gap is constant (1 Hz), 

lower limit decreases very slightly with increasing α1 and α2 values as seen in Figure 2.36. 

The effects of α1 and α2 values on the optimization results for different BD values are 

examined. As depicted in Figure 2.37, increase in α1 and α2 values decreases the lower limit 

of the band gap slightly yielding a little wider band gap. As α1 and α2 get larger, 

manufacturability of the optimum model can be difficult. Besides, there is very slight 

increase in the bandwidth.   

 

Figure 2.37. Change in the lower limit of the band gap (𝜔𝑙) due to change in α1 and α2 for 

BD = 0.2, 0.4 and 0.6  

 

For the manufacturing stage, an optimum design should be selected by considering a 

reasonable upper limit for the amplification ratios. Large α1 and α2 values provide slight 

benefit for obtaining a wide band gap, but realizing very high lever ratios may not be feasible. 

Therefore, α1 and α2 are selected as “5” for the prototype. As before, m is set as “0.1 kg” and 

band depth (BD) is selected as “0.2”. Optimized parameters according to these inputs are 

m=0.1kg, mi1=0.452kg, mi2=0.447kg, k1=0.040N/m, k2=4.091N/m, α1=5 and α2=5.  
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Dispersion curve of 1D periodic model of the optimum manufacturable design is 

indicated in Figure 2.38. The ratio of 𝜔𝑢/𝜔𝑙 is achieved as 10.7, which indicates a very wide 

band gap. The flat branches as seen in Figure 2.38(a) are generated because of antiresonance 

notches at these frequencies, so these two flat branches do not divide band gap.    

 

Figure 2.38. Complex band structure of the 1D periodic model with optimum design 

parameters generated by unit cell of two lever LTTS (m=0.1kg, mi1=0.452kg, mi2=0.447kg, 

k1=0.040N/m, k2=4.091N/m, α1=5 and α2=5) (a) Real wave vector (b) Absolute value of 

imaginary wave vector. 

 

Transmissibility graph of two lever LTTS with optimized parameters is indicated in 

Figure 2.39. 

 

Figure 2.39. Transmissibility graph of two lever LTTS with optimum design parameters 

(m=0.1kg, mi1=0.452kg, mi2=0.447kg, k1=0.040N/m, k2=4.091N/m, α1=5 and α2=5). 
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Upper and lower frequency limits of the band gap in the optimum design can be scaled 

up or down while preserving their ratio (𝜔𝑢/𝜔𝑙). To that end, all the masses can be divided 

by 𝑐1 and all the stiffnesses can be multiplied by 𝑐2 which in turn will multiply the upper 

and lower limits of the band gap by √𝑐1𝑐2, where 𝑐1 and 𝑐2 are positive constants. For 

instance, considering the optimum design in Figure 2.38, when all masses of optimum design 

parameters are divided by 10 (m=0.01kg, mi1=0.045kg, mi2=0.044kg) and all stiffnesses of 

optimum design parameters are multiplied by 640 (k1=25.6N/m, k2=2618.2N/m), upper and 

lower band gap limits are scaled up by 80, as depicted in Figure 2.40.   

 

Figure 2.40. Complex band structure of the 1D periodic model with scaled design 

parameters generated by unit cell of two lever LTTS (m=0.01kg, mi1=0.045kg, 

mi2=0.044kg, k1=25.6N/m, k2=2618.2N/m, α1=5 and α2=5) (a) Real wave vector (b) 

Absolute value of imaginary wave vector. 

 

According to optimized parameters (m=0.1kg, mi1=0.452kg, mi2=0.447kg, 

k1=0.040N/m, k2=4.091N/m, α1=5 and α2=5) obtained from genetic algorithm, a prototype 

will be produced. For the prototype model, mass ratios (mi1/m, mi2/m), stiffness ratio (k1/k2) 

and α1 and α2 values are important to get a 𝜔𝑢/𝜔𝑙 ratio close to 10 as in the optimized model. 

However, mass and stiffness values will be scaled so that a band gap approximately between 

8 Hz and 80 Hz will be obtained. Parameters for the prototype are m=0.0074kg, mi1=0.041kg, 

mi2=0.041kg, k1=26N/m, k2=2500N/m, α1=5 and α2=5. In the optimized model, there was a 

constraint on m (0.1kg). When this constraint is released, 𝜔𝑢/𝜔𝑙 ratio can be slightly 

improved. Stiffness ratios are quite similar in the optimized and prototype models. 

Moreover, α1 and α2 values of the prototype are the same with the optimized model.  
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Dispersion curve of 1D periodic model of the prototype is depicted in Figure 2.41. 𝜔𝑢  

and 𝜔𝑙 are 7.9 Hz and 81.8 Hz, respectively. The ratio of 𝜔𝑢/𝜔𝑙 is achieved as 10.4, which 

indicates a very wide band gap. The flat branches seen in Figure 2.41(a) are generated 

because of the antiresonance notches at these frequencies, so these two flat branches do not 

divide the band gap.    

 

Figure 2.41. Complex band structure of the 1D periodic model of the prototype parameters 

generated by unit cell of two lever LTTS (m=0.0074kg, mi1=0.041kg, mi2=0.041kg, 

k1=26N/m, k2=2500N/m, α1=5 and α2=5) (a) Real wave vector (b) Absolute value of 

imaginary wave vector. 

 

The prototype of two lever LTTS consisting of two unit cells will be produced for 

testing. This prototype will be mounted on a test fixture by two springs with stiffness 

kend=115N/m, which is depicted in Figure 2.42. 

 

Figure 2.42. Prototype model of the two lever LTTS consisting of two unit cells. 
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The prototype will be hit by an impact hammer from one side and the velocity at the 

other side will be measured by a laser vibrometer. Hence, frequency response will be 

quantified by output velocity per unit input force. Analytical frequency response of the 

prototype model of two lever LTTS consisting of two unit cells is shown in Figure 2.43. 

Notice that due to the end springs, there is an extra resonance within the band gap at 12.5 

Hz. Moreover, the resonance peak at 82.1 Hz is negligibly small. Consequently, there is a 

large stop band between 12.5 Hz and 105.2 Hz. 

 

Figure 2.43. Velocity output per unit input force graph of the prototype model of two lever 

LTTS consisting of two unit cells (m=0.0074kg, mi1=0.041kg, mi2=0.041kg, k1=26N/m, 

k2=2500N/m, α1=5 and α2=5). 

 

To show the effect of damping on the model, response of the system containing 

stiffness proportional dampers are placed parallel to kend, k1 and k2 is examined. Velocity 

output per unit input force graph of prototype model of two lever LTTS consisting of two 

unit cells with different damping values is shown in Figure 2.44. As the stiffness proportional 

damping increases, magnitude of the second antiresonance notch and the fourth major 

resonance peak significantly decreases. Moreover, the resonance peak at 82.1 Hz is vanished 

with increasing damping. 
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Figure 2.44. Velocity output per unit input force graph of the prototype model of two lever 

LTTS consisting of two unit cells for no damping, 0.001% and 0.01% stiffness 

proportional damping (m=0.0074kg, mi1=0.041kg, mi2=0.041kg, k1=26N/m, k2=2500N/m, 

α1=5 and α2=5). 
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3.   EXPERIMENTAL VALIDATION 

A prototype with m=0.0074kg, mi1=0.041kg, mi2=0.041kg, k1=26N/m, k2=2500N/m, 

kend=115N/m, α1=5 and α2=5 depicted in Figure 2.42 is manufactured for experimental 

validation. The mass m is realized by using an aluminum tube whereas the masses mi1 and 

mi2 are made up from rectangular aluminum bars. All of these masses have a length of 10cm. 

Stiff polyester strings are used to combine all the levers and masses. Moreover, steel helical 

tension springs are used to realize k1, k2 and kend. The tensegrity structure with two unit cells 

is subject to initial tension so that the levers are parallel to each other. The attachment of the 

strings to the levers are arranged to obtain the desired α1 and α2 value of 5. 

To verify vibration isolation performance of two lever LTTS consisting of two unit 

cells, test setup depicted in Figure 3.1 is prepared. In this experiment, the prototype is excited 

by a hammer at the left side and velocity data is collected at the right side. The laser focus 

point at the output location is shown in Figure 3.1 and velocity at that location is measured 

via the laser vibrometer. Data acquisition system transmits the collected data to the 

computer. Finally, test results are displayed on the computer. 

 

Figure 3.1. Test setup of two lever LTTS consisting of two unit cells. 

 

The experimental frequency response of the prototype can be seen in Figure 3.2. 

Vibration isolation behavior of the prototype is similar to the analytical result shown in 

Figure 2.43.  
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Figure 3.2. Experimental frequency response result of the two lever LTTS consisting of 

two unit cells. 

 

Comparison between analytical and experimental results is depicted in Figure 3.3. To 

match the major resonance peak values in the analytical model with the experimental ones, 

dampers are placed parallel to k1, k2 and kend as c1=0.026 N.s/m, c2=0.025 N.s/m and 

cend=0.345 N.s/m, respectively. In the analytical model, the limiting resonance frequencies 

for the stop band are 12.5 Hz and 105.2 Hz. On the other hand, in the experimental result, 

the limiting resonance frequencies for the stop band are 14.5 Hz and 127.8 Hz. Although 

there is a shift in the stop band frequency limits, ratio of upper and lower frequency limits 

in these two cases are close (8.4 vs. 8.8). Below 20 Hz, there are two major resonance and 

one antiresonance frequencies for both analytical and experimental frequency response plots. 

Moreover, the order of these frequencies is also the same, i.e., the first antiresonance 

frequency is between the first and second major resonance frequencies. In addition, order of 

the second antiresonance and third major resonance frequencies are the same for both cases. 
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Figure 3.3. Analytical frequency response result with c1=0.026 N.s/m, c2=0.025 N.s/m, 

cend=0.345 N.s/m and experimental result of the two lever LTTS consisting of two unit 

cells. 

 

In the analytical model, there are several assumptions: the strings are inextensible, 

sagging of the structure due to gravity is negligible, test fixture provides fixed boundary 

conditions for the end springs (kend) and prototype springs (k1 and k2) are assumed to have 

pin boundary conditions with the masses. However, the strings can slightly extend. The 

whole structure sags slightly due to gravity. The connections of the end springs (kend) can 

slightly flex. Furthermore, prototype springs (k1 and k2) provide some resistance to bending. 

Despite these differences, general characteristics of the analytical and experimental 

frequency response curves are quite similar.  
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4.   CONCLUSION 

In this thesis, novel tensegrity structures with embedded inertial amplification 

mechanisms are designed and optimized for obtaining wide and deep low frequency band 

gaps. Two different designs, which are one lever LTTS and two lever LTTS, are introduced. 

First of all, analytical models of these designs and also periodic structures generated by these 

designs are examined. Analytical equations of both models are derived. Parametric studies 

are conducted to see how the system parameters affect the resonance and antiresonance 

frequencies of the one lever and two lever LTTSs. Optimization studies are conducted via 

genetic algorithm to maximize bandwidth for various band depth constraints. In order to 

attain a manufacturable design, constraints are stated for maximum amplification ratios and 

minimum mass values of individual elements. In the end, a very wide band gap is achieved 

whose upper and lower limits have a ratio more than 10. A prototype is manufactured for 

experimental validation purpose. It is seen that the analytical and experimental frequency 

responses show similar behavior.   

 As future work, this study that focuses on 1D periodic structures can be extended to 

2D and 3D periodic structures. In that case, vibrations coming from multiple axes can be 

isolated.   
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