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SOME RESULTS ON THE GEOMETRY OF BANACH SPACES

ABSTRACT

The g..oal of this study is to get some geometric conclusions from Banach spaces

a..nd find some useful applications. In this study, we start by giving some definitions

about convexity and measure theory. The Brunn-Minkowski theorem, one of the most

sig..nificant in convex ge..ometry and functional anal..ysis, is next explored, along with

one of its ap..plications, isope..rimetric inequality.

Second, we pr..ove F. John’s th..eorem, which descr..ibes ellip..soids of ma..ximal volume

in symmetric conv..ex bod..ies. The proof which is given is a relatively recent one due to

Schuster & Gruber (2005).

Finally, we give some basic results in Ba..nach Sp..ace th..eory whic..h are related

somehow t..o th..e geometric ideas given in John’s theorem by using the ideas in

Dvoretzky & Rogers (1950).

Keywords: Banach space, ellipsoid, John’s theorem, symmetric convex body,

unconditionally convergent series
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BANACH UZAYLARININ GEOMETRİSİ ÜZERİNE BAZI SONUÇLAR

ÖZ

Bu çalışmanın amacı, Banach uzaylarının bazı geometrik sonuçlarını elde etmek

ve bazı faydalı uygulamalar bulmaktır. Çalışmaya, konvekslik ve ölçüm teorisi

hakkında bazı tanımlar vererek başlıyoruz. Daha sonra konveks geometri ve

fonksiyonel analizin en önemli teoremlerinden biri olan Brunn-Minkowski teoremi ve

bu teoremin uygulamalarından biri olan İzoperimetrik eşitsizlik tartışılmıştır.

İkinci olarak, simetrik dışbükey cisimlerde maksimum hacimli elipsoidleri

karakterize eden F. John teoremini kanıtlıyoruz. Daha yeni ve anlaşılır olması

sebebiyle Schuster & Gruber (2005)’teki kanıttan yararlanıldı.

Son olarak, Dvoretzky & Rogers (1950)’deki fikirleri kullanarak John’un

teoreminde verilen geometrik fikirlerle bir şekilde ilişkili Banach Uzayı teorisinde

bazı temel sonuçlar veriyoruz.

Anahtar kelimeler: Banach uzayı, elipsoid, John teoremi, koşulsuz yakınsak seri,

simetrik konveks cisim
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CHAPTER 1

INTRODUCTION

1.1 Background

1. The lp norm ‖.‖p is described for p ∈ [1,∞) by

‖x‖p =

 n∑
i=1

|xi|
p

1/p

,

where x ∈ Rn and ‖x‖∞ = max{|xi| : i = 1,2, . . . ,n}.

2. A subset C of Rn is sa..id t..o b..e convex if, for every x and y in C, the line seg..ment

that combines x and y is included in C. In ot..her wo..rds, if x,y ∈C,

tx + (1− t)y ∈C

for every t ∈ [0,1].

3. If a convex set C is compact and its interior is not empty, then we say that C is a

convex body. An important example for convex body is th..e u..nit Euclidean ba..ll

Bn
2 = {x ∈ Rn | ‖x‖2 ≤ 1}.

4. A box B in Rn is defined by

B =

n∏
i=1

[ai,bi]

where ai,bi ∈ R with ai < bi. No..te th..at eve..ry op..en se..t in Rn ca..n be wri..tten as a

count..able un..ion of alm..ost disj..oint bo..xes.

5. Th..e Lebes..gue meas..ure m i..s th..e unique translation invariant Borel measure su..ch

th..at

m

 k∏
j=1

[a j,b j]

 =

k∏
j=1

(b j−a j).

Le..t E b..e a measu..rable se..t in Rn. Th..en

m(E) = sup{m(K) | K ⊆ E, and K i..s comp..ac..t}

= inf{m(U) | E ⊆ U, and U is open}

1



CHAPTER 2

CONVEXITY IN FUNCTIONAL ANALYSIS

2.1 Minkowski sum of sets

Definition 2.1.1. In Rn, th..e Minkow..ski su..m o..f tw..o (non-em..pty) se..ts, A a..nd B, is

defined t..o b..e th..e se..t A + B that can be obtained by adding each element in A to each

element in B. That is,

A + B = {a + b : a ∈ A, b ∈ B}.

If c is a nonz..ero re..al num..ber and K is a set in Rn, then we may define

cK = {cx : x ∈ K}.

and K is called symmetric if −K = K

Note that if A and B are two con..vex bod..ies in Rn, so is A + B.

2.2 The Bru..nn-Minko..wski ine..quality

Theorem 2.2.1. Let A,B..⊆ Rn b..e two meas..urable se..ts. If A..+ B is meas..urable, then

m(A + B)
1
n ≥ m(A)

1
n + m(B)

1
n . (2.1)

The equality holds when A and B are homothetic (A is a translation or an expansion of

B) (Pak (2010)).

Proof. First, assume that A and B are boxes in Rn with side lengths a1, ...,an and

b1, ...,bn, respectively. Then (2.1) becomes n∏
i=1

(ai + bi)


1
n

≥

 n∏
i=1

ai


1
n

+

 n∏
i=1

bi


1
n

.

Observe that if λ1,λ2, ...,λn > 0, then n∏
i=1

(λiai +λibi)


1
n

≥

 n∏
i=1

λiai


1
n

+

 n∏
i=1

λibi


1
n

.
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Replacing ai and bi with λiai and λibi does not change the truth of the inequality.

Set λi = 1
ai+bi

. It is enough to prove that if ai + bi = 1 fo..r ea..ch i, then

1..≥ ..

 n∏
i=1

ai


1
n

+

 n∏
i=1

bi


1
n

By AM-GM inequality

1
n

n∑
i=1

ai ≥

 n∏
i=1

ai


1
n

and
1
n

n∑
i=1

bi ≥

 n∏
i=1

bi


1
n

.

Th..e sum of the above inequalities gives the required result. Therefore the inequality

holds for any two boxes.

Next, suppose A and B are finite union of disjoint boxes in Rn. Describe th..e fol..

lowing subs..ets o..f Rn:

A+ = A∩{x ∈ Rn | x j ≥ 0}, A− = A∩{x ∈ Rn | x j ≤ 0},

B+ = B∩{x ∈ Rn | x j ≥ 0}, B− = B∩{x ∈ Rn | x j ≤ 0}.

for some j. Transl..ate A a..nd B so th..at th..e follo..wing conditions are met:

1. A has some pair of boxes separated by the hyperplane

{x ∈ Rn | x j = 0}.

Namely, th..ere is a b..ox th..at is comp..letely in the halfs..pace

{x ∈ Rn | x j ≥ 0}

and there is another box wh..ich is i..n its compl..ement half..space (see figure 2.1).

2. It holds that
m(A+)
m(A)

=
m(B+)
m(B)

,
m(A−)
m(A)

=
m(B−)
m(B)

.

3



Figure 2.1 A+, B+, A− and B− as described in the condition 1.

Observe that moving A or B also moves A + B, so every..thing we s..ay abo..ut the tra..

nslated sets is t..rue for the original ones. Now we use indu..ction on the total number

of bo..xes in A∪ B. Since A+ and A− are subsets of A, we know that A+ ∪ B+ and

A−∪B− have fewer boxes than A∪B. The..refore, (2.1) is tr..ue for them by the induction

hypothesis. More..over A+ + B+ and A−+ B− are disjoint beca..use their signs cha..nge in

the x j-coordinate (Jonathan Kelner (2009)). Hence, we have

m(A + B) ≥ m(A+ + B+) + m(A−+ B−)

≥

(
m(A+)

1
n + m(B+)

1
n

)n
+

(
m(A−)

1
n + m(B−)

1
n

)n

= m(A+)

1 +
m(B+)

1
n

m(A+)
1
n

n

+ m(A−)

1 +
m(B−)

1
n

m(A−)
1
n

n

=
(
m(A+) + m(A−)

)1 +

(
m(B)
m(A)

) 1
n


n

=

(
m(A)

1
n + m(B)

1
n

)n
.

Taking nth root of both sides completes the proof for elementary sets.

The previous argument shows that (2.1) is true for every elementary set (disjoint

union of boxes). Le..t U b..e an op..en subs..et o..f Rn with finite measure (m(U) <∞). If

B1,B2, ... are almost disjoint boxes suc..h t..hat

U =

∞⋃
k=1

Bk,

then

m(U) =

∞∑
k=1

m(Bk) <∞.

4



Thi..s mea..ns th..at for ev..ery ε > 0, there ex..ists a nat..ural num..ber N su..ch t..hat if

B1,B2, ...,BN ⊂ U, then

m(U) <
N∑

k=1

m(Bk) + ε.

Next, suppose that A a..nd B are op..en se..ts of fin..ite mea..sures. Let ε > 0. Then there

exist elementary sets Aε ⊂ A and Bε ⊂ B such that

m(A) ≤ m(Aε) + ε, m(B) ≤ m(Bε) + ε.

Notice that Aε + Bε ⊂ A + B. Then

m(A + B)
1
n ≥ m(Aε + Bε)

1
n ≥ m(Aε)

1
n + m(Bε)

1
n .

Letting ε→ 0, we obtain that Aε → A, Bε → B and

m(A + B)
1
n ≥ m(A)

1
n + m(B)

1
n .

Therefore, (2.1) is true for open sets with finite measures.

Now su..ppose th..at A a..nd B a..re com..pact se..ts. Let ε > 0. Define

Aε = {x ∈ Rn | d(x,A) < ε}, Bε = {x ∈ Rn | d(x,B) < ε}.

Aε and Bε are bounded and op..en se..ts conta..ining the sets A a..nd B, respec..tively. By

the previous argument

m(Aε + Bε)
1
n ≥ m(Aε)

1
n + m(Bε)

1
n ≥ m(A)

1
n + m(B)

1
n

As ε→ 0 w..e ge..t

m(A + B)
1
n ≥ m(A)

1
n + m(B)

1
n .

So (2.1) is true for compact sets. If A a..nd B ar..e meas..urable se..ts, then

m(A) = sup{m(K) | K ⊆ A, and K is compact}

= inf{m(U) | A ⊆ U, and U is open}

5



and by repeating the previous arguments, we have

m(A + B)
1
n ≥ m(A)

1
n + m(B)

1
n .

�

2.3 Isoperimetric problem

Now, we show how the Brunn-Minkowski inequality works by us..ing it to pr..ove a..n

import..ant the..orem in geom..etry. Consider the following problem:

Problem 1. In Rn, fi..nd a body of gi..ven vol..ume that has the smal..lest surf..ace ar..ea.

From now on, we write vol(·) instead of m(·) to denote the Lebesgue measure or

volume. Next, def..ine the sur..face ar..ea of a bo..dy:

Definition 2.3.1. Let K be a body in Rn with n-dimensional volume vol(K) and define

a set

Kε = {x ∈ Rn | d(x,K) < ε} =
⋃
x∈K

B(x, ε).

Then the surface area of K is given by

α(K) = limsup
ε→0+

vol(Kε)− vol(K)
ε

.

The Isoperimetric inequality will give the answer to our problem.

Corollary 2.3.1 (Isoperimetric inequality (Ball (1997))). Le..t K b..e a co..nvex bo..dy in

Rn with vol(K) > 0 a..nd le..t B be a closed Euclidean ball with vol(B) = vol(K). T..hen for

ev..ery ε > 0, we h..ave

vol(Kε) ≥ vol(Bε)

and

α(K) ≥ α(B).

Proof. If r > 0, then B = rBn
2. If we choose r =

(
vol(K)
vol(Bn

2)

) 1
n
, then

vol(B) = vol(rBn
2) = rnvol(Bn

2) =
vol(K)
vol(Bn

2)
vol(Bn

2) = vol(K).

6



We have Bε = rBn
2 +εBn

2 = (r +ε)Bn
2 and Kε = K +εBn

2, and by the Br..unn-Minkowski

ineq..uality, we get

vol(Kε)
1
n = vol(K + εBn

2)
1
n

≥ vol(K)
1
n + vol(εBn

2)
1
n

= vol(rBn
2)

1
n + εvol(Bn

2)
1
n

= (r + ε)vol(Bn
2)

1
n = vol((r + ε)Bn

2)
1
n = vol(Bε)

1
n .

�

As a solution to the problem, a direct consequence of the Isoperimetric inequality

is that a bo..dy of a fi..xed vo..lume with the smal..lest surfa..ce area is th..e Eucl..idean ba..ll.

7



CHAPTER 3

ELLIPSOIDS AND JOHN’S THEOREM

3.1 Polarity

Definition 3.1.1. The p..olar of a s..et K ⊆ Rn is def..ined by

K◦ := {x ∈ Rn : 〈x,y〉 ≤ 1 ∀y ∈ K}.

Now, we give some properties of polarity:

• If K is a sy..mmetric co..nvex b..ody, t..hen (K◦)◦ = K, (bipolar theorem).

• (Bn
1)◦ = Bn

∞, (Bn
2)◦ = Bn

2 and (Bn
∞)◦ = Bn

1.

• If K ⊆ L, then L◦ ⊆ K◦.

• If T ∈GLn(R) i..s an inve..rtible lin..ear m..ap, th..en (T (K))◦ = (T ∗)−1(K◦), whe..re T ∗

is the tra..nspose (or adjoint) of T . In par..ticlar, for any nonzero real number α, we

have (αK)◦ = 1
αK◦.

3.2 Banach-Mazur distance and ellipsoids

If X1 = (Rn,‖.‖) is a B..anach sp..ace, the cl..osed un..it ba..ll BX1 of X1 is a symmetric

body. Suppose that T ∈GLn(R),

X1 = (Rn,‖.‖), X2 = (Rn,‖T (.))‖)

and BX1 and BX2 are the closed unit balls of X1 and X2, respectively. Then the spaces

X1 and X2 are isometric and BX2 = T−1(BX1). Studying n-dimensional Banach spaces

is equiv..alent to stud..ying symmet..ric bo..dies in Rn up to the act..ion of GLn(R).

Definition 3.2.1 (Banach-Mazur distance). If X and Y are two n-dimensional Banach

spaces, we may define their Banach-Mazur dis..tance as

dBM(X,Y) = inf{‖T‖ · ‖T−1‖ : T : X→ Y is linear bijection}

8



where ‖T‖ = supx∈BX
‖T (x)‖, and BX is the unit ball of X. The operator norm of T can

also be written by ‖T‖ = inf{λ > 0 : T (BX) ⊆ λBY }.

For simplicity we write d(X,Y) instead of dBM(X,Y). If K and L are t..wo sy..mmetric

bod..ies in Rn, t..hen their Ba..nach-Ma..zur dist..ance is

d(K,L) = inf
{

b
a

: aK ⊆ T (L) ⊆ bK, a,b > 0, and T ∈GLn(R)
}
.

So..me bas..ic prope..rties of d are as follows:

• Symmetry: d(K,L) = d(L,K) since aK ⊆ T (L) ⊆ bK is equiv..alent to
1
b L ⊆ T−1(K) ⊆ 1

a L.

• Invar..iance und..er polar..ity: d(K,L) = d(K◦,L◦) because aK ⊆ T (L) ⊆ bK is

equivalent to 1
b K◦ ⊆ (T ∗)−1(L◦) ⊆ 1

a K◦.

• d(K,P) ≤ d(K,L) ·d(L,P).

• d(K,L)=1 if and only if ∃T ∈GLn(R) su..ch th..at T (K) = L.

We de..note BMn by the s..et of sy..mmetric con..vex bo..dies in Rn up to the equiva..lence

rela..tion (Guillaume Aubrun (2020)).

K ∼ L ⇐⇒ ∃T ∈GLn(R) : T (K) = L.

The space (BMn, logd) is a metric space.

Definition 3.2.2 (Ellipsoid). An ellipsoid E ⊆ Rn is a body th..at has the fo..rm

E = T (Bn
2),

where T ∈GLn(R).

Now, we define the following sets:

M+
n = {A ∈ Mn(R) : A = AT , and 〈Ax, x〉 ≥ 0, ∀x ∈ Rn}

M++
n = {A ∈ Mn(R) : A = AT , and 〈Ax, x〉 > 0, ∀x ∈ Rn}

9



where Mn(R) den..otes the set of n×n matr..ices with real entr..ies.

Proposition 3.2.1. For E ⊆ Rn, the fol..lowing are equi..valent:

1. E is an ell..ipsoid.

2. ∃A ∈ M++
n s..uch th..at E = A(Bn

2).

3. There is an orth..onormal ba..sis ( fi) of Rn, and pos..itive nu..mbers (αi), such t..hat

E =

x ∈ Rn :
n∑

i=1

〈x, fi〉2

α2
i

≤ 1

 .
4. E is the closed unit ball with re..spect to so..me n..orm comi..ng from an inn..er product.

Proof. (1. ⇐⇒ 2.): Recall the pol..ar decompos..ition that any T ∈GLn(R) can be written

as T = AO for some O ∈ O(n) (the set ofn× n orthogonal matrix) and A ∈ M++
n .Then

we have

E = T (Bn
2) = A(O(Bn

2)) = A(Bn
2).

(2. =⇒ 3.): By the spectral theorem, if A ∈ M++
n , then th..ere exists an orthono..rmal b..

asis ( fi) of Rn such that A( fi) = αi fi fo..r αi > 0. If x ∈ Rn, w..e h..ave

A(x) =

n∑
i=1

αi〈x, fi〉 fi

and

A−1(x) =

n∑
i=1

〈x, fi〉
αi

fi.

I..t fol..lows th..at

x ∈ E ⇐⇒ x ∈ A(Bn
2)

⇐⇒ A−1(x) ∈ Bn
2

⇐⇒ ‖A−1(x)‖2 =

n∑
i=1

〈x, fi〉2

α2
i

≤ 1.

(3. =⇒ 4.): Define

Q(x,y) =

n∑
i=1

〈x, fi〉〈y, fi〉
α2

i

.

10



Q is an inn..er prod..uct on Rn a..nd

‖x‖Q = Q(x, x) ≤ 1.

So E is the closed un..it b..all with resp..ect to the no..rm ‖.‖Q, that is,

E = BQ.

(4. =⇒ 2.): If Q is an inner pro..duct, then th..ere is an A ∈ M++
n su..ch t..hat

Q(x, x) = 〈x,A(x)〉

for every x ∈ Rn. Since 3. and 4. are true, we have

Q(x, x) ≤ 1 ⇐⇒ 〈x,A(x)〉 ≤ 1

⇐⇒ ‖
√

A(x)‖2 ≤ 1

⇐⇒ x ∈ A−1/2(Bn
2)

Replacing A−1/2 with A compl..etes the p..roof. �

3.3 John’s theorem

The following definition will be used for the rest of this study.

Definition 3.3.1. Le..t K be a sym..metric con..vex b..ody in Rn. An ellip..soid E of maximal

volume inside K is cal..led the John ellipsoid of K, and den..oted by EJ(K). If EJ(K) = Bn
2,

we say th..at K is in t..he John position.

John’s theorem claims that such ellipsoid is unique and gives a characterization of

a body being in John position.

Theorem 3.3.1 (John’s theorem (Schuster & Gruber (2005))). If K ⊆ Rn is a

symmetric conv..ex bo..dy, then th..ere exi..sts a uni..que elli..psoid EJ(K) of max..imal volume

11



in K. Moreover EJ(K) = Bn
2 if and only if Bn

2 ⊆ K, and there exist

x1, x2, . . . , xm ∈ ∂K∩∂Bn
2 and positive numbers λ1,λ2, . . . ,λm such that

m∑
i=1

λi = 1 and
Id
n

=

m∑
i=1

λi · xixT
i ,

that is,

Id
n
∈ conv{xxT : x ∈ ∂K∩∂Bn

2}

Intitively, if Bn
2 ⊆ K but with..out eno..ugh con..tact po..int, then th..ere is a w..ay to

construct ano..ther ellip..soid in..side K with a lar..ger vol..ume (John (1948)). For every

symme..tric con..vex bo..dy K ⊆ Rn, th..ere is T ∈ GLn(R) s..uch th..at T (K) is in t..he John

position.

Figure 3.1 An ellipsoid (circle) without enough contact points can grow.

Proof of the Theorem 3.3.1. Let K be a symmetric conv..ex bo..dy in Rn. First, we must

show the existence of the ellipsoid of maximal volume. We note that if E = T (Bn
2), then

vol(E) = |det(T )|vol(Bn
2). The s..et

F = {T ∈ Mn(R) : T (Bn
2) ⊆ K}

is comp..act (see Appendix A-1) and therefore the continous function |det(·)| reaches its

maximum. So there exists an ellipsoid of maximal volume.

We can now prove the uniqueness part. Suppose E1, E2 are two different ellipsoids

of the same volume in K. We may write

E1 = T1(Bn
2), E2 = T2(Bn

2)

12



for T1,T2 ∈M++
n with T1 , T2. However, we have det(T1) = det(T2). Since the function

logdet is stricly concave on M++
n , (see Appendix A-2) we get

det
(T1 + T2

2

)
>

√
det(T1)det(T2).

Put T =
T1+T2

2 and E =
E1+E2

2 . We have

E = T (Bn
2) =

T1(Bn
2) + T2(Bn

2)

2
=
E1 +E2

2
⊆ K.

If det(T1) = det(T2), then
√

det(T1)det(T2) = |det(T1)|, and so

|det(T )| =
∣∣∣∣∣det

(T1 + T2

2

)∣∣∣∣∣ > |det(T1)|.

Therefore,

vol(E) = |det(T )|vol(Bn
2) > |det(T1)|vol(Bn

2) = vol(E1).

If E1 and E2 are two different ellipsoids with the same volume, then th..ere is another

elli..psoid E of gr..eater vol..ume ins..ide K.

Now, we prove the characterization. Suppose Bn
2 ⊆ K and there exist x1, x2, . . . , xm ∈

∂K∩∂Bn
2 and positive numbers λ1,λ2, . . . ,λm such that

m∑
i=1

λi = 1 and
Id
n

=

m∑
i=1

λi · xixT
i .

Let E ⊆ K be an ellipsoid. Then

E =

x ∈ Rn :
n∑

i=1

〈x, fi〉2

α2
i

≤ 1


for some orthonormal basis { f1, f2, . . . , fn} and positive real numbers α1,α2, . . . ,αn. Let

i ≤ m and consider xi ∈ ∂K∩∂Bn
2. K is conta..ined in th..e se..t

{x ∈ Rn : 〈x, xi〉 ≤ 1}.

13



Figure 3.2 K is contained on one side.

Then E ⊆ K ⊆ {x ∈ Rn : 〈x, xi〉 ≤ 1}. Then we have 〈p, xi〉 ≤ 1 for every p ∈ E. So

xi ∈ E
◦. Therefore

n∑
j=1

α2
j · 〈xi, f j〉

2 ≤ 1, ∀i ≤ m

since (αK)◦ = 1
αK◦ for α > 0. So

n∑
j=1

α2
j · 〈xi, f j〉

2 ≤ 1 =⇒

m∑
i=1

λi

n∑
j=1

α2
j · 〈xi, f j〉

2 ≤ 1

=⇒

n∑
j=1

α2
j

m∑
i=1

λi · 〈xi, f j〉
2 ≤ 1 (3.1)

by hypothesis

Id = n
m∑

i=1

λi · xixT
i

we have

f T
j · Id · f j = n

m∑
i=1

λi · f T
j xixT

i f j

= n
m∑

i=1

λi · 〈xi, f j〉
2.

By hypothesis, we have f T
j · Id · f j = 1 which implies

1 = n
m∑

i=1

λi · 〈xi, f j〉
2.

Therefore, by (3.1)
n∑

j=1

α2
j ≤ n.
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By the AM-GM inequality, we obtain
n∏

j=1

α j ≤ 1.

Since

vol(E) =

n∏
j=1

α j · vol(Bn
2),

we get

vol(E) ≤ vol(Bn
2).

Thus, K is in John position.

Conve..rsely, supp..ose th..at K is in th..e Jo..hn pos..ition and assume the contrary that

Id
n
< conv{xxT : x ∈ ∂K∩∂Bn

2}.

Th..en by the Ha..hn-Ban..ach the..orem we c..an fi..nd a lin..ear functional ϕ on Msa
n (R)

such that for every x ∈ ∂K∩∂Bn
2,

ϕ

(
Id
n

)
< ϕ(xxT ).

There is a nat..ural inn..er pr..oduct on Msa
n (R) : (A,B) → Tr(AB) for every

A,B ∈ Msa
n (R). Therefore, by the Riesz Representation Theorem, there exists some

H ∈ Msa
n (R) such that

ϕ(A) = Tr(AH)

for ev..ery A ∈ Msa
n (R). So

ϕ

(
Id
n

)
= Tr

(
Id
n

H
)

=
1
n

Tr(H) < Tr(HxxT )

for every x ∈ ∂K∩∂Bn
2. Since Tr(HxxT ) = xT Hx, (see Appendix A-3) we have

1
n

Tr(H) < 〈x,Hx〉

for every x ∈ ∂K ∩∂Bn
2 (|x| = ‖x‖2 = 1). If we replace H by H − 1

nTr(H), then we may

assume Tr(H) = 0 (see Appendix A-4). For δ > 0, let

Eδ = {x : 〈x, (Id +δH)x〉 ≤ 1},
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and let M = max{‖λ‖∞ : λ is the eigenvalue of H}.

δ <
1
M

=⇒ Id +δH is positive definite

=⇒ Eδ is an ellipsoid.

We cl..aim th..at for δ sma..ll enou..gh, we have Eδ ⊆ K. We compare the corresponding

norms ‖x‖Eδ and ‖x‖K .

‖x‖K ≤ 1 ∀x ∈ Eδ =⇒ Eδ ⊆ K.

Thi..s ca..n be comp..uted as:

‖x‖Eδ = inf{t ≥ 0 : x ∈ tEδ} =
√
〈x, (Id +δH)x〉.

It follows that

‖x‖2
Eδ
−‖x‖2K = 〈x, (Id +δH)x〉− ‖x‖2K

= |x|2−‖x‖2K︸      ︷︷      ︸
f (x)

+δ 〈x,Hx〉︸  ︷︷  ︸
g(x)

.

The conti..nuous functi..ons f and g sati..sfy the foll..owing proper..ties:

1. f ≥ 0 on ∂Bn
2,

2. g > 0 on the set {x ∈ ∂Bn
2 : f (x) = 0}, and f + δg > 0 on ∂Bn

2 for δ small enough

(see Appendix A-5).

So there is an α > 0 such that f (x) + δg(x) ≥ α for every x ∈ ∂Bn
2. It follows that

(1 +ε)Eδ ⊆ K for some ε > 0. To check this, let x ∈ Eδ. Then ‖x‖Eδ ≤ 1 and

‖x‖2
Eδ
−‖x‖2K ≥ α =⇒ ‖x‖2K +α ≤ 1

=⇒ ‖x‖2K ≤ 1−α

=⇒

∥∥∥∥∥∥ 1
√

1−α
x

∥∥∥∥∥∥2

K
≤ 1,
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so 1√
1−α

x ∈ K, and since 1−α > 0, we have 1√
1−α

> 1. So we can say

1 +ε =
1

√
1−α

for some ε > 0. Therefore

‖(1 +ε)x‖2K ≤ 1,

so (1 +ε)x ∈ K. Thus, (1 +ε)Eδ ⊆ K.

Let µ j be t..he eige..nvalues of Id +δH. We ha..ve
n∑

j=1

µ j = Tr(Id +δH) = n +δTr(H) = n.

Let Tδ = Id +δH. Then since Tδ ∈ M++
n

det(Tδ) =

n∏
j=1

µ j > 0,

and we have

Eδ = {x : 〈x, (Id +δH)x〉 ≤ 1}

= {x : 〈x,Tδx〉 ≤ 1}

= {x : ‖T 1/2
δ x‖2 ≤ 1}

= T−1/2
δ (Bn

2).

Therefore,
vol(Eδ)
vol(Bn

2)
=
|det(T−1/2

δ )|vol(Bn
2)

vol(Bn
2)

=

n∏
j=1

(µ j)−1/2.

By the AM-GM ineq..uality n∏
j=1

µ j


1/n

≤
1
n

n∑
j=1

µ j = 1,

and therefore
vol(Eδ)
vol(Bn

2)
≥ 1 =⇒ vol(Eδ) ≥ vol(Bn

2).

Since (1 +ε)n > 1 for some ε > 0, we have

vol((1 +ε)Eδ) = (1 +ε)nvol(Eδ) ≥ (1 +ε)nvol(Bn
2) > vol(Bn

2).
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Therefore, vol((1+ε)Eδ) > vol(Bn
2). This contradicts to our hypothesis that EJ(K) =

Bn
2. �

3.4 Distance estimations

Recall the Banach-Mazur dist..ance b..etween two symme..tric con..vex bo..dy K,L in Rn

dBM(K,L) = inf
{

b
a

: aK ⊆ T (L) ⊆ bK, a,b > 0, and T ∈GLn(R)
}
.

Some of the most interesting applications of John’s theorem are the following

corollaries:

Corollary 3.4.1. Let K ⊆ Rn be a symmetric convex body. Then

EJ(K) ⊆ K ⊆
√

nEJ(K).

Proof. Suppose that K is a symme..tric con..vex bo..dy in Rn. Then there is a T ∈GLn(R)

such that L = T (K) is i..n John pos..ition. Then we may assu..me th..at K is in Jo..hn position.

Suppose EJ(K) = Bn
2. Then it is enough to show that

Bn
2 ⊆ K ⊆

√
nBn

2.

So we have to show the inclusion K ⊆
√

nBn
2. If EJ(K) = Bn

2 and Bn
2 ⊆ K, then by

John’s theorem, there are con..tact po..ints xi ∈ ∂K ∩ ∂Bn
2 and real numbers λi > 0 such

that
n∑

i=1

λi = 1, and
Id
n

=

n∑
i=1

λi · xixT
i .

Since K ⊆ {y ∈Rn : 〈y, xi〉 ≤ 1}. Then for every x ∈ K, we have 〈x, xi〉 ≤ 1. Therefore,

Id
n

=

n∑
i=1

λi · xixT
i =⇒ xT x = n

n∑
i=1

λi · xT xixT
i x

=⇒ |x|2 = n
n∑

i=1

λi · 〈x, xi〉
2 ≤ n

n∑
i=1

λi = n

=⇒ |x| ≤
√

n,
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we have x ∈
√

nBn
2. So K ⊆

√
nBn

2. �

Corollary 3.4.2. If K ⊆ Rn is a symmetric convex body, then

dBM(K,Bn
2) ≤

√
n.

Proof. Let K be a symmetric convex body in Rn. Then we have:

dBM(K,Bn
2) = inf

{
b
a

: aBn
2 ⊆ T (K) ⊆ bBn

2, a,b > 0, and T ∈GLn(R)
}

≤
√

n.

The last inequality comes from the previous corollary. �

Theorem 3.4.3. Let BMn deno..te the s..et of all symme..tric con..vex bod..ies in Rn. Then

the metric space (BMn,dBM) is compact.
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CHAPTER 4

SERIES IN BANACH SPACES

4.1 Absolute and unconditional convergence

The following definition is essential for the rest of this section.

Definition 4.1.1. Le..t B be a Ban..ach sp..ace a..nd le..t ‖x‖ denote any norm of x for every

x ∈ B. The series
∞∑

n=1

xn (4.1)

1. is called absolutely convergent if
∑
‖xn‖ <∞;

2. is called unconditionally convergent if for any permut..ation σ of N, th..e series∑
xσ(n) still converges where the seq..uence (xσ(n))∞n=1 is any rearrangement of the

sequence (xn)∞n=1.

Due to the definition above, the result below is quite natural.

Lemma 4.1.1. If xn is a sequ..ence of re..al numb..ers, then being unconditionally and

absolutely convergent of the series
∑

xn are equivalent.

The following result is tr..ue fo..r al..l Ban..ach spa..ces and its proof comes from the real

case.

Lemma 4.1.2. Eve..ry absol..utely conve..rgent seri..es in a Ban..ach spa..ce is also

unconditionally conve..rgent.

4.2 Banach spaces and symmetric convex bodies

Now, let’s prove a lemma that is about finite dimensional Banach sp..aces and symm..

etric con..vex bod..ies (Day (1973)).
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Lemma 4.2.1. Let B be a Banach space with dim(B) = n. Then the..re exi..st n points

x1, x2, . . . , xn in B wi..th ‖xi‖ = 1 su..ch th..at f..or ea..ch i = 1,2, . . . ,n a..nd a..ll re..al t1, t2, . . . , ti

we have ∥∥∥∥∥∥∥∥
∑
j≤i

t jx j

∥∥∥∥∥∥∥∥ ≤
1 +

(
i(i−1)

n

)1/2
∑

j≤i

t2j


1/2

.

Proof. Suppose that B is an n-dimensional Ban..ach sp..ace. Le..t C b..e a clo..sed unit ball

o..f B, that is

C = {x ∈ B : ‖x‖ ≤ 1}.

By the John’s theorem (Theorem 3.3.1), C contains a unique ellipsoid E of maximal

volume. Let ‖x‖C and ‖x‖E den..ote th..e norms o..f C a..nd E, respectively. Sin..ce a..ll norms

o..n a fin..ite dimens..ional Banach spaces a..re equiv..alent, w..e ma..y assu..me th..at ‖x‖E is

the Euclidean norm (‖x‖E = ‖x‖2). For this reason, w..e ma..y assu..me th..at C i..s i..n John

position, i.e., E = Bn
2.

We se..arch f..or xi su..ch th..at ‖xi‖E = ‖xi‖C = 1 a..nd that xi are appr..oximately

orthogona..l. By indu..ction o..n i, w..e sha..ll fi..nd a..n orthon..ormal bas..is u1,u2, . . . ,un of

(B,‖ · ‖2) and points x1, x2, . . . , xn with ‖xi‖E = ‖xi‖C = 1, xi = (xi1, xi2, . . . , xii,0, . . . ,0)

and

1. xi =
∑

j≤i ai ju j and ai j ≥ 0, and

2. a2
i1 + a2

i2 + · · ·+ a2
i(i−1) ≤ (i−1)/n.

Let u1 = x1 be arbitrary with ‖x1‖E = ‖x1‖C = 1. Suppose that we have found

x1, x2, . . . , xi and u1,u2, . . . ,ui (1 ≤ i < n) that satisfy the properties above. Extend

u1,u2, . . . ,ui to an orthonormal basis with suitable ui+1,ui+2, . . . ,un. Let ε > 0.

Consider the ellipsoid Eε given by

(1 +ε)n−i(α2
1 +α2

2 + · · ·+α2
i ) + (1 +ε+ε2)−i(α2

i+1 + · · ·+α2
n) ≤ 1 (4.2)

where α1,α2, . . . ,αn are the components of a vector in Eε. Then

vol(Eε) > vol(E).
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S..o th..ere exi..sts a po..int pε ∈ Eε∩C with pε < E a..nd ‖pε‖C = 1. Put pε = (α1,α2, . . . ,αn).

Then
n∑

j=1

α2
j ≥ 1. (4.3)

Subtracting (4.2) from (4.3) yields

(1 +ε)n−i

 i∑
j=1

α2
j

+ (1 +ε+ε2)−i

 n∑
j=i+1

α2
j

−
 n∑

j=1

α2
j

 ≤ 0

and so

[(1 +ε)n−1]
i∑

j=1

α2
j + [(1 +ε+ε2)−i−1]

n∑
j=i+1

α2
j ≤ 0. (4.4)

By compactness, there exists a subsequence pεk converging to some xi+1 in ∂C∩∂E

with ‖xi+1‖E = ‖xi+1‖C = 1 where εk → 0. If xi+1 has coordinates a1,a2, . . . ,an where

am = 0 for i + 1 < m ≤ n, we have (see Appendix A-8)

(n− i)
i∑

j=1

a2
j + (−i)

n∑
j=i+1

a2
j ≤ 0

and then if ‖xi+1‖
2 =

∑
a2

j = 1, then

(n− i)
i∑

j=1

a2
j − ia2

i+1 ≤ 0 =⇒ n
i∑

j=1

a2
j − i

 i∑
j=1

a2
j + a2

i+1

︸           ︷︷           ︸
1

≤ 0

=⇒
∑
j≤i

a2
j ≤

i
n
.

Now choose ui+1 orthogonal to u1,u2, . . . ,ui in the space 〈u1,u2, . . . ,ui, xi+1〉 and

complete th..is sequ..ence t..o a ne..w orthono..rmal ba..sis. This giv..es a new represe..ntation

of xi+1 whi..ch satisfies the two conditions above. Th..is indu..ction proc..ess defi..nes xi and
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ui fo..r eve..ry i ≤ n. ‖ui‖ = 1 and the condition 2 above implies that

‖xi−ui‖
2
E

=

∥∥∥∥∥∥∥∥
∑
j≤i

ai ju j−ui

∥∥∥∥∥∥∥∥
2

E

=

∥∥∥∥∥∥∥∥
∑
j<i

ai ju j−ui(1−aii)

∥∥∥∥∥∥∥∥
2

E

≤
∑
j<i

a2
i j + (1−aii)2

≤
i−1

n
+

i−1
n

=
2(i−1)

n
.

Since E ⊆C, w..e ha..ve ‖x‖C ≤ ‖x‖E f..or al..l x. Thus,∥∥∥∥∥∥∥∥
∑
j≤i

t jx j

∥∥∥∥∥∥∥∥
C

≤

∥∥∥∥∥∥∥∥
∑
j≤i

t ju j

∥∥∥∥∥∥∥∥
C

+

∥∥∥∥∥∥∥∥
∑
j≤i

t j(x j−u j)

∥∥∥∥∥∥∥∥
C

≤

∥∥∥∥∥∥∥∥
∑
j≤i

t ju j

∥∥∥∥∥∥∥∥
C

+
∑
j≤i

|t j|

(
2(i−1)

n

)1/2

≤

∑
j≤i

t2j


1/2

+

∑
j≤i

t2j


1/2 ∑

j≤i

2(i−1)
n


1/2

=

1 +

(
i(i−1)

n

)1/2
∑

j≤i

t2j


1/2

whe..re th..e la..st inequ..ality com..es fr..om t..he Cau..chy-Sch..warz inequ..ality. �

The following result is extremely straightforward.

Lemma 4.2.2. I..f n ≥ i(i−1), th..en a..ny n-dimen..sional Ban..ach spa..ce B contains i unit

vecto..rs x1, x2, . . . , xi su..ch th..at ∥∥∥∥∥∥∥∥
∑
j≤i

t jx j

∥∥∥∥∥∥∥∥ ≤ 2

∑
j≤i

t2j


1/2

for any real t1, t2, . . . , ti.

4.3 Dvoretzky-Rogers Theorem

Our main goal is giv..ing a cle..ar pro..of o..f t..he following result.
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Theorem 4.3.1 (Dvoretzky-Rogers). L..et B b..e a..n infin..ite-dimens..ional Ban..ach sp..ace

and l..et c..n b..e a seq..uence o..f pos..itive terms which is square summable, that is, cn satisfies

the condition
∑

c2
n <∞. Then B contains an unconditionally convergent series

∑
n xn

satisfying ‖xn‖ = cn for every n = 1,2, . . ..

If cn = 1/n, the immediate consequence o..f Theorem 4.3.1 is as follo..ws:

Corollary 4.3.2 (Dvoretzky & Rogers (1950)). A Banach space B is infinite

dimensional iff ther..e ex..ists a..n uncondit..ionally conve..rgent ser..ies whi..ch is not

absolutel..y conve..rgent. In other words, there is a one-to-one correspondence between

unconditionally convergent series and absolutely convergent series in a Banach space

B iff B is of finite dimension.

Proof of Theorem 4.3.1. Supp..ose th..at
∑

c2
n <∞. Fi..nd a..n increa..sing seque..nce N j s..uch

th..at, if σ j = (N j,N j+1], one has

∑
j

∑
k∈σ j

c2
k


1/2

<∞.

In B, there exists a seq..uence o..f lin..early indep..endent, fin..ite dimen..sional su..bspaces

of sufficiently hig..h dime..nsional such th..at we can find vec..tors AN j+1, ...,AN j+1 sa..tisfying

the conditions of lem..ma 4.2.2. Let xn = cnAn. If σ i..s a fin..ite s..et o..f inte..gers,∥∥∥∥∥∥∥∑k∈σ xk

∥∥∥∥∥∥∥ ≤∑
j

∥∥∥∥∥∥∥∥
∑

k∈σ∩σ j

xk

∥∥∥∥∥∥∥∥ ≤
∑

j

2

 ∑
k∈σ∩σ j

c2
k


1/2

.

Th..is ca..n b..e ma..de arbitr..arily sma..ll b..y kee..ping σ disj..oint fr..om eno..ugh o..f th..e initial

blo..cks σ1,σ2, .... This shows that
∑

xn is unconditionally Cauchy (see Appendix A-7).

Since B is a Ban..ach spa..ce, then th..e ser..ies
∑

n xn is unconditionally conve..rgent. �
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APPENDICES

A-1 If K is a symmetric convex body in Rn, then the set

F = {T ∈ Mn(R) : T (Bn
2) ⊆ K}

is compact.

Proof. We have to prove that F is bounded and closed. Since Mn(R) is

finite-dimensional, all norms on Mn(R) are equivalent. Then we can use any

norm on Mn(R) to show compactness.

K is symm..etric con..vex bo..dy =⇒ K is compact

=⇒ ∃ r > 0 su..ch th..at K ⊆ rBn
2,

and since ‖T‖op = sup‖x‖2≤1‖T (x)‖ = ‖T |Bn
2
‖∞, we have:

T ∈ F =⇒ ‖T‖op ≤ r

=⇒ F is bounded.

Now, we show the closeness of F . Let (Tm)m∈N be a sequence in F such that

Tm→ T . It is eno..ugh to sho..w tha..t T ∈ F . We have:

Tm→ T =⇒ ‖Tm‖op→ ‖T‖op

=⇒ ‖Tm|Bn
2
‖∞→ ‖T |Bn

2
‖∞

=⇒ Tm→ T uniformly on Bn
2.

Suppose there exists x ∈ Bn
2 such that T (x) < F , that is, T (x) < K. This mea..ns tha..t

th..ere exi..sts r > 0 su..ch tha..t B(T (x),r)∩K = ∅;

Tm→ T uniformly on Bn
2 =⇒ Tm→ T pointwise on Bn

2

=⇒ Tm(x)→ T (x)

=⇒ ∃M > 0 : ∀m ≥ M ‖Tm(x)−T (x)‖ < r

=⇒ Tm(x) ∈ B(T (x),r),
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and we know that

Tm ∈ F =⇒ Tm(Bn
2) ⊆ K

=⇒ Tm(x) ∈ K.

Thus Tm(x) ∈ B(T (x),r)∩K, a contradiction. Therefore for any x ∈ Bn
2, we get

T (x) ∈ K =⇒ T (Bn
2) ⊆ K

=⇒ T ∈ F

=⇒ F is closed.

�

A-2 The func..tion log ..det is stri..ctly conc..ave o..n M++
n .

Proof. Let T1,T2 ∈ M++
n . Since logdet is continuous, it is enough to show the

midpoint concavity, that is, we must show that

logdet
(T1 + T2

2

)
>

logdetT1 + logdetT2

2
= log

√
det(T1)det(T2).

If we denote A = T−1/2
1 T2T−1/2

1 ∈ M++
n , t..hen det(A) = det(T2)/det(T1). Let λi be

the eigenvalues of A. Since log is concave, we have

logdet
(

Id + A
2

)
= log

n∏
i=1

(
1 +λi

2

)
=

n∑
i=1

log
(
1 +λi

2

)
≥

n∑
i=1

log1 + logλi

2

=
1
2

n∑
i=1

logλi

=
1
2

log
n∏

i=1

λi =
1
2

logdet(A) = log

√
det(T2)
det(T1)

.

Therefore,

det
(T1 + T2

2

)
= det(T1)det

(
Id + A

2

)
≥ det(T1) log

√
det(T2)
det(T1)

=
√

det(T1)det(T2),
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and si..nce log i..s stric..tly conc..ave, the..re is equ..ality i..f a..nd only if λi = 1 f..or ev..ery

i, that is, T1 = T2. If T1 , T2, then

logdet
(T1 + T2

2

)
> log

√
det(T1)det(T2),

and we obtain

det
(T1 + T2

2

)
>

√
det(T1)det(T2).

�

A-3 If H ∈ Msa
n , that is HT = H, and x is n-vector, then

Tr(HxxT ) = xT Hx.

Proof. If H ∈ Msa
n and x is n-vector, then the product Hx is also n-vector. Put

y = Hx. Then:

Tr(HxxT ) = Tr(yxT )

=

n∑
i=1

yixi

= 〈y, x〉

= yT x = (Hx)T x = xT Hx.

�

A-4 Suppose
1
n

Tr(H) < 〈x,Hx〉

for some H ∈ Msa
n (R). If G = H− 1

nTr(H)Id, then

Tr(G) = 0 and 〈x,Gx〉 > 0

for every x ∈ ∂K∩∂Bn
2.

Proof. Put G = H− 1
nTr(H)Id, then

Tr(G) = Tr
(
H−

1
n

Tr(H)Id
)

= Tr(H)−
1
n

Tr(H)Tr(Id)

= Tr(H)−
1
n

Tr(H)n

= 0
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a..nd i..f x ∈ ∂K∩∂Bn
2, then

〈x,Gx〉 =
〈
x,

(
H−

1
n

Tr(H)Id
)

x
〉

=

〈
x,Hx−

1
n

Tr(H)x
〉

= 〈x,Hx〉−
1
n

Tr(H) 〈x, x〉︸︷︷︸
1

= 〈x,Hx〉−
1
n

Tr(H) > 0.

Therefore, we have

0 =
1
n

Tr(G) < 〈x,Gx〉,

for every x ∈ ∂K∩∂Bn
2. �

A-5 If f (x) = |x|2 − ‖x‖2K and g(x) = 〈x,Hx〉, then f ≥ 0 on ∂Bn
2, g > 0 on the set

{x ∈ ∂Bn
2 : f (x) = 0}, and f +δg > 0 on ∂Bn

2 for δ small enough.

Proof. First, we show f ≥ 0 on ∂Bn
2. We have

Bn
2 ⊆ K = {x : ‖x‖K ≤ 1},

and therefore

x ∈ ∂Bn
2 =⇒ |x| = 1 and ‖x‖K ≤ 1

=⇒ |x|2−‖x‖2K = 1−‖x‖2K ≥ 0.

=⇒ f (x) ≥ 0.

Second, we show that g > 0 on the set {x ∈ ∂Bn
2 : f (x) = 0}.

x ∈ ∂K∩∂Bn
2 =⇒ f (x) = |x|2−‖x‖2K = 0

=⇒ g(x) = 〈x,Hx〉 >
1
n

Tr(H) = 0

=⇒ g > 0 on {x ∈ ∂Bn
2 : f (x) = 0}.

Fina..lly w..e pro..ve tha..t f +δg > 0 on ∂Bn
2. Define a s..et

A := {x : g(x) ≤ 0}.
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Th..en A is compact since it is a closed subset of the compact set ∂Bn
2. By the

above arguments, g(x) > 0, if f (x..) = 0. Then f..or every x ∈ A, w..e ha..ve f (x) , 0.

So f > 0 on A.

Le..t m = min{ f (x) : x ∈ A}. Then m > 0. So

δ <
m
‖g‖∞

=⇒ −δg(x) ≤ δ‖g‖∞ < m ≤ f (x) ∀x ∈ A

=⇒ f +δg > 0 on ∂Bn
2.

�

A-6 Suppose that (4.4) holds. Th..en w..e ha..ve

(n− i)
i∑

j=1

a2
j − i

n∑
j=i+1

a2
j ≤ 0.

Proof. Supp..ose tha..t

[(1 +ε)n−i−1]
i∑

j=1

α2
j + [(1 +ε+ε2)−i−1]

n∑
j=i+1

α2
j ≤ 0

holds where α1,α2, . . . ,αn are the coordinates of pε By compactness, there is

some xi+1 with ‖xi+1‖E = ‖xi+1‖C = 1 such that pεk → xi+1 where εk→ 0. If xi+1

has coordinates a1,a2, . . . ,an where am = 0 for i+1<m≤ n, then we have α jk→ a j

and so

[(1 +εk)n−i−1]
i∑

j=1

α2
jk + [(1 +εk +ε2

k)−i−1]
n∑

j=i+1

α2
jk ≤ 0.

If we divide each side by εk, we get

(1 +εk)n−i−1
εk

i∑
j=1

α2
jk +

(1 +εk +ε2
k)−i−1

εk

n∑
j=i+1

α2
jk ≤ 0.

Since εk→ 0 and α jk → a j, by the L’Hospital rule, we have

lim
k→∞

 (1 +εk)n−i−1
εk

i∑
j=1

α2
jk

 = (n− i)
i∑

j=1

a2
j ,

and

lim
k→∞

 (1 +εk +ε2
k)−i−1

εk

n∑
j=i+1

α2
jk

 = (−i)
n∑

j=i+1

a2
j .

Thus, the result follows. �
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A-7 A series
∑

xn converges uncondi..tionally t..o x, i..f fo..r every ε > 0, th..ere exists a

fini..te su..bset F of N su..ch tha..t for every G ⊇ F finite, we have∥∥∥∥∥∥∥∑n∈G xn− x

∥∥∥∥∥∥∥ < ε.
A series

∑
xn is unconditionally Cauchy if for every ε > 0, th..ere exis..ts a fini..te

su..bset F o..f N su..ch tha..t for every G ⊆ N finite and F ∩G = ∅, we have∥∥∥∥∥∥∥∑n∈G xn− x

∥∥∥∥∥∥∥ < ε.
If a space B is complete, then unconditionally Cauchy series are unconditionally

convergent.
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