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ABSTRACT
VENDOR LOCATION PROBLEM

Yiice Cinar
M.S. in Industrial Engineering
Supervisor: Assoc. Prof. Hande Yaman
July, 2009

In this study, we aim to design a distribution system with the following com-
ponents: the location of vendors, the number of vendors, the service region of
the vendors, the number of vehicles and workers, and the assignment of demand
points to these vendors and vehicles. We define our problem as a two-level ca-
pacitated discrete facility location problem with minimum profit constraints and
call it Vendor Location Problem. In order to formulate the problem, two different
objective functions are used: vendors’s profit maximization and maximization of
the demand covered. Integer linear programs for these two versions of the prob-
lem are formulated. Valid inequalities are used to strengthen the upper bounds.
Finally, the performance of these models with different parameters are compared
in terms of linear programming relaxation gap, optimality gap, CPU time, and
the number of opened nodes for four different types of instances: instances with
demand and profit which are independent of distance; profit function of distance;

demand function of distance; demand and profit function of distance.

Keywords: Vendor location, two-level capacitated facility location problem, dis-

tribution system, minimum profit constraint, valid inequalities.
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OZET
BAYT YER SECIMI PROBLEMI

Yiice Cinar
Endiistri Miithendisligi, Yiiksek Lisans
Tez Yoneticisi: Do¢. Dr. Hande Yaman
Temmuz, 2009

Bu tez calismasi; bir firmanin bayileri icin yer se¢imi, bayi sayisi, bayi caligan
ve arag sayilari ile miisterilerin bayilere ve araclara atanmasi kararlarini iceren bir
dagitim sistemi tasarimini amagclamistir. Problem literatiirdeki iki agamali ve kap-
asiteli kesikli tesis yerlesim problemi olarak tanimlanmis ve Bayi Yer Se¢imi Prob-
lem: olarak adlandirilmigtir. Bayi karini ve servis edilen talebi enbiiytiltmek ol-
mak iizere iki farkli amag fonksiyonu tanimlanmig ve bu iki problem i¢in dogrusal
tamsay1 programlar: sunulmustur. Gegerli esitsizlikler eklenerek problemlerin iist
limitleri diigiirtilmiis ve problemler ¢oziimlenmistir. Ayrica, sayisal deneyler icin
dort farkl 6rnek grubu olusturulmustur: uzakliktan bagimsiz kar ve talep fonksiy-
onlarimi; uzakliga baglh kar fonksiyonunu; uzakliga bagh talep fonksiyonunu;
uzakliga baglh kar ve talep fonksiyonlarini iceren ornekler. Modeller olusturulan
ornek gruplarinda parametreleri degistirilerek dogrusal gevsetme farki, eniyilik
farki, CPU stiresi ve ac¢ilan diigiim sayist bakimindan karsilagtirilmigtar.

Anahtar sozciikler: Bayi yer secimi, iki asamali kapasiteli tesis yerlesim problemi,

dagitim sistemi, minimum kar kisiti, gecerli esitsizlikler.
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Chapter 1

INTRODUCTION

Recently, the importance of customer satisfaction has increased dramatically for
the firms in the service sector. One of the key factor that has a big impact on cus-
tomer satisfaction is the service time. Therefore, these firms pay more attention
to production, logistics, and distribution management to create a competitive
advantage over their competitors. Hence, vendor location decisions become an
important component as a management concept that affect the service time ex-
cessively. Moreover, the design of distribution system is typically a costly and
time-sensitive project. The main factors to be determined before locating facilities

are the area of the location, the number of facilities, and capacity specifications.

In this thesis, we aim to design the distribution system for firms, which sell
their products through vendors. This system design problem includes the decision
on the location of their vendors, the service region of each vendor, the number of
vehicles and workers for each vendor, and the assignments of customers to these
vendors and vehicles. Customer/ demand point and facility/ vendor are used

interchangeably hereafter.
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1.1 Motivation

We consider a discrete facility location problem encountered by one of the major
demijohn water sellers in Ankara. A few years ago, the company decided to intro-
duce its own brand and wanted to locate a number of vendors and to determine
disjoint sales regions for its vendors in a way that each vendor can achieve at

least a minimum level of profit.

The sales of demijohn water works on a kind of membership of customers.
Every brand has its own bottles. A customer who wants to buy the product of
a given brand is charged for the first bottle. After the first purchase, the empty
bottle is changed with a full bottle, and the customer is only charged as much
as the price of the water. This discourages customers from switching frequently

from a brand to another.

Before the company introduced its product, a detailed market analysis has
been conducted to determine the criteria that the customers use in deciding which
brand to buy and to forecast the demand for the new product. It has been
observed that the customers valued the most, the quality of the water (taste,
hygiene, chemical composition etc.) and the quality of the service. The quality of
the service was strongly related to service times and the satisfaction was affected
by the presence of competitors in the same region who could provide shorter

service times.

It was concluded that the number of customers that the company could attract
from a given region depended highly on the distance between the region and the
vendor to which this region would be assigned to and the distances between the
region and the vendors of competitor brands. Hence opening vendors at many
locations could increase the market share of the company. However this could
result in vendors with insufficient sales to achieve at least a minimum level of

profit.

The distribution system of the company is depicted in Figure 1.1.
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Customers

Main Depot

Figure 1.1: The Distribution System

1.2 Problem Definition

We aim to establish a distribution system for companies by deciding where to
locate their vendors, the number of vehicles for each vendor as well as the assign-

ment of customers to these vendors and vehicles.

We define the Vendor Location Problem (VLP) as follows. We are given a
set of demand points which correspond to population zones and a set of possible
locations for vendors. For each vendor, there is a maximum number of vehicles
that this vendor can use. We are given the fixed cost of operating a vendor office

(rent, insurance, salaries of employees at office etc.) at a given location and the
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cost (including the salary of the driver) and capacity of a vehicle.

For a given demand point, there is a set of eligible vendors that can serve this
demand point. Demands of demand points change according to the proximity to
vendors and also the proximity of other brands’ vendors in the region. Hence, the
demand and the profit (sales revenue minus the transportation cost) a demand

point generates depends on the vendor that serves it.

Now, the VLP is to locate a given number of vendors and to assign each
demand point to at most one vehicle of an eligible vendor such that capacities
of vehicles are not exceeded and each vendor achieves a minimum level of profit.
We consider two objective functions. In ProfitVLP, the aim is to maximize the
total profit and in CoverageVLP, the aim is to maximize the coverage, i.e., the

total demand served.

1.3 Contribution

In this study, we introduce two new two-level facility location problems, namely
ProfitVLP and Coverage VLP, that are motivated by a real life problem. Differ-
ent from the classical facility location problems, here we have minimum profit
constraints for open facilities and capacity constraints for their vehicles. We in-
vestigate the computational complexity of these problems and prove that they are
strongly NP-hard. We propose integer programming formulations, valid inequal-
ities and extra constraints to be able to use the cutting planes of off-the-shelf
integer programming solvers. We report the outcomes of a computational study
where we used four types of instances which differ in their demand and profit
functions. We investigate the effect of valid inequalities on linear programming
relaxation bounds and solution times for these different types of instances. Fi-
nally, we analyze the optimal solutions of ProfitVLP and Coverage VLP and report
how the differences in demand and profit functions effect the locations of facilities

and their service regions for an example problem.
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1.4 Contents

The remainder of the thesis is organized as follows:
In Chapter 2, we give information on two companies that use vendors for sales.

In Chapter 3, we provide a review of the literature in facility location problems

by comparing our problem with these problems.

In Chapter 4, we formally define our problem and then propose an integer

linear program to solve the problem exactly.

In Chapter 5, we derive some valid inequalities to strengthen the models

presented in Chapter 4.

In Chapter 6, we will present four types of instances. Experimental results
related with valid inequalities are given and discussed by comparing the models

with each other.

In Chapter 7, we conclude the thesis by giving an overall summary of our
contribution to the existing literature and list some possible future research di-

rections.



Chapter 2

VENDOR SYSTEM IN
TURKEY

We have interviewed two different firms which sell their products through ven-
dors. The first company is in LPG (Liquefied Petroleum Gas) cylinder market in
Turkey. The other one is a beverage company, who produces 19 L, HOD-Demijohn
water. Since we are not allowed to use their brand names, we call them as Com-
pany X and Y, respectively. In the following two sections, we give some general

information about these companies and their vendor systems.

2.1 LPG Company

LPG cylinder companies sell their products through vendors. Distribution net-
work is the most important issue to attract customers and meet customer satis-

faction for this kind of companies.

The distribution network is composed of filling facilities and vendors. Vendors
prefer managing the logistics by their own, although Company X provides free
logistics. The reason behind it is that vendors want to order the products in the

specified amount and time based on their needs rather than the fixed amount and
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time the distribution centers determine. The vendors close to the filling facilities

do not tend to keep inventory.

The distribution of the products to the customers depends on the type of
customer. Customers of Company X can be categorized into three segments
as individual subscribers, corporate customers, and the customers of secondary
vendors. Individual and corporate customers make a phone call to make an order
and the vendors bring their products via their own vehicles to replace the empty
LPG cylinders with full ones. However, secondary vendors meet the demand of
people in villages or suburbs without taking any order. Besides, in suburbs, the

vehicles go around with the company’s jingle to capture the consumer.

To locate the vendors, Company X does not take into account the distance
between vendors. Therefore, customers sometimes complain about the imbalance
of delivery time of each vendor. Since they have no region division for the vendors,
customers are free to choose their own vendors. Sometimes, this leads to long

delivery times and high transportation costs.

The most important factor affecting the delivery time is the number of vehi-
cles. The number of vehicles each vendor has is not determined by company X
and it changes from region to region. As vendors patronize more customers, the
need for an extra vehicle occurs. Vendors assign one more vehicle as a result of
increase in the complaints from customers about the delivery time. The aim of
Company X is to minimize the number of vehicles without decreasing the service

quality.

The customers mainly make their decisions for which brand to choose accord-
ing to three criteria: reliability that comes from the name of the brand, price,
and delivery time. The aim of the company is to keep the lead time of delivery
of products below half an hour, but it changes between 20 and 60 minutes due to

the reasons mentioned above.

If a vendor cannot compensate its costs and make enough profit due to de-

crease in demand, then it has to be merged with one of the neighboring vendors.
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It may happen that Company X locates its vendors in the same area and this
may create serious risk in terms of vendor’s profitability and customer satisfaction.
This can cause a vendor to be out of business since it is not possible to cover the
costs. In 2008, seven vendors closed their businesses, and three vendors were

merged to compensate the costs.

2.2 Demijohn Water Company

One of the most proper example for selling products through vendors is demijohn
water companies. In Turkey, there are more than 400 brands in the demijohn
sector. To understand the vendor system, we interviewed one of these brands,

which we call Company Y.

The distribution network of Company Y has distribution centers in cities who
supply demijohns for vendors. There are two distribution centers in Ankara: the
east region distribution center and the west region distribution center. Each of
these centers provides supply to 17 vendors. The separation is based on the

amount of demand and region.

These distribution centers order demijohn waters to the company once a day.
The delivery time for demijohns for reaching the distribution centers from the
factory is 24 hours. Vendors give their orders to the distribution centers at the
end of the working day to have the products at the beginning of the next day.
Generally, the distribution center is responsible for logistics of the demijohns
to the vendors, unless the vendor is willing to receive from the stock warehouse
thanks to the proximity. The west distribution center has 4 trucks with capacities
100, 300, 450, and 700 demijohns. Most of the time, one trip per truck per day
is enough, if necessary they assign the trucks for a second trip through a day,
starting with the smallest truck. Distribution centers have the safety stock which
is enough for a daily demand. The sale of a distribution center is 2300- 2500
demijohns per day on the average. It can change in the range of 10% and 15%.
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Vendors are responsible to deliver products to customers via their own vehi-
cles. The process of receiving an order from a customer starts when the customer
calls the responsible vendor to leave a message of his/her request to the vendor’s
computer. Then, the request is directed to the deliveryman who is responsible
for that region. The deliveryman brings the full bottle to the customer’s adress

and takes the empty bottle to take it back to the vendor.

The service regions of the vendors are strictly separated from each other and
the vendors are prohibited to serve in an other vendor’s district. Company decides
about the vendor locations with respect to the demands of the regions. First, they

choose elite districts to serve and then they decide about the remaining regions.

Moreover, the region of the each vendor’s vehicles is also determined and
even if the delivery takes less time, customers of a deliveryman cannot be served
by another deliveryman working for the same vendor. To shorten the delivery
time and to minimize the transportation cost, vehicles assigned to each part of
the vendor’s region have specific points to wait in their service area. They are
not allowed to return back to their vendors during the day before finishing all

demijohns loaded on their vehicles.

Another important issue is to decide about the number of vehicles since it
affects the delivery time. In the demijohn water sector, each vendor has a different
number of vehicles. Regarding that shipping 50-60 demijohns in a day is ideal
and more than 80-90 can be shipped by a vehicle, the vendor starts with a vehicle
at first. As the vendor patronizes more customers, they augment the number of

vehicles in order to have acceptable delivery time.

One of the distribution centers of Company Y has vendors with 1 to 6 vehicles
that can be loaded 3 times and accomplish at most 3 tours in a day. The average
number of vendor’s vehicles is 3. If a vendor cannot afford to buy more vehicles
and demand cannot be met within reasonable service times, the need for an extra
vendor in that region occurs. This is called "vendor split”. Each vendor has
to compensate its cost and to continue his business. If a customer is far from
the other customers of the vendor, advertisements or promotions are applied

to capture more customers at that region to cover the costs. The vendor does
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not accept the demand if there is still not enough demand in that direction to

compensate its own cost.

Although the number of vehicles and delivery times are crucial for vendors to
attract the customers, Company Y does not control vendors in terms of delivery
time, unless customers deliver a complaint to the company. However, the sales of
vendors are inspected and necessary precautions are taken if any loss occurs. In
addition to this, Company Y follows the shifts to other brands and tries to get

information which other brands customers prefer to Company Y.

Apart from the delivery time, the reasons customers choose the specific brand
of demijohn water are reliability of the brand, price, taste, and some emotional
factors. For example, the deliveryman has an affect on the process of deciding the
demijohn water to buy. They are strictly prohibited to enter customer’s house
and must be neat. Moreover, customers in Turkey are not tightly coupled with a
brand. The regions with well-educated customers have steady sales. However, the
demand of less-educated customers is more sensitive due to promotions, free-of-
charge exchange demijohns or campaigns. The importance given to price differs

according to region.



Chapter 3

LITERATURE SURVEY

There is a wide variety of location problems in the literature. Generally, distri-
bution, transportation and telecommunication are the most important areas for
facility location problems. The need for locating facilities arises both in private
and public sector. In private sector, industrial firms, retail facilities or banks have
to locate their facilities and for the latter one, government agencies decide on the

location of schools, hospitals, fire stations, and ambulances.

Location Problems were first introduced in 1909 by Alfred Weber [19] who
studied the problem of locating a warehouse in the plane on which the customers
are spatially distributed with the objective of minimizing the total walking dis-
tance of customers to the facility. More realistic models and algorithms were

introduced in the mid-1960s.

Facility Location Problems can be classified regarding various criteria. Klose

and Drexl [14] classified facility location problems using the following criteria:

1. The space of location designs

Location problems are divided into two groups according to the space of
d-dimensional real space and network location space. Both two groups
are subdivided into continuous and discrete location problems. In location

problems with continuous space, facilities can be located anywhere in the

11
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space or on the network. However, facilities are sited at the points in a

finite set in discrete location problems.

ReVelle and Eiselt [15] stated in their survey that distances in real spaces
are often calculated using metric Minkowski distances. The most focused
distance types are Rectilinear distances, Euclidean metric and Chebyshev

metric.

In network location problems, shorthest path is the method for calculating

the distance between nodes which presented by Dijkstra [9].

Our problem is a discrete location problem in 2-dimensional real space and
we use Euclidean metric to compute the distances between facilities and

customers.

2. Classes of location objectives

Eiselt and Laporte [10] examined different objective functions for location
models. They categorized objective functions into three groups: pull, push
and balance objectives. First, if the aim is to locate facilites close to the
customers, it is a pull objective. Minisum, maximum capture, minimax
and covering problems are the major classes of problems of pull objec-
tives. When the aim is to maximize sales, revenue and customers captured,
maximum capture objectives arise. If the issue is to minimize the max-
imum distance, minimax objectives are used. Max cover and min (cost)
cover problems are the two version of covering objectives. In max cover
problems, the idea is that facilities are located to maximize the demand
captured with a fixed number of facilities. Min (cost) cover problems aim
to cover the whole demand with a variable number of facilites by satisfying

the distance constraint.

Push objectives aims to locate undesirable facilities. Finally, balance objec-
tives try to balance distances between facilites and customers, i.e., minimize

the variability of the distribution of distances.

Generally, public sector aims to increase the accessibility of facilities e.g.,
minimizing the maximum distance between facilities and customers. How-

ever, private sector chooses to maximize profits or minimize cost. We define
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two objective functions including both two groups for our problem: maxi-

mizing profit and maximizing coverage.

3. Product type

Problems can include single-product or multi-product. In single-product
models, there is a homogeneous product which does not differ in terms of
cost, quality, capacity or demand attributes. All products are homogeneous

in our problem.

4. Demand type

In location problems, demand can be classified as elastic and inelastic de-
mand. In inelastic demand, spatial decision does not influence demand.
On the contrary, if demand is elastic, it may change according to proxim-
ity. Elastic demand is usually a component of competitive facility location

problems.

In Competitive location, private sectors’ organizations struggle to be close
to the customers in order to attract them to their retailers. Characteristics
of this problem are various and one of the important component is objective
function which is generally based on the utility function. Aboolian et al. [2]
suggested a spatial interaction model with multiple facilities, elastic con-
cave demand and multiple design characteristics for competitive location
problem. They solved the model for a real life example to locate a set of re-
tail facilities in Toronto, Canada. They used Tangent- Line Approximation
(TLA) by adopting the piecewise linear function to linearize the nonlinear
concave model for medium-size instances. They also developed an ascent

heuristic for larger problems.

Berman and Drezner [4] studied the multiple facility location problem on
a network. They define stochastic demand function as distance dependent,
that is to say, it decreases as distance increases. Their objective function
is to maximize the demand. They developed heuristic algorithms that are
ascent algorithm, tabu search and simulated annealing and concluded that

the best approach is simulated annealing.
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We model both the demand and the profit as a function of distance. In con-
trast to these studies mentioned above, we model demand using a piecewise

linear function.

5. Planning period and data type

In facility location problems, static and dynamic models are studied in the
literature. Static models optimize the system for a time period. In dynamic
models, multiple periods are considered, data varies over time and it is
possible to relocate the system components in the given planning horizon.

Our problem is a static location problem.

In terms of certainty, static models can be divided into deterministic and
probabilistic models. Deterministic models ignore the uncertainty. How-

ever, probabilistic models’ data is not known with certainty.

Brotcorne et al. [5] worked on ambulance location and relocation models.
After they mentioned how the emergency services operate, they presented
static and dynamic models for ambulance location problems. They con-
cluded that fast heuristics and sufficient computing power make the dy-
namic models useful in real life. The Location Set Covering Model (LSCM)
of Toregas et al. [18] aimed to minimize the number of ambulances so as to
cover all demand points. The objective of Maximal covering location prob-
lem (MCLP) studied by Church and ReVelle [7] is to maximize coverage

with limited resource available.

6. Routing

ReVelle and Laporte [16] presented Location Routing Problems considered
as plant location problems with spatial interaction. These models simulta-
neously locate facilities and construct routes of delivery and/or collection.
There are the Median Tour (MTP) and Covering Tour Problems (CTP),
the Newspaper Delivery Problem (NDP) and Multiple Tour Plant Location
Problems (MTLP) in this category. The Median Tour Problem introduced
by Current and Schilling [8] is the extension of the Generalized Traveling
Salesman Problem. Its objective is to minimize both the length of the

Hamiltonian tour among facilities and the sum of radial distances between
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remaining sites and the closest facility. Current and Schilling [8] works on
Covering Tour Problem which is a version of MTP. Mailbox location is the
application of MTP and CTP.

In the Newspaper Delivery Problem, Jacobsen and Madsen [13] aimed to
minimize the total length of all tours. Primary tours through a subset of
sites and secondary tours associating sites to the primary tours are com-

puted.

Finally, Multiple Tour Plant Location Problem corresponds the NDP, but
there are no tours between facilities and there is a fixed charge for opening

facilities.

Although our problem includes delivery/collection process, we cannot con-
struct a route for vehicles as in the case of MTP, CTP, NDP and MTLP,

since customer’s order triggers the delivery/collection process.

7. Capacity constraints

If the model has no capacity constraints, it is called uncapacitated facility
location problem (UFLP). If facilities have capacity constraints, then the
problem is called capacitated facility location problem (CFLP).

Models with capacity constraints are separated into two groups: single-
source and multiple-source. In capacitated facility location problems with

single-source, each customer has to be served by only one facility.

In the literature, one of the common way of solving CFLP is to use La-
grangian Heuristics. Holmberg et al. [12] suggested a Lagrangian Heuris-
tic including a strong primal heuristic and a branch-and-bound for CFLP
with single sourcing (SSCFLP). They use subgradient optimization in La-
grangian Heuristic and repeated matching in primal heuristic. To relax the
set of constraints, they chose assignment constraints, so they worked on
knapsack problems. They concluded that Primal heuristic with Lagrangian
relaxation is a very efficient method since Lagrangian relaxation provides
strong lower bounds and primal heuristic finds optimal or near optimal

solutions quickly.
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In our problem, vehicles of vendors have capacity limits, so our problem is

capacitated.

Albareda et al. [3] introduced a new problem called Capacity and Distance
Constrained Plant Location Problem (CDCPLP) which is an extension of
discrete capacitated plant location problem. They propose mathematical
formulations and a solution technique for this problem. Their problem has

the following properties:

o After customers are assigned to facilities, each customer is also assigned

to a vehicle.

e There are plant capacities and upper bounds on the total distance

traveled by each vehicle.

e Demands are not divisible.

They proposed alternative mathematical models that minimize the total
cost: the fixed cost for opening plants, the vehicle utilization cost and the
assignment cost. They add some inequalities to their first alternative to

avoid symmetries that arise since vehicles are identical.

In the first model, they suggested a bilevel model that minimizes required
the vehicles to satisfy the assigned customer demands by separating the

problem to Bin Packing Problems.

Second, they proposed a relaxed model for CDCPLP to generate good lower
bounds by changing the capacity constraints with surrogate aggregated ca-
pacity constraints and adding valid inequalities. They improve tabu search
based heuristic with three levels of search: plant-level, assignment level and
packing-level. The results show that tabu search heuristic provides optimal

or near optimal solutions within reasonable computational times.

Our problem is related with CDCPLP in many points. VLP has simi-
lar properties mentioned above except the second item. In our problem,
not facilities but vehicles have capacity limits and we do not set upper
bounds on total distances traveled. Besides, we have an additional con-

straint which provides the minimum profit of each vendor. Although we
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have no constraint on total distance traveled, demands are decreasing as
distance between vendors and demand points is increasing in VLP. Fur-
thermore, we set a distance restriction for each vendor that is allowed to

serve a customer.

8. Hierarchical stages

Hierarchical location problems occur in many areas such as health care,
industrial and telecommunication network contexts. In industrial context,
goods start to move from manufacturing plants to warehouses and from
warehouses to demand points. Although supply chain concept comes up
at this point, the difference between supply chain and location problems is
that primary consideration is to focus on the design and secondary issue is

operation in location problems like as in hierarchical location problems.

In hierarchical facility location problems, there are k levels representing the
different type of facilites having interaction. Sahin and Stiral [17] reviewed
the hierarchical facility location problems. First, they focused on four at-
tributes of this type of problems: flow-pattern, service varieties, spatial
configuration and objective. According to these attributes, they mention
the real life applications of hierarchical facility location problems such as
healthcare system, solid waste management system, production-distribution
system, education system, emergency medical service (EMS) system and
telecommunication networks. They give mathematical formulations of these

problems based on above attributes and solution methods.

Our problem can be seen as a hierarchial facility location problem where
customers are level 0, vehicles are level 1 and vendors are level 2. According
to the attributes they defined, our problem is single-flow, since a customer
to be served by the highest-level facility goes to a level 1 first and then
passes through level 2 which is a vendor. Moreover, our problem is non-
nested in terms of service varieties, since facilities at each level offer different
services. According to spatial configuration, our system is coherent, because

each vehicle belongs to a vendor.

Another study about hierarchical facility location problem was conducted

by Aardal et al. [1]. They studied the two-level uncapacitated facility
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location (TUFL) problem. After they improved for multi-commodity flow
formulations of TUFL, they compared them with one-level uncapacitated
facility location problem. They presented new families of facets and valid
inequalities for TUFL. They discussed useful inequalities for computational

purposes for alternative models they developed.

Moreover, Chardaire et al. [6] also studied hierarchical facility location
problem. They presented upper and lower bounds for the two-level sim-
ple plant location problem. They characterized their problem for two-level
concentrator access network in telecommunications industry. First, they in-
troduce a simplified version of the two-level simple plant location problem.
They assumed that there is no capacity constraint and all concentrators are
of the same type. They developed an effective simulated annealing algo-
rithm for this model to improve some of the upper bounds of Lagrangian
relaxation algorithm. Then, they presented improved model formulation for
the two-level simple plant location problem. Although both formulations’
linear programming relaxation have the same optimal value, improved for-
mulation was tightened using a family of polyhedral cuts that define facets

of the convex hull of integer solutions.

Our formulations are an extension of the formulations presented in the two
papers mentioned above. We have additional constraints which are capacity

and minimum profit.



Chapter 4

MODEL DEVELOPMENT AND
COMPLEXITY

In this chapter, we introduce the notation and then present formulations for our

problem. Then we prove that both problems are strongly NP-hard.

4.1 Notation and Parameters

Let I be the set of demand points and J be the set of possible locations for
vendors. For a demand point ¢ € I, J; is the set of vendors that can serve i. In
our problem, we define J; to be the set of vendors whose travel time 7 does not

exceed a given bound. We also define [; = {i € I : j € J;} for j € J.

We denote with f; the fixed cost of the vendor office and with v; the fixed
cost of a vehicle for a vendor located at j € J. We define p;,;;, to be the minimum

profit a vendor should achieve.

We denote with p the number of vendors to be located. The vendor at location
j € J may have up to k" vehicles. Let K; = {1,...,k7"**} for j € J. The

capacity of a vehicle is equal to ~.

19
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Demand point ¢ € I has demand ¢;; and generates profit p;; if it is served by

the vendor at location j € J;.

4.2 Decision Variables

After defining the parameters, we introduce the decision variables used to formu-
late the problem. We define y variables to open facilities, z variables to indicate
a purchase of a vehicle for facilities, and finally x variables to assign customers

to facilities and vehicles.

1, if demand point ¢ is assigned to vehicle k of vendor j
Liik ~—
’ 0, ow
Viel,je Ji,k e K,
{ 1, if vendor j uses vehicle k
Zik =
0, ow

VjeJkeK;

1, if a vendor is located at location j
Yj = 0

, oW

4.3 Objective Functions

We have two different objective functions. First one is:

MAX ) icr D es Dukek, PiTijk = 2jer Doker, ViZik — 2ojes Ji¥i-

First objective function aims to maximize profit, which consists of three terms:
the revenue of facilites after deducting the transportation cost between demand

points and facilites, the fixed vehicle cost, and the fixed facility cost.
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Our second objective function which is to maximize the coverage of demand

is the following:

max Zie] ZjeJi ZkeKj qijTijk-

4.4 Constraints

Constraints of our model are as follows.

jed; kek;

Z?JjZP

jeJ

Zl'ijkgyj Viel,jeJ;

kEKj

Zqij:cijk < YZjk VJ S J, ke Kj

IS

Zpi]‘ Z Tijk > Z V;Zjt + (Pmin + f5)Y; vjedJ
i€l keEK; kEK;

ziik € {0,1} Viel,jelJ,kekK,

ije{o,l} ‘v’jGJ,kGKj

y; €{0,1} Vi€ J

Constraints (4.1) ensure that a demand point is assigned to at most one vehicle

of one eligible vendor. Constraint (4.2) states that the number of vendors to be

located is p. If a vendor is not located at a given location, then a demand point

cannot be served by any of its vehicles due to constraints (4.3). Constraints (4.4)

are capacity constraints for vehicles. At the same time, they ensure that demand

points are not assigned to vehicles which are not in use. Constraints (4.5) ensure

that each vendor makes a profit of at least p;,;, units.
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Constraint (4.6), Constraint (4.7) and Constraint (4.8) are binary constraints

for the variables x, y, 2.

Moreover, there is the additional restriction that if a vendor is located at a
given demand point, then the demand of this point should be served by itself. To
handle this, we added the constraint

Yowgw=y Vi€l (4.9)

kEKj

Since the vehicles are identical, there is symmetry in the set of feasible solu-
tions and multiple representations for the same solution. To reduce this symme-

try, following constraints can be added:
Zj = Tjj1 VJ c JZ (410)
Tji1 = Yj1 VJ S Jl (411)

As a result, we have the following integer linear programming formulations:

ProfitVLP
MAX Y icr D ic s Sonek, PiTijk = Djes dorek, ViZik = doies JiYi
s.t.
st (4.1)-(4.11).
Coverage VLP
max . ZjeJi ZkeKj qijTijk

s.t.
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st (4.1)-(4.11).

4.5 Complexity

Now, we investigate the complexity of the problems.

Theorem 1. ProfitVLP and CoverageVLP are strongly NP-hard.

Proof. We prove that decision versions of ProfitVLP and CoverageVLP are
NP-complete in the strong sense by a reduction from the decision version of the

bin packing problem.

Given a finite set of items U, a size s; € Z, for each ¢ € U, a positive integer
bin capacity B and a positive integer x, the decision version of the bin packing
problem is defined as follows. Is there a partition of set U into Uy, ..., U, such
that > ., si < B for all u = 1,...,k? This problem is NP-complete in the
strong sense (see problem [SR1] in Garey and Johnson [11]).

First remark that when v; = f; = 0 for all j € J and p;; = ¢;; for all i € I and
7 € J;, problems ProfitVLP and CoverageVLP become the same problem. Hence

in the remaining part of the proof, we only consider CoverageVLP.

We define the decision version of Coverage VLP as follows. Given the parame-
ters of the problem and a positive constant ®, does there exist a feasible solution

with coverage at least &7 This problem is in NP.

Given an instance of the bin packing problem, let J be a singleton, I = I, = U,
p=1Lvy =0, i =0, prin =0, " =K, py =qn = s; fori € I, vy =B,
b = Zie ;%1- Now there exists a solution to the decision version of the bin
packing problem if and only if there exists a solution to the decision version of
Coverage VLP. Hence, the decision version of Coverage VLP is NP-complete in the

strong sense. []
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VALID INEQUALITIES

In this chapter, we propose some valid inequalities for both versions of the VLP.
Let F be the set of solutions that satisfy constraints (4.1)-(4.11). We use some

substructures in the formulation to derive our valid inequalities.

5.1 Lower bounds on the number of vehicles

Albareda-Sambola et al.[3] propose the optimality cuts ), K, %k 2 Yj for j € J.
These inequalities imply that if a vendor is located then it should use at least one
vehicle. In our problem, since we have minimum profit constraints, in some cases
we can obtain tighter bounds on the number of vehicles to be used by a vendor.

Besides the resulting inequalities are valid inequalities.

24



CHAPTER 5. VALID INEQUALITIES 25

For j € J and a positive integer m, consider the following problem:

d;(m) = maxz Z Pij Qi — Z VB — f;
k=1

iEIj k=1
m

S.t. Zaik <1 Vi € Ij
k=1

ZQijaikS'Vﬂk VE=1,...,m
a;, € {0,1} Vielk=1,....,m
Br € {0,1} VE=1,...,m.

This problem maximizes the total profit for vendor j if vendor j can use at
most m vehicles. Let m; be the smallest integer with 6;(m;) > pmin. Then for
vendor j to achieve a minimum level of profit of p,,;, units, it should have at
least my; vehicles. If m; is a positive integer which is less than or equal to k7",
then the inequality >, K, Zik = MjY; is a valid inequality. If m; does not exist

or if m; > kj"**, then vendor j cannot be profitable. Hence we can set y; = 0.

The above problem is a single sourcing capacitated facility location problem
which is an NP-hard problem. As a result, computing the 6;(m) values may be

quite time consuming. Hence we propose a way of computing lower bounds on

m; values.
Proposition 1. Let j € J and 0; = maxe;, %. The inequality
ij
DT [Mw " (5.1)
oY — U

k‘EKj

18 valid.

Proof. For j € J, 0jq;; > pij for all ¢ € I;. Multiplying constraints (4.4)
with o; and summing over k € K; yields Zielj 04 ZkeK‘j Tijk < 047 ZkeKj Zjk-
Since 0;q;; > p;; for all i € I;, this implies Zidj Dij ZkeKj Tijk < 07 ZkeKj Zjk-
Now combining this with constraint (4.5), we obtain

oY Z Zjk 2> szj Z Tijk = Z V;Zik + (Pmin + f)Y;

kEKJ‘ iEIj k’EKJ‘ k‘EKj
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which gives

(07 =03) D 2k = (Pmin + [7);-

k‘EKj

This implies that if y; = 1, i.e., if a vendor is located at location j, then
Pmin+f; . . .. . . .
Y ke K, %ik > aﬂ—_v]] Since the left hand side is integer in a feasible solution,

we can round up the right hand side. [

For j € J, 0; can be computed in O(|I;]) time.

5.2 Cover inequalities for vehicle capacity con-

straints

Fori eI, j € J;, and k € Kj, inequality
Tijk < Zjk (5.2)

is a valid inequality. These inequalities are often dominated by cover inequalities
that may be generated using the knapsack structure of the capacity constraints
(4.4) for the vehicles. Cover inequalities that are valid for each of these knapsack
constraints are also valid for F. Let j € J, k € K;, and C C I; be such that
Y icc @i > 7- Then the cover inequality Y .. xir < (|C] — 1)zj; is a valid

inequality.

Most of the integer programming solvers recognize knapsack constraints and
use cover inequalities as cutting planes. So here we limit our attention to some
lifted cover inequalities that are not many in number so that they can be added

to the formulation before giving it to the solver.

For a given location j € J, we first consider all demand points with demand
larger than half of the capacity of a vehicle. Then we know that at most one of
these points may be assigned to a given vehicle of vendor j. This leads to the

following set of inequalities.
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Proposition 2. For j € J and k € K, the lifted cover inequality

Z Tijk < Zjk (5.3)

iEIj:qij>%

18 valid for F.

Proof. Easy. [

Next, we generate lifted cover inequalities for each demand point ¢ € I; with

demand not more than half the capacity.

Proposition 3. Let i € I; be such that g;; < 3. Define Cy; = {l € I; : i + qij >
v}. Then the lifted cover inequality

Tijk + Z Tk < Zjk (5.4)
leCij

is valid for F.

Proof. It x;j, = 1, then as ¢;; + q;; > 7y for each | € Cj;, none of these demand
points can be served by the same vehicle. If x;;, = 0, then as ¢;; + ¢,,; > v for [

and m in Cj;, we know that Zlecij Tk < zjg. O

Notice that if C;; is empty, then inequality (5.4) reduces to (5.2).

5.3 Cover inequalities for the minimum profit

constraints

Finally, we propose cover inequalities for the minimum profit constraints. This is
done by complementing sums of assignment variables and rewriting the minimum

profit constraints as 0-1 knapsack constraints.
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Proposition 4. Let j € J, S1 C I, and Sy C K; with |Ss|v; + (pmin + f3) >
Zielj\sl pij- The inequality

Z Zjk < Z Z Tiji + (12 — 1)y; (5.5)

keSsy 1€51 kEKj

15 valid.

Proof. Let j € J. For i € I;, define the variable 7;; = 1 — ZkeKj Tijk-
Notice that 7;; is a 0-1 variable. Now the minimum profit constraint (4.5) can be

rewritten as
Z:Oij > Z PijTij + Z V;zjk + (Pmin + £5)Y;
iGIj iGIj kEKj
which is a knapsack inequality. Suppose that y; = 1. Let S; C I; and Sy C

Ky IE Y s pij + 15200 + (pmin + f5) > Zielj pij, then the cover inequality
ZieSl Tij + Zk652 Zjk < |S1] + 92| — 1 is valid.

We can rewrite this inequality as > o6 (1 — Y oper, Tijk) + Dpes, 2k <
S1] + [S2] — 1 which simplifies to 37, 5, 2k < D ics, Doper, Tir + [S2] — 1. If
y; = 0, then 5, = 0 for all i € I; and k € K; and z;, = 0 for all £ € K;. Hence
inequality (5.5) is valid. O



Chapter 6

COMPUTATIONAL RESULTS

In this chapter, we describe the test data and report the outcomes of two exper-
iments. In the first experiment, we investigate for which sizes we can solve the
formulations to optimality in reasonable times and the effect of valid inequalities
on the quality of LP relaxation upper bound and the solution times. In the sec-
ond experiment, we compare the solutions for the two versions of the problem for

different parameters.

6.1 Models

Let ProfitM0 and CoverageM0 be the models presented in Chapter 4 as ProfitVLP
and CoverageVLP respectively.

Let ProfitM1 and CoverageM1 be the models ProfitM(0 and CoverageM0
strengthened with valid inequalities (5.1).

The fact that if a vendor is located at a demand point, then the point should

use its first vehicle can further be used to obtain stronger lifted cover inequalities

29



CHAPTER 6. COMPUTATIONAL RESULTS 30

for the first vehicles:

i€l \{7}:qi5+a55>
Z Tij1 < zj1 VjeJ (6.2)
i€l \{7}iqiy> 51
. . . — 4jj
xiﬂ + Z :Uljl S Zjl VJ c J,Z c Ij \ {j} . Qij S % (63)

le\{G}qij+a; >v—aj5

We add the above cover inequalities for the first vehicles and inequalities (5.3)
and (5.4) for the remaining vehicles to models ProfitM1 and CoverageM1 and call
the resulting models ProfitM2 and CoverageM?2, respectively.

Moreover, we remove constraints (4.5) from models ProfitM2 and Coverage M2
and add the following variables and constraints to obtain models ProfitM3 and
CoverageM3:

Ty=1-> g  Vieljel (6.4)
> 0T+ Y vizin + (Pmin + [)u < )i vjieJ (6.5)
icl; keK; icl;

7;; € {0,1} Viel,jeld (6.6)

The aim is to enable the solver to see the knapsack structure in the minimum

profit constraints so that it can generate cover inequalities as presented in Chapter

D.

Next, we obtain models ProfitM/ and CoverageM/ by adding inequalities (6.7)
to models ProfitM3 and CoverageMS3, respectively.

Zik < Y Vje ke Kj (67)

After we analyzed the results, we tested one more formulation for each problem
type. We see that the CPU time usually increases in ProfitVLP, when we add
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cover inequalities for vehicle capacity constraints (Constraints (5.3) - (5.4) and
(6.1) - (6.3)). We generate model ProfitM5 by removing these constraints from
model ProfitM}.

Observing the best results for CoverageVLP in terms of CPU time, we see
that the most beneficial one is Constraints (6.7). So, we add only this constraints

to model CoverageM0 to derive model CoverageM5.

To sum up, the constraints of models ProfitVLP and Coverage VLP (Cov-
erVLP) are listed in Tables 6.1 and 6.2 respectively.

ProfitM0 ‘ ProfitM 1 ‘ ProfitM2 ‘ ProfitM 3 ‘ ProfitM ‘ ProfitM5

(4.1)-(4.11) | (4.1)-(4.11) | (4.1)-(4.11) | (4.1)-(44) | (4.1)-(4.4) | (4.1)-(4.9)
(4.6)-(4.11) | (4.6)-(4.11) | (4.6)-(4.11)

(5.1) (5.1)-(5.3) | (5.1)(5.3) | (5.1)-(5.3) (5.1)

(6.1)-(6.3) | (6.1)-(6.6) | (6.1)-(6.7) | (6.4)-(6.7)

Table 6.1: Constraints for model ProfitVLP

CoverM0 ‘ CoverM1 ‘ CoverM?2 ‘ CoverMS3 ‘ CoverM/, ‘ CoverMb

(4.1)-(4.11) | (4.0)-(4.10) | (A1)-(4.11) | (4.1)-(4.4) | (4.1)-(44) | (4.1)-(4.11)
(4.6)-(4.11) | (4.6)-(4.11)
(5.1) (5.1)-(5.3) | (5.1)-(5.3) | (5.1)-(5.3)
(6.1)-(6.3) | (6.1)-(6.6) | (6.1)-(6.7) (6.7)

Table 6.2: Constraints for model CoverageVLP

For each value of p, k™" and p,, we have four different types of instances
with different demand and profit structures. In A type problems, we take ¢;; = g;
and p;; = p; for all j € J; and @ € I. So in A type instances, the demand and

profit are independent of the distance between the demand point and its vendor.

In B type problems, we take ¢;; = ¢; and p;; = ¢;;¢; for all j € J; and i €
where ¢;; is the unit profit that vendor j gains if it serves demand point ¢ and is

a function of the distance between ¢ and j.
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In C type problems, we take ¢;; to be a function of the distance between ¢ and
J and p;; = cq;; for all j € J; and ¢ € I where c is the unit profit and does not
depend on distances. In this case, we let ¢;; = ¢; for vendors j that are within
a short traveling time of ¢ and then let ¢;; decrease with the distance between %

and j for other eligible vendors.

Finally in D type instances, we take both the demands and the profits as

functions of the distances.

6.2 Input Data and Parameter Selection

We are required to design the distribution system for HOD-Demijohn Water
brand that will enter the market. We use the data from this demijohn water
company. The data includes 84 demand points, their estimated demands, the
distances, and cost parameters. Demand points are the customers buying HOD-
Demijohn water and facilites are the vendors of this new brand. The set of

possible locations for the vendors is the same as the set of demand points.

We define that the distance between the vendor and the customer, d,;, is

allowed to be at most 10 km. Therefore, we construct the set J; as following;:

We are given the daily demand of points, ¢; by the HOD-Demijohn water
company. Since the waiting time is crucial for customers, we define the demand,
¢ij demonstrated in Figure 6.1, as a function of the distance d;; between demand

points and vendors as follows:

qij ‘=
’ ¢:(1.5 — 0.1dy;), if 5 < dy; < 10

Viel,jeJ,.
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Figure 6.1: ¢;; function in terms of distance

Company determines the fixed facility cost f;; the vehicle cost v; including the
5 years forward purchase cost, depreciation, tax, maintenance and the personnel
salary; and the profit of each product, m, which is independent of the distance

between the demand point and its vendor.
The unit profit that vendor j gains if it serves demand point ¢ is equal to ¢;;
and is defined as follows:
Cij = (m — Ud”) Vi € ],j S Jz
Transportation cost for each product, u, is obtained by dividing the fuel cost
of 1 km by the vehicle’s capacity, 7.

Finally, we set the daily capacity of each vehicle v to 60, since every vehicle

has 20 bottles capacity and can be reloaded at most 3 times in a day.

Using the above parameters, we change the number of opened facilities p =
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{4,6,8}, the maximum number of vehicles £7'** = {6, 8,10}, and the minimum
profit value p,;, = {50,100, 150} to see the effects of changes in parameters p,

max
kj @ and Prin.

6.3 Comparison of Models

In this section, we will give the comparison among our models in terms of LP
relaxation gaps, CPU times or final IP gaps for unsolvable instances, and the
number of branch and cut nodes. Also, the effects of valid inequalities are ana-

lyzed. We try to analyze which formulation is better in which cases.

All models are solved using GAMS 22.5 and CPLEX 11.0.0 on an AMD
Opteron 252 processor (2.6 GHz) with 2 GB of RAM operating under the system
CentOS (Linux version 2.6.9-42.0.3.ELsmp). We have a time limit of one hour.

In Tables A.1-A.4 in the Appendix, we report the results for ProfitVLP and
the four types of instances, A, B, C, and D, respectively. Tables A.5-A.8 in the
Appendix are the results for CoverageVLP and the four types of instances, A,
B, C, and D, respectively. For each instance and model, we report the percent-
age gap between the upper bound obtained by solving the linear programming
relaxation of the corresponding model and the best lower bound for the integer
problem in the column LP Gap. Then we report the cpu times in seconds. If the
problem is not solved to optimality in one hour, then we report the remaining
percentage gap in parenthesis. Finally, we report the number of nodes in the

branch-and-cut tree for each model and instance. The best results are marked

bold.

Each table has a summary, where we can see the averages of linear program-
ming relaxation gaps, final optimality gaps, cpu times, number of nodes, the
number of instances solved to optimality with each model, and the number of

times each model was among the best for the considered criterion.

In the rest of the thesis, ProfitM0-ProfitM5 and Coverage M- CoverageM5 are
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abbreviated as PM(0-PM5 and CM0-CMb, respectively.

Comparing models ProfitVLP and Coverage VLP in general, it is clear that for
Coverage VLP we can reach optimality more quickly than for ProfitVLP. LP re-
laxation gap, which is measured as (100 (L Poptimal — I Poptimal) /I Poptimal),
is smaller for Coverage VLP than the one for ProfitVLP with valid inequalities.

Both problems Profit VLP and Coverage VL P were infeasible for p = 150, p = 8
and all 4 demand and profit structures. These instances are removed from the

results.

For the LP relaxation gap of model ProfitVLP for type A problems, PM4
gives the best results in all the instances. On the average, PM/ reduces the LP
relaxation gap from 55.14% to 4.45%. The CPU times and the number of opened
nodes are also less in PM4 than in other models on average. However, PMS has
the highest number of best solutions over 24 instances in terms of CPU times and
the number of opened nodes. PM3, PM/, and PMJ5 solve all problems whereas
PMO, PM1, and PM2 cannot. It is clear that PMS3 has better CPU times for
Ppmin = 150. Results of the model ProfitVLP for type A problems are shown in
Table A.1.

Table A.2 gives the LP relaxation gaps, CPU times, and the number of opened
nodes of ProfitVLP for type B problems. PMj/ improves LP relaxation gaps for
these instances as well. PM3 has better average CPU times. PM2 being the
third on average in terms of CPU times has the largest number of results with
the smallest CPU times, since problems with p,,;,, = 50 are solved most quickly
with this formulation. However, it cannot reach optimality in one instance with
Pmin = 100. Formulations which can reach optimality in all instances are only
PMS3, PMj and PM5 like in ProfitVLP for type A problems. PM4 has the best

average performance in terms of the number of opened nodes.

When we generate the demand function in terms of distance between de-
mand points and facilities as in models ProfitVLP for type C and D prob-
lems, it gets harder to reach optimality. For the LP relaxation gap of type

C, PMj has the best results except for three instances where it could not
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reach optimality. According to CPU times, PM0 has the smallest value with
a slight diffence from PM5. The smallest final IP gap which is calculated by
(100 * (Bestpossible — I Psolution) / Bestpossible) is given by PM5 that is 0.78%
wheras it is 0.83% for PM(0. However, the formulation reaching the optimality
most frequently is PM0. PM0 can solve 7 instances to optimality, and others can
solve 3,4,5,6, and 5 instances, respectively. On the other hand, PM5 gives the
smallest CPU times in 11 out of 24 instances, which is the best result among
all of the six model types. PM/ gives the smallest number of opened nodes on
the average and the largest number of best solution in terms of opened nodes
over 24 instances. Table A.3 includes the results of model ProfitVLP for type C

problems.

The last type of instances are type D for ProfitVLP problems. From Table
A4, the smallest average LP relaxation gap is obtained using PM/, which has
the best results in 18 out of 24 instances. Analyzing the CPU times and final
IP gaps for unsolvable instances, we see that PM5 has the smallest CPU time,
2794.21 sec. 9 instances can be solved by PMJ5, while others can solve fewer
number of instances. PMJ giving the best solutions in 8 instances also has the
largest number of best solution. According to final IP gaps, it is in the second
place with 0.93%. However, the difference between the first one, PM1, is 0.01%.
PM3 has the best results in 10 instances on average in terms of the number of

opened nodes.

We can conclude that PM5 generally leads shorter CPU times not for all types
of models, but for ProfitVLP type C and D problems.

For CoverageVLP, the LP relaxation gap is about 1% and the best model
for it is CM/ in all instances and all model types. Although it seems that the
decrease in LP gap relaxation is provided due to Constraint (6.7), the same results
cannot be obtained when only Constraint (6.7) is added. So, we can conclude
that although the most helpful one is Constraint (6.7), other constraints also help

to decrease the LP relaxation gap.

When we compare the CPU times of model Coverage VLP for type A problems,
CM4 decreases the CPU time from 521.64 sec. to 114.03 sec. This formulation
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Figure 6.2: Comparison of average cpu times for ProfitVLP

can solve all instances, whereas others cannot. However, the best solutions are
obtained in 7 instances with CM4, as CM5 can solve 8 instances within the
smallest CPU time. CMj4 also opens the least number of nodes with a huge
difference from other formulations. The results of model Coverage VLP for type

A problems are seen in Table A.5.

Results of problem CoverageVLP for type B instances indicate that CMY
has the smallest average CPU time with 190.60 sec. This formulation not only
solves all of the 24 instances within 1 hr and gives the quickest results for 9
instances. CMJ5 gives the best results in terms of CPU times on 8 instances,
but its average CPU time is 420.15 sec., which is about two times of CMJ. In
addition to its superiority in CPU times, CM} also opens the least number of
nodes on the average. This outcome does not change in 16 instances. The results

of CoverageVLP for type B problems are presented in Table A.6.

Coverage VLP for type C and D problems can reach optimality within 1 hr
in most of the models unlike ProfitVLP. On the average, Coverage VLP has the
smallest CPU time in CM5 with 68.41 sec. for type C problems which are solved
to optimality by all of the formulations. CM/, which gives the best results for
Coverage VLP for type A and B problems, is in the second place with 96.23. 8
out of 24 instances get the smallest CPU time with CM5. However, CM/ has the
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least number of nodes in 20 instances over 24 and provides opening fewer number

of nodes on the average. The results are shown in Table A.7.

Finally, we analyze the results of CoverageVLP for type D problems in Table
A.8. None of the models except CM3 and CMj can reach optimality within 1
hr in 2 instances. CM4 has the smallest average CPU time with 129.62 sec., but
only 3 instances prove the optimality most quickly by CM/. CMS3 is the best one
in this criterion with 6 instances. However, there is a slight difference between
CM3 and CM/4’s CPU time in 6 instances, which get the best results with CMS5.
Like the CPU time, average number of opened nodes is the least in CM4 and it

has the best results in 15 instances.

]
C W CM5
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HCM3
B
HCM2
Chl
A
| CMO
T T T T T T
a 100 200 300 400 500 600 700
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Figure 6.3: Comparison of average cpu times for CoverageL P

6.4 Solution Analysis of an Instance

We select an instance to analyze the solution for type A and type D problems.
The instance has pp;, =100, £j"**=8 and p=6. The best results in terms of CPU
time are obtained in PM2, PM3, CM4 and CM2 for the problems of ProfitVLP
for type A, ProfitVLP for type D, CoverageVLP for A and CoverageVLP for
D respectively. The solutions of ProfitVLP for type A, ProfitVLP for type D,
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Coverage VLP for type A and Coverage VLP for type D problems are shown on a
map in Figure 6.4, 6.5, 6.6 and 6.7 respectively.

Figure 6.4: The solution of PM2 for ProfitVLP type A problem

Comparing the solutions of problems, we see that demand points assigned
to the same vendor lie close to each other in both ProfitVLP and CoverageVLP
type D problems, wheras some demand points serviced from same vendor are

seperated from the group in ProfitVLP and Coverage VLP for type A problems.

Moreover, uncovered demands which are white regions in the figures are less
in type D problems than type A. The amounts of uncovered demand are 526,
113, 328, and 98 in ProfitVLP for type A, ProfitVLP for type D, CoverageVLP
for type A and Coverage VLP for type D problems respectively.
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Figure 6.5: The solution of PMS for ProfitVLP type D problem

Coverage VL P problem types provide service to more demand points according
to corresponding ProfitVLP. Besides, 1152.70, 1214.32, 1032.20 and 992.36 are
total profits of ProfitVLP for type A, ProfitVLP for type D, CoverageVLP for

type A and Coverage VLP for type D problems.



CHAPTER 6. COMPUTATIONAL RESULTS

Figure 6.6: The solution of CM/ for Coverage VLP type A problem
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Figure 6.7: The solution of CM2 for Coverage VLP type D problem
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Chapter 7

CONCLUSION

In this thesis, we considered the Vendor Location Problem (VLP). The problem
is to decide where to locate vendors, the number of vehicles each vendor should

have, and the assignments of customers to these vendors and vehicles.

Firstly, we developed an linear integer program for VLP with profit (Prof-
it VLP) and coverage (Coverage VLP) maximization objectives. We construct four
different types of problems. In A type problems, demand and profit are indepen-
dent of distance between vendors and demand points. In B type problems, profit
is a function in terms of distance. In C type problems, demand is a function of
the distance. In this case, demand decreases as the distance between customers
and facilities increases. In D type problems, both the demand and the profit
are functions of the distance. All problems are extensions of two-level facility

location problem with capacity and minimum profit constraints.

Since both problems are NP-Hard, we added valid inequalities to the models
in order to get optimal solutions at faster times and reduce the linear program-
ming relaxation gap. We have four groups of valid inequalities: lower bounds on
the number of vehicles, cover inequalities for vehicle capacity constraints, cover

inequalities for the minimum profit, and vehicle-vendor inequalities.

We added above inequalities to all our problems one by one to see the effects
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of inequalities. The models with valid inequalities are tested by changing p,
k:;”“m and ppi, parameters. All problems are solved within a time limit of 1
hour. Although valid inequalities reduce the linear programming relaxation gap,
the effect of valid inequalities differ in each instance in terms of the CPU time.
However, we can conclude that CoverageVLP is easier to solve than ProfitVLP.
Moreover, ProfitVLP type C and type D problems, which include the demand as
a function of the distance between demand points and vendors make the problem
harder. As a result, optimality is attained for all instances except for some of

ProfitVLP type C and type D problems within the given 1 hour time limit.

A future research direction may be to investigate different demand and profit

functions.

Another future research may be to develop a heuristic for ProfitVLP type C
and D problems, since we cannot reach optimality for some instances within 1

hour.

Finally, another future research may be an extension of Vendor Location Prob-
lem in competitive location context where other brands also have vendors. In our
study, we construct profit and coverage profit maximization objectives. VLP in

competitive location context can have multi-objective functions.



Bibliography

Aardal K., Labbé M., Leung J., Queyranne M., On the two-level uncapac-
itated facility location problem. INFORMS J. Comput., 8, pages 289-301,
1996.

Aboolian R., Berman O., Krass D., Competitive facility location and design

problem. European Journal of Operational Research, 182, pages 40-62, 2007.

Albareda-Sambola M., Fernandez E., Laporte G., The capacity and distance
constrained plant location problem. Computers € Operations Research, 36,
pages 597-611, February 20009.

Berman O., Drezner Z., Location of congested capacitated facilites with
distance-sensitive demand. IIE Transaction, 38, pages 213-221, 2006.

Brotcorne L., Laporte G., Semet F., Ambulance location and relocation mod-
els. European Journal of Operational Research, 147, pages 451-463, 2003.

Chardaire P., Lutton J.-L., Sutter A., Upper and lower bounds for the two-
level simple plant location problem. Annals of Operations Research, 86, pages
117-140, 1999.

Church R.L.; Revelle C.S., The maximal covering location problem. Papers
of the Regional Science Association, 32, pages 101-118, 1974.

Current J.R., Schilling D.A., The Median Tour and Maximal Covering Tour
Problems. Furopean Journal of Operational Research, 73, pages 114-126,
1994.

45



BIBLIOGRAPHY 46

[9]

[10]

[13]

[18]

[19]

Dijkstra E.W., A note on two problems in connection with graphs. Nu-
merische Mathematik 1, pages 269-271, 1959.

Eiselt H.A., Laporte G., Objectives in location problems. In:Drezner, Z.,
Facility Location: A Survey of Applications and Methods. Springer-Verlag,
pages 151-180, 1995.

Garey M.R., Johnson D.S., Computers and Intractability, A Guide to the
Theory of NP-Completeness, Freeman, 1979.

Holmberg M., Ronnqvist M., Yuan D., An exact algorithm for the capac-
itated facility location problems with single sourcing. Furopean Journal of
Operational Research , 113, pages 544-559, 1999.

Jacobsen S.K., Madsen O.B.G., A Comparative Study of Heuristics for a
Two-level Location-Routing Problem. European Journal of Operational Re-
search , 5, pages 378-387, 1980.

Klose A., Drexl A., Facility location models for distribution system design.

Furopean Journal of Operational Research, 162, pages 4-29, 2005.

ReVelle C.S., Eiselt H.A., Location analysis: A synthesis and survey. Euro-
pean Journal of Operational Research, 165, pages 1-19, 2005.

Revelle C.S., Laporte G., The Plant Location Problem: New Models and
Research Prospects. Operation Research, vol. 44, no. 6, pages 864-874, De-
cember 1996.

Sahin G., Stral H., A review of hierarchial location models. Computers &

Operations Research, 165, pages 1-19, 2005.

Toregas C.R., Swain R., Revelle C.S., Bergman L., The location of emergency
service facilities. Operations Research, 19, pages 1363-1373, 1971.

Weber A., Uber den Standort der Industrien, 1909; translated as Alfred
Weber’s Theory of the Location of Industries, University of Chicago, 1929.



Appendix A

Tables of Computational Results

47



48

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.

seoure)sul odA) Y ur g7 11fo4q Jo sepou jo Isquinu pue ded Aypewnydo /ewry gD ‘ded J7 TV o[qeL

€ i 6 4 ¥ C T i 0T € ¥ C € ve 0T 01 (vg/)suonmiog 3sog jo #
i %44 i %44 v 44 €C €C (¥g/) sul pea[og jo #
(00°0) (00'0) (00°0) (00'0) (00°0) (00°0) (%)dep 1do Say
ITPOT €4S FO9TT ¥866T LTOLT TSOET | PL'09€ T9'L8T V6'E8E 9L°TI€9 88°L6S TT'169 | ©6'8¢ SP'% TGS T&'S ¥I'SS PI'GS ofeseny
186 8%6  LL8 ¥89GTIT 9GTIF9 0T6SE | 63°€9T SG8'6LC €9°'20T (FO'0) €90T9¢ 80°6L6 | €LFS G€'9 S€'9 C€'9 ELFS €LFS 9 01 08T
86T 999  7S9  08LEC 069IT €£90T | 9€'80T L9'6ET 16°CS 69619 €8°6¥C 69°99¢ | LL'GS 94°9 90°L 90°L LL'GS LL'GS 9 8 08T
L69€  LGLT  O08ST  629% 699 SPTIT | S0°03T ©9'Sel L9°.6 06 TFT $S'9SC 0LTHe | LL'€C S8°'9 TO'TI TO'TI €219 €19 9 9 08T
199 98¢ 09T 869 069  8€L ¥92¢ €998 P86 G961  9L°GT  LLLT 1€°CY 86°€ T6'€ T6'€ 18Th 18Th i 01 08T
€6TCc 89YG  L198¢ TISGFS  GE897 80G0T | FI'S6E 0S'H9T T0°T96 L¥'9L6 CI'E8S LP'TS8c | ©8°Gc 68°S 998 99'8  GO'SP S0'SY i 8 08T
08GS T6TL TIFP9  683€C TPI0T GFLPE | 8STET €0°991 LTI FTOVE LE'G0C 8TLEh | 8%'9 8%'9 166 1365 LL9L LL9L id 9 08T
V6VYS  GLYS  €08%F  I8VLY  GATOS SE9FS | 00°ChL 8€L68 TLIPL (500) (¢00) (S00) | ¥oSS PRI TSI PRI ¥TGS ¥5SS 8 01 00T
90FF TLTF TEPE 98601 0LE0S TIZ99 | SL'TLY S8°L9F 8€'09% 8¢'809 F¥6'GIET 61°65E | ¥2'6¢ #8'T 8T ¥8'T V5SS ¥5'SS 8 8 00T
€96C 68TV  699¢  S6GF G6FT LESY | TL'G8T V6'S0F TE0IE 66°06¢ 98°6ST TT0LC | ¥TSS 8T ¥ST  ¥ST VTGS ¥ECS 8 9 00T
POEPT  GG9T  QIST  IFPP  TGITL  LLL6 | 9S°LLF ¥L681 T9°00T 66'9L1 €L°G6C T6'92E | €6'6F 60'F 60'F 60'%F €667 £66% 9 01 001
IT65T 86ST  TEOT  FE0T  66TFc FLGST | L0'GIE SSLIT 1308 6T°€L TYE6S 99°699¢ | 1608 2T% LLF LLF 16708 1670 9 8 00T
e8FC  €F0S  T6LC 0.8  90€L LP6T | TP 1ol LE'8Pc LI'CIT 99°80T ¥2'89T 9998 | LS'T¢ $0O'S 926 936 9¢'8G 9¢'89 9 9 00T
€es  v9 X4 F0S  €TPE  €90L €e0e 8L T90T T80T 08L9  0£€6 1€°cY T6'€ T6'S T6'S TSTh 1STh id 01 00T
THS6E TH09Z GTT6E 65696 O060ST T8TSS | 88698 69°089 LS'SIL VICILT €9°0S€ TH'L06 | CS'ST 68'S 9SS  99'8 G0'SF SO'SH id 8 00T
918L GET6 T69ZT TETOL  GGIel 6899 | 2191 0CFLI €£9%c 0671c 199 8€66 | 8V'9 8%'9 126¢ 136C LLIL LL9L i 9 001
99z1¢ GT68 €IGLT  TTg6T  LS00Z L98LS | GE€'890T 6€°SE8 TS'TL8 TC'EI0T SS'966 0'C90Z | 60°SS €6°'T €6'T €6'T 609G 60°GS 8 01 0
7969 8%ze 8PTT  699F  TSGE  0€€S | I ILY 1€'81¢ 09°8TT 3€'98¢ 1G°08¢ 92°¢9% | 60°GS €6'T €6°T €6°'T 60°GS 60°GS 8 8 0¢g
9LFE  LTI9T  ¥60C LEPT 08T L9LG | 09°G8C T€0ST TS TI9T 6S°GOT GO'EPT 9883l | ¥2'¢¢ I6'T 10T 100G V5SS ¥5'8S 8 9 0¢g
$GO0T €98 96%T 0681  LP9SC THSPT | OT'L0F SG'GTE L6'F8 TI'6PT GI'GLL TILST | €6'6F ¢T'vF 2TV CI'V €667 €667 9 01 0g
00S$8¢ €891 T29T  6T6  6600C LE96F | 8S°€S9 TL'I6 TOTIT €909 ¥H'89C 990811 | 16'0¢ ST'F 08F 08F 16709 160S 9 8 0g
$68C 9F8¢  099%  69ZF  GLST  LPSE | 6L°0TT $S'99T 0961 €8'€cl TT'OTT 66911 | LS'1¢ PO'S 926 936 9885 9889 9 9 0¢g
08L S8 8% 6IT¢ 098LT ¥Solg | ¢S'ey 9%'6 Qggl  18ce 18€Sl 8S¥hec | 1€°GF ¢6'€ T6'€ T6'S 18Ch 18Th i 01 0¢g
0FEr 8987 LSTEOT €699 09LL T6LOT | 63°C00T SF'998 STFL8C L0798 OT'LTT TSTIF | ¢89% 68°S 998 99'8  S0'SY S0'SP id 8 0
€0G8 CI9ET 0078% €S6FT 80GET LSE6T | €T°LLT LS'19C 6SFSF ST¥Sc 00°€0C T9L6E | 8P'9 8%°9 16T 1563 LL'9L LL9L id 9 0g
SIWd TWd  s§Wd  eNd  TIWNd  OWNd SIWd  TIWd  &WNd eNd  TWNd  OWNd SINd TIWd §WNd ed TIWNd O0Nd d aowd P
SOpPON JO Iaquiny (%)deny Ayrewryd/(09s) awry, NdD (%) den g1 SIojoUIRIRJ



49

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.

seouregsul odA) g ut J7A 11044 Jo sepou jo mqumu pue ded Aypewnydo /ewry N gD ‘de8 J7T gV 9[qRL,

g g 9 L 1 S 4 9 6 I I ve 8 8 (vz/)suonnios 1sed jo #
ve ve Ve €C 12 12 (¥2/)su1 poa[og jo #
(00'0) (00°0) (00°0) (00'0) (00°0) (10°0) (%)dep 1do Say

G966 €¥6L €C88 1890C 8T0TE T9TLE 16 7€V G9'67V¢ T6°€EE 86'89S 1¥'Cc6 V¥ 196 060V €4°F €78 €F'8 899 8¢99 edetony
9L €LS €7l €LIE 76868  G¥EC GZ'LET 8L'€S T9°8ET L0L91 (00°0) S6'TTI L8°6G QT'9 GT'9 ST'9 LB'GY L8'GS 9 0T 0gT
G09T 099 799  L0OT€S 106  SPCEll Y2TSl 67 FCl 08°88 L1°9001 T1°6el (10°0) 08°9G 08'9 8.9 8L'9 T899 T89S 9 8 0GT
LGLE  8LLV SL6T  SLCE c0S¥  6€961 Y676 L0°L9T ¢C'0CT €S°LTIT 1I¥'Cel LV ¥PS 69°%¢ TL9 0€0T 0¢0T 1919 1919 9 9 0GT
4]} 6€€  VIC 4989 08¢ 8TVET L8°LL 8981 E¥'IT GE€CC LV'CE GELVI 1€¢Vy CEV Ce&V CTEV 19°¢€r 19¢y % (028 0gT
66761 G0LCE €T91¢ GO¥Cy 1960CT 0€T198 09°L0% T19°G6L 79809 98698 TC'LG0T LS'TRET | C8'9C ¥0°9 <CL'8 CL'8 9L'8F 9L'S¥ % 8 0gT
LLG9 LTSCT SCITT  68LL 7269  €6C9L ¥0'98T 6771 SO°LIC 69F7ST S8T'L0T 61°€9CT 8L'L €69 8€'6C 8¢6C T19°LL 19°LL i 9 0gT
GE6TT TT06 LEI6 6S6T0T T80L8 0CE0L | LL'690T8L9621 88781 (¢0°0) (10°0) (90°0) 1€°LG GT°C GTI'C STI°CT 1I€LS 1€°LS 8 0T 00T
YPLVT  67SL  €8TL €EV9S €9.CIT 6£008 LL°0SCT €9°6LL 90°€PL 1L€6%c (£00) (12°0) €G°LG AT°C 6CCT 6CC €9LS €9°L9 8 8 00T
G¥99 0C9¥ G8L9 €8CF¥C 6L6GE  L960€ 98°LPY 16909 07199 0S¥8CT €€°CIST 66198 G288 0L'CT 18C 1I8C TE8G €€'8% 8 9 00T
GCIGSC 189 8TVT V366  1TECC €LI8T CE'GGL TY'68T1 LL'SVPI GT'C3C 80'8EE T19°6€9 €C'1S TS’V TSV TSV €C19 €T1¢ 9 (028 00T
g600T ¢¥v0¢ 98TT O08I0F GGES8T 8EE6V ceI9ve 09°L91T GL'GL 61'86€ 86°08¢ 96929 80¢cS €8'% I1'¢ 1I1'G O0T'CS 012CS 9 8 00T
G809 L008T 7016 €88  LGS0T  08IOT G9°08T TI'8CF 8E£'6¢¢ CI'8IC 99'9¢¢ 1L'10C 68°CC €€'9 1I¥6 1¥V'6 8C69 8C6S 9 9 00T
¥.01 9.9 87¢ L0¢ 88¢T  GL80T ¥6'89 ¥86¢ 0G°LT  ¥9'8 COFV 60°SVI 1¢°¢y ¢V CE€¥V CTEV 19¢r 19°¢y i 0T 00T
TTSPT L0SCC ¥6SPE V9681  I88LE  1¥EST 6T°0P€ €0'89G LI'CSL 06°9G¢ T18°9¢8 S6°ILE ¢8°9C ¥0'9 CTL'S TL'S 9L8V 9L'8Y % 8 00T
0299 9¢¥vT 9998 89I0T 0986C OVI6Y CV'869 0C'¥V0C 86°L8T 0L'89T ¢0'C6E 12°G29 8L'L €6°9 8€'6C 8¢'6C 19°LL 19°LL % 9 00T
¥6L6 CTLI96 V0E9 99CS 6LIET 98991 €E°LV8 88'8CIT 8¥7'€9G LT'8TY €C°089 €8°99L GL9¢ ¥0'C ¥0'C ¥0O'CT GL'9G GL9G 8 01 0g
89¢Vy  ¢€6¢v O0I0F 0L6Z  T89¥ 16TV 18'90¢ 06°LIV €CTVIE T6°LVT 89'G8C 9¥'G¥T ¥.°99 TO'CT €0C €0'C GL99 GL 99 8 8 0g
LE8C  ¢€C6T 00F¢ O0€ST  PLES S99 V6'€1C 9T'8LT LS'CLT ¥8'TIOT €£80¢ 9T°LLT €C°LG TT'T 8E'T 8ET I€LS T1€LS 8 9 0g
LELTSG  TCIV  99¢C  TTITIC 686€T 1SG0T8 €T°026T 09°€0C 99FFT €S'8TT LT 0SE 8L'696T | LIT'IS €9'F €9V €S'¥ LIU'IG LT'IG 9 0T 0g
€0CcG  691c 8L9T €916 191%y €62Vl 92°G9T 8S°L¥T 6%'1L 99°6%VT O0L6IT L989¢ ¢0'cs g9'v <CI's CI'S ¥0CS ¥0'Cs 9 8 0g
G090T ¥26S 0LLL TI9SV  ¥608  TBLLI 9L70C 8¢90C LE'COE 8F'80T TI'€LT GL'8LE 68°CC €€°9 CV'6 V6 8T69 8T6S 9 9 0g
069 89¢ 96¢ 8.C 92901  89EV 9T'%¢ 0L0C CT6T 8TOT 9L°G8T ¥.L'08 1€¢V ¢V CE€¥V CTEV 19°¢€r 19¢y % (028 0g
G679T L6BE €£9€¢ 0€099 809¢0T 6LIEL 6G°€8Y LAT'OFPT 18799 09898 00°9CLT GO'VOOT | T8'9C ¥0'9 CL'8 CTL'S 9L'8V 9L'S¥ i% 8 0g
L2969 G9EET €¥09C 0969C L96¥T  OTS9 99°LGT  LST6E ¥E'Gey €T°€0¥ LT EVC 6L°STI 8L'L €69 8E'6C 8¢6T T19°LL 19°LL % 9 0g
SINd  TId &Nd  EINd INd  ONd SINd TWd  &WNd  eWNd  TINd  ONd SINd tIWd &N eWd TIWd OWd d owd P

SOPON JO Iaquuin (%)den AnrewrydQ/(09s) awit], NdD (%) deny g1 SIojoUIRIRJ



20

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.

seour)sul odA) O ur g7/ 1104 jo sepou jo wqumnu pue ded Aypewnydo /ewry N gD ‘de8 g7 ¢V 9[qel,

I 1T v 8 T € g I C g € ve el €1 (vg/)suonniog 3sog jo #
g 9 g 14 ¢ L (¥g/) sul pea[og jo #
(82'0) (60T) (60T) (67'T) (68°0) (€8°0) (%)den 1do Bay

80969 TP69E OTSTY TE6LE €ETGL 8T1SSL | TI'T00E GLLSOE EE'€6TE 00T6TIE 6L°89CE 66°C86T | TT'€T HT'OT 6% FT 6FFI ST'ST ST'ST oBurony
TO6L9 TOSES VoThe SPTIOE 9EE8S LSLST 671 (pr) (1) () @n (9871) PEPT 8T'0T S8T'OT ST'OT ¥E¢¥#T ¥E€FTI| 9 0T 05T
TELLL SEPTY 9STFP €96CS FGGT8 €408 pr1o) (¢ (86°0) (8T'T) (¥eT)  (BE°T) PEVT 8T'0T ST'0T ST'OT FEFI PEFI 9 8 08T
TLILT T€Tge 989z L6TITIE S8£9.9 V197 | 08'08PT (2s0)  (6£°0) 07148 (30°0) SO'GTLT | 08FT OT'HT 0TLT 0GLT 69'T¢ SLTIG| 9 9 05T
66££GT 860G 8E¥E8 GETeS 820Tel ¥616¥1 | (9T°'T)  (gg'1)  (617) (022) (032) (9T°T) | LZ'€l O8'IT O8'IT OS8'IT LZ€l LZ€l v 01 05T
L9€6ST GTISTT 66L16 SPTS8 STHFIT L9GSHT (Lg0) 970LTE T9s6Te (96°0) (€L°0) 89°6%LT | 69CT LT'IT GLIT GLTI €3¢l €2€l| ¥ 8 05T
LY.LV 9TSE TIVI0T T8EPT TE6T9 TETLT | PI'9CT  ST'EIC TSL6ES 93'E€SL FEI60T 99°0SE | 66°S 66°€ €SFE €SFe 0F'98 0v9e | ¥ 9 05T
TELLT 0696 8S9TT 0866 6IEST 8TS0T (66c) (a11)  (9¢72) (es'1) (1€'1)  (60°2) 07'8T 00°0T 00°0T 00°0T €591 £5°9T 8 0T 00T
TCTIST TEETT 9TOTT TT6ET 0GLLT LL6ET (t60)  (8¢1)  (180) (eve) (og0) (€90) 67'9T G6°6 G6°6 S6°6 6V9T 6791 | S 8 00T
TI€cT €181 €CTIPT G86LT 6S0SC TSS6T L6'T (ggz)  (67'1) (¥9°0) (ze1) (89°T) 8¢'6T T9CT ¥FET ¥HET L0°0C L0°0T 8 9 00T
61967 LPEIV LETOT STLST ESELS €S6L8 (180) (8200  (9L0) (96'0) (69°0) (99°0) 88°¢1 G6'8 G6'S 96'S 88°CI 88T 9 01 00T
CTES8 STPIV 67€89 V60V GIGEL €L669 (87'0) (gg0) (90°0) (¢g0) (L¥0) (¥L0) 8871 G6'8 G6'8 96'S S8°CT 88T 9 8 00T
SSTIPT LLVLT 93T8T 0097 8L8SL 6€STIT | ST'8LLT ¥T'T1Lec  (170) (900) (go0) (85°0) 08%T OTHPT TFLT TPLL SLT1G SLTG| 9 9 00T
GG89TT $9SCH T0STS O0SLTO LOBEST L9LV6 (2e'1) (8¢r) (ve) (Lo@) (ore)  (F9¢€) LT€T 08'TT OS'IT O8'TT LT'ET LTEI| ¥ 01 00T
1G9L1Z TOTLY L89TL T6VEST 0LETST 969611 (6£0) (8¢0) (sL0) (290) (18°0) 99°'T6TI€ | 69CT LT'IT GLTT QLTI €€l €el| ¥ 8 00T
967G  80TE €FPEC TLOTC TTEeS T99%F | 2L'AST ©eLeg  LI'CIET 99°069 9F¢Iel ¥9'T06 | 66°€ 66°€ €9FE €9F¢ 0V9¢ 0F'98| ¥ 9 00T
€P8ST T08ET TEPIT L¥SCT CI0TC GLIIT 811)  (9L1)  (961)  (FL1) (921) (Q0°T) | €9°9T TO'OT TO'OT TO'OT €591 €591 | 8 01 0¢
V9LIZ SLTPT SISPT €€2ST T0GIC S61CT (ggr0) (o) (or1) (61T) (F20)  (€9°0) 67’91 96°6 966 96'6 679 6791 8 8 0s
TTELS T0SVT 6L9LT SVFST €C1ST TTE6G (89'0) (8re) (¥O®) (ogT) (L¥D)  (2L1) 9¢°LT 06°0T PLTT FLTIT LEST L&81| 8 9 0%
6T8L9 9PTITT SLSTE 089FC 8T8GS 65009 (8g'0) (180) (98'0) (120) (180) (88°0) 88°GT %06 P06 P06 S8CT 88Tl | 9 0T 0<
TTELS 96FTF TIES9 980ST 61T 9T9EE (89°0) (go0)  (9170) (e1'1) (98°0) ¥E€'620T | 88°CT #0'6 %06 %06 88Tl 88Tl | O 8 0¢
¥€L99 TSPST ¥SLGT 6T0TT £90T8 V1668 (¢e'0) e0'99vz (e20) (e8'1) (200) (90°0) 0871 OT'HT ¢¥Ll CFLT 8LT¢ SLIT| 9 9 0¢
COESTT CFE8C CS8Y9 9T69% TLPSTl Tesest | (9T°'1)  (8e'1)  (gve) (612) (eve) (1€71) LZ’€T 08'IT OS'IT O8'TIT LZ'ET L€l iz 01 0s
0T9G6T TTSETT T9SSS THIEE €6V0Tc L1¢€9z | (6€70) (6¢'1) eg'eest (9v'1) (220) (0z0) 69T LT'TIT GLTT GLTI €€l €3€T| ¥ 8 0%
686G TSST 6C09T SLSST GLL6C €LTTC | S€°L8T F9°GEC  06'S08 99806 T8'CFS 99'GIF | 66°€ 66°'€ €£9TE €SVE OF'9E 0F'98| ¥ 9 0%
SINd  TWd  §Nd  @Nd TN 0Wd S Wd sWd eNd  IINd 0Wd SINd  tWd S§WNd @Nd IIWNd OWNd | @ cowd  Pd

SOpPON JO IoquInN (%)deny Ayrewryd/(o9s) awry, NdD (%) deoy d71 SIojoUIRIRJ



seoure)sul odA) (@ ut J7A 7014 Jo sepou jo requmu pue ded Aewrndo /owry nJ) ‘des g7 'V 9[qRL

51

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.

1 L (018 g 1 8 ¥ g T € i 144 €1 €1 (ve/)suonniog 3sog jo #
6 L g i 14 9 (¥g/) sul pea[og jo #
(¢60) (Fz1T) (611) (S01) (T6°0) (FO°T) (%)dep 1do Say

TT6LG SGESE S96EE LOOST T08SY 89889 | TT'P6LT TF'610S TT1TE SELVTE F9°CLOE 6TTOTE | €L°€T PH'OT ISFI TSTT TL'ST GL'ST oBurony
VI6T9 €T29€ FS89% PSSHT STIT9 9008 (121)  (es1)  (FP'D) (1) (191) (98°71) 8LFT 6%°0T 6%°0T 6F°0T SL¥T SLFT| 9 0T 05T
oPFeS  Pe6EF S80T6E FS0ES L90€8 10008 (17'1)  (e8'0) (se1) (89'1) (ee1)  (0¥'1) 8LFT 6%°0T 6%'0T 6F°0T SL¥T SLFI| 9 8 08T
€182 8299C PPI6T 06L9F 96£€8 GEE6S | €9 09T ¥9'9c0¢ (L12) (0000) (10°0) (2L0) 09'ST 09'PT CS'LT TSLI SV'Ec Ve | 9 9 05T
19998 €GLV9 TILSL VLE6% 0TSHET LOVSTT (0¥z) (eve) (18°1) (66C) (¥22) (01°Q) S7'eT 86°TT 86°TIT 86'IT SF'El SF'El v 01 05T
TLIETT 9LG0TT 9TGTE 93866 LIFITT CHISIT | €9°¢0LT (£50) €02€6 (89°T) (29°0) S6¥8ec | €6CT LV IT €611 €611 ¥Hel ¥rer | ¥ 8 oeT
0STL OTSP 186LT €€E8€ TSTPT 66T | ST'SLT 96'F¢c TVATLT T1T'T08 S6°06C 9V 6TF LUV T€V 6LTE 6LTE TLOE TLIE| ¥ 9 05T
09T8T €9STT SOTOT 00STT L6TLT TS9%% (cz1)  (1e'e)  (2e)  (e6z1) (ge1) (OT'T) | 1021 %201 $Z'OT $2°OT 10°LT T0LT| 8 0T 00T
7LE0Z TOTPT 0660T TEOST ST66T LILST (121)  (¢e1)  (¥ge)  (920) (820) (09°0) | 1021 ¥2'OT ¥Z'OT $2'OT TOLT TOLI| 8 8 00T
0LT6T TITST ¥80ST 92TST TYE6T 9978T (cer)  (682) (602) (¥0'0) (L¥0) (s21) 98°6T 98°CT VL€l FL'E€T 090% 0907 8 9 00T
172 LOLTIT LLVIE GIETE SE9VF TH0SY (e2'0) (180) (gr0) (180) (61T) (€60) L1z€T 1%°6 126 126 LTEl LTEl 9 01 00T
STPTL TI20S SE807 T9EGE FHTL9 0TLTL (#90) (1670) 99°.60e (zg0) (6000 (120) | g€l 126 126 TT'6 LTET LTET 9 8 00T
866LT SS8TPT SIGFT €S699 LSPLL ¥9G06 | 92°8T9T 60°8TLT  (8¢'0) (10°0) (10°0) (89°0) 66T 86°€T TV'LT GFLl @6'1¢ T6°1% 9 9 00T
LO6V9T 8PTLY €090L 0L6T9 9T0LZT 8290¢T | (28'0) (2re) (9v'1) (88¢) (¥1'2) (62C) S7'eT 86°IT 86'TIT 86°IT SP'ET SFeI| ¥ 01 00T
€LSVST EVEEET 68916 OTPSTT TGLLST LVPEVT | 1.°699¢ SvL.ee  (12°0) 9ge6ee (39T) 08'CTILT | €6°CT LP'IT €611 €611 TFET FPEl iz 8 00T
¥6TL LISST TOV0Z LLTOS 6CT0Z 6GSTET | 6L°F9T ¥H'869 GO'€0ZT ST'90TT $9°L0G 0L'98€E | ALV T€¥ 6LFE 6LTE TLOE TLIE| ¥ 9 00T
¥8L0C 89£E€T CTLIT 6STTT S0V0C LILET (zre)  (6e2) (191) (691) (291) (€€°T) | T0°LT L2°0T LT'OT LT'OT €0°LT €0LI| 8 01 0¢g
18€¢ OFSTT SSPST OETET TE98T 6EE6T (es1)  (¢g1)  (121) (9¢1) (06'0) (OT'T) 10°2T SZ'0T ST'0T SZ'OT TOLT TOLI 8 8 0s
0VE6z TEV9T O0SPIT TT0TE 9S86C TEITE (9¢t) (867) (€9¢) (L12) (¥1T) (21°€) L6°61 L8°GT LLET LLET 9L°0% 9.0%| 8 9 0%
S0TLS LTEOF TLSST 09%61 890LV TS0GS (¢8'0) (z90) (6200 (980) (s20) (FO°T) LZ€1 TE'6 TE'6 TE6 LTEl LEET| 9 01 0g
IT1g. 9TESY 9£T0E€ TL66T 699G E€ILTS (60'0) (1£0) (¥g0) (e20) (¥20) (8¢1) LT€T TE'6 TE'6 TE6 LTET LTEI| 9 8 0g
0679z LL6VT CET3o 87629 18086 84878 | €o700c LT°LSLT (020) (09°0) (100) (10°0) 6671 86°S€T E€F'LT €VLI T61¢ G613 | 9 9 0¢
1Z6TTT 17099 LZIST 0L089 LVEOTT 89£00T (9z2) (®9 1) (0ge) (L9¢) (sre) (er€) SP'¢T 86°IT 86°IT 86°IT SV'El SV'El iz 01 0s
€€80LT 68C9S 67900T €E€LV6 ¥IT8T STEL9 | L¥°608¢ (60°T) (9T'T) (82°0) OT'SSP CLFITT | €6°CT LV IT €6'TT €6°TT F¥eT ¥Wel | ¥ 8 0%
99z, 6ETS TSOVE TESST 99.GC G9.8T | LE°09T TO'TEC T99G6T 6L'EEY TE'SSF  TT'TIS LUV TE€V 6LTE 6LTE TLOE TLOE| ¥ 9 0%
SINd  TIWd  §Wd  @Nd TINd  0WNd Sd  TWd  §Nd  @Nd  TWd  O0WNd SINd  TINd §Wd @Nd TWd ONd | d cowd  Pd

SOpPON JO Iaquin N (%) deny AynrewnydQ/(-09s) owiL], NdD (%) deoy 41 SIojoUIRIRJ



52

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.

seoure)sul od£) Y Ut J774260.42007) Jo sepou jo Iequmnu pue ded Ayewndo /ewry gD ‘des 7 ¢y 9[qrL

6 1) g 9 1 I 8 L v (4 1 (é 8 ¥C L L g g (vz/)suonmios 1sog jo #
€C ve 44 144 44 €C (¥2/)su1 poa[og jo #
(too) (00'0) (¥00) (¥00) (v0'0) (¥00) (%)dep 1do Say
660L 88E€T 0CTPS SELCT OLIET 8¥CII 0T'80%F €O0°PTIT 9L°€L¥ 9901S GI'99S¢ ¥9'1¢S 667 CT'T 1¢9T 1¢9T 9991 9991 edetony
c68y 167  08%  CV9 CPI8T  980¢ 9T'8LC  99'8GT €€'GET 8681 97916 09'88T 669 80°G 80'S S80S 669 669 9 0T 0gT
PPIST 608 €96 9€08T 9LL8L 8LTVC 79°60¢ 9L TAT <TL'86T €6'65L ($£0) ¥IG9L 8¢'¢l 69°¢ GE0T S€0T 8¢Cl 8¢¢Cl 9 8 0GT
PG8T 0€LC¢ SS6T ¢6SE  €9¢C  ¥911C 16'9%T 67061 0S9°L8 ¢¥'S0T ¥9'96 ¥6°LSE 09 84T 0T'6Cc 01I'6C CTE'IE CE'1E 9 9 0GT
008 119 949 896 QLI 4801 61°€CT €T°€CT €€'8 66°0¢ 9¥'€c  9L'61 ¥9'¢ T9'0 99'¢ 99'G¢ LLG LLG % (028 0gT
G9€6 9,09 €680% GCITT €I€S TISTV CG'GeC  I6°CTT 66'19¢T 89'8EC P¥'88 LLLV6 92, 8S'T 69C¢ 69°C¢ S0°€C S0°€T % 8 0gT
CPIS TCE9 8C68 6CFST 99FST 0068 9%°C6 9T'LET <TO'CTPC ¢C9'C9T G9'681 <TL'SOT TI6°'T 16°T ¢9'€S TI9€S ¥VC'¥s ¥Cvs i 9 0gT
192t (015 €01 619 0€0L  9ISGT 88°¢0¢ 68°CC €9°0T €8°€L L¥'9T9 9L'IET 00°0 00°'0 00°0 00°'0 00°0 000 8 0T 00T
Z8I¥VT 008 LG9 oy G191  LLLTT (eg'0) L8661 6TCHT 99T T1£0%c (88°0) €60 00°0 00°0 00°0 880 880 8 8 00T
G88G¢ CTT8 8LILT PSP0OE 6E£L0E €0L6C 0S'710¢ 60296 (L5°0) (L8°0) (€9°0) 20TIPE 8.6 96°0 8L6 8L6 8L6 8L6 8 9 00T
0 0 0 0 L9 18¢ 8CT'T 991 8¢'¢ 61°C LLY 88’8 00°'0 000 000 00°0 000 000 9 (018 00T
€911 9C¥ 7659y 0¢8 GEVC  9¢V1 €L°09 98°C€ G8VIC C8'L8 L9L9 8I'S¢ ¥v'6 TE&T ¥W6 F¥V6 ¥vr6 V6 9 8 00T
690T 8CE&C O0ILC L¥V9C 196C  €LVI 00'¢cS 9T°L6 ¥6°CIT 8L'GL  L8€9 9T'¥¥ 8L°¢ TE€'T 7E€0E ¥E0e 890¢ 890¢ 9 9 00T
vIT ¥ 069 LSC  G¥6 9z¢1 §T91 G9°L ¥6°GT 16°L 9661 S0°CT ¥9'S T9'0 99'G 99°¢ LLG LLG i 0T 00T
67967 9¥09 ¥I8SE 90699 0S66C TV6CE LE'888  €6°8L S¥'EPS SELS89T 9€'969 19°1.LS 9Z°L 8S'T 69C¢ 69CC S0€C S0°€T ¥ 8 00T
998C L¥99 €SVET ¥9C6 TE€9ST LELIT I2'88  €9'IET 98'6¢€ T9'E€8T 08°60C 90°61¢ TI6°'T TI6°T 0L€S 0L'€S ¥VC'Ve ¥VEvs % 9 00T
el 0 0 0 0ST 08 20'g ¥9°¢ ¥6°9 8L°G 89°¢CT 91°¢ 00°'0 00°0 00°'0 00°'0 000 000 8 01 0g
08¢ 0T 8 0 0g¢ 0 VL€e 454! VEET 00'¥% 9991 64°€ 00°'0 000 00°0 000 000 000 8 8 0S
86CE  GC9 68S1E TG00V ¥¥Ice 980£€CT eT'8yT  24°90T (0€°0) (62°0) 679661 2L 6CET 1¢6 ¥¥%'0 126 1¢6 1¢6 1C6 8 9 0g
0 0 0 0 0T 11T 19°0 LT 69°C VLT e8¢ 129 00°'0 00°'0 00°0 00°'0 000 000 9 0T 0g
[49) 048 €661 989 €8 L06T LG°CY €89 G9°66 €6°'6€ 6267 TLIL L6 ST'T LT6 LT6 LT6 LT6 9 8 0g
OTLT O0I6T L60C <C69¢ L08C  ¥E€9I¥ 89°€S TT°6L C6'88 8€'68 L9'T9  ¥E'G8 8L°¢ T€'T 7TE0E ¥E0E 890¢ 89°0¢ 9 9 0g
629 1L 99 519 118 €98 96°8 €9°G1 0§'7¢ 6L V1 90T CE'LT ¥9'¢ T9'0 99'¢ 996G LLG LLG % 0T 0g
CG88  L69T O6CLST POEIL L6TIES TI98LI 96'€0c  PI'TS ¥0°09¢ 89108 OT'TI8 19°69¢C 92, 8S'T 1L'CC 1LCC S0'€T S0°€T i% 8 0g
86T9 0798 LATIT CVPSSC ¥S0ET TOL6T IV €11 09°9¥T 9L9%C ¥I'¥LE O9T'GLT 06'19C T6'T I6'T €8'€S €8'¢S ¥C'€S VTS % 9 0g
SO TID  END WD TIND OO SO TIND ENO oo TINO 0no SO TIND  END WD TIND O0WD d owd P
SOpPON JO Iaquiny (%)deny AnrewydQ/(09s) awit], NdD (%) den 11 SIojoUIRIRJ



23

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.

seoure)sul odA) g ur g7/ 96m4900;) Jo sepou jo requnu pue ded Aypewnydo /ewry N gD ‘de8 g7 9y o[qel,

v 91 9 € 8 6 G G € 8 ve 9 9 9 g (ve/)suomnniog 1seog jo #
€C i %44 € 44 €C 44 (¥g/) sul pea[og jo #
(go0) (000) (z00) (€00) (go0) (90°0) (%)den 1do Bay

908G TLST 699L €TS0T CTSHT  L6FOT ST'0ZF  09°06T PI'TLE TL6LC €9'8¢ 8S°GIC | TI'S 92T 6191 61°9T TL'OT TL9T oBurony
90€c  €SeT  88F  €LL  L06C  STIS $0'80c  TP'€99 86°LST 68°SFE 99697 S0GPS | FE'S G9°G €9°G  €9G PES  ¥E'S 9 01 08T
VL6V L8P €06 0SOFT  668€  S9¥6 T6'0ST  OF°L0T 08'G6T LF'6L8 €ITIe €9°0T€ | FT'El T'% 62°0T 6307 PI'ET PI'ET 9 8 05T
6G0z  68PT  FeST SPLL  TPST  060L Tr96  THY9  9LT9  T0°T9T  L9°TS FEO00T | 0£'9 94T €3'ST €¢'S¢ TL'IE Te'le 9 9 08T
9L, S¥9 99F 16V 10T 00T LT'8T €98 T00OT 096  80€C €I'€T 796 290 99°GC 99°C LLG LLS v 01 05T
G3G¢  T8OF SE8ET €TS8  9192E  00%89 LT'8T  69°T1L 003€e ST09T 09868 86°820T | 92°L 8S'T 69°C% 697¢ S0'€C S0°€T i 8 08T
6VTF  QOTE 9870T ¥IZGT €E€8T  9€8L TIT'€L  €L°S6 TEL6SC ¥PLec TLEee S6'€IT | 16T TI6'T T9€S T9€S ¥o¥S ¥oHs id 9 08T
GLGCT 6T 0z 00T  06IE 989 (PT°T) 698 €0'IT 00%F 8T€re 0TS, | ¥I'T 00°0 00°0 00°0 00°0 00°0 8 0T 00T
VLZOT LLPT  TLST  9OLF9  L60TT G9E0T | LT'6SLT 9P ISV 6989 LF'9T0C GE£'9TOT (88°0) | 00°0 00°0 00°0 000 000 880 8 8 00T
16281 ¥6EST 16£1C CE6TIE €LI6C 8TS6T | 98'600C 0£'611e (9¢0) (2v0) (9v0) (¥%°0) 8.6 96'0 8.6 8.6 8L6 8L6 8 9 00T
68 ] 0 0 g6y 8I¥ 1€ 8V'T 18T ccT  OLFT  LTTT 00°0 00°0 00°0 00°0 00°0 00°0 9 0T 00T
99y  18S 98T €ITT  €IEC  TFsE 16001 16°3S S86'€L1 TI'GPT  ¥9'6.L 12801 | %6 €T ¥%6 ¥r6 ¥¥6 ¥r6 9 8 00T
09¢z  T9LT 80SZ 1399 89¢ ¥ITE P89 L£9L TF90T €TEIT  ¥6°89  61°L9 8L°¢ TE&'T 870¢ 80 89°0¢ 89°0¢ 9 9 00T
To6 896 €99  PIL  G90T 8.6 SP'IT 2961 190 OF'IT  ¥.Cc  0£LI 79C 290 99°G 99°G  LL'G LLS id 01 00T
0¢Thc 8GGS  0T9€L LGTET 98¥6TT 088ST SF'OFF  06°LL O0T'CLZT LL00E ¥9'TPIC OFLIC | 93°L 8S'T 697C 697 S0°ET SO'€T id 8 00T
$28C GS6L LSSOT TL6ST 9.L0FC 9ET9T LV'8S  CS'SET  £9°€0€ 99°0L¢ ¢SISE G9'€6T | I6'T TI6'T S9ES S9°€S ¥T¥s ¥ TS id 9 00T
06T 0 0 0 6G 022 78’9 8IS Fs 9TV 999  TZ0T 00°0 00°0 00°0 00°0 000 00°0 8 01 0¢g
00% ot 0¢ 0% 98L  S¥8 orec  ST'LT  ST92 TP'6 Grel V8IL 00°0 00°0 00°0 00°0 00°0 00°0 8 8 08
PL8  TL6  TISSOT G6V8E CEOVE  6E6ET GL°88  98°90T 07466 (T€0) 9¢3€8c 97'€66 | 16 ¥H0 156 16 156 136 8 9 0%
0 0 0 0 67 (114 z9'1 67'T 8ST 961 e 8LT 00°0 00°0 00°0 00°0 00°0 00°0 9 01 0g
¢eL  OTF 026 999 796  SI9T 99'¢y  ¥9'9€ 91921 FE0L  TS'SS  0T9F 126 ST'T LT6 LT6 LT6 LT6 9 8 0g
8F9¢  STT 199  09VF 8908  LS0S €g'z6  S1'g8  T0'T6 8E80T 00°0L 09°S8 8L°¢ TIE'T V€08 ¥E0¢ 89°0¢ 89°0€ 9 9 0
867 896 Gc9 899 868  GTIT 6F°S €861  GLS GI'FT  €L9T  I9'ST 79¢ 29°0 99°C  99°G LLG LLG i 01 0¢g
7.98C 8S€9 FCF6T SIFSS LL6VG 088ST 80°€G9 GL00T TL9%E 9T'TLET 880 OFLIC | 9% 89T 697% 692 S0°€T S0°€T id 8 0¢g
GIES  8E6C 9986 TG89% S0961 9E€T9T €1°66 06'C8T ST1°63c SS'E€Py  CE6¥c S9€6T | T6'T TI6°'T GL'ES SL'ES ¥&¥S ¥o¥S id 9 0g
SO TWO  END END IO O0WD SO o END @D IO 0D | SO TIO END @D TIND OND d aowd P

SOpPON JO IaquinN (%) den AnrewnydQ/(09s) awiL], NdD (%) deny J71 SIojoUIRIRJ



seoure)sul od£) O ur g7 96m4900;) Jo sepou jo Tequnu pue ded Aypewnydo /owny N gD ‘de8 J7 LV 9[qeL

o4

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.

8 114 0t 6 € G 8 9 ¥ T G S B < A A 4 y) L (ve/)suonnios jseq jo #
Ve Ve 144 144 144 44 (ve/)sul poajog jo ##
(000) (00'0) (00'0) (00'0) (00°0) (00°0) (%)den 9do “Say

099¢ LE6T L616 9¥ETl 6989 SIIL IP'89 €296 86'1SF 96°98C S8'6F1 O0LGET | ¥¢'T 90T €6F% €6% TO0S &0¢ eferony
443 0 0 0 0¥ LGP 8LG 991 9¢'T  TET 099  €0¢ €1°0 90°0 90°0 90°0 €10 €10 9 01 0ST
VLY 0 0 0% 79 €8¢ 8 90T 91 19 ¥€C  98°F €1°0 90°0 90°0 90°0 €10 €10 9 8 081
€879 TETHF CIV6T 08801 €£00T LS6CT | 60°L9T OF €LV 68LC61 86°G8S 8L LIV 99°CLS | OV 0T'F 668 668 €€6 €£6 9 9 0S1
00T 08T 8S¢ L6  L99 8¢ €L 99C VSV 66°€ 16 8T 90°0 90°0 90°0 90°0 90°0 90°0 i4 01 0S1
S60T 6£96 €009 VIET 9G¥ 6LLL | OP'IT 0S96L 6019 9LTT ¢88¢ L0€L | €4'T €LT ol'c ¢l ¢TIt GIG i2 8 0S1
$99% 099G TTIF9 LIGT9 OTIST €9LLT | TQ'T6 89°TLL SLF6TT 8S°CHIT 0£°€8¢ €7°L9¢ | 6T'T 6T'T [L'GE 1.°GT €L°GT €L°GC i4 9 05T
Gzs oL OLI GI¥  60L €8¢ TVl L6'F  60°LT  I¥'SC  T8'8T 8SET 880 OF'0 0%'0 0F'0 880 880 8 01 001
vy 0 8% e I8¢  T8¥ ¢9gl  TIFT 669 8001 ¥SIT €T1T 880 8€°'0 0FV'0 0V0 880 880 8 8 001
C0L8 L86T €I€C 90SV CO9LT GCg8 | TO'0LT 06C61 997081 69161 97'€Lc 98961 | 60°€ 94T €I'€ €I'€ 99°¢ 9¢°¢€ 8 9 001
6€ 0 0 0 0 oge Wwe o 1ol 80'T 9¢’T 090 80F 00°0 00°0 00°0 00°0 00°0 00°0 9 01 001
0 0 0 0 L8 0 €S0 180 20’1 0T 99T TP0 00°0 00°0 00°0 00°0 00°0 00°0 9 8 001
2067  PTLP 992€T TI00T 9S9ET 00T0T | LE°LET €9°GLY €9°€0LT 99'88¢ 96'1¥S TT¥H8C | OV 0TF TE6 TE6 €£6 €86 9 9 001
0 0 0 0 6 0 980 Tl 18°0 180 @60 6TT 00°0 00°0 00°0 00°0 00°0 00°0 i2 01 001
091L¢ Lg61 €S0F OPTT V9IPE 09611 | ©0c6 ¥9ST  €.6¢ ¥SFL 91'¢c 1068 | €4'T €4'T ¢I'c ¢TIt ¢l'c olg i4 8 001
6CcL €TLT T600E 0SELT 9061 T1.30T | 6E0FT 0LT6 L9LLZL 6V LLY €1°6LE 86CHE | 6T'T 6T'T 1.°GC 1L'GT €L°GC €L°GT i4 9 001
98¥ 0 0 0 81y 9G¥ GL9 001 C0T 840 €F¥  60°¢ 700 200 200 200 %00 %00 8 01 0¢
0% 0 0 0 oy €91 8¢'T ©80 6.0 ¥90 SFT  90C Y00 @0°0 T0°0 TO'0 V00 %00 8 8 0¢g
P0G POTT 89FC  986C  66C¢ OFVIE | 90T 89'C8 S8LFPI 9896 0L29 9995 | ¥$¢ ¥€'T 10€ 10€ L0¢ LO€ 8 9 0¢g
0 0 0 0 0 0 290 €L0 960 060 .90 €S0 | 000 00°0 00°0 00°0 00°0 00°0 9 01 0¢g
0 0 0 0 0 0 97'0 960 88°0 €60 9S50 8F0 00°0 00°0 00°0 00°0 00°0 00°0 9 8 0¢g
SPPP  066C 19061 ¥PI6VT 898ST SG6IEY | P6°T9T OF'E€ES LL'66CT 99°GL 8SG'G8Y 06'98L | OFF 0T'F C&6 <86 €€6 €£6 9 9 0¢
0 0 0 0 0 0 97’0 160  ¥6°0 180 0S50 SP0 00°0 00°0 00°0 00°0 00°0 00°0 i2 01 0¢g
Ge0L STEE 6SES  F0ES  TVO8  I¥SE G8'¢y 61°C¢ ¢SSy 8TVE  FeTe C8AT | €4'T €LT oIt ¢l TI'c Glg i2 8 0¢g
Ge6L T8PS 9LS6F 9SPCIT 9108V GESST | ¥6'8ST ¥ 0ST 16°¢H8T L8°GITE T6'006 Tooeh | 6T'T 6T'T 1L°GT TL'GT €L'GT €L°GT i4 9 0
SO IO §NO gD TIND OWD | SIWD  TWO  §NO  END  TINO OO | SIND TINO WD &ND TIND 0ND a aowd P

SOPON JO IaquInN (%) deny AyrewnydQ/(-00s) awiL], NdD (%) den g1 sIojouIeIR



95

TABLES OF COMPUTATIONAL RESULTS

APPENDIX A.
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