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ABSTRACT

SOME RESULTS ON CONTROLLABILITY AND OBSERVABILITY OF
DISCRETE MODELS

Hamidoglu, Ali
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Mustafa Hursit Onsiper
Co-Supervisor: Prof. Dr. Elimhan N. Mahmudov

July 2020, B4 pages

In this thesis, we obtain novel results on controllability and observability of some
discrete models. The thesis consantrates on two main parts. In the first part, some
topological results are obtained and investigated by associating their connection in
discrete control systems. In the second part, a novel sampling pattern is constructed
and added to the literature related to preserving the property of controllability/observ-

ability of sampled-data control systems.

Firstly, we start with examining some special type of sequences in which each can-
didate is a polynomial with its coefficients are of integers taken from a discrete set.
Here, we contribute facts on behaviour of elements of some constructed sets related to
the context, some of which are general version of those defined in the works [[I"Z, TR].
As one application of the theory, we propose a one dimensional controllability prob-
lem of a convex polyhedra with finite number of controls acting on the system and
prove that the reachable set of the discrete model is dense in the set of real numbers

under the suitable finite control set.



Secondly, we design a new nonequidistant sampling pattern such that the property of
controllability and observability of the linear continuous time systems is preserved
during the procedure of the sample and zero-order hold operation. Moreover, we
provide one application in the concept of controllability of the pendulum in two di-
mensional setting and obtain corresponding digital controls which make the corre-

sponding sampled-data system controllable.

Keywords: Linear sample-data systems, Kronecker’s theorem, non-equidistant sam-

pling, observability, controllability of finite dimensional systems.
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0z

AYRIK MODELLERIN KONTROL EDILEBILIRLIiGI VE
GOZLENEBILIRLIGI UZERINE BAZI SONUCLAR

Hamidoglu, Ali
Doktora, Matematik Boliimii
Tez Yoneticisi: Prof. Dr. Mustafa Hursit Onsiper
Ortak Tez Yoneticisi: Prof. Dr. Elimhan N. Mahmudov

Temmuz 2020, b4 sayfa

Bu tezde, baz1 ayrik sistemlerin kontrol edilebilirligi ve gozlenebilirligi iizerine yeni
sonuclar elde ettik. Bu tez, iki ana boliimden olusmaktadir. Birinci boliimde, bazi 6zel
kiimelerin topolojileri lizerine yeni sonuglar elde edildi ve bu sonuglarin literatiirden
baz1 ayrik kontrol yapilari ile iligkisi incelendi. Ikinci boliimde ise, siirekli sistemle-
rin ayrik yapilarinda, sistemin kontrol edilebilirligini yada gozlenebilirligini koruyan

yeni bir zaman 6rneklemesi yada zaman c¢izergesi/diizeni 6nerildi.

Baslangic olarak, biz polinom tarzi bazi 6zel dizilerin olusturdugu kiimelerin topolo-
jileri iizerinde yogunlastik. Bu baglamda, literatiirde mevcut olan bazi kiimelere genel
bir bakis acis1 gelistirildi ve yeni sonuglar elde edildi. Bu sunulan arastirmaya bir uy-
gulama olarak, bir boyutlu digbiikey cokyiizliiniin sonlu bir kiimeden alinan kontrol-
ler vasitasiyla, kontrol edilebilirligi incelendi ve ulagabilecegi noktalarin yogunlugu

arastirildi.
Tezin ikinci kistminda, biz yeni bir zaman ¢izergesi olusturduk dyle ki siirekli sistem-
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lerden ayrik sistemlere gecildiginde, siirekli yapilarin sahip olduklar1 kontrol edilebi-
lirlik ve gozlenebilirlik 6zeliklerinin bu baglamda olusan ayrik yapilarda korunmasini
saglamasi hedef alindi. Sunulan arastirmaya bir uygulama olarak, teori bazinda olusturulan
bazi dijital kontroller vasitasiyla iki boyutlu sarka¢ probleminin kontrol edilebilirligi

incelendi.

Anahtar Kelimeler: Dogrusal ayrik veri sistemleri, Kronecker teoremi, esit olmayan

zaman diizeni, sonlu sistemlerin kontrol edilebilirligi, gézlenebilirlik.

viii



This thesis is dedicated to the memory of my father

Prof. Mehmet Hamidoglu Tagiyev

X



ACKNOWLEDGMENTS

In the first place, I would like to thank and express my gratitude to my father who
has played a great and inspiring role in my life. I will always be grateful to him for
teaching me mathematics with math olympiads point of views and for making it as

my way of life.

Moreover, I would like to express my sincere gratitude to my advisors, Prof. Elimhan
N. Mahmudov and Prof. Mustafa Hursit Onsiper for the continuous support of my
Ph.D. study and research for their patience, motivation, enthusiasm, and immense
knowledge. Besides my advisors, I would like to thank the rest of my thesis commit-
tee: Prof. Ali Doganaksoy and Prof. Omiir Ugur for their encouragement, insightful
comments, and hard questions. I also wish to thank, Adem Bulat for his continuous
help throughout my Ph.D. process. In addition, I would like to thank, Prof. Nazim

Mahmudov for his valuable support on evaluation process of the presented work.

Last but not the least, I would like to thank my family for supporting me spiritu-
ally throughout my life and special thank goes to my little baby girl, Zehra for her

sleepless nights and nonstop cries which inspired me on my late night works.



TABLE OF CONTENTS

ABSTRACTT . . . . . . e e e e e e e e e e e \%
Q7 . . . . vii
............................. X
HABLEOFCONTENTN . o0 0 o o s s X1
CHAPTERS
CONTRODUOCTTION . . . .. . e e e e e e e e e e e e e e e e 1
[.T_On Behaviour of Some Special Sequences . . . . . . . . . . . . ... 3
11  Motfivation and Problem Defimifion . . . . . . . . ... . ... 3
172 Contribufions and Novelfies . . . . . . . . ... .. ... ... 4

(I.2 On Construction of Sampling Schedule 1in Sampled-Data Systems . . 5

21 Motivation and Problem Defimifion . . . . . . . . . ... ... 5

L2272  Contributions and Novelties . . . . . . .. .. ... ...... 8

T3~ The Ouffineoffhe Thesis . . . . . . . . . . . ..o v vt vt 8
2 SOME BASIC FACTS IN CONTROL THEORY! . . ... ... ... ... 11
ZTI Confrollabilityl . . . . . . . . . . . . .. . 11
P72 Observabilityl . . . . . . . . . e 13
23 SampledDataSystemg . . . . . . .. .. .. ... ... ... ... 15
L1l ZeroOrderHold. . ... .. ... ... ............ 16

xi



BT Prelimmaried . . . . . . .. ... .. e 19
B2 MamResnlfd . . . .. .. ... 22
B3~ Controllability of Discrete Models Under a Finite Confrol Sef . . . . 31
SYSTEMSY . . . . . . e e e 33
AT Prelimmaried . . . . . . . . ... e 33
B.2— Construction of Sampling Pattern . . . . . ... ... ... ..... 34
B3~ Discretization Without Loss of Observability/Controllability] . . . . . 38
B4~ On Small/Large Upper Diameter of the Sampling Scheduld . . . . . 50
A5 Controllability of the Pendulum with Digital Confrol . . . . . . . . 52
A6 Samplings Compared with the Literaturd . . . . . . . . . . ... .. 54
ECONCLUSTIONS . . . . .. e e e e e e e e e e e e e 55
REFERENCES . . . . . . . . e e e e 57
CORRICOCOM VITAE . . . . oo ot e e e e e e e e e e e e e 63

xii



CHAPTER 1

INTRODUCTION

Recently, there has been an increasing tendency toward building a connection be-
tween continuous or dynamical real life processes with their corresponding discrete
models in many fields of mathematics; control theory, numerical analysis, number
theory, theories emerged from computer science and industry, etc [, 8, 1T, 30, 32, 33,
35,44,49,54]. Roughly speaking, the difference of continuous and discrete processes
could be considered as the difference of a box of matchsticks and a piece of cable or
wire: in the former each matchsticks has its own nature which can be handled dis-
cretely, while in the latter points on a wire are continuously spread out from one end
to the other. Here, integers are useful tools to deal with the first, but not with the sec-
ond where namely real numbers play their parts. For given an arbitrary real number,
it is possible to reduce or enlarge its size by multiplying a fixed real number to reach
the actual length of wire. Hence, the length of wire is a continuous variable just any
other quantities like mass, time, volume, density, speed and so on. Most of the time,
in discrete models, one to one correspondence is built between integers and objects
taken from the countable set under consideration whereas in continuous models, their

dimensions are measured through analysis.

Although, many notions in either of the branches could be meaningless when carried
to the other, interesting and challenging questions and corresponding answers come
forward when an interaction between the two can be designed [, R, 11, 33,42, 44].
For example, we can immediately design jumping problem of a grasshopper on the
road as grasshopper is stepping forward or backward with countable many moves
where the jump size is equally separated. Here, the problem may be appeared to

be discrete problem whenever the jump size is taken as an integer. In that problem,



the grasshopper is controlled by an integer which can be considered as one control
variable which makes the reachability set of grasshopper not dense on the road, i.e.,
it misses uncountable many points on the road. However, the problem may be well
suited to continuous case by considering, instead of one control variable, at least two
controls in such a way that they are rationally independent, i.e., the ratio of one jump
size to another is irrational number. In this case, one can predict that the grasshopper
could reach nearly all points on the road which means that the limiting case of those
points provides the whole road. The idea behind this methodology comes from Kro-
necker’s density theorem ( [0, 12,29,38]) where the connection between discrete and

continuous case could be built intuitively.

In real life processes, a continuous model which is adaptable to dijital platforms al-
ways plays a crucial role and many methods and discretization techniques have been
developed for considering those problems in a discrete fashion. One of the main
purposes in discretization processes is building an efficient and time saving environ-
ments with the aim of protecting properties of continuos case such as controllability,
observability or stability of the system after the transfer. Hence, designing a proper
time schedule becomes challenging to create a better ground for efficiency of the dis-
cretization procedure most of the time. As it is discussed in the jumping problem of a
grasshopper, we may intuitively connect both cases with Kronecker’s density theorem

by some means.

In the following sections, we mention about the problems under consideration and
motivations behind them. Here, our main body of the thesis consists of two parts.
In the first part, topological aspects of some special sequences are examined and
their relation with the controllability problem of some discrete linear control models
is discussed. In the second part, we discuss about building a better and efficient
sampling time pattern for controllable or observable linear sampled-data systems.
Here, we consantrated on samplings for which controllability and observability of the
linear continuous time systems is preserved during the procedure of discretization.
Moreover, in both parts, we provide the novelity of the work and its contributions to

control theory.



1.1 On Behaviour of Some Special Sequences

1.1.1 Motivation and Problem Definition

Much attention has recently been attracted to the topological structure of sets of poly-
nomials with bounded integer coefficients with applications in analysis and theory
of numbers [4, 23, 24]. Among these sets, the one that holds its importance in this

context, is the following spectrum
X)) = {0+ ar+ 4\ e e 0,10 m} ke N}

which has been introduced by Erdos et al. in [I8] for the case 1 < A < 2 and
m = 1. The structure of the set X,,()\) was examined and results were obtained
about the behaviour of differences between consecutive terms of the set for cases of
all transcendental and Pisot numbers (see also [[I'7]). Recall that a Pisot number is an
algebraic integer which is greater than one and all of its conjugates have modulus less
than one. There are huge literature for the application of Pisot numbers in theory of
numbers, we refer to [4, 24, D5]. Recent progress was made in [23] where answers
were given for perspectives and open problem raised by Erdos et al. in [I8]. In [23],

the following set of polynomials was considered
Yn(\) = {co+cl)\+~~~—|—ck)\k cee {041, 42, +m), k eN}

for real number A > 1, and m # 0 integer. It was shown that Y, () is dense in R if
and only if A < m + 1 and X is not a Pisot number. It should be noted that Y,,,()) is
not dense in R whenever A is a Pisot number (see [23]), or A > m + 1 (see [19]). In
addition to that, Y;,,(\) has a finite accumulation point in R if and only if A < m + 1

and ) is not a Pisot number (see [4]).

In this part, we study the topological structure of the set X, () for the case m = | \],
i.e., integer part of A and A > 1. Here, we analyse the behaviour of differences of con-
secutive terms of the set and obtain related results in the general setting. Moreover,
the work is extended to the new class of X := X, () as the set of pairwise com-
bination of terms from the set X, (\) with a transcendental number € (0, 1) in the

following sense
Y o= {o; + 04| aj,05 € X fori,j € N}
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Here, we study the behaviour of elements of the set Y and prove our main result that
the gap between each consecutive terms of the set tends to zero. As an application of
the main result, we concentrate on the controllability problem of a convex polyhedra

rolling in R. More precisely, the problem is a discrete model of the form
Tni1 = ANlp +1, x9=0, (1.1)

where A > 1 and 7 is ranging from finite control set. Our motivation comes from here
that each discrete points of the system can be represented as a polynomial in A with
bounded coefficients emerged from the finite set. In literature, the problem is related
to robotics and we refer to the papers [9, 13, 14] for analysing controllability prop-
erty of the system under finite control set. Those works are answering the problem
whether it is possible to design a finite control set in such a way that the reachable
set of a convex polyhedra with those controls acting on the system is dense in the
space. Several techniques applied to the papers [30, 49] to obtain denseness criteria
of a vehicle’s reachable set in some certain spaces and to the paper [35] for a model
of a robot’s finger in the framework of the theory of expansions in non-integer bases

where the density of its reachability set was studied.

1.1.2 Contributions and Novelties

As a contribution, we obtain novel results related to behaviour of elements of the set
Xn(A) for the case m = |A| and any A\ > 1. The results gathered in this field are
generalized version of some results obtained in the works [['Z, T8]. Moreover, a new
set Y is introduced in the literature and behaviour of differences of consecutive terms
of the set is investigated. Proof techniques applied in this section are adopted from the
papers [1'Z,T8] and without utilizing Pisot number analysis, topological properties of
the sets X and Y are derived and finally, it is concluded that differences of successive
terms of Y approach to zero. Hence, the paper develops a different point of view in

regard to the recent progress of the work [73].

As an application of the theory, we consider a problem of controllability in robotics
[9,173,T4]. More precisely, we analyse the interaction in between displacements of a
convex polyhedra by means of finite controls in one dimensional space. The move-

ment of a convex polyhedra for each step can be described as the first order recurrence
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relation. The work answers density property of the reachable set of the system for
A> A= %5 Hence, this result opens a new window for the use of the topological

properties of the set Y in discrete linear control models like (ITI).

1.2 On Construction of Sampling Schedule in Sampled-Data Systems

1.2.1 Motivation and Problem Definition

In many forms of real life processes, a continuous time model is implemented in a
digital fasion on a computer. Since the computer is viewed as a finite state machine,
it is clearly incapable of recording infinitely many data evaluated in a given continous
time interval. In this context, discretiation of continuous systems or dynamic pro-
cesses by means of time or state sampling techniques step forward to overcome this
factor to allow the computer to calculate the necessary data in finitely many steps. The
concept of observability/controllability of control systems takes an important role in
this regard. More precisely, most interesting results follow from carrying those prop-
erties to discrete systems that are emerged from real life problems. In literature, we
refer to [B36] for general knowledge about control systems with controllability, ob-
servability and stability analysis; [46] for controllability and observability of discrete

processes.

Recently, there has been growing interest in preserving controllability and observ-
ability after discretization with sampling patterns. In this regard, we refer to the
papers [5-7] for preserving the property of observability after discretization of con-
tinuous time system under equidistant sampling. In [[7], observability of nonlinear
models were examined for compact manifolds and under the assumption of infinites-
imal observability, observability property is carried out almost everywhere. Later
proved in [6] that the assertion still holds by removing the previous infinitesimal ob-
servability assumption which is difficult to check and adding analyticity property of

continuous system.

In this section, we consider the problem of controllability and observability of sampled-

data systems by means of the sample and hold technique. Roughly speaking, this

5



technique depends on the fact that the inputs and outputs of the system are evaluated
attimes 0,7, 27, - - - (T as sampling time) and the control stays fixed in [T, (i+1)T)
for 7 € N. Here, the sampling times are equally separeted with sampling period 7',
1.e., the sampling has an equidistant property. Equidistant sampling and a zero-order

hold were studied and understood completely in the literature [3T,41].

Once the observable/controllable continuous time system is discretized by use of the
sample and hold operation, it is possible to lose the property of observability/control-
lability during the process [31]. It is thus of interest to design an appropriate sampling
which preserves that property after the discretization. For example, consider the sig-
nal y(t) = sin(277t) for the second order observable system with arbitrary parameter
7 € R. If we let the time is sampled by ¢; = i7" fori € N, then y(¢;) = Oforalli € N,
whenever the parameter 7 hits the value 1/7", which means the discretized system is
not observable. Hence for that example, observability of the system is not carried out
by equidistant sampling defined above. Fortunately, that problem can be fixed if one
more intermediate sampling time 7} with the property that 7/7} € R/Q is added.
More precisely, we observe the system at times 777 when it is not observable at times
1'I" for + € N and conversely. However, the above strategy does not applied to higher
order systems. As an example, consider the following signal output of the sixth order

observable system with parameter p
y(t) = sin(2n (T + T1)pt) — sin(2x T pt) — sin(27T pt)

It is easy to check that y(¢7") = 0 and y(i7T}) = O for all ¢ € N, whenever p =
1/T1T, i.e., discrete system is not observable under any sampling times 7" and 77.
This observation motivates us to construct nonequidistant sampling in such a way
that observability/controllability of the continous time system can be carried out by
the discretization. A simple nonequidistant periodic sampling is created in [33] and
proves that observability/controllability of the continuous time system is preserved
during discretization with the periodic sampling pattern and zero-order hold operation

[T, 277].

In the context of sampled-data systems with nonequidistant/variable time samplings,
we refer to the papers, [2,3,32,51] for designing observers related to certain classes

of non-linear systems with both sampled and delayed measurements and building an
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appropriate upper bound for the sampling schedule ensuring exponential convergence
of the observer system error. In [21], the observer design problem is addressed for
a class of continuous-time dynamical systems with uncertain sampled measurements
and it is proven that under suitable chosen upper bound for the diameter of sampling
partition, the observation error converges to zero exponentially. Moreover, the paper
[42] provides a sufficient condition on the sampling time which allows to preserve
the observability property of continuous dynamical systems with discrete-time output

measurements.

In this part, we consider the following continuous-time problem

alt) = Ault) + Bu(t), £>0
y(t) = Cx(t), t>0 (1.2)
z(0) = o,

where A € R™", B € R™™ C € R, 2(t) € R™, y(t) € R! and u(t) € R™ for
each fixed ¢ € RT. Here, we can see that () is the state of the system, u(t) control

input, y(t) is signal output.

Discretization of the system (I2) with sampling {¢; };cn by adopting zero-order hold

[39] with ¢y = ¢ and t = t;,1, gives us the following discrete form

t;
Tip1 = eA(tiJrl*ti)ﬂji + / o eAltit1=7) B+ u;,
t; (1.3)

Y = Cmia

where z; := z(;), y; := y(t;), and u; represents control input which is constant along

the interval [t;, t;11).

The problem is to design a time sampling {t;};cn in such a way that the property of
controllability/observability of the continuous system (I”2) can be preserved during
the process of discretization, i.e., the discrete system (I-3) becomes controllable/ob-

servable.



1.2.2 Contributions and Novelties

In this work, we contribute a novel sampling schedule in the context of nonequidistan-
t/uncertain samplings and with its involvement in preserving observability/controlla-
bility of linear time invariant sampled-data systems. Moreover, we show that the
number of steps required for observability/controllability of the sampled-data sys-
tem is finite and beside that, step size, necessary to the transfer for two dimensional
sampled-data system is sharpened when compared with the paper [33]. In addition,
by using this sampling pattern in linear sampled-data systems, we see that it is feasi-
ble to make the upper diameter of the sampling sequence as small as possible which
provides a better ground for the exponential convergence of observation error and sta-

bility analysis of sampled-data systems (see related problems from e.g., [3,44,51]]).

1.3 The Outline of the Thesis

The thesis consists of four chapters and each of which is discussed below in detail.

Chapter 0 is devoted to some basic notions, definitions, techniques and theorems re-
lated to control theory. Those facts are gathered from different control books and
research articles [22,50]. Here, we define the concept of controllability and observ-
ability for both continuous and discrete case in finite dimensional linear systems.
Moreover, we discuss necessary and sufficient conditions for systems being control-
lable or observable. In addition, we provide zero-order-hold discretization technique

for sampled-data systems and remarks related to it.

Chapter 3 considers some topological results related to polynomial type sequences
with bounded integer coefficients and their connection with controllability problem
of a convex polyhdra with a finite control set. In section Bl, we give preliminaries
about some basic concepts, theorem and lemma related to the chapter. In this part,
we mention about Kronecker’s density theorem [2Y9] and provide one important ap-
plication which would be used throughout the thesis. Moreover, we consider certain
subsets of X and Y, namely sets of all finite sum of even powers of A terms in X and

Y respectively. In addition, v is defined as a transcendental number which is bounded



by constants depending on A for later purposes. In section B2, we provide the main
results of the paper. Finally, in section B3, the theory is applied to the controllability
problem of the system (ITl) with a finite set of controls in one dimensional case. In
addition, the case A = 1, is considered separately and proven that reachable set of the

system is dense in R as a consequence of Kronecker’s theorem.

Chapter 8 consantrates on designing time sampling patterns to preserve observability
and controllability of linear sample-data systems. In section Bl, we state the problem
under consideration and adopt zero-order hold for the system. In this part, we define
the concept of controllability and observability both for continuous time and sampled-
data systems in a long time horizon. In section B2, we introduce a novel sampling
pattern which consists of two parts, each of which constructed separately in the be-
ginning and extended periodically by using the division algorithm. In section B3,
we prove the main results of the paper. In addition, under the novel sampling, step
size which guarantees the property of observability/controllability of the sampled-
data system becomes less for two dimensional sampled-data systems when compared
with sampling schedule proposed in the paper [33]. In section B4, we analyse the
upper diameter of the sampling pattern constructed in section &3 and observe that the
upper bound can be flexible in a way that makes it possible to decrease or increase the
maximum gap of successive terms depending on the schedule. Finally, we note that
the sampling pattern could be utilized for the problem of state observation of a flexi-
ble joint robotic arm proposed in [44]. In section B3, we consider the controllability
problem of continuous time model of the pendulum in two dimensional setting, and
build our corresponding controls which makes the sampled-data system controllable
with sampling pattern introduced in section B2. Lastly, we conclude the chapter by
pointing out two types of sampling and their involvements in the results obtained in

section A3.

Chapter B concludes the thesis by pointing out some perspectives and future works

related to the context.






CHAPTER 2

SOME BASIC FACTS IN CONTROL THEORY

Control theory is presently one of the most interdisciplinary areas of research with
its most modern applications. In other words, control theory has been a discipline
where many mathematical ideas and methods have designed to provide an environ-
ment which consists of plentiful crossing points of engineering and mathematics.
There are huge literature in this context, we refer to [8,15,02,36,55,56]. Throughout
this chapter, we introduce some of basic mathematical concepts with related examples

in control theory.

2.1 Controllability

Controlling a system can be considered as an action, i.e., to manage things in order to
guarantee that the system behaves as desired. In this section, we define the concept

of controllability in finite dimensional linear systems [22, 47, 55,56].

Consider the following finite dimensional system
d

E;U(,g) = Az(t) + Bu(t), t€(0,7T) (2.1)

z(0) = zo,
where A € R, B € R™™ and x, € R". Here, the functions z : [0,7] — R" and
u : [0,7] — R™ are defined as the state and the control respectively. Of course, we
assume that m < n and the main goal is to control the system with minimum number

of controls, i.e., minimize m.

Definition 2.1.1. The system (1) is (exact) controllable in time T > 0 if for any

initial and final data xy and x, in R™ it is possible to find a control u € L*(0,T; R™)

11



such that the solution of (Z1) satisfies x(T) = x.

Now define the set of reachable states or reachability set as
R(T, z0) = {a:(T) € R" :  solution of (ZT) with u € L2(0, T)m}.
Here, we give another definition of controllability

Definition 2.1.2. The system (1) is (exact) controllable in time T' > 0 if R(T, xy) =
R™ for any o € R".

In this context, we provide two examples. In the first example, we consider the system
with two components in which only one component can be controlled by a given
control function, the other component acts freely. This situation is different in the

second example where the both of them interacts with one another by means of the

control.
Example 1.
i () = 2x1(1), te (0,7
1(t) = 21 (2) (0,7) 22)
xh(t) = x2(t) +u(t), te€(0,7).
2 0 0 ) .
where A = , B = . Obviously, the above system (2) is not control-
01 1

lable since the first component x; () acts freely without any influence of the control

u(t).
Example 2. Consider the following harmonic oscillator
() + ax(t) =u(t), te(0,T). (2.3)

where a € R. Here, its corresponding finite dimensional system would be the follow-

ing
) (t) = x9(t), te(0,T
1 (1) = m2(2) (0,7) 24
2h(t) = u(t) — axy(t), te€(0,7T).
0 1 )
where A = , B = . Here, unlike Example 1, now the control has
—a 0 1

an influence on both components. Through this analysis, we cannot say immediately
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that the system (-4) is not controllable. For invsetigating whether the system is con-
trollable or not, we provide Kalman Rank Condition [R] for necessary and sufficent

condition for controllability.

Theorem 2.1.3 (Kalman Rank Condition). The system (Z-1) is (exact) controllable in
some time T' > 0 if and only if

rank [B, AB, AB,--- , A" 'B| =n. (2.5)

Hence, we immediately have the following result

Corollary 2.1.4. If the system (1) is controllable in some time T > 0, then it is

controllable in any time.

Therefore, by using this condition, we can easily have that the rank condition (ZZ3) in
the first example is 1, i.e., the system (Z2) is not controllable. On the other hand, it
can be easily checked that the rank condition (Z3) in the second example is full, i.e.,

the system (Z4) is controllable.

2.2 Observability

In this part, we consider the following finite dimensional system [R&],

2'(t) = Az(t) + Bu(t), t>tg
y(t) = Cx(t), t>t (2.6)
{E(to) = Xy,

where A € R™", B € R™™ C € R¥", z(t) € R", y(t) € R* and u(t) € R™ for

each fixed t € R™. Here, x(t) represents the state of the system, u(t) represents the

control input, y(t) represents the signal output.

Definition 2.2.1. The system (IZ8) is (exact) observable if for any initial time t, and
any initial data x, there exists a finite time T such that the knowledge of u(t) and

y(t) for t € [to, T] suffices to determine x uniquely.
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Here, the role of y(¢) is important to determine the initial data uniquely, i.e, there
would be no loss of generality in supposing that the control is identically zero. Let us

consider the following two examples about observable and unobservable systems.

Example 1. Consider the system described by

xh(t) = —xo(t) + u(t), (2.7)

Here, it can be easily checked that the system satisfies the condition of Theorem
(13), i.e., the system is controllable. On the other hand, from the first part of the
equation, it can be seen that x;(¢) which is y(¢) can be determined uniquely by u(t)
and z (to). Hence, it is impossible to determine z5(to) by means of the output which

makes the system not observable.

Example 2. Consider the system described by

() = z1(t) — u(t),
xh(t) = —xo(t) + u(t), (2.8)

y(t) = z1(t) + x2(t).

Here, one can see that both state components are involved in the system’s output /(¢)
which affects the behaviour of the system. Through the analysis before, we cannot
say immediately that the system is not observable. Practical check for the answer of
the question whether the system is observable or not, we provide the following rank

condition [8] to build the necessary and sufficient environment for observability.

Theorem 2.2.2. The system (Z4) is (exact) observable if and only if

T
rank|C,CA,CA? ... CA" ' =n. 2.9

By using Theorem 27, we see that the rank of the system () in the first example
1s one which makes it unobservable. On the other hand, it can be checked that the rank

of the system (IZ8) in the second example is full which provides the observability of
3).
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2.3 Sampled Data Systems

Most models of real life processes are presented as continuous time models, usually
in form of differential equations. For analysing those problems in digital platform via
computers, we introduce the concept of sampling [26,3Y9]. Here, we consider a finite

dimensional ordinary differential equation

(1) = f(z(t), u(t)) (2.10)
with vector field f : R" x R™ — R", state function  : R — R" and control function
u : R — R™. For corresponding discrete version of (T0), we consider the following
discrete system

= f(z,u) (2.11)
where f : X X U — X is a transition function assigning the state = at the next time

instant from the state value x € X and the control value © € U where X C R"™ and

UcCR™

The idea of sampling consists of defining a discrete time system (ZTT]) such that
the trajectories of the discrete system and the continuous system (Z-TU) match at the

sampling times ¢y < t; < t9 < --- < 1, namely,
ze(ti, to, vo,u) = xq(i, xo,u) 1 =0,1,2,.., k, (2.12)

where .. solution of (ZI0) and x4 solution of (Z-IT) with initial condition x(tg) = xo.
Here, we define the sampling pattern as equidistant sampling if distances between
each consecutive terms are equal to each other, i.e., t, = n1T where T" > 0 is the

sampling period.

Example 1. Consider the following discrete model for the total distance covered by
the vehicle

rt=z+u (2.13)

where 2™ next position and z current position of the vehicle, in addition u is the
control which manages the distance covered by the vehicle, i.e., for values u < 0, it
goes backwards while for u > 0, it proceeds forwards.

Example 2. Consider the following continuous time control system

2/ (t) = u(t) (2.14)



The solution of (ZZ14) is

t
ze(t,0, 20, u) = 9 +/ u(T)dr. (2.15)
0

Let X = Rand U = L*>([0,7T],R), then corresponding discrete version of (Z-14))

would be of the following form

T
=1 —|—/ u(T)dr. (2.16)
0

If we fix the control function as u(t) = u where u is a scalar in R, then (Z-I6) becomes

xt =x+Tu. (2.17)

Here, for letting 7" = 1, we obtain the discrete model (Z-13).

2.3.1 Zero Order Hold

Discretization of continuous time system with higher order of derivatives by means of
sample and hold techniques always causes problems such as complex circuitry, higher
costs, large number of delayed pulses, serious stability problems and so on. Hence,
in power approximation of a given function x(¢), use of only the first term in that to
estimate the given function during the time interval kT < ¢t < (k + 1)T for k € N
becomes more effective and powerful which is known as zero-order hold. It holds the
value of z(kT') for kT <t < (k+ 1)T until the next sample x((k + 1)7T") arrives. As
it is noticed in this technique, the sampling pattern is taken as an equidistant manner
with sampling period 7. Moreover, a common assumption is that the continuous-time
input signal, i.e., the control of the system is generated by a zero-order hold stays

fixed in [T, (i + 1)T') for i € N, which is called digital control in the literature [39].

To understand the concept better, let us apply this method to the following finite

dimensional control system
2'(t) = Ax(t) + Bu(t),
y(t) = Ca(t) + Du(?),

(2.18)

where A is the state matrix, B is the input matrix, C' is the output matrix, and D is
the feedthrough matrix. Moreover, x(t) is the state, y(t) is the output signal, u(t) is
the control input for t € R™.
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The solution of the system (ZIR) with initial data x(¢y) = x( and its output signal
would be the following
t
z(t) = etz —|—/ A Bu(t)dr. (2.19)
to
and .
y(t) = CeAltt) g, 4 / Ce*™) Bu(t)dr + Dul(t). (2.20)

to

Now, take next time 1, then our solution with initial condition z(¢;) would be
t
z(t) = Az (ty) +/ A=) Bu(r)dr. (2.21)
t1
Moreover, in zero-order-hold, we assume that the control stays fixed in [KT", (k+1)T")
for k € N, i.e.,
u(t) = u(kT), Vit e [kT, (k+ 1)T).

Repeating the procedure done in (Z2Z11), we have the following

t
z(t) = A (kT —i—/ A=) Bu(r)dr. (2.22)
kT

Hence, letting ¢t = (k + 1)7 in (ZZ22) and doing some substitutions, we obtain the

following

z((k+1DT) = eTa(kT) + / ' e Bu(kT)d¢ (2.23)
0

where § = (k+ 1)T — 7.

Therefore, discrete time description of the continuous time plant (ZI8) by means of

zero and hold would be

w(k+ 1) = Az(k) + Bu(k), 020

y(k+1) = Cz(k) + Du(k),

where

T
A=eT and B= / e BdE. (2.25)
0

The integral part in (ZZ2Z3) can be solved explicitly whenever the state matrix A is
non-singular, i.e., det A # 0. More precisely, we can find the following
B=A%Ye"T - 1B

where [ is the identity matrix having the same dimension with the state matrix.
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CHAPTER 3

ON BEHAVIOUR OF SOME SPECIAL SEQUENCES

3.1 Preliminaries

In this section, we provide some definitions and principles together with theorems.

Firstly, we start with definition of algebraic and transcendental number.

Definition 3.1.1. An algebraic number is any real number which is a root of a non-
zero polynomial in one variable with rational coefficients. If a number is not algebraic

then it is called a transcendental number.

Pigeonhole Principle: for n+ 1 different real numbers xq, z1, - - - , x,, in closed inter-

val [0, 1]. Then, one can say that there exists two numbers x;, x; with ¢ # j satisfying

i — 5] < e

Now, we give Kronecker’s Theorem which relies on estimating any real number by

means of given irrational number (see [29], [34]).

Theorem 3.1.2. If £ is irrational, then the set of points ({n&} : n € N) is dense in

the interval (0, 1), where {-} represents a fractional part of the number.

There are several approaches and considerations of the theorem, done by Estermann
in [20], by Bohr in [I0], and a different geometric perspective was made by Letten-
meyer in [B8]. As an application of Theorem BT, we provide the following useful

result.

Lemma 3.1.3. Let & and 1 be rationally independent positive real numbers, i.e., = is
n

an irrational number. Then, the set
K :={jn+il|i,j €Z}, isdenseinR.
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The proof of Lemma is straightforward. Namely, for given £ and 7 be rationally
independent numbers, we know that % € [. Then for any ¢ > 0, we have from

Theorem BT that for any real number 7 € R,

H@—N—M§<;

where x = _ and for some M ,N € Z. Here, {-} represents a fractional part of the

n
number. Hence, we conclude that

7= ((Ln) + N)n+ Mg) | < e 3.1)
Observe that both | x| + N and M are integers in (B).

Let A > 1 be areal number and for n € N, we consider the unique (| | +1) expansion

of n as the following way
n=co+er([A+1)+ (A + 1)+ + (A +1)F
where ¢; € {0,1,---, | A]}, and set the sequence of the following form
Qn = Co+ A+ -+ cpAF. (3.2)
Define the set X as all collection of (B2) and let the sequence {;} be its increasing
rearrangement. Let 7 € (0,1) be a transcendental number such that — € I and

~
satisfying the following inequality

1 A-1 1
HlaX{ﬁ,m } < v < X (33)

Define X, as the set of all finite sum of even powers of A terms in X. More precisely,

Xe::{zk:c,)\zﬂ keN,cie{O,l,---,LAJ}}. (3.4)
=0
Now, define the following set
Ye :={a; + 04| 4,5 € X, for 4,5 € N} (3.5)
Let {¢;} and {r;} be the increasing rearrangement of Y, and Y respectively, i.e.,

<0<<1<C2"' and To<T1 <Tg---
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Observe that (y = 70 = 0, (1 = 71 = 7y and (; = 7» = 1. Moreover, define the

following limits

Z(A\) = liminf(¢y1 — ¢) and  S(A) = limsup(ri41 — 7).

Throughout this chapter, it is assumed that A := %5

Lemma 3.1.4. For any k € N, the following inequalities

k
ANFFE <14 | (1 + 7) Z P
i=0

and

k
N2 <1y AR 4 A (14 9) 300,
=0

hold.

Proof. Firstly, we prove the inequality (38~7). By using (333),

1+ [ (1+7>g/\2i > 1+ <LAJ +¥>§A%

:1+<1+L>\J—§)Zk:)\2i

A

(3.6)

(3.7

(3.8)

k
1 : 1
> 1 <)\ o _) )\21 -1 )\2k+1 — > )\2k+2'
+ N ZE:O + y

Namely, we obtain the first inequality. For the second one, we use (833), i.e.,

N A1 A= 1\ o= o
1+ | A] A2 |\ (1+7>;A2 > 1+TA2’“+2+(W +T>;>\2

k
1 .
S ] \ZRH2 2K+ <)\ _ _) A2 s \2k+2
+ + \ ZE:O

Hence, we have the second inequality.

Lemma 3.1.5. For A\ > A, the following inequality

)\2n+2 > I_)\J Z )\21’
i=0
holds for all n € N.
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Proof. Since A > A, we have that \A> — X — 1 > 0. Here, we would prove that for any
n €N,

D (3.9)
=0
holds by induction. At first,
M-A=1>0 <= ¥ -N-2>0 = V- -1>0.

Hence, we have that \*> > \? + 1, i.e., it is true for n = 1. Assume that (B9) is true

for n. Here, we observe that
1 + /\2 4ot )\Qn + /\2n+2 < )\Qn—&—l + /\2n+2 < )\2n+3

which implies the case for n + 1. Therefore, we have (B9) by induction. As a result,

)\2n+1 > Z )\21‘ — )\2n+2 > \_)‘J Z )\21’7

=0 =0

which completes the proof. O

3.2 Main Results

Theorem 3.2.1. For each n € N, the following inequality

511—5—1 - 571 S 1
holds.
Proof. To prove the theorem, we use induction by n. Here, for case n = 1, recall that
Bo =0and 5; = 1,1i.e., 1 — By = 1 which is true.

For induction hypothesis, assume that it is true for case n, i.e., 5;11 — 5; < 1 for

1=1,2,--- ,n. We prove that it is true for the case n + 1, i.e., B0 — Boy1 < 1.

Let B0 =& + A+ - + &A% for & € {0,1,--- |\ }. Here, & is either | A] or
different from | \] .

If we have the case &) # |\ , then §; wouldbein {0, 1,--- , |[A\|—1},ie., Bop1+1 €
X. This implies that 5,,,1 < B2 < B,41 + 1 which means 3,,0 — 8,41 < 1.
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Now, assume that {; = |A] . Let k be the largest integer such that {; = & = -+ =
& = L)\J . Then, &1 € {O, 1,---, L)\J - 1}, ie.,

Brr = AL (L A+ N + G A Y g, (3.10)

i=k+2

Notice from (BI0) that 3,,; + M**! € X. Hence, if one can have cg,c;,..c;, €
{0,1,---, | \|} such that

A (LA 405) < cpter At -+ AP AT < T A ] (T4 A+ -+ A7), (3.11)

holds, then one can have the following

Buya < co+ A+ 4 A AR 4 Z GN <1+ Bu
i=k+1

which proves the case n + 1. Therefore, it suffices to prove the existence of such

{c;}r_, satisfying (BI).
Note firstly that (|A] +1 — A)(1 4+ A+ - + A¥) > 0 which implies
ML < T A @+ A+ -+ 25, (3.12)

From (B12), if we have \*** > | \| (14 A+ - -+\*), then we obtain (B-TT) by simply
choosing ¢y = - - - = ¢}, = 0. Otherwise, assume that \**1 < | \| (1 4+ X + -+ + \F).
Let 8, = [A| (14+ A+ -+ \*) which is a term in X. Here, 7 < n + 1 and the next

term would be of the form
ﬁn—u =cop+c A+ + Ck>\k + )\k+1’

for some ¢y, c1,..c, € {0,1,--- | A|}. Since there would be no term of X in between

B, and 3,1, we conclude that
X 0By = X By — A =0, (3.13)

Observe that ¢y +c A+ - - - + ¢ A¥ € X and 3, — A1 +1 < 3,. Therefore, by using
the induction hypothesis together with (313), one can have the following

By =X <co+ar+- + A < B, — N 41 (3.14)
which concludes the proof of (B-11). ]
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Theorem 3.2.2. For each n € N, the following inequality

Cn+1 _Cn S ]-

holds.

Proof. We apply proof by induction. Here, for case n = 1 recall that (, = 0 and
¢ =7,ie.,  — (=7 < 1whichis true.

For induction hypothesis, assume that it is true for case n, i.e., ;41 — (; < 1 for
1 =1,2,--- ,n. We prove that it is true for the case n + 1, i.e., (40 — (o1 < 1. Let
Cog1 =& +EN+ - +EN where & € {i+jv|i,5 € {0,1,---,[A\]}}. Asitis
examined in Theorem BT, either & # (1 +7) [A\] or & = (1 +7) [A].

For the first case, one can say either (1 + 1 € Y. or (,41 + v € Y, or both of them

holds. Hence, we have either

Cnao < Cui1+1 or (o < Cur1+7,

which proves the case for n + 1.

For the second case, we assume that {§, = (1 + ) |A] . Let k be the largest integer
suchthat {§y =& = --- =& = (1 + ) [ A] . More precisely,

k s
G = ) (149) o2 4 g2+ 3
1=0

i=k+2

Here, we examine two cases separately.

Case 1. Let us assume that &1 = i + |\| v, where ¢ € {0,1,---, | A]}. It can be

seen from assumption on k that ¢ # ||, which implies ¢,,.1 + A***? € Y,. More

precisely,
k
o1 — [\ (1 + v) ST A A2 4 N2 ey (3.15)
i=0
If we have .
AZEHZ S | A AP 4 ()] (1 + 7) SN, (3.16)
i=0

then, from Lemma BT4, we conclude that

k
Gtz < Gui1 — [A] (1 + V) Z A — LA 7)\2k+2 + A <1+ Cnt1-
=0
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However, if (B18) is not satisfied, i.e.,
k
)\2k+2 < L)\J ,y)\2k+2 + L)\J (1 +7> Z/\%7
i=0
then define ¢, = [\ YAZ+2 + | )] (1 + ’y) SF , A% which is an element of Y;, and
of course v < n + 1. The next term is ¢, .1, and it would be in the following form
Cop1 = Co+ 1A + -+ AT 4 222

for some ¢,,, € {i + jv|i,7 € {0,1,---,[A]}} and m = 0,1,--- , k. Consider the
open interval

I, = (Cu - )\2k+27 Cug1 — >\2k+2)
forsome ¢; € {i + jv|i,5 €{0,1,---,|[A]}}. Note that
(Cs Q1) NYe = 0. (3.17)

Moreover, (B3) and (B172) imply [, N'Y, = (). Since, ¢, — A\**2 + 1 < (,, we apply
induction hypothesis that

G =M <o+ N+ A <G - A4
which concludes

Cota <G — G+ coFa X+ -+ XNF N2 <14 (.

Case 2. In this case, we suppose that {1 = i + jy, where i € {0,1,--- ,|\|} and
j€40,1,---,(|\] = 1)}. Therefore, (41 + YA2**2 € Y,. Namely,

k
Gt — [A] (1 + v) SN LN ey (3.18)
=0
If we have
k
AT S )| (1 + 7> 3%, (3.19)

=0

then from Lemma (3124, we conclude that

k
G < Gon = M) (149) DA%+ 922 < 14 g
1=0
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However, if (B-18) is not satisfied, i.e.,

A2 < | )| (1+7> i/\m.

=0

Let us define (, = [\] (1 + 7) Z?:o A% which is an element of Y,, and clearly
1 < n + 1. By using (B3), the next term would be in the following form

C/H-l =/l + 51)\2 + ... +gk)\2k + 7/\2k+2

for some ¢,, € {i + jv|i,j € {0,1,---,|[A\|}} and m = 0,1,--- , k. Define the

following open interval

L= (G — A2 G — AP 2.

From ((,,, ut1)NYe = () and (B33), we have I,NY, = (). As it is discussed previously,

by utilizing induction hypothesis, we obtain
Cu— NP2 < lg+ 0N+ + LA < G — AT 4]
which concludes
Corz < Cuy1 — Cutlo+ LA+ + GNP 4 ANFT2 <1 4 G

Hence, for both possible cases, we prove that the hypothesis is true for the case n+ 1.

As aresult, we obtain that ¢, 1 — (, < 1 forn € N. O

Theorem 3.2.3. For A > A, the following

satisfies.

Proof. For n € N, we consider the following close interval of the form
T = [0, (147) [A] (14 A2 4+ 22 (3.20)

Coefficients of each powers of A can be any value from {0,1,---,|\|}, i.e., there
are | \] + 1 different possible values. Hence, the set J,, N'Y, contains ([ A] + 1)**2
number of (;’s. Here, we consider two cases: whether ) is a transcendental or an

algebraic number.
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Case 1. Assume that ) is a transcendental number. Then, there are (| \| + 1)%"*2

different elements of the set 7, N Y.. This comes from the fact that — € I and
v

a transcendental number cannot be expressed as a root of polynomial with integer

coefficients. In addition to that, for given any € > 0, it is possible to find a large

m € N such that
(L) A TN+ X < e((1+ (M) —1). (3.21)

Here, we obtain that (| A | +1)?""2—1 number of intervals with length € cover 7, and
there are (| \] + 1)*"" number of different ¢;’s in 7,,. Therefore, from pigeonhole
principle, one interval contains at least two different values from 7,,, i.e., this is true

for arbitrary small €, implies Z(\) = 0.

Case 2. Let A\ be an algebraic number. In this part, we prove that for any £ € N, A

cannot be the root of following polynomial of even powers
P(z) :=cy+ c12® + - -+ cpz?*
forc; € {0,£1,--- , £ |\|} whenever A\ > A.

Assume the contrary, i.e., if such k£ € N exists, then we have that ¢, \2* = —¢;,_ A\2F—2—
.-+ — ¢o. Suppose without loss of generality that ¢, > 0, by using Lemma BTH, we
obtain
k-1
Ck)\2k > )\2k > L/\J Z)\Zz > _Ck_l)\Qk—Z — =0

=0
which contradicts with A being the root of P(x). This observation shows us that there

would be no common terms of Y, in 7,,. More precisely, there would be (| A | 4 1)*"2

terms which cannot coincide in the set J,, N Y.. As it is discussed before, by applying

same procedure, we obtain that Z(\) = 0. O
Theorem 3.2.4. The following
liminf (B — Br) =0,
k—o0

satisfies for all transcendental \ > 1.

The proof of Theorem B24 is very similar to the proof of Theorem B723, so it is

omitted.
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Lemma 3.2.5. For \ > A and given any € > 0, one can find a subsequence {z,} of

Cn such that the following two conditions are satisfied

(i) > cr % € Ye where I C N.

(ii) € < zop41 — 296 < (1 + |A])?efor k € N.
Proof. We give a proof by induction. Firstly, we prove that both cases hold for n = 1,
i.e., find 21, zg € Y, such that both conditions satisfy. From Theorem B23, we have

that Z(\) = 0 which means for an arbitrary € > 0, it is possible to find k£ € N such

that 0 < (41 — (& < €. More precisely, we have
0< Bsk-H - 5% i 7(5%“ - 51%) <e€

where <k+1 = 55k+1 + 'YﬁrkJrl and gk — ﬂsk iy 75%

If 3,,, and 3, share the same term 2" for some n € N, with coefficient vy, 1, v, €
{0,1,---, | \|} respectively. Without loss of generality, assume that vy < v, then

we establish new terms as

Bapir = Bspor — vkt A and By, = By, — e A, (3.22)

It should be noted that there may be more terms A" such that both j3;, | and j3,, share,
but doing the same process as it is done in (B-22), we can still have that Bsk ot Bsk €
X, which means both terms share no common terms \". Same observation is valid
for §,, ., and j3,,, i.e., one can have Brkﬂ and f3,, such that BTkJrl — B, = Brivr — Bra

and Bm ot Brk € X.. Hence, our new constructed terms would be the following

Ck—‘rl - ﬁ8k+1 + 7/87'k+1 and Ck = /Bsk + Vﬁrk

satisfying both ékﬂ + é’k €Y. and 0 < é’kﬂ — ék < €. Let m € N be the least even

number satisfying the following relation
A™(Gr = Gk) < € < X" (Gon — G)- (3.23)
Multiplying (B223) by A\?, gives the following
€ < N2 (Gt — Go) < Me < (|A] +1)%.
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Now let z; = A™2(,,; and 2y = A™"2(,, then we establish the first two terms
satisfying both conditions. Now, let us assume that it is true for the case n, i.e., there
exist zo, 21, - - - , 2a,—1 such that both conditions (i) and (i7) hold. We prove that the
case is true for n+ 1, i.e., we construct 2o and 29,11 in such a way that these together
with zg, 21, - - -, 29,1 satisfy (7) and (i7). Let p be the highest even power of A in z;

for: =0,1,---,2n — 1. Here, one can find € N such that
€
O<Cn+1_Cn<§:

where (11 = Bu, .y + VBu,n and ¢ = By, + VBu, - If Bu,,, and By, share the same
term A\?" for some n € N, with coefficients v, 11 € {0,1,---, | A|} respectively

and satisfying v, ;1 < v, then simply choosing

2 2 A 2
5un+1 = Bu,ﬁq - Vn-l—l)\ " and ﬁun = 6u7, - Vn—i—l)\ n’

we have that Bun W Bun € X.. Similarly, one can build Bwn ., and Bwn such that
Buysr = Buw, = Bwn o B’wn and Bwn A Bwn € X.. Hence, we construct the following

terms

gn—&-l == ﬁunJrl + 76711774,»1 and Cn = Bun + 761117,
which satisfy @7“ + CAn €Y., and 0 < én+1 — @7 < %. Let / € N be an even number
such that

€

A . - . €
)‘E(CnJrl - Cn) < ﬁ < )‘£+2(Cn+1 - Cn) == 1

5 <APGn =6 < (W + 1P

Now, we choose our next candidates as zo,41 = )\Z’*”QQH and 2y, = )\p””é‘n,
which together with zg, 21, - - - , 22,1 satisfy both conditions () and (i7). Hence, the

proof is completed by induction. O

Lemma 3.2.6. For A\ > A and given any ¢ > 0, it is possible to find a finite subse-
quence {p;}¥_, of {C,} such that the following two conditions hold

(i) po<p1<---<py and py—po> A

(it) pi = pi1 < (L+ A% for i=1,--- k.
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A
Proof. Let e > 0 given and k > ~. Now, we consider the sequence {z; }7*,! defined
€

in Lemma B3 and adopt the following construction for {p; }%_,

k-1

po = ZZ% and  p; = pi_1 + 2i—1 — 24— for 1 =1,2,--- k. (3.24)
i—0

From first condition of Lemma B“ZS, we obtain that p; € Y, fori = 0, .., k. Moreover,

from the second condition of Lemma B23, we have both cases (i) and (7). ]

Theorem 3.2.7. The following

holds for A > A.

Proof. For given an arbitrary e > 0, construct the finite subsequence {p; }*_, of {(,.}

defined in Lemma B226. Namely, we have
po<p1<---<pp with p; — pi_1 < (1+|A])% and p — po > \.
Define the set of the following form
Y, =Y. = {ACn}neN-

which is the collection of all odd powers of )\, and so, Y, N'Y, = (). Moreover, from
Theorem B2, it can be concluded that for any interval of length A\ contains at least

one element from the set Y,. Now, we consider the following open intervals
L= (1,7 + (1 + [A])%) C (0,00). (3.25)

for 7 > po + A, and show that I, N'Y # (). By using above argument, one can find at
least one element

velr—po—ANT—p)NY,. (3.26)
Here, v consists of only odd powers and from (B26), we have that
v+ po <7< v pg,

which means the set I, would contain at least one number of the form v + p; for some

i=0,1,---,k. Since, v + p; € Y for all i, we have I. N Y # {).
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As a result, we obtain that

S(A) < (1+ [A])%,
for arbitrary ¢ > 0. Hence, we have S(\) = 0. O
Since {7;} is the increasing rearrangement of the set Y, this implies that 7,41 —7; > 0
for every i« € N. As a result, by using Theorem B2, we obtain the following result
Corollary 3.2.8. The following

lim (711 — %) =0,

k—o0

holds for A > A.

3.3 Controllability of Discrete Models Under a Finite Control Set

In this part, we consider the discrete model (ITl) with its controls taking from the
finite set, say Z. Here, the aim is to build a finite control set Z in such a way that the

robot can reach nearly all points in the space. Let us design the following two sets
Cr={0,£1,4£2,--- £ |[\|} and C,,={i+jv|i,7 €Cy\} (3.27)

and reachable set for the model (1) with control set Z

R(0,T) = { zn: N

=0

ceTne N}. (3.28)

Firstly, let us consider the case A = 1 for the model (). If 7 is ranging in the set C;,
then the reachable set R (0, C;) of (I1l) would be the set of integers which is not dense
in R. As a result of Lemma B13, for n € Z = {£p, £q} where p, g are rationally
independent numbers, we have that the reachable set R(0,Z) of (IT) is dense in R.

Therefore, for density, the control set can be designed as Z = {4p, £q¢} for the case
A=1

For case A > 1, we provide the following result for density.
Theorem 3.3.1. The reachable set R(0,C, ) of () is dense in R for A\ > A.
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Proof. Let v € R be a real number and by applying division algorithm, we would

have its \ expansion as

S
v = Zci)\i +7r,, Wwherec; € Cyand0<r, <1.
i=0

For r, = 0, we have that v € R(0,C) 5). Let us assume that 0 < r,, < 1.

Ty . . e ..
From Theorem B2, for ¢ = » > (, where p is a large integer satisfying p > s, itis

possible to find £ € N such that
Tg — Tk—1 € for 7,71 €Y.

As aresult,
S

v = Z A+ 1y, & Zci)\i + NP1 — NP7y
i=0

i=0
where coefficients of right hand side belong to the set Cy , which is an element of
R(0,Cy ). Since, v is arbitrary here, we conclude that the reachable set R(0,C, ) of
(D) is dense in R. L]
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CHAPTER 4

ON CONSTRUCTION OF SAMPLING SCHEDULE IN SAMPLED-DATA
SYSTEMS

4.1 Preliminaries

Here, we consider the problem controllability and observability of the system (I"2) in

infinite time horizon as follows [R, 2¥]

Definition 4.1.1 (Conrollability). The continuous time system ([[2) is said to be con-
trollable if for any t, > 0, initial state x(ty) = o and final state x1, there exists a

finite time t; > to and a control u(t) for to < t <ty such that z(t1) = x;.

Definition 4.1.2 (Observability). The continuous time system (IL2) is said to be ob-
servable if for any ty > 0 and initial state x(ty) = x there exists a finite time t1 > t,
such that the knowledge of u(t) and y(t) for to < t < t; suffices to determine x

uniquely.

Note that the solution of (I'2) is of the form

t
z(t) = ez () —i—/ A Bu(r)dr 4.1)

to

where ¢y = 0 for our case. By applying zero-order hold (Z31) with sampling sched-

ule {t;}5°, to the system (I2), we obtain the following discrete system

tit1
Ty = ety +/ : A=) BT g,
t; 4.2)
Yi = Cwia
where x; = x(t;), y; := y(t;), and u; represents control input which is constant

along the interval [t;,¢;,1). In addition, we define the notion of (exact) observability

and (exact) controllability of the system (I3) in the following sense [33].
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Definition 4.1.3. The discrete system (IL3) is said to be observable if there exists

a positive integer v (number of steps) such that any t initial time, the state x is

uniquely determined from {ys, Ysi1,"** , Ysiv } and {Us, Usi1, -+ , Usip_1}-

Definition 4.1.4. The discrete system ([L3) is said to be controllable, if there ex-
ists a positive integer v (number of steps) such that for every t, initial time, and
given any initial and final states v and x* respectively, there exists control sequence

{ts, Us i1, , Ust,—1} Which transfers x4, to the final state zl, ie., v, = xo and

— 1
Loty = T

Moreover, we provide Cayley Hamilton Theorem and its extended version [50].

Theorem 4.1.5. (Cayley Hamilton Theorem). Let A be n X n matrix, then
A" 4 ey 1 AV by g A" b At o], =0,

where c; some real numbers fori =0,1,--- . n— 1.

Now, we give its extended version in our case [37].

Lemma 4.1.6. Let A be n x n invertible matrix, then for any i, j € Z, one can have
AT = AT+ AT e, g AT e, AT

where c; some real numbers foriv =0,1,--- ,n— 1.

Proof. Letus fix 7, j € Z. By using Theorem BT, one can have

A7 =coly+ 1A+ + coA" P o 1 AV (4.3)
where ¢; some real numbers for¢ = 0,1, --- ,n — 1. Hence, by multiplying (E3) with
A, we get the desired result. O

4.2 Construction of Sampling Pattern

Now, we propose a strategy to build a non-equidistant sampling which consists of

two parts. For each part, we define an algorithm and design our sampling pattern
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accordingly. To start with, we consider any irrational number £ € R* satisfying the

following relation
nE<l<(n+1)¢& and n>n forneN. (4.4)

In (B4), n represents the dimension of state space of (). Let us give the first and

second part of the construction.
First part: Define Sy, as the sum of first k positive integers, i.e.,
S, =14+2+---+k and S;=0.

Here, we build the sampling as the following way

(m — Sk)

tm = (k — (m — Sp))E + r

where Sy < m < Ski1. 4.5)

According to (B3), the first term of the time sequence is {5 = 0, second term is
t; = ¢, third term is ty, = }7 and so on. Note that the construction is well defined, i.e.,

for t, = t, where s, p € Z; implies s = p.

With the algorithm defined in (B3), we pick the first sampling times until the index

m = S, + n, namely there would be @ numbers in the first part, i.e., only

sampling times: to, 1,9, - - ,ts, +n. Moreover, we observe that the sampling pattern

is in ascending order due to the relation between £ and 7 given in (E-4).
Second part: Define the following construction
. 1
tj—(n—j)£+(z—|—j)5 for 2<i4+j<n-—1and i,jeZ". (4.6)

(n—2)(n—1)
2

(&) is well-defined. Moreover, for any i, j € Z™, ti < t; and tj < t? for s < p, i.e.,

Here, we note that there are number of sampling times and the construction

the construction (&6) are in ascending order due to the inequality (2-4). In addition,

by using the inequality (B4, one can have the following inequalities
tfz—k:—l < t]f—H for k= 17 27 e, N = 3. (47)

By utilizing (877), we see that the second part of the sampling pattern can be ordered

in an ascending manner as

1 41 1 2 42 2 k 41k k n—2
t17t27...’tn72’ t17t27...’tn73’ 7t17t2’... 7tn7k717 cee tl .
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Here, the only problem in this part is to implement these sampling times in a sampled-
data system. However, the construction (E6) can be simply adjusted to only one

variable in the following sense
t; = tSn+1—Si_1+(i—1)(n—1)+j—17 (48)
which would be a continuation of the time sequence constructed in the first part.

As aresult, we pick to, %1, - - , s, +» sampling times from first part and continue with
191> tSni1+1s * * *» ty241 sampling times from second part. Let S denotes the set of
all n? + 2 points, i.e.,

S = {to,tl,"' ,tn2+1}. (49)

Next, we extend the set S periodically without interrupting the nature of these n? + 2

points as the following way:
tm = Ytn241 +t, where m = y(n* +1)+ k. (4.10)
Observe that for any s € N, one can obtain the following
lstn241 = ts + 241 4.11)

The fact (EIT) comes from the division algorithm: let s = ~;(n? + 1) + ki, then
s+n*+1=(y+1)(n?+ 1) + k,. By using the construction (&_I0), we have

lsyn241 = ('71 + 1)tn2+1 + tkl = (71tn2+1 + tk1) Fitpzpr =ts + tp2y.

To understand the above construction better, we provide two and three dimensional

version of the presented sampling pattern.

Two dimensional construction:

rrow — O
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In two dimensional construction, all the entries are taken from first part setting.
Namely, to = 0, t; = &, t, = %, ty = 26, ty = &+ % and finally t5 = %. Then,
we extend the setting by adopting division algorithm defined in (B-10).

Three dimensional construction.

1t row — o

2" row  —

In the above setting, the enteries typ = 0, t; = &, o = % t3 = 26, t4 = €+ %
ts = %, tg = 3, t; = 26 + %, tg =&+ %, and finally g = % are taken from first
part construction, but the entry, ;9 = 2§ + % is taken from second part construction.
As it is mentioned in two dimensional setting, we extend the set {to, 1, ,t10}

periodically by utilizing division algorithm with mod 10.

Now, we are ready to discretize the continuous system (I2) by means of sample
and zero-order hold with above constructed pattern {¢;}2°,. In the next section, we
consider the discrete problem under sampling pattern {¢;}:°, and prove that if its con-
tinuous version is observable or controllable, then same properties would be carried

out in the discrete case.
Remark 4.2.1. For n = 2, the construction (8-L0) becomes
tm = Yts +tp where m =5v+k, for k=0,1,23,4.
Hence, one can say that
2 1m 2/1m m
Vs <t < (v+ 1)ts = — L—J <tm<—<L—J +1> = t, < LEJ + 1.
U] Ui

5 5
Last inequality comes from the fact that n > 2. In general, it can be proved that

tm<(n—1)<{n27:b_1J +1).
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Hence, each term in the sampling pattern is bounded from above by a number which

depends on its index and dimension of the space.

Remark 4.2.2. From fact (8-11), one can understand that the constructed sampling
pattern {t;}32, acts periodically which makes the corresponding sampled-data system
periodically time-varying, i.e., all its properties become uniform in time. In the next
section, this motivates us to consider, without loss of generality, only the case t, = 0,

instead of any arbitrary initial data ty,.

4.3 Discretization Without Loss of Observability/Controllability

In this section, we show that the property of observability/controllability of contin-
uous time system () can be carried over sampled-data system (I-3) by sampling

pattern (29). To start with, we provide the first main theorem of the paper.

Theorem 4.3.1 (Observability). Assume that the system (IL2) is discretized with the
sampling pattern {t;}22, defined in (8I0). Then, the observability of the system (I[2)
implies the observability of the system (IL3).

Proof. First of all, assume that the system (I2) is observable. Here, we proceed proof
by contradiction. Namely, we assume the contrary of the statement, i.e., the system
(3) is not observable. As it is mentioned in Remark B2, it suffices to consider
only the case ¢ty = 0. Hence, contrary of the statement means the following set of
equations

yr = Cexy, forany ty, € {t:i} 20,

has no unique solution z(0) = zy, € R". More precisely, there would be no v € N
(step size) such that z is uniquely determined by {yo, v1, - - - , ¥, }- Here, without loss
of generality, it can be assumed that control inputs act on the discrete system (I3) are

identically zero. Therefore, one can find a non-zero vector ¢ € R" such that
Cerp =0 fork € N. (4.12)
By using (B12), we show that for given any ¢, j € Z, the following equality holds
CeGHOy = . (4.13)
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1

Note firstly that g, , 1 = f—7 € Sforj=0,1,--- ,n— 1and the matrix M := e is
non-singular then it follows from Lemma E_T@ that any power of M can be written as
a linear combination of M°, M*, ...  M"~!. From (E12), we see that for given any
JEZL

] n—1 n—1

2 - v

Cetnp = CMIYp =CY o, M"Y =C Y apengp =0,
v=0 v=0

for some {a,}"~; € R. Similarly, from (E12) and the fact that tg, = i¢ € S for
i=0,1,---,n — 1, one can obtain Ce*1) = 0 for i € Z from Lemma BE_T8.

Hence from above observations we have that for any 7, 7 € Z

A0y = OZave nzﬂw Avty

v=0 (4.14)

for some {a,}"—; and {$3,}"_{ € R. Last equality of (2-Id) comes from the fact that
% +wé € Sforv,w=0,1,--- ,n — 1. Hence, we conclude from Lemma and

analyticity of exponential function that
Cep =0 forallt > 0. (4.15)
This fact together with Cayley Hamilton Theorem implies
rank [C, cAcaz,... ca zn

Namely, the system () is not observable which contradicts with the assumption.

Hence, we prove that the system (I-3) is observable. [l

Now, we state the second main theorem of the paper in which the controllability of
continuous time system (I[2) is preserved during the discretization with sampling

pattern (E9).

Theorem 4.3.2 (Controllability). Assume that the system (I[2) is discretized with the
sampling pattern {t;}32, given in (EI0). Then, the controllability of the system (I[2)
implies the controllability of the system ([[3).

Proof. From Definition BT14, controllability of the sampled-data system (I3) is de-

fined that for given any initial time ¢, and zo,x; € R"™ arbitrary initial and final
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states respectively, there exists a positive integer v € Z¢ and sequence of controls

{ug, Ugs1, -+, Upyk—1} that derives x,y to 1, i.e., T,y = T1.

As it is discussed in Remark 727, discretization with time pattern {t;}5°, makes the

system uniform in time, i.e., it suffices to prove the theorem for the case ¢y = 0.

Note that the state of the system (IC3) at ¢ = ¢, is given by

v—1 thi1
z, = eAltrto) gy 4 Z/ e =9 Bd(¢ y,
k=0 7tk

which means

vl ety
e Ay, — e Aoy = Z / e~ BdC wy,. (4.16)
k=01

k
For controllability, z,, and x( need to be arbitrary vectors in R™. Hence, the left hand

side of (B16) can be any vector in R".

The right side of (BI6), on the other hand, becomes a certain set of vectors built by
control sequence {ug, uy,- - ,u,_1} which depends on v. Clearly, number of these
vectors increases whenever v grows and they span a subspace of R" for each v. If for
some finite v, those vectors span the entire space R", then sampled-data system (I-3)

becomes controllable.

On the other hand, if (I3) is not controllable, then the span of these vectors from

right hand side of (B-16) becomes a proper subset of R" for all v € N.

This implies that one can find a vector 1) € R" such that

Tt
/ YTe ™ Bd¢ =0 forallt; € {t;}>°, (4.17)

tk

where 17 is transpose of 1. To prove the theorem, we assume the contrary of the
statement and at the end, we obtain a contradiction. Hence, the equality (B17) is

valid, and clearly one can have the following similar situation
tg
/ YTe ™ Bd¢ =0 forallt; € {t;}5°,.
0
First observation is that tg, = i € S for¢ = 1,--- ,n, which gives

('3
/ pTe ™ Bd¢ =0 foralli=1,2,--- ,n. (4.18)
0
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By using (E-IR), we show that

(k+1)¢
/ YTe ™ Bd¢ =0 holds for each k € Z.
kg

(4.19)

Ag

To prove the above identity, we apply Lemma BE-T6 to non singular matrix K := e~ "¢,

i.e., any power of K can be represented as a linear combination of K%, K, - .-

Namely,

(k+1)¢ ¢
/ YTe M Bd¢ = / YTe =4 B
k 0

3
13 n—1
- / I e e M Bd¢
0 0

v=

nel e
=Y a [ wtepac—o
v=0 vg

for some {c, }"—3 € R. Last part comes from the fact (ZIR).

Second observation is that g, , 1 = L e Sforj=1,---,n which means
n

/n YpTe M Bd¢ =0 forallj=1,2,---,n.
0

From (E20) , we obtain the following

k+1

/ " yTe A BdC =0 holds for each k € Z.
k

. J . . 2 —AL .
Again, we utilize Lemma BT6 for non singular matrix K :=e¢ "7, i.e.,

k+1

k+1 1
/ K wTe—ACBdC _ /77 wTenge—ACBdC
k 0

k
1 n—1
- / WY B e B
0 v=0

v+1

n—1
=Y 6 [ vt Bac—o
v=0 %

n—1
KL

(4.20)

(4.21)

for some {3,}"4 C R. Now, by using (19) and (E2T), we prove the following

Lyig
/ YT e ™Bd¢ =0 holds for each i, j € Z.
0
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In other words,

J

Lyig Loyig
/ e 4 Bd( = / e ¢ Bd(
0 i€
= / " T e it A pc
0
n-l Tvg vg
=S o{ [T e pac+ [ urepac)
v=0 vg

n—1 %«H}{ n—1 vE ;
= [ e B =3 [t e KB
v=0 % v=0 0

KIS

n—1 v€ n—1

=> % / YT ope e Bd¢
v=0 0 w=0
n—1 %-{—v{

= > o [ e Bac—o,
v,w=0 0

for some coefficients {~, ﬁ;&, {ow Z};}) C R coming from Lemma BET@. The last
part of above equality results from the fact that %4—1}5 e Sforw,v=0,1,2,--- ,n—
1.

As a result, from Lemma and together with the result (8222), we obtain the

following

t
/ YTe ™ Bd¢ =0 foranyt e R*. (4.23)
0

This means that ¢)7e*B = 0. This fact together with Cayley Hamilton Theorem
implies

rank [B,AB,AQB, o JAVIB| #£n,

i.e., contradicting with Kalman rank condition. As a result, controllability of (")

implies controllability of (I3). O
Remark 4.3.3. It is shown in Theorem that for all t, € S satisfying

CeAteah = 0 implies OeA(%+i£)¢ =0 foranyi,j € Z.

Similarly, in Theorem ¥32, for all t;, € S satisfying
th Lyig
/ Ve ™ Bd¢ =0 implies / YTe ™ CBd¢ =0 foranyi,j € Z.
0 0
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From Theorem Z371 and Theorem B372, it is understood that property of observ-
ability/controllability can be carried over sampled-data system by sampling pattern
{t;}2,. The following results show that the number of steps v required for observ-

ability/controllability is bounded.

Corollary 4.3.4. If the continuous system (I[L2) is observable/controllable, then the
discrete system (IL3) with sampling pattern {t;}3°, is observable/controllable with
v=2(n*+1).

Proof. Observability: The proof is by contradiction. Assume that for some s € N, the
state 2, cannot uniquely be determined from the measurement interval [t,, {51 9(n241)—1],

means that one can find a non-zero vector 1) € R™ such that
CeAlts+i=tyy =0 for i=0,1,---,2(n>+1) — 1. (4.24)

Lets = y(n®+1)+k, we have t, = yt,2+tr wherey € N,and k € {0,1,--- ,n?}.

Here, we examine two cases:

Case 1: Assume that ¥ = 0, then t,,; — t, = t; fori = 0,1,--- ,n? + 1. Hence,

(E24)) becomes

Cettih =0 for i=0,1,---,n>+1. (4.25)
Here, it follows from Theorem B3 1 and Remark B33, that (EE13) holds in this case.

Case 2: Assume that k£ # 0, then the following sampling times
(v + Dtpegr +t;, for i=0,1,--- n*+1, (4.26)

satisfy the relation (B224)). In other words, sampling times given in (B226) are those

among {t,,tsi1, -, tsrom24+1)—1}. By defining

O = CeACHDt2,,—t)

(E24) becomes
CeMihp =0  for i=0,1,---,n>+1.

Again, from Theorem Z31 and Remark B33, we have (E13).
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Therefore, for both cases, we get (B-13) which gives a contradiction. Hence, the

statement is true for v = 2(n* + 1).

Contrability: The proof is by contradiction. Suppose that for some s € N and
xg,x1 € R™ such that there is no control sequence {us, Usyi1, - - ,us+2(nz+1)_1}

which transfers initial and final states z; = xo and Z (n241) = 1.

As it was mentioned in Theorem B3, contrary of the statement means the existence

of a non-zero vector ) € R" satisfying

tstit1
/ YTe ™ Bd¢ =0 forallie {0,1,---,2(n*+1) — 1}, (4.27)

tosi
where 97" is transpose of ). In this proof, we consider two cases:
Case 1: Assume that £ = 0, then for each sampling times
Ytpoiq +t;,  for i=0,1,--- ,n*+1, (4.28)
which are from the set {t,,ts11, -, tsio(m241)-1}, satisfies (B27).

Let /§' = ¢Te 241 then we have from (E27) that

t;
/ (Te=4Bd¢ =0 forallie {0,1,---,n*+1}. (4.29)
0
From Remark and Theorem B3, we obtain
Loyig
/ (e 4Bd¢ =0 foranyi,j € Z. (4.30)
0
Case 2: Assume that k£ # 0, then by using the fact that all sampling times defined
in (B26) are from the set {ty,ts41, - ,ts1om241)-1}, that each of those satisfying
B, ie.,
t;
/ (Te=Bd¢ =0 foralliec {0,1,---,n?+1}, (4.31)
0

where (7 = ¢)Te~A0+Dt211 Similarly, we conclude that

5 i€
/ (Te=4Bd¢ =0 foranyi,j € Z. (4.32)
0

From both cases, we prove that

TRE
/ (Tem*Bd¢ =0, k=0,1 and foranyi,j € Z. (4.33)
0
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Since (E33) is true for all 7,7 € Z, from Lemma B13, we conclude (E223) which

gives us a contradiction. [

Remark 4.3.5. In Corollary B34, we see that the number of steps which is necessary
to transfer the property of controllable/observable from continuous system (IL2) to the
sampled-data system (I3) could be v = 2(n* + 1). In addition, any number which is

greater than the value v satisfies the relation as well.

Next observation would answer to the question, whether it is possible to find the
number of steps v for the transfer by providing a better estimate other than v =
2(n? + 1). In this part, we examine the case n = 2 and find out that it is sufficient
to guarantee the transfer if we have at least v = 5 instead of v = 10, as required in

Corollary B34,

Corollary 4.3.6. If the continuous system (IL2) is observable/controllable for the case
n = 2, then the discrete system (L3) with sampling pattern {t;}°, is observable/-

controllable with number of step v = 5.

Proof. To start with, we assume that the control system () is controllable for n =
2. Now, we follow proof by contradiction. Namely, suppose that for some s € N
and xg, 71 € R? such that there is no control sequence {us, U1, ,Usyq} Which

transfers the initial and final state as x; = z¢ and x4, 5 = 1.

Observe that control input u(t) is considered at points

{t57 t5+17 ts+27 ts+3a ts+4}'

Let s = 5y + k, where v € Nand k € {0,1,---,4}. It comes from (EI0) that
ts = 7ts + t, and from the construction of sampling pattern for case n = 2, we see

that the remainder part could be

1 1
to=0, t; =¢, tgzﬁ, ty = 2€, t4:E+§. (4.34)

The solution of (I 3) at final time z; with initial data xy can be written as

s+4 - ot
ey — ey Y [ e B (435)
i=s i
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As it is discussed in the proof of Theorem B3, opposite of the statement means one

can find a non-zero vector 1) € R? such that

tstit1
/ YTe ™ Bd¢ =0 foralli € {0,1,2,3,4}, (4.36)

ts+i
where 7 is transpose of 1. Since, the sampling pattern is non-equidistant with period
n? + 1, which is five in our case, we practice case analysis. For this purpose, we

consider five cases:

Case 1: Assume k£ = 0, i.e., the remainder ¢, = t, = 0 and let ¢, = ¢ e 4%,

Hence, (838) implies the following

t;
/ poe A Bd¢ =0 forie {1,2,3,4,5}. (4.37)
0

By using Remark B33, we obtain the following

Lyig
/ doe Bd¢ =0 foranyi,j € Z. (4.38)
0

Case 2: Assume k = lie, t, = t; = & and let ¢ = pTe 40510 Again, (B36)

implies the following

thr1—€
/ e Bd¢ =0 forie {1,2,3,4,5}. (4.39)
tp—§

Observe that
1 1 2 2
th—8=0,ta—8==-—§ t3—E=§ ty—E=—,t5—§=——§, t6— &= —.
n n n n
Moreover, from Lemma BT, we have that

1 2 K
/ " bre X BdC = / " e MBdC =0 — / " e MBdC =0,  (4.40)
0 0 0

for any ¢ € Z. By using (B40) and Lemma BT, we obtain for any ¢+ € Z

%75 %75 n
/ pre M Bd¢ = ¢4 / pre N BdC + ¢, / pre X Bd¢ =0,
i 1 2
n n

for some ¢y, co € R. Hence, for ¢« = 0, we have that
—£
/ pre~ A Bd¢ = 0. (4.41)
0
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Also, by using Lemma E-Tf and (B-41), one can easily obtain

=£ 13 '3
/ pre ACBd¢ = / preMNBd =0 = / pre BdC =0,  (4.42)
0 0 0

for any ¢ € Z. As a result, we have that

I

5+i§ 0 1 %4—'05
/ preMBdC =Y rly / pre” A Bd¢ = 0, (4.43)
0 0

v=—1 w=0

for some r,, [, real numbers.

Case 3: Assume k£ = 2, 1.e.,t =t = % and let ¢ = wTe*AW“%). From (B&36),

we have
tk+1—%
/ poe M Bd¢ =0 foric {2,3,4,5,6}. (4.44)
tk,%
Moreover,
1 1 1 1 1 1 1 1 1 2
ta—= =0, t5—==2—=, ty——=& ty——=—, lg——=E+—, tr—= = -
n n n n non n n non

Observe that,

/ " poe X BAC = / " oM BdC =0 = / " boe M BdC = 0,
0 0 0

for any ¢ € Z, then we have

TRaS 3 at¢
/ $ae " Bd( = ¢, / $ae " Bd( + ¢ / $ae "< Bd( = 0,
a 0 1

n n

and by using above equality for - = —1, we obtain
e - b+
/ poe N BdC = by / Poe A BdC + by / poe N Bd¢ =0,
i€ 0 ¢

where ¢y, co, by, by real numbers coming from Lemma BET6. From the last part, when

1 = 2, we have

— 2 2¢
/ ¢2€7A<Bdc =0 = / gbze’ACBd( =0.
2 0

Hence,

3 2¢ i
/ poe M BdC = / poe M Bd( =0 = / poe A BdC = 0, (4.45)
0 0 0

for any ¢ € Z. In this case, for any i, j € Z

Lyig 1 TR
[ e tBac= 3 g [T e Bac =0
0 v,w=0 0
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Case 4: Assume k = 3, i.e., t;, = t3 = 2€ and let ¢35 = T e~ A0t +20),

From (E36), we obtain that
tip1—2€
/ pse ABdC =0 forie {3,4,5,6,7}. (4.46)
t; —2&
Observe that ¢, — 2§ would be the following

1 2 2 3 2
07 __67 __2§7 __57 __257 —
Ui Ui U] Ui Ui

for k = 3,4,5,6,7, 8 respectively. From Lemma BT, for any ¢ € Z
3G =€) 7€ 2
/ bse B = ¢ / pze X BdC + ¢, / pse Y Bd¢ =0,
i(-¢) 5t 2(;-9)

where ¢y, co some real numbers. Let 7 = 0, then

1 2 K
/ " hse M BdC = / " hseMBdC =0 = / " hee~Bd¢ =0,
0 0 0

and so

; =
/ Gae A BdC = 0 —s / bye= BdC = 0.
0 1
n

Moreover, by using the last identity, one can have for any ¢ € Z, that

ig 1g 2 ¢
/ d3e N Bd¢ = by / pse X BdC + by / pse 4 Bd¢ =0,
K 1 2
n

;
for some by, b, real numbers. Again, using Lemma BET6, we have for any ¢ € Z
3_9¢

12 22
/ " pee M BdC = d, / " bse M BAC + dy / " e X Bd¢ =0,
K2 2 3

i

for some dy, d> € R. Hence, for: = 0,

—2¢ —£ '3
/ pse B¢ = / pse MBd =0 = / b3 Bd¢ = 0.
0 0 0

In this part, we obtain that

J

54‘26 0 1 %4—’05
/ ¢se” B¢ =YY rly, / dse " Bd¢ = 0. (4.47)
0 0

v=—1 w=0

Case 5: Assume k =4, i.e.,t, =14 =&+ % and let ¢35 = wTe_A(Wt”&%).

48



Using (E36), we get that
ti+l_(f+%)
/ pae”Bd¢ =0 fori € {4,5,6,7,8}. (4.48)
ti—(E+3)
See that t;, — (£ + %) is of the following form
1 1 2 1 2
07 __57 ) __5) _+§7 )
Ui non Ui Ui
for k =4,5,6,7,8,9 respectively. From Lemma BT, for any ¢ € Z,
it =€ 2¢
/ bae B¢ = by / pae Y BdC + by / dae A Bd¢ =0,
i 1 2

3

where by, b, some real numbers and for : = 0, we have

—¢ 3¢
/ dee MBI =0 = / dae A Bd¢ = 0.
0 =€

By using last identity, we have

o i W o~
/ s ABd¢ = by / bae Y Bd( + by / dae A Bd¢ = 0,
i€ 0 —£

where by, by real numbers coming from Lemma BET@. Fori = 1,

1

;+5 3
/ pae Bl =0 = / pae A Bd¢ = 0.
13 0
Hence, we have for any i € Z,
= 3 '3
/ pae A Bd( = / dae MBI =0 = / dae ABd¢ = 0,
0 0 0
and
1 2 i
/ " pue B¢ = / "o B¢ =0 = / " by Bd¢ = 0,
0 0 0

which both concludes that
J 13 0

i ! R
/ GaeBdC =Y Y rly / dae A Bd¢ = 0, (4.49)
0 0

v=—1w=0

for some constants [;, r;.

Hence, for all possible five cases for the remainder part of ¢,, we have the following
Loyig
/ dpe Bd( =0 foranyi,j€Z, and k=0,1,2,3,4. (4.50)
0
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Since this is true for all 7, j € Z, we can say that

J

PR
/ YpTe ™ Bd¢ =0 foranyi,j € Z. (4.51)
0
Hence, we conclude from Lemma that
t
/ Yple ™ Bd¢ =0 foranyt e RY, (4.52)
0

means (2) is not controllable for the case n = 2 which gives us a contradiction.

Therefore, there is no such s € N violates the terms of statement.

For observability, the result can be derived from duality. Namely, we consider five

cases and follow similar approaches as shown in Corollary B34, [

Remark 4.3.7. From Corollary B38, we understand that for the transfer of observ-
ability/controllability from continous system ([[L2) to the sampled-data system ([[3),
it is sufficent to have only v = 5 number of steps in two dimensional control systems.
The bound for step size v is sharpened when compared with Corollary #34. More-
over, step size is decreased if it is compared with the simple periodic nonequidistant
time sampling presented in the work [33] which should be at least v = 6 in two

dimensional control systems.

4.4 On Small/Large Upper Diameter of the Sampling Schedule

In this section, we analyse the upper diameter of the sampling pattern defined in
(B10) and see that it is possible to build a small or large upper bound for the gaps
between consecutive terms of the time schedule, depending on the problem under
consideration, by changing the role of our two candidates ¢ and 7 satisfying the re-
lation (84). Here, we note that designing controllers for sampled-data systems by
using the emulation approach, it is necessary to have sufficiently small sampling pe-
riods for the pattern. For this design, it is significant to choice the sampling period
which admits maximum allowance that guarantees stability of the system. But, in our
case, we are dealing with sampled data system under the non-equidistant samplings,
i.e., uncertain sampling schedules, distances between consecutive time samplings in

the schedule are always changing. In this part, we design the upper bound for the
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constructed sampling pattern (8-100) and observe that the bound depends on the mag-
nitude of £ or n for the desired purposes. Now, we define the upper bound for the
schedule in the following way (B10):
T .= sup(tiﬂ — tl) (453)
ieN
Since, the construction (B-I0) is periodic with period length n? 4 1, it is possible to
rewrite (E33) as

T = max(tiﬂ - tz) (454)

t; €S
It can be seen from section &2, through both parts of the construction together with

(B77) that possible gaps in between consecutive terms would be either

1 1
-——¢ or (n—k)}—-m—-k—-1)- for k=0,1,---,n—1 (4.55)
1 n

Hence, by using the relation (B4)), among the candidates from (E53) the maximum
value is attained when k£ = n — 1, which would be £. Therefore, the upper bound for

the sampling schedule would be 7" = £. Moreover, we know from (B-4)) that

1 1
——<é<= and n>n (4.56)
n+1 n

which means £ becomes close to zero for large values 7). This provides us an advan-

tage since the gap which depends on £ could be too small depending on the choose of

n.

Now, let us consider the reverse case. More precisely, we ask the following question:
whether it is possible to design a sampling pattern like (B-10) in such a way that the
gap between consecutive terms becomes as large as we want. The answer to this
question would be affirmative. For this purpose, we roughly build the new set by
switching the role of ¢ and 7 in (B210) with the following sense

. 1
S = {z‘nﬂz i,jEN, nE <1< (n+1)¢ with n>n} (4.57)

Of course, before using the set S for later purposes, it should be adapted to the con-
struction parts defined in section and its periodic extension. Moreover, the idea
of Kronecker’s theorem would be still valid for this framework which provides main

results in section E3.
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By using previous discussion, in this case, possible gaps between successive terms
would be either
1

1
E—n or (n—k)n—(n—k—l)g for k=0,1,---.,n—1, (4.58)

which provides us an upper bound for the new sampling pattern (B37) as 1" = 7 and
its behaviour totally depends on &. In other words, the upper bound gets larger values

whenever & gets closer to zero.

As a result, both construction of sampling patterns creates a flexible ground for the
problem under consideration in the context of sampled-data systems. As an example,
we may consider the problem of designing an observer which exponentially estimates
the state of a flexible joint robotic arm proposed in [44] for n = 4 with upper diameter
of sampling schedule given as 0.1. By adapting these assumptions, we let n > 10
which makes upper bound 7" = ¢ < 0.1 in our case. Hence, for that design, it is

feasible to use the sampling schedule proposed in (E10).

4.5 Controllability of the Pendulum with Digital Controls

In this part, we provide one application of the research about the control problem

related to the pendulum (see [22]).

Let us consider the following control problem:

o(t) — (t) = u(t), (4.59)

where ¢(t) is angle of displacement of the pendulum and u(t) is the control. The
problem is deriving (¢, ¢) to desired state (0,0) for all small initial data without
interrupting its nature. Here, we represent second order system (239) as a finite
dimensional system:

#(t) = Az(t) + Bu(t), t>0, (4.60)

0 1 0 :
where A = , B = and the state z(t) = (¢(t),¢(t)) € R*fort €

1 0 1
R*. Observe that Kalman’s rank condition satisfies for the system (E-60), namely,

rank[B : AB] = 2, which is of full rank. Hence, the continuous time system (Z-60)

is controllable for any final time 7.
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Applying Theorem to the system (B-60), and using Corollary E3@, we can
say that the corresponding sampled-data system is controllable with at least v = 5,
number of steps or controls. Let us design our controls for controllability. But before

that, we design our sampling (B9) for the case n = 2:
2
tm =v— +tr, where m =5y +k for k €{0,1,2,3,4},
n

where ;. is of the form (B34). Since (B60) is controllable for any time 7°, the cor-
responding sampled-data system is controllable, i.e., for any z° initial and ' final
data, there exists control sequence {u, Us 1, Ust2, Ust3, Usi4} such that z, = 2° and
Tsy5 = zl:

st ot
eAtstogl _ oAtg0 = 3 / ¢4 Bd( u,, (4.61)
i=s Y1l

where u(t;) = u; € R for i € {0,1,2,3,4}, each of which is constant along the

interval [t;, t;11).
It is shown in Corollary B34 that for any s € N,

2
Span{vs; Vs4+1, Vs42, Us+3, Us+4} =R )

where

lstit1
Vsri = / e "Bdr  fori=0,1,--- 4. (4.62)

ts+i

Let us fix the initial data 2°. Among vectors in (E62), one can find two linearly
independent vectors with the least index numbers, say v, and vg where o, 3 €
{s,s +1,---,s + 4} with « > (. Hence, any vector in R? can be written as a

linear combination of v, and vg. Namely,
—Ats 0 _
—e T = vy + cpug  forsome ci,co € R.

Hence, we provide the following strategy for building controls:

Uy =C1, Ug=cCy, and w; =0 for i ¢ {a,S}. (4.63)

Under the control sequence (2-63), we have that

sH4 - atiiy
e’At'*+5xs+5 — e A0 = E / e A" Bdr u;
i=s Jti (4.64)

= C1Vq + CaUg,
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which means that the final state x5 achieves the equilibrium, i.e., 515 = 0.

As a result, we conclude that the control sequence (ug, usy1, -+ ,Usr4) constructed
in (B-63) preserves the controllability of the continuous time system (E39) after the

discretization.

4.6 Samplings Compared with the Literature

This section is devoted to two types of sampling schedule and their relations with

Theorem B3 and Theorem BE37.

Shifted sampling pattern: For any k € R, consider the following sampling

~

tmm = Kk +t,, where ¢, €5. (4.65)

The idea is to shift the sampling (89) by a constant x. The construction (B-63) can be
useful and more practical for the discretization of continuous system (I”2) with initial
time ¢y, = ~. Here, by following similar approaches performed in Section B3, it can
be shown that Theorem B31 and Theorem are both valid with shifted sampling
(E63).

Periodic nonequidistant sampling pattern: The following sampling is the special form
of sampling pattern proposed in [33]

tm = l—i—iﬁ wherem = (n+1)j+i fori =0,1,2--- ;nand m,i € ZJ. (4.66)

n

Here, n is the dimension of the state space of (IZ), £ is an irrational number and
n € N satisfying the inequality n§ < % Observe from (E-6A) that the construction
is non-equidistant and periodic, i.e., each period has a block of n successive time
intervals of length ¢ continued with one time interval with the length % —né. It can be
shown that Theorem E31 and Theorem Z-37 hold for (E-66). Moreover, the number
of sampling times which is required to observe/control the sampled-data system is at

least v = n(n + 1).
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CHAPTER 5

CONCLUSIONS

In conclusion, problems related to controllability and observability of some discrete
models are investigated and in this framework, novel results are derived when com-
pared with the literature. More precisely, we design perspectives proposed in Chapter
and Chapter 8 respectively which are applied to problems gathered from control
theory: controllability of the pendulum in two dimensional setting with digital con-
trols [28], controllability problem of a convex polyhedra with finite number of con-
trols in one dimensional setting [9,T4], the problem of state observation of a flexible
joint robotic arm in four dimensional setting proposed in [44] with the constructed
samplings. In addition, proposed sampling pattern could be used in problems related
to building state observers [2,3,32,51]. As a result, we believe that the work would
provide fruitful environment in the context of controllability and observability of dis-

crete systems for both readers and the author himself.
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