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ABSTRACT

ON CALCULATION OF REDUCED GROBNER-SHIRSHOV BASIS OF
SOME CLASSICAL AFFINE WEYL GROUPS
ABDULKADIR ARIK
Master, Department of Mathematics
Supervisor: Prof. Cenap OZEL
Co-supervisor: Assistant Prof. Erol YILMAZ
FEBRUARY 2012, 50 pages

In this thesis we will consider the calculation of reduced Groébner-Shirshov
bases of Weyl groups. This will be the main focus of the thesis. In [1], Bokut &
Shiao gave the Grobner-Shirshov bases of positive definite classical Weyl groups
Ay, By, D using the techniques of Composition Diamond Lemma and Elimination
of Leading Word.

We will give a counter example to a hypothesis introduced by Bokut & Shiao
in [1] and later we will calculate the reduced Grébner-Shirshov basis of the posi-
tive degenerate infinite affine Weyl group Zn which is isomorphic to semi-direct
product group ¥, x Z"!, where the symmetric group ¥, acts on Z" by the
permutation action, and Z" ! is the fixed subgroup which corresponds to the

eigen-value action. Also we classify all reduced elements of the Weyl group Zn
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OZET

BAZI AFFINE WEYL GRUPLARI ICIN
INDIRGENMIS GROBNER-SHIRSHOV TABANLARININ
HESAPLANMASI
Abdulkadir ARIK
Yiiksek Lisans, Matematik Boliimii
Danigman : Prof. Dr. Cenap OZEL
Yardimci Danigman : Yar. Dog. Dr. Erol YILMAZ
SUBAT 2012, 50 sayfa

Bu tezde Weyl gruplarinin Indirgenmis Grobner-Shirshov tabanlarini inceleye-
cegiz. Tezimizin asil amaci budur.

[1] de, Bokut & Shiao "Oncii Kelimelerin Elenmesi" ve "Birlesik Elmas Teo-
remi" tekniklerini kullanarak, pozitif taniml klasik Weyl gruplar1 olan A;, B; ve
D;’in Grobner-Shirshov tabanlarini hesapladilar.

[1] de, Bokut & Shiao tarafindan tamitilan hipoteze karsit 6rnek verecegiz ve
daha sonra Y, X Z"~! yandirekt carpimina izomorf olan pozitif dejenere sonsuz
afin Weyl grubu A,’in Grébner-Shirshov tabanim hesaplayacagiz.

Ayrica Weyl grup gn’in biitiin indirgenmis elemanlarini siniflandiracagiz.
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CHAPTER 1
INTRODUCTION

A Coxeter group W is an abstract group with a certain type of presentation.
In practice, we can think of W as a motion group generated by mirror reflec-
tions through a hyperplane with respect to a symmetric bilinear form. By Tits
Theorem, we know that a Coxeter group is discrete (possibly infinite). We can
associate a Coxeter group by a graph which is called Coxeter graph. If we im-
pose some regularity condition on the bilinear form of the Coxeter graph such as
positive definiteness, we get a class of finite type Coxeter groups A;, B, C;, D,
Es, E7, Eg, Fy, Go. If the form on the graph is positive degenerate, in this case
we obtain a class of affine type Coxeter groups A}, El, 51, 51, Eg, E7, Eg, ]54,
Gs. This point of view is the combinatorial underpinning of the Cartan-Killing
classification of complex simple Lie algebras.

In this thesis we will consider the calculation of reduced Groébner-Shirshov
bases of Weyl groups which have Coxeter system structure. This will be the
main focus of the thesis. In [1], Bokut & Shiao have given the Grobner-Shirshov
bases of positive definite classical Weyl groups A;, B;, D, using the techniques of
Composition Diamond Lemma and Elimination of Leading Word.

In Chapter 5, we will give a counter-example to a hypothesis introduced by
Bokut & Shiao in [1]. In the last chapter of the thesis we will calculate the
Grobner-Shirshov bases of the positive degenerate infinite affine Weyl group A,
which is isomorphic to semi-direct product group ¥, x Z" 1.

Additionally in the last section of the thesis, using Composition Diamond
Lemma and the Grobner-Shirshov basis elements we give the reduced elements
of affine Weyl group A, and a representation of elements with minimal length
of in the flag subset Zn /A,. The reduced elements of these groups are indexing

the basis elements of the cohomology algebra of LSU, /T and QSU,. After this
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classification, the calculations in the integral cohomology algebra of LSU,, /T and
QSU,, are possible using cup product algorithms introduced by Ozel & Yilmaz in
[2].

Some comments about the structure of this thesis are in order. It is written for
a reader with a first course in algebraic geometry and some understanding of the
structure of Coxeter groups and geometric representation, and applied algebra
techniques such as Grébner bases and Grobner- Shirshov bases for commutative
and free algebras, plus symbolic computation and some mathematical maturity.

Some good general references are Hiller 3] for structure of Coxeter groups
and their geometric representation, Cox & Little & O’Shea [11] for basic facts of
algebraic geometry and Grobner bases, Bokut & Shiao [1] for Grobner-Shirshov
bases for free algebras.

Finally we suggest that reduced Grobner-Shirshov bases for other affine Weyl
groups En, IN)n can be calculated.

The organization of this thesis is as follows.

In Chapter 2, we describe Coxeter groups and graphs. We classify all Coxeter
groups with respect to bilinear forms on the Coxeter graphs.

In Chapter 3, all details and techniques about finding Grobner and Grébner-
Shirshov bases for commutative and free algebras are included.

In Chapter 4, we introduce the hypothesis given by Bokut & Shiao and we
give a counter example for this hypothesis.

In Chapter 5, we calculate reduced Grébner-Shirshov basis of affine Weyl

group A, and classify reduced elements of affine Weyl group A,.



CHAPTER 2
REFLECTION GROUPS AND COXETER SYSTEMS

For this chapter the fundamental reference is [3].

Definition 2.1 (Coxeter Systems) A group W is called a Coxeter Group if

there is a subset S of W such that W has the following presentation
<s:s€8|(ss)"s =1>

where mgy € {2,3,4,5,...} is the order of ss', s # s and mss = 1. The pair

(W, S) is called a Coxeter System.

If S is a finite subset, then we say that (W,S) has rankl, we write S =
{51,582, ..., 51}, and my; for my,s,.

We say that a Coxeter group W is irreducible if it cannot be written as a
product of nontrivial Coxeter subgroups.

We can associate a Coxeter system by a matrix or a graph.

Definition 2.2 (Coxeter Matriz) A Coxeter matrix M = my; is a symmetric

matriz with 1's along the diagonal and m;; € {2,3,4,5, ...}, i # j.

Definition 2.3 (Coxeter Graph) The Coxeter graph of a Coxeter system
(W,S) is a graph Ty , with one vertex for each s € S and an edge from s;

to s if my; > 2, which is labelled by my;.
From [4] we have the following result.

Proposition 2.4 If

W =[] W



then its Coxeter graph 'y is the disjoint union

ITrw..

In particular, a Cozeter group W is irreducible if and only if Iy is connected.

Coxeter groups have a rich internal structure. Now we will discuss the length

function on Coxeter groups.

Definition 2.5 (Length Function and Reduced Decomposition) If (W,S)
is a Cozeter system, length of w € W s the smallest integer n > 0 such that
w can be written as a product of n elements from S. It is denoted by {(w). If
W = 8189 ...8, and {(w) =n we call this expression a reduced decomposition of

w.
We have some facts about the length function as follows:

Lemma 2.6 If w,w € W, then

l(w) —(w'") < L(ww') < (w) + L(w') (2.2)

As an example, we can consider the symmetric group ) = of permutations of

n letters. It is a Coxeter system when
S={(ii+1):1<i<n}

is chosen as the set of elementary transpositions in the symmetric group.

If 7€), we can define the number of inversion in 7 as

ej(t) =i >j:7r(i) <7()};



where | | denotes cardinality. Then the length of 7 is equal to

Ur) =7 er).

=1

The Coxeter graph of (¥,,95) is

Figure 2.1:

where the ith vortex corresponds to the transposition (i, + 1), 1 <1i < n.

As another example we can consider the group ©(n) of n X n signed permuta-
tion matrices. It is isomorphic to a semi-direct product X, X Zy" where Y, acts
on ZY in the obvious way. We define s; = (ii+ 1) , 1 < i < n and s, changes
the sign of the last coordinate. Let S =< sq,...;s, >. Then we get a Coxeter
system (O(n),S). We call this group the hyperoctahedral group since it is the
symmetry group of an n-dimensional octahedron (or cube). The Coxeter graph
has n vortexes.

The symmetric group >, has a signature defined by o(7) = (=1)%. Tt is
the determinant of 7 thought of as a permutation matrix. This generalizes to any

Coxeter system.

Lemma 2.7 If (W,S) is a Coxeter system then there is a signature
o: W — Zs

induced from the map s — (—1), s € S.
Corollary 2.8 Ifw,w € W, then {(ww') = {(w) + {(w') Mod 2.
Corollary 2.9 Ifw e W, s € S, then {(ws) = ¢(w) £ 1 and {(sw) = {(w) £ 1.

The another important property of the length function on Coxeter systems is the
exchange theorem which will be introduced in the section of root systems.

Now we will give an important classification result.
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Theorem 2.10 If (W,S) is a Coxeter system of rank 2 then either W is a finite

dihedral group D,, of order 2m or the infinite dihedral group D..

Proof. Suppose S = {s,s'}, (ss')™ = 1. If m is infinite then W = Zy x Zy
where * denotes free product of groups. If m is finite, let A = ss’,B = s. Then

< A > 7Z/mZ is a normal subgroup of W since

and A and B generate W. Hence < B > - < A >= W and the result readily

follows. O

The group D,, is the symmetry group of a regular m-gon. The element A is
the rotation through % and B is an appropriate reflection.

We formalize this notion.

If V is a vector space over R equipped with a symmetric bilinear form (, ),
and o € V, (a, ) # 0 then the reflection s, with respect to « is the unique linear
transformation fixing the hyperplane (z,a) = 0 and sending « to —a.

It is not difficult to check that s, is given by the formula

We can easily check that if ¢ is an automorphism of V' preserving the bilinear

form on V', then

<psag0’1 = Sy(a)-

We would like to geometrically realize other Coxeter groups as groups gener-
ated by reflections. We begin by writing V' = R! | a real vector space of dimension
| =|S]. Let ey, ...,e; be the standard basis of R! and we want to define a sym-
metric bilinear form (,) on R! which will ensure that the reflections through the
hyperplane perpendicular to e; satisfy the Coxeter relations. This cannot always
be done in a non-degenerate way. In order to motivate the choice of (,) we recall

some elementary plane geometry.



Lemma 2.11 FEvery orthogonal transformation ¢ of the Fuclidean plane is a

reflection or a rotation.

Corollary 2.12 [If a, 3 are unit vectors in a Fuclidean space V' then the compo-

s1tion Sgs, 1S a rotation through twice the angle between them.

If two unit vectors a, 3 make an obtuse angle m — 2. by Corollary 2.12 sgs,

T

has finite order m. In addition (a, 3) = cos(m — =) = —cos(Z.).

Definition 2.13 If (W,S) is a Cozeter system of rankl, then the canonical bi-

linear form B(,) on V =R! is given by

—cos(-=) my; < o0
B(€Si’ esj) _ mgj

—1 otherwise.

We can use this form to define the canonical representation p of W over V = R..
Then we have

p(s)(z) =x —2B(z, e5)es
forsecS,zeV =R

Lemma 2.14 For any s € S, p(s) is a reflection that preserves the bilinear form

B(,).

Proof. We compute

B (p(s)(z), p(s)(y)) = B (x — 2B(x, e5)es, y — 2B(y, es)es)

= B(z,y) — 4B(z,e5)B(y, es) + 4B(x, e5) B(y, e)

= B(z,y).

In order to check we really get a representation of W, we need the following

facts.



Lemma 2.15 The restriction of B(,) to a 2-dimensional subspace Res + Regy is

positive. In addition, it is positive-definite if and only if msy < 0.
Lemma 2.16 Fors,s' € S, (p(s)p(s'))"s" = Iy.

Let O(B) be the subgroup of the general linear group GL(V') of non-singular

linear operators of V = R preserving the symmetric bilinear form B. i.e.

O(B) ={¢ € GL(V) : B(¢(x),¥(y)) = B(x,y), Yo,y € V}.

Proposition 2.17 If (W, S) is a Coxeter system and B(,) is the canonical sym-
metric bilinear form, then there exists a unique representation p : W — O(B)

satisfying the reflection equality p(s)(z) = x — 2B(x,es)es, Vs € S,z € V.

In the next section we will show that p is faithful(one to one) representation and

p(W) is discrete in O(B).
Corollary 2.18 Any Cozeter matrix is the Cozeter matrix of a Coxeter system.

Lemma 2.19 Suppose (W, S) is irreducible. If E is an invariant i.e. p(W)(E) =

E, proper subspace of V then E C Vt ={x €V : B(x,y) =0, Vy € V}.

Proof. First we prove e; ¢ E, for all s € S. Let S’ = {s € S:e;, € E} and
S" =8 —5". Since W is irreducible there exist e,,e; with s € ', t € S” and

B(es,er) # 0. Then p(t)(es) = es — 2B(es, er)et, so that

2B(es,e1)es = es — p(t)(es)

But FE is invariant under W, so this element is in £. Hence e; € E a contradiction.

Now suppose = € F is arbitrary. If s € S then

p(s)(z) =z —2B(x, e5)es.

It can be written as

2B(z,e5)es =x —p(s)x € E



provided that B(z,e,) = 0, for all s € S; so x € V+ and the proof is complete. []

Corollary 2.20 Let (W,S) be an irreducible Coxeter system. Then
(i) If B(,) is degenerate, then p is not completely reducible.

(ii) If B(,) is non-degenerate, then p is irreducible.

From Maschke Theorem we know that the real representations of finite groups

are completely reducible. Using this fact we get the following result.
Corollary 2.21 If (W,S) is irreducible and B(,) is degenerate, then W is infi-

nite.

2.1 TITS’ Theorem

In this section we prove that the canonical representation p of an arbitrary Coxeter
system (W, S) is faithful and discrete.
Let V* be the dual space of V' and let p* be the contragradient representation

on V* given by
pr(w)(f)(2) = flw™z),(weW), VfeV, zeV.

The first step is to construct an open simplicial cone in V* whose closure is a

fundamental domain for the action of W. Let
Hy={x € V" :z(e;) =0}, (hyperplane of s)

As={x e V" :x(es) >0}, (positive half-space of s)

so that V* = A, |J H,|JsA, and the closure A, = A, |J H,. We call

C=()A.,

sES



the fundamental chamber of W. The translates wC, w € W are the chambers
of W. Now we will give two lemmata which are used in the proof of the Tits

Theorem.

Lemma 2.22 Suppose w € Wy o, where Wy o C W is the dihedral group gener-

ated by distinct elements s, s’ € S. Then we have either
(i) w(AsAs) C As and ((sw) = l(w) + 1, or

(ii) w(As(As) C sAs and £(sw) = L(w) — 1

Lemma 2.23 [fw € W and s € S, then we have either
(i) wC C Ag and ((sw) = l(w) + 1, or

(ii) wC C sAs and l(sw) = l(w) — 1.
The main result is in the following.

Theorem 2.24 (Tits Theorem) If (W,S) is a Coxeter system and w # 1, then
wC N C = 0.

Proof. If w # 1, then there exists w’ € W such that w = sw’ and {(w) =
{(w') + 1. By Lemma 2.23, w'C' C A;. Hence wC = sw'C C sA; and since

C C A,, we have the desired result. Then wC NC = (. O
So the Tits Theorem has some consequences.

Corollary 2.25 The Coxeter group W acts simply transitively on the set of

chambers {wC'}y,ew .
Corollary 2.26 The representations p* and p are faithful.
Corollary 2.27 The subgroup p*(W) is a discrete subgroup of GL(V™).

Proposition 2.28 The Coxeter group W 1is finite iff U wC = V*.
weW
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2.2 Root Systems

Definition 2.29 Let V' be a vector space. A finite set of vectors /N C 'V forms a
root system in V' if the following conditions hold.

(i) If o, B € A\, then so(B) € A.

(ii) If kaw € A for a € A then k = £1.

(iii) A\ generates V.

A base 3 for a root system A is a linearly independent subset of 3 satisfying
the following condition: if v € A then v is a linear combination of elements of 3

with all positive or all negative coefficients. From [5] we have the following fact.
Proposition 2.30 Every root system /\ contains a base Y.

Given a pair (A, X) we get a partition of A = AT[[ A~ into positive and
negative roots, so that A~ = —A*. We define Weyl group W () of A to be the
group generated by the reflections sg, § € A and the Weyl system of (A, X) to be
(W(A),S(X)) where S(X) = {s, : @ € £}. Since W acts faithfully on A, W is
necessarily finite. If (W, S) is a Coxeter system and (A, ) is a pair whose Weyl
system is (W, S) we sometimes call it a geometric realization of (W, S). The first
goal of this section is to understand the length function of W in terms of such a
geometric realization.

Let T, denote the set AT w™'A~, i.e. the set of positive roots sent into
negative roots by w and set y(w) = |I',|. We will show that v(w) provides a

geometric description of the length function of W.
Lemma 2.31 Ifa € X, then I's, = {a}, hence y(sq) = 1.

Lemma 2.32 Ifw e W, a € X then
(1) Y(wsa) = y(w) + 1 iff w(e) € AT,

(i) Y(sqw) = y(w) + 1 iff wi(a) € A*.
Theorem 2.33 For allw € W, {(w) = y(w).

11



Theorem 2.34 The Weyl system of (A, X) is a Cozeter system.

Proof. Suppose

§1...8r = 1,
Si = Sa; (23)
o; € E,

is a relation of minimal length in W that does not follow from (s;s;)™% = 1 where
m;; is the order of (s;s;). Clearly, s;...s;, = (—1)¥, so k is even. Let k = 2m and
let us consider

S1.-.Sma1 = So2m---Sm42

so that £(s1...8,41) < m + 1. Hence, there exist 1 < i < j < m such that

Si+1-+-Sj+1 = Si...5j

By considering the substitution of this into (2.3), one deduces that 2m = 2(j—i+I)
otherwise one could contradict the minimality of (2.3). Since 1 <i < j < 'm, we
have j =m, i =1, s9...8;m(Qnt1)-

The relation (2.3) is equivalent to ss...sxs; = 1. Hence, repeating the argu-

ment above gives

S3~-'Sm+1(am+2) = Q9
S3.-.Sm4+1Sm+25m41---53 = S2

or

535253...8m+1Sm+25m+1---S4 = 1.

This is also a relation of length 2m that cannot be deduced from the Coxeter

relations. So mimicking the argument above gives sy...s;,(a(m+1)) = as. Hence

12



a1 = a3 and continuing in this fashion we get

S =83 =..= 89,1 and S9 =54 = ...= Sop.

Hence (2.3) is a consequence of (s159)™? = 1 and the proof is complete. O

It’s easy to see that a base 3 for A determines a fundamental chamber Cf.

Actually there are bijections between

{bases for A} < {chambers} < W

where the last one is 2.25. In particular, there exists a unique element wy € W
such that wy(X) = —X, so that wo(AT) = A~. We call this element the longest

word of W since (wg) = y(wo) = |AT].
Proposition 2.35 If w € W, {(wwy) = l(wy) — l(w) = L(wow).
Now we will give a result about I',.

Proposition 2.36 Let 6, = sy...5;_1(q;), 1 <i < k,and w = s1...Sk, Si = Sa,;, be

a reduced decomposition of w, then the following sets are equal.
(i) Ty = AT NwA™.
(i) {0; -1 <i<k}.
(1) {y € A" 1 sqw; = w for somei} where w; = $1...5;...5y and N denotes

deletion.

Theorem 2.37 (Matsumoto’s Exchange Condition) If (W,S) isa finite Coz-
eter group, w = $1....54, (S; = Sa;) and £(sw) < l(w), s = s, € S. Then there

erists a 7, 1 < 3 <4q , so that

§81...8; = §1...5j_1 OT SW = §1...5,...8,

Furthermore, if the decomposition is reduced then j is unique.

13



Definition 2.38 A root a € A is called a simple root if o € 3.

Definition 2.39 A Cozxeter group W is called a Weyl group if Z-lattice generated

by the simple roots is invariant under the action of W.

We know that a reflection is given by

So if o, B € ¥, we must have the condition

2(ev, )
(8, 8)

€ Z. (2.4)

Reversing the roles of a and (3 and multiplying we get the condition

m Ay
Moy (@,0)(5.)

4 cos?

€.

It implies that m.s € {2,3,4,6}. There is also a more direct geometric argument
due to Barlow [6].

If we define the co-root of 3 by

then we can rewrite the crystallographic condition 2.4 as

(. 8%) € Z

for a, 8 € A. We can define the dual basis {w,}aex given by the following

condition

(wa,ﬁv) = 6a,6’ Oé,ﬁ € 3.

The w, s are called fundamental weights. We see that the fundamental cham-

ber determined by simple roots in > is precisely the positive cone determined by

14



the fundamental weights wy,.

We also observe that if m,g is odd then s, and sg are conjugate,so o and 3
must have the same length. In particular the two simple roots for D,,, m odd,
must have the same length.

Let us recall the geometric realization of 3,,. Let V be a real vector space
with standard basis ey, ...,e,. We let A = {e; —¢; : 1 < i # j < n} and
Y ={a;=¢; —eiy1:1<i<n}. Clearly, ¥ is a basis for V = {Sx;e; : Yoy = 0}
of dimension n — 1. Since s, _.; acts by permuting coordinates, W (A) preserves

V. Here is a picture of A for ¥s.

a, ( c:1+c:2
VA

N Ff
N

Figure 2.2:

Finally, we briefly indicate how root systems arise in the structure theory for
finite simple Lie algebras g over C. Let h be a maximal abelian Cartan subalgebra
of g. Then h acts on g by the adjoint representation ad : ad(h)(x) = [h, x| where
[, | denotes commutator operation in Lie algebra. The eigenspace of the adjoint

action associated with the zero is b.

Definition 2.40 Let b* be the dual space of b. If a € h* gives a non-zero

eigenspace go = {x € g : ad(h)(z) = ach)x Vh € h} we call o a root.

So there is a Cartan decomposition of the Lie algebra as

=08 P g

aEeAN

The set of roots is clearly finite and actually forms a root system in h*.
Indeed, according to a theorem of Serre a simple Lie algebra can be con-

structed from a given root system. This is how the Cartan-Killing classification

15



of complex simple Lie algebra works. We discuss such classification results in the
next section. For more details on the structure of Lie algebras, the best reference

is [7].

2.3 Forms

Definition 2.41 If (,) : V. xV — R is a bilinear form on V, then (,) is
symmetric if (z,y) = (y,z) for all z,y € V.

The form (,) is positive (semi-definite) if (z,x) > 0, for all x € V and
positive definite if it is positive and (z,x) = 0 implies © = 0.

The form (, ) is non-degenerate or (non-singular) if (x,y) =0 for ally € V,

implies x = 0.

Since Hom(V ®V,R) = Hom(V,V*), by Riesz representation theorem, a form
is equivalent to a map V' — V* given by x — (z, ).

Clearly, a form (, ) is non-degenerate if and only if the associated map is an
isomorphism.

The map ¢(x) = (x,x) is called the quadratic form associated to (, ). If (,)

is symmetric, then the quadratic form determines it via the polarization identity

(a,8) = jala+ ) - g ala = ).

Suppose {e1, e, ..., e,} is a basis for V. Then the matrix representation of (, ) is
a real n X n matrix with entries ¢; ; = (e;, ;). If 2,y € V have their coordinates

arranged in column vectors X, Y respectively, then
(r,y) = X"-B-Y,
where - denotes the matrix multiplication. Similarly,

g(z) = X" B-X =) q;X;X;.

1]
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Lemma 2.42 If (, ) is positive and (x,z) =0, then (z,y) =0 for ally € V.
Corollary 2.43 A form (, ) is positive definite iff it is positive and non-degenerate.

In our work on the affine Weyl Groups we need a result on the kernel of the

quadratic form ¢(x). First we have

Lemma 2.44 If {a1,a9,...,ar} CV, (,) is a positive form and (a;,a;) < 0 for
k k

all i # j, then q(z cia;) = 0 implies Q(Z lcila;) = 0.

i=1 =1

Definition 2.45 We will say that a form is irreducible if V' has no a non-trivial

decomposition V' @& V" with (v',v") =0, for allv' € V', " € V",

For example, the canonical bilinear form on representation of an irreducible Cox-

eter group is irreducible.

Corollary 2.46 Suppose that (,) is a positive, irreducible symmetric bilinear
form on V, and {ey,es,...,ex} is a basis for V such that q;; = (e, e;) < 0,
i # j. Then Ker(q) is of dimension 0 or 1. If dim(Ker(q)) = 1, then Ker(q) is

generated by a vector with positive coordinates.

Proof. Suppose ¢ is not positive definite and 0 # Zcie,- € Ker(q). Then by
i=1

Lemma 2.44, Z lcile; € Ker(q) so that Z |cilgi; = 0, for all j.

=1

i=1
Let I = {i:¢; #0}. Since

n

0:Z|Cz|qlJ:Z|Cz|qw if je[,

i=1 i€l

so that ¢;; < 0, for all 7 € I, we must have ¢;; = 0. By irreducibility of
(, ), we can conclude I = {1,2,...,n}. We claim now Ker(q) is one-dimensional.
Otherwise, dim(Ker(q)({z; = 0}) > 1, contradicting the above argument that

all coordinates must be non-zero. Now the last assertion is also clear. [

Corollary 2.47 If (, ) is a positive, irreducible symmetric bilinear form on V,
and {e1, e, ...,ex} is a basis for V such that ¢;; = (e;,e;) <0, then for any k, the

form restricted to {e;}izr is positive definite.
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In the classification result we exploited a criterion for the positive semi-

definiteness of a form.

Proposition 2.48 If(, ) is a positive, irreducible symmetric bilinear form on 'V,
and {ey, e, ..., e} is a basis for V such that q;; = (e;,e;) <0, then q(z) = (z,z) =
Z%‘jl’ﬂj is positive degenerate iff there exist positive numbers {z1, 22, ..., Zn}

i)j
such that

Proof. The necessity of the condition follows from Lemma 2.44. From [6] we

have an identity

ZQinin = - Z’le]qu X - £)
2%

<j

The right-hand side is > 0, since ¢;; < 0 but vanishes at X; = z;. Hence ¢ is

positive degenerate. [J

Finally, we have a result which will be used in the proof of Witt’s Theorem.

Proposition 2.49 If W is a group acting irreducibly on a real vector space V
and containing a reflection s, then any two positive definite W -invariant forms

are equivalent.

2.4 Classification of Finite Weyl Groups

In this section we will classify root systems and Coxeter groups using some graph
theory and quadratic forms discussed in the last section. We begin with a result

of Witt from |[§].

Theorem 2.50 Let W be a Coxeter group. Then W is finite if and only if the

canonical bilinear form B(,) is positive definite.

The Witt’s Theorem tells us that the problem of finding all irreducible Cox-
eter groups is equivalent to the combinatorial problem of enumerating connected

Coxeter graphs with positive definite canonical forms Br.
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Definition 2.51 A Cozeter graph is called simply-laced if all the edges are la-

belled by 3. In other words s;sjs; = 5;5;5;

We note that all edges in a simply-laced Coxeter graph will be unlabelled.

Here first our aim is to classify simply-laced Coxeter graphs I'" with quadratic
form gr positive and degenerate. Actually this kind of Coxeter graphs classifies
Affine Weyl groups which will be discussed in the next section.

Now we need some basic definitions on the graph theory.

Definition 2.52 We write I' < IV if I' is isomorphic to a proper subgraph of T".

Definition 2.53 Two graphs I',1” are said to be comparable if ' < IV orI' = T"

or ' >T".

Definition 2.54 Let S and L be two classes of graphs. We say that S separates

L if every graph I € L is comparable to some graph in S.Then we have

Theorem 2.55 The following graphs A-D-E separate all connected graphs.

It
=
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Proof. Let I' be a connected graph. If I' contains a cycle then I' > gl, for some
[ > 2. So we can assume [' is a tree. If there is a vertex of degree > 4 where
degree of a vertex is equal to the number of edges incident at the vertex, then
I'> 134. Now we can assume each vertex has degree < 3. If there is more than
one vertex of degree 3, then I' > 5n for some n > 5. Finally, we can assume I
has exactly one vertex of degree 3. Suppose I' has rays of length r > ¢ > p > 2

such that counting from the vertex with degree 3.

Ifp=q=2 then T < D,. If p =2, q =3, then T" is comparable to Eg. It
p = 2, ¢ = 4, then I' is comparable to E7. Iftp=2r>qg>5 then ' > E7.
Finally, if p > 3, ' > Eﬁ and we have shown our original I' is comparable to an

A-D-E graph. [
The following result tells us why the graphs A— D — E are needed.

Lemma 2.56

(a) Any connected simply-laced Coxeter graph properly containing one of the graphs
A—D—FE is not positive.

(b) Any connected simply-laced Cozeter graph properly contained in one of the

graphs A—D—FE is non-degenerate.

Proof. Let I' be a connected simply-laced Coxeter graph properly containing
one of the graphs A—D—F and let [’y be a proper subgraph of type A-D-F.
Then we can choose an edge as in Figure 1 from p to g such that p € Ty, q ¢ T.

Let X = (X})ier, be a vector of real numbers such that ¢r,(X) = 0. Then let us
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define Y = (Y;)ier, by
X ite eIy,

Yi=q 42X, ifi=q,

0 otherwise.
\

Then

ar(Y) < qry(X) = Y, X, + ¥,
=-2X,2+ X,?

=-X,2<0.
So qr is not positive. The second part of the claim comes from Corollary 2.47. [J

By Theorem 2.55 and Lemma 2.56 we have the following result.

Theorem 2.57 The only connected, simply-laced, positive degenerate Cozeter

graphs are A-D-F.

The graphs in Theorem 2.55 admit automorphisms. We are interested in sym-
metries of the graphs with at least one fixed point. We can use these symmetries

to fold the graph introducing multiple edges. Here are some examples:
E)e+2 < >O—O——O—C( >

Q. v L
&

O

2

)o—e—---o—o(\o

B, O-0—O—+—0-0-0

¢ oo—o—----—o—ci/o

he
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We have also an analogue of Theorem 2.55.

Let W be the set of connected graphs with < 3 edges between any two vor-
texes. We call these Weyl graphs. Let us replace the edges O.“_O , OiC) by
O:O,(}E(D respectively.

We see that o0 is a subgraph of Oé()

Now we give an analogue of Theorem 2.55.

Theorem 2.58 The class of graphs /Tl, El, 61, 51, E’G, E7, Eg, EL, 62 separate
W.

Proof. Let I' € W. If I contains a =0 it is comparable to Go. By Theorem
2.55, we can assume that I' has an edge O:O

Suppose it is a terminal edge. If there is a vortex with degree 3, then I' >
C,. Otherwise, I' is comparable with B, If =0 is not terminal, then I" is

comparable with Fy. O

The analogue of Lemma 2.56 can be given as follows.

Lemma 2.59

(a) Any graph in W properly containing one of the graphs Zl, El, a, 51, Eﬁ, E},

Eg, ﬁ;, 62 18 not positive.

(b) Any graph in W properly contained in one of the graphs g[, EZ, 51, lN)l, EG,

E7, Eg, E, 62 15 non-degenerate.
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By Proposition 2.48, Theorem 2.58 and Lemma 2.59, we have the following

result.
Theorem 2.60 The only connected positive degenerate Weyl graphs are A-G.

The last theorem gives the standard classification of affine Weyl groups which
will be discussed in the next section.
The following theorem gives us the standard classification of finite Weyl

groups.

Theorem 2.61 The only connected positive definite Weyl graphs (or Weyl groups)

are as follows.

Proof. These are precisely the connected graphs obtained from A-G by remov-
ing one vertex. Hence they are positive definite, by Lemma 2.59. Using Theorem

2.58, we have the desired result. [
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2.5 Affine Weyl Groups

We have exploited the class of positive degenerate Coxeter groups to get a clas-
sification of finite Coxeter groups. Actually these groups have an important
geometric interpretation in their own right.

Using Corollary 2.46, we have the following result.

Proposition 2.62 If W is an irreducible Cozeter group and B(,) on V is a
positive degenerate form then the subspace V* is a line and is generated by a

vector ¢ =Y cses with cs > 0 for all s € S.

Let

Vi=<e> with c¢= ches such that ch =1,c, > 0.

seS

Also let
A={zx eV :2(c)=1} and T ={xeV*:z(c)=0}.

We see that A is an affine space with space of translations 7. The annihilator
space T = (V/V1)* has a positive definite form from B(,). By Lemma 2.19,
A admits an action of W since wv = v for all v € V*w € W. Hence a group
satisfying the hypotheses of Proposition 2.62 with rank [+ 1 can be viewed as an
affine group of motions on a Euclidean affine space of dimension (.

This suggests realization of affine Weyl group gg as a group of motions in the
representation space of the canonical representation of the Weyl group ¢ which
is classified by graphs given in Theorem 2.61.

This process is as follows.

Let o denote the highest root of representation of ¢. To the new vortex in the
graph of gg we associate the affine reflection sy = s(4,,1) through the hyperplane

l
{z € V: (z,a0) = 1}. Then {so, s1,...., 5} generates ¢. If Q¥ = ZZaiv is a
Z-lattice of co-roots of representation, then there is semi-direct proichllct decom-
position (Z =X QY.
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This also suggests how to construct a root system for 5
Let ¥ = {c—ap,ay,...,aq;} in V. Then ¥ generates an infinite root system A
in V. Not every root is a Weyl conjugation of a simple root in X ; e.g. integral

multiples of nc are not roots. So they are called imaginary roots. Here is a picture

of A for gl.

" + A

T °//"
4 b
//2%1
/ N

v y

These root systems actually arise from the Cartan decomposition of Kac-

Moody Lie Algebras. See [12],[13] and [14] for details.
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CHAPTER 3
GROBNER-SHIRSHOV BASIS FOR FREE ALGEBRAS
AND GROUPS

For this section the fundamental reference is [1].

We begin with definition of linearly ordered set.

Definition 3.1 (A Linearly Ordered Set) A linearly ordered set (or totally
ordered set) is a set plus a relation on the set (called a total order) that satis-
fies the conditions for a partial order plus an additional condition known as the
comparability condition. A relation < is a total order on a set S if the following
properties hold.

1. Reflexivity: a < a for all a € S.

2. Antisymmetry: a < b and b < a implies a = b.

3. Transitivity: a < b and b < ¢ implies a < c.

4. Comparability (trichotomy law):For any a,b € S either a < b and b < a.

The first three are the axioms of a partial order, while addition of the tri-
chotomy law defines a total order.

Every finite totally ordered set is well ordered. Any two totally ordered sets
are order isomorphic, and therefore have the same order type.

Let S be a linearly ordered set, & is a field, k(S) is the formal free associative
algebra over S and k where generators are the letters in the totally ordered set
S.

Let S* be the set of words which are obtained from letters in S performing
free product.

Suppose that the words in S* are degree-lexicographic ordered.i.e. comparing

two words first by lengths and then lexicographically.
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Definition 3.2 Any polynomial f € k(S) is a linear sum of words in S*.

In this section the words plays the crucial roles as like as the role of monomials
in the last section.

Since any polynomial in f € k(S) consists of finitely many words and the
degree-lexicographic order is total, any polynomial f € k(S) has a leading word.

Let f be the leading word of f.
Definition 3.3 If f in f has a coefficient 1 then we say that f is called monic.

Definition 3.4 (Composition of Intersection) A composition of intersection

of two monic polynomials relative to some word w is defined as (f,q)w = fb—ag

whenever w = fb=ag , deg(f) + deg(g) > deg(w).

Definition 3.5 (Composition of Including) A composition of including (f, g)w
of two monic polynomials relative to some word w is defined as (f, g)w = f — agb

whenever w = f = agb.

Definition 3.6 (Elimination of the Leading Word ) In the last case (f,g)w =

f — agb is called the elimination of the leading word (ELW) of ¢ in f.

Definition 3.7 (Trivial Relative) A composition (f,g). is called trivial rela-
tive to some R C k(X) if (f,9)w = Y. aa;t;b;, where t; € R, a;,b; € S* and

&ﬂibz < w.

In particular, if (f, g). goes to zero by the ELW ’s of R then (f,g), is trivial

relative to R.

Definition 3.8 (Grobner-Shirshov Bases) A Grobner-Shirshov basis is a sub-

set R of k(S) if any composition of polynomials from R is trivial relative to R.

By the algebra (S|R) with generators S and defining relations R, we mean
the factor algebra of k(S) by the ideal generated by R.
The following lemma goes back to the Diamond Lemma of [15] and the Com-

position Lemma of [16].
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Lemma 3.9 (Composition-Diamond Lemma) R is a Grébner-Shirshov ba-

sis if and only if the set

{u € S*|lu# afb, Vf € R}

of R reduced words, consists of a linear basis of the algebra (S|R).

If a subset R of k(S) is not a Grobner-Shirshov basis then we can add all
non-trivial compositions of polynomials of R to R and by continuing this process
(possibly infinitely) many times in order to get a Grobner-Shirshov basis R®™P
that contains R. This procedure is called Buchberger-Shirshov Algorithm. For

the more details of this useful procedure, see [17].

Definition 3.10 (Reduced Grobner-Shirshov Basis) A Grébner-Shirshov ba-

sis is called reduced if any s € S is a linear combination of S\{{s}— reduced words }.

We note that any ideal of £(S) has a unique reduced Grobner-Shirshov basis.

If R is a set of semigroup relations i.e.

{u—v:uves},

then any nontrivial composition will have the same form. As a result the set
R™P consists of semigroup relations too.

Let A = smg(S|R) be a semigroup presentation. Then R is a subset of k(S)
and we can find a Grobner-Shirshov basis R°“™P. The last set doesn’t depend on
k, and it consist of semigroup relations. we will call R a Grébner-Shirshov
basis of A. It is the same as Grobner-Shirshov basis of the semigroup algebra
kA = (S|R).

The same terminology is valid for any group presentation meaning that we
include in this presentation all trivial group relations of the form ss™! = 1,
sTls=1,s€ 8.

In the next two chapters we will consider the calculation of Grobner-Shirshov

basis of Weyl groups. This will be the main focus of the thesis. In [1], Bokut &
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Shiao gave the Groebner-Shirshov basis of positive definite classical Weyl groups
Ay, By, Dy using the techniques of Composition Diamond Lemma and Elimination
of Leading Word. In the first next chapter we will verify that the Grobner-Shirshov
bases of Weyl groups A;, B;, D, are right using the Composition of Intersection,
Composition of Including and definition of Grobner-Shirshov basis. In the last two
chapters of the thesis we will give a counter-example to a hypothesis introduced
by Bokut & Shiao in [1] and later we will calculate the Grébner-Shirshov basis
of the positive degenerate infinite affine Weyl group A; which is isomorphic to

semi-direct product group ¥; x Z!=1.
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CHAPTER 4
A COUNTER-EXAMPLE TO THE HYPOTHESIS OF
BOKUT&SHIAO THEOREM

In [1] they formulate a general hypothesis on Groébner-Shirshov bases for any

Coxeter group.
Let W be a Coxeter group. Let S be a linear ordered set with [-generators,

M = [myy] be a l x | Coxeter matrix associated with W. Then we have

W =smg(s®* =1, (ss')™ =1, s # &, Vs, € S and finite myy).

Let us define for finite my,

m(s,s’) = ss’... (there are m,y alternative letters s, s'),

(m—1)(s,s') =ss'... (there are my,y — 1 alternative letters s, s'),

and so on. For example, if mgy = 2 then m(s,s’) = ss',(m — 1)(s,s') = s. If
mss = 3, then m(s,s') = ss's, (m — 1)(s,s') = ss'.

The relation m;; = 1 means that (s;)> = 1 for all i; the generators are involu-
tions.

If m;; = 2, then the generators s; and s; commute.

In this notation defining relations of W can be presented in the form

s =1, m(s,s") =m(s,s), s > s

(4.1)
for all s,s’ € S and finite m,,.
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Definition 4.1 Two words in S are equivalent if they are equal module commu-

tativity relations from (5.1).

To be more precise, it means that they are equal in the so called free partially
commutative semigroup (algebra)generated by S and with commutativity rela-
tions from (5.1). Later on the word problem can be solved in this semigroup(or

algebra).

Definition 4.2 Two relations a = b and ¢ = d of W are called equivalent if a, b

are equivalent to c,d respectively.

4.1 Hypothesis

The Grobner-Shirshov bases of W consist of initial relations (5.1) and relations

that are equivalent to the following ones:

(m - 1)(87 5/>(m - 1)(5i17 SiQ)"'(m - 1)(51'21%17 Si2k)m<5i2k+1 Si2k+2>

= m(slv S)(m - 1)(Si17 Siz)"'(m - 1)(Si2k_1’ SiQk)(m - 1)(si2k+18i2k+2)7 (52)

where s > s, 55, < Siy, .o, iy, < Sioks Sigjy1 < Siguse, and any neighbor pairs
, .
(8',8)(Si15 Sig)s o (Siggy1 Siney) are different, and
(
o . .
Siy = 8, if mgy 1S even
Siy = S, if mgy is odd
Siopsa = Siops if M, s, 1S €Ven
Sioktra = Siog_1> if Msop_1505, 18 odd.
\

In [1| they are checking that the hypothesis given by them holds for Grébner-
Shirshov bases for finite Coxeter groups. In the following we will a point out a

misunderstanding in the notation of the hypothesis.
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For example, let consider the Coxeter matrix Ay =

Using above notation s;s; =1 for ¢t = 1,2, 3,4.

m(sq, 81) = $25152 = m(Sy, S2) = $15281 because mo; = Mz = 3
m(ss, So) = $35283 = M(Sg, S3) = S28352 because mgy = Moz = 3
m(ss, s1) = $351 = m(s1,83) = 183 because mg; = Mgz = 2
m(8y, S3) = $45354 = m(S3, S4) = $354S83

m(sy, S2) = S482 = M(S2, S4) = S254

m(sy, S1,) = Sg51 = m(s1, S4) = 5154

These are all initial relations. According to these relations the new notation
is above.

The extra elements for A, are:

(m — 1)(s3, s9)m(s1, s3) = m(sa, s3)(m — 1)(s1, $3)

which gives s3595153 = S2535951, and

(m—1)(s4,s3)(m—1)(s2,s4)m(s1,84) = m(s3,84)(m—1)(S2,54)(m—1)(51, 54)
which gives $453525154 = $354535251.

Pay attention to the second element (ss, s4) that shows the complexity of this
notation in the article [1] since we have

(m — 1)(s4, $3)m(82, 84) = m(s3,84)(m — 1)(s2, S4) gIving $4835254 = S$4545352-

So the second component of a pair is determined by being even or odd of the
associated entry of the Coxeter matrix if we take the previous pair as an index.
But the first component of the chosen can be any element less than the element
in the second component. If we write the pairs the procedure in the article, the

second element of the pair (s1,se) must be sy but it says that the element must
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be s or s'.

4.2 A Contrary Example for this Hypothesis

The Coxeter matrix of affine Weyl group Asis M =

Initial relations are

(50)* = (s1)* = (s2)" = (s3)* = 1,
508150 = S15051,

S0S2 = 5250,

505350 = 835053,

§182 = 51525152,

51583 = 8351,

§95359 — 5359S53.

The Grobner-Shirshov Basis for W consists of the elements

Soso0 — 1,
S$151 — 17
S282 — 1,
48383 — 1,

515051 — S0S150;,

§25152 — 515251,

538283 — 5253952,

5838083 — 505350,

5351 — 5183,

5280 — S0S2

83505150 — S1535051,
53505828352 — S053505253,
5350525350 — S253 * 505253,

53825183 — 52535251,
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535058153 — 50535051,

52515052 — S1525150,

53505251835251 — S0535052515352,

535051528382 — $05350515283,

835251508350 — $25352515053,

5§3505251835051 — $2535052515350,

5§3505152535052 — S0535051525350,

535052518350525150 — S05350525153505251,

5350515281535281 — S053505152515352,

5§380525150535051 — S253505251505350,

53505152515350525150 — S0535051525153505251,

535051528350515251 — 505350515253505152,

53505152515350515251S0 — S0S3505152515350515251-

Let us check if these words are appropriate or not, for the hypothesis.
S3508180 — $1535051 = (m — 1)(s3, $1)m(so, s1) — m(s1, S3),

8380828382 — S0S3505253 = (m — 1)(s3, So)m(se, s3) — m(so, s3)(m — 1)(s2, $3),

$350528380 — S283 * SoS283 = (m — 1)(s3, S2)m(sg, $3) — m(sz, s3)(m — 1)(so, $3),

S3525183 — S2835251 = (m — 1)(s3, S2)m(so, s3) — m(s2, s3)(m — 1)(so, s3),
835808183 — SpS35051 = (m — 1)(s3, s9)m(s1, $3) — m(so, s3)(m — 1)(s1, S3),
S9818082 — $1528180 = (m — 1)(s9, $1)m(so, s2) — m(s1, s2)(m — 1)(so, s2),
$35808251838281 — S0835052515352 = (m — 1)(s3,80)(m — 1)(s2, s3)m(s1, $2) —

m(so, s3)(m — 1)m(sz, s3)(m — 1)(s1, 52),
S35051525382— 505350515253 = (m—1)(s3, S2)(m—1)(s1, $3)m(sa, s3)—m(s2, s3)(Mm—
1)(s1,83)(m — 1)(s2, s3),

835281808350 — 525352818083 = (m—1)(83, $2)(m—1)(s1, $3)m(s0, $3)—m(s2, s3)(M—
1)(s1,s3)(m — 1)(s0, S3).

We see that the elements above in the Grébner-Shirshov basis can be written

as the procedure in the hypothesis. But we have a problem for the following

element.
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Let consider s350S9515350S1 — $2835052515359. Since the second term of the
element begins with sys3, we must start by (m — 1)(ss, s2) = s389.

Since my3 = 3(s3 and s, are 4th and 3rd elements respectively) is an odd
number, we should continue by m(a, sg) where a is a reflection less than sy. It
is not allowed in the hypothesis. Actually this term can be written as (m —
1)(s3,82)(m — 1)(sq, s3)m(s1, S0) — m(se, s3)(m — 1)(so, s3)

(m — 1)(s1, 80), but it does not obey the procedure in the hypothesis.

Similarly the following elements can be written as the procedure in the hy-
pothesis.

$3505152535052—S05350525153505281 = (m—1)(s3, 50)(m—1)(s1, s3)(m—1)(s2, s3)m(sg, $2)—
m(sg, s3)(m — 1)(s1,83)(m — 1)(s2, s3)(m — 1)(so, s2),

$35052818350525150 — S0S35052515350525151 = (m — 1)(s3, S0)(m —1)(s9, $3)(m —
1)(s1, s2)m(so, $1) — m(so, s3)(m — 1)(sg, s3)(m — 1)(s1, s2)(m — 1)(so, 51),

$350515251535251—S053805152515352 = (m—1)(s3, 80)(m—1)(s1, s3)(m—1)(s2, s3)m(s1, $2)—
m(so, s3)(m — 1)(s1,s3)(m — 1)(s2, s3)(m — 1)(s1, S2).

The element s3508251 50535051 —S25350525150535¢ 1s written as (m—1)(ss, $2)(m—
1)(s1,s3)(m — 1)(so, s3)m(s1, S0) — m(ss, s2)(m — 1)(s1, s3)(m — 1)(so, s3)(m —
1)(s1,0), but the last term of the expression does not obey the procedure of the
hypothesis.

The remaining elements obey the rule in the hypothesis.

$3505152515350525150—S0535051525153507—251 = (m—1)(s3, S0)(m—1)(s1, s3)(Mm—
1)(sg,s3)(m — 1)(s1, $2)m(so, s1) — m(se, $3)(m — 1)(s1,s3)(m — 1)(s2,83)(m —
1)(s1, 82)(m — 1)(s0, 51),

S35051828350515251 — S0S3580515283505152 = (m — 1)(s3, S0)(m — 1)(s1, 83)(m —
1)(s2, s3)(m — 1)(so, S2)m(s1, 82) — m(sg, $3)(m — 1)(s1,s3)(m — 1)(s2,83)(m —
1)(s0, 82)(m — 1)(s1, 52),

S35051 89251835051 8251 50— 805350515251 5350515251 = (m—1)(s3, so)(m—1)(s1, $3)(m—
1)(s2,s3)(m — 1)(so, s2)(m — 1)(s1, $2)m(s0, 1) — m(so, s3)(m — 1)(s1,s3)(m —
1)(s2,83)(m — 1)(s0, s2)(m — 1)(s1, s2)m(so, 51)-

So we conclude that two elements can not be expressed as the procedure in
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the hypothesis.
With this counter-example, we obtain that the hypothesis does not hold for

positive degenerate affine Weyl groups.
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CHAPTER 5

CALCULATION OF REDUCED GROBNER-SHIRSHOV

BASIS FOR AFFINE WEYL GROUP Ay

In this chapter our aim is to calculate Grobner-Shirshov basis of positive degen-

erate infinite affine Weyl group Avn which is isomorphic to semi-direct product

of permutation group S, with translation group Z"~!, where Z"~! is the eigen-

module of the action of the permutation group on its representation module Z".

It has a presentation with generators {so, s1, ..

$;8i=1,1=0,...,n;
5i8j =885, 1=0,...,n—2,5 —1>1;
SiSi+1Si = Si+1S5iSi+1, 1= 0,...,71— 1and

S0SnS0 = SnSoSn-

., $n} and relations

Here we will choose the linear ordering sqg > s; > sy > --- > s, on the

generators on the contrary of the ordering chosen by Bokut and Shiao in [1].

Theorem 5.1 The affine Weyl group /~ln is generated by {so, s1, 82, , S} and

Sij = SiSit1...5;, where i < j; and s;; = 8; , ;-1 = 1

with defining relations;

Al :

A2

A3 :
A4 -
A5 -

A6 -

5;2=1--» 5;8, =1, where 0 < i <n,

:8i85 = 858, where 1 =0,....n—2,j—i>1,

Si418iSit1 = S;Sir18; where 1 <i<n—1,

505nS0 = SnS0Sn,

8ijSi = Si418i4, where v =1,....,n—2,7=1+2,...

505n8; = SjS0Sp, where j =2,...,n — 2,
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AT : S05n5j415) ** * Sk+15kSk+1 = 5jS05nSj+15j =+ * Sk+15k, Where k = j,...,n —

L,

A8 : 508nSn—1"""5;50 = SpS0SpSp—1--S;, where j =n—1,...,2,

gg 7 80SnSn—1 8281505251+ 555155 = SpS0SnSn—1 " 5281505251 55551,
where j =1,2,...,n,

A10 : 80SpSn—1""" 5251505251 " * " 8j8;_1Sy " * * SpSj; =
5n505nSn—1 """ 5251505251 -+ 8jSj_18n - Sk, where j = 1,2,....n;

k=nn-—1....7+2,

All S0SnSn—1 " 5281505251 * 558 —15n " 5255551 SkSk—15k

=8n50SnSn—1" " 5251505251+ S$jSj_18p * ** 525;8j_1 " SpSk—1, wherej = 1,2,... n;k
j’ AR 7n7
Al2 : 50515,505; * * 525y, = 51505152505 * - - S2, where j =n —2,...,2,

A13 505181,505;) * * * 525354 * * * SkSk+15k = S150515n505; * - * SkSk+1 - S2, where
j=n—1,...,2,

Al4 : 508151,505; * * * 525354 * * * SkSk4+1505k = S150515n505) * * * SkSk+150 * * * 52,
where j =n—1,...,2,

Al5 : 505nSn—15150 * * * SkSk+1SkSk+1 = SnS0SnSn—15150 * - - SkSk+1Sk, where k =
1,....n—1,

A16 : 50515150 * * * Sk+1Sk = SnS0SnS1S0 - - - Sk+1Sk, Where k=1,....n —1,

A7 5051515050 Sn—1 """ SkSk+1Sk = S150515n50SnSn—1 " * SkSk+1, where k =
n—1,...,2.

So the Grébner-Shirshov basis for Zn consists of the relations given by Al —
A17.

Proof. Let us consider the group algebra with the generators {so, s1, 2, -, $n}
and the following ideals

Al s;2—1--» s;5;, =1, where 0 < i < n,
A2 5i8; — 8js;, where 1 = 0,...,.n—2,j —1¢> 1,
A3 Si415iSit1 — SiSi+1S; where 1 <7 <n —1,

A4 80880 — SnSoSn,

A5 Si,jSi — Si+15i,5, where 1 = 1,...,n—2,j :?;4-2,...,']7,,
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A6 : 505n8; — SjS0Sp, Where j = 2,...,n — 2,

AT 505n5j415] * * * Sk4+15kSk+1— 5jSoSnSj415; * * * Sp4+15k, Where k = j,... ., n—1,

A8 505nSn—1"""5;50 — SpS0SnSn—1- S, where j =n—1,...,2,

gg © S0SnSn—1 " 8281505251 5555—155 — SpS0SnSn—1 - 5251505251 * * * §555-1,
where 7 =1,2,...,n,

A10 : 808pSn—1""" 5281508251 """ §jSj_18y * * * SkSj —
5n505nSn—1 """ 5251505251 " 8jSj_18n "+ S, Where j = 1,2,... n;
k=nn—1,...,7+2,

All - S0SnSn—1 " 8281505251 * S558j—15n " * 5255551 SkSk—15k

~8180SnSn—1" " " 5251505251+ * $jSj_18n " * " S28;8j-1 " SkSk—1, where j = 1,2, ... . n; k =
j’ AR 7n7
Al2 1 50515,508; * * * 525, — 5150515n505; * * - S2, Where j =n —2,...,2,

A13 - 505151,505; * * * 525354 * * * SkSk+15k — 51505150505 * * - SkSk41 - - - S2, Where
j=n—1,...,2,

Al4 505151505 * * * 525354 * * * SkSk+1505k — 515051505055 * * * SkSk4150 * * * 52,
where j =n—1,...,2,

Al5 50SnSn—15150 * * * SESk+1SkSki1 — SnS0SnSn_15150 * * * SkSk+1Sk, wWhere k =
1,....,n—1,

Al6 : 505nS180 * * * Sk+1Sk — SnS0SnS1S0 - - * Sk+1Sk, where k =1,... . n —1,

A7 - 505151505 Sn—1 """ SkSk+1Sk — S150515n50SnSn—1 - * * SkSk11, Where k =
n—1,...,2.

The ideals from A1 — A4 comes from the group presentation.

The type A5 5ijSi — Si418i4, 1 =1,....n—2,j=1+2,...,n.

For every 14, this element is calculated from
< 8iSi+18; — Si+15iSi+1, SiSi+2 — Si+25; >

using operation of elimination of leading word.
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The following elements of this type are found from
< 83858 — 8i+18i--.85,8iSj4+1 — Sj+15; >

performing consecutive operations of elimination of leading word for j = i+2,7+
3,...,m.

In this type elements we have an exceptional situation: the case i = 0,5 = n.
In this case we have sys,s9 = $ps0s, instead of sys, — s,80. It gives us the
following type element

S0 SpS0Sn — 8150 SpSo =< S0 Sp—150 — S150 * * * Sn—1, 505nS0 — SnS0Sn >

In the group A;, this type elements appear as

805158280 — S150S51S2 =< S0S1S0 — S150S51, S0S2 — S2S50 >

8051525350 — S1505152 =< S0S515250 — S1505152, S0S3 — S350 >

50515253545054 — S15051525354S0 =< S0S51525350 — 51505152, S05450 — S450S4 >
81898381 — 82515253 =< §15151 — S$951S592, 8183 — S351 >

825835482 — 83525354 =< $9253S59 — 5359853, S2S4 — S4S2 >

815892838451 — 5251525354 =< 81598351 — S$2515253, S1S4 — S451 >.

In this type we have another relation
505nSn—15n — Sn—1505nSn—-1 =< S0Sn—1 — Sn—150; Sn—15nSn—1 — SpSn1Sn > -
In the group Ay, this type elements appear as

80545354 — S3505453 =< S09S3 — S350, S35453 — S45354 > .

The type A6 : 505n5; — 8j505p,] = 2,...,m — 2.

This type element is obtained from
< 805 — 8550, 5jSn — SnS; >
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using operation of elimination of leading word.

In the group Ay, this type elements appear as
805482 — S250S4 =< S90S — S250, S254 — S4S59 > .

The type AT : 505,5j415; * * * Sk+15kSk+1 57505154155 * * * Sk415k, K = J, ..., n—

The first element in this type is obtained from
< 805nS; — 8j505n, SjSj+15; — Sj+15;5j+1 >

performing operation of elimination of leading word.

The remaining elements in this type are obtained by performing operation of
elimination of leading word to sgsSgi15k — Spr1SkSke1 with the obtained element
in the first eliminating operation.

In the group Z4, this type elements appear as

5054835283 — 5250545352 =< 505482 — S250S54, S253S2 — S3S52S53 >.

The type A8 505nSn—1"""5j50 — SnS0SnSp—1°" S5, =n—1,...,2.

The first element in this type is obtained from
< 505r80 — SnS0Sn, S0Sn—1 — Sp—150 >

performing operation of elimination of leading word.

The remaining elements are obtained from
< 808nSn—1"""5;50 — SpS0SnSn—1"""S;,508j—1 — Sj—150 >

performing the respective operations of elimination of leading word for j = n —

2,...,2 respectively.
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In the group 24, this type elements appear as

80845350 — S45054S3 =< S0S4S0 — S4S054, S0S3 — S350 >, and

8054535250 — S4505453S2 =<< $0545350 — S4505453, S0S2 — S250 > .

The type gg ¢ 80SnSn—1 5251505251+ * §5S5j-155—5nS05nSn—1 " * $251505251 * * * Sij_hj =
,2, ...,

The first element in this type is obtained from sgs159 — s159s1 by performing
the operation of elimination of leading word with the last element in the type AS.

After then each remaining element in this type is obtained from the previous
one in this type by performing the operation of elimination of leading word with
$§jSj+185 — Sj4+155Sj+1-

In the group 1&, this type elements appear as

805453525150S1 — S45054535251S0 =< S0S4S3S2S0 — 5450845352, S051S0 — S1S5051 >7

505453525150525152—545054535251505251 =< 505453592515051 —54505453525150, S15251—
§98189 >,

8054535251505251535253—545054535251505352 =< 505453525150525152—545054535251505251,

89535253525350545352515052515352545354 — S4505453525150535254S53 > .

The type A10 : 508nSn—1 """ 5251505251 * " * 5jSj—15n " * * SkSj
—5n,508nSn—1 """ 5251505251 "+ 8jS;_15p Sk, J = 1,2,...,mk =n,n—=1,...,j+2.

The elements in this type are obtained from s;s,, — s,s; by performing the
operation of elimination of leading word with the each element in the type A13
except last one.

After then each remaining element in this type is obtained from the previous
one in this type by performing the operation of elimination of leading word with
8jSk—1 — Sk—15;.

In the group Z4, this type elements appear as

5054535251505451 — S450545352515054 =< S50S545352515051 — S4505453525150,

42



8184 — 8451 >,
805453525150545351—545054535251505453 =< 5054535251505451—5450545352515054,
81583 — 8351 >,
80545352515052515452—54505453525150525152 =< 5085453525150525152—845054535251505251,

S984 — S489 >.

The type All -

508nSn—1 """ 5251505281 §jSj—15n * * * 8255551+ * SkSk—15k
-8n505nSn—1 " 5251505251 " * * 8j8;_15n " "= 52881 SkSp—1,J = 1,2,...,nik=7j,...,n.

The first element in this type is obtained from sys159 — s159s1 by performing
the operation of elimination of leading word with the last element in the type
A10.

After then each remaining element in this type is obtained from the previous
one in this type by performing the operation of elimination of leading word with
SkSk+1Sk — Sk+1SkSk41-

In the group 12[47 this type elements appear as

5054535251525054535251525352 — 5450545352515250545352515253,

5085453525152535054535251525352 — 545054535251525350545352515253,

5054535251525350545351525453S54 — 5450545352515253505453515254S53.

The type A12 : 50515,505; - - 525, — 5150515,505; =82, ] =N — 2,...,2.

The first element in this type is obtained from
< S081S0 — S1S0T — 1 — S9SpSo — SnSn >

by performing the operation of elimination of leading word.

After then each remaining element in this type is obtained from the previous
one in this type by performing the operation of elimination of leading word with
505150 — SnS0Sn-

In the group 114, this type elements appear as

8051545054 — S150515450 =< S0S1S0 — S150S51, S0S4S0 — S4S0S4 >,
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505154505254 — S15051545052 =< S0S515250 — S1505152, S0S450 — S4S0S4 >

The type A13: 50515,505; « * * 525354 * * * SkSk+15k—51505150505j = * * SkSk41 " 52, =

n—1,...,2.

The first element in this type is obtained from s¢$,5,_15, — Sn_150SnSn_1 by

performing the operation of elimination of leading word with the last element in

the type Al2.

After then each remaining element in this type is obtained from the previous

one in this type by performing the operation of elimination of leading word with

k. element in the type of AT.

In the group fL, this type elements appear as

5051545052535453 — 8150515450525354 =< 805154505254 — 815051545052, S0S45354 —

83505483 >,

80515450525354525352—51505154505253545253 =< 5054515253505453—5150545152535054,

8054535253 — S2505453S59 >.

The type Al4 . 5051505055 * * * 525354 * * * SkSk+1505k —S5150515n5055 * * * SkSk+150 52,

j=n—1,...,2.

Each element in this type is obtained from each element in the type of A13

by performing the operation of elimination of leading word with & — 2. element

in the type of AS.

In the group fL, this type elements appear as

805154505253545053—515051545052535450 =< 5054515253505453—S5150545152535054,

80545380 — S4505453 >,

5051545052535452535052 — S1505154505253545253S0 —

< 50545351525350545352 — S$1505453515253505453, S054535250 — S4505453S52 >.

The type A15: $08,5,-15150 * * * SkSk+15kSk+1—5n 50505015150 * * * SkSk115k, k =
,n—1.

The first element in this type is obtained from < $¢s,,$,_15,—Sn_150SnSn_1, S0S1S0—

518081 > by performing the operation of elimination of leading word.

After then each remaining element in this type is obtained from the previous

44



one in this type by performing the operation of elimination of leading word with
SkSk+1Sk — Sk+1SkSk+1-

In the group ;LL, this type elements appear as

805453515051 — S450545351S0 =< S0S5453S0 — S4505453, S0S1S0 — S1S0S1 >,

80545351505251S2 — S450545351505251 =< 505453515051 — S45054535150, S15251 —
§98189 >,

80545351505251535253—54505453515052515352 =< S§054535150525152—5450545351505251,
895389 — S358283 >,

505453515052515352545354 — S$45054535150525153525453 =
< 50545351505251535253 — 54505453515052515359, $35453 — 545354 >.

The type Al6 S0SnS150 * * * Sk+1Sk — SnS0SnS1S0 * * * Sk+1Sk, k=1,...,n — 1.

The first element in this type is obtained from
< 805180 — SnS0Sn; SnS0S1S0 — S15051 >

by performing the operation of elimination of leading word.

After then each remaining element in this type is obtained from the previous
one in this type by performing the operation of elimination of leading word with
SkSk+1Sk — Sk+1SkSk41-

In the group fL, this type elements appear as

5054515051 — 5450545150 =< S0S4S0 — S4S5054, S0S1S0 — S1S0S51 >,

50545150525152 — 54505451505251,

505481508251535253 — S45054515052515352,

5054515052515352545354 — 54505451505251535254S53.

The type A17 5051515051 Sn—1 " * SkSk+15k — S150515n505nSn—1** * SkSk+1, k =
n—1,...,2.

The first element in this type is obtained from s,,5,5,-1 — SnSn—15, by per-
forming the operation of elimination of leading word with the first element in the
type Al5.

After then each remaining element in this type is obtained from the previous
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one in this type by performing the operation of elimination of leading word with
SkSk+1Sk — Sk+1SkSk+1-

In the group ;LL, this type elements appear as

50515450535453 — 5150515354,

505154505354525352 — S1505153545253.

It can be shown that the other obtained elements by using operations of
elimination leading word except the elements in types A1 — A17 can be reduced
to 0.

So the Grobner-Shirshov basis for gn consists of the relations given by Al —
A17.

OJ

5.1 Representation of Reduced Elements in the Group.

The Composition Diamond Lemma tells that the irreducible elements with respect
to the Grobner-Shirsov basis give us a representation for affine Weyl group Zn
Since we choose the total ordering sy > s; > --- > s, on the generating set, the
elements beginning with sy can not have conjugate elements beginning with other
generators. Therefore the elements beginning with sy give us a representation of
elements with minimal length of in the flag subset A, JAn.

As a consequence of our calculations it is seen that this representation can
be expressed by words which are obtained by juxtaposing of some blocks of the
elements.

The first block in the row is a word satisfying the ordering {so, s1, ... s,} and
the following conditions:

(1) s;s; not in that block except sgsp, for j —i >1,i=0,...,n—2,

(ii) sps,s; is not contained in the block for j =2,...,n — 2, and

(iii) if the word is repeated in the sequent block again, the conditions still
hold.

By a simple calculation, we have these blocks in the following:
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508nSn—-15152 * * * Sn—2,

$jSj+1 " S0SnSn—15152 - Sj-1,

8182+ Sn—2805n5n—1,

Sn—18182 " Sn—2505n;

SnSn—15152 * * * Spn—250,

505nSn—15n—2 """ 31,

§j8j—1""81509nSn—15n—2 " " * Sj+1,

Sp—18n—2 " * 51505n,

SnSn—18n—2" " 5150,

Sn—1805n5182 " * * Sn—2,

S§jSj4+1 " Sn—-1505n5182 -+ Sj—1,

8182+ " Sn—28n-1505n;

S$nS152 * * * Sp—25n-150,

S505n5182 "+ Sp—25n-1,

Sn—18n505152 " * * Sn—2,

$jSj+1 " Sp—15nS05152 " - - Sj-1,

8182+ " Sn—28n-15n50,

505152+ * Sp—25n—-15n,

SnS0S8152 ** * Sp—25n—1-

If we give the examples of this type words in the group A4 the words beginning
with sg are the following:

5051525354, 5054515253, 5054535152, $054535251.

The other blocks satisfying the rules above can be easily written as above.

Also there are blocks apart from this type blocks, with the following properties:

(i*) they begin with s, and end with s; again,

(ii*) 3 < £(block) < n.

These blocks can be written as spxsp where x is the string of generators
{805+ Sk—1,Sk41s- -, Sn} With length 3 < /(x) < n.

If we give the example of this type words in the group Z4 the word beginning

with sg 18 $¢S451S0.
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Of course there are a lot of blocks beginning with s, s, s3 or s4. They can
be written with respect to the rules above.

The representation of elements is made up of the juxtaposing of obtained
blocks. But when the blocks are juxtaposing, it is point out that no leading
terms of elements of Grobner-Shirshov basis must be formed in the strings so
that the obtained word can not be reduced.

For example the block (sgs1s25354) can take along no block except itself.

Therefore we have the following elements in the flag subset A;l JAy:

(5051525354)7,
(5051525354)P 50,
(5051525354)P5051,
(5051525354)PS05152,

(5051525354)PS0S15253.

In the another example the block (sgs4515283) can be followed by itself and
the block s4s0s4, but we see that the last block can not be followed by a block
beginning with s3 because the block s¢s451525354505453 is the leading term of an
element in the Grobner-Shirshov basis. Then the block sps4515283545054 can be
followed by a block beginning with no s3. For example it can be s155535459. Since

this block can be followed by itself we have the following reduced elements in the

flag subset A, JAy:

n
5054515253)",

n
5054515253) "So,
5054515253)" 5054,
5054515253)"505451,
5054515253)"50545152,

$45054)(5152535450)7,

n

5054515253)" (545054)(5152535450)751,

50545152853

n

5054515253)"(545054)(5152535450)P 515253,

n

(
( )
( )
( )
( )
(8084515283)" )

( ) ( )

( ) (s152835450)" s152,
( ) ( )

( ) ( )

(

( )
"(545084)

( )

( )

5054515253 545054 )\ 5152535450 p81828384.
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