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ABSTRACT
SIMPLE SINGULAR IRREDUCIBLE PLANE SEXTICS

Aysegiil Akyol
P.h.D. in Mathematics
Supervisor: Assoc. Prof. Dr. Alexander Degtyarev
July, 2013

We consider irreducible complex plane projective curves of degree six with
simple singular points only and classify such curves up to equisingular deforma-
tion. (We concentrate on the so-called non-special curves, as the special ones
are already known). We list all sets of singularities realized by such curves, dis-
cuss their relation to the maximizing sets (i.e., those of total Milnor number 19),
and, for each set of singularities found, describe the connected components of the
moduli space. We also discuss the question of the realizability of a given set of

singularities by a real curve.

Keywords: plane sextic, simple singularity.
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OZET

BASIT TEKILLI INDIRGENEMEZ DUZLEMSEL
ALTINCI DERECEDEN EGRILER

Aysegiil Akyol
Matematik, Doktora
Tez Yoneticisi: Dogent Dr. Alexander Degtyarev
Temmuz, 2013

Sadece basit tekilligi olan altinci dereceden Compleks projektif diizlemsel egrileri
g6z oniinde bulundurduk ve bu tip egrileri tekil noktalar1 koruyan deformas-
yona gore siniflandirdik. (Ozel olanlar zaten bilindigi icin 0zel olmayan olarak
adlandirilan egrilere odaklandik). Bu tiir egriler tarafindan gergeklestirilebilen
tekil kiimelerini listeledik, maksimize (toplam Milnor sayisi 19 olanlar) kiimelerle
olan baglantilarini arastirdik, ve buldugumuz her bir kiimenin modiili uzayimin
baglantili parcalarini tanimladik. Ayrica elde edilen her bir tekil kiimenin reel

bir egride hayat bulup bulamayacagini irdeledik.

Anahtar sézcikler: dizlemsel altinc: dereceden egriler, basit tekillik.
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Chapter 1

Introduction

1.1 Area of sextics from the point of equisingu-

lar deformation

Equisingular deformation classification of sextics has been a subject of interest
for several years. A sextic is a plane curve D € P? of degree six. Equisingular
deformation of a curve D is homotopic deformation of the curve, preserving its
singularities in their neighbourhoods. The degree six is interesting among simple
singular curves, since proof of classification of simple singular sextics is based on
K3-surfaces. A sextic is simple if all its singular points are simple, i.e., those of
type A-D-E, see [1]. Classification of sextics which have non-simple singularities

requires completely different techniques and these sextics are well-known.

Simple sextics are questioned from several aspects such as equisingular defor-
mation classification, fundamental group 1 (P?\ D) of the complement or finding
equations for given set of singularities. Fundamental group 7, (P? \. D) of sextics
are widely handled and computed by A.Degtyarev in [2, 3]. Finding an equation
for a given set of singularities is an open area such that equations have been found
for only a few set of singularities in [4, 5, 6, 7, 8, 9]. Moreover, visualization of

sextics is an open problem except for the sextics with a triple point. Degtyarev



gave the idea about how they sit in P? by means of skeletons in [2]. The other
aspect, equisingular deformation classification of sextics is the area of this thesis.
This classification is already done for the so called mazimizing sextics which are
the sextics with the maximal total Milnor number p = 19. Inquiry of existence
and uniqueness of simple sextics with a given set of singularities is reduced to
an arithmetical problem in [10, 11] and set of singularities which are realized by
reducible /irreducible simple sextics are computed and listed by Jin-Gen Yang in
[11]. Afterwards, Ichiro Shimada classified maximizing simple sextics in [12] up

to equisingular deformation.

In the classification of sextics two new notions come into being; special and
non-special simple sextics. An irreducible sextic D C P? is called special (more
precisely, Dy, -special) if its fundamental group m; := m(P? \ D) factors to a
dihedral group Dg,, n > 3. Most of the sets of singularities which have special

and non-special realizations constitute Zariski pairs (for more detail, see [10, 13]).

In this thesis we completed the classification of non-maximal non-special ir-
reducible simple plane sextics and derived the connection to the maximal ones.
Resolution of double covering of P2 branched at simple sextic gives us a K3-surface
and classification of sextics relies on the application of global Torelli theorem for
this K3-surface (see §3.1). By this way, topological matter turns out to be an
arithmetical problem. Hence integral lattices and quadratic forms become the

main tool in the classification.

1.2 Principal results

Primary way that we follow throughout this thesis depends on the steps of enu-

meration of homological types in [10]. These steps are stated in §3.2.2.

In the application of the steps, main tools are lattices and quadratic forms. For
the first part, we used Nikulin’s existence theorem in [14] which is the primary way
to find existing sets of singularities. However, for uniqueness we used Miranda

— Morrison results (see §2.3.1) instead of Nikulin’s uniqueness theorem, since

2



Miranda — Morrison’s theorems provide the desired results about uniqueness for

almost all set of singularities.

By computer aided calculations we listed all sets of singularities which can be
realized by irreducible non-maximal non-special simple plane sextics and obtained
2996 sets of singularities. Among them, all but 12 sets can be realized by real

sextics.

Among the list of non-maximal sextics there are some extraordinary sets of
singularities. The set 2Ag is the only one non-maximal that can be realized by
two disjoint deformation families. The set 2A5 ® E¢ ® A, is the only non-real
stratum (can not be realized by a deformation class of real sextic) with Milnor
number 4 = 17. Another one is A5 @ Ag® A;: the corresponding stratum is real,

but it contains no real curves.

The rest of this thesis is organized as follows. In the second chapter we
give definitions and preliminary information about lattices and integral quadratic
forms. The part ”Lattice extensions” which contain Nikulin’s theorem (about
existence of a lattice) is also included in this chapter. Moreover the most useful

tool for our research, Miranda — Morrison’s results, takes a great place here.

In Chapter 3 we give general information about all (special and non-special,
maximal and non-maximal) sextics and introduce the notion of strata to specify
different classes of sextics. We also applied global Torelli theorem on K3-surface
which is the way how we convert a topological matter to an arithmetic algorithm.
In the last part of this chapter we gathered the previously known results about

maximal sextics done by Yang [11], Shimada [12] and Degtyarev [2, 3].

Chapter 4 and Chapter 5 contain our results on non-maximal sextics and their

proofs. Additionally, in Chapter 5 we gave some theorems about real structures.



1.3 Notations

Gy (= Z/nZ) (reserving Z, and Q, for p-adic numbers) the cyclic group of
order n.

Dy,,: the dihedral group of order 2n.

SL(n,k): the group of (n x n)-matrices M over a field k such that det M = 1.
B,,: the braid group on n stings. The reduced braid group (or the modular group) is
the quotient I' = B3 /(0109)3 of B3 by its center; one has I' = PSL(2,Z) = G, xGs.
The braid group is generated by the Artin generators o;, i =1,...,n—1, subject

to the relations

[O'Z‘,O'j] =1 if |Z — j| > 1, 0;0i410; = 0;410;0;41.-

Throughout the thesis, all group actions are right, and we use the notation
(x,g) — xtg. The standard action of B, on the free group (aq,...,a,) is as
follows:

o = aiai+1ai_1>

Oi - Qi1 = Oy,

a; = ay, lfj%l,l—l—l
The element p, := ay...qa, € (ai,...,q,) is preserved by B,. Given a pair
1, g, we use the notation {a, as}, = ay (a1 07) € (a1, ay) for n € Z.
P: (={2,3,...}) the set of all primes.
R*: the group of units of a commutative ring R. Recall that Z)/(Z;)* = {£1}
for p € P odd, and Z3 /(Z5)? = (Z/8)* = {£1} x {£1} is generated by 7 mod 8
and 5 mod 8. If m € Z is prime to p, its class in Z /(Z, )2 is the Legendre symbol
(%) € {£1} if p is odd or m mod 8 € (Z/8)* if p = 2.



Chapter 2

Integral Lattices and Quadratic

Forms

2.1 Finite quadratic forms (sce [14])

A finite quadratic form is a finite abelian group N equipped with a symmetric
bilinear form b: N ®@ N — Q/Z and a quadratic extension of b, i.e., a map
q: N — Q/27Z such that ¢(x +vy) — q(x) — q(y) = 2b(x,y) for all z,y € N (where
2 is the isomorphism x2: Q/Z — Q/27Z); clearly, b is determined by ¢. If ¢ is
understood, we abbreviate b(z,y) = z -y and ¢(x) = 2?. In what follows, we
consider nondegenerate forms only, i.e., such that the associated homomorphism

N — Hom(N,Q/Z), x +— (y — x - y) is an isomorphism.

N, of its
p-primary components N, := N ® Z,. The length ¢((N) of N is the minimum
number of generators of N'. Obviously, £(N) = max,ep {,(N), where £,(N) :=
{(N,). The notation —A stands for the group N with the form z — —a?.

Each finite quadratic form N splits into orthogonal sum N = @pep

We describe nondegenerate finite quadratic forms by expressions of the form
(1) ® ... ® (q,), where ¢; := e Q, g.c.d.(my,n;) = 1, myn; = 0 mod 2; the

group is generated by pairwise orthogonal elements a1, ..., «, (numbered in the



order of appearance), so that a? = ¢; mod 2Z and the order of «; is n;. (In the
2-torsion, there also may be indecomposable summands of length 2, but we do
not need them.) Describing an automorphism o of such a group, we only list the

images of the generators «; that are moved by o.

A finite quadratic form is called even if 22 = 0 mod Z for each element z € N/
of order two; otherwise, the form is called odd. In other words, N is odd if and
1

only it contains (£3) as an orthogonal summand.

Given a prime p € P, the determinant det, N is defined as the determinant of
the ‘matrix’ of the quadratic form on N, in an appropriate basis (see [14] and [15]
for details and alternative definitions). The determinant is well defined modulo
squares; if V,, is nondegenerate, one has det, N' = u/|N, | for some u € Z5 /(Z5)?,
If p = 2, the determinant dety NV is well defined only if N3 is even. By definition,
one always has |N|det, N € Zx /(7).

The group of g-autoisometries of N is denoted by Aut N; obviously, one has
AwtN = ],
integer k, one has p*¢ = 0 and €2 = 2u/p* mod 27, g.c.d.(u, p) = 1. If this is the
case, the map z +— 2(x - £)/€2 mod p* is a well defined functional N, — Z/p*;

AutN,. An element £ € N, is called a mirror if, for some

hence, one has a reflection te € Aut N,

2(z-§)
e
Note that ¢ = id whenever 26 = 0 and &2 = 1 mod Z.

£. (2.1.1)

le:x— o —

2.2 Lattices and discriminant forms

2.2.1 Lattices and discriminant forms (see [14])

An (integral) lattice N is a finitely generated free abelian group equipped with

a symmetric bilinear form b: N @ N — Z. If b is understood, we abbreviate

b(z,y) = z -y and b(z,z) = z*. A lattice N is called even if > = 0 mod 2



for all x € N; it is called odd otherwise. The determinant det N of a lattice
N is the determinant of the Gram matrix of b. As the transition matrix from
one integral basis to another has determinant 41, the determinant det N € Z is
well-defined. The lattice N is called non-degenerate if det N # 0 and unimodular
if det N = +1. The signature (04 N,o_N) of a non-degenerate lattice N is the

pair of the inertia indices of the bilinear form b.

For a lattice IV, the bilinear form extends to a Q-valued bilinear form on N®Q.
If N is non-degenerate, the dual group N* := Hom(N, Q) can be identified with
the subgroup {x € N® Q | -y € Z for all y € N}. The lattice N is a finite
index subgroup of N*. The quotient discr N := N*/N is called discriminant group
of Nj; it is often denoted by N, and we use the shortcut discr, N = N, for the
p-primary components. One has det N = (—1)°-|A/|. The group N inherits
from N ® Q a symmetric bilinear form b: N QN — Q/Z, called the discriminant
form, and, if N is even, a quadratic extension of b. Thus, the discriminant group

of an even nondegenerate lattice is always regarded as a finite quadratic form.

The genus g(N) of a nondegenerate even lattice N can be defined as the set of
isomorphism classes of all even lattices L such that discr L 2 N and o4 L = o4 N.
If N is indefinite and rk NV > 3, then g(V) is a finite abelian group.

An isometry is a homomorphism of lattices preserving the forms. (We do not
assume the surjectivity.) The group of auto-isometries of a lattice IV is denoted
by O(N). There is a natural homomorphism d: O(N) — Aut A, and we denote
by d,: O(N) — AutN, its restrictions to the p-primary components. For an
element u € N such that 2u/u? € N*¥ the reflection t,: v — 2u(z - u)/u® is
an involutive isometry of N. Each image d,(¢,), p € P, is also a reflection. If
u? = £1 or £2, then d(¢,) = id.

2.2.2 Root lattices (see [16])

In this thesis, a root lattice is a negative definite lattice generated by vectors of

square (—2) (roots). Any root lattice has a unique decomposition into orthogonal



sum of indecomposable ones, which are of types A,, p > 1, Dy, ¢ > 4, E¢, E7,

or Eg.

Given a root lattice S, the vertices of the Dynkin graph & := &g can be
identified with the elements of a basis for S constituting a single Weyl chamber.
This identification defines a homomorphism Sym®& — O(S), s +— s., where
Sym & is the group of symmetries of &. The image consists of the isometries
preserving the distinguished Weyl chamber. For indecomposable root lattices,

the groups Sym & are as follows:

® Sym@ =1if Sis Al, E7, or Eg,
e Sym® =S4 if S is Dy, and

e Sym & = G, in all other cases.

In the latter case, unless S = Dgyen, the generator of Sym & induces —id on S.
If S =Eg, then § =0. For S = A;, E7, or Dgyen, the groups S are Fo-modules
and —id = id in Aut S.

A choice of a Weyl chamber gives rise to a decomposition O(S) = R(S) %
Sym &, where R(S) C O(S) is the subgroup generated by reflections ¢,, u € S,

u? = —2. Furthermore,

Ker[d: O(S) — Aut S] = R(S) x Sym, &, (2.2.1)

where Sym, ® is the group of permutations of the Es-type components of &.
Thus, denoting by Sym’ & C Sym & the group of symmetries acting identically on
the union of the Eg-type components, we obtain an isomorphism Sym’ & = Imd.

For future references, we combine these statements in a separate lemma.

Lemma 2.2.2. Let S be a root lattice. Then the epimorphism d: O(S) — Imd
has a splitting Imd = Sym’ &5 < O(S) and one always has —id € Imd. <



2.2.3 Lattice extensions (see [14])

An eztension of a lattice S is an isometry S — L. Two extensions S — Lq, Lo
are (strictly) isomorphic if there is a bijective isometry L; — Lo identical on S.
More generally, given a subgroup O’ C O(S), two extensions are O'-isomorphic

if they are related by a bijective isometry that restricts to an element of O’ on S.

We use the notation S < L for finite index extension ([L : S] < 0o). There
is a unique embedding L C S ® Q and, hence, inclusions S C L C L* C S*. The
kernel of a finite index extension S < L is the subgroup K = L/S C S%/S = S.
Since L is an integral lattice, the kernel K is isotropic, i.e., the restriction to IC
of the quadratic form ¢ : S — Q/2Z is identically zero. Conversely, given an
isotropic subgroup K C S, the subgroup L = {z € S*|(r mod S) € K} C S*is

an extension of S. Thus, we have the following theorem.

Theorem 2.2.3 (Nikulin [14]). The map L — K = L/S C S establishes a

one-to-one correspondence between the set of isomorphism classes of finite index

extension S — L and that of isotropic subgroup K C S. One has L = KY/K. >

An isometry a € O(S) extends to a finite index extension L if and only if d(a)
preserves the kernel K (as a set). Hence, O/-isomorphism classes of finite index

extensions of S correspond to the d(O')-orbits of isotropic subgroups K C S.

Another extreme case is that of a primitive extension S — L, i.e., such that
the group L/S is torsion free; we use the notation S »— L. If L is unimodular, one
has discr S+ =2 —S8; hence, the genus ¢(St) is determined by those of S and L.
If L is also indefinite, it is unique in its genus. Then, for each representative
N € g(S1), an extension S — L with St = N is determined by a bijective anti-
isometry ¢: & — N (the graph of ¢ is the kernel of the finite index extension
S @ N < L), and the latter induces a homomorphism d¢: O(S) — Aut . If ¢

is not fixed, this map is well defined up to an inner automorphism of Aut N.

Theorem 2.2.4 (Nikulin [14]). Let L be an indefinite unimodular even lattice,
S C L a nondegenerate primitive sublattice, and O C O(S) a subgroup. Then,

the O'-isomorphism classes of primitive extensions S — L are enumerated by the

9



pairs (N, cy), where N € g(St) and ey € d?(O)\ Aut N'/Imd is a double coset
(for given N and some anti-isometry o: S — N). >

Theorem 2.2.5 (Nikulin [14]). Let S ~— L be a lattice extension as in The-
orem 2.2.4, N = S*, and ¢: S — N the corresponding anti-isometry. Then,
a pair of isometries ag € O(S), any € O(N) estends to L if and only if
d?(as) = d(ay). >

Fix the notation L := 2Eg®3U, where U is the hyperbolic plane, U = Zu+Zwv,
u? =% =0, u-v = 1. For the ease of references, we recast Nikulin’s existence
theorem from [14] to the particular case of primitive extensions S ~— L. Note
that we do not need the restriction on the Brown invariant: by the additivity, it

would hold automatically.

Theorem 2.2.6 (Nikulin [14]). Given a nondegenerate even lattice S, a primitive
extension S — L exists if and only if the following conditions hold: 0.5 < 3,
0.5<19,08) <d:=22—-1kS, and

o for all odd p € P, either £,(S) < 0 or |S|det, S = (=1)7+°" mod (Z))*;
e cither (5(S) < &, or Sy is odd, or |S|dety S = +1 mod (Z5)?. >

2.3 Miranda-Morrison results

2.3.1 Miranda—Morrison results (see [17, 18, 15])

Nikulin have some results on the uniqueness of a lattice N with genus g(N) in
[14]. On the other hand, uniqueness of primitive embedding of a lattice S into
L(indefinite and unimodular) is not only a matter of having S* = N unique
in its genus, but also having some extra properties as stated in Theorem 2.2.4.
Nikulin gave some sufficient conditions for uniqueness of N and surjectivity of
O(N) —4y Aut V. But these theorems do not cover all cases. Miranda—Morrison
stated a stronger theorem and introduced some new techniques to obtain the

group Cokerd for all cases with the following requirement:

10



(x) N is a nondegenerate indefinite even lattice, rk N > 3.

Warning 2.3.1. The convention used in this thesis (following Nikulin [1]]
and, eventually, Gauss) differs slightly from that of Miranda—Morrison, where
quadratic and bilinear forms are related via q(x + y) — q(x) — q(y) = b(x,y).
Roughly, the values of all quadratic (but not bilinear) forms in [17, 18, 15], both
on lattices and finite groups, should be multiplied by 2. In particular, all lattices
in [17, 18, 15] are even by definition. Note though that this multiplication by 2
is partially incorporated in [17, 18, 15]: for example, the isomorphism class of a
finite quadratic form generated by an element a with q(a) = (u/p*) mod Z, which
is (2u/p*) mod 2Z in our notation, is designated by the class of 2u in () /(ZX)?.

Given a lattice N and a prime p € P, we define the number e, :=¢,(N) € N
and the subgroup %, := ¥,(N) C I'g := {£1} x {£1} as in Equation 2.3.5. Algo-
rithms to calculate e,(N) and ¥,(N) are given explicitly in [18]. Computations
are in terms of rk N, det N, and A only which means that genus g(/N) determines
ep(N), ¥,(N) and moreover Cokerd. By these calculations one has e, = 1 and

f]p = I'y for almost all primes p.

Theorem 2.3.2 (Miranda—Morrison [17, 18]). For N as in (x), there is an Fy-

module E(N) and an exact sequence
O(N) L Aut N =5 E(N) — g(N) — 1,

where g(N) is the genus group of N. On~e has |E(N)| = e(N)/[[o : £(N)], where
e(N) =[] ,epep(N) and 35(N) == [,cp Ep(N). >

The group E(N) and homomorphism e: Aut N — E(N) given by Theo-
rem 2.3.2 will be called, respectively, the Miranda—Morrison group and Miranda—
Morisson homomorphism of N. The next statement follows from Theorem 2.2.4,
Theorem 2.3.2, and the fact that a unimodular even indefinite lattice is unique

in its genus.

Corollary 2.3.3 (Miranda—Morrison [17, 18]). Let L be a unimodular even lattice
and S C L a primitive sublattice such that N := St is as in (). Then the strict
isomorphism classes of primitive extensions S — L are in a canonical one-to-one

correspondence with the Miranda—Morrison group E(N). >

11



Generalizing, fix an anti-isometry ¢: & — N and consider the induced map
d?: O(S) = Aut NV, see §2.2.3. Since Imd C Aut N is a normal subgroup with
abelian quotient, this map factors to a homomorphism d*t: O(S) — AutN —
E(N) independent of ¢. Then, the following statement is an immediate conse-

quence of Theorems 2.2.4 and 2.3.2.

Corollary 2.3.4. Let S C L be as in Corollary 2.3.3, and let O' C O(S) be a
subgroup. Then the Of-isomorphism classes of primitive extensions S — L are

in a one-to-one correspondence with the Fy-module E(N)/d+(0). <

Theorem 2.3.2 and Corollary 2.3.3 cover most of our needs. However, in a few

special cases, we need the more advanced treatment of [15]. Introduce the groups
Tpo = A{£1} x Z; /(Z;)* C T, := {£1} x Q; /(Q})?, p€P,

and
Tao=]]Too CTa=Tao- Y T, CT:=]]T
p p p

(Since the groups involved are multiplicative, although abelian, we follow [15] and
use - to denote the sum of subgroups. However, we retain the notation ) and
[] to distinguished between direct sums and products. Thus, the adelic version
'y is the set of sequences {(s,,t,)} € I' such that (s,,t,) € ', for almost all p.)
Let also I'g := {+1} x Q*/(Q*)* C T's. Then 'y -y = 'y and the intersection
I'yoNTg is the group I'y = {£1} x {£1} introduced above. We recall that
Q*/(Q*)? is the Fo-module on the basis {—1} UP, i.e., it is the set of all square

free integers.

On various occasions we will also consider the following subgroups:

= {1} x Z;/(Z;)2 CTpo;

[y5 C T is the subgroup generated by (1,5);

Iy~ C I'g is the subgroup generated by (—1,—1) and (1,p), p € P;

e Iy ;=T NIy C Ty is the subgroup generated by (—1,—1).
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We denote by ¢,: I') < I'a, p € P, and 1g: I'g = TI's the inclusions. The
images tg(1,¢) and ¢,(1,q), ¢ € P, differ by an element of [[, I';*, viz., by the
sequence {(1,s,)}, where s, = 1 and s,, is the class of ¢ in ZX/(ZX)* for p # q.

Defined and computed in [15] are certain Fo-modules
SEH(N) == 54N ® Z,) C 5,(N) := B(N Q@ Z),

which depend on the genus of N only. One has Eﬁ, Clpo, 2, CIp,and X, CT'p
for almost all p. (In fact, for almost all p € P one has Ef, =Y, =1I,0.) Hence,

SHN) = Z5(N) CTao,  B(N) =[] Zp(V) C T

In these notations, the invariants used in Theorem 2.3.2 are
ep(N) = [Tpo : SHN)],  5,(N) = SN ®Z,) := ¢, (ZH(N)),  (2.3.5)

where ¢,: I'g = I'p o is the projection, and E(N) is the quotient FA70/2ﬁ<N) -Ty.
(Clearly, X(N) = ¥#(N) N Ty.) Unfortunately, the map [[, Aut N, — E(N)
given by Theorem 2.3.2 does not respect the product structures. The following
statement refines Theorem 2.3.2, separating the genus group and the p-primary

components.

Theorem 2.3.6 (Miranda—Morrison [15]). Let N be as in (x). Then:

1. there is an isomorphism g(N) = I'y/3(N) - I'g (hence, N is unique in its
genus if and only if Ty = X(N) - Tg);

2. there is a commutative diagram

Aut N = [, Aut N, —— [T, Sp(N)/Z5(N)

l &

Cokerd =, Y(N)/SHN) - (B(N)NTg),

where all maps are epimorphisms, 7y is the product of certain epimorphisms
Yo: Aut N, — S,(N)/SE(N), p € P, and 3 is the quotient projection. 1>
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2.3.2 A few simple consequences

The homomorphism v in Theorem 2.3.6(2) is easily computed on reflections: for

a mirror £ € A, r € P, modulo X*(N) one has
i 5  2m
Yr(te) = (=1,mr"), where ¢ = —-mod2Z, g.cd.(m,r)=1, k€ N.
r

If r =2 and €2 = 0 mod Z, this value is only well defined mod I'; ; if = 2 and
£ = % mod Z, it is well defined mod I'; 5. In these two cases, the disambiguation
of 7, (t¢) needs more information about & and N: one needs to represent £ in the

form %x for some x € N®Zs. Given another prime p, consider the homomorphism
Xp: Ly [(Zy)? — {£1},

Xp(m) = (%) if p# 2, X2(m) := m mod 4,

and define the p-norm |£|, € {£1} and the ‘Kronecker symbol’ 6,(§) € {£1} via

Xp(q*), ifr#p,
€lp=1"" " 5,(6) = (—1)%r,
Xp(m), ifr=p,
where §,, is the conventional Kronecker symbol. (If p = 2 and £? = 0 mod Z,

then |£|, is undefined.) Finally, introduce a few ad hoc notations for a lattice N:

e the group E,(N) = {#1} if p = 1mod 4 and e,(N) - |X,(N)| = 8; in all
other cases, E,(N) = 1;

e the map 7, sending a mirror £ to ||, € E,(IV), with the convention that
¥p(€) = 1 whenever E,(N) = 1;

e the map Bp sending a mirror £ to an element of I'y: if p = 1 mod 4, then

Bp(&) = (0,(€) - [&]p, 1); otherwise, 8,(§) = 6,(€) x [¢];-

Following [15], we say that a lattice N is p-regular, p € P, if Eg(N) =Ty,
i.e., if e,(N) = 1. We will also say that the prime p is regular with respect
to N; otherwise, p is irregular. In several statements below, we make a technical
assumption that Zg(N ) D I'g9; this inclusion does hold for the transcendental

lattices of all primitive homological types (see §3.2) except S = A15@ Ag, see [15].
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Lemma 2.3.7. Let N be a lattice as in (), S4(N) D Tyy, and assume that N
has one irregular prime p. Then E(N) = E,(N) and e(t¢) = 7,(&) for a mirror €.

Lemma 2.3.8. Let N be a lattice as in (), S4(N) D Tys, and assume that N

has two irreqular primes p, q. Then
E(N) = E,(N) x Ey(N) x (To/5,(N) - £4(N))

and one has e(tg) = (&) X 74(§) X (Bp(g) ) Bq(f)) for a mirror £ € N, provided
that €2 #0mod Z if p=2 or q = 2.

Corollary 2.3.9. Under the hypotheses of Lemma 2.3.8, assume, in addition,
that |E(N)| = |E,(N)| = 2. Then E(N) = E,(N) and e(t¢) = ||, for a mirror €.
<

Proof of Lemmas 2.3.7 and 2.5.8. Let I, :==Toforp # 2 and I'y 1= Ty /T2,
so that we can identify I' ; & {£1} x {1} for all p € P. If p # 1 mod 4, the map
¢p: ['g — I is an epimorphism; if p = 1 mod 4, one has ¢,(Ty) = {£1} x {1}.
Modulo I'y ™, the image y(t¢) equals ¥(t¢) := {(d:(), €ls)} € [1T%0-

Now, the first statement of each lemma is a computation of the group E(N) =
[40/%%(N) - Ty, which can be done in I, y or I?, ; x T ; our group E,(N) is the
quotient T'po/SE(N) - Imp,. The second statement is the computation of the
image of ¥(¢) in E(N): the maps 7, and 3, are the projections ',y — E,(N)
and I') g — Im ¢,, respectively. For the latter, we use the following fact, see [15]:
if a prime p = 1mod 4 is irregular for N and X4(N) ¢ Im,, then X4(N) is
generated by (—1,—1). O

2.3.3 The positive sign structure

A positive sign structure on N is a choice of an oriented maximal positive definite
subspace of N @ R. The map det,: O(N) — {£1} sends any automorphism to
+1 if it preserves the positive sign structure and —1 otherwise. Hence O, (N) =

Kerdet, is the group preserving positive sign structure.

15



Proposition 2.3.10 (Miranda—Morrison [15]). Let N be a lattice as in (x). Then
one has X(N) C Ty~ if and only if det,a = 1 for all a € Ker[d: O(N) —
Aut V. >

Thus, if $(N) C I;~, there is a well defined descent det,: Imd — {£1}.

The next lemma computes the values of det, on reflections.

Lemma 2.3.11. Let N be a lattice as in (x), S4(N) D Tys, and assume that
there is a prime p such that X,(N) C Ty ~. Then, for a mirror &€ € N such that
te € Imd and & # 0mod Z if p = 2, one has dety tg = 0,(£) - |€],.

Proof. The proof is similar to that of Lemmas 2.3.7 and 2.3.8: we assume that
the element ¥(t¢) - tg(6,(€),5,(€)) representing ¢, lies in ¥#(N) - Ty and compute
its image in 3*(N) - To/S#(N) - Iy~ = {£1}. This can be done in ', q. O

Proposition 2.3.10 can be restated in a form closer to Theorem 2.3.2: intro-

ducing the group E, (N) := Ty o/X*(N) - Ty, one has an exact sequence
04 (N) - Aut NV =5 EL(N) — g(N) — 1. (2.3.12)

The groups E, (N), as well as a few other counterparts, are also computed in [18]:
for the order |EL(N)|, one merely replaces Y(N) with X(N) NIy~ in Theo-
rem 2.3.2. In the special case of at most two irregular primes, the computation is
very similar to §2.3.2. For an irregular prime p, denote i;(N) =%,(N)NT;~ C
[y~ and introduce the groups Ef(N) and maps 7, B; defined on the set of

mirrors and taking values in Ef(N) and I'y~ = {£1}, respectively, as follows:

e if p =1 mod 4, then E;(N) =E,(N), % =7, and B;[(é) = 0,(€) - |&lp;

o if p # 1 mod 4, then EX(N) = T'o/S,(N) - Ty~ (if p # 2 or Z5(N) D Ta,
one has E;(N) = {£1} if e,(N) - |§~];;(N)| =4 and E;;(N) = 1 otherwise);

o ifp#1mod 4 and EF(N) £ 1, then 2 (€) = 6,(6) - |€l, and 2 (€) = |l

e if p # 1mod 4 and Ef(N) = 1, then 7, (£) = 1 and 3 (£) is the image of
B(E) = 6,(€) x |€],, see §2.3.2, under the projection 'y — To/%,(N) =Ty~
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(In the last case, one has 3 (£) = |¢|, unless p = 2.) The proof of the next two
statements repeats literally that of Lemmas 2.3.7 and 2.3.8.

Lemma 2.3.13. Let N be a lattice as in (x), 5(N) D Dy, and assume that N
has a single irreqular prime p. Then one has EL(N) = EX(N) and e (te) = 7} ()
for a mirror € € N such that €2 # 0 mod Z if p = 2. <

Lemma 2.3.14. Let N be a lattice as in (), S5(N) D Tao, and assume that N

has two irreqular primes p, q. Then

E.(N) = B} (N) x Ef (N) x (T /S (V) - £ (V)

q

and one has ey (te) = 7,7 (§) x 75 (§) x (B;(f) . B;(f)) for a mirror £ € N such
that €2 #0mod Z if p=2 or q = 2. <

Corollary 2.3.15. Under the hypotheses of Lemma 2.5.14, assume, in addition,
that |EL(N)| = |[ES(N)| = 2. Then E((N) = Ef(N) and e(te) = 7,7 (§) for a
mirror £ € N such that € # 0 mod Z if p = 2. <

17



Chapter 3

Sextics in the Aritmetical Way

3.1 Simple sextics

Let D C P? be a reduced simple plane sextic. The minimal resolution of singular-
ities X of the double covering of P? ramified at D is a K 3-surface. It is well known
that the intersection index form Hy(X) = 2Eg®3U is (the only) even unimodular
lattice of signature (o,,0_) = (3,19). We fix the notation L := 2Eg @ 3U.

For each simple singular point P of D, the components of the exceptional
divisor £ C X over P span a root lattice in L (see §2.2.2). The (obviously
orthogonal) sum of these sublattices is denoted by S(D) and is referred to as the
set of singularities of D. (Recall that the types of the individual singular points
are uniquely recovered from S(D), see §2.2.2.) The rank rk S(D) equals the total
Milnor number u(D). Since S(D) C L is negative definite, one has (D) < 19. If
w(D) =19, the sextic D is called mazimizing; both the inequality and the term

apply to simple sextics only.

A sextic D is said to be of torus type if its defining polynomial f can be
written in the form f = f3 + f2, where f, and f3 are homogenous polynomials
of degree 2 and 3, respectively. A representation f = f3 + fi as above, up to

the obvious equivalence, is called a torus structure on D. According to [19], an
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irreducible sextic D may have one, four, or twelve distinct torus structures, and
we call D a 1-, 4-, or 12-torus sextic, respectively. An irreducible sextic is of torus
type if and only if it is Dg-special, see [19]. In this case, the group m(P? \ D)

factors to I'. Note that torus type sextics form the majority of special sextics.

Denote by M = P27 the space of all plane sextics. This space is subdivided
into equisingular strata M (S); we consider only those with S simple. The space
of all simple sextics and each of its strata M(S) are further subdivided into
families M, (S), where the subscript * refers to the sequence of invariant factors
of a certain finite group, see §3.2 for the precise definition. Our primary concern

are the spaces

e M;(S): non-special irreducible sextics, see Theorem 3.2.7, and

e M;3(S): irreducible 1-torus sextics, see Theorem 3.2.8.

In this notation, irreducible 4- and 12-torus sextics constitute M3 3 and Mj 33,
respectively, whereas irreducible D,,-special sextics, n = 5,7, constitute M,,.
For each subscript *, we denote by M, (S) and M. (S) := M.(S) \ M.(S) the
closure and boundary of M, (S) in M.,.

If S is a simple set of singularities, the dimension of the equisingular moduli
space M(S)/PGL(3,C) equals 19 — u(S), as follows from the theory of K3-

surfaces.

The coordinatewise conjugation (zg : 21 : 22) = (2o : 21 : Z2) in P? induces a
real structure (i.e., anti-holomorphic involution) conj: M — M, which takes a
sextic to its conjugate. A sextic D € M is real if conj(D) = D. A connected
component C C M, (S) is real if it is preserved by conj as a set; this property
of C is independent of the choice of coordinates in P2. Clearly, any connected
component containing a real curve is real. The converse is not true; in the realm of

irreducible sextics, the only exception is M;(A;®AgP Aj5), see Proposition 4.1.3.

Most results of the thesis are stated in terms of degenerations/perturbations

of sets of singularities and/or sextics (or, equivalently, in terms of adjacencies
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of the equisingular strata of M). As shown in [20], the deformation classes of
perturbations of a simple singular point P of type S are in a one-to-one corre-
spondence with the isomorphism classes of primitive extensions S’ ~— S of root
lattices, see §2.2.2 and §2.2.3. Thus, by a degeneration of sets of singularities
we merely mean a class of primitive extensions S’ — S of root lattices. Recall
(see [21]) that S” admits a degeneration to S if and only if the Dynkin graph of S’
is an induced subgraph of that of S. A degeneration D’ — D of simple sextics
gives rise to a degeneration S(D’) — S(D). According to [22], the converse also
holds: given a simple sextic D and a root lattice S, any degeneration S’ — S(D)

is realized by a degeneration D’ — D of simple sextics, so that S(D’) = S'.

3.2 Moduli space of sextics and homological

types

3.2.1 Homological type of a sextic

Consider a simple sextic D C P2, Recall (see §3.1) that we denote by X — P?
the minimal resolution of singularities of the double covering of P? ramified at D,
and that the set of singularities of D can be identified with the sublattice S C LL
spanned by the classes of the exceptional divisors. Let 7: X — X be the deck

translation of the covering.

Lemma 3.2.1. The induced action of T on the Dynkin graph & := &g preserves
the components of &; it acts by the only nontrivial symmetry on the components

of type Ap>2, Doaq, or Eg, and by the identity otherwise. <

Remark 3.2.2. In other words, 7: & — & can be characterized as the ‘simplest’

symmetry of & inducing —id on discr S.

In addition to S, we have the class h € L of the pull-back of a generic line
in P2. Obviously, A is orthogonal to S and h? = 2. Let Sj, := S @ Zh. The triple
H = (S, h,L), i.e., the lattice extension S;, < L regarded up to isometries of L
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preserving S (as a set) and h, is called the homological type of D. This extension is

subject to certain restrictions, which are summarized in the following definitions.

Definition 3.2.3. Let S be a root lattice. A homological type (extending S) is
an extension Sy := S @& Zh — L satisfying the following conditions:

1. any vector v € (S® Q) NL with v? = —2 is in S;

2. there is no vector v € gh with v> =0 and v-h = 1.
Given a homological type H = (S, h, L), we let

e S, := (S, ®Q)NL be the primitive hull of Sy, and

e T :=S; with 7 = discr T be the transcendental lattice.

One has 0, T = 2 and there is a positive sign structure on T which is called
an orientation of H and denoted by 0. The homological type of a plane sextic D
has a canonical orientation, viz. the one given by the real and imaginary parts of

the class of a holomorphic form w on X.

An automorphism of a homological type H = (S, h,L) is an autoisometry of
L preserving S (as a set) and h. The group of automorphisms of H is denoted by
Aut H. Let Auty H C AutH be the subgroup of the automorphisms inducing id
on T. On the other hand, we have the group Aut, gh - O(gh) of the isometries

of S, preserving h. There are obvious homomorphisms
Aut, H — AutH — Aut, S, — O(S), (3.2.4)

where the latter inclusion is due to item 1 in Definition 3.2.3, as S C S, is
recovered as the sublattice generated by the roots orthogonal to h. If the primitive
extension S, — L is defined by an anti-isometry ¢: discrS, — 7T (see §2.2.3), so
that we have a homomorphism d¢: Aut;, S, — Aut 7, then, for € = + or empty,

Im[Aut, H — Aut, Sp] = (d%)71d(O.(T)). (3.2.5)
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Theorem 3.2.6 (see [10]). The map sending a plane sextic D C P? to the pair of
homological type (S, h, L) and orientation o of the space w establishes a one-to-one
correspondence between the set mo(M.(S)) and the set of pairs (H,o0). Changing
orientation of w corresponds to conjugation map on the strata M. (S) and hence
mo(M.(S)/ conj) corresponds to H.

In §3.1 the space M(S) is defined as the set of all plane sextics with set
of singularities S and subdivided into families M, (S). In moduli space, the
notation * stands for the information of whether they are non-special or special
sets of singularities and if they are special, what kind of special sextics they are.
Correspondingly, in homological types, the subscript is the sequence of invariant
factors of the kernel K of the finite index extension S;, < Sj. Our primarily
used spaces M (S) and M;3(S) correspond to homological types with K = 0 and
IC = Zs, respectively.

A homological type H = (S, h, L) is called primitive if S, C L is a primitive
sublattice, i.e., if K = 0. In this case, one has discr S, = S @ (%> and the above

inclusion Auty, S, < O(S) is an isomorphism.

Theorem 3.2.7 (see [19]). A simple plane sextic D is irreducible and non-special

if and only if its homological type is primitive. >

Theorem 3.2.8 (see [19]). A simple plane sextic D is irreducible and p-torus, p =
1, 4, or 12, if and only if the kernel IC of the extension Sy, < Sy, is, respectively,
G3, Gg@@g, OTGg@Gg@Gg. >

There is a similar characterization of other special sextics: a sextic is irre-
ducible and Dy,-special, n > 3, if and only if the kernel K is G,,; one necessarily
has n = 5 or 7. Note that these statements cover all possibilities for the kernel IC

free of 2-torsion, and K has 2-torsion if and only if the sextic is reducible, see,

e.g., [2].
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3.2.2 Extending a fixed set of singularities S to a sextic

By Theorem 3.2.6, realizing a set of singularities S by a sextic becomes a matter
of extending S to a homological type. Hence, the question is about the embedding
S — L.

For a fixed S there are three items on realization by sextics (see [10]):

1. 7Existence of a sextic having set of singularities S” can be determined by:

(a) enumerating lattices S, extending S. It is determined by a choice of

KcS,

(b) determining the existence of primitive extension S, — L. It can be
calculated by Theorem 2.2.6.

2. "Number of classes of sextics by which S is realized, up to complex conju-

gation” can be determined by:

(a) enumerating number of isomorphism classes of T,

(b) enumerating bi-cosets of Aut, S x Autt T .
For unique realization of S (covering steps (a),(b)), by Corollary 2.3.3
it is sufficient to have |E(T)| = 1 by calculations in [18]. In the case
|E(T)| > 1, one needs to look for the match of images of d and d*. If
all automorphisms in Aut(S) has preimage in O(S) or in O(T) then S

has unique realization with fixed complement T.

0(S) I Aut(S) = Aut(T) <= O(T)
E(T),
3. Real or complex realization of each class of sextics.
Details about this item are given in §5.1. The necessary and sufficient con-

dition for realization of S by a real sextic is having an involutive orientation

reversing automorphism on the homological type of S (see Theorem 5.1.1).
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3.3 Maximizing sextics

This section is based on the studies on the sets of singularities realized by simple
plane sextics (see [11]), the deformation classification of this list (see [12]) and
fundamental groups of irreducible sextics (see [2, 3]). For the classification of

sextics there is an alternative way for triple points in [2].

The relevant part of these results is collected in Tables 3.1, 3.2 (irreducible
maximizing non-special sextics) and Table 3.3 (irreducible maximizing 1-torus
sextics). In the tables, the column (r,c¢) refers to the numbers of real (r) and
pairs of complex conjugate (c¢) curves realizing the given set of singularities; thus,
the total number of connected components of the stratum M;(S) (or M3(S) for
Table 3.3) is n := r 4+ 2¢. Some sets of singularities are prefixed with a link of the
form [": this link refers to the listings of the fundamental groups found below.
Some pairs of singular points are marked with a *. This marking is related to the

real structures; it is explained in §5.1.2.

The fundamental groups of most irreducible maximizing sextics are computed

in [2, 3].

The known fundamental groups 7, := m(P? \. D) of the maximizing non-

special irreducible sextics D are as follows (depending on the set of singularities):

1. for Eg® Ay & A3 & 2A,, the group is the central product
™ = SL(2,F5) ® Glg = (SL(2,F5) X Glg)/(—ld = 6),

where —id is the generator of the center Gy C SL(2,F5);
2. for E; @ 2A, @ 2A,, the group is m; = SL(2,Fi9) X Gg;

3. for 2E¢ @ Ay @ As, the group is m = SL(2,F5) x Gg, the generator of Gg
acting on SL(2,F5) by (any) order 2 outer automorphism;

4. for Ay DA DAL, A DASD AL, AgDAs DAY, AsG A DAy D Ay,

only for the real curve the group m = G¢ is known;
5. for Aq; @ 2A4, only for one of the two curves the group m = Gg is known;
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Table 3.1: The spaces M, (S), p(S) = 19, with a triple point in S

Singularities (r,c) Singularities (r,c)
2Eg @ Aj (1,0) Es Do ® Ay (1,0)
2Egs ® Ay @ Ay (1,0) Es & D7 ® Ag (1,0)
EsoE;® Ay (0,1) Ec @ D5 ® Ag (1,1)
Es ® E7 © 2A, (1,0) E¢ © D5 © Ag @ Ay (2,0)
Eg & Eg @ Dj (1,0) E¢ ® D5 ® 2A4 (1,0)
Es & Eg @ As (0,1) Es & Aj3 (0,1)
Es®Es® Ay d Ay (1,0) E¢c® A2 ® Ay (0,1)
Es S Eg® A3 ® As (1,0) E¢® AigP Ag (2,0)
Eg ® D1y (1,0) Es® A0 DA D Ay (1,1)
Es® Dy Ay (1,0) Es P AgD Ay (1,1)
Es®D7 @ Ay (1,0) Ec®As® A4 @ Ay (1,1)
Egs ® D5 ® Ag (0, 1) E¢ ® Ar P Ag (0,1)
Es®Ds DAL Ay (1,0) E¢ A7 DAL Ay (2,0)
Es® Ap (0,1) E¢® Ag® Ay @ As (1,0)
Es® Ao © Ay (1,1) Es®As @A, As DA (1,1)
Eg@Ag@AQ (1,0) Eﬁ@A5@2A4 (2,0)
Es® Ag P Aj (1,0) Dy (1,0)
Es®As Ay ® Ay (1,1) D7 ® Ay (1,0)
Es® A7 D Ay (0,1) D5 ® Ay (1,0)
Es® A; d2A, (1,0) D3 Ag (0,1)
Es® Ag P As (0,1) Dis®o AL A (1,0)
Es®Ac DAL DA (1,1) Dy ® Ag (1,0)
Es® Ag ® A3 D Ay (1,0) D1 ®Ag @ Ay (1,0)
Es® Asg®2A2:d Ay (1,0) D1 & Ay @ 2A5 (1,0)
Es®A; DAL B Ay (2,0) Dy @ Ay (1,0)
NEs® Ay ® Az @ 2A% (1,0) Dy @ As @ Ay (1,0)
E; @ 2E; (1,0) Dy ®2A) @ Ay (1,0)
E; D Eg P Ag (0, 1) D;d A (1,1)
E;OEs © Ay @ Ay (2,0) D7 ® A1 ® A (0,1)
E;® Ao (0, 1) D Asg P Ay (2, O)
E7® Ao ® Ay (2,0) D7 ©Ag DAL D Ay (1,0)
E;®AgP Ay (0,1) D7 ® 2A¢ (0,1)
Er©As© AL © Ay (2,0) Ds® Ay (0,1)
E; @ 2A4 (0, 1) D AP Ay (1,0)
PIE, @ 2A, @ 2A% (1,0) Ds® A ® Ay (1,1)
2Eg@A7 (1,0) Ds @Alo@QAz (1,0)
2E; © Ag © Ay (1,0) D5 ® Az ® Asg (0,1)
(3] 2E6@A4@A3 (1,0) D5@A8@A4@A2 (1,1)
E¢® D3 (1,0) Ds ® Ag ®2A4 (2,0)
EG@DU@AQ (1,0) D5@A6@A4@2A§ (1,0)
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Table 3.2: The spaces M (S), u(S) = 19, with double points only

Singularities (r,c) Singularities (r,c)
A1 (2,0) A D A7TD Ay (2,0)
Aisd Ay (1,1) Bl A1 ® Ag @ Aj (0,1)
Aig D A3 (2,0) Bl A1g @ Ag @ A @ A4 (1,1)
AgpAsd Ay (1, 1) AigDA;D Ay (2, O)
AP Ay (O, 1) [6] Ag® QAZ o A (1, 1)
BlAL, @ AL o Ay (0,3) AB A, BA3S A, (1,0)
61 A5 @ Ag (0,2) 6l Ao @ Ay ©2A, D A4 (2,0)
AspALd A (2,0) [4] Ag D Ag D Ay (1,1)
T A1 @ A7 (0,1) TAg® Ar @ Ay (0,1)
(4] Alg@Aﬁ@Al (1,1) [4] AS@A6@A4@A1 (1,1)
A ® AL A (1,0) 5 A7 @ 2A6 (0,1)
[6] AsPDALDAD A (1,1) A DPAgD AL D Ay (2,0)
Pl AL @ 2A (2,0) 5 A7 @24, @ 2A% (1,0)
Ao DAy (2,0) Bl2A: @ Ay @ As @ Ay (2,0)
WA DAsD Ay (1,1) 5l Ag @ As @ 2A3 (2,0)

6. for the thirteen sets of singularities marked with ¥ in Table 3.2, the funda-

mental group is still unknown.

In all other cases, the fundamental group is abelian: 7 = Gg.

The fundamental groups of sextics of torus type are large and more difficult

to describe. To simplify the description, we introduce a few ad hoc groups:
G(5) == {1, a9, 03 | p3 = (1a2)?, {aat0f,03}s, =1, i=0,...,5), (3.3.1)
where 5 = (sg, ..., s5) € Z° is an integral vector,
Lygr = <061,042 ‘ (041042061)3 = @, {ag, (061042)041(061&2)71};)
= {1, mar05 '} = {as, (ana3)or (aa3) '} = 1), (3.3.2)

where p,q,r € Z, and

E

o -1 _ -1 -1
g <041,CY27043 P302p3 = Qg (1Qg = P3 (303,

ps = (a1as)®, {as, a3}, = {1, a3}, = 1), (3.3.3)

where p,q € Z. Then, the fundamental groups of the maximizing irreducible

1-torus sextics are as follows:
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Table 3.3: The spaces M3(S), u(S) =19

Singularities (r,c) Singularities (r,c)
' (3Eq) @ Ay (1,0) (A17 @ Ag) (1,0)
2 (2Eq & As) & Ay (2,0) (A11® A2) © A3 (1,0)
Bl (2B ® 2A%) @ A3 (1,0) (A4 A2) B Ay Ay (1,0)
(E¢ ® Aq1) @ Ay (1,0) (A1 ©2A%) @ Ay (1,0)
(E6@A8@A2) @ Ag (1,0) (2A8) @ Ag (1,0)
(EG@Ag@Ag) G A A (1,1) [6] (Ag@Ag) @Ag) D A, (O, 1)
U (B ® As ®2A3) © Ay (2,0) Pl (As B 3AL) @ Ay Ay (1,0)
Ds @ (As ® 3A;) (1,0)

1. for (3Eg) ® Ay, the group is m = By/090%09073;
for (2Eg @ A5) @ As, the groups are Ejg, see (3.3.3), and Lj g0, see (3.3.2);
for (2Eg @ 2A5) & Ajs, the group is Ey 3, see (3.3.3);

4. for (E¢ & As & 2A,) & Ay, the groups are Lsg3 and G(6,5,3,3,5,6), see
(3.3.2) and (3.3.1), respectively;

5. for (Ag @ 3A5) ® Ay, @ Ay, the group is
m = (o1, g, 03 | [an, 3] = {an, an}s = {on, as}o = 1,
g ay tasaas(asar) oy = (a1a3)2a51a1a3a2a1>;
6. for the set of singularities (As & A; & Ay) & Ay, the group is unknown.
In all other cases, the fundamental group is 7; = I'. In each of items 2 and 4, it
is not known whether the two groups are isomorphic. The groups corresponding

to distinct sets of singularities (listed above) are distinct, except that it is not

known whether the group in item 5 is isomorphic to I'.

Fundamental groups of non-maximizing sextics (see §4.1) are as follows.

Corollary 3.3.4. Let D C P? be a non-special irreducible simple plane sextic. If
w(D) = 19, the fundamental group m = 7 (P? \ D) is as shown in Tables 5.1
and 3.2. Otherwise, one has

® T = SL(Q,]Fg) X GQ fO?" 2D7 D 2A27 D7 D D4 D 3A2, and 2D4 D 4A2,
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® T = SL(Q,]F5) ©O) Glg, fO’/’ 2A4 D 2A3 D 2A2,

and ™ = Gg in all other cases.
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Chapter 4

Principal Results

4.1 Statements

There are 110 maximizing sets of simple singularities realized by non-special
irreducible sextics as shown in Tables 3.1, 3.2. We have studied non-special non-
maximizing sets of singularities in the way guided in [10]. We found that 2996
sets of simple singularities are realized by non-maximizing non-special irreducible
sextics. (This statement is almost contained in [11], although no distinction
between special and non-special curves is made there.) The corresponding counts

for irreducible 1-torus sextics are 15 and 105, respectively, see [9].

Instead of listing such a huge list, by the following theorem one can find
all existing non-maximal sets of singularities which are realized by irreducible
non-special sextics. Furthermore, it reveals the relation between maximal and

non-maximal sextics.

Theorem 4.1.1 (see §4.2.1 and §5.1). The space My(S) is nonempty if and only

if either S is in one of the following two exceptional degeneration chains
2D8 >—>D9@D8 — 2D9, 2D4@4A2 >—>D7EBD4@3A2 >—>2D7@2A2

or S degenerates to one of the mazximizing sets of singularities listed in Ta-
bles 3.1, 3.2.
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Table 4.1: Disconnected spaces M;(S), u(S) < 19

Singularities (r,c) Singularities (r,c)
Eg @ 2A5 (0,1) D¢ @ 2A¢ (0,1)
E7 ® E¢ & As (0,1) D5 & 2A6 @ A (0,1)
E; D A7 D Ay (0,1) 2A9 (2,0)
E¢ P A1 DA (0,1) AP Ag D As (1,0)
E¢® A7 D Aj (0,1) 3A4 (0,1)
Es S Ag P As B Ay (0,1) 2A6 P 2A3 (0,1)
Eg @ 2A5 D Ay (O, 1) 2Ar D Ay (0, 1)

Table 4.1 contains 14 sets of singularities among all non-maximal sextics with

the speciality of having disconnected M (S) spaces.

Theorem 4.1.2. The numbers (r,c) of connected components of M1(S) are as
shown in Tables 3.1, 3.2, and 4.1; in all other cases, My(S) is connected and

contains real curves.

Two lines in Table 4.1 deserve separate statements: to our knowledge, phe-

nomena of this kind have not been observed before.

Proposition 4.1.3 (see §5.1.3). The space Mi(A7 ® Ag ® As) = M(A7 @
A¢® As) is connected (hence, its only component is real), but it contains no real

CUTVES.

Proposition 4.1.4 (see §4.2.3). Let S := 2Ayg, S; := Ajg, and Sg := A1y ® Ay.
The space My(S;), i = 0,1,2, consists of two connected components M7 (S;),
each containing real curves, so that OMS(Sy) = M{(S1)UM(S2) for each e = +.

Corollary 4.1.5 (see §4.2.4). With the same six exceptions as in Theorem 4.1.1,
any non-special 1rreducible simple sextic degenerates to a mazrimizing sextic with

these properties, see Tables 3.1 and 3.2.
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Table 4.2: Exceptional sets of singularities (see §4.2.1)

N Es @ 2A4 @ 2A, BB, & A7 @ 2A, BIA- @ As B AL Ay
MA; @240, 020, 0A; PlEspA; @ A; 42A6 ®2A, ®2A,
[2] 3A, ® 3A, [3] 2A7 D 2A, (5] 2A9

4.2 Proofs of principal results

4.2.1 Proof of Theorem 4.1.1

We apply Theorem 3.2.6 to any possible set of singularities

18 18 8
S = @@zAz b @dej D @ ekEk
i=1 j=4 k=6
with
18 18 8
rank S = Ziai + Zjdj + Zkek < 18.
i=1 j=4 i=6

Following the steps in the first item of 3.2.2, it is sufficient to find if there exists
an embedding S, < L. Space M;(8) is the set of non-special sextics and by
Theorem 3.2.7, their homological types are primitive (K = 0). Hence we have
discrS;, = S @ (3). Using Theorem 2.2.6 we list all sets of singularities extend-
ing to a primitive homological type. The resulting list is compared against the
list of all perturbations of the maximizing sets obtained and the relation in the

statement is observed.

4.2.2 Proof of Theorem 4.1.2

Let S be one of the sets of singularities found in Theorem 4.1.1 with u(S) < 18,
and let T be a representative of the genus ¢(S;-). In most cases, Theorem 2.3.2
gives us E(T) = 0 and, due to Corollary 2.3.3, a primitive homological type
extending S is unique up to strict isomorphism. In the remaining cases, it suffices
to show that the map dt: O(S) — E(T), see §2.3.1 and second item in §3.2.2, is

onto; this will also imply the uniqueness of T in its genus.
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There are 32 sets of singularities containing a point of type A, and satis-
fying the hypotheses of Lemma 2.3.7 or Corollary 2.3.9 (with p = 5); in these
cases, a nontrivial symmetry of any of the type A4 points maps to the generator
—1 € E(T) = {£}. The remaining nine sets of singularities are collected in Ta-
ble 4.2, with references to the list below, where we indicate the Miranda—Morrison
homomorphism e: Aut7 — E(T) (given by Lemma 2.3.8) and automorphism(s)
of S generating E(T).

L. e:te = 03(€) - 95(€) - [€]5 € {£1}; a transposition Ay <> Ay;

2. e te > (03(8) - 05(8) - [€]5, 1€]5) € {£1} x {£1}; a symmetry of Ay and a
transposition Ay <> A, (two generators);

3. erte = 02(8) - 93(8) - €] - [€]s € {£1}; a transposition Ay <> A,y or a
symmetry of Ay, A, or Eg;

4. e:te = 03(8) - 67(&) - [€]s - |€l7 € {£1}; a transposition Ay <> Ay;

5. e: te — €5 € {£1}; none.

The last case S = 2A4 is special: the map d*: O(S) — E(T) is not surjective
and there are two deformation families, as stated. Still, we can assert that T is

unique in its genus: E(T) is generated by e(t¢), where £ = 1 mod 2Z.

This concludes the proof of the fact that any set of singularities S # 2Ag4
with p(S) < 18 extends to a unique primitive homological type H; hence, the
space M (S)/ conj is connected. To complete the proof of the theorem, we need
to analyze whether M;(S) contains a real curve and, if it does not, whether H

is symmetric. This is done in §5.1.2 below. O

4.2.3 Proof of Proposition 4.1.4

One has T = Zb ® Zay ® Zay, with a? = a3 = 10, v* = —2. The group T is
BYe (3)®(3) @ (3) ®(3), and Aut T is generated by

012: Q12 > —Q2, 03! Q1 <> O, 04 Q3 <2 Oy.
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Since |E(T)| = 2, the image Imd is generated by oy, 09, and o304, and this
subgroup coincides with the image of O(S).

In other words, in the group 7, the map %al — %(Ig, %al — :l:%(lg establishes a
well defined bijection between the two non-characteristic elements of square % and
the two pairs of opposite elements of square % A similar bijection in —S& is given
by the orthogonal sum decomposition S = Ag @& Ay, and the two homological
types differ by whether the isometry ¢ : =S & (%> — T does or does not respect
these bijections. Hence Sy := 2A4 has two connected components represented by
MZE(Sy) which stands by the item (2)(b) in §3.2.2. In order to understand and
fix these spaces, let us consider the lattices S, @ (Sh)f =S, ®T C L and the
graph P of ¢ in their discriminant form S & 7.

Recall that the singularity A,, is a root lattice with n generators {ey, es, ..., €, }
where €7 = —2, ¢;-e; = 1fori = j £ 1, ¢; - ¢; = 0 otherwise. Let ¢’ be the sum
¢ =>" i-e;. Then one can take ¢ as the 'generator’ of the discriminant form
of A,,. Assume that cy,co are the 'generators’ (in the sense just described) of the

discriminant of the two copies of 2Ay. One has
S, ®T =2Ag P Zh S 7ZbD Zay & Zas. (4.2.1)
Let us fix these spaces with the following corresponding isotropic subgroups:

3 3
Mi’_(S()) s C1+CL1’ Cz+a2>

10 10
Ml_(so)\ <301;6117301;@’302;—@27302;&1>

On the other hand Sy = 2A4 degenerates to two different maximizing set of
singularities S; = A9 and Ss = Ag @ Ajg. Degeneration of M;(Sy) becomes in

the following way:

MFE(Sy) — M5 (S;) : Similar to 2Ag, homological types arising from the
set A9 differs by the item (2)(b) in §3.2.2. According to that, homological

types differ by whether the isometry —S & (%) — 7T does or does not respect the

bijections of 4 and 5-primary parts as shown in Equation 4.2.2 and Equation 4.2.3.

One has A9 D 2A9 & (—20). Let ¢ be the 'generator’ of the discriminant of

A9 in the same sense as described above and p be the generator of (—20). Then
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¢ = 2¢co + p and the lattice S, @ T is
AwDZhDZrdZs D2Ag D Zh D Zp ® Zr @ ZLs

where p* = —20, r? = 2, s = 20. Hence one has such relations with generators
in 4.2.1:
p = 3a; — 3as + 100,

r=a; — as + 3b,
S = ay + as.

Isotropic subgroup are generated by {345 3cEs£2r} apd {Scks Scost2r} iy (4)

and (—) signed cases, respectively.

M (S)) 30; S o 3025”2 mod Z (4.2.2)

2
3C+Z+ TgSng—ag mod 7

which corresponds to M (Sp).

3c+sg302+a2
5 5
3¢ — 2

c— S+ rg3cz+a1modz
4 2

which corresponds to M7 (Sp).

M (Sy) :

mod Z (4.2.3)

MFE(Sy) — MF(S,) : The space M;(S;) has two connected components by
(2)(a) in §3.2.2 which differ by the lattice T, say M7 (Sy) is matched with T+ =
(22) @ (10) and M7 (S2) is matched with T~ = (2) @& (110). Since Ajg D Ag @

(—110), the lattices S, @ T for two different realization are as follows:

MF(Sy) i Ag @ Ay @ Zh © T D 2A9g ® Zh © Zk © Zm @ Zay

MT(S2):AgDAWDZh DT D2AgDZh DLy B Lz & L,

where y? = k? = —110, m? = 22, 22 = 2, 22 = 110. Relations of these generators

with the generators in 4.2.1 are
k =10b + as,
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y = 15aq + 22a5 + 600.

Isotropic subgroup are generated by {2t%} and {2%%} in (+) and (—) signed

cases, respectively.

MT(SQ) Cg+k:C2+10b+a2gSCQ"i‘CLQmOdZ
) 5 )
Cg—l-k’ CQ+10b+a2 302+a2
5 = 5 = 5 mod Z

which corresponds to M (Sp).

cz+y_02+15a1+22a2+60l)g302+a2

MI(Sz) : 5 5

mod Z

cg—l—y_cg+15a1+22a2+6062302+a1
2 2 -

which corresponds to M7 (Sp).

mod Z

4.2.4 Proof of Corollary 4.1.5

Unless S = 2A,, the statement follows immediately from Theorem 4.1.1. Indeed,
there is a degeneration S — S’ to a maximizing set of singularities S’. Due to [22,
Proposition 5.1.1], there is a degeneration D — D’ of some sextics D € M;(S)
and D' € M;(S’). Since M;(S)/ conj is connected, a degeneration exists for any
sextic D € M;(S). The exceptional case S = 2A4 with disconnected moduli
space is given by Proposition 4.1.4, see §4.2.3 above. O]
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Chapter 5

Real Structures

5.1 Real sextics

5.1.1 Conventions for real sextics

A real structure on a complex analytic variety X is an anti-holomorphic involution
¢ : X — X and real variety is the pair (X, c) for complex variety X and real
structure c. The fixed point set Xg = Fixc of the involution is the real part of

the complex variety X.

Let (X, ¢) be a real surface. Any curve D C X is real curve if ¢(D) = D. For
the double covering X branched over real curve D, c lifts to two different real

structures on X and they differ by the deck translation.

Theorem 5.1.1. A homological type H is realized by a real sextic if and only if

H admits an involutive orientation reversing automorphism.

Proof. The necessity is obvious: the real structure on P? lifts to a real structure
on the covering K 3-surface X, which induces an involutive automorphism of the

homological type.

For the converse, let a € Aut H be an automorphism as in the statement. Due
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to Lemma 2.2.2; the restriction a|g has the form ro(—s,), where r € Kerd and s,
is induced by an involutive symmetry s € Sym’ &g. Since Kerd € AutH (in the
obvious way: automorphisms extend to S* by the identity, see Theorem 2.2.5),
the involution r~! o @ is also in AutH. Let c:=r~toaot, € O(L); it is still an

involution and ¢|p = a|r.

Let Ty be the (+1)-eigenspaces of the action of ¢ on T ® R. Since ¢ is
orientation reversing, one has o7y = 1. Hence, one can choose generic vectors
wy € Ty such that w? = w? > 0 and take w = wy + iw_ for the class of a
holomorphic form. Let, further, S_ be the (—1)-eigenspace of the action of ¢ on
S, @ R. Since h € S_, one has 0.5_ = 1. By the construction, —c preserves a
Weyl chamber of S; hence, condition (1) in Definition 3.2.3 implies that S_ is not
orthogonal to a vector v € S;, of square (—2) and one can find a generic vector
p € S_, p> >0, and take it for the class of a Kihler form. These choices define
a 2-polarized K3-surface X with Pic X = S, and, by an equivariant version of
the global Torelli theorem, c¢ is induced by a real structure on X commuting
with the deck translation 7 of the ramified covering X — P? defined by h. This
real structure descends to P? and makes the sextic corresponding to X (i.e., the

branch curve) real. O

Let D be a real sextic with the set of singularities S. The real structure c lifts
to two real structures on the covering K 3-surface; they take exceptional divisors
to exceptional divisors and, hence, induce two involutive symmetries c: & — &
of the Dynkin graph & := &g. Define another symmetry co: & — & as follows:
on each connected component &; of & fized by c4 and of type other than Deyep, let
co = id; on all other components, let ¢y = c+. In other words, since ¢ = ¢, o7,

we just let v+ cy = v for each vertex v such that v+c; # v1c_, see Lemma 3.2.1.

Corollary 5.1.2. If a homological type H is realized by a real sextic (D, c), then

any co-invariant perturbation H' of H is also realized by a real sextic D'.

Note that we do not assert that D’ degenerates to D in the class of real sextics.

A real perturbation can be found if H’ is invariant under one of c...
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Table 5.1: Exceptional sets of singularities

[3A6]7 [EG ® A5]3 O Ag D Ay *2E; & Ay
[2A6]7 @ Dg [Eﬁ (o) 2A5}3 ® A *E7 ® Ds @ Ag
[2A¢]7 ® D5 @ A4 [E7 © A7]o @ Ay *E7 ® Ay
[2A6]7 @ 2A3 [2A7]2 ® Ay *E7r D Ag @ Aj
[2A5]3 © Es A, @ Ag D A; * 2Dy

[Ee © A11]3 © Ay 2D7 & 2A; *Dg @ Dg

[E¢ © As|s © E7 D7 ® Dy @ 3A, * 2Dg

[E¢ ® As]3 @ Ay 2Dy @ 4A, *D5 ® A7 D Ag

E; ®2A,® A3

Proof of Corollary 5.1.2. Let c,: L = L be the automorphism of H induced by
one of the two lifts of c. Composing c, with —7, on some of the indecomposable
summands of S, we can change it to another involutive automorphism ¢ of H
(see Lemma 2.2.2 and Theorem 2.2.5) inducing ¢y on &. Then ¢ preserves S';

hence, ¢’ ot;, can be regarded as an involutive orientation reversing automorphism

of H', and Theorem 5.1.1 applies. O]

5.1.2 End of the proof of Theorem 4.1.2

It is easily confirmed that most sets of singularities S with u(S) < 18 are sym-
metric perturbations of maximizing sets of singularities realized by real sextics,
see Tables 3.1 and 3.2. (In the tables, marked with a * are pairs of isomorphic
singular points permuted by the complex conjugation. These pairs should be
taken into account when analyzing symmetric perturbations. Note that singular
points of type Deyen do not appear in irreducible maximizing sextics.) Due to

Corollary 5.1.2; these sets of singularities are realized by real curves.

The remaining 25 sets of singularities are listed in Table 5.1. Each of these
sets S extends to a unique (up to isomorphism) primitive homological type H,
and we denote by T the corresponding transcendental lattice. In each case, the

natural homomorphism d: O(T) — Aut 7T is surjective.

By Theorem 2.2.5, the homological type H is symmetric if and only if there
is an isometry a € O(T) with det;ya = —1 and such that d(a) € d?(O(S)),
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where d” is induced by any anti-isometry ¢: S @ (3) — 7. If (and only if) a
as above can be chosen involutive, then so is d(a) and, due to Lemma 2.2.2; a
extends to L by an involutive isometry of S; hence, M;(S) contains real curves,

see Theorem 5.1.1.

Lemma 5.1.3. The first twelve sets of singularities in Table 5.1 (those with a

[-], pattern) extend to asymmetric primitive homological types.

Proof. Let S be one of the sets of singularities in question. Then f)(T) Iy,
see §2.3.3, and there is a well defined map det,: Aut7 — {£1}. We use
Lemma 2.3.11 (with the ‘test prime’ p indicated in the table) to show that det
takes value +1 on the image of O(S). If p = 7 (the first four lines), the latter

image is generated by reflections ¢, such that either

o 2= g (a symmetry of the Dynkin graph of Ag), or
o 2= % (interchanging of two copies of Ag), o

e ¢ € T, (isometries involving the other singular points);

on the other hand, one has (22) = (%) = (2) = 1. If p = 3 (the next six sets of

singularities), the image of O(S) is generated by the following automorphisms a:

o tc with &% = % (a symmetry of the Dynkin graph of Eg or Ajs),

o let, with £ = 2, n* = 1 (interchanging of two copies of Aj),

o let, with £ = 2, 0> = ; (a symmetry of the Dynkin graph of A1),

o t¢ with & =% or ¢ = ¢ (a symmetry of the Dynkin graph of A7 or Ag).

In each case, Lemma 2.3.11 (with p = 3) implies that det, a = 1. Finally, if p = 2

(the last two sets of singularities), we have reflections t¢ such that either

(a symmetry of the Dynkin graph of A7), or

(interchanging of two copies of Ay), or

[ ] [ ] [ ]
M M M
[} [\o} no
GUs N 0ol=T

(a symmetry of the Dynkin graph of Ajs).
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Lemma 2.3.11 (with p = 2) implies that det; ¢, = 1. O

Listed in the last column in Table 5.1 are the sets of singularities S extending
to symmetric homological types due to Proposition 2.3.10. However, since we
want to represent these types by real sextics, we will attempt to find involutive
orientation reversing automorphisms, see Theorem 5.1.1. A simplest automor-

phism with this property would be a reflection ¢,, a € T, a® = 2.

Lemma 5.1.4. IfS is one of the sets of singularities marked with a % in Table 5.1,

the lattice T contains a vector a with a®> = 2.

Proof. Tt suffices to find an embedding S, ®Za — L, a? = 2, with the image of S,
primitive. In each case, there is an element o € discr S;, with o? = —% mod 27Z.
Let 8 € discr(Za) = (3) be the generator, and let S, be the finite index extension
of S;, with the kernel generated by a + 3. On a case-by-case basis one confirms
that Theorem 2.2.6 implies the existence of a primitive embedding S} — L. (In
the last case, the set of singularities D5 ® A, ® Ag, the element v above should be
chosen carefully, viz. @ = 20y +4as +ay indiser S, = )@ )@ (E) @ (3).) O

The set of singularities A; & Ag @ Aj is considered in Proposition 4.1.3, see
§5.1.3 below, and the remaining four deformation families are real and contain

real curves; for proof, we construct explicit reflections in O(T).

If S = 2D; @ 2A,, then T = Zu & Zv © Zw with u? = 4, v? = 12, w? = —6,
and the reflection ¢, extends to an involutive automorphism of H (via —id on one

of the D7 components). Hence, M;(S) contains a real curve; by Corollary 5.1.2,
so do M;(D; @ Dy @ 3A5) and M;(2D4 @ 4A,).

Finally, if S = E; ® 2A, @ Ag, then T = Zu @ Zv & Zw with u? = v? = 10,
w? = —4. Since d: O(2A,) — discr2A, is onto, the reflection t, extends to an

involutive automorphism of H. n
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5.1.3 Proof of Proposition 4.1.3

One has T = (L) @ (2) & (3) @ (3) @ (3), and the image of O(S) in Aut T is
generated by the reflections ¢,,, ¢ = 1,2,3. Furthermore, one has EQ(T) =1y
and the map det, : Aut7T — {£1} is well defined. Applying Lemma 2.3.11, one
finds that det; t,, = 1 and det, t,, = det; t,, = —1. In particular, it follows
that the homological type is symmetric, i.e., M;(S) consists of a single real

component.

Up to sign, any involutive isometry a € O(T) with det a = —1 is a reflection,
a = =+t, for some z € T, 22 > 0: one can take for z a primitive vector generating
the (—1)-eigenlattice of +a, whichever has rank one. As explained above, ¢, must
induce —id in one and only one of the components T3, 77. Hence, 2% = 2¥q, where
k=1,3and ¢ = 3,7. (Recall that z € (32*)T% if k = 2, then £ := 1z € T5
has square 0 mod Z and t¢ is not in the image of O(S).) Obviously, n := éx is a

generator of 7;; on the other hand, one can see that 7°/a® ¢ (Z;)?, where a = ay

or ag for ¢ = 7 or 3, respectively. This is a contradiction. O

41



Bibliography

1]

2]

A. H. Durfee, “Fifteen characterizations of rational double points and simple
critical points,” Enseign. Math. (2), vol. 25, no. 1-2, pp. 131-163, 1979.

A. Degtyarev, Topology of algebraic curves: An approach via dessins
d’enfants, vol. 44 of De Gruyter Studies in Mathematics. Berlin: Walter
de Gruyter & Co., 2012.

A. Degtyarev, “On the Artal-Carmona—Cogolludo construction.” to appear,
arXiv:1301.2105.

E. Artal Bartolo, J. Carmona Ruber, and J. I. Cogolludo Agustin, “Essential
coordinate components of characteristic varieties,” Math. Proc. Camb. Phil.
Soc., vol. 136, no. 2, pp. 287299, 2004.

A. Degtyarev, “On irreducible sextics with non-abelian fundamental group,”
in Singularities—Niigata—Toyama 2007, vol. 56 of Adv. Stud. Pure Math.,
pp. 65-91, Tokyo: Math. Soc. Japan, 2009.

A. Degtyarev and M. Oka, “A plane sextic with finite fundamental group,”
in Singularities—Niigata—Toyama 2007, vol. 56 of Adv. Stud. Pure Math.,
pp. 93-108, Tokyo: Math. Soc. Japan, 2009.

C. Eyral and M. Oka, “mi-equivalent weak Zariski pairs,” Tokyo J. Math.,
vol. 28, no. 2, pp. 499-526, 2005.

C. Eyral and M. Oka, “A proof of a conjecture of Degtyarev on non-torus
plane sextics,” in Singularities—Niigata—Toyama 2007, vol. 56 of Adv. Stud.
Pure Math., pp. 109-131, Tokyo: Math. Soc. Japan, 2009.

42



[9]

[13]

[14]

[15]

[16]

[17]

[19]

M. Oka and D. T. Pho, “Classification of sextics of torus type,” Tokyo J.
Math., vol. 25, no. 2, pp. 399-433, 2002.

A. Degtyarev, “On deformations of singular plane sextics,” J. Algebraic
Geom., vol. 17, no. 1, pp. 101-135, 2008.

J.-G. Yang, “Sextic curves with simple singularities,” Tohoku Math. J. (2),
vol. 48, no. 2, pp. 203227, 1996.

I. Shimada, “On the connected components of the moduli of polarized

7

K3 surfaces.
html, 2007.

http://www.math.sci.hiroshima-u.ac.jp/~shimada/K3.

A. Akyol, “Classical Zariski pairs,” J. Knot Theory Ramifications, vol. 21,
no. 9, pp. 1250091, 16, 2012.

V. V. Nikulin, “Integer symmetric bilinear forms and some of their geometric
applications,” Izv. Akad. Nauk SSSR Ser. Mat., vol. 43, no. 1, pp. 111-177,
238, 1979. English translation: Math USSR-Izv. 14 (1979), no. 1, 103-167
(1980).

R. Miranda and D. R. Morrison, “Embeddings of integral quadratic
forms.” electronic, http://www.math.ucsb.edu/~drm/manuscripts/eiqf.
pdf, 2009.

N. Bourbaki, Lie groups and Lie algebras. Chapters 4—6. Elements of Math-
ematics (Berlin), Berlin: Springer-Verlag, 2002. Translated from the 1968
French original by Andrew Pressley.

R. Miranda and D. R. Morrison, “The number of embeddings of integral
quadratic forms. I,” Proc. Japan Acad. Ser. A Math. Sci., vol. 61, no. 10,
pp. 317-320, 1985.

R. Miranda and D. R. Morrison, “The number of embeddings of integral
quadratic forms. II,” Proc. Japan Acad. Ser. A Math. Sci., vol. 62, no. 1,
pp- 29-32, 1986.

A. Degtyarev, “Oka’s conjecture on irreducible plane sextics,” J. Lond. Math.
Soc. (2), vol. 78, no. 2, pp. 329-351, 2008.

43


http://www.math.sci.hiroshima-u.ac.jp/~shimada/K3.html
http://www.math.sci.hiroshima-u.ac.jp/~shimada/K3.html
http://www.math.ucsb.edu/~drm/manuscripts/eiqf.pdf
http://www.math.ucsb.edu/~drm/manuscripts/eiqf.pdf

[20] E. Looijenga, “The complement of the bifurcation variety of a simple singu-
larity,” Invent. Math., vol. 23, pp. 105-116, 1974.

[21] E. B. Dynkin, “Semisimple subalgebras of semisimple Lie algebras,” Mat.
Sbornik N.S., vol. 30(72), pp. 349-462 (3 plates), 1952. English translation:
A.M.S. Translations (2) 6, (1957) 111-244.

[22] A. Degtyarev, “Irreducible plane sextics with large fundamental groups,” J.
Math. Soc. Japan, vol. 61, no. 4, pp. 1131-1169, 2009.

44



	Introduction
	Area of sextics from the point of equisingular deformation
	Principal results
	Notations

	Integral Lattices and Quadratic Forms
	Finite quadratic forms
	Lattices and discriminant forms
	Lattices and discriminant forms
	Root lattices
	Lattice extensions

	Miranda-Morrison results
	Miranda–Morrison results
	A few simple consequences
	The positive sign structure


	Sextics in the Aritmetical Way
	Simple sextics
	Moduli space of sextics and homological types
	Homological type of a sextic
	Extending a fixed set of singularities S to a sextic

	Maximizing sextics

	Principal Results
	Statements
	Proofs of principal results
	Proof of Theorem 4.1.1
	Proof of Theorem 4.1.2
	Proof of Proposition 4.1.4
	Proof of Corollary 4.1.5


	Real Structures
	Real sextics
	Conventions for real sextics
	End of the proof of Theorem 4.1.2
	Proof of Proposition 4.1.3



