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ABSTRACT

DECOMPOSABLE SUMS AND THEIR IMPLICATIONS
ON NATURALLY QUASICONVEX RISK MEASURES

Barig Bilir
M.S. in Industrial Engineering
Advisor: Cagin Ararat
September 2020

When measuring risk in finance, it is natural to expect that risk decreases with
diversification. For risk measures, convexity and quasiconvexity are the two prop-
erties which capture the concept of diversification. In between these two proper-
ties, there is natural quasiconvexity. Natural quasiconvexity is an old but not so
well-known property which is weaker than convexity but stronger than quasicon-
vexity. In the literature, a lot of effort is put on the analysis of the convexity and
the quasiconvexity properties of risk measures. However, a detailed discussion on
naturally quasiconvex risk measures is still missing and this thesis aims to fill this
gap. Natural quasiconvexity is equivalent to a property called *-quasiconvexity.
By making use of this equivalence, we relate naturally quasiconvex risk mea-
sures to additively decomposable sums. A notion called convexity index, which
is defined in in the literature in 1980s, plays a crucial role in the discussion of
additively decomposable sums. Next, we turn our attention to naturally quasi-
convex risk measures. By making use of the results on additively decomposable
sums, we prove that natural quasiconvexity and convexity are exactly the same
properties for conditional risk measures defined on L?, for p > 1, under some
mild conditions. Lastly, we study naturally quasiconvex risk measures on L? as

a special case.

Keywords: Risk measures, natural quasiconvexity, additively decomposable sums,

convexity index.



OZET

AYRISTIRILABILIR TOPLAMLAR VE DOGAL

YARI-DISBUKEY RISK OCERLER UZERINDEKI
SONUCLARI

Barig Bilir
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danigmani: Cagin Ararat
Eyliil 2020

Finansta, risk ol¢iimiinde gesitlendirme ile riskin diigmesi beklenen bir durum-
dur. Risk olgerlerde bu durum digbiikeylik ve yari-digbiikeylik ozellikleri ile
saglanir. Bu iki ozelligin arasinda dogal yari-digbiikeylik 6zelligi vardir. Dogal
yari-digbiikeylik, eski bir ozellik olmakla birlikte pek bilinmemektedir, yari-
digbiikeylikten gliclii fakat digbtlikeylikten daha zayif bir ozelliktir. Akademik
kaynaklarda, risk olgerlerin digbiikeylik ve yari-digbiikeylik oOzelliklerini irdele-
mek igin yapilmig bir¢cok ¢aligma bulunmaktadir. Ancak, dogal yari-digbiikey
risk Olgerler tizerine yapilmig kapsamli bir ¢aligma mevcut degildir. Bu tezde,
literatiirdeki bu boslugu giderme amaci giidiilmigtiir. Dogal yari-digbiikeylik,
*-yari-digbiikeylik 6zelligine denktir. Bu iki 6zelligin denkliginden faydalanarak,
dogal yari-digbiikey risk olgerler ayrigtirilabilir toplamlar olarak yazilabilir. Bu
sebepten, dogal yari-digbiikey risk olgerleri incelemek ic¢in oncelikle ayrigtirilabilir
toplamlarin c¢aligilmasi1 gerekmektedir. Bu tezin ilk boliimiinde ayrisilabilir
toplamlar iizerinde durulmustur. 1980’li yillarda tanimlanan digbiikeylik indisi,
ayrigtirilabilir toplamlar1 analiz etmemizde 6nemli bir arag olmugtur. Tezin ik-
inci kisminda, dogal yari-digbiikey risk olerler anlatilmigtir. Ik kisimda elde
ettigimiz sonuglardan faydalanarak, makul kogullar altinda ve her p > 1 i¢in, L?
uzaylarinda tanimli risk olgerler i¢in digbiikeylik ve dogal yari-digbiikeylik 6zellik-
lerinin denk oldugu gosterilmistir. Son olarak L? uzayinda tamml risk olcerler,

ozel bir durum olarak incelenmigtir.

Anahtar sozcukler: Risk Olcer, dogal yari-digbiikeylik, ayrigtirilabilir toplam
fonksiyonlari, digbiikeylik indisi.
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Chapter 1

Introduction

A major issue in finance is the measurement of risk of a financial position and
the tools that are used to measure it are called risk measures. A risk measure is
said to be conditional if it measures the risk of a financial position not today but
at an intermediate time. In the study of risk measures, a lot of emphases is given
on the analysis of properties of risk measures, however, a property called natural
quasiconvexity is still not very well-understood. In this thesis, we are concerned

with investigating natural quasiconvexity property for conditional risk measures.

An axiomatic approach to (monetary) risk measures is given in the seminal
paper Artzner et al. [1], in which the so-called coherent risk measures are de-
fined. Within the framework of the aforementioned paper, financial positions
are modelled as random variables and a risk measure is a real-valued functional
defined on a suitable linear space of financial positions. Under the axioms of
a coherent risk measure, greater returns for all possible scenarios means lower
risk (monotonicity), a deterministic amount added to the position reduces the
risk by the same amount (translativity or cash additivity) and risk increases in a
sublinear way (subadditivity and positive homogeneity). Coherent risk measures
are then generalized to convex risk measures in Follmer and Schied [2], Frittelli
and Gianin [3] and Heath [4]. The motivation behind this generalization is that

the risk of a financial position may increase in a nonlinear way with the size of a



position. Therefore, subadditivity and positive homogenity axioms are replaced
with the weaker convexity axiom. It is noteworthy that convexity explicitly cap-
tures the idea that diversification does not increase risk. Later, it is argued in
El Karoui and Ravanelli [5] that cash additivity should be replaced with cash
sub-additivity since the former ignores uncertainty about interest rates. More-
over, it is a well-known result that quasiconvexity and convexity are equivalent
under cash additivity. (see, e.g., Marinacci and Montrucchio [6, Corollary 4.2]).
Hence, the replacement of cash additivity with cash sub-additivity pave the way
for drawing the distinction between quasiconvexity and convexity properties of
risk measures. Important works along these lines are in Cerreia-Vioglio et al. [7],
Drapeau and Kupper [8], Frittelli and Maggis [9]. Furthermore, it is argued in
Cerreia-Vioglio et al. [10] that quasiconvexity is indeed the right mathematical

formulation of diversification under cash sub-additivity.

In the conditional setting, a risk measure gives the risk of a financial position
not necessarily in the present time. In other words, it measures the risk of a
financial position possibly at an intermediate time. For discussions on conditional
risk measures we refer the reader to Bion-Nadal [11], Detlefsen and Scandolo [12],
Frittelli and Maggis [9], Riedel [13], Frittelli and Gianin [14] and Ruszczynski and
Shapiro [15].

Let (2, F,P) be a probability space, G C F and p > 1. A conditional risk
measure p: LP(Q), F,P) — LP(§2, G, P) is called naturally quasiconvex if for every
X,Y € LP(Q2, F,P) and X € [0, 1] there exists p € [0, 1] such that

PAX +(1=NY) <pup(X)+ (1 —u)p(Y) forevery X|Y € X,

Clearly, natural quasiconvexity is a property that is stronger than quasiconvexity
but weaker than convexity. Furthermore, natural quasiconvexity is equivalent to
a property called x-quasiconvexity. It turns out that, in view of the equivalance of
natural quasiconvexity and x-quasiconvexity, naturally quasiconvex risk measures

are highly related with additively decomposable sums, which we discuss next.

In Debreu and Koopmans [16] and Crouzeix and Lindberg [17], an indepth



discussion on additively decomposable sums can be found. In their setting, a
real-valued function s defined on a product space Xy x...x X, is called additively

decomposable if

s(x1, ... xp) = filzr) + .o+ fulzn), (1.0.1)
where X; is an open convex subset of R” and f;: X; — R for each i € {1,...,n}
for each i € {1,...,n}. They define for every real-valued function defined on an

open set of R an index, namely convexity index, which can be used to determine
whether it is convex or not. They showed that in the setting of (1.0.1), quasicon-
vexity of s have implications on convexity of each f;, via convexity indices. To
study natuarlly quasiconvex functions, we generalize their results to more gen-
eral settings, in particular to functions definded on general vector spaces and to

additively decomposable infinite sums.

The remainder of this thesis is organized as follows. In Chapter 2, additively
decomposable sums on general vector spaces are studied. We introduce the con-
vexity index for extended real-valued functions defined on general vector spaces
and present some important properties of it in Section 2.1. Then, in Section 2.2,
we show that an additively decomposable finite sum is quasiconvex if and only if
either all functions that appear in the sum is convex or all except one is convex
together with a condition on the sum of the convexity indices of them. It is note-
worthy that Sections 2.1 and 2.2 have strong links with Debreu and Koopmans
[16] and Crouzeix and Lindberg [17] since most of the results in these sections are
generalizations of their results to real-valued functions defined on general topo-
logical vector spaces. To make that generalization, it appears that we only need
lower semi-continuity assumption on each function that appears in the additively
decomposable sum. In Section 2.3, we showed that almost the same result with
the one in the previous section holds for additively infinite sums. In Chapter 3,
we studied naturally quasiconvex conditional risk measures. Section 3.1 is a brief
introduction to risk measures. In Section 3.2, we discuss natural quasiconvexity
and give an equivalent characterization of it. In Section 3.3, we show that con-
vexity and natural quasiconvexity are exactly the same properties for conditional
risk measures, under some mild conditions. Finally, in Section 3.4, we defin a

new property, namely locality with respect to a basis, and show that, under that

10



property, naturally quasiconvexity and convexity are equivalent with respect to
the preorder defined by the cone generated by the elements of the basis that the

risk measure local with respect to.

11



Chapter 2

Decomposable sums in general

topological vector spaces

2.1 Convexity index

Convexity index for real-valued functions defined on R" is first introduced in
Debreu and Koopmans [16] and redefined in Crouzeix and Lindberg [17]. The
main concern of this section is to extend the definition of convexity index to
extended real-valued functions defined on general topological vector spaces. This
will be a building block in the study of additively decoposable sums in general

vector spaces.

As we work with extended real-valued functions, the following conventions
for the arithmetic on R = [—o0, +0oc] are used throughout the paper. We have
0-(400) =0-(—00) =0, § = +00. We also set e* = +00 if z = +00 and €* =0

if z = —o00.

Let X be a topological vector space and f: X — R a function which we keep
fixed except stated otherwise. We define the effective domain of f as the set

dom f={z e X: f(z) < +o0}.

12



We assume that f is proper in the sense that dom f # () and f(z) > —oo for
every v € X. For each A\ € R, we associate to f the function ry: X — R defined
by

r(z) =e M@ re X, (2.1.1)

First, we present an auxiliary result related to the convexity properties of ry,
A € R, which is helpful to have a better grasp of the definition of convexity

index.

Lemma 2.1.1. The following results hold forry, A € R, associated to f: X — R.

(i) Let X < 0. Then, 7y is convex if and only if r,, is convex for each i < A.
(1) Let X > 0. Then, ry is concave if and only if r,, is concave for each p € [0, X).

(iii) If vy is concave for some A > 0, then r, is convex for each p < 0.

Proof. Let A # 0 and p < A. Then, we may write r, = k, y o7y, where k, \(t) ==
tx for each t € [0, +o0] with the conventions 0° = (+00)° = 1, (+-00)* = 400 for
a >0, and (+00)* =0 for a < 0.

(a) Let A < 0. Suppose that r, is convex and let p < A. Let x1,29 € X and
n € [0,1]. For every t € [0, +0o0], we have

Kt =557 =0, k0 = (5) (5 1) =0

since & > 1. Hence k,  is convex and increasing. Observe that

ru(nze + (1 = n)za) = kux o ra(nzr + (1 — n)a2)
< kua(nra(zy) + (1 —n)ra(za))
< nkyxory(x)+ (1 —n)k,ory(xs)
n)

ru(z2),

= nru(r) + (1 —

where the first inequality holds since ry is convex, k, » is increasing and the

second inequality follows from the convexity of k, . Therefore, r, is convex.

13
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Conversely, assume that r, is convex for each u < A. Let 21,29 € X and

n € [0,1]. For every pu < A, we have

ru(mzy + (1 =n)ze) < nru(ey) + (1 —n)ru(ze).

Thanks to the continuity of the power function p — e #® on (—o0, 0) for each

fixed a € R, we may let © — \ and get

ra(mry + (1 =mn)ze) < nra(zr) + (1 —n)ra(r).

Hence r, is convex.

Let A > 0. Suppose that ry is concave. Clearly, rp = 1 is convex. Let
€ (0,A). Let 21,29 € X and n € [0,1]. Similar to (i), it is easy to check

that k, \ is concave and increasing since 0 < % < 1. Observe that

~—

ru(mry + (1= n)xe) = ka0 ra(nzy + (1 — 1))

> kua(nra(ey) + (1 =17

~—

a(z2))
> nkyxora(wy) + (1 —n)kux o ra(z2)
= nru(z1) + (1 —n)ru(zs),

where the first inequality holds since ry is concave, £, ) is increasing and the

second inequality follows from concavity of k. Therefore, r, is concave.

Conversely, assume that 7, is concave for each o € [0, \). Let 21,22 € X and

n € [0,1]. For every u € [0, \), we have

ru(nzy + (1 =n)ze) > nru(z:) + (1 —n)ru(zs).
By letting p — A similar to (i), we get

ra(may 4+ (1 —=n)xz) = ngra(zr) + (1 —n)ra(zs).

Hence r, is concave.

Assume that there exists A > 0 such that r) is concave. Let u < 0, 1,25 € X

14



and n € [0,1]. Similar to (i) and (i), we may conclude that k,  is convex

and decreasing since § < 0. Observe that

\_/

2)

r(22))

ru(mr + (1 —=n)x) = kyxnora(nzy + (1 —n)x
< kua(mrazy) + (1 —n
<nkuxora(z) +(1—n

n)

(T

~—

HAOTA(:CQ)

)
=nr, ('T 1) ( )7
where the first inequality holds since ry is concave, k, » is decreasing and the

second inequality follows from convexity of k. Therefore, r, is convex.

Let us consider the following two cases. First, assume that there exists A < 0
such that 7, is not convex. Then, according to Lemma 2.1.1(i), 7, is not convex
for every v € [A,0). Moreover, if there exists ;1 < A such that r, is convex, then
1, is convex for every v € (—oo, u]. Second, assume otherwise that r, is convex
for every A < 0. In view of Lemma 2.1.1(iii), this is a necessary condition for r,
to be concave for some p > 0. Moreover, if r, is concave for some ;> 0, then
7, is concave for every v € [0, 1) by Lemma 2.1.1(ii). Figure 3.2 and Figure 2.2

below depict these two cases.

convex not convex
/—/H /—/H
—0 oA 0 +00

Figure 2.1: r) is not convex for some A < 0.

convex concave

—00 0 [t +00
Figure 2.2: r) is convex for every A < 0.

Considering the cases described above, an intriguing query arises to determine

the largest A < 0 for which r, is convex (first case) and the largest A > 0 for

15



which ry is concave (second case). The following definition is motivated by these

ideas.

Definition 2.1.2. The convezity index c(f) € R of f is defined as follows:

(i) if there exists X\ < 0 such that 5 is not convez, then

c(f) == sup{\ < 0: ry is convez}.

(i3) if r is convex for every A < 0, then

c(f) =sup{\ > 0: ry is concave}.

Remark 2.1.3. By the discussion preceding Definition 2.1.2, it is clear that
c(f) € [-00,0) in case (i) and c(f) € [0, +o0] in case (ii).

As its name suggests, convexity index of f tells whether it is convex or not as

stated in the next theorem.

Theorem 2.1.4. The function f is convez if and only if c¢(f) > 0.

Proof. Assume that f is a convex function. Let A < 0. For every n € [0,1],
X1, € X,

ry(nry + (1 —n)xg) = e~ M (z1+(1-n)z2)
< e Mnf (@) +(1=n)f(22))

< nra@n) + (1= n)rs(za),

where the first inequality follows from the convexity of f and monotonicity of
t — e | the second inequality holds since t — e defined on [0, +oc] is

convex. Therefore, r5 is convex. Hence, by Definition 2.1.2,
c(f) =sup{A > 0: r, is concave}

so that ¢(f) > 0.

16



Conversely, assume that ¢(f) > 0. Let z1,25 € X and n € [0,1]. We claim
that

S+ (L=n)az) <nf(x1) + (1 —n)f(x2). (2.1.2)

Note that (2.1.2) holds trivially if f(z1) = 400 or f(xs) = +o0o. Hence, we

consider the following cases:

(a) f(xl) < +OO7 f(xZ) < —|—OO, f(Tll‘l + (1 —~ 77)@) < —|—OO,

(b) f(z1) < +o0, f(z2) < 400, f(nz1 + (1 — n)z2) = +00.

For each A\ € R, define

k() = ra(nry + (1 = n)za) — nra(z1) — (1 —n)ra(ze)
— o Mmzit+(1-nz2) _ 776—/\f(1’1) -(1- 77)6—>\f(962)_

By Remark 2.1.3, 7, is convex for every A < 0, which implies that k(\) < 0 for
every A < 0. Observe that k(\) = 400 for every A < 0 if case (b) is true, which
is in contradiction with the previous statement. Therefore, we are only left with
case (a). Noting that k(0) = 0, we get

k' (0) == lim

A—0— A o

Furthermore, k is differentiable everywhere on R, in particular, at A = 0. Hence,

the derivative and the left derivative of k at 0 are equal, that is,

0 <Kk (0) =k(0) =—f(nzy + (1 —n)az) +nf(x1) + (1 —n) f(x2).

Therefore, (2.1.2) holds. Since 7, x1,x2 are arbitrary, f is convex. [

Before proceeding further, we give a basic result which will be useful in the

following sections.

Lemma 2.1.5. Let w € Ry. c(wf) = Le(f).

17



Proof. The result follows trivially when w = 0. Suppose w > 0. We need to

consider the following two cases:

(a) fis convex. Then, wf is convex. Theorem 2.1.4 together with Remark 2.1.3
implies that c(wf) = sup{\ € R: A > 0,e **/ is concave}. Observe that

clwf) =supfA € R: A > 0,e 7 is concave}

1
= —sup{\w € R: A > 0,e*/ is concave}
w
1
= —sup{u € R: A > 0,e* is concave}
w

= —(f).

w

(b) f is non-convex. Then, wf is non-convex. Theorem 2.1.4 together with
Remark 2.1.3 implies that c(wf) = sup{\ € R: A\ < 0,e %/ is convex}.

Similar to the previous case, we have

clwf) =sup{A € R: A < 0,e "/ is convex}

1

=— sup{/\w €R: X <0,e*f is convex}
1

= —sup{p € R: A < 0,e " is convex}

= ().

w

Hence, the result holds. O

As discussed in Crouzeix and Lindberg [17, Proposition 3(b)], constant real-
valued functions defined on R™ can be characterized in terms of convexity index.
In the proof of this result, they use the fact that convexity of a function with
finite values implies continuity. Such a result does not hold for extended real-
valued functions defined on general topological vector spaces. Fortunately, the

characterization is still valid under a mild condition, as shown in the next theorem.

Theorem 2.1.6. Assume that [ is lower semicontinuous. Then, f is a constant

function if and only if ¢(f) = +o0.

18



Proof. Assume that f is a constant function. Then, for every A € R, the function

ry is constant, hence convex. By Definition 2.1.2, we have

c(f) =sup{A > 0: ry is concave}. (2.1.3)

Moreover, for each A > 0, the constant function r) is also concave. Therefore,

c(f) = +oo.

Conversely, assume that ¢(f) = +oo. Then, by Theorem 2.1.4, f is convex.

To get a contradiction, suppose that f is not constant. We need to consider the

following two cases:

(a)

Suppose that f takes only one finite value, that is, f(X) = {c, 400} for some
c € R. Then, for every A < 0, we have ry(z) = e ¢ for every z € dom f
and ry(z) = +oo for every x € X \dom f; hence r, is convex. So (2.1.3)
is valid. Moreover, since f is proper and lower semicontinuous, dom f =
{z € X: f(z) < c} is a closed set. Let A > 0. Then, ry(x) = ¢ *¢ > 0 for
every € dom f and ry(z) = 0 for every z € X \dom f. Let z; € dom f
and x5 € X \dom f. Since X is a topological vector space, the function
[0,1] 3+ 2" == nzy + (1 —n)z2 € X is continuous. Hence, lim,_,o 2" = 5.
Since 23 € X \dom f and X \dom f is an open set, continuity at n = 0
implies that there exists 77 € (0, 1) such that 27 € X \dom f. In particular,
f(z") = 400 and ry(27) = 0. Tt follows that

ra(z”) =0 < e = qra(ar) + (1 — 7)ra(a)

so that 7, is not concave. Therefore, ¢(f) = 0 by (2.1.3), which is a contra-

diction to ¢(f) = 400. So this case is eliminated.

Suppose that f takes at least two finite values, that is, there exist x1, 25 € X
such that f(z1) < f(z2) < +o0. Since f is convex and f(z1) < f(x2), for
every n € (0,1), we have

fzy 4+ (1 =n)ze) <nf(zr) + (1 —n)f(r2) < fla). (2.1.4)

19



Moreover, since f is lower semi-continuous at s,

f(x3) < liminf f(z),

T—T2

where

liminf f(x) = sup {inf {f(x): 2 € U\ {x2}}: U C X is open, x5 € U, U \ {z2} # 0}}.

r—T2

Since f(x1) < f(zy) < liminf, ., f(x), there exists an open neighborhood
U of 5 such that

f(zy) <inf{f(x): 2 € U\ {z2}}.

Observe that
f(z1) < f(x) for every x € U. (2.1.5)

Similar to case (a), the function [0,1] 3 n +— 2" = nz; + (1 —n)xe € X is
continuous with lim, .o 2" = x5, which implies that there exists 7 € (0, 1)

such that 7 € U. By (2.1.5), f(z1) < f(2"). Together with (2.1.4), we have

fla) < f(a") < flz2). (2.1.6)

By Remark 2.1.3, 7, is concave for every A > 0 since ¢(f) = +oo. Therefore,

ra(z") — gra(z1) — (1 = 7)ra(xe) > 0 for every A > 0. (2.1.7)

Let A > 0. With some algebraic operations, (2.1.7) can be rewritten as

ra(x1) — ra(z2)
ra(xm) — ry(xg)

<Z. (2.1.8)

1
n
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Note that

ra(z1) — ra(z2) _ ra(xy) — ra(a) + ra(a?) — ra(xo)
ra(z) — ry(xe) ra(z) — ry(ze)
_ra(wy) = ra(a”)
T @) —na)
ra(x1) — ra(z")
= ra(xm) — r,\(x%)
S ra(xy) — ra(z")
4 ra(z)
ra(z) B
= ra(z7)

_ o MF@)-fEm) _q

By (2.1.6), f(z1) — f(2™) < 0. Therefore,

lim sup TA(xE) — (@) > lim sup e~ Af@)=f(=") _ 1
Ao TA(ZT) — Ta(22 Aroo
A—00
= —+00.

This implies that there exists A > 0 such that

(1) = rx(22)

ra(@) —ra(@2)

[ =

By (2.1.8), r5 is not concave, which is in contradiction with (2.1.7). Hence,

f is constant.

2.2 Finite Decomposable Sums

In this section, additively decomposable quasiconvex functions defined on general

topological vector spaces is discussed. The main results of this section are as the
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followings: (i) Theorem 2.2.2, which characterizes a quasiconvex decomposable
sum in terms of sum of the convexity indices of its coordinate functions, and (ii)
Theorem 2.2.5 in which it is presented that given a quasiconvex decomposable
sum, either all coordinate functions are convex, or all except one are convex and
convexity indices of coordinate functions satisfies an additive formula, and vice

versa.

First we prove a technical result that we need in the following part.

Lemma 2.2.1. If f is quasiconvexr and not convex, then there exist x1,xy €
dom f, t € [0,1) and « € R such that

fla2) <a < fa),
[tz + (1= t)a2) < a+ (f(z1) — fla2))(t —1) for every t € [0, 1],
a < fltry + (1 —t)as) < a+ (f(x1) — f(x2))(t —1) for every t € (1,1, 1].

Proof. Since f is not convex, there exists x1, x5 € X such that

A = sup g(t) >0, (2.2.1)
t€[0,1]

where g(t) = f(tz1+ (1 —t)xe) —tf(x1) — (1 —1t) f(x2). Without loss of generality,
assume that f(z1) > f(x2). For every ¢ € [0, 1],

g9(t) < [ty + (1 = t)ws) = f(22) < fl21) = f(22),

where the first inequality holds since f(z1) > f(z2) and the second inequality

follows from quasiconvexity of f. Hence,

For every v € [0, A), define ¢, := sup{t € [0,1]: g(t) > v}. Obviously ¢, > 0. We

claim that




Suppose not. Then, there exists t* € (M, ty] such that

f(@1)=f(z2)
() 2 7 223
Observe that
o> LIS o)+ (- O > S -
Hence,
90%) = S+ (1= 1)) = € F o) = (1 = ) (22

f(

fE 2+ (1 —t")z2) — fz1) +7
max{ f(z1), f(v2)} — f(21) + v
7,

IN A

where the inequality follows from quasiconvexity of f while the last equality
follows from the assumption that f(xz1) > f(z2). This is in contradiction with
(2.2.3). Therefore,

f(x1) — f(x2) —
fay) = f(ag)

Moreover, if 73 < 75, then {t € [0,1]: g(t) > 12} C {t € [0,1]: g(t) > 1 }. Hence,

for every v € [0, A). (2.2.4)

0<t, <

ty, >1t,, forevery v; <. (2.2.5)
Let us define
t=1lim¢t, and a=A+tf(x1)+ (1 —1)f(xs).
y—=A

It follows from (2.2.2) and letting v — A in (2.2.4) that

fla1) = f(z2) — A

O = fw)

< 1. (2.2.6)
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Therefore,

f(w2) < fxa) + A+ 1(f(21) — f(x2))

flx1) — f(x2) — A

= f(x2> A f(xl) — f(z2)

(f(x1) = f(22)) = f(21),

where the strict inequality holds since A +¢(f(x1) — f(z2)) is positive by (2.2.2),
(2.2.6), and the inequality follows from (2.2.6). Hence, we have

f(me) < a < f(xy). (2.2.7)

By the definition of A, for every ¢ € [0, 1],

floi+(1=t)ze) < A+if(a)+(1-1)f(22) = a+({—1)(f(21) — f(x2)). (2.2.8)

Now, assume that the inequality above holds with equality for some £ € [0, 1].
Then, g(t) = A. Observe that, g(f) > v for every v € [0,A). By (2.2.5), t < t,
for every v € [0,A). Letting v — A, we have ¢ <. Thus, if ¢ > # we have

fltry + (1 —t)ze) < a+ (t —6)(f(z1) — f(22)). (2.2.9)

Summing up, from (2.2.8) and (2.2.9) we have

fltzr+ (1 —=t)zs) <a+ (t—1t)(f(z1) — f(xg)) for every t € [0,1],

7 (2210
fltxy + (1 —t)zs) <a+(t—1t)(f(x1) — f(za)) for every t € (¢,1].

Let ¢ € (¢,1]. It remains to show that a < f(txy+ (1 —t)xs). By the definition of
t and (2.2.5), we have ¢, > ¢ for every v € [0,A). Hence, there exists 7 € (0,A)
such that

t<t,<t forevery y€[7,A). (2.2.11)

Forall y € [, A) and € € (0, %), there exists ¢, . € [t,—¢,t,] such that g(t,.) > 7.
By the definition of g, this is equivalent to

fltyerr + (1 =ty )ma) > v+ f22) + e (fla1) — flaa)) > flaa).  (2.2.12)
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Note that ¢ — f(tz1+ (1 —t)z3) is quasiconvex on [0, 1] as it is the composition of
an affine function with a quasiconvex function. Observe that ¢, . can be written

as a convex combination of 0 and ¢ since 0 < ¢, < ¢, < t. Therefore,
f(tyexr + (1 =ty )xe) < max{f(xs), f(txrs + (1 —t)x2)}.
By (2.2.12), f(ty.ex1 + (1 —ty.c)z2) > f(x2). Hence,
[tz + (L =t)zo) > f(tyexr + (1 —ty)x2). (2.2.13)

It follows from (2.2.11), (2.2.12) and (2.2.13) that

[tz + (L —t)xze) > v+ f(x2) + . (f(21) — f(22))
>+ fl@a) + (B, — ) (f(x1) — f(22))
>+ f(x2) + (T = e)(f(z1) — f(x2))

Letting € — 0 and v — A gives

fltey + (1 —t)xe) > A+ f(za) +E(f(x1) — f(22)) = a. (2.2.14)

The result follows from (2.2.7), (2.2.10) and (2.2.14). O

For the rest of this section, we fix n € N and let X; be a topological vector
space and f; be a proper extended real-valued function defined on X; for each i €
{1,2,...,n}. Furthermore, we define the function s: X; x ... x X,, = RU{4o00}
by

s(x1, .. xn) = filz) + ..o+ fuln). (2.2.15)

In Debreu and Koopmans [16] and Crouzeix and Lindberg [17] implications of
quasiconvexity of s on f; when X; is an open subset of R" is studied. In this

section, we extend their results to general topological vector spaces.

Theorem 2.2.2. Assume that fi, fs,..., fn are non-constant. s is quasiconver
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if and only iof

c(fr) +.. +elfn) 20

Proof. It is enough to consider the case n = 2 and we write f = f1, g = fo,
X1 =X and Xy =Y. Assume that s is quasiconvex and assume to the contrary

that ¢(f) + c(g) < 0. Given g € Y, for every z1,29 € X, and t € [0, 1]

[tz + (1 = t)za) + g(7) = s(tzr + (1 = 1)z2,7)
< max{s(z1,7), s(z2,9)}
= max{f(21) + 9(), f(22) + 9(¥)}
= max{f(z1), f(z2)} + 9(7).

Subtracting ¢g(7) from both sides yields

ftxy + (1 —t)za) < max{f(x1), f(x2)}. (2.2.16)

Therefore, f is quasiconvex. By a similar argument, ¢ is also quasiconvex. With-
out loss of generality we can assume that ¢(f) < ¢(g). Then, there exists A < 0
such that

c(f) < A< —=c(g). (2.2.17)

For every (z,y) € X x Y, define
fz)=e MO Gy) =eMY and F(x,y) = e @Y,

5 is a quasiconvex function since it is the composition of a quasiconvex function
with a non-decreasing function. It follows from Definition 2.1.2 and Remark 2.1.3
that f is not convex. Moreover, —g is not convex. To see this, assume to the
contrary that g is concave. Then, 7, associated with g is convex for every < 0 by
Lemma 2.1.1-(iii). Hence, ¢(g) = sup{y € R: v > 0,r, is concave} by Definition
2.1.2. Since g is assumed to be concave, —\ € {y € R: v > 0,r, is concave}. By
Lemma 2.1.1, ¢(g) > —A. This is in contradiction with (2.2.17).
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Observe that f and —g are composition of f and g respectively with a non-

decreasing function. Therefore f and —g are quasiconvex.

Next, we will apply Lemma 2.2.1 to f and —g since they are quasiconvex but

not convex functions. There exist x1, x5 € dom f, y,y» € domg, £, @ € [0,1) and

a, 8 > 0 such that

0<0(0) <a<6(1),

0(t) < a+m(t—t) if0<t<t,
a<f)<a+m(t—1) ift<t<l1,
1(0) < =B < (1) <0,
wlu) < =6+ n(u —a) if 0 <wu <,
— < ulu) < —=F+n(u—ma) ifu<u<l,,
where
0(t) = f(tzy + (1 —t)x9) for every t € [0, 1],
p(u) = —g(uy; + (1 — u)ys) for every u € [0, 1],
m = 6(1) — 6(0) >0,
n = p(1) — u(0) > 0.
Define
=20 ol (¢,
€t w) = — s forall (1,u) € [0,1] % [0,1]
s = {(t.w) € 0,1 x [0,1]: £(t,u) < %}
T = {(t,u) €[0,1] x [0,1]: mB(t — t) + na(u —u) < 0}.

Notice that

f(t, u) = e*)\s(tm+(17t)x2,uy1+(1,u)y2).

27

2.2.18
2.2.19
2.2.20
2.2.21
2.2.22
2.2.23

o~ o~ o~ o~ o~ o~
~— ~— ~— ~— ~— ~—



¢ is quasiconvex in (t,u) since s is quasiconvex. As a strict lower level set of a

quasiconvex function, S is a convex set. Moreover,

S = {(t,u) € [0,1] % [0,1]: BO(t) + au(u) < o}.

From (2.2.19), (2.2.20), (2.2.22) and (2.2.23), we immediately derive

SN ((z, 1] % (a, 1]) — 0, (2.2.24)
SOTN ([0,%] x (T, 1]), (2.2.25)
SOTnN ((%, 1] % [0 u]), (2.2.26)

There are four possible cases:

(a) Suppose that ¢ > 0 and @ > 0. Let

k::m—ﬂ,
no
'{zl‘ﬂ1 i
€ = min — 1=t = 7.
) k ) 7k

It is not hard to see that (t—e,u+ke) € TN ([0, t] x (u, 1]) and (t+e¢,u—ke) €

TN ((E, 1] [0,@]). In view of (2.2.25) and (2.2.26), (F— e, @+ ke), (F+¢,7 —
ke) € S. It follows from convexity of S that

_ 1 - 1. -
(t,u) = 5(t—e,ﬂ+k‘e) + (1 - 5)(t+e,ﬂ—ke) € s.

Hence, 80(t) + ap(u) < 0. On the other hand, by (2.2.19) and (2.2.22),
BO(t) < af and au(u) < —af. Then, we have either au(u) < —af or
BO(t) < ap.

Assume that the latter holds. Choose u* € (@, 1] such that

ut—u < ,
no

i.e. such that
na(u* —a) < aff — BO(1).
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For instance, one can choose u* = 1+ %aﬁ;—’ia@ It follows from (2.2.23) that

BO(t) + ap(u*) < BO(t) — af + na(u* —u) < 0.

Therefore, (t,u*) € S.

Next, note that one can choose (t**,u**) € (¢, 1] x [0,u] such that
mpB(t™* —t) + na(u*™ —7u) < 0.

Hence, (t**,u**) € T'N <(f, 1] x [O,H]), and consequently (t**,u**) € S by
(2.2.26). Notice that, since f < t** and u™* < @ < u*, there exists A € (0,1)
such that

O+ (1 — NE M + (1 — W) € 1] x (@, 1).

Moreover, S is convex. Therefore,

(M + (1= ML + (1— Nu') € S.

This is in contradiction with (2.2.24).

Lastly, assume au(u) < —af. Observe that there exists t* € (¢, 1] such that
mpB(t* —t) < —af — au(w). Hence,

BO(t*) + ap(n) < af + mp(t" —t) + au(u) < 0,

where the first strict inequality follows from (2.2.20). Therefore (t*,u) € S.
Next, we can choose (t**,u™) € [0,t] x (@, 1] such that

mB(t™ —t) + na(u™ —u) <O0.

Therefore, (t**,u**) € T N[0, x (u, 1]. By (2.2.25), (t**,u**) € S. Observe
that, since t** < ¥ < t* and u < u**. Therefore, there exists A € (0,1) such
that

(A + (1= Nt ™ + (1= M) € (£,1] x (w,1].
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Moreover S is convex. Hence,

A 4 (1 = N)E, ™ + (1= Au*) € S.

This is a contradiction by (2.2.24).

Suppose that ¢ = 0 and @ > 0. By (2.2.18), we have o — 6(0) > 0. Choose
u* € (@, 1] such that

na(u* —a) < Bla —6(0)).
For instance, one can choose u* = u + %W. Observe that
£0(0) + au(u*) < 56(0) — Ba + na(u* — ) < 0.

where the first strict inequality follows from (2.2.23). By the definition of S,
(0,u*) € S. Choose (t**,u**) € (t,1] x [0,@] such that

mB(t*™ —t) + na(u™ —u) <O0.

In other words, (t**,u™) € T. By (2.2.26), (t**,u*) € S. Since S is convex
and (0, u*), (t**,u**) € S, for any X € [0, 1]

(A + (1 — )0, \e™ + (1 — \u*) € S,

On the other hand, 0 = t < t** and u*™ < uw < u*. Therefore, there exists
A € (0,1) such that

(M + (1= N0, ™ + (1 — Nu*) € (£,1] x (@, 1].

This is a contradiction by (2.2.24).

Suppose that ¢ > 0 and © = 0. By (2.2.21), we have u(0) + 8 < 0. Choose
t* € (t,1] such that

mB(t" —1) < —a(B+ u(0)).
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For instance, one can choose t* = — %a(ﬁ ;Lg(o)). Observe that

BOt*) + au(0) < af +mpB(t* —t) + ap(0) < 0.

where the first strict inequality follows from (2.2.20). By the definition of S,
(t*,0) € S. Choose (t**,u**) € [0,¢] x (@, 1] such that

mB(t*™* —t) + na(u™ —7u) <0.

In other words, (t**,u™) € T. By (2.2.25), (t**,u**) € S. Since S is convex
and (t*,0), (t**,u**) € S, for any X € [0, 1]

(A + (1= A%, Au™ + (1 — A)0) € S.

On the other hand, t** < t < t* and 0 = u < u**. Therefore, there exists
A € (0,1) such that

(A + (1= N, ™ + (1= X)0) € (£,1] x (w, 1].

This is a contradiction by (2.2.24).
Suppose that £ =u = 0. By (2.2.18) and (2.2.21), we have x(0) + 8 < 0 and
a —0(0) > 0. Choose t*,u* € (0, 1] such that

pmt* < —a(f + p(0)),
anu® < f(a — 0(0)).

For instance, choose t* = %W and u* = —%%. Observe that,

BOt*) + ap(0) < af + Bm(t* —t) + ap(0) <0,
BO(0) + ap(u*) < —pa + an(u —w) + F6(0) < 0,

where the first strict inequalities on the two lines follow from (2.2.20) and
(2.2.23), respectively. By the definition of S, (¢*,0) € S and (0,u*) € S.
Since S is convex, (At*, (1 — A)u*) € S for any A € (0,1). On the other hand,
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(At*, (1 — Nu*) € (£,1] x (@, 1] which is a contradiction by (2.2.24).

Since (a), (b), (c) and (d) all lead to a contradiction, ¢(f) + ¢(g) > 0.

Conversely, assume that ¢(f) + ¢(g) > 0. Since f and g are non-constant, by
Theorem 2.1.6 ¢(f) and c(g) are finite. If ¢(f) > 0 and ¢(g) > 0, by Theorem
2.1.4, f, g are convex. As the sum of two convex functions s is convex, hence it
is also quasiconvex. If ¢(f) and ¢(g) are not both positive, then by symmetry it

is enough to consider the case ¢(f) < 0 < ¢(g). Define,

Y(z) = 9@ for every x € X,

C(y) = e c(9)9W) for every y € Y.

It follows from Definition 2.1.2 and Lemma 2.1.1-(i) that z — e~()7®) is convex.
Since —c¢(g) < ¢(f), by Lemma 2.1.1-(i), ¥ is convex. Moreover, ( is concave
directly from the Definition 2.1.2 and Lemma 2.1.1-(ii). Let p on X x Y defined

by

— @) _ )
plz,y) =e 08

Notice that for every (x1,41), (z2,92) € X X Y and A € [0, 1]

P(Azy + (1 — N)zp) < AMp(x1) + (1 = N)p(x2)

CAy + (1= Ny2) = AC(y1) + (1= A)¢ ()
(2.2.27)

where the inequality follows from convexity of 1) and concavity of (. Now, consider

p(Mar,y1) + (1= N)(@2,92)) =

the following two cases:

z2) ~ Y(z1)
Suppose that ) < D Then,

Y(x2)C(y1) < P(21)C(y2)
= (1 = MY(z2)C(y1) < (1 = AN)(21)C(y2)
= AM(21)C(y1) + (1 = A)b(22)C(y1) < Ab(1)C(yr) + (1 — A)b(a1)((y2)

= ((y)[M(z1) + (1 = N(z2)] < ¥(1)[AC(yr) + (1 = A)C(y2)]
M(z1) + (1= N)Y(xa) _ Y(x1)
AC(y1) + (1= A)C(y2) C(?/ﬁ‘
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Therefore,
(1) + (1 = A\)(x2)
AC(Y1) + (1= A)C(y2)

holds. A similar argument with the previous case gives

< p(@1,91). (2.2.28)

P(z2) (1)
 ¢(y2) > ¢(y1)

Otherwise

Mp(z1) + (1= A (2)
M) T (L= Nl o) (2.2.29)

By (2.2.27), (2.2.28) and (2.2.29)

pA(@1, y1) + (1 = A)(22,92)) < max{p(z1,y1), p(z2, Y2)}-

Therefore, p is quasiconvex. Furthermore,

log (p(x,y)) = c(g)[f(x) + 9(v)] = c(g)s(z,y)

is quasiconvex since quasiconvexity is stable under composition with a non-

decreasing function. Hence, s is quasiconvex. O

The following lemma is needed in the proof of Theorem 2.2.4.

Lemma 2.2.3. Let py1, p2 be positive real-valued lower semi-continuous and con-
vex functions defined on the topological vector spaces X and Y, respectively. De-

fine pon X XY by

p(z,y) = [pr(x)]*[p2(1)],

where o, > 0 and oo+ § = 1. Assume that p is concave. Then, at least one of

the functions p1 and ps is concave.

Proof. Assume to the contrary that both p; and p, are not concave. Choose
y € Y such that py(7) > 0. It follows from concavity of p that for every xq, 29 € X
and A € [0, 1],

p()\.Tl + (1 - /\)Ig,y) > )\p(m,y) + (1 - )\)p(ZEQ,@)
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Dividing both sides by [p(7)]? yields
[p1(Az + (1 = N)z2)]* = Alpr(z1)]” + (1 = A)[p1(22)]* (2.2.30)

Note that Alpi(z1)]* + (1 — N[pi(22)]* > min{[pi(z1)]%, [p1(22)]*} =
min{p; (1), p1(z2) }*. Therefore,

[p1(Az1 + (1 = N)x2)]* > min{p; (1), p1(22) }*,

which implies
p1(Az1 + (1 — X)) > min{py(x1), p1(z2) }. (2.2.31)

The supposition together with (2.2.31) implies that —p; is quasiconvex but not
convex. According to Lemma 2.2.1, there exist 21,25 € X, ¢ € [0,1) and y € [0, 1]
such that

6(0) >~ >6(1) > 0, (2.2.32)
O(t) >~ —m(t —1t) if0<t<t, (2.2.33)
v >0(t) >v—m(t—1) ift<t<1, (2.2.34)

where 6(t) == p1(tzy + (1 — t)xs) for all t € [0,1] and m = 6(0) — 6(1) > 0.

The function 0(t): t +— [0(¢)]* is concave on [0,1] by (2.2.30) and the fact
that the composition of a concave function with an affine function is concave.
As a real-valued concave function defined on [0,1], @ is continuous on (0, 1) and
have finite left, right derivatives. Consequently, 6 = gé is continuous as it is the

composition of two continuous. It is not hard to see that

0, (t) = a(0(t))* 0, (1),

(2.2.35)
7 (t) = a(0(t))°'0" (1)

Hence, 6 also have finite left and right derivatives. Moreover,by (2.2.32) we have

0(0) > ~*. (2.2.36)
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We claim that ¢ # 0. Suppose not; hence by (2.2.33)

> 0(t) for every t € (0,1]
> 0(t) for every t € (0,1]

> 6
(0),

—
—

S
Q Q
'V

oS

where the last implication holds since 6 is right-continuous at 0. This is in
contradiction with (2.2.36); therefore,  # 0, and consequently 6 is continuous at
t. It results from (2.2.33) and (2.2.34) that 0(¢f) = v and ¢’ () < —m < & (7).
Furthermore, 5;(%) < @_(7) since 0 is concave. In view of (2.2.35), 0. (1) =
¢ (t) = —m. Thus, 6 has derivative at ¢ and ¢'(f) < 0. It follows from (2.2.34)
that

O(t) >0()+0@)(t—1t) ift<t<I1. (2.2.37)

Reasoning as above, we can prove that there exists y;,4. € Y, u € (0,1) such

that 1/(@) < 0 and
p(u) > p(@) + f/ @ (-7 ifa<u<l. (2.2.38)
where
p(u) = pa(uys + (1 = w)ys).
Set
C(tu) = [0 [u(w)]?  for every t,u € [0,1].

For every ¢ > 0, define

. 0(t)
= 0'(t)’

_ u@)
k 5#’@)'

Next, choose § so that 0 < h <1 —1t and 0 < k < 1 —u. For instance, one can
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choose § = { min { — F(1-17), —&(1—w)}. By (2.2.34) and (2.2.38), we have

0T+ h) > 0(F) + 6 (D)h = O)[1 — ]
p(a+k) > p(@) + p'(@k = p@)|[1 — o]
Hence,
CE+h,a+k) > [00)][u@)]°[1 - 6. (2.2.39)

On the other hand, for every A € [0, 1],

C(t+ Mh,u+ Mk) = C((8, @) + A(h, k))
=C((AE+hu+k)+ (1 - N(0)
> XN (t+ h,a+ k) + (1 —N)¢(¢ )
=((t,u)+ ANC(E+h,u+ k) — (),

where the inequality follows from concavity of ¢ on [0,1] x [0,1]. With some

algebra, we get

C((t, 1) + A(h, k) — ¢(t,w)
A

C(t,m) + > ((t+h,u+k)

Moreover, directional derivative of ¢ along the direction (h, k) and (f,) exists.
By letting A — 0, we get

C(t,m) + %(E,a)h + %(%,u)k > C(T+h,a+ k).

Plugging in the values of the partial derivatives yields

0'(t) (W)
0(t) p(@)

It follows from the defintion of A, k and ¢ that

C(t,u)|1+ ah + Bk ] > C(t+ h,u+k),

0@ w@)°[L = 8] = (T + h,u+ k),

which is in contradiction with (2.2.39). Therefore, at least one of the functions

p1 and py is concave. O
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The next proposition gives an additivity formula for the convexity index.

Proposition 2.2.4. Assume that f; is lower semi-continuous and convex for each
ie{l1,2,...n}. Then,

LI > L (2.2.40)

where s is defined as in (2.2.15).

Proof. It is enough to consider the following three cases with n = 2. Note that,

since s is convex, by Theorem 2.1.4 implies that ¢(s) > 0.

(a) Suppose that ¢(f1) = 0 and ¢(f2) € [0, +00). By Definition 2.1.2, ry associ-
ated with f; is not concave for any A > 0. Suppose for a contradiction that
there exists A > 0 such that ry associated with s is concave. Then, for every
(21, x2), (2], 22) € Xy X dom fo, and ¢ € [0, 1]

e AMNitzi+(1—t)2))+fa(22)] > o Alfi(@)+fa(22)] L (1— t)e_x[fl(‘rll)_‘—fé(m?)].

Dividing both sides by e~ M2(2) yields

e~ Mi(nzi+(1-n)zh) > ne—xfl(xl) +(1— 7]>6—Xf1(90'1)7

t
67>‘f2(.’172 ’

is in contradiction with the assumption ¢(f;) = 0. Therefore, r) associated

where 7 = In other words, 7 associated with f; is concave. This

with s is not concave for every A > 0. By Definition 2.1.2, ¢(s) = 0 and
(2.2.40) holds.

(b) Suppose that ¢(f;) = 400 and ¢(f2) € [0, +00]. By Theorem 2.1.6, f; = K,
where K € RU {400} is a constant. If K = 400, then s(x,z2) = 400 for
every (x1,x2) € Xy x Xy. Therefore, (2.2.40) holds trivially. If ¢(s) = +oo0,
then fi, fo are constant. Hence, (2.2.40) holds trivially. So assume K > +oo
and ¢(fy) < +00. Observe that

e—C(fz)S(xl,ﬂﬁz) — e—C(fz)Ke—C(fQ)fz(5132)7 (.Tl,l’g) c Xl % XQ'
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e~2)K > () is a constant and z > e~ ¢2)2(#2) ig concave on X,. Therefore,
Te(fy) associated with s is concave. Definition 2.1.2 together with Lemma
2.1.1 implies that ¢(fa) < ¢(s).

On the other hand, e=°®)* is concave by Definition 2.1.2. Moreover,
efc(s)s _ efc(s)Kefc(s)fg

()K > () is a constant. Therefore, e=(*)/2 is concave. It follows from

where e~
Definition 2.1.2 and Lemma 2.1.1 that ¢(s) < ¢(f2). Hence, ¢(s) = ¢(f2) and

(2.2.40) holds.

Suppose that 0 < ¢(f;) < +oo for i = 1,2. Set oy = C(}‘) for i = 1,2 and

o = aq + as. Then,
o ag
o Ls@im) _ (e—c(fnfl(xl)) o (e*C(fz)fz(x2)> o
Note that z; — e~<U/i@) ig concave on X; for i = 1,2 and g(u,v) = u'a v'a
is non-decreasing in each argument, concave on R, x R,. Therefore,
(1, 22) e~a%@122) {5 concave on X, x Xy as it is the composition of a
concave functions with a function which is non-decreasing in each argument.
In view of Definition 2.1.2, we have
1 1 1
>

(f1) i c(fa) = c(s) (2.2.41)

Q|+

<c(s) = .

Next, assume that p € [0, ). We have,
1

6_%]01-(%-) _ (e—%fi(zi))a _ <e—%t3(fi)fi(:m)>?7 v € X,

for each i € {1,2}. Since & > 1, it follows from Definition 2.1.2 that z; —

e~ n Ui s not concave for each i € {1,2}. Moreover,

o2
«@

o Ls(aran) _ (eﬁC(f1)f1(z1)>°‘1<€,‘jC(fz)fz(:vz)) (o ms) € X X X,

1
In view of Lemma 2.2.3, ¢ »° is not concave and consequently c¢(s) < i
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Letting 1t — a, we have ¢(s) < <. Thus,

1 1 1
+ < (2.2.42)

c(fi)  clfa) ~ cls)

Summing up, (2.2.41) and (2.2.42) imply (2.2.40).

Now, we are ready to give the main result of this section.

Theorem 2.2.5. Assume that f; is a non-constant lower semi-continuous func-
tion for each i € {1,2,...,n}. Then, s is quasiconvez if and only if one of the

following conditions holds:

(i) fi, fa, ..., [n are conver.

(ii) All of fi, fa, ... fn except one are conver and

! + ! +..F L <0 (2.2.43)
cfr) elf) 0 elfu) T -
Proof. Assume that s is quasiconvex. Then, fi,..., f, are quasiconvex. We

claim that at most one of the functions fi,... f,, is not convex. Suppose for a
contradiction that f;,, ..., f;, are not convex for some k > 2 so that from Theorem
2.1.4 we deduce c(f;;) <0 for each j € {1,...k}. Thus

Next, define s on X;, x ... x X;, by

$(Tiy, - Tyy) = fir (@) + .+ fiy (2,)-
Clearly, s is quasiconvex. Then, by Theorem 2.2.2,

C(fi1> 4+ ...+ C(fzk) Z O,
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which is in contradiction with (2.2.44). Hence, the claim holds. If f1, fs, ..., f, are
convex, then we are done. Suppose that f,, is not convex for some m € {1,...,n}

and define § on Xie{l o \fm) X; by

§(I1,...,$m_1,$m+17...7LL’n) = Z fz(xz>
ie{l,...n}\{m}

By Theorem 2.2.2,
c(8) +c(fm) > 0.

Since ¢(f,,) < 0, we can write it as

1 4 1
c(8) = c(fm)
— L + : <0
c(8)  elfm)
— Ly <
c(fi) clfe) 0 clfa) T

where the last results follows from Proposition 2.2.4.

Conversely, assume that either fi, fo,... f, are convex or all of f1, fo, ... f, ex-
cept one are convex and (2.2.43) holds. If the former holds, then s is quasiconvex
trivially. Suppose that the latter holds together with f,, is not convex for some
m € {1,...,n} and § is defined as above. Proposition 2.2.4 together with (2.2.43)
implies that

1 1
c(8)  c(fm)

Since ¢(f,,) < 0, we can write it as




In view of Theorem 2.2.2, s is quasiconvex. O

Remark 2.2.6. The only if part of Theorem 2.2.5 still holds if we drop the

assumption of f; being non-constant for each i € {1,...,n}.

2.3 Infinite Decomposable Sums

The aim of this section is to extend Theorem 2.2.5 to infinite decomposable sums.
Similar to the notation of the previous sections, X; is a topological vector spaces
and f; is an extended real-valued function defined on X; for each 7 € N. For every
r e X, let

sule) = 3 fili),

s(x) = nh_glo Sn(x),

where X = le X;, provided that the limit exists. It can be easily noticed that
the lower semi-continuity of f; on X; for i = 1,..., n implies lower semi-continuity
of s, on X. This is due to the fact that f; is also lower semi-continuous on X
and lower semi-continuity is preserved under finite sums. Before presenting the
main result of this section, we give two separate conditions under which lower

semi-continuity is preserved under infinite sums.

Lemma 2.3.1. Assume that f; is a lower semi-continuous function for eachi € N

and either one of the following holds:

(i) fi is finite for each i € N and (S, )nen is uniformly convergent.

(i1) fi >0 for each i € N.
Then, s 1s lower semi-continuous.

Proof. Assume that (i) holds. Let zy € X. Note that s,(z¢) € R since each f;
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is finite. Thus, we have

s(xg) = s(wo) — sn(20) + sn(x0)

< sn(20) + |8(w0) — 8n(20)] (2.3.1)
< sp(wo) + sup |5(x) — sn(z)].

It follows from lower semi-continuity of s, at xy together with (2.3.1) that

s(xg) < sup |s(z) — s,(z)| + liminf s, (z). (2.3.2)

zeX T—T0

Moreover, similar to (2.3.1), for every 2’ € X and n € N,

sn(@') < sup|s(x) — sn ()| + ().

By taking limit infimums of both sides as 2’ — x4, we get

liminf s, (z") < sup|s(x) — s,(x)| + lim inf s(z’).
' —xo zeX ' —x0

Together with (2.3.2), we have

s(xg) < 2sup|s(x) — s,(x)| + liminf s(z).

zeX T—rITQ

It follows from uniform convergence of (s,)nen that

s(zo) < liminf s(z).

Tr—xT0

Now, assume that (i7) holds. For every r > 0 and n € N, define

U.-={x € X:s(x)>r},
U ={z e X:sy(x)>r}

Fix r € R. We claim that .
v, =Jur (2.3.3)
n=1

Let T € U,. Observe that, (s,(T))nen is a non-decreasing sequence in R since f;
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is a non-negative function for each ¢ € N. Hence, there exists N € N such that

sn(z) > r. Then, T € UY, and consequently, U, C [ )72, U".

Next, for any given n € N, let 2/ € |2, U". Then, there exists N’ € N such
that 2/ € UN" C U, since (8,(2))nen is a non-decreasing sequence in R. Hence,
U,—, U" C U,, and consequently, the claim holds.

Moreover, U/ is open since s, is lower semi-continuous on X for each n € N.

It follows from (2.3.3) that s is lower semi-continuous on X. O

Remark 2.3.2. The converse implication of Lemma 2.3.1 is also valid for a more
general setting. To be more specific, assume s is lower semi-continuous and let
r € R. Then, {(z1,29,...) € X: s(z) < r} is an open set. Since projection on
general vector spaces is an open mapping, {x; € Xi: f(z1) < r} is an open set
in X; for each 7 € N. In other words, lower semi-continuity of s implies that f; is

lower semi-continuous for each 7 € N.

Now, we are ready to give the main result of this section.

Theorem 2.3.3. Assume that f; are non-constant lower semi-continuous func-
tions for each i € N such that either f; > 0 for each @ € N or f; is finite for
each i € N together with (s,)nen s uniformly absolutely convergent. Then, s is

quastconver if and only if one of the following conditions holds:

(i) fi is convex for each i € N.

(i) All of fi, fa, ... except one are convex and
i L <0. (2.3.4)
i1 c(fi)

Proof. Assume that s is quasiconvex. Then, f; is quasiconvex for each 7 € N.

We claim that at most one of f; is not convex for ¢« € N. Suppose not. Fix ng € N
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such that ng > 2 and define 5 on XZTL(H-I X; by

0o
g(xno-i-la Tng+1y - - ) = Z f](xj)
j=’n0+1

Then, it follows from Theorem 2.2.5 that at most one of fi1,... f,,, s is not convex.

We need to consider the following two cases:

|

(a)

(b) s is not convex. Let us choose ig,i; > ng such that f;, f;, are not convex.

is convex. Then, at most one of fi,..., f,, is not convex.

It follows from the quasiconvexity of s on X that the function § defined on
X1 X ... x Xy, x X, X X5, by

'§($1’ . 'xnoﬁxiovxil) — fl(xl) +...t fno(xno) + fio(xio) + fil(xil)

is quasiconvex. But then, by Theorem 2.2.5, at least one of f;,, f;; needs to

be convex.

Therefore, either f; is convex for each ¢ € N or all of f1, fo,... except one are
convex. If the former holds, then we are done. Suppose that the latter holds.
Without loss of generality, since s,, is absolutely convergent, we can assume f; be

the function which is quasiconvex but not convex. For every n € N, define

1
= ; c(fiy1)

Observe that (a,)nen is a non-decreasing sequence of real numbers since T}) >0

for every ¢ € N\ {1} by Theorem 2.1.4. Moreover, quasiconvexity of s implies

that s, is quasiconvex. In view of Theorem 2.2.5, for every n € N

|
oy Fe=Y
a, < — 1

"Toe(fh)
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Observe that, lim,,_,, a,, exists and it is finite since the sequence (a,),en is non-

decreasing and bounded above. Then,

1
lim a, <
n=»c0 ( 1)
— lim a, + <0
n=»c0 ( f1)

=3

Conversely, assume that either f; is convex for each ¢+ € N or all of fi, fo,...
except one are convex and (2.3.4) holds. If the former holds, then s is quasiconvex
trivially. Suppose that the latter holds. Without loss of generality, since s, is

absolutely convergent, we can assume that f; is not convex. Note that

1 1 =1
EAMEAEPIED

i=1

since f; is convex, and consequently, ¢(f;) > 0 for each ¢ € N\ {1} by Theorem
2.1.4. It follows from (2.3.4) that

1 1
m + m <0. (2.3.5)

In view of Theorem 2.2.5, convexity of fy together with (2.3.5) implies that f;+ fo

is quasiconvex. Then, by Theorem 2.2.2,

c(f1) +c(fz) > 0. (2.3.6)

Next, define 5 on X~ X; by

s:vg,x4,... E filz;).

Clearly, 5 is convex, and consequently, ¢(5) > 0 by Theorem 2.1.4. By (2.3.6), we
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have

c(fi) +c(f2) +c(3) > 0.

It follows from Theorem 2.2.2 that s is quasiconvex.
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Chapter 3

Naturally quasiconvex

conditional risk measures

Throughout this section, we fix a probability space (2, F,P). Let G C F and
LP(F) = LP(Q, F,P;R) for each p € [1,00]. We assume that LP(F) space is
equipped with the topology induced by the LP-norm for each p € [1, c0) and with
the weak-* topology o(L>®(F), L'(F)) for p = oo. We denote the dual space of
LP(G) with L4(G) , where Il) —1—% = land L (G) = {Y € LP(G): Y > 0} . The
dual cone of L% (G) is denoted as L% (G)" and defined by

L7(G)* = {Y € LY(G): E[Y Z] > 0 for every Z € LP(G)} = L.(G)

All of the equalities and inequalities among random variables hold P-almost
surely. For every A € F, the stochastic indicator function is denoted by 1 4(w)
being 1 if w € A and 0 if w & A.

3.1 Risk measures

In this section, we briefly discuss risk measures and review their basic properties.

Let p € [1,00]. In the following, we consider the risk measures which are defined
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on LP(F) and take values in the closed linear subspace LP(G) of its domain. In
this setting, a risk measure gives the risk of a financial position possibly at an
intermediate time. In other words, we are in the conditional setting. Notice that
the case where the risk measure is measured at the present time, namely the
static case, can be covered by taking G = {0, Q} (or a trivial o-algebra) as a

special case.

Below, we define a conditional risk measure as a functional with the minimal

set of properties.

Definition 3.1.1. A mapping p: LP(F) — LP(G) is a conditional risk measure
if it satisfies the following properties:

(1) Monotonicity : X <Y implies p(X) > p(Y) for every X,Y € LP(F).

(11) Quasiconvezxity : p(AX + (1 = N)Y) < max{p(X),p(Y)} for every X,Y €
LP(F) and X € [0, 1].

The next definition provides some further properties of conditional risk mea-

sures which are of importance.

Definition 3.1.2. A conditional risk measure p: LP(F) — LP(G) is called

(i) translative if for every Z € LP(G),

p(X +2) = p(X) — Z.

(1) local if for every X € LP(F) and A € G,

p(XTLa)La = p(X)1a.

(111) convez if for every X,Y € LP(F) and X € [0, 1],
pAX + (1= 2)Y) < Ap(X) + (1 = A)p(Y).
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Remark 3.1.3. Locality property holds if and only if for every X, U € LP(F)
and A€ g

Translativity captures the following idea. Suppose that X, Z are financial
positions such that worth of X and Z are fully known at the times 77 and 715,
respectively, where T; < T. Suppose further that p is a risk measure which
measures risk of a financial position at time 77 whose value is fully known at
time T5. Then, one can expect that at time 7} the risk of holding X + Z is equal
to the risk of holding X and liquidating Z.

Locality means that the events that will not happen in the future have no
contribution to the value of risk. Note that this is exactly having a tree-like

probabilistic setting as in Figure 3.1 when F is finitely generated.

Suppose X and Y are two financial positions. One can diversify by investing
some fraction A € [0, 1] of the resources on X and the remaining on Y. In other
words, one can diversify by choosing to invest on the portfolio AX + (1 — \)Y
instead of taking position in only one of the assets. The convexity property
exactly means that the risk of the diversified position is less than or equal to the
weighted sum of individual risks with weights equal to the fractions of the assets

in the diversified portfolio.

As discussed earlier, quasiconvexity is also considered as a formulation of diver-
sification. Under quasiconvexity, for each possible scenario, risk of the diversified
portfolio is less than or equal to the risk of the riskier asset. Although both con-
vexity and quasiconvexity refers to the same concept, it is clear that convexity is

a more conservative property to capture the concept of diversification.
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3.2 Natural quasiconvexity

The two properties which are of the utmost importance for the remaining part
are natural quasiconvexity and x-quasiconvexity. Natural quasiconvexity and
*-quasiconvexity are introduced by Tanaka [18] and Jeyakumar et al. [19], re-
spectively. First, let us start with definition of naturally quasiconvex conditional

risk measure.

Definition 3.2.1. A conditional risk measure p : LP(F) — LP(G) is naturally
quasiconvez if for every X, Y € LP(F) and X € [0, 1] there exists pn € [0, 1] such
that

PAX + (1 = A)Y) < pp(X) + (1 = p)p(Y).

Clearly, natural quasiconvexity is a property which is stonger than quasicon-
vexity but weaker than convexity. Next, we give definition of x-quasiconvex risk

measure.

Definition 3.2.2. A conditional risk measure p : LP(F) — LP(G) is *-
quasiconvex if for every Z* € L% (G)

X = E[p(X)Z"]

is quasiconvex on LP(F).

Next, we show equivalence of natural quasiconvexity and *-quasiconvexity.

Set-valued case of the following theorem can be found in Kuroiwa [20].

Theorem 3.2.3. A conditional risk measure p : LP(F) — LP(G) is naturally

quasiconver if and only if it is x-quasiconvew.

Proof. Assume that p is naturally quasiconvex and let Z* € L% (G). Then, for
every X,Y € LP(F) and X € [0,1] there exists u € [0, 1] such that

Elp(AX + (1 = \Y)Z] < pE[p(X) 2] + (1 — p)E[p(Y) Z"].
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Clearly,
HE[p(X)Z*] + (1 — wE[p(Y) Z"] < max{E[p(X)Z"],E[p(Y)Z"]}.
Hence,
E[p(AX + (1 = N)Y)Z"] < max{E[p(X)Z"],E[p(Y)Z"]}

Conversely, assume that p is x-quasiconvex and assume to the contrary that p
is not naturally quasiconvex. Then, there exists X,Y € LP(F), A € [0,1] and
A € G with P(A) > 0 such that for every p € [0, 1]

pAX (W) + (1 =AY (w)) > pp(X(w)) + (1 = p)p(Y (),

for every w € A. Since singletons are closed convex bounded sets, by seperation
theorem, there exists Z* € L1 (G) and a € R such that

Elp(AX + (1 = NY)Z"14] > a > E[(pp(X) + (1 = p)p(Y)) Z"14].
Observe that, by setting 4 =0 and pu = 1, we get

E[p(AX + (1 — \Y)Z*14] > E[p(Y) Z* 1],
E[p(AX + (1 — \)Y)Z*14] > E[p(X)Z*14].

Hence,
E[p(AX 4+ (1 = N)Y)Z*1 4] > max{E[p(X)Z"],E[p(Y)Z*14]}.

Note that Z*14 € L (G). Then, by Definition 3.2.2, p is not x-quasiconvex which

is a contradiction. Therefore, p is naturally quasiconvex. [
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3.3 Relationship between convexity and natural

qausiconvexity

In light of the discussion of the previous section, natural quasiconvexity and
convexity are closely related. Indeed, we will prove they are equivalent properties
for risk measures under some mild assumptions. To be more precise, we need the
risk measure to be in some sense non-constant lower semi-continuous and satisfy
the locality property. In the example below, the role of being non-constant lower
semi-continuous can be clearly seen since we make use of Theorem 2.2.5 which also
requires these properties. On the other hand, locality is not explicitly emphasized
but can be understood from the tree-like like structure we work on as can be seen
in the Figure 3.3.1. The next example illustrates these ideas when F is finitely

generated.

Example 3.3.1. Let Q = {wy,...wio}, X : € — R be an integrable, F-
measurable random variable and p : LP(F) — L?(G) be a conditional risk mea-
sure. Take F and G as

F = 0({{7111}, ces {w10}})’
g

= 0({{1017 Wy, W3, Wy}, {Ws, We, Wr }, {ws, wo, wlo}}).

{0,Q} g F

Figure 3.1: Relationship between convex risk measures and natural quasiconvex
risk measures when F is finitely generated.
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In this setting, LP(F) = R*xR3xR? = R and LP(G) = R3. Since X € LP(F),

it can be seen as a vector in R1?,

Furthermore, p can be seen as a vector valued function. For every z € R,

p1(T1:4)
plz) = | pa(zs7) | € R
ps3(s:10)

where p; : R* = R, py : R* = R and p3 : R® — R.

Assume that p is naturally qusiconvex and p; is lower semi-continuous, non-
constant for each ¢ € {1,2,3}. Note that, in view of Remark 2.3.2, lower semi-
continuity of p is sufficient for p; being lower semi-continuous for each i € {1,2, 3}.
It follows from Theorem 3.2.3 that p is x-quasiconvex. Then, by Definition 3.2.1,

_ 3
for every w = (w1, ws, ws) € RY,

w1 p1(21:4) 4 wap2(25:7) + w3p3(2s:10) (3.3.1)

is quasiconvex on R* x R? x R3. Consider the following four cases:

(a) c(p1) >0, c(p2) > 0 and c(p3) > 0.

(b) ¢(p1) >0, ¢(pa) > 0 and ¢(p3) < 0. Then, it follows from Theorem 2.1.4 that
p1, p2 are convex and ps is non-convex. In view of (3.3.1) and Theorem 2.2.5,

we have
1 1 1

+ +
c(wipr)  c(wapa)  c(wsps)
It follows from Lemma 2.1.5 together with (3.3.2) that

<0. (3.3.2)

1 1 1 w, Wy ws
c(wipr) * c(waps) * c(wsp3) - c(pr) - c(p2) + “(ps) (3.3.3)
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Notice that, since p; is non-constant for each ¢ € {1,2,3}, ¢(p;) < +oo for
each i € {1,2,3}. Let us set (wy,ws,w3) = (c(p1),c(p2), —c(ps)) in (3.3.3).
Then,

1 1 1

+ + =1
c(wipr)  clwapz)  c(wsps)

’

which is in contradiction with (3.3.2). Hence, this case is eliminated.

(c) c(p1) = 0, ¢(p2) < 0 and c(p3) < 0. Then, ps and ps are not convex by
Theorem 2.1.4. On the other hand, since (3.3.1) holds, it follows from The-
orem 2.2.5 that at most one of p;, ps or ps is non-convex. We reached a

contradiction, hence this case is eliminated.

(d) ¢(p1) <0, e(p2) <0 and ¢(p3) < 0. By a similar argument with the case (c),

we can eliminate this case.

Observe that the remaining four cases are symmetric either with the case (b) or
(c). Therefore, we are left with the case (a) and py, pa, p3 are convex. Hence, p is

convex.

In Example 3.3.1, we need non-constancy of p; for each ¢ € {1,2, 3} to draw the
connection between natrually quasiconvexity and convexity. We need a similar
assumption to generalize Example 3.3.1, which is stated in the following assump-

tion.

Assumption 3.3.2. For every X € LP(F) and A € G with P(A) > 0
X = E[p(X)14]

15 non-constant.

To motivate this assumption, let us give an example of a quasiconvex risk

measure which satisfies Assumption 3.3.2.
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Example 3.3.3. Consider the certainty equivalent risk measure
p(X) = (T'E[(-X)|g]

where /: R — R is a continuous increasing loss function. Let x1,z9 € R such

that x1 # x5. Observe that

Hence,

Elp(x1)14] — E[p(x2)1a] = E[(p(21) — p(22))14]
= E[(z2 — 21)14]
= (29 — 21)P(A)

> 0,
where the strict inequality holds since xy # x9 and P(A) > 0. Hence,
X = E[p(X)14]

1S non-constant.

The next theorem is a generalization of Example 3.3.1.

Theorem 3.3.4. Assume p: LP(F) — LP(G) is a lower semi-continuous local
conditional risk measure which satisfies Assumption 3.3.2. Then, p is convex if

and only if it s naturally quasiconvex.

Proof. Assume p is convex. Then, p is naturally quasiconvex trivially.

Conversely, assume that p is naturally quasiconvex. Let us fix A € G such that
P(A) > 0. Then, as a special case of Theorem 3.2.3, for every Y € L% (G) such
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that Y = yllA + ygﬂAc,
X = E[p(X)Y]
is quasiconvex on LP(F), where y; > 0 for each i € {1,2}. Moreover,

E[p(X)Y] = nE[p(X)1a] + 2 E[p(X) 1 4c]
= nE[p(X1a)Ta] + 32E[p(X T ac)Lac],

where the last equality follows from the locality of p. Hence,

is quasiconvex on LP(F). Clearly, X = X14 + X1 4c. Let us denote X; := X1 4
and Xy = X1, LP(A) = LP <A, F A, P'W) and LP(A¢) = LP (AC, FN

P(A)
A, %) Observe that X, € LP(A) and X, € LP(A°). Thus,
LP(F) = [P(A) x LP(A°). (3.3.5)
Next, define
P1 = Pliogay

p2 = P’Lp(Ac):
fli LP(A) - R:X— E[pl(Xl)]-A]y
f25 LP(AC) —R:: Xo — E[pg(Xg)]]_Ac]

In view of (3.3.4) and (3.3.5),
(X1, X2) =y f1(X1) + yafa(X2) (3.3.6)

is quasiconvex on LP(A) x LP(A°). Note that fi, fo are lower semi-continuous by

Remark 2.3.2. We need to consider the following four cases:

(a) e(f1) >0, c(fz) > 0.
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(b)

c(f1) > 0, ¢(fa) < 0. Then, it follows from Theorem 2.1.4 that f; is convex

and f, is not convex. In view of (3.3.6) and Theorem 2.2.5, we have

CHE S (3.3.7)
clyifi)  clyafo) = -

Note that f; and f, are non-constant by Assumption 3.3.2, therefore c(f;) <
+oo for each i € {1,2} . By Lemma 2.1.5, we have

L 1 _ Yo
c(yrfr) * c(yaf2)  c(f1) T c(f2) (3.3.8)

Let us set (y1,2) = (c(f1), —3¢(f2)) in (3.3.8). Then,

1 1 1

c(yifr) " c(ya.f2) 2’

which is in contradiction with (3.3.7). Hence, this case is eliminated.
c(f1) <0, ¢(fz) > 0. This case is symmetric with case (b), hence eliminated.

c(fi) <0, e(fz) < 0. Then, f; and f5 are not convex by Theorem 2.1.4.
On the other hand, since (3.3.6) holds, it follows from Theorem 2.2.5 that at
least one of f; or fy is convex. We reached a contradiction, hence this case

is eliminated.

Summing up, we are left with the case (a). In particular, by making use of the

locality property of p;, we have X; — E[p;(X7)14] is convex on LP(A). But then,
for every X,Y € LP(F) and X € [0, 1]

Elp((AX + (1 = N)Y))La] = E[p((AX + (1 = A)Y)14)14]

E[pi(AXLa + (1 — A)Y14)14]

< E[(Ap1(XT1a) + (1 = A)p1(Y14))14]
EAp(X14)1a + (1= A)p(Y1a)1a]
E[(Ap(X) + (1 = A)p(Y))L4],

where the first and the last equalities holds since p is local and the inequality
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follows from the convexity of p;. But then, for every A € F with P(A) > 0
E[p(AX + (1 - )Y)) L] < E[(A(X) + (1 — A)p(Y)) 14 (3.3.9)

It is a well known result that (3.3.9) holds if and only if p((AX + (1 = A)Y)) <
Ap(X) 4+ (1= X)p(Y) (see, e.g., Cmlar [21, Remark 2.3(d)]). Hence, p is convex
on LP(F). O

3.4 Relationship between convexity and natural

quasiconvexity on L?

Now, we turn our attention to the case p: L?*(F) — L*(G). Before we get into

the discussion, let us review some basic properties of L*(F) and L?(G).
L*(F) and L?(G) are seperable Hilbert spaces with respect to the inner product
(X,Y) = E[XY]. (3.4.1)

It is a well-known result that every seperable Hilbert space has at least one
countable orthonormal basis. Thus, one can find countable orthonormal bases
for L?(F) and L*(G). Moreover, L*(G) is a closed subspace of L?(F) and we have

LX(F) = L*(G) ® L*(G)",

where L?(G)* = {X € L*(F): (X,Y) =0 for every Y € L*(G)}. We also define,
for every X € L?*(F), the orthogonal complement of X by

Xt = X —E[X]|g].

Let {e;: 1 € I} be a countable orthonormal basis of L?(G). It is orthonormal in

the sense that

(i) |lei|| =1 for each i € I,
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(ii) (e;,e;) =0 for each i, j € I such that i # j,

where ||-|| is the L?>-norm induced by the inner product in (3.4.1). Furthermore,

for every Y € L*(G), we have

Y = Z<}/, 6i>6i.

i€l

A natural question is whether or not there is an extension of {¢;: i € I} to a
countable orthonormal basis of L*(F). Luckily, one can find such an extension
and a proof of this result can be found in Hunter and Nachtergaele [22, Theorem
6.29]. In light of these arguments, let I’ O I such that {e;: i € I'} is a countable
orthonormal basis of L?(F).

Let us come back to the discussion of this section. We start with defining a
new property, called locality with respect to a given basis. This property precisely
says that when one calculates the inner product of p(X) with an element of the
basis, one can replace X with the sum of its projection on that basis and its

orthogonal complement.

Definition 3.4.1. p is called local with respect to the basis {e;: i € I} if
(p(X), e5) = (p((X, er)e; + XT), €)
for each i € I.

Before proceeding further, let us give example of a risk measure which is local

with respect to a basis.

Example 3.4.2. Let Q = [0, 1], F be the Borel o-algebra on [0,1], G = B([0, 3]) v
{(%, 1]} and PP be the Lebesgue measure . Then,
L2(G) = {X € LA([0,1)): X1

1} =0, XIL( ] = ¢ for some constant ¢ € ]R},

[SIE

1
2 71

L2(9)* = {Z € 1(0,1)): 217, = 0}
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For every ¢ € N, let us define

e = {%sin(élm'w)]l [0 } , %cos(47riw)ll(07ﬂ 21 [%’1} },

1
2

B; = {%sin(élmw)]l( 1} , %cos(élmw)ll(;q }

%7
{e;}2, and {B;}%°, are orthonormal bases for L?(G) and L?(G)*, respectively.
Furthermore, {e;, 3;}32, is a basis for L*(F). Note that

E[X|] = X1, ,) +E[2X1

,1}]‘

N[
N

Let us consider the conditional entropic risk measure p: L?(F) — L*(G) defined
by

o(X) = log(E[e¥|0]).
For every X € L*(F), define

X, = (X, %sin(élm'w)]l[

0 ]>

N |=

Note that

p(XS + XJ.) _ log(]E [eXs%sin(zlrriw)]l[O’%]JrXL ‘g})

Xsisin(4miw)l, 1,+X+ s 1sin(4miw L
:log(e 2 [0,4] ]1[07%)+E[26X2 (4miw)+X ]1(%71]])
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Hence,

<p< —sm (4miw)1 [0.4] + XL>, %sin(élmw)]l[

ik

Xssin(4miw)1 |:

1
0,5

% 7Xsésin(47mw)]l ) X+ +X+
— / log (@ [0’5} 1 N+ E [26 }
0 [0’§>

0,

Nl

L. :
1(%71} ]) 581n(47rzw)dw

2 1
:/0 (—Xsisin(élmw)ﬂ[o ] XL)281n(47rzw)d

3
1. .
] 531n(47rzw)dw

1
/ stsm(élmw)]l o,

1
2
= —X sin? 4mw

1
2

(3.4.2)

On the other hand,

(p(X), %Sin(élmw)]l o log(e_X(w) + E[2e* IL( 1] 1).) %Sin(élmw)dw

1
29

1
—X(w)asin(élmw)dw.

J
1
:/ log(e_X(w))ésin(élwiw)dw
0
J

(3.4.3)

In view of (3.4.2) and (3.4.3), we have

NI

{(p(X), %sm Amiw)1 [ }> = <p< —sm 4mw)]l[ ]+Xl> %sin(47riw)]l[0

)

1
2
Similar calculations yields that

(p(X), %cos Amiw)1 [ %]> <,0( 55008 47rzw)]l[ 4] +XL> %Cos(47riw)]l[0é]>.

Hence, conditional entropic risk measure is local with respect to {e;, 5;}32;.
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In the following, we are concerned with connections between locality with
respect to a given basis and the two of the properties given in Definition 3.1.2,
namely locality and translativity. We start with the connection between locality
with respect to a given basis and locality, but first we need some structural

properties on the measure space that we work on.

Let G = o({B;: i € I}), where {B;: i € I} is a set of disjoint sets. Then, for
any given Y € L?*(G), one can find y; € R such that

Y = Zyi]lBi-

el

In other words, {1p,: i € I} spans L*(G). Moreover,

<]13i7 ]13],> - 0

for every 7,5 € I such that ¢ # j. Therefore, { e ]} is a countable

P(Bi)
orthonormal basis for L?(G). Through out this section, we set

ind _

Z P(B)

(&

for each 7 € I . We refer the countable orthonormal basis { 15, } as the ed
VP(B:) Jier

basis.

We begin with the connection between the old locality (Definition 3.1.2) and
the new locality (Definition 3.4.1).

Theorem 3.4.3. If p is local then it is local with respect to e™?.

Proof. Let X € L?(F) and i € I. It follows from the definition of e™ that

p((X, e (X —E[X|G))) = p(%+z(x—mmgm%>. (3.4.4)
Note that E[X1,]1
— @By EXIBiLe = ElX1s 6L, (3.4.5)
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Moreover,
Y (X —E[X|G)1p =) (X —E[X15,G)) 15, (3.4.6)

It follows from (3.4.4), (3.4.5) and (3.4.6) that

p((X, ™)™ 4 (X — E[X|G))) = p(X]lBi +3 0 - E[X13j|g])113j) (3.4.7)
el
z

Since p is local, by using the alternative definition of locality (Remark 3.1.3), we

can re-write (3.4.7) as

p(X1s+ 3 (X ~EX 150D, ) = ()15, +p( 3 (X ~EIX 15|05, ) L
%
(3.4.8)

In view of (3.4.4), (3.4.7) and (3.4.8), we have

p((X, e el + (X ~ E[X[G))) = p(X) 15, + o D (X ~ E[X15,[0)) 1, ) 1
i

ind

By taking inner product of both sides with e;"¢, we get

(p((X, el el + (X — B[X|G))), €™} = (p(X)Tp,, ™)
+(p( (X ~ E[X15,10) 15, ) Lo, )

= (p(X)1p,, €;)
1
= Elp( )IP(BZZ)]

ind

where the second equality holds since €;"® is orthogonal to 1pe. O]

Next, we examine the relation between translativity and locality with respect
to a given basis. In the usual sense, one can’t draw any connection between

translativity and locality (Definition 3.1.2). An important result regarding the
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newly defined locality (Definition 3.4.1) is that, given a countable orthonormal
basis, translativity implies locality with respect to that basis, as shown in the

next theorem.

Theorem 3.4.4. Assume that p is translative and let {e;: i € I} be any countable
orthonormal basis of L*(G). Then, p is local with respect to {e;: i € I} .

Proof. Let X € L*(F). Observe that, since p is translative, we have
(p((X, e)e; + XT), &) = (p(X) = (X, ei)e; + E[X|G], e:). (3.4.9)
Note that
(p(X) = (X, ei)e; + E[X|G], &) = (p(X), e:) — (X, e5){es, &) + (E[X|G], €3).
Sincé {e;: i € I} is orthonormal, {&;, e;) — 1. Hence, we have
(p(X) — (X, ei)ei + E[X|G], €5) = (p(X), ei) — (X, e;) + E[E[X]|G]ey].

It follows from the self-adjointness of conditional expectation that E[E[X |Gle;] =
(X, ei). Thus,

(p(X) = (X, ei)ei + E[X|G], &) = (p(X), ). (3.4.10)
By (3.4.9) and (3.4.10), we have
(p((X, ei)es + X), e5) = (p(X), e3),

that is , p is local with respect to {e;: i € I}. O

An important result of this section is Conjecture 3.4.7, given below. It gives
the relation between natural quasiconvexity and convexity for risk measures on
L? that are local with respect to a seperable basis. In the proof of this result, we
make use of Theorem 2.3.3, which is concerned with countable sums. Before, we

get into the result, we need to introduce some notations and an assumption.
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Let us define for every ¢ €

Vi = {ae;: a € R},
Xi = yl X LZ(Q)J‘

We also define S C Xie[ X; by
S = {((Yl,Zl), ) eX XY, = (X, e)e;, Z; = X" for some X € L*(F), for each i € I}.
Note that for every X € L?(F), there is a unique representation of X such that

X=> ((X e)e;) + X+

i€l

Hence, ¢: S — L*(F) defined by

¢<((Y1,Z),(YQ,Z),...))> = (iy;) +Z

is a bijection. One can easliy veriy that, ¢ is also linear, and consequently its an
isomporhim between L?(F) and S. Furhtermore, let f;: X; — R is defined as

fi(Xi) = (p({X, e)es + X))
Next, we define the preorder < on L?(G) by
Y XV <= (Y,e;) < (V,eg;) for each i € I.
The ordering cone which corresponds to < is given as
C={YeLl*G):Y =0}
Furthermore, the dual cone of C' can be written explicitly as
Ct={Y € L*(G): (Y,V) >0 for every V € C}.

We will also need the following assumption in the sketch of proof of Conjecture
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3.4.7.

Assumption 3.4.5. Let {e;: i € I} be a countable orthonormal basis for L*(G).
Then,

X = (p(X), ;)

18 non-constant.

The following is an example of a risk measure for which Assumption 3.4.5
holds.

Example 3.4.6. Let G = o({B;: i € I}), where {B;: i € I} is a set of disjoint
sets and P(B;) > 0. Recall that ™ basis is defined as eld = —Bi_ for each

v/ P(B;)

1 € I. Consider the certainty equivalent risk measure
p(X) = (T'E[(-X)|g]

where /: R — R is a continuous increasing loss function. Let x1,z9 € R such
that z1 # x5. We claim that Assumption 3.4.5 holds for p and ™! basis. Observe
that, for every ¢ € I,

p({ar, e e™ + a7) = p(Elr1ee;™)
= (' E[((~E[z1¢;"]e)|]]
= ﬁ_lé(—E[xle;nd]ei)

= —E[z,e]e,

A similar calculation yields that

({2, eyl + ) = —Blyelreind
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Then,

(p((w1, €rh)elrd + a), ey — (p((w2, eM)eltd + 27 ), )
E[ 1n ] ;nd E[x 6 d]elnd

= (29 — xl)E[emd]

1, ]

P(B)

= (22 — 1)V P(By)

= (15— xl)E[

> 0,
where the strict inequality holds since x; # x5 and P(B;) > 0. Hence,

X = (p((X, e e + X ), ™)

)

1S non-constant.

Now, we are ready to give skectch of the result.

Conjecture 3.4.7. Assume that p is naturally quasiconvex with respect to =<,
continuous, local with respect to a basis {e;: i € I} and Assumption 3.4.5 holds.

Then, p is convex with respect to <.

Sketch of Proof. Since p is naturally quasiconvex, in view of Theorem 3.2.3 p

is x-quasiconvex. In other words, for every Y € C*
X — E[p(X)Y] (3.4.11)

is quasiconvex on L?*(F). Observe that

= SO (Ve (p(X), e1) (3.4.12)

= S (Ve (p((X, ex)ei + XH), e0)

1€l
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where the third equality holds since p is local with respect to the basis {e;: i € I'}.
Furthermore, we define for every Y € C*, sy : X X; — R by

Zig(Ya e) fi(X;) if (Xi,Xe,...) €S

+00 otherwise

Sy(Xl,XQ,...) = (3413)

In view of (3.4.11) and (3.4.12), sy is quasiconvex on X,_, &; for every Y € C™.
Note that f; is continuous since it is composition of two continuous function for
each ¢ € I. In particular, f; is lower semi-continuous. By applying Theorem 2.3.3
to (3.4.13) (see Remark 3.4.8), we can conclude that either one of the following

two cases holds.

(a) X; — (Y, e;) fi(X;) is convex for each i € I.

(b) X; — (Y, e;) fi(X;) is convex for all i € I except one and

> c(<y—1@>f) <0. (3.4.14)

i€l

Supoose that (b) holds. It follows from Theorem 2.1.4 that ¢(f;) > 0 for all

except for some iy € I. It follows from Lemma 2.1.5 and (3.4.14), we have

3 <z/(’ff;> <0. (3.4.15)

el
Clearly, e; € C for every ¢ € I. Moreover, since {e;: ¢ € I} is an orthonormal
basis, e; € CT for each i € I. Let us fix some i; € I\ {ip} and set Y = e;,. Then,

Y 7 119 ©1 ]-
Yoe _ (einen) _ >0, (3.4.16)

iGZI C(fz) B C(fh) _C(fh)

where the first equality follows from orthonormality of {e;: i € I}. Since (3.4.16)

is in contradiction with (3.4.15), we can eliminate this case.

Therefore, case (a) holds. Since one can choose Y such that (Y, e;) > 0 and

division of a real-valued convex function with a positive real number is convex ,
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fi is convex on X;. Then, in view of locality of p, for every X,V € L*(F) and
A€ [0,1]

(pAX + (1 = X)V), &) < Mp(X), €5) + (1 = A){p(V), &)

for each @ € I. In other words, f; is convex with respect to =< for each i € I.

Consequently, p is convex with respect to < on L?(F). ]

Remark 3.4.8. In the proof of Theorem 3.4.7, sy is an additively decomposable
<Y, €z>fz<Xz> = 400 for every (Xl, XQ .. ) € Xie[ Xl \ S.

However, we don’t have such a result, hence sy is not an additively decomposable

sum if and only if .,
sum. Moreover, if L? can be represented as an infinite product of topological vec-
tor spaces, then we can have an additively decomposable infinite sum by defining
sy on that representation. However, there is no such representation of L?(F).
We propose the following two ways, which needs to be worked on, to solve that

problem:

(i) If Theorem 2.3.3 generalized to a case where s converges only on a convex
subset S of X:;Of X, then this generalization can be applied to sy to get
the results of Theorem 3.4.7.

(ii) If p can be approximated as a limit of decomposable sums defined on finite
product spaces and natural quasiconvexity of p implies natural quasicon-
vexity of each additively decomposable sum, then one can show that p is

convex by using results of Section 2.2 and a limit argument.

Lastly, to apply theorem Theorem 2.3.3 to sy, sy must be uniformly absolutely
convergent. Either the uniformly absolutely convergence assumption in Theorem
2.3.3 needs to relaxed or uniformly absolutely convergence of sy should be proved

in order to complete the proof of Theorem 3.4.7.

The following figure is a summary of Chapter 3.
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Locality 4+ Lower semi-continuity + Assumption 3.3.2

| \

Convexity /———==>| Natural Quasiconvexity F—==> Quasiconvexity

Translativity

Convexity w.r.t. C' > Natural Quasiconvexity w.r.t. C'

Locality w.r.t a basis + Continuity + Assumption 3.4.5

Figure 3.2: Summary of Chapter 3
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Chapter 4

Conclusion

In this thesis, we investigate naturally quasiconvex risk measures. In particular,
we discuss connections between natural quasiconvexity and convexity, locality

and translativity properties for risk measures.

In Debreu and Koopmans [16] and Crouzeix and Lindberg [17], additively
decomposable sums defined on open subsets of R" are studied. We generalize
their results to additively decomposable functions defined on general topological
vector spaces. To achieve this generalization, in Section 2.1 we define convexity
index for real-valued functions that are defined on a topological vector space. We
show that all of the results regarding convexity indices for functions defined on
R™ also holds for real-valued functions defined on a general topological vector
space. In section 2.2, Theorem 2.2.5, generalizes the main result in Debreu and
Koopmans [16] and Crouzeix and Lindberg [17] to general topological vector
spaces. In particular, we show that quasiconvexity of an additively decomposable
sum have either all coordinate functions convex or at most one is convex together
with a condition on the sum of reciprocals of convexity indices of each coordinate
function. To make the generalizations in Section 2.1 and 2.2, all we need to
assume is f is lower semicontinuous. In Theorem 2.3.3 of Section 2.3, we extend
the main result of the previous section to additively decomposable infinite sums,

which was not available in the aforementioned papers, even for the functions
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defined on R". Study of additively decomposable infinite sums pave the way for

the analysis we have in Section 3.4.

In Chapter 3, Section 3.1 and 3.2 are brief introductions to risk measures, nat-
ural quasiconvexity and x-quasiconvexity. An important result in these sections
is Theorem 3.2.3 which states that natural quasiconvexity and *-quasiconvexity
are equivalent properties. The most remarkable result in this thesis is Theorem
3.3.4 in Section 3.3, where we show that convexity and natural quasiconvexity is
equivalent for local risk measures under some mild conditions. We also present
a numeric example in Example 3.3.1 to give the intuition behind this theorem.
In the last section, we are concerned with risk measures on L? and we define
a new property called locality with respect to a basis. We showed in Example
3.4.2 that conditional entropic risk measure, which is a well-known example of
a convex risk measure, is local with respect to a basis. Relationships between
locality with respect to a basis with locality and translativity are given in Theo-
rem 3.4.3 and Theorem 3.4.4, respectively. Lastly, we give a sketch of the proof
of Theorem 3.4.7, which is concerned with the connection between convexity and

natural convexity for risk measures that are local with respect to a basis.
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