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ABSTRACT

A DYNAMIC CAPACITATED FACILITY LOCATION AND NETWORK DESIGN

PROBLEM WITH CAPACITY EXPANSION FOR WASTEWATER TREATMENT

NETWORKS

In our rapidly changing world, especially the increase in population and industrialization

activities results in significant increases in wastewater production, which leads to the

problem of treatment of the wastewater produced. Therefore, developing effective wastewater

treatment networks continues to be vital to ensure environmental sustainability. In this

context, wastewater treatment facilities must be located in the most appropriate places to

make the best use of limited resources and the network required for wastewater transportation

should be designed to meet future needs with the least cost. Although the facility location

and network design problems in the literature are related to this issue, they do not cover

some specific constraints for wastewater transport and often have a static structure in which

time is not taken into consideration. In this thesis, firstly, a dynamic mixed-integer linear

programming model for wastewater treatment facility location selection and network design

is proposed in which facilities and links are assumed to be capacitated. Later on, a more

complicated model which allows the facilities to be expanded in case of need according to

time-dependent demand is proposed and defined on a three-dimensional space.

Several test experiments are conducted for the proposed models and they are solved with

Python modeling library for optimization DOcplex and CPLEX version of 20.1. Moreover,

extreme test instances are generated and their results are observed to verify the proposed

models.
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ÖZET

ATIK SU ARITMA AĞLARI İÇİN KAPASİTE GENİŞLETMELİ DİNAMİK

KAPASİTELİ TESİS YERLEŞİMİ VE AĞ TASARIMI PROBLEMİ

Hızla değişen dünyamızda özellikle nüfus ve sanayileşme faaliyetlerindeki artış, atık su

üretiminde de ciddi artışları beraberinde getirmekte; bu da üretilen atık suların etkin bir

şekilde arıtılması problemini doğurmaktadır. Bu nedenle, etkili atık su arıtma ağlarının

geliştirilmesi, çevresel sürdürülebilirliği sağlamak adına hayati bir önem arz etmeye devam

etmektedir. Bu bağlamda, sınırlı kaynakların en iyi şekilde kullanılması amacıyla, atık su

arıtma tesisleri en uygun yerlerde konumlandırılmalı, atık suyun taşınımı için gerekli şebeke

de en az maliyetle geleceğe dönük ihtiyacı da karşılayacak şekilde tasarlanmalıdır. Literatürde

mevcut olan tesis yer seçimi ve ağ tasarımı problemleri bu konu ile ilgili olsalar da, atık su

taşınımına özel birtakım kısıtları kapsamamakta ve çoğunlukla zamanı hesaba katmayan

statik bir yapıda bulunmaktadır. Bu tez çalışmasında, ilk olarak, atık su arıtma tesisi yer

seçimi ve ağ tasarımına yönelik, tesislerin ve bağlantıların kapasiteli olarak varsayıldıkları

dinamik bir karma tam sayılı doğrusal programlama modeli önerilmektedir. Daha sonra,

zamana bağlı talebe göre ihtiyaç durumunda mevcut tesislerin genişletilmesine de olanak

sağlayan daha karmaşık bir model sunulmuş ve üç boyutlu bir uzay üzerinde tanımlanmıştır.

Model için çeşitli test deneyleri oluşturulmuştur ve bu deneyler, Python DOcplex modelleme

kütüphanesinde yer alan CPLEX 20.1 versiyonuyla çözülmüştür. Ayrıca, önerilen modeli

doğrulamak için aşırı test örnekleri oluşturulmuş ve sonuçları gözlemlenmiştir.
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1. INTRODUCTION

Water is vital for the survival of living organisms. From the smallest living organism to the

largest living being, water sustains all biological life and human activities. Moreover, water

is essential for natural systems, wildlife and environmental resilience and is placed at the

center of sustainable development. It has an effect on numerous bio-molecular activities [1].

In addition, water resources have a crucial role in various segments of economies such as

agriculture, livestock production, forestry, industrial activities, hydro-power generation and

fisheries.

With the rapid disposal of water resources and the critical increase in water consumption,

developing effective wastewater treatment solutions is vital to ensure environmental

sustainability. In recent years, the increase in the amount of water used in the production,

agriculture, and energy sectors, as well as in the residences, reveals the necessity of

minimizing the damage of the wastewater to the existing water resources, living things,

soil, and the environment in general. In this context, wastewater treatment facilities must

be located in the most appropriate places to make the best use of limited resources, and the

network required for wastewater transportation should be designed to meet future needs with

the least cost. The primary motivation of this thesis is to develop an optimization method in

order to establish a wastewater treatment network while minimizing the total cost.

In the remainder of this section, global water issues and the importance of wastewater

treatment are discussed. Then, the situation in Turkey is examined with the support of several

metadata. Finally, considering all these issues, the purpose and contributions of this thesis

are presented, and outlines are introduced.

1.1. GLOBAL WATER ISSUES

Humanity’s relationship with water has continued to increase throughout history, and the water

demand has increased with the growing population, developing urbanization and changing

living standards. Water, which has been one of the most critical inputs of agriculture for a

long time, is used intensively in industry, especially in energy production. It has become
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an input that is used and cannot be substituted. Burek et al. [2] projected that the global

water use will continue to increase by about one percent annually, resulting in an increase of

approximately 30 percent to the current level of water use by the year of 2050. The increase

in the usage areas of water has once again revealed the strategic importance of this scarce

resource. However, with the increasing consumption and disposal of water resources due to

population growth, industrial developments and climate change, water scarcity is becoming

an increasingly prominent and widespread problem worldwide [3,4]. Besides, water quality

deteriorates rapidly in terms of water quality index (WQI) [5,6].

In the last decade, many research has been made about the threat of water scarcity and very

severe consequences are foreseen in the next 50 years [7,8,9,10]. Recently, World Economic

Forum 2020 [11] determined the world’s top ten global risks and three of them were related

to water and environmental sustainability. In addition, according to the United Nations’

recent report [12], more than two billion people live in areas subject to water stress. They

also stated that around 3.4 billion people (45 percent of the global population) lack access to

safely managed sanitation facilities. According to independent assessments, the world will

face a global water deficit of 40 percent by 2030. This situation will be worsened by global

challenges such as Covid-19 and climate change. Figure 1.1 illustrates the annual baseline

water stress of the world, which is provided by the World Resources Institute (WRI) in their

water risk atlas [13]. Baseline water stress calculates the ratio of the total water withdrawals

to the available renewable water resources.

1.2. WASTEWATER TREATMENT

The water distributed to consumers must meet certain quality standards and quantities. If the

water is not pure enough for human consumption, its content and components may negatively

affect human health. Globally, two million tons of sewage, industrial and agricultural waste

into the world’s waterways and at least 1.8 million children under the age of five die yearly

from water-related diseases [14]. If infrastructures and water management are not improved,

millions of people will continue to die each year and there will be further losses in biodiversity

and ecosystem resilience. That is why wastewater treatment is essential. With the increasing

threat of water scarcity, developing effective wastewater treatment solutions continues to be
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Figure 1.1. Annual baseline water stress per region, WRI

vital to ensuring environmental sustainability.

In fact, the concept of wastewater can mean distinctive things to different people as it has
several definitions. Basically, wastewater can be defined as water that has been polluted due
to domestic, industrial, agricultural and other activities or has lost its characteristic hygienic
properties, accumulated after rain flows in parks, streets and similar areas [15,16]. The most
comprehensive definition of wastewater is proposed by Raschid-Sally and Jayakody [17]:

Wastewater is a combination of one or more of: domestic effluent consisting of blackwater

(excreta, urine and faecal sludge) and greywater (kitchen and bathing wastewater); water from

commercial establishments and institutions, including hospitals; industrial effluent, stormwater

and other urban run-off; agricultural, horticultural and aquaculture effluent, either dissolved or as

suspended matter.

On the other hand, wastewater treatment is the physical, chemical and biological processes

applied to ensure that the wastewater generated as a result of various uses does not change the

typical characteristics (physical, chemical, bacteriological and ecological) of the receiving

environment where they are discharged. Briefly, it is the process of returning wastewater

to the water cycle. Thus, it becomes directly reusable for numerous purposes. Different

degrees of wastewater treatment according to the increasing level of treatment are described

in general terms: primary treatment, secondary treatment, tertiary and/or advanced treatment
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[18]. Primary treatment includes physical treatment units that involve the removal of floating

and settled solids from wastewater. Secondary treatment includes biological and chemical

treatment units that remove residual organics and suspended solids. Advanced treatment,

on the other hand, is the treatment process used to remove pollutants (nitrogen, phosphorus,

heavy metals, toxic organic substances, etc.) that cannot be sufficiently purified or treated

with physical or biological treatment methods. Nitrification, denitrification, adsorption, ion

exchange, etc., are the main advanced treatment methods.

Wastewater from households and industry creates a significant pressure in receiving

environments due to organic matter, nutrient load and hazardous materials. In cities, most of

the wastewater is collected by sewage systems connected to the wastewater treatment plants.

The level of treated water determines the scale of the impact on aquatic ecosystems. As

mentioned before, wastewater treatment is an essential practice to use water more efficiently

and protect existing resources and environmental sustainability. Therefore, the management

and treatment of wastewater have been an area of concern for humanity for centuries.

Especially following the technological developments, effectively functioning wastewater

collection and treatment infrastructures have been established in the most developed countries

to serve more than 91 percent of the population [19,20]. In order to execute the treatment

and discharging processes, the wastewater should be transferred from the source points to

the treatment plants in the most appropriate way. Afterward, the treated water should be

conveyed to the discharge point [21]. Hence, the location of the wastewater treatment plants

and the establishment of the appropriate network are crucial in terms of cost, accessibility

and environmental factors.

1.3. WASTEWATER TREATMENT IN TURKEY

Turkey is a country encircled by seas on three sides and has plenty of rivers and lakes as

shown in Figure 1.2 which illustrates the topographic map of the country. The Aegean Sea

covers the western side of the country, whereas the Black Sea covers the northern side and

the Mediterranean Sea covers the southern side. Although its geography seems rich in water,

Turkey is not a water-rich country. State Hydraulic Works of Turkey estimated that the annual

amount of usable water per capita in Turkey was 1652 𝑚3 in 2000, 1544 𝑚3 in 2009, and
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1346 𝑚3 in 2020 [22]. According to their criteria, countries with an annual per capita water

amount of more than 8,000 𝑚3 are water-rich, countries with less than 2,000 𝑚3 of water are

among the countries with water scarcity, and countries with less than 1,000 𝑚3 of water are

among the water-poor countries. Turkish Statistical Institute (TURKSTAT) projected that

the population of Turkey will reach 100 million by 2040 [23]. Therefore, considering the

current water amount and consumption, water shortage is foreseen in Turkey in the upcoming

years. Besides, a significant part of the country is dealing with water stress, as can be seen in

Figure 1.1. Organization for Economic Co-operation and Development (OECD) published

the water and climate change adaptation report and stated that the water quality and the water

quantity are among the primary concerns of Turkey [24]. In particular, some studies have

been carried out recently to solve the water problem in metropolises and large cities in the

country [25,26,27,28].

Figure 1.2. Topographic map of Turkey

Although the number of municipalities served by wastewater treatment plants in Turkey has

increased significantly in the last 30 years, 755 out of 1399 municipalities in the country do not

have any wastewater treatment plants [29]. According to TURKSTAT metadata, 21 percent

of the total population live in regions with no wastewater treatment plants [30]. Moreover, 10

percent of the total population does not live in municipalities with sewerage networks. Only

61 percent of the wastewater generated from industrial and domestic water use is treated in

water treatment plants. Table 1.1 summarizes Turkey’s municipal wastewater statistics every
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four years from 2002 to 2018. The development mentioned in wastewater management in

recent years is clearly observed, especially with the increasing rate of the treated amount of

wastewater and the rate of the population living in the region where there is a treatment plant.

Nevertheless, one of the main fundamental points to note is that, according to 2018 data,

approximately one-third of the wastewater treatment plant capacities are not used. The ratio of

the treated wastewater discharged from the network according to the receiving environments

to the total wastewater treatment plant capacity has increased from 2002 to 2018 but reached

only 66.54 percent. That level of idleness can be seen as a serious loss in terms of capacity

utilization.

Table 1.1. Municipal wastewater statistics of Turkey

Statistic Year
2002 2006 2010 2014 2018

Total number of municipalities 3,227 3,225 2,950 1,396 1,399
Number of municipalities served by

wastewater treatment plants
248 362 438 513 644

Rate of municipalities served
by wastewater treatment plants (%)

7.69 11.22 14.85 36.75 46.03

Number of municipalities
served by sewerage system

2,115 2,321 2,235 1,309 1,357

Rate of municipalities served
by sewerage system (%)

65.54 71.97 75.76 93.77 96.99

Rate of population served by
wastewater treatment plants (%)

35.5 50.6 61.7 68.1 79

Rate of population served by
sewerage system (%)

83 87 88 90 91

Amount of wastewater discharged from
municipal sewerage (million 𝑚3/𝑦𝑒𝑎𝑟)

2,498 3,367 3,582 4,297 4,795

Amount of wastewater treated by wastewater
treatment plants (million 𝑚3/𝑦𝑒𝑎𝑟)

1,312 2,140 2,719 3,484 4,236

Rate of treated amount of wastewater
discharged from municipal sewerage (%)

52.52 63.56 75.91 81.08 88.34

Capacity of wastewater treatment
plants (million 𝑚3/𝑦𝑒𝑎𝑟)

2,359 3,648 5,293 5,549 6,367

Efficiency of wastewater treatment plants (%) 55.61 58.66 51.37 62.78 66.53
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According to the same metadata, the total number of wastewater treatment plants in the

country, which was 145 in 2002, increased to 991 in 2018. In 2018, 527 of the wastewater

treatment plants in Turkey can be categorized as a biological treatment plants, 206 as a

natural treatment plants, 55 as a physical treatment plants and 203 as advanced treatment

plants. Approximately 6.4 billion 𝑚3 of wastewater was treated in these facilities in 2018.

Approximately 1.7 billion 𝑚3 of this quantity is biological treatment, 25 million 𝑚3 is natural

treatment, 1.7 billion 𝑚3 is physical treatment, and 2.9 billion 𝑚3 is an advanced treatment.

These statistics reveal that the ratio of advanced treatment is not adequate. The details of the

wastewater treatment plant statistics are summarized in Table 1.2.

Table 1.2. Wastewater treatment plant statistics of Turkey

Measurement Type of Plant
Year

2002 2006 2010 2014 2018

Number of wastewater
treatment plants

Biological treatment 114 135 199 345 527
Natural treatment 0 0 35 118 206
Physical treatment 28 26 39 49 55

Advanced treatment 3 23 53 92 203
Total 145 184 326 604 991

Capacity of the
wastewater treatment

plants (million
m3/𝑦𝑒𝑎𝑟)

Biological treatment 1,320 1,511 1,733 1,713 1,718
Natural treatment 0 0 12 58 26
Physical treatment 771 1,329 1,839 1,823 1,738

Advanced treatment 267 808 1,709 1,955 2,885
Total 2,359 3,648 5,293 5,549 6,367

In addition, it is observed that there is an unbalanced distribution across the regions of

the country in terms of wastewater treatment. For instance, the the population living in

municipalities with wastewater treatment plants in Northeast Anatolia remained below 10

percent until 2018. On the other hand, the fact that this rate is over 90 percent in Istanbul is

a prominent indicator of the mentioned unbalanced distribution. Table 1.3 summarizes this

rate per every nomenclature of territorial units for statistics (NUTS) regions of the country.

It is seen that the rate is still below 60 percent in these Central East Anatolia, North East

Anatolia and West Black Sea regions.
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Table 1.3. Rate of population served by wastewater treatment plants per NUTS statistical
regions of Turkey (%)

Region Year
2002 2006 2010 2014 2018

Aegean 47.6 50.8 64.0 74.0 83.4
Central Anatolia 8.2 40.4 51.9 61.0 74.1

Central East Anatolia 21.3 45.2 43.1 46.7 53.5
East Black Sea 17.4 6.9 25.0 25.7 62.4
East Marmara 48.5 64.2 77.1 81.4 87.3

İstanbul 62.7 80.6 91.0 97.8 99.6
Mediterranean 12.7 34.3 51.4 61.0 68.7

North East Anatolia 9.3 11.2 9.0 8.3 46.7
South East Anatolia 29.3 38.6 42.4 47 60.6

West Anatolia 50.8 63.2 80.9 86.2 90.9
West Black Sea 15.4 19.2 25.8 35 59.8
West Marmara 9.6 17.0 16.2 38.6 74.1

1.4. CONTRIBUTION OF THIS THESIS

In the light of all the facts mentioned above, it is clear that the requirements for the quality and

the quantity of wastewater treatment processes are significant and there are severe problems

regarding the efficient usage of existing plant capacities. Wastewater treatment and the

efficiency of the plants are not at an appropriate level at all, primarily due to cost, geographical

conditions, or infrastructure deficiencies. Therefore, it is crucial to determine the location of

the wastewater treatment plants and the settlements they will serve. In addition to the plant

locations, decisions such as the design of the necessary wastewater network, the capacity

of the plants to meet the demand that will change according to the years, or increasing the

capacity of the existing facilities are among the important issues to be considered.

The main motivation of this study is to propose an optimization method to establish an

effective wastewater treatment network. In this context, firstly, a dynamic mixed-integer

linear programming model for wastewater treatment facility location and network design is

proposed in which facilities and links are assumed to be capacitated. Considering the varying

behavior of the cost and demand over time in real-world occasions, the proposed model

addresses the problem in a dynamic or time-varying structure. Later on, a more complicated

model which allows the facilities to be expanded (i.e., their capacities can be increased) in case
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of need according to time-dependent demand is proposed and defined on a three-dimensional

space considering the importance of altitudes of the nodes for wastewater treatment networks.

Both mathematical models ensure all corresponding demands in a defined network while

improving the utilization of the facilities. The facilities are categorized according to their

capacities.

To the best of our knowledge, there is a lack of a dynamic facility location-network design

model, especially in water distribution networks. It is clear that constructing a mathematical

formulation with a dynamic structure is a necessary condition in order to be more practical

and applicable to real-world situations. Studies regarding dynamic location models in

the literature ignore a fundamental point: the construction times of facilities and links.

While developing a dynamic formulation, the main aim is to consider the fluctuations in key

parameters. Clearly, it is not practical for a facility or a link to become operational right after

the construction decision is made. Therefore, for each facility or a link; defining distinct

construction times would modify the system more practically. That structure is considered in

the proposed models in this thesis.

In addition, the pumping and pressure factors encountered in water transportation should be

evaluated. Although energy calculations in a water distribution network have been studied in

the literature, no study handles them simultaneously with the typical facility location-network

design problems. In this study, pumping and energy calculations are considered to represent

economics of scale for the wastewater treatment networks as realistic as possible.

Another crucial point is the verticality which is a factor that directly affects the costs associated

with the water distribution networks. Therefore, instead of defining a network with two

dimensions as in the typical facility location problems, including the third dimension as

altitude would be a more realistic approach in terms of cost analysis, which is provided in

this thesis.

1.5. OUTLINE OF THIS THESIS

The rest of this thesis is organized as follows:

• In Section 2, the related problems in the literature are introduced and the existing
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literature is re-evaluated.

• In Section 3, a mathematical formulation from the literature is introduced and then the

proposed mathematical models are presented in detail.

• In Section 4, computational experiments are conducted and their results are discussed.

• In Section 5, the validation and the verification of the proposed model is provided.

• In Section 6, the applicability of the proposed model is discussed and possible future

works related to this thesis are introduced.

• In Section 7, the main conclusions from this thesis are drawn.
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2. LITERATURE REVIEW

In general, facility location problems (FLP) are related to decisions about where to locate

facilities and how to allocate these facilities to meet the customers’ demand for particular

services or products while minimizing the total cost. These types of problems can be used in

several different sectors such as health, education, fire, production, storage and in supply chain

methods like water distribution networks. On the other hand, the network design problem

(NDP) deals with creating network links that connect customers to facilities and determine

the traffic flow on those links. Generally, in both problems, there is a condition that the

demand is fully satisfied. These problems are often helpful for real-world applications since

they consider fixed facility costs, facility set-up costs, link set-up costs, transportation costs

and operating costs.

The facility location-network design problem (FLNDP) is a more complex problem obtained

by integrating the two problems mentioned above. Typical facility location models have

an underlying network and the required number of facilities are selected from candidate

locations. However, such a condition is not sought in FLNDP formulations. Customers

may not receive service directly from the facilities; the demand or the product may pass

through multiple nodes in a specified network for distribution purposes. This is clearly a

more cost-effective method, as it provides the opportunity to improve the existing network

rather than having to construct a new facility to meet the demand.

Figure 2.1 presents the schematic framework of these decision problems in order to highlight

their generic structures. Points represent nodes or demand points, whereas squares represent

located facilities over the network. Moreover, solid lines represent assignment decisions;

dotted lines represent routing decisions, and dash-dotted lines represent a combination of

assignment and routing decisions.

2.1. FACILITY LOCATION PROBLEM

The study of the FLP dates back to the early 20th century. In 1909, Weber [31] proposed

the first single facility location formulation by minimizing the distance between the facility
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(a) FLP (b) NDP

(c) FLNDP

Figure 2.1. Schematic framework of the related decision problems

and the customers. Although Weber seemed to overestimate supply factors and ignore the

demand in his theory, it paved the way for later studies. Kuehn and Hamburger [32] proposed

the uncapacitated facility location problem (UFLP) while considering the transportation cost

and the operating cost in 1963. Later on, Hakimi [33] presented a novel mathematical model

that minimizes the total demand-weighted travel distance in order to locate one or more

facilities in 1964. His formulation is later known as the "P-median problem". ReVelle [34]

modified that problem and proposed the maximum capture problem, which seeks the location

of a given number of facilities in order to maximize the captured market share. Another

important issue considered in the FLP formulations is the coverage. The coverage concept

is used to specify if a customer can be served by a facility in an acceptable travel distance

or time. Toregas et al. [35] proposed the set covering location problem, which minimizes

the total number of facilities to be used. On the other hand, Church et al. [36] proposed

the maximum covering location problem, which maximizes the number of covered demand

points. Elloumi et al. [37] presented a different objective that minimizes the maximum

travel time. Since the beginning of the 21st century, several comprehensive reviews have been
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published in this field [38,39,40,41,42].

2.2. NETWORK DESIGN PROBLEM

NDP has been started to be studied more recently than the FLP. In 1984, Magnanti and

Wong [43] proposed a solution technique for fixed-charge NDP, detailing the decomposition

techniques and algorithms comparatively. Later, Balakrishnan et al. [44] showed that

the large-scale fixed-charge uncapacitated network design problem (UNDP) can be solved

effectively by the dual ascent method and drop-add heuristic. Multi-commodity NDP was

studied by Balakrishnan et al. [45]. Gendron et al. [46] compared and discussed the solution

methods (simplex-based cutting plane algorithms, Lagrangean relaxation and heuristics) for

capacitated network design problem (CNDP). Drezner and Wesolowsky [47] introduced

another class of NDP in which links can either be one-way or two-way; termed as the

mixed-link problem. Yang and Bell [48] presented a detailed review of NDP by discussing

the solution methods in 1998. These problems are still an active area of research, one may

refer to Croxton et al. [49], Costa et al. [50], Frangioni and Gendron [51], Hewitt et al. [52].

2.3. FACILITY LOCATION AND NETWORK DESIGN PROBLEM

The integration of these two main problems was first studied by Daskin et al. [53] in 1993.

They proposed an uncapacitated facility location-network design problem (UFLNDP) to

minimize the total construction and transportation costs in a specified network. In this

problem, they defined a set of nodes representing the customers and candidate facility

locations; edges represent possible links between those nodes. They ensure that all

demands must be routed over the specified network. Later, Melkote [54] developed a

solution method for this problem in his doctoral thesis. Even further, Daskin and Melkote

[55,56] worked together in order to investigate the capacitated facility location-network

design problem (CFLNDP) and the maximum covering location-network design problem in

2001. Subsequently, extensive and growing literature has emerged to handle this problem.

Different structures and assumptions have been used and numerous solution methods have

been proposed. Ravi and Sinha [57] and Chen and Chen [58] proposed several approximation
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algorithms to combine facility location and cable installation in which capacity constraints

are included on links or cables in their case. In a similar vein, Mortezaei and Jabalameli [59]

introduced an extension for the CFLNDP in which a limited amount of demand can be routed

over a link. They presented a bi-objective mathematical formulation and introduced a hybrid

algorithm to solve the proposed problem. Cocking [60] introduced the budget-constrained

UFLNDP and developed several algorithms to solve this problem in his doctoral thesis.

Soon after, Cocking et al. [61] presented several heuristics and metaheuristics to solve this

problem with minisum objective. In their study, simple greedy heuristics, a custom heuristic

that separates the problems of facility location and network design, a basic local search, and

simulated annealing (SA) heuristics using two different kinds of neighborhoods are presented.

Bigotte et al. [62] formulated a mixed-integer program that simultaneously promotes urban

centers to new levels of hierarchy and improves network links and developed a heuristic

method that can find optimum or near-optimum solutions. They assumed that lower-level

services may always be obtained from higher-level centers. Contreras et al. [63] used a

different objective by minimizing the maximum travel time for this problem and proposed

two integer programming formulations which they compared empirically. Rahmaniani and

Ghaderi [64] proposed one of the most detailed models for the budget-constrained UFLNDP.

They considered different type of capacitated links and implemented the firefly algorithm

(FA) to solve the problem. In recent years, several studies have been conducted to formulate

the combined FLNDP [65,66,67,68,69,70,71].

Most studies addressing the FLNDP have focused on static or single-period models. This

approach actually does not resemble real-world occasions. Since the main parameters such

as the demand and the cost have a waiving pattern over time, it is more appropriate to

conduct a dynamic or time-variant formulation in order to demonstrate the problem more

accurately. In such formulations, a time horizon may also be defined as a distinct set, and a

different decision can be made regarding each time period that takes place in this specified

set. One of the most well-prepared studies in this respect is proposed by Ghaderi and

Jabalameli [72]. They presented the budget-constrained dynamic facility location-network

design problem (DFLNDP) and applied it for healthcare evaluations in the Illam Province

of Iran. They introduced various heuristic methods, such as a greedy heuristic and SA,

as well as some exact methods. They split the problem into sub-problems in order to
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simplify the formulation. Ghaderi [73] implemented the Variable Neighborhood Search

(VNS) algorithm, whereas Pearce and Forbes [74] applied Bender’s decomposition (BD)

into this problem. In 1960s, Manne [75] and Ballou [76] studied the dynamic location

problem. In general, their studies handled a single facility and the main issue was capacity

expansion. In 1971, Scott [77] introduced the dynamic multi-facility location-allocation

model and provided a heuristic based on dynamic programming. Later on, Sweeney and

Tatham [78] applied BD to this problem. Dynamic single-facility location problem remained

an area of interest, one may refer to Drezner and Wesolowsky [79], Bastian and Volkmer [80],

Andreatta and Mason [81]. Moreover, Wesolowsky [82] presented a dynamic multi-facility

minisum problem. In the presented problem, opening and closing of facilities may occur in the

time horizon. Afterward, the studies considered the dynamic multi-facility location problem

had been diversified [83,84,85,86]. In some studies, authors also consider the dynamic

multi-echelon facility location model in which they handle different type of commodities

[87,88,89]. Dynamic network design problems (DNDP) are also studied in the literature; one

may refer to the stochastic formulations proposed by Lee and Dong [90], Ukkusuri and Kaan

[91].

One of the main concerns in this thesis is the possibility of extending the capacities of facilities

and links. The phenomena of capacity expansion have been studied in dynamic location

problems [92,93,94,95,96]. Strategic decisions regarding supply chain networks such as

optimal facility expansion capacities, selection of the optimum combination of facilities and

their allocations are included in these studies. Julka et al. [97] introduced a comprehensive

review to investigate multi-factor models for capacity expansion of facilities. More recently,

Badri et al. [98] developed a mixed-integer programming model for the supply chain network

design problem in which they considered capacity expansion. The main objective of their

study is to maximize the supply chain net profit. They proposed decisions about supplier

selections, production facility locations, the amount of raw materials to be supplied, the

amount of each product to be produced and the expansion plans over a time horizon.

Table 2.1 summarizes the important characteristics of the related FLNDP problems in

the literature by categorizing them as static or dynamic and according to their capacity

considerations. Table 2.2 summarizes the solution approaches of the related problems. First,

their optimization problems are classified as IP (integer programming), MILP (mixed-integer
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linear programming) and MINLP (mixed-integer nonlinear programming). Then, if any, their

heuristic approaches such as genetic algorithm (GA), variable Neighborhood Search (VNS),

firefly algorithm (FA), Bender’s decomposition (BD), Invasive Weed Optimization algorithm

(IWO), simulated annealing (SA) and case-specific custom heuristics are presented.

Table 2.1. Literature summary of the FLNDP: Important Characteristics

Study
Study Period Capacity

Static Dynamic
No

Capacity
Facility

Capacity
Link

Capacity
Capacity

Expansion
Melkote & Daskin

[55] ✓ ✓

Melkote & Daskin
[56] ✓ ✓

Ravi & Sinha [57] ✓ ✓

Chen & Chen [58] ✓ ✓ ✓

Mortezaei &
Jabalameli [59] ✓ ✓ ✓

Cocking et al. [61] ✓ ✓

Bigotte et al. [62] ✓ ✓

Contreras et al.
[63] ✓ ✓

Rahmaniani &
Ghaderi [64] ✓ ✓

Lashine et al. [65] ✓ ✓ ✓

Shishebori et al.
[66] ✓ ✓

Wu et al. [67] ✓ ✓

Kaya & Ozkok
[68] ✓ ✓

Liu & Kwon [69] ✓ ✓

Brahami et al. [70] ✓ ✓ ✓

Sadat Asl et al.
[71] ✓ ✓ ✓

Ghaderi &
Jabalameli [72] ✓ ✓

Ghaderi [73] ✓ ✓

Pearce & Forbes
[74] ✓ ✓

Badri et al. [98] ✓ ✓ ✓

Model A
(This Thesis) ✓ ✓ ✓

Model B
(This Thesis) ✓ ✓ ✓ ✓
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Table 2.2. Literature summary of the FLNDP: Solution Approaches

Study
Program Heuristic

IP MILP MINLP GA VNS FA BD IWO SA Custom
Melkote & Daskin

[55] ✓

Melkote & Daskin
[56] ✓

Ravi & Sinha [57] ✓

Chen & Chen [58] ✓ ✓

Mortezaei &
Jabalameli [59] ✓ ✓ ✓

Cocking et al. [61] ✓ ✓

Bigotte et al. [62] ✓ ✓

Contreras et al.
[63] ✓

Rahmaniani &
Ghaderi [64] ✓ ✓

Lashine et al. [65] ✓

Shishebori et al.
[66] ✓

Wu et al. [67] ✓ ✓

Kaya & Ozkok
[68] ✓ ✓

Liu & Kwon [69] ✓

Brahami et al. [70] ✓ ✓

Sadat Asl et al.
[71] ✓ ✓

Ghaderi &
Jabalameli [72] ✓ ✓ ✓

Ghaderi [73] ✓ ✓ ✓

Pearce & Forbes
[74] ✓ ✓

Badri et al. [98] ✓

Model A
(This Thesis) ✓

Model B
(This Thesis) ✓
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If the topics are narrowed to wastewater treatment, it can be seen that the first optimization

problem was proposed by Loucks et al. [99] in 1967. They presented a linear programming

model that determines the minimum total cost of any particular dissolved oxygen control

policy in a river basin by ensuring the design efficiencies required for each wastewater

treatment facility in order to maintain any specified set of stream dissolved oxygen

concentration. In 1973, Converse [100] proposed a dynamic design optimization model

that decides the optimum number of plants in a specific region. Jarvis et al. [101] proposed

an assignment and network design problem that minimizes the expected cost of the wastewater

treatment system. Kovacs et al. [102] proposed a two-stage approach for sewer management

to a specific place called the Lake Balaton resort area. In another study, Zhu et al. [103]

adapted the UFLP to solve a regional treatment system. The first combined FLNDP for

the wastewater treatment system was proposed by Leitão et al. [104] in 2005. They used

Daskin’s formulation in order to optimize the wastewater treatment systems in the rural

areas of Portugal. They then developed a greedy algorithm to search for local optimal

solutions. Zeferino et al. [105] developed a bi-objective optimization model that maximizes

the dissolved oxygen concentration in the river water while minimizing the infrastructure

cost. Right after, they published another article addressing the same issue, but this time the

uncertainty in demand was taken into account [106]. Recently, Rezaei et al. [107] proposed

a multi-objective deterministic FLP for water reclamation planning. The proposed model

aims to minimize the costs and greenhouse gas (GHG) emissions associated with the entire

wastewater system and maximize the value of reclaimed water. In 2020, Zhao et al. [108]

developed a two-stage guarantee rate optimization model that considers uncertainty from

source pollutants.

To the best of our knowledge, there is a lack of a dynamic facility location-network design

model especially in water distribution networks. As mentioned earlier, constructing a

mathematical formulation with a dynamic structure is a necessary condition in order to

be more practical and applicable into real-world occasions. Studies regarding dynamic

location models in the literature ignore a fundamental point which is the construction time.

While developing a dynamic formulation, the main aim is to consider the fluctuations in key

parameters. It is clearly not practical for a facility or a link to become operational right after

the construction decision is made. Therefore, for each facility or a link, defining distinct
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construction times modify the system more accurately. Given that the money will also ramify

in value within any given time horizon, the costs associated with a dynamic model should be

defined as adaptable into ramification.

In addition, the pumping and pressure factors encountered in water transportation should be

evaluated. Although energy calculations in a water distribution network have been studied

in the literature before in which pumping cost due to pressure is calculated, there is no study

that handles them simultaneously with the typical facility location-network design problems.

Nevertheless, especially the study of Brand and Ostfeld [109] in this field has been one

of the main sources of inspiration for this thesis. Their formulations for pumping pipeline

construction cost, gravitational pipeline construction cost, pump construction cost, pump

energy cost and treatment plant construction cost are used in this study. Besides, the studies

presented by Öztürk [110], Lim et al. [111] and Chover et al. [112] are also taken as

references in the economic scale of this study.

Another crucial point to note is that verticality is a factor that directly affects the costs

associated with the water distribution networks. Therefore, instead of defining a network

with two dimensions as in the typical facility location problems, including the third dimension

as altitude would be a more realistic approach in terms of cost analysis.
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3. METHODOLOGY

In this section, it is aimed to establish an optimization methodology that differs from the

solution methodologies in the literature in some points, which will be detailed later, in order

to solve global or regional water problems and ensure their sustainability. Accordingly, first

of all, the mathematical formulation proposed by Melkote and Daskin [56] will be introduced,

which was taken as a reference while developing the methodology and discuss the reasons

behind why this problem is applicable to wastewater treatment networks in Section 3.1.

Then, two novel dynamic MILP models for optimizing wastewater treatment networks will

be proposed in Section 3.2 and Section 3.3. The features and assumptions of these models

(Model A, Model B), which were developed gradually, are introduced and their formulations

are presented.

3.1. CFLNDP

CFLNDP was proposed by Melkote and Daskin [56] and designed to be used in several

application areas such as regional planning, distribution, logistics, telecommunications,

energy management. They extended the UFLNDP proposed by Daskin [53] by including

facility capacities. The authors first presented a MILP model, then derived the model with

various valid inequalities to relax the problem. This section introduces their final formulation

with the addition of valid inequalities.

The authors defined the problem on a network of nodes and possible connections/links

between these nodes. The assumptions used in the model can be listed as follows:

• Each node is a demand point and has a certain level of demand to be met.

• Facilities can only be located at nodes. All the demands of these nodes can only be

met from the located facilities.

• A maximum of one facility can be located at each node.

• The designed network has a structure in which the demand flows from demand points

to the facilities. This structure is known as a customer-to-server system.
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• The traveling costs between nodes are symmetrical.

• Demand is divisible. It is not necessary for a single facility to meet the whole demand

of a node.

The notations used in the formulation of CFLNDP are displayed in Table 3.1. Instead of

some notations used by Melkote and Daskin in their original formulation, different notations

are used to be compatible with Model A and Model B.

Table 3.1. Notations used in CFLNDP

Notation Description

Sets

N Set of nodes; 𝑖, 𝑗 ∈ N and set of demand points; 𝑘 ∈ N
U Set of possible directed links; (𝑖, 𝑗) ∈ U

Parameters

𝑑𝑘 Demand related to demand point 𝑘
𝑑𝑖𝑠𝑡𝑖 𝑗 Distance between node 𝑖 and node 𝑗

𝑓𝑖 Cost of constructing a facility on node 𝑖
𝑐𝑖 𝑗 Cost of constructing link (𝑖, 𝑗)
𝑡𝑐𝑖 𝑗 Traveling cost per demand unit on link (𝑖, 𝑗)
𝐶𝐹𝑖 Capacity of a facility on node 𝑖

Decision Variables

𝑍𝑖 1 if a facility is located on node 𝑖, 0 otherwise
𝑋𝑖 𝑗 1 if link (𝑖, 𝑗) is constructed, 0 otherwise
𝑌 𝑘
𝑖 𝑗

Fraction of the demand related to demand point 𝑘 that flows on link (𝑖, 𝑗)
𝑊 𝑘

𝑖
Fraction of the demand related to demand point 𝑘 served by a facility on
node 𝑖

Contrary to previous studies that examined classical FLP, Melkote and Daskin used a distinct

index of 𝑘 to specify the nodes that represent demand points. With the addition of valid

inequalities they derived, the authors first included this 𝑘 index to the decision variables of

𝑌𝑖 𝑗 and𝑊𝑖. With this modification, they have constructed a mathematical model that not only

decides where to locate facilities and corresponding links to be established but also decides

on the fraction of demand of the nodes served by a facility or a link. Although this new

structure makes the mathematical model more complex, it allows one to control and observe

the network flow and traffic.
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Generally, in wastewater management, wastewater produced in settlements is collected and

emphasis is placed on bringing it to the treatment facilities. Accordingly, the corresponding

demand refers to the wastewater generated in the settlements and waiting to be treated.

Therefore, considering its customer-to-server structure and the possibility of controlling the

network flow, the combined FLNDP formulation proposed by Melkote and Daskin stands out

with its applicability for establishing wastewater treatment networks.

Given the assumptions made and the notations used, the mathematical model they proposed

can be given as follows:

min.
∑︁
𝑖∈N

𝑓𝑖𝑍𝑖 +
∑︁
(𝑖, 𝑗)∈U

𝑐𝑖 𝑗𝑋𝑖 𝑗 +
∑︁
(𝑖, 𝑗)∈U

∑︁
𝑘∈N

𝑡𝑐𝑖 𝑗𝑌
𝑘
𝑖 𝑗𝑑

𝑘 (3.1)

subject to;
∑︁
𝑗∈N

𝑌 𝑘
𝑗𝑖 =

∑︁
𝑗∈N

𝑌 𝑘
𝑖 𝑗 +𝑊 𝑘

𝑖 ; ∀𝑖, 𝑘 ∈ N : 𝑖 ≠ 𝑘 (3.2)

𝑊 𝑖
𝑖 +

∑︁
𝑗∈N

𝑌 𝑖
𝑖 𝑗 = 1; ∀𝑖 ∈ N : 𝑑𝑖 > 0 (3.3)∑︁

𝑘∈N
𝑑𝑘𝑊 𝑘

𝑖 ≤ 𝐶𝐹𝑖 𝑍𝑖; ∀𝑖 ∈ N (3.4)∑︁
𝑖∈N

𝑊 𝑘
𝑖 = 1; ∀𝑘 ∈ N : 𝑑𝑘 > 0 (3.5)

𝑌 𝑘
𝑖 𝑗 ≤ 𝑋𝑖 𝑗 ; ∀(𝑖, 𝑗) ∈ U,∀𝑘 ∈ N (3.6)

𝑋𝑖 𝑗 + 𝑋 𝑗𝑖 ≤ 1; ∀(𝑖, 𝑗) ∈ U (3.7)

𝑍𝑖 ∈ {0, 1}; ∀𝑖 ∈ N (3.8)

𝑋𝑖 𝑗 ∈ {0, 1}; ∀(𝑖, 𝑗) ∈ U (3.9)

𝑌 𝑘
𝑖 𝑗 ≥ 0; ∀(𝑖, 𝑗) ∈ U,∀𝑘 ∈ N (3.10)

𝑊 𝑘
𝑖 ≥ 0; ∀𝑖, 𝑘 ∈ N (3.11)

The objective function (3.1) minimizes the total cost in the defined network, which consist of

the construction cost of the facilities and links as well as the traveling cost. Constraints (3.2)

ensure that each demand flows to node 𝑖 is either served by node 𝑖 to supply its demand or

transferred to the other nodes. Constraints (3.3) ensure that if node 𝑖 has a demand, it must

be served either from a facility on node 𝑖 or another facility in the network. Constraints (3.2)

- (3.3), combined, provide the conservation of flow. The capacity constraints (3.4) ensure

that demand can be served by node 𝑖 only if there is a facility at node 𝑖. Additionally, the
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total demand served by node 𝑖 cannot exceed the capacity of the facility constructed at node 𝑖.

Constraints (3.5) state that each demand must be served. If a node has no demand, no action

is necessary for that node. Constraints (3.6) ensure that the link (𝑖, 𝑗) should be established

in order to serve any demand in the network. Constraints (3.7) preclude the activation of

oppositely directed flows on any link (𝑖, 𝑗). The flow on any constructed link will be in only

one direction. Constraints (3.8 - 3.11) state the non-negativity and integrality constraints for

the decision variables.

Although the proposed mathematical model appears to be defined on an empty network, it

is possible to integrate an existing network. To achieve this, the existing facilities and links

can be detected and the construction costs of these materials can be set to zero in the model

parameters.

3.2. MODEL A

Considering the static nature of CFLNDP, a novel mathematical formulation, Model A, in

which the demand and the cost may change over time, is presented in this section. In order to

be resembling real-world occasions, fixed capacities are not defined as in CFLNDP; on the

contrary, the facilities are categorized with respect to their capacities. Thus, the categories of

the facilities are decided in Model A, together with their locations. Besides that, all possible

links between nodes are defined as capacitated, so they cannot serve an unlimited amount of

demand in the network. The dynamic nature of the mathematical model requires a different

structure in the construction of facilities and links, especially considering the time-varying

cost. That is, in real-world occasions, the construction of a facility cannot be instantaneous.

Therefore, Model A considers the construction times of facilities and links.

Just as CFLNDP, Model A is defined on a network of nodes and possible links between

these nodes. However, there is a time horizon consisting of multiple time periods. While

some assumptions used in CFLNDP are valid, the following assumptions have been used to

represent Model A:

• Each node is a demand point and has a certain level of demand to be met for each time

period throughout the time horizon.
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• Each node is a candidate location for hosting a facility. All the demands of the nodes

in a time period can only be met from the operational facilities in that time period.

• Facilities are divided into levels/categories with respect to their capacities and there

can only be one facility in a node throughout the time horizon, regardless of its level.

• Once their constructions are completed, facilities and links will be operational until the

end of the time horizon.

• Links have a fixed capacity and can serve a limited amount of demand.

• Opening facilities and links are not instantaneous; construction times are considered.

• There is a distance limit while constructing a link which means if the distance between

two arbitrary nodes is above this limit, a link between these nodes cannot be activated.

• Links are directed and can only be constructed in one direction. The traveling costs

between nodes are symmetrical.

• Demand is divisible. It is not necessary for a single facility to meet the whole demand

of a node.

Table 3.2 introduces the notations used in Model A. Besides the decisions such as the

locations of the facilities and links or the time periods of their construction, it is also taken

into account in which periods the facilities and links are to be operational. For instance, if the

construction of a facility has started but is yet to be completed, that facility is assumed to be

non-operational. These kinds of facilities cannot serve any demand until their construction

period has been completed.

One of the most fundamental properties of dynamic models is the variety of key parameters

over time. For instance, the demand of the nodes or all corresponding costs may increase, may

decrease or have a fluctuating pattern throughout the time horizon. In wastewater treatment

cases, the demand is directly related to the population of the corresponding settlements.

Thus, statistical/possibilistic techniques can be applied to forecast the uncertain parameters

to model these possible fluctuations or varieties. While considering the construction costs

or operating costs, the net present value (NPV) or net present worth (NPW) method could
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Table 3.2. Notations used in Model A

Notation Description

Sets

N Set of nodes; 𝑖, 𝑗 ∈ N and set of demand points; 𝑘 ∈ N
U Set of possible directed links; (𝑖, 𝑗) ∈ U: 𝑑𝑖𝑠𝑡𝑖 𝑗 ≤ 𝜐

L Set of facility levels; 𝑙 ∈ L
T Set of time periods; 𝑡 ∈ T

Parameters

𝑑𝑡
𝑘

Demand related to demand point 𝑘 at time period 𝑡

𝑑𝑖𝑠𝑡𝑖 𝑗 Distance between node 𝑖 and node 𝑗

𝑓 𝑙𝑡
𝑖

Cost of constructing a facility with level 𝑙 on node 𝑖 at time period 𝑡

𝑐𝑡
𝑖 𝑗

Cost of constructing link (𝑖, 𝑗) at time period 𝑡

𝑡𝑐𝑡
𝑖 𝑗

Traveling cost per demand unit on link (𝑖, 𝑗) at time period 𝑡

𝑔𝑙𝑡
𝑖

Operating and maintenance cost of a facility with level 𝑙 on node 𝑖
at time period 𝑡

ℎ𝑡
𝑖 𝑗

Operating and maintenance cost of link (𝑖, 𝑗) at time period 𝑡

𝜏𝑙 Construction time for a facility with level 𝑙
𝛿 Construction time for a link
𝐶𝐹𝑙 Capacity of a facility with level 𝑙
𝐶𝐿 Capacity of a link
𝜐 Distance limit for constructing a link

Decision Variables

𝑍 𝑙𝑡
𝑖

1 if a facility with level 𝑙 is located on node 𝑖 at time period 𝑡, 0 otherwise
𝑍𝑂𝑃𝑙𝑡

𝑖
1 if a facility with level 𝑙 is operational on node 𝑖 at time period 𝑡,
0 otherwise

𝑋 𝑡
𝑖 𝑗

1 if link (𝑖, 𝑗) is constructed at time period 𝑡, 0 otherwise
𝑋𝑂𝑃𝑡

𝑖 𝑗
1 if link (𝑖, 𝑗) is operational at time period 𝑡, 0 otherwise

𝑌 𝑘𝑡
𝑖 𝑗

Fraction of the demand related to demand point 𝑘 that flows on
link (𝑖, 𝑗) at time period 𝑡

𝑊 𝑘𝑡
𝑖

Fraction of the demand related to demand point 𝑘 served by a facility on
node 𝑖 at time period 𝑡

be helpful in evaluating and comparing capital projects or financial products with cash flows

spread over time [113]. Therefore, it can be used to calculate the current total value of a

future stream of payments. Given the time period 𝑡, net cash flow in that period 𝑅𝑡 and the

discount rate 𝑟; the formula for NPV can be given as follows, where 𝑛 represents the total

number of time periods:

𝑁𝑃𝑉 =

𝑛∑︁
𝑡=1

𝑅𝑡

(1 + 𝑟)𝑡 (3.12)
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In accordance with the assumptions made and the notations used in Table 3.2, the formulation

of Model A is as follows:

min.
∑︁
𝑖∈N

∑︁
𝑙∈L

∑︁
𝑡∈T

𝑓 𝑙𝑡𝑖 𝑍 𝑙𝑡
𝑖 +

∑︁
𝑖∈N

∑︁
𝑙∈L

∑︁
𝑡∈T

𝑔𝑙𝑡𝑖 𝑍𝑂𝑃𝑙𝑡
𝑖 +

∑︁
(𝑖, 𝑗)∈U

∑︁
𝑡∈T

𝑐𝑡𝑖 𝑗𝑋
𝑡
𝑖 𝑗

+
∑︁
(𝑖, 𝑗)∈U

∑︁
𝑡∈T

ℎ𝑡𝑖 𝑗𝑋𝑂𝑃𝑡
𝑖 𝑗 +

∑︁
(𝑖, 𝑗)∈U

∑︁
𝑘∈N

∑︁
𝑡∈T

𝑡𝑐𝑡𝑖 𝑗𝑌
𝑘𝑡
𝑖 𝑗 𝑑

𝑡
𝑘

(3.13)

subject to; 𝑍𝑂𝑃𝑙𝑡
𝑖 =

𝑡−𝜏𝑙∑︁
𝑞=1

𝑍
𝑙𝑞

𝑖
; ∀𝑖 ∈ N ,∀𝑙 ∈ L,∀𝑡 ∈ T (3.14)

𝑍𝑂𝑃𝑙𝑡
𝑖 ≥ 𝑍𝑂𝑃

𝑙,𝑡−1
𝑖

; ∀𝑖 ∈ N ,∀𝑙 ∈ L,∀𝑡 ∈ T (3.15)

𝑋𝑂𝑃𝑡
𝑖 𝑗 =

𝑡−𝛿∑︁
𝑞=1

𝑋
𝑞

𝑖 𝑗
; ∀(𝑖, 𝑗) ∈ U,∀𝑡 ∈ T (3.16)

𝑋𝑂𝑃𝑡
𝑖 𝑗 ≥ 𝑋𝑂𝑃𝑡−1

𝑖 𝑗 ; ∀(𝑖, 𝑗) ∈ U,∀𝑡 ∈ T (3.17)∑︁
𝑗∈N

𝑌 𝑘𝑡
𝑗𝑖 =

∑︁
𝑗∈N

𝑌 𝑘𝑡
𝑖 𝑗 +𝑊 𝑘𝑡

𝑖 ; ∀𝑖, 𝑘 ∈ N : 𝑖 ≠ 𝑘,∀𝑡 ∈ T (3.18)

𝑊 𝑖𝑡
𝑖 +

∑︁
𝑗∈N

𝑌 𝑖𝑡
𝑖 𝑗 = 1; ∀𝑖 ∈ N ,∀𝑡 ∈ T : 𝑑𝑡𝑖 > 0 (3.19)∑︁

𝑘∈N
𝑑𝑡𝑘𝑊

𝑘𝑡
𝑖 ≤

∑︁
𝑙∈L

𝐶𝐹 𝑙 𝑍𝑂𝑃𝑙𝑡
𝑖 ; ∀𝑖 ∈ N ,∀𝑡 ∈ T (3.20)∑︁

𝑘∈N
𝑑𝑡𝑘𝑌

𝑘𝑡
𝑖 𝑗 ≤ 𝑋𝑂𝑃𝑡

𝑖 𝑗 𝐶𝐿; ∀(𝑖, 𝑗) ∈ U,∀𝑡 ∈ T (3.21)∑︁
𝑖∈N

𝑊 𝑘𝑡
𝑖 = 1; ∀𝑘 ∈ N ,∀𝑡 ∈ T : 𝑑𝑡𝑘 > 0 (3.22)

𝑋𝑂𝑃𝑡
𝑖 𝑗 + 𝑋𝑂𝑃𝑡

𝑗𝑖 ≤ 1; ∀(𝑖, 𝑗) ∈ U,∀𝑡 ∈ T (3.23)∑︁
𝑙∈L

𝑍𝑂𝑃𝑙𝑡
𝑖 ≤ 1; ∀𝑖 ∈ N ,∀𝑡 ∈ T (3.24)

𝑍 𝑙𝑡
𝑖 , 𝑍𝑂𝑃𝑙𝑡

𝑖 ∈ {0, 1}; ∀𝑖 ∈ N ,∀𝑙 ∈ L,∀𝑡 ∈ T (3.25)

𝑋 𝑡
𝑖 𝑗 , 𝑋𝑂𝑃𝑡

𝑖 𝑗 ∈ {0, 1}; ∀(𝑖, 𝑗) ∈ U,∀𝑡 ∈ T (3.26)

𝑌 𝑘𝑡
𝑖 𝑗 ≥ 0; ∀(𝑖, 𝑗) ∈ U,∀𝑘 ∈ N ,∀𝑡 ∈ T (3.27)

𝑊 𝑘𝑡
𝑖 ≥ 0; ∀𝑖, 𝑘 ∈ N ,∀𝑡 ∈ T (3.28)

The objective function (3.13) minimizes the total cost in the defined network, which consist

of construction costs of the facilities and links, operating costs of the facilities and links

as well as the traveling costs. Since the parameters may change over time in the specified
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time horizon, all corresponding costs are distinct for each time period. As described earlier,

the NPV method can be used to define all corresponding costs. Therefore, the objective

function minimizes the net present value of the total cost in the network over the specified

time horizon.

Constraints (3.14) ensure that a facility with level 𝑙 at node 𝑖 will be operational 𝜏𝑙 periods after

the initial investment decision is made. One may refer to the related assumption that facilities

are not active and cannot serve any demand during their construction period. Constraints

(3.15) ensure that once a facility with level 𝑙 is located at node 𝑖 at time period 𝑡, it will

remain operational until the end of the time horizon. Constraints (3.16) ensure that the link

(𝑖, 𝑗) will be operational 𝛿 periods after the initial construction decision. Constraints (3.17)

ensure that once the link (𝑖, 𝑗) is constructed at time period 𝑡, it will remain operational until

the end of the time horizon.

Constraints (3.18) ensure that each demand flows to node 𝑖 is either served by node 𝑖 to supply

its demand or transferred to the other nodes for each time period 𝑡. Constraints (3.19) ensure

that if node 𝑖 has a demand at time period 𝑡, it must be served either from a facility at node 𝑖

or by another facility in the network at time period 𝑡. Similar to the formulation of CFLNDP,

Constraints (3.18) - (3.19), combined, provide the conservation of flow in each time period.

Constraints (3.20) - (3.21) are the capacity constraints. The facility capacity constraints (3.20)

ensure that demand at time period 𝑡 can be served by node 𝑖 only if there is an operational

facility at node 𝑖 in that time period. Additionally, the total demand served by node 𝑖 at time

period 𝑡 cannot exceed the capacity of the operational facility. The link capacity constraints

(3.21) state that, in order to use the link (𝑖, 𝑗) to serve the demand of demand point 𝑘 at time

period 𝑡, the link must be operational in that period and the total demand flows on that link

cannot exceed its capacity.

Constraints (3.22) state that each demand must be served for each demand point throughout

the time horizon. Constraints (3.23) preclude the activation of oppositely directed flows

on any link (𝑖, 𝑗), which means flow on any operational link will only be in one direction.

Constraints (3.24) ensure that there can be only one facility in a node throughout the time

horizon.
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Constraints (3.25 - 3.28) correspond to the integrality and non-negativity constraints of the

decision variables.

3.3. MODEL B

The idea of a dynamic/time-dependent system, which is ignored in most of the proposed

facility location and network design problems, is examined in detail in Model A. Similarly

to this situation, some other crucial points are often ignored for the wastewater treatment

networks. The importance of distance in water transportation is an irrefutable fact. While

considering the distance between two endpoints in water transportation, the vertical difference

between these points, which means the difference in their altitudes, can also affect the

transportation cost and difficulty. This fact may also contradict the assumption of symmetrical

transportation cost. In that context, Model B aims to consider the transportation cost more

realistically by defining three-dimensional space.

Moreover, the capacity expansion options for the facilities, which are categorized according

to their capacities, are also taken into account. As discussed in Section 2.3, the capacity

expansion phenomena is generally considered in continuous cases. In Model B, we consider

the capacity expansion in a discrete structure. That is, the capacity expansion means an

increase in facility levels which are defined as discrete integer values that affect the capacity.

Model B is defined on a three-dimensional space consisting of nodes and possible links

between nodes and has a time horizon, as in Model A. The main assumptions of the model

are as follows:

• Each node is a demand point and has a certain level of demand to be met for each time

period throughout the time horizon.

• Each node is a candidate location for hosting a facility. All the demands of the nodes

in a time period can only be met from the operational facilities in that time period.

• Facilities are divided into levels/categories with respect to their capacities and there

can only be one facility in a node for each time period.

• A facility that is constructed at any node can be expanded to higher levels within the
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time horizon. However, it cannot be decreased to a lower category or removed from

the network.

• Links are divided into categories according to their capacities, just like facilities.

• There is a distance limit while constructing a link which means if the distance between

two arbitrary nodes is above this limit, a link between these nodes cannot be activated.

• Opening facilities and links are not instantaneous; construction times are considered.

Construction times depend on the categories of the facilities and links.

• Links are directed and can only be constructed in one direction.

• Demand is divisible. It is not necessary for a single facility to meet the whole demand

of a node.

The notations used in the formulation of Model B are displayed in Table 3.3.
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Table 3.3. Notations used in Model B

Notation Description

Sets

N Set of nodes; 𝑖, 𝑗 ∈ N and set of demand points; 𝑘 ∈ N
U Set of possible directed links; (𝑖, 𝑗) ∈ U: 𝑑𝑖𝑠𝑡𝑖 𝑗 ≤ 𝜐

L Set of facility levels; 𝑙, 𝜁 ∈ L
P Set of link types; 𝑝 ∈ P
T Set of time periods; 𝑡 ∈ T

Parameters

𝑑𝑡
𝑘

Demand related to demand point 𝑘 at time period 𝑡

𝑑𝑖𝑠𝑡𝑖 𝑗 Distance between node 𝑖 and node 𝑗

Δℎ𝑖 𝑗 Vertical difference between node 𝑖 and node 𝑗

𝑓 𝑙𝑡
𝑖

Cost of constructing a facility with level 𝑙 on node 𝑖 at time period 𝑡

𝑒
𝑙𝜁 𝑡

𝑖
Cost of expanding a facility with level 𝑙 to level 𝜁 on node 𝑖 at time period 𝑡

𝑐
𝑝𝑡

𝑖 𝑗
Cost of constructing link (𝑖, 𝑗) with link type 𝑝 at time period 𝑡

𝑡𝑐
𝑝𝑡

𝑖 𝑗
Traveling cost per demand unit on link (𝑖, 𝑗) with link type 𝑝 at time period 𝑡

𝑔𝑙𝑡
𝑖

Operating and maintenance cost of a facility with level 𝑙 on node 𝑖
at time period 𝑡

ℎ
𝑝𝑡

𝑖 𝑗
Operating and maintenance cost of link (𝑖, 𝑗) with link type 𝑝 at time period 𝑡

𝜏𝑙 Construction time for a facility with level 𝑙
𝜃𝑙𝜁 Expansion time for a facility with level 𝑙 to level 𝜁
𝛿𝑝 Construction time for a link with type 𝑝

𝐶𝐹𝑙 Capacity of a facility with level 𝑙
𝐶𝐿 𝑝 Capacity of a link with type 𝑝

𝜐 Distance limit for constructing a link

Decision Variables

𝑍 𝑙𝑡
𝑖

1 if a facility with level 𝑙 is located on node 𝑖 at time period 𝑡, 0 otherwise
𝑍𝑂𝑃𝑙𝑡

𝑖
1 if a facility with level 𝑙 is operational on node 𝑖 at time period 𝑡,
0 otherwise

𝐸𝑋
𝑙𝜁 𝑡

𝑖
1 if a facility with level 𝑙 is expanded to level 𝜁 on node 𝑖 at time period 𝑡,
0 otherwise

𝑋
𝑝𝑡

𝑖 𝑗
1 if link (𝑖, 𝑗) with type 𝑝 is constructed at time period 𝑡, 0 otherwise

𝑋𝑂𝑃
𝑝𝑡

𝑖 𝑗
1 if link (𝑖, 𝑗) with type 𝑝 is operational at time period 𝑡, 0 otherwise

𝑌
𝑘𝑝𝑡

𝑖 𝑗
Fraction of the demand related to demand point 𝑘 that flows on
link (𝑖, 𝑗) with type 𝑝 at time period 𝑡

𝑊 𝑘𝑡
𝑖

Fraction of the demand related to demand point 𝑘 served by a facility on
node 𝑖 at time period 𝑡
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The formulation of Model B, taking into account the notations used and all assumptions

made, is given below:

min.
∑︁
𝑖∈N

∑︁
𝑙∈L

∑︁
𝑡∈T

𝑓 𝑙𝑡𝑖 𝑍 𝑙𝑡
𝑖 +

∑︁
𝑖∈N

∑︁
𝑙∈L

∑︁
𝑡∈T

𝑔𝑙𝑡𝑖 𝑍𝑂𝑃𝑙𝑡
𝑖 +

∑︁
(𝑖, 𝑗)∈U

∑︁
𝑝∈P

∑︁
𝑡∈T

𝑐
𝑝𝑡

𝑖 𝑗
𝑋

𝑝𝑡

𝑖 𝑗

+
∑︁
(𝑖, 𝑗)∈U

∑︁
𝑝∈P

∑︁
𝑡∈T

ℎ
𝑝𝑡

𝑖 𝑗
𝑋𝑂𝑃

𝑝𝑡

𝑖 𝑗
+

∑︁
(𝑖, 𝑗)∈U

∑︁
𝑘∈N

∑︁
𝑝∈P

∑︁
𝑡∈T

𝑡𝑐
𝑝𝑡

𝑖 𝑗
𝑌
𝑘 𝑝𝑡

𝑖 𝑗
𝑑𝑡𝑘

+
∑︁
𝑖∈N

∑︁
𝑙∈L

∑︁
𝜁∈L:𝜁>𝑙

∑︁
𝑡∈T

𝑒
𝑙𝜁𝑡

𝑖
𝐸𝑋

𝑙𝜁𝑡

𝑖

(3.29)

subject to;

𝑍𝑂𝑃𝑙𝑡
𝑖 =

𝑡−𝜏𝑙∑︁
𝑞=1

𝑍
𝑙𝑞

𝑖
+

𝑡−𝜃𝜁 𝑙∑︁
𝑞=1

𝑙−1∑︁
𝜁=1

𝐸𝑋
𝜁𝑙𝑡

𝑖
−

𝑡−𝜃𝑙𝜁∑︁
𝑞=1

|𝐿 |∑︁
𝜁=𝑙+1

𝐸𝑋
𝑙𝜁𝑡

𝑖
; ∀𝑖 ∈ N ,∀𝑙 ∈ L,∀𝑡 ∈ T (3.30)

𝑍𝑂𝑃𝑙𝑡
𝑖 ≥

|𝐿 |∑︁
𝜁=𝑙+1

𝐸𝑋
𝑙𝜁𝑡

𝑖
; ∀𝑖 ∈ N ,∀𝑙 ∈ L,∀𝑡 ∈ T (3.31)∑︁

𝑙∈L
𝑍𝑂𝑃𝑙𝑡

𝑖 ≥
∑︁
𝑙∈L

𝑍𝑂𝑃
𝑙,𝑡−1
𝑖

; ∀𝑖 ∈ N ,∀𝑡 ∈ T (3.32)

𝑋𝑂𝑃
𝑝𝑡

𝑖 𝑗
=

𝑡−𝛿𝑝∑︁
𝑞=1

𝑋
𝑝𝑞

𝑖 𝑗
; ∀(𝑖, 𝑗) ∈ U,∀𝑝 ∈ P,∀𝑡 ∈ T (3.33)

𝑋𝑂𝑃
𝑝𝑡

𝑖 𝑗
≥ 𝑋𝑂𝑃

𝑝,𝑡−1
𝑖 𝑗

; ∀(𝑖, 𝑗) ∈ U,∀𝑝 ∈ P,∀𝑡 ∈ T (3.34)∑︁
𝑗∈N

∑︁
𝑝∈P

𝑌
𝑘 𝑝𝑡

𝑗𝑖
=
∑︁
𝑗∈N

∑︁
𝑝∈P

𝑌
𝑘 𝑝𝑡

𝑖 𝑗
+𝑊 𝑘𝑡

𝑖 ; ∀𝑖, 𝑘 ∈ N : 𝑖 ≠ 𝑘,∀𝑡 ∈ T (3.35)

𝑊 𝑖𝑡
𝑖 +

∑︁
𝑗∈N

∑︁
𝑝∈P

𝑌
𝑖𝑝𝑡

𝑖 𝑗
= 1; ∀𝑖 ∈ N ,∀𝑡 ∈ T : 𝑑𝑡𝑖 > 0 (3.36)∑︁

𝑘∈N
𝑑𝑡𝑘𝑊

𝑘𝑡
𝑖 ≤

∑︁
𝑙∈L

𝐶𝐹 𝑙 𝑍𝑂𝑃𝑙𝑡
𝑖 ; ∀𝑖 ∈ N ,∀𝑡 ∈ T (3.37)∑︁

𝑘∈N
𝑑𝑡𝑘𝑌

𝑘 𝑝𝑡

𝑖 𝑗
≤ 𝑋𝑂𝑃

𝑝𝑡

𝑖 𝑗
𝐶𝐿𝑝; ∀(𝑖, 𝑗) ∈ U,∀𝑝 ∈ P,∀𝑡 ∈ T (3.38)∑︁

𝑖∈N
𝑊 𝑘𝑡

𝑖 = 1; ∀𝑘 ∈ N ,∀𝑡 ∈ T : 𝑑𝑡𝑘 > 0 (3.39)∑︁
𝑝∈P

∑︁
𝑡∈T
(𝑋 𝑝𝑡

𝑖 𝑗
+ 𝑋 𝑝𝑡

𝑗𝑖
) ≤ 1; ∀(𝑖, 𝑗) ∈ U (3.40)∑︁

𝑙∈L
𝑍𝑂𝑃𝑙𝑡

𝑖 ≤ 1; ∀𝑖 ∈ N ,∀𝑡 ∈ T (3.41)

𝑍 𝑙𝑡
𝑖 , 𝑍𝑂𝑃𝑙𝑡

𝑖 ∈ {0, 1}; ∀𝑖 ∈ N ,∀𝑙 ∈ L,∀𝑡 ∈ T (3.42)
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𝑋
𝑝𝑡

𝑖 𝑗
, 𝑋𝑂𝑃

𝑝𝑡

𝑖 𝑗
∈ {0, 1}; ∀(𝑖, 𝑗) ∈ U,∀𝑝 ∈ P,∀𝑡 ∈ T (3.43)

𝐸𝑋
𝑙𝜁𝑡

𝑖
∈ {0, 1}; ∀𝑖 ∈ N ,∀𝑙, 𝜁 ∈ L : 𝜁 > 𝑙,∀𝑡 ∈ T (3.44)

𝑌
𝑘 𝑝𝑡

𝑖 𝑗
≥ 0; ∀(𝑖, 𝑗) ∈ U,∀𝑘 ∈ N ,∀𝑝 ∈ P,∀𝑡 ∈ T (3.45)

𝑊 𝑘𝑡
𝑖 ≥ 0; ∀𝑖, 𝑘 ∈ N ,∀𝑡 ∈ T (3.46)

The objective function (3.29) minimizes the total cost in the defined network, which consist

of construction costs of facilities and links, operating costs of facilities and links, expanding

costs of facilities as well as traveling costs throughout the time horizon. Since the parameters

may change over time in the specified time horizon, all corresponding costs are distinct for

each time period as in Model A.

Constraints (3.30) enforce that, for a facility with level 𝑙 to be operational in any time period

𝑡 at node 𝑖, either a facility with level 𝑙 should have been constructed at least 𝜏𝑙 periods ago,

or a facility with any lower-level 𝜁 should have been expanded to level 𝑙 at least 𝜃𝑙𝜁 periods

ago. In addition, the facility with level 𝑙 should not have been expanded to a higher level.

Constraints (3.31) ensure that a facility with level 𝑙 should be operational to expand to a

higher level at time period 𝑡. Constraints (3.32) ensure that once a facility with level 𝑙 is

located at node 𝑖, a facility with level 𝜁 (𝜁 ≥ 𝑙) will be operational until the end of the time

horizon. Constraints (3.33) ensure that a link (𝑖, 𝑗) with type 𝑝 will be operational 𝛿𝑝 periods

after the initial construction decision. Constraints (3.34) ensure that once a link (𝑖, 𝑗) with

type 𝑝 is established, it will remain operational until the end of the time horizon.

Constraints (3.35) ensure that each demand flows to node 𝑖 is either served by node 𝑖 to supply

its demand or transferred to the other nodes for each time period 𝑡. These constraints have the

same structure as Constraints (3.18) in Model A; only link types are included as a difference.

Constraints (3.36) ensure that if node 𝑖 has a demand at time period 𝑡, it must be served either

from a facility at node 𝑖 or by another facility in the network at time period 𝑡. As described

earlier in Model A, Constraints (3.35) - (3.36), combined, provide the conservation of flow

in each time period.

Constraints (3.37) - (3.38) are the capacity constraints and have the same structure as

Constraints (3.20) - (3.21) in Model A. The facility capacity constraints (3.37) ensure that

demand at time period 𝑡 can be served by node 𝑖 only if there is an operational facility at node
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𝑖 in that time period. Additionally, the total demand served by node 𝑖 at time period 𝑡 cannot

exceed the capacity of the operational facility. The link capacity constraints (3.38) state that,

in order to use a link (𝑖, 𝑗) to serve the demand of demand point 𝑘 at time period 𝑡, the link

must be operational in that period and the total demand flows on that link cannot exceed its

capacity.

Constraints (3.39) state that each demand must be served for each demand point throughout

the time horizon. Constraints (3.40) preclude the activation of oppositely directed flows

on any link (𝑖, 𝑗), which means flow on any operational link will only be in one direction.

Constraints (3.41) ensure that there can be only one operational facility in any node for each

time period.

Constraint (3.42 - 3.46) corresponds to the integrality and non-negativity constraints of the

decision variables.
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4. COMPUTATIONAL EXPERIMENTS

In this section, in order to reveal the structures of the proposed mathematical models, the

computational experiments are presented and their experimental results are discussed. First,

the parameters and conducted design of experiments for both proposed mathematical models

are presented and then their results and competencies are discussed.

All test instances or experiments are solved with Python modeling library for optimization

DOcplex and CPLEX version of 20.1. Experiments are run under a Windows system with a

2.8GHz processor and 16 GB of RAM.

4.1. EXPERIMENTAL RESULTS OF MODEL A

In this section, an experimental design is conducted for Model A in order to observe how

the proposed mathematical model behaves with the change of set levels. Test instances are

performed using the same method by Melkote and Daskin [56] using different set levels.

A various number of nodes, time periods, facility levels and distance limits are used in

the conducted design. The details of the experimental design with the enumeration of all

combinations are given in Table 4.1. A total of forty-eight combinations are obtained by

using four different number of nodes, three different number of time periods, two different

facility levels and two different distance limits.

One of the most important issues to consider is that |T | refers to the cardinality of set T

which indicates the total number of time periods in which the demand is taken into account.

As mentioned earlier, there is a construction period for both facilities and links. Considering

that the model ensures all the demand is served within the time horizon, a preliminary period

is assumed for the initial investments. The length of this time interval is determined as the

maximum construction time. Thus, in the remainder of this study, 𝑡∗ indicates the starting

point of the time horizon (i.e., pre-activation period) and 𝑡 = 1 indicates the starting time of

the demand activation. The time difference between 𝑡∗ and 𝑡 = 1 is the maximum construction

time of any link or facility. Therefore, 𝑡∗ might take on negative values.



35

Table 4.1. Details of the experimental design for Model A

Experiment No. |L| = 3 |L| = 5

𝜐 = 25 𝜐 = 50 𝜐 = 25 𝜐 = 50

|N | = 10
|T | = 10 𝐸.𝐴1 𝐸.𝐴2 𝐸.𝐴3 𝐸.𝐴4
|T | = 20 𝐸.𝐴5 𝐸.𝐴6 𝐸.𝐴7 𝐸.𝐴8
|T | = 30 𝐸.𝐴9 𝐸.𝐴10 𝐸.𝐴11 𝐸.𝐴12

|N | = 20
|T | = 10 𝐸.𝐴13 𝐸.𝐴14 𝐸.𝐴15 𝐸.𝐴16
|T | = 20 𝐸.𝐴17 𝐸.𝐴18 𝐸.𝐴19 𝐸.𝐴20
|T | = 30 𝐸.𝐴21 𝐸.𝐴22 𝐸.𝐴23 𝐸.𝐴24

|N | = 30
|T | = 10 𝐸.𝐴25 𝐸.𝐴26 𝐸.𝐴27 𝐸.𝐴28
|T | = 20 𝐸.𝐴29 𝐸.𝐴30 𝐸.𝐴31 𝐸.𝐴32
|T | = 30 𝐸.𝐴33 𝐸.𝐴34 𝐸.𝐴35 𝐸.𝐴36

|N | = 40
|T | = 10 𝐸.𝐴37 𝐸.𝐴38 𝐸.𝐴39 𝐸.𝐴40
|T | = 20 𝐸.𝐴41 𝐸.𝐴42 𝐸.𝐴43 𝐸.𝐴44
|T | = 30 𝐸.𝐴45 𝐸.𝐴46 𝐸.𝐴47 𝐸.𝐴48

The parameters used in the experimental design are presented in Table 4.2. The locations of

the nodes are randomly generated on a 50 × 50 two-dimensional plane by using the Python

library NumPy [114]. The same random seed is used to locate the nodes in each experiment

to perform a valid comparison. For instance, the locations of the nodes in the first twelve

experiments (𝐸.𝐴1 - 𝐸.𝐴12) are the same. For the next twelve experiments (𝐸.𝐴13 - 𝐸.𝐴24),

instead of locating twenty nodes from scratch, the locations of the first ten nodes are kept as

it stands and then newly generated nodes are included.

The distance between nodes is determined by Euclidean geometry. Let (𝑙𝑜𝑐𝑥𝑖, 𝑙𝑜𝑐𝑦𝑖)

represent the coordinates of node 𝑖 in two-dimensional space. The distance between node 𝑖

and node 𝑗 is determined by Equation (4.1) given below:

𝑑𝑖𝑠𝑡𝑖 𝑗 =

√︃
(𝑙𝑜𝑐𝑥𝑖 − 𝑙𝑜𝑐𝑥 𝑗 )2 + (𝑙𝑜𝑐𝑦𝑖 − 𝑙𝑜𝑐𝑦 𝑗 )2 (4.1)

While presenting the parameters, the uniform distribution is used to determine the associated

costs and capacities. 𝑈 [𝑎, 𝑏] denotes a uniformly distributed random variable that lies

between certain lower bound 𝑎 and upper bound 𝑏.
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Table 4.2. Parameters used in experimental design of Model A

Parameter Value Generation

𝑑𝑡
𝑘

𝑑1
𝑘
= 𝑈 [5, 100]

𝑑𝑡
𝑘
= 𝑑𝑡−1

𝑘
×𝑈 [0.99, 1.05]; 𝑡 > 1

𝑓 𝑙𝑡
𝑖

𝑓 10
∗

𝑖
= 𝑈 [400, 450]

𝑓 20
∗

𝑖
= 𝑈 [600, 700]

𝑓 30
∗

𝑖
= 𝑈 [900, 1000]

𝑓 40
∗

𝑖
= 𝑈 [1400, 1600]

𝑓 50
∗

𝑖
= 𝑈 [2250, 2500]

𝑓 𝑙𝑡
𝑖

= 𝑓 𝑙𝑡−1
𝑖
×𝑈 [1, 1.05]; 𝑡 > 0∗

𝑐𝑡
𝑖 𝑗

𝑐0
∗

𝑖 𝑗
= 𝑑𝑖𝑠𝑡𝑖 𝑗 × 0.1

𝑐𝑡
𝑖 𝑗
= 𝑐𝑡−1

𝑖 𝑗
×𝑈 [1, 1.05]; 𝑡 > 0∗

𝑡𝑐𝑡
𝑖 𝑗

𝑡𝑐0
∗

𝑖 𝑗
= 𝑑𝑖𝑠𝑡𝑖 𝑗 × 0.005

𝑡𝑐𝑡
𝑖 𝑗
= 𝑡𝑐𝑡−1

𝑖 𝑗
×𝑈 [1, 1.05]; 𝑡 > 0∗

𝑔𝑙𝑡
𝑖

𝑔𝑙𝑡
𝑖
= 𝑓 𝑙𝑡

𝑖
×𝑈 [0.06, 0.1]

ℎ𝑡
𝑖 𝑗

ℎ𝑡
𝑖 𝑗
= 𝑐𝑡

𝑖 𝑗
×𝑈 [0.04, 0.06]

𝜏𝑙
𝜏𝑙 = 2; 𝑙 ≤ 3
𝜏𝑙 = 3; 𝑙 ≥ 4

𝛿 𝛿 = 1

𝐶𝐹𝑙

𝐶𝐹1 = 25
𝐶𝐹2 = 45
𝐶𝐹3 = 80
𝐶𝐹4 = 150
𝐶𝐹5 = 250

𝐶𝐿 𝐶𝐿 = 120

In each experiment, a time limit is set on the CPLEX algorithm, and if an optimal solution

cannot be obtained within this limit, the algorithm is interrupted and the best solution obtained

by that time is recorded. The specified time limit for each experiment is determined by the

formula given below:

Time Limit = |N | × |T | × 30 (4.2)

Table 4.3 summarizes the computational results of the experimental design by presenting the

objective function value, lower bound, the percentage of optimality gap, CPU time and the

weighted average efficiency of the facilities; for each test instance. The weighted average
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Table 4.3. Computational results of the experimental design for Model A

Experiment
No.

Objective
Function

Lower
Bound

Optimality
Gap(%)

CPU time
(sec.)

Weighted Avg.
Efficiency(%)

E.A1 10219.91 10219.91 0.00 14.29 98.14
E.A2 10219.91 10219.91 0.00 29.54 98.14
E.A3 10219.91 10219.91 0.00 10.14 98.14
E.A4 10219.91 10219.91 0.00 25.68 98.14
E.A5 20304.72 20304.72 0.00 121.45 98.10
E.A6 20311.08 20311.08 0.00 283.63 98.10
E.A7 20175.77 20175.77 0.00 99.56 98.68
E.A8 20170.48 20170.48 0.00 240.93 98.68
E.A9 37548.81 37548.81 0.00 727.25 99.45
E.A10 37548.81 37548.81 0.00 3078.72 99.45
E.A11 36797.33 36797.33 0.00 189.47 99.94
E.A12 36797.33 36797.33 0.00 1012.86 99.94
E.A13 18628.73 18628.73 0.00 4729.58 99.45
E.A14 18628.73 18564.60 0.34 6000.00 99.45
E.A15 18624.88 18440.12 0.99 6000.00 98.34
E.A16 18629.15 18311.98 1.70 6000.00 98.34
E.A17 36785.94 36299.15 1.32 12000.00 99.47
E.A18 37180.71 36188.16 2.67 12000.00 98.25
E.A19 35979.69 35543.25 1.21 12000.00 99.47
E.A20 36028.12 35544.63 1.34 12000.00 99.47
E.A21 68348.44 66960.40 2.03 18000.00 99.22
E.A22 68460.45 66727.99 2.53 18000.00 99.22
E.A23 66575.36 64980.48 2.40 18000.00 99.22
E.A24 66397.89 64849.13 2.33 18000.00 99.22
E.A25 27475.96 27230.00 0.90 9000.00 99.14
E.A26 27475.49 27222.71 0.92 9000.00 99.14
E.A27 27334.21 26735.78 2.19 9000.00 98.64
E.A28 27097.84 26718.74 1.40 9000.00 99.89
E.A29 54751.95 53485.05 2.31 18000.00 99.69
E.A30 55490.46 53485.80 3.61 18000.00 98.88
E.A31 53761.29 52250.04 2.81 18000.00 98.68
E.A32 51980.52 51088.42 1.75 18000.00 99.13
E.A33 103278.37 98751.75 4.58 27000.00 97.56
E.A34 103997.59 99012.73 5.03 27000.00 98.56
E.A35 100728.14 95474.04 5.50 27000.00 98.06
E.A36 98130.59 94291.63 4.07 27000.00 99.10
E.A37 36531.42 36116.29 1.15 12000.00 98.37
E.A38 36531.42 36078.36 1.26 12000.00 98.37
E.A39 36041.39 35152.42 2.53 12000.00 99.70
E.A40 35783.91 34958.35 2.36 12000.00 99.70
E.A41 74839.26 70894.83 5.56 24000.00 97.87
E.A42 73845.69 69968.93 5.54 24000.00 98.46
E.A43 73627.30 70152.45 4.95 24000.00 98.63
E.A44 72261.44 68118.05 6.08 24000.00 98.14
E.A45 134475.32 130580.91 2.98 36000.00 98.12
E.A46 133569.88 127293.66 5.00 36000.00 98.10
E.A47 129623.25 121343.69 6.82 36000.00 98.75
E.A48 125292.27 117471.73 6.66 36000.00 99.10
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efficiency of the facilities is determined by Equation (4.3) given as follows:

Weighted Avg. Efficiency (%) =
∑

𝑘∈N
∑

𝑡∈T 𝑑𝑡
𝑘∑

𝑖∈N
∑

𝑙∈L
∑

𝑡∈T 𝐶𝐹 𝑙 𝑍𝑂𝑃𝑙𝑡
𝑖

× 100 (4.3)

The percentage of optimality gap simply shows the deviation of the incumbent solution, which

is the best-known solution, from the best possible solution. The lower bound obtained by the

CPLEX algorithm refers to the best possible solution when the algorithm is interrupted. We

see that in about one-fourth of the experiments (13 out of 48), an exact optimal solution is

found within the specified time limit. Solutions within five percent of the optimality gap are

found in 40 out of 48 experiments. Moreover, the weighted average efficiency of the facilities

is obtained to be higher than 98 percent in almost all experiments.

Considering the main motivations of this study, the fact that the weighted average efficiency is

way higher than 95 percent and the optimality gap is less than 10 percent within the specified

time limit in all experiments is a good performance indicator for the proposed model; even

though the number of decision variables and constraints has increased considerably due to

the dynamic nature of the model. However, as stated in the related studies, the performance

of CPLEX might decrease significantly as the scale of the problems increases [55,56,64]. For

instance, CPLEX runs out of memory and cannot reach to a lower bound in a test problem

conducted by Rahmaniani and Ghaderi [64], in which there are 80 nodes for a CFLND

problem. Nevertheless, the CPLEX algorithm has been able to solve all test networks with

up to 40 nodes, effectively.

To present an example, the complete network in a single experiment 𝐸.𝐴3 is illustrated

in Figure 4.1. Nodes without facilities are represented by dots and nodes with constructed

facilities are represented by squares. In each square, there is a number that denotes the facility

level 𝑙. Moreover, the arrows represent established links along with their directions. It is

observed that, the demand of node 5 is divided partially between the facilities on nodes 3 and

4; one may recall the demand divisibility structure of Model A. The fraction of this division,

𝑊 𝑘𝑡
𝑖

for demand point 𝑘 = 5 throughout the time horizon, is summarized in Table 4.4. Another

interesting point of the experiment is the establishment of link (3,4), which is between two

nodes with facilities. The capacity of the facility at node 9 is lower than the total demand

of nodes 1, 9 and 10 combined. Therefore, part of this combined demand flows over the
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link (3,4) to be served at the facility at node 7. The details of this particular experiment

are provided in Appendix A by displaying the network and decision variables for each time

period.

Figure 4.1. Complete network in 𝐸.𝐴3 (𝑡 = 10)

Table 4.4. 𝑊 𝑘𝑡
𝑖

for demand point 𝑘=5 in 𝐸.𝐴3

𝑊 𝑘𝑡
𝑖

Time Period (𝑡)
Source

(𝑖)
Demand
Point (𝑘) 1 2 3 4 5 6 7 8 9 10

3 5 1.00 1.00 1.00 1.00 1.00 0.91 0.83 0.79 0.78 0.79
4 5 0.09 0.17 0.21 0.22 0.21

Figures 4.2 - 4.9 contain bar plots for the output of the experimental design for each set level

combination. More specifically, Figure 4.2 presents the objective function values (i.e., total

cost) for each experiment. It is clear that, the increase in |N | and |T | triggers an increase in

the total cost, which is an expected behaviour in line with the expansion of whole network.
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Figure 4.2. Effect of different set levels on total cost for the experimental design of Model A

Figure 4.3. Effect of different set levels on number of constructed facilities for the
experimental design of Model A

The expected positive trend that defined for demand generation often causes more constructed

facilities and links as the time horizon expands (see Figure 4.3 and Figure 4.6); thus more

investment is made (see Figure 4.4, Figure 4.5, Figure 4.7, Figure 4.8).

It is also observed that, as |L| and 𝜐 decreases, facility-related costs tend to increase (see

Figure 4.4, Figure 4.5), whereas link investments and traveling costs tend to decrease (see

Figure 4.7, Figure 4.8, Figure 4.9). The main reason for this situation is the restriction on the

possible combinations of decision variables. For example, further restrictions on the distance

limit will reduce the number of candidate links to be established. Hence, part of the links

involved in the solution of experiments where 𝜐 is bigger cannot be established. Therefore, a

facility may be constructed instead of establishing that type of link or a group of links. The

same holds true while reducing the number of possible facility levels, as it will affect the

capacity of the whole network.
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Figure 4.4. Effect of different set levels on total facility construction cost for the
experimental design of Model A

Figure 4.5. Effect of different set levels on total facility operating cost for the experimental
design of Model A

Figure 4.5 clearly shows the trade-off between |T | and the facility operating costs. It is

observed that, growth in the time horizon increases facility operating costs significantly

more than construction costs. The same holds true for the link investments (see Figure 4.7,

Figure 4.8). This situation directly depends on the demand growth rate over time. Since

all the demand in the network must be met, the total capacity must be at least as much as

the combined demand in the whole network. In scenarios where demand remains stable

over the years, the number of facilities built is not expected to increase dramatically. On the

other hand, since operational costs are considered in each time period, they are expected to

increase as the time horizon expands. The same applies to the total traveling costs as they

are considered when transferring and flow occurs in the network.
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Figure 4.6. Effect of different set levels on number of established links for the experimental
design of Model A

Figure 4.7. Effect of different set levels on total link construction cost for the experimental
design of Model A

Figure 4.8. Effect of different set levels on total link operating cost for the experimental
design of Model A
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Figure 4.9. Effect of different set levels on total traveling cost for the experimental design of
Model A

4.2. EXPERIMENTAL RESULTS OF MODEL B

4.2.1. A Guideline for Parameter Generation

The proposed model is designed to establish a wastewater treatment network; thus, the cost

and energy formulas derived in the literature, especially those derived by Brand and Osfeld

[109] can be used for parameter generation to obtain more realistic results. For instance, the

formula for the facility construction cost can be given as follows:

𝐶1 = 85825 (𝑄𝑇 )0.71 + 1000 𝑄𝑇 (4.4)

In Equation (4.4), 𝐶1 represents the cost for constructing a wastewater treatment facility

in dollars ($). 𝑄𝑇 variable represents the amount of wastewater treated in that facility in

𝑚3/ℎ𝑜𝑢𝑟. In other words, it represents the capacity of the facility to be constructed. This

equation can be used as the cost of opening a facility within the determined capacities of the

categorized facilities.

𝐶2 = 382.5 𝐷1.455
𝑝 𝐿 (4.5)

Equation (4.5) is also derived by Brand and Osfeld [109] in which the term 𝐶2 expresses the

cost in $ required to establish a wastewater pipeline. The variable 𝐷 𝑝 represents pipeline

diameters in 𝑐𝑚, whereas the variable 𝐿 represents the pipeline length in 𝑘𝑚. This equation

can also be used as the cost of establishing categorized links. In this context, the following
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formula can be used in order to establish a relation between the diameters and capacities of

the pipelines for a wastewater treatment network:

𝑄𝑊 = 3600 𝜋 · 𝑉 ( 𝑑
2
)2 (4.6)

In Equation (4.6), the variable 𝑄𝑊 gives the flow rate of water in 𝑚3/ℎ𝑜𝑢𝑟; the variable 𝑉

represents the velocity of water in 𝑚/𝑠𝑒𝑐𝑜𝑛𝑑 and the variable 𝑑 represents the diameter of

the pipeline through the water will be transported in 𝑚.

𝐶3 =
𝐸𝐶 × 𝐻𝑅

1000
[3.454 Δℎ 𝑄 + 6409 (𝑄2.852 𝐷−4.87𝑝 𝐿)] (4.7)

Equation (4.7) is derived to obtain the annual energy cost for pipelines in a wastewater

treatment network. 𝐶3 represents the annual pumping cost in dollars ($/year), whereas

Δℎ represents the vertical distance difference between the endpoints of a pumping line in

𝑚. 𝐸𝐶 is the energy cost in $/𝑘𝑊ℎ and 𝐻𝑅 is the number of operational hours of a

pumping line in a year. As a base value, 𝐸𝐶 and 𝐻𝑅 are determined to be 0.1 $/𝑘𝑊ℎ and

8760 ℎ𝑜𝑢𝑟/𝑦𝑒𝑎𝑟, respectively. The variable 𝑄 denotes the flow rate in a pumping line in

𝑚3/ℎ𝑜𝑢𝑟 . Equation (4.7) can be used as traveling cost in Model B.

One may recall that, the total demand that flows on any link is a decision variable, which

is represented by 𝑄 in Equation (4.7). Linear programming problems assume that each

decision variable has a power of one (i.e., they cannot be raised to any power different than

one). Therefore, because of the 𝑄2.852 term in the formula, using it directly would violate the

linearity assumption. This term can be transformed into a piecewise linear function to avoid

that situation.

The maximum capacity of a link is determined as 4250 𝑚3/ℎ𝑜𝑢𝑟 , as will be revealed later

in this section. By using the Python library "pwlf 2.2.1", which is a library for applying

piecewise linear regression to a given data, the function 𝑔(𝑄) is fitted to the function 𝑄2.852

in a given interval [1,4250] of 𝑄. While applying this fit, 𝑔(𝑄) is forced to pass through

the point (1,1) and the slopes of this function are forced to be a set of simplified integers to

reduce the complexity. With an 𝑅2 value of 0.994, which indicates a good fit, the piecewise
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linear function 𝑔(𝑄) is given below:

𝑔(𝑄) =



0; 𝑄 < 1

500, 000 𝑄 − 499, 999; 1 ≤ 𝑄 ≤ 1500

5, 000, 000 𝑄 − 67, 505 × 105; 1500 ≤ 𝑄 ≤ 3000

10, 000, 000 𝑄 − 217, 505 × 105; 3000 ≤ 𝑄 ≤ 4250

0; 𝑄 > 4250

(4.8)

Thus, 𝑄2.852 is transformed to 𝑔(𝑄) in Equation (4.7) that involves in the objective function

of Model B. The visual representation of this fit is presented in Figure 4.10.

Figure 4.10. Piecewise linear fit of 𝑔(𝑄)

In this perspective, Equation (4.7) with the linear transformation can be included in the

objective function by using the method that Winston and Goldberg [115] provided for using

these functions in linear programming models. To briefly introduce their method with their

notations; consider a piecewise linear function ℎ(𝑥) with breakpoints 𝑏1, 𝑏2, ..., 𝑏𝑛. Let a

number 𝑥 is between the breakpoints 𝑏𝑘 and 𝑏𝑘+1 and a coefficient 𝑧𝑘 is on the interval [0, 1].
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Then the value of 𝑥 may be written as follows:

𝑥 = 𝑧𝑘𝑏𝑘 + (1 − 𝑧𝑘 )𝑏𝑘+1 (4.9)

Given that the function ℎ(𝑥) is linear on the interval [𝑏𝑘 , 𝑏𝑘+1], the following equation is

valid:

ℎ(𝑥) = 𝑧𝑘 ℎ(𝑏𝑘 ) + (1 − 𝑧𝑘 ) ℎ(𝑏𝑘+1) (4.10)

From this point of view, if the function ℎ(𝑥) is replaced by the term 𝑧1 ℎ(𝑏1) + 𝑧2 ℎ(𝑏2) +

... + 𝑧𝑛 ℎ(𝑏𝑛) and the following constraints are included to the problem; ℎ(𝑥) can be used in

the objective function:

𝑧1 ≤ 𝑦1, 𝑧2 ≤ 𝑦1 + 𝑦2, 𝑧3 ≤ 𝑦2 + 𝑦3, ..., 𝑧𝑛−1 ≤ 𝑦𝑛−2 + 𝑦𝑛−1, 𝑧𝑛 ≤ 𝑦𝑛−1 (4.11)

𝑦1 + 𝑦2 + ... + 𝑦𝑛−1 = 1 (4.12)

𝑧1 + 𝑧2 + ... + 𝑧𝑛 = 1 (4.13)

𝑥 = 𝑧1𝑏1 + 𝑧2𝑏2 + ... + 𝑧𝑛𝑏𝑛 (4.14)

𝑦𝑖 ∈ {0, 1} (𝑖 = 1, 2, ..., 𝑛 − 1); 𝑧𝑖 ≥ 0 (𝑖 = 1, 2, ..., 𝑛) (4.15)

As will be revealed in Section 5, a group of experts is consulted to validate the model. In

these consultations, it is assumed that the flow of wastewater from a higher altitude location

to a lower one by gravity flow with its own energy is not the same as a flow in the opposite

direction. Wastewater can be transported from a higher altitude location to a lower one without

any interruption, simply by providing the necessary slope for the water flow. However, it is

necessary to pressurize the water through pumping systems in the opposite direction. That is

an issue that brings extra costs to the wastewater treatment plants. Therefore, while defining

the vertical difference between node 𝑖 and node 𝑗 , Δℎ𝑖 𝑗 ; if the altitude of node 𝑖 is higher

than the altitude of node 𝑗 , the difference is omitted. Let 𝑙𝑜𝑐ℎ𝑖 represents the altitude level

of node 𝑖; Δℎ𝑖 𝑗 is formulated as follows:

Δℎ𝑖 𝑗 = max{(𝑙𝑜𝑐ℎ 𝑗 − 𝑙𝑜𝑐ℎ𝑖), 0} (4.16)
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Considering the third dimension, the distance between nodes, which is provided in

Equation (4.1), is modified. The Euclidean distance in three-dimensional space is given

as follows:

𝑑𝑖𝑠𝑡𝑖 𝑗 =

√︃
(𝑙𝑜𝑐𝑥𝑖 − 𝑙𝑜𝑐𝑥 𝑗 )2 + (𝑙𝑜𝑐𝑦𝑖 − 𝑙𝑜𝑐𝑦 𝑗 )2 + (𝑙𝑜𝑐ℎ𝑖 − 𝑙𝑜𝑐ℎ 𝑗 )2 (4.17)

As described in Section 3.3, the facilities are categorized with respect to their capacities.

In this study, we determine five levels of facilities. In order to generate a capacity for each

facility level as reliable and realistic as possible, the data on urban wastewater treatment plant

capacities of Turkey are collected from a comprehensive report published by the Turkish

Ministry of Environment, Urbanization and Climate Change [29]. All the capacities are

converted to 𝑚3/ℎ𝑜𝑢𝑟 and then sorted in ascending order to specify their percentiles. Then,

the data are divided into five equal intervals with respect to their percentiles and the median

value of each interval (i.e., 10th percentile, 30th percentile, 50th percentile, 70th percentile,

90th percentile, respectively) is determined as the capacity of each facility level. The median

values are rounded to close integer values to simplify the categorization. As demonstrated in

Figure 4.11, which illustrates the histogram of capacities of the urban wastewater treatment

plants in Turkey, the capacity of each facility level is determined as 200, 600, 1400, 3500

and 10000 in 𝑚3/ℎ𝑜𝑢𝑟, respectively. One may assume that, if the number of facility levels is

changed in different experiments, the number of intervals and their median values can also be

obtained by the same logic. For instance, if the number of facility levels is three, the median

values of three equal intervals should be the values on the 17th percentile, 50th percentile and

83rd percentile. In that case, the capacity of each level must be around 300, 1400 and 6000

𝑚3/ℎ𝑜𝑢𝑟, respectively.

While implementing the capacity expansion structure, a concave cost function that represents

economies of scales of large expansion sizes summarized by Luss [116] can be used. In

another study, a similar cost function, which is named "Power-Sizing Technique", is presented

by Sullivan et al. [113]. Accordingly, the capacity expansion cost of a facility with a

predetermined construction cost can be calculated as follows:

𝐶4 = 𝐶𝐼 (
𝑆𝐸

𝑆𝐼
)𝛼 (4.18)
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Figure 4.11. Histogram of capacities of the urban wastewater treatment plants in Turkey

𝐶4 denotes the cost of the capacity expansion, whereas 𝐶𝐼 denotes the initial construction

cost for the expanded facility. 𝑆𝐸 represents the size of the expansion and 𝑆𝐼 represents the

size of the initial facility. In this method, the coefficient 𝛼 represents the cost-capacity factor

for economies of scale and may vary with respect to the type of facility or the sector it belongs

to. In accordance with this, Hendrickson et al. [117] stated in their project management book

that the coefficient 𝛼 can be taken as 0.67 for wastewater treatment.

Annual facility operating costs are determined via the formulation provided by Öztürk [110],

which is presented as a financial framework for wastewater treatment networks in his book

about the details of wastewater engineering. For a treatment facility that constitutes advanced

treatment, his formulation is given as follows:

𝐶5 = [0.0488 (
𝑄 𝑓

1000
)0.8623] × 1, 000, 000 (4.19)

𝐶5 denotes the annual operational cost of a wastewater treatment facility in dollars ($/year),

whereas 𝑄 𝑓 represents the amount of wastewater to be treated in that facility in 𝑚3/𝑑𝑎𝑦.

His book also states that the annual operating cost of a pipeline is around 0.6 percent of the

construction cost.
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Initially, three pipeline types are determined in this study. In fact, different pipeline types

are assumed to differ only in their diameters to specify their capacities; other characteristic

structures are not considered. The diameter of each pipeline type are determined as 600

𝑚𝑚, 800 𝑚𝑚 and 1000 𝑚𝑚, respectively. By using Equation (4.6) with a velocity of 1.5

𝑚/𝑠𝑒𝑐𝑜𝑛𝑑, which is the upper limitation for water-like fluids with settleable solids [118], the

capacity of each type is obtained to be 1500, 2750 and 4250 𝑚3/ℎ𝑜𝑢𝑟 , respectively.

The construction times of the facilities and links are the same as in the experimental design

for Model A, which are described in Table 4.2. The expansion time from a facility with level

𝑙 to level 𝜁 (𝜁 > 𝑙) has a structure that is defined in Algorithm 4.1.

Algorithm 4.1. Expansion time of the facilities

Require: 𝑙, 𝜁

Exp. Time← 0
if 𝑙 < 𝜁 then

if 𝑙 + 2 < 𝜁 then
Exp. Time← 2

else
Exp. Time← 1

end if
else

No Expansion!
end if
return Exp. Time

The population of each demand point is independently obtained by 𝑈 [50000, 500000]. The

average daily wastewater produced by a person, which is practically the demand of a person

in this network, is taken as 0.15 𝑚3/𝑑𝑎𝑦. As in the experiments of Model A, the fluctuating

structure throughout the time horizon is included in the parameters.

4.2.2. Experimental Design

After specifying all the parameters, the third dimension is considered while generating the

network since Model B considers the altitudes of the nodes. In order to define a more realistic

network, instead of locating the nodes on an empty network and assigning an altitude value

to them, nodes are assigned to a network with a predetermined vertical topography. More
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explicitly, nodes are located through two-dimensional coordinates which already have an

altitude level. Thus, a more visually presentable network is created. In the remainder of

this study, contour lines (i.e., isoline, isopleth) are used to represent the vertical topography

of a network. They are used in drawing topographic maps to indicate ground elevation or

depression. After locating 10 nodes with contour lines, a network is visualized in Figure 4.12.

Figure 4.12. Illustrative example of a contour map with 10 nodes

As an alternative way, three-dimensional surface plots may be used. However, they are much

more visually confusing than contour maps, as seen in Figure 4.13.

As in the experimental design for Model A, test instances are performed with the different

number of set levels. Thus, a total of forty-eight combinations are obtained by using four

different number of nodes, three different number of time periods, two different facility levels

and two different distance limits. The details of the experimental design with the enumeration

of all combinations are given in Table 4.5.

In each experiment, a time limit is set on the CPLEX algorithm, which is determined by

Equation (4.2) in the previous section.
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Figure 4.13. Illustrative example of a three-dimensional surface plot with 10 nodes

Table 4.5. Details of the experimental design for Model B

Experiment No. |L| = 3 |L| = 5

𝜐 = 25 𝜐 = 50 𝜐 = 25 𝜐 = 50

|N | = 10
|T | = 10 𝐸.𝐵1 𝐸.𝐵2 𝐸.𝐵3 𝐸.𝐵4
|T | = 20 𝐸.𝐵5 𝐸.𝐵6 𝐸.𝐵7 𝐸.𝐵8
|T | = 30 𝐸.𝐵9 𝐸.𝐵10 𝐸.𝐵11 𝐸.𝐵12

|N | = 20
|T | = 10 𝐸.𝐵13 𝐸.𝐵14 𝐸.𝐵15 𝐸.𝐵16
|T | = 20 𝐸.𝐵17 𝐸.𝐵18 𝐸.𝐵19 𝐸.𝐵20
|T | = 30 𝐸.𝐵21 𝐸.𝐵22 𝐸.𝐵23 𝐸.𝐵24

|N | = 30
|T | = 10 𝐸.𝐵25 𝐸.𝐵26 𝐸.𝐵27 𝐸.𝐵28
|T | = 20 𝐸.𝐵29 𝐸.𝐵30 𝐸.𝐵31 𝐸.𝐵32
|T | = 30 𝐸.𝐵33 𝐸.𝐵34 𝐸.𝐵35 𝐸.𝐵36

|N | = 40
|T | = 10 𝐸.𝐵37 𝐸.𝐵38 𝐸.𝐵39 𝐸.𝐵40
|T | = 20 𝐸.𝐵41 𝐸.𝐵42 𝐸.𝐵43 𝐸.𝐵44
|T | = 30 𝐸.𝐵45 𝐸.𝐵46 𝐸.𝐵47 𝐸.𝐵48

Table 4.6 summarizes the computational results of the experimental design by presenting the

objective function value, lower bound, the percentage of optimality gap, CPU time and the

weighted average efficiency of the facilities; for each test instance.



52

Table 4.6. Computational results of the experimental design for Model B

Experiment
No.

Objective
Function
(million)

Lower
Bound

(million)
Optimality

Gap(%)
CPU time

(sec.)
Weighted Avg.
Efficiency(%)

E.B1 409.02 409.02 0.00 8.75 96.46
E.B2 329.95 329.95 0.00 2218.16 98.74
E.B3 335.51 335.51 0.00 13.30 95.53
E.B4 327.23 319.75 2.28 3000.00 99.7
E.B5 624.96 624.96 0.00 42.69 96.83
E.B6 557.71 542.44 2.74 6000.00 98.69
E.B7 628.66 628.66 0.00 48.33 96.09
E.B8 542.92 525.52 3.21 6000.00 99.87
E.B9 3924.32 924.32 0.00 248.14 96.04
E.B10 908.02 877.69 3.34 9000.00 99.51
E.B11 1031.91 1031.91 0.00 266.23 93.33
E.B12 871.84 848.03 2.73 9000.00 99.51
E.B13 605.69 583.49 3.67 6000.00 94.04
E.B14 602.57 583.47 3.17 6000.00 94.04
E.B15 570.09 558.27 2.07 6000.00 98.75
E.B16 575.30 557.47 3.10 6000.00 98.75
E.B17 999.27 949.48 4.98 12000.00 99.19
E.B18 1002.86 943.07 5.96 12000.00 99.19
E.B19 987.48 936.43 5.17 12000.00 95.22
E.B20 993.26 928.18 6.55 12000.00 95.22
E.B21 1615.88 1539.03 4.76 18000.00 96.43
E.B22 1629.97 1535.42 5.80 18000.00 96.43
E.B23 1590.81 1464.06 7.97 18000.00 98.46
E.B24 1606.75 1453.91 9.51 18000.00 98.55
E.B25 803.96 775.71 3.51 9000.00 96.12
E.B26 800.22 767.89 4.04 9000.00 96.12
E.B27 785.30 755.37 3.81 9000.00 97.55
E.B28 777.49 744.39 4.26 9000.00 97.55
E.B29 1424.66 1315.49 7.66 18000.00 97.48
E.B30 1419.77 1307.93 7.88 18000.00 98.1
E.B31 1358.44 1289.31 5.09 18000.00 97.56
E.B32 1353.04 1276.40 5.66 18000.00 99.12
E.B33 2513.63 2266.51 9.83 27000.00 97.36
E.B34 2483.45 2217.18 10.72 27000.00 97.36
E.B35 2399.31 2149.26 10.42 27000.00 96.53
E.B36 2380.09 2110.53 11.33 27000.00 95.98
E.B37 1156.29 1070.48 7.42 12000.00 95.1
E.B38 1113.31 1019.83 8.40 12000.00 95.27
E.B39 1098.62 992.36 9.67 12000.00 97.26
E.B40 1079.09 963.13 10.75 12000.00 98.03
E.B41 2273.21 1900.13 16.41 24000.00 96.47
E.B42 2268.41 1889.31 16.71 24000.00 96.65
E.B43 2109.31 1856.02 12.01 24000.00 97.83
E.B44 2083.96 1821.32 12.6 24000.00 98.6
E.B45 3518.92 3001.78 14.7 36000.00 94.12
E.B46 3415.05 2976.19 12.85 36000.00 94.49
E.B47 3270.98 2854.51 12.73 36000.00 96.38
E.B48 3284.91 2765.23 15.82 36000.00 97.13
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It is observed that in seven out of 48 experiments, an exact optimal solution is found within

the specified time limit. Solutions within five percent of the optimality gap are found in

about half of the experiments (22 out of 48) and solutions within 10 percent of the optimality

gap are found in 36 out of 48 experiments. It is clear that the performance of the CPLEX

algorithm is inferior compared to the result of Model A, which is expected given the higher

complexity of Model B. Nevertheless, the algorithm has been able to solve each experiment

and the weighted average efficiency is higher than 90 percent in all combinations.

To illustrate a single experiment, 𝐸.𝐵8 is chosen and the complete network in this particular

experiment is presented in Figure 4.14. Besides all other decisions that can be seen in the

figure, it is observed that, a facility with level 1 is expanded to level 4 on node 7 time period

𝑡 = 11. There are particular links that connect two nodes with facilities, such as the links

(3,6) and (4,6). Moreover, even though a facility is located on node 7, part of its demand is

served by the facility on node 8. That connection is conducted indirectly by the links (7,9)

and (9,8), respectively. The details of this particular experiment are provided in Appendix B,

by displaying the network and decision variables for each time period.

Figure 4.14. Complete network in 𝐸.𝐵8 (𝑡 = 20)
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Figures 4.15 - 4.24 present bar plots for the output of the experimental design for each set

level combination. As in the experimental results of Model A, it is clear that the increase in

|N | and |T | triggers an increase in the total cost as presented in Figure 4.15 that illustrates

the effect of different set levels on total cost, which is an expected behavior in line with

the expansion of the whole network. In fact, facility costs appear to grow linearly with the

increase in both |N | and |T |. Another important point observed from Figure 4.15 is that

the total cost increases slightly in experiments where the number of possible facility levels

|L| = 3. This behavior appears more clearly in experiments where the network is bigger (i.e.,

experiments with more nodes). On the other hand, in terms of the total cost, the distance

limit 𝜐 is found to have a minor effect.

Figure 4.15. Effect of different set levels on total cost for the experimental design of Model
B

Figure 4.16. Effect of different set levels on number of constructed facilities for the
experimental design of Model B
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Figure 4.17. Effect of different set levels on total facility construction cost for the
experimental design of Model B

Figure 4.18. Effect of different set levels on total facility operating cost for the experimental
design of Model B

Moreover, it is also observed that, the number of constructed facilities is very sensitive to the

number of possible facility levels, |L| (see Figure 4.16). One may recall that, the maximum

facility capacity depends on |L|, since the data on urban wastewater treatment plant capacities

are divided into |L| equal intervals in order to specify facility capacities. The maximum

facility capacity is 10000 𝑚3/ℎ𝑜𝑢𝑟 when |L| = 5, whereas it is 6000 𝑚3/ℎ𝑜𝑢𝑟 when |L| = 3.

Therefore, to ensure all the demand in the network, more constructed facilities are expected

when |L| = 3. However, on the contrary, total facility construction cost is found to be

significantly greater in experiments where |L| = 5 (see Figure 4.17). This behavior is due

to far more number of capacity expansions in experiments where |L| = 3 (see Figure 4.23),

which also affects the total expansion cost in the network (see Figure 4.24). One may recall

that, expansion costs are not included while considering construction costs. Moreover, the

total facility operating cost, when all these situations are evaluated together, is in parallel
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Figure 4.19. Effect of different set levels on number of established links for the
experimental design of Model B

Figure 4.20. Effect of different set levels on total link construction cost for the experimental
design of Model B

with the number of constructed facilities (see Figure 4.18).

As distance limit 𝜐 and number of possible facility levels |L| increases, number of established

links tend to increase slightly (see Figure 4.19). The main reason for this situation is the

restriction on the possible combinations of decision variables, as explained in the results

of Model A. The same situation holds true for Model B. With a similar example, further

restriction on the distance limit 𝜐 will reduce the number of candidate links to be established

and, consequently, part of the links that are involved in the solution of experiments where 𝜐 is

bigger, cannot be established. The link related expenditures are in parallel with the number of

established links (see Figure 4.20, Figure 4.21). Moreover, total traveling cost is also affected

by |L|, especially for the smaller networks (see Figure 4.22).
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Figure 4.21. Effect of different set levels on total link operating cost for the experimental
design of Model B

Figure 4.22. Effect of different set levels on total traveling cost for the experimental design
of Model B

Figure 4.23. Effect of different set levels on number of facility expansions for the
experimental design of Model B
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Figure 4.24. Effect of different set levels on total expansion cost for the experimental design
of Model B
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5. VERIFICATION AND VALIDATION

It is necessary to check that, the mathematical modeling method or solution technique

represents the actual system in a good and accurate way. In this matter, what constitutes a

good or accurate representation can be subjective. However, the main criteria to judge the

goodness of a model representation in terms of performance issues will mainly depend on

the accuracy level of measurements which is extracted from the model solutions. In general,

there are two steps that judge the goodness of a model: verification and validation. The

former concerns with "building the model right" and the latter concerns with "building the

right model" [119]. In other words, verification deals with implementing the assumptions,

the constraints and the outputs of the model correctly. On the other hand, validation deals

with whether all the aspects of the model are reasonable with respect to the existing system.

Several methods exist to apply verification and validation, especially in simulation models

[120]. On the other hand, in optimization models, the most extensive method to validate is

comparing the solutions with the actual system measurements and/or the best-known model

solutions from the literature. However, as mentioned earlier, there is neither any conjugate

model in the literature to conduct a benchmark test nor historical data from real-world

scenarios yet for the proposed problems in this thesis. Therefore, a group of experts that

involves people from both academia and related sectors are consulted and their opinions are

taken as an expert intuition and opinion to validate the model. All of the assumptions and

formulations of mathematical models are discussed and some assumptions are included as

an outcome of these discussions.

While verifying a mathematical model, some useful methods can be listed as follows [121]:

• Checking the model results on small examples that can be solved by hand

• Checking the model results against known extreme cases

• Checking the model results with respect to the real-world cases

• Checking that the model handles invalid cases robustly

• Checking the consistency and the plausibility that model results change in the proper
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direction as model inputs are changed

In practice, verification and validation are often blended. For example, comparing model

results with an existing system is a method for both validation and verification. As explained

in the previous paragraph, this particular method is not applicable.

To check the consistency of the models, one may consider the experimental results, which are

presented in Section 4.1 and Section 4.2. It is clear that, as set levels are increased and the

problem becomes more complex, the objective function values (i.e., the total cost) increase

and the performance of the CPLEX algorithm decreases. The fact that the average efficiency

is higher than 90 percent in all experiments indicates a consistent framework.

To verify Model B appropriately, several test instances with simplified parameters that

involve some extreme or invalid cases have been generated, without loss of generality. In

the remainder of this section, these generated instances are presented and their results are

discussed with respect to the logical consistency and plausibility. Three example nodes

are located over an 8 × 8 unit area, whose 𝑥 and 𝑦 coordinates are (2, 2), (2, 5) and (6, 5),

respectively. Initially, the altitude of the whole generated network is set to be 0. The generated

network is illustrated in Figure 5.1. The parameters are determined initially, but each test

instance has a distinct structure. Therefore, some parameters will vary between test instances.

In each test instance, these varying parameters will be revealed.

Figure 5.1. Generated network for test instances
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By default, the total time period, |T |, is set to be 5. Number of facility levels and number of

link types are determined as 2 and 1, respectively(|L| = 2, |P | = 1). All construction times

are set to be 1, regardless of their types or locations. The remaining default parameters are

summarized in Table 5.1.

Table 5.1. Default parameters for test instances

Parameter Value Generation

𝑑𝑡
𝑘

𝑑𝑡
𝑘
= 10; ∀𝑘 ∈ I,∀𝑡 ∈ T

𝑓 𝑙𝑡
𝑖

𝑓 1𝑡
𝑖

= 20; ∀𝑖 ∈ I,∀𝑡 ∈ T
𝑓 2𝑡
𝑖

= 50; ∀𝑖 ∈ I,∀𝑡 ∈ T

𝑒
𝑙𝜁 𝑡

𝑖
𝑒
1,2,𝑡
𝑖

= 30; ∀𝑖 ∈ I,∀𝑡 ∈ T

𝑐
𝑝𝑡

𝑖 𝑗
𝑐1𝑡
𝑖 𝑗

= 𝑑𝑖𝑠𝑡𝑖 𝑗 ; ∀𝑡 ∈ T

𝑡𝑐
𝑝𝑡

𝑖 𝑗
𝑡𝑐1𝑡

𝑖 𝑗
= 1 + Δℎ𝑖 𝑗 × 0.1; ∀𝑡 ∈ T

g𝑙𝑡
𝑖

𝑔1𝑡
𝑖

= 1; ∀𝑖 ∈ I,∀𝑡 ∈ T
𝑔2𝑡
𝑖

= 2; ∀𝑖 ∈ I,∀𝑡 ∈ T

𝐶𝐹𝑙 𝐶𝐹1 = 20
𝐶𝐹2 = 50

𝐶𝐿 𝐶𝐿 = 20

Test Instance 1:

All demands are set to 0, while all of the remaining parameters are set to their default values

throughout the network in order to observe how the model behaves when no action is required.

Theoretically, no expenditure is expected if there is no demand in demand-based systems.

Accordingly, the model behaved as expected by giving the objective function value as 0.

Test Instance 2:

All parameters are set as in Test Instance 1, except for the demand of node 1, which is set to

its default value. The main aim is to observe how the model behaves when a limited number

of actions are required. Due to the structure of the model, it is expected that a facility will

be located only on node 1, to supply its demand and no additional action is required. Thus,

a facility with level 1, which is adequate to supply the demand, becomes operational as of

the time period 𝑡 = 1. The objective function value is 25 (Facility Construction Cost = 20,

Facility Operating Cost = 5). The illustration of this action is given in Figure 5.2.
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Figure 5.2. Illustration of Test Instance 2

Test Instance 3:

All parameters are set as in Test Instance 1, except for the demand of node 1, which is set to

45 instead of 10 for all time periods. Theoretically, a facility with level 2 must be located on

node 1, since the demand is higher than the capacity of a level 1 facility. The model behaves

as expected, with an objective function value of 60 (Facility Construction Cost = 50, Facility

Operating Cost = 10). The illustration of this particular instance is shown in Figure 5.3.

Figure 5.3. Illustration of Test Instance 3
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Test Instance 4:

All parameters are set as in Test Instance 2, except for the demand of node 1 at time period

𝑡 = 5, which is set as 45. More explicitly, the demand of node 1 is 10 until time period

𝑡 = 5. Then, it increases to 45, when time period 𝑡 = 5. In this particular instance, the best

solution is locating a facility with level 1 as of time period 𝑡 = 1 on node 1 and expanding

that facility to level 2 at time period 𝑡 = 5. The model behaves as expected with an objective

function value of 56 (Facility Construction Cost = 20, Facility Expanding Cost = 30, Facility

Operating Cost = 6). By this means, it is observed that the model has a flexible structure

among decision variables. The illustration of this instance is shown in Figure 5.4.

(a) 𝑡 = 1 (b) 𝑡 = 5

Figure 5.4. Illustration of Test Instance 4

Test Instance 5:

All parameters are set to their default values except facility construction costs of node 2

and node 3, whose costs are increased by 10 times. It is expected to observe that, nodes

2 and 3 meet their demand from a facility located on node 1 due to the increase in facility

construction cost. With an objective function value of 78 (Facility Construction Cost = 50,

Facility Operating Cost = 10, Link Construction Cost = 8, Traveling Cost = 10), the model

decides to locate a facility with level 2 on node 1 at time period 𝑡 = 1 and establish links (2,1)

and (3,1) at time period 𝑡 = 1. Figure 5.5 presents the details of this test instance.
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Figure 5.5. Illustration of Test Instance 5

Test Instance 6:

All parameters are set as in Test Instance 5, except the cost of constructing the link (3,1) is 10

times higher than its default value. Therefore, instead of using link (3,1) directly, constructing

the link (3,2) in order to transfer the demand of node 3 to node 1 with the assistance of node 2

would be a better solution. One may recall that, each demand flows to an arbitrary node can

be transferred to the other nodes. Consequently, the model decides to locate a facility with

level 2 on node 1 at time period 𝑡 = 1 and establish links (2,1) and (3,2) at time period 𝑡 = 1,

with an objective function value of 82 (Facility Construction Cost = 50, Facility Operating

Cost = 10, Link Construction Cost = 7, Traveling Cost =15). The illustration of this instance

is shown inFigure 5.6.

Test Instance 7:

All parameters are set to their default values except the capacities of facilities with level 1

and level 2, which are determined as 2 and 5, respectively. One may recall that, each demand

must be served for each demand point. However, if the total demand is higher than the

maximum allowable capacity throughout the network, which is 15 in this case, there is no

feasible region for this model. Therefore, the model returns an infeasibility error as expected.

This particular instance is an example of an invalid case.
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Figure 5.6. Illustration of Test Instance 6

Test Instance 8:

The capacities of links are determined as 2 and the cost of constructing a link is set to 0.

All the remaining parameters are set to their default values. Even though transfer costs are

eliminated, links are useless if they do not have sufficient capacity to flow over the network.

In these cases, each node has to meet its own demand. With an objective function value of

75 (Facility Construction Cost = 60, Facility Operating Cost = 15), facilities with level 1 are

located on each node at time period 𝑡 = 1. This particular instance is illustrated in Figure 5.7.

Figure 5.7. Illustration of Test Instance 8
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Test Instance 9:

All parameters are set as in Test Instance 8, except the construction time of the level 1 facilities

are set to 3. More explicitly, a facility with level 1 cannot be operational until time period

𝑡 = 3. Therefore, since they have to meet their demand at time periods 𝑡 = 1 and 𝑡 = 2,

instead of locating facilities with level 1 on each node, level 2 facilities must be located even

though they constitute a higher level of costs. In line with this situation, the model decides

to locate level 2 facilities on each node at time period 𝑡 = 1, with an objective function value

of 180 (Facility Construction Cost = 150, Facility Operating Cost = 30). These actions are

illustrated in Figure 5.8.

Figure 5.8. Illustration of Test Instance 9

Test Instance 10:

The demand of node 1 is set to 50 for all time periods and the cost of constructing a facility

on node 1 is increased by 10 times. The capacity of any link is determined as 30 and the

remaining parameters are set to their default values. In this particular instance, the demand

of node 1 is higher than the other nodes, but it has to meet its demand from nodes 2 and 3 due

to the construction costs. However, it cannot meet its demand from a single node since the

capacity of a link is 30, whereas the demand of node 1 is 50. Therefore, the demand has to be

divided. One may recall that, the demand divisibility is allowed in Model B. The main aim

of this instance is to observe how the demand divisibility structure works. The fundamental

point to note is that, a serving node, which can be node 2 or node 3, has to meet its own

demand, along with the demand of node 1. The total demand in the network is 70 for all time
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periods. Thus, the total capacity of the facilities in the network has to be at least 70, which is

the total capacity of a level 1 facility and a level 2 facility. In line with all these situations, the

model decides to locate a facility with level 1 on node 2 and a facility with level 2 on node

3 at time period 𝑡 = 1. Furthermore, links (1,2), (1,3) and (2,3) are established. Due to the

capacity restrictions, direct links between node 1 and serving nodes, (1,2) and (1,3), are not

adequate. Some fraction of demand of node 1 has to flow over the link (2,3), since the facility

at node 3 has to serve 40 units of demand whereas the link capacity is 30. More explicitly,

𝑊1𝑡
3 = 0.8 and𝑊1𝑡

2 = 0.2 for all time periods, which means 80 percent of the demand of node

1 is served by node 3, whereas 20 percent of it is served by node 2. Besides, 𝑌11𝑡
12 = 0.4,

𝑌11𝑡
13 = 0.6 and 𝑌11𝑡

23 = 0.2 for all time periods; which means 40 percent of the demand of

node 1 flows over the link (1,2), 60 percent of it flows over the link (1,3) and 20 percent of it

flows over the link (2,3) for all time periods. Half of the demand flows over the link (1,2) are

transferred to the link (2,3) with the assistance of node 2. To conclude, the model returns an

objective function value of 103 (Facility Construction Cost = 70, Facility Operating Cost =

15, Link Construction Cost = 12, Traveling Cost = 6). The simplified illustration of this test

instance is given in Figure 5.9.

Figure 5.9. Illustration of Test Instance 10

Test Instance 11:

The distance limit, 𝜐, is set to be 3, which is the distance between node 1 and node 2.

The cost of constructing a link and traveling cost are set to 0, meaning no transfer cost is

constituted. However, due to the distance limit, node 3 cannot establish a link with other
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nodes. Considering that all the remaining parameters are set to their default values, the best

solution would be to locate a facility with level 1 on node 1 or node 2 and establish a link

between these nodes. Node 3 has to meet its own demand. The model behaves as expected,

with the objective function value of 50 (Facility Construction Cost = 40, Facility Operating

Cost = 10). The illustration of this particular instance is shown in Figure 5.10.

Figure 5.10. Illustration of Test Instance 11

Test Instance 12:

The cost of constructing a facility is increased by 10 times. The altitudes of nodes 1,2 and 3

are determined as 4, 10 and 30, respectively. The capacity of a level 1 facility is set to 30,

which is the total demand in the network. All of the remaining parameters are set to their

default values. Due to the higher construction cost, a single facility has to be located in the

network and the other nodes have to transfer their demands. One may recall that, traveling

cost from node 𝑖 to node 𝑗 depends on the vertical difference between these nodes, Δℎ𝑖 𝑗 .

Therefore, a transfer from a higher level of altitude to a lower one constitutes a lower level of

cost. In line with this, the model decides to locate a facility on node 1 and establish links (2,1)

and (3,1) at time period 𝑡 = 1, with an objective function value of 223 (Facility Construction

Cost = 200, Facility Operating Cost = 5, Link Construction Cost = 8, Traveling Cost = 10).

These actions are illustrated in Figure 5.11.
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Figure 5.11. Illustration of Test Instance 12
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6. DISCUSSIONS AND FUTURE WORK

As stated by Melkote and Daskin [56], CFLNDP is an NP-hard problem in terms of

computational complexity. One of the proposed mathematical models in this thesis, Model

A, is an extended dynamic version of the original CFLNDP formulation. Consequently,

CFLNDP is a special case of Model A, where there is only a single time period and facility

level. Furthermore, construction times are ignored in CFLNDP formulation. Therefore,

Model A is an NP-hard problem in terms of computational complexity. Accordingly, Model

B is an extended version of Model A, in which capacity expansion and link types are included

in the network. Thus, Model B is also an NP-hard problem.

It is observed that, the performance of the CPLEX algorithm is decreased significantly as the

scale of the problems increases in the proposed mathematical models. In the experimental

results of some particular 40-node networks for Model A, the optimality gap exceeds five

percent within the specified time limit. Moreover, the optimality gap exceeds 10 percent in

some particular 40-node experiments for Model B. As mentioned in Section 4.1, CPLEX

runs out of memory in an 80-node test problem conducted by Rahmaniani and Ghaderi

[64] for CFLNDP. Considering the higher complexity of Model A and Model B, it is clear

that the CPLEX algorithm is effective up to certain problem size. Therefore, in order to

deal with bigger networks, different solution techniques such as case-specific heuristics or

metaheuristics can be developed to solve the proposed problems in a future direction. As

mentioned in Section 2.3, numerous solution methods have been presented for both FLNDP

and CFLNDP problems in the literature. Since the structure of the proposed problems in this

thesis is different, especially the solution methods used in dynamic formulations are worth

noting. As an alternative way, when a huge network is encountered, the network can be split

into smaller segments to reduce the complexity of the problem by using several extensive

clustering algorithms such as K-means, DBSCAN (Density-Based Spatial Clustering of

Applications with Noise), GMM (Gaussian Mixture Model) and BIRCH (The Balance

Iterative Reducing and Clustering using Hierarchies) [122,123,124,125]. In addition to

all these, certain tolerance levels can be imposed, or penalty costs can be included for some

constraints, and consequently, the model assumptions can be relaxed to allow for more

modeling flexibility. For instance, the assumption to ensure all demand in the network can
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be relaxed by including certain penalty costs into the unmet demand of each node.

As a future work, the proposed mathematical models, especially Model B for wastewater

treatment networks, can be applied to real-world scenarios. However, detailed micro-scale

(i.e., districts, neighborhood) data are necessary, especially for appropriate consideration of

demand and the topography of the network. One may recall that the proposed models are

applicable to existing networks; that is, it is not necessary to have an empty network; there

may be constructed facilities or established links. This structure can be practical since it

provides a broad area of concern.

In order to enhance its applicability to real-life wastewater transportation scenarios, several

extensions are possible for Model B. One may recall that, the network in Model B is a

customer-to-server system; that is, in terms of wastewater treatment networks, wastewater

collected from the demand points flows to the treatment facilities. As an alternative structure,

reusable water treated at the facilities can be returned to the demand points. Thus, the

mathematical model can be formulated as a two-way system involving both customer-to-server

and server-to-customer structures. Obviously, in order to conduct such a two-way structure,

different pipelines or pipeline types should be established. Therefore, the assumption that

the links can only be constructed in one direction between two nodes should be violated.

Moreover, some alternative sewage systems (e.g., transfer of wastewater through tankers,

collection of wastewater on certain underground reservoirs before it is transferred to a

treatment plant, etc.) can be included, especially for topographically rough and patchy nodes

with low demand or some isolated nodes in the network. Their transportation structures can

be solved by network routing problems.

Considering the dynamic nature of the models, high uncertainties may emerge on

some key parameters such as demand and corresponding costs that may ramify over

time. In fact, this situation can be considered one of the main fundamental aspects

of dynamic formulations. Therefore, if appropriate historical data are available, several

statistical/possibilistic techniques can be applied to forecast uncertain parameters. If these

forecasts are embedded into the models together with their prediction intervals, stochasticity

will be introduced; thus, the problem becomes even harder to solve. Furthermore, taking into

this stochastic environment, dynamic stochastic programming models may be generated for
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a future study.

It is clear that, finding an optimal solution in programming models that consist of nonlinear

aspects within their constraints is almost impossible in most cases. Therefore, in order to

preserve the linearity, a piecewise linear function is fitted to the term𝑄2.852 in Equation (4.7).

It should be noted that the smoothing in the fit may affect the accuracy to a point. Nevertheless,

as mentioned earlier, the deviations can be ignored with a high 𝑅2 value of 0.994.

The proposed mathematical models can be used in several other application areas that

involve pipeline transportation, such as natural gas transportation systems or, more generally,

energy management systems, by adding case-specific constraints. For instance, the specified

network can be transformed into a server-to-customer system with minor modifications in the

formulation.
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7. CONCLUSIONS

This thesis proposes two novel mixed-integer programming models for developing effective

wastewater treatment networks. While formulating such models, dynamic structures are

used, considering the varying behavior of the key parameters over time. The proposed

models decide where to locate facilities and corresponding links, along with the opportunity

for controlling and observing the flow and traffic in a specified network and time horizon. In

order to enhance its applicability to real-life cases, one of the mathematical models is defined

on a three-dimensional space with allowable capacity expansion, which is not considered in

the literature to the best of our knowledge.

An experimental design is conducted for both proposed mathematical models and their

results are discussed to reveal their sensitivity to set levels. To verify the mathematical

models, a group of experts that involves people from both academia and related sectors is

consulted. Moreover, some extreme test instances are generated to observe the consistency

and plausibility of the models.

In summary, considering the importance of water for environmental resilience and sustainable

development, decision methods are presented to develop an effective wastewater treatment

network with the least cost. Furthermore, it is expected that these methods are also applicable

to several areas other than wastewater treatment. Finally, a guideline is presented for the future

directions of this study, including possible methodologies to be used.

The outcomes of this study have been published in an international proceedings paper [126]

and there is an ongoing research article process.
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APPENDIX A: DETAILS OF E.A3

Table A.1. Constructed facilities (𝑍 𝑙𝑡
𝑖

) for 𝐸.𝐴3

Node (𝑖) Level (𝑙) Time Period (𝑡)
4 4 -2
7 4 -2
3 3 -1
9 3 -1

Table A.2. Established links (𝑋 𝑡
𝑖 𝑗

) for 𝐸.𝐴3

Link (𝑖, 𝑗) Time Period (𝑡)
(1,9) 0
(2,4) 0
(5,3) 0
(6,7) 0
(8,6) 0
(9,7) 0
(10,9) 0
(5,4) 1
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Table A.3. 𝑊 𝑘𝑡
𝑖

for 𝐸.𝐴3

𝑊 𝑘𝑡
𝑖

Time Period (𝑡)
Source

(𝑖)
Demand
Point (𝑘) 1 2 3 4 5 6 7 8 9 10

7 1 0.26 0.28 0.29 0.29
9 1 1.00 1.00 1.00 1.00 1.00 1.00 0.74 0.72 0.71 0.71
4 2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
4 4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 5 1.00 1.00 1.00 1.00 1.00 0.91 0.83 0.79 0.78 0.79
4 5 0.09 0.17 0.21 0.22 0.21
7 6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
7 7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
7 8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
7 9 0.12 0.11 0.29 0.42 0.51 0.54
9 9 0.88 0.89 0.71 0.58 0.49 0.46 1.00 1.00 1.00 1.00
9 10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table A.4. 𝑌 𝑘𝑡
𝑖 𝑗

for 𝐸.𝐴3

𝑌 𝑘𝑡
𝑖 𝑗

Time Period (𝑡)
Link
(𝑖, 𝑗)

Demand
Point (𝑘) 1 2 3 4 5 6 7 8 9 10

(1,9) 1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(2,4) 2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(5,3) 5 1.00 1.00 1.00 1.00 1.00 0.91 0.83 0.79 0.78 0.79
(5,4) 5 0.09 0.17 0.21 0.22 0.21
(6,7) 6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(6,7) 8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(8,6) 8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(9,7) 1 0.26 0.28 0.29 0.29
(9,7) 9 0.12 0.11 0.29 0.42 0.51 0.54
(10,9) 10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Figure A.1. Complete network in 𝐸.𝐴3 (𝑡 = −2)

Figure A.2. Complete network in 𝐸.𝐴3 (𝑡 = −1)
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Figure A.3. Complete network in 𝐸.𝐴3 (𝑡 = 0)

Figure A.4. Complete network in 𝐸.𝐴3 (𝑡 = 1)
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Figure A.5. Complete network in 𝐸.𝐴3 (𝑡 ∈ [2, 10])
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APPENDIX B: DETAILS OF E.B8

Table B.1. Constructed facilities (𝑍 𝑙𝑡
𝑖

) for 𝐸.𝐵8

Node (𝑖) Level (𝑙) Time Period (𝑡)
6 5 -2
8 5 -2
7 1 -1
4 3 0
3 1 18

Table B.2. Established links (𝑋 𝑝𝑡

𝑖 𝑗
) for 𝐸.𝐵8

Link (𝑖, 𝑗) Link Type (𝑝) Time Period (𝑡)
(1,8) 2 0
(2,8) 2 0
(3,6) 3 0
(4,6) 3 0
(5,6) 3 0
(7,9) 2 0
(9,8) 3 0
(10,8) 3 0
(2,4) 2 3

Table B.3. Facility expansions (𝐸𝑋 𝑙𝜁 𝑡

𝑖
) for 𝐸.𝐵8

Node (𝑖) Initial Level (𝑙) Expanded Level (𝜁) Time Period (𝑡)
7 1 4 11
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Table B.4. 𝑊 𝑘𝑡
𝑖

for 𝐸.𝐵8 (𝑡 ∈ [1, 10])

𝑊 𝑘𝑡
𝑖

Time Period (𝑡)
Source

(𝑖)
Demand
Point (𝑘) 1 2 3 4 5 6 7 8 9 10

8 1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
4 2 0.50
6 2 0.01 0.13 0.19 0.31 0.39 0.51
8 2 1.00 1.00 1.00 0.99 0.87 0.81 0.69 0.61 0.50 0.49
6 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
4 4 0.67 0.67 0.67 0.65 0.63 0.60 0.59 0.16 0.54
6 4 1.00 0.33 0.33 0.33 0.35 0.37 0.40 0.41 0.84 0.46
6 5 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
6 6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
7 7 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.06
8 7 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.94
8 8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.0
8 9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
8 10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table B.5. 𝑊 𝑘𝑡
𝑖

for 𝐸.𝐵8 (𝑡 ∈ [11, 20])

𝑊 𝑘𝑡
𝑖

Time Period (𝑡)
Source

(𝑖)
Demand
Point (𝑘) 11 12 13 14 15 16 17 18 19 20

8 1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
4 2 0.07
6 2 0.62 0.74
8 2 0.38 0.26 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.93
3 3 0.05
6 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.95
4 4 0.53 0.53 0.52 0.52 0.50 0.49 0.47 0.46 0.45 0.39
6 4 0.47 0.47 0.48 0.48 0.50 0.51 0.53 0.54 0.55 0.61
6 5 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
6 6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
7 7 0.06 0.06 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.97
8 7 0.94 0.94 0.01 0.03
8 8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
8 9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
8 10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Table B.6. 𝑌 𝑘 𝑝𝑡

𝑖 𝑗
for 𝐸.𝐵8 (𝑡 ∈ [1, 10])

𝑌
𝑘𝑝𝑡

𝑖 𝑗
Time Period (𝑡)

Link
(𝑖, 𝑗)

Demand
Point (𝑘)

Link
Type (𝑝) 1 2 3 4 5 6 7 8 9 10

(1,8) 1 2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(2,4) 2 2 0.01 0.13 0.19 0.31 0.39 0.50 0.51
(2,8) 2 2 1.00 1.00 1.00 0.99 0.87 0.81 0.69 0.61 0.50 0.49
(3,6) 3 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(4,6) 2 3 0.01 0.13 0.19 0.31 0.39 0.51
(4,6) 4 3 1.00 0.33 0.33 0.33 0.35 0.37 0.40 0.41 0.84 0.46
(5,6) 5 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(7,9) 7 2 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.94
(9,8) 7 3 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.94
(9,8) 9 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(10,8) 10 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table B.7. 𝑌 𝑘 𝑝𝑡

𝑖 𝑗
for 𝐸.𝐵8 (𝑡 ∈ [11, 20])

𝑌
𝑘𝑝𝑡

𝑖 𝑗
Time Period (𝑡)

Link
(𝑖, 𝑗)

Demand
Point (𝑘)

Link
Type (𝑝) 11 12 13 14 15 16 17 18 19 20

(1,8) 1 2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(2,4) 2 2 0.62 0.74 0.07
(2,8) 2 2 0.38 0.26 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.93
(3,6) 3 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.95
(4,6) 2 3 0.62 0.74
(4,6) 4 3 0.47 0.47 0.48 0.48 0.50 0.51 0.53 0.54 0.55 0.61
(5,6) 5 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(7,9) 7 2 0.94 0.94 0.01 0.03
(9,8) 7 3 0.94 0.94 0.01 0.03
(9,8) 9 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(10,8) 10 3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Figure B.1. Complete network in 𝐸.𝐵8 (𝑡 = −2)

Figure B.2. Complete network in 𝐸.𝐵8 (𝑡 = −1)
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Figure B.3. Complete network in 𝐸.𝐵8 (𝑡 = 0)

Figure B.4. Complete network in 𝐸.𝐵8 (𝑡 = 1)
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Figure B.5. Complete network in 𝐸.𝐵8 (𝑡 = 2)

Figure B.6. Complete network in 𝐸.𝐵8 (𝑡 = 3)
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Figure B.7. Complete network in 𝐸.𝐵8 (𝑡 ∈ [4, 10])

Figure B.8. Complete network in 𝐸.𝐵8 (𝑡 ∈ [11, 12])
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Figure B.9. Complete network in 𝐸.𝐵8 (𝑡 ∈ [13, 17])

Figure B.10. Complete network in 𝐸.𝐵8 (𝑡 ∈ [18, 19])
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Figure B.11. Complete network in 𝐸.𝐵8 (𝑡 = 20)
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