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ABSTRACT

STUDIES ON SOME COMPLEXES

Yildirim, Emine
M.Sc., Department of Mathematics

Supervisor: Assist. Prof. Dr. Tahire Ozen Oztiirk

June 2011, 66 pages

Let R be any associative ring with unity and X be a class of R-modules. This
thesis consists of three sections. In section 1, it is given some necessary definitions
and theorems in homological algebra which is used in other sections. In section 2,
we define X-injective (projective) and DG(X-injective (projective)) complexes which
are generalizations of injective (projective) complexes and DG-injective (projective)
complexes and obtain some properties. Moreover, we investigate C(X-injective (pro-
jective)) preenvelopes (precovers). Finally, in section 3, we define an X*-complex and

a class C(X") and investigate C(X*)-envelope (cover) of a complex.

Keywords: Complex, Injective (projective) complex, DG-injective (projective) com-

plexes, envelope (cover).
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OZET

BAZI KOMPLEKSLER UZERINE CALISMALAR

Yildirim, Emine
Yiiksek lisans, Matematik Boliimii

Tez Yoneticisi: Assist. Prof. Dr. Tahire Ozen Oztiirk

Haziran 2011, 66 sayfa

R birimli ve birlesmeli bir halka ve X, R-modiillerin bir sinifi olsun. Bu tez
tic boliimden olusur. Boliim 1°de diger boliimlerde de kullandigimiz homolojik ce-
birde gerekli olan bazi tanim ve teoremler verildi. Boliim 2’de injective (projective)
kompleksler ve DG-injective (projective) komplekslerin genellemeleri olan X-injective
(projective) kompleksleri ve DG(X-injective (projective)) kompleksleri tanimladik ve
baz1 6zelliklerini elde ettik. Bununla birlikte C(X-injective (projective))-preenvelopes
(precovers) konusunu inceledik. Son olarak X*-kompleks ve C(X*) sinifin1 tanimladik

ve bir kompleksin C(X*)-envelope (cover)’1n1 arastirdik.

Anahtar Kelimeler: Kompleks, Injective (projective) kompleks, DG-injective (pro-

jective) kompleks, envelope (cover).
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

Definition 1.1. (Category, Additive and Abelian Category) A category C consists of
three ingredients: a class obj C of objects, a set of morphisms Hom(A, B) for every
ordered pair (A, B) of objects and composition Hom(A, B)x Hom(B, C) —Hom(A, C),
denoted by (f, g) — gf, for every ordered triple A, B, C of objects. (We often write
f:A—> BorA i> B instead of f € Hom(A, B)). These ingredients are subject to the

following axioms:

(i) The Hom sets are pairwise disjoint; that is, each f € Hom(A, B) has a unique

domain A and unique target B;

(ii) For each object A, there is an identity morphism fl4 = f and 15 f = f for all

f:A— B;

e . . . f g h
(iii) Composition is associative: given morphisms A - B — C — D, then

h(gf) = (hg)f.

A category C is said to be additive if Hom¢(A, B) is an abelian group such that if
[ fis f» eHome(A, B), g,81,8 € Home(B, C), then g(fi + f2) = gfi + ¢/f> and (g1 +
2)f = g1f + gf. We note that if C is an additive category, then Hom¢(A, B) # @
since the zero morphism is always in Hom¢(A, B). This is denoted 045. Easily, R-Mod
(or Mod-R) is an additive category.

An additive category C is said to be an abelian category if it satisfies the following



conditions:

(i) C has products (and coproducts),

(ii) every morphism in C has a kernel and a cokernel where if f : A — Bisa
morphism, then a kernel of f, denoted by ker(f) is a morphism k : K — A such
that fk = 0 and for each morphism g : C — A with fg = 0, there exists a unique
morphism # : C — K such that g = kh. K is denoted by Ker(f). Dually, a
cokernel of f, denoted by coker(f) is a morphism p : B — C such that pf = 0
and for each morphism g : B — D with gf = 0, there exists a unique morphism

h: C — D such that hp = g. C is denoted by Coker(f),

(iii) for every morphism in C f : A — B, the map Coker(ker(f)) — Ker(coker(f))

is an isomorphism.

For example, R- Mod and Mod-R are abelian categories.

Definition 1.2. (Covariant Functor) If C and D are categories, then a functor

T : C — D is a function such that
(i) If A € obj C, then T(A) € obj D,
i) ff:A—>A"inC,thenT(f): T(A) > T(A")in D,
S g . T T(g) .
(iii) fA > A" > A”inC,thenT(A) — T(A") — T(A”) in D, and
T(gf)=TQ@T(f),

(iv) T(14) = 17 for every A € obj C.

Definition 1.3. (Contravariant Functor) A contravariant functor 7 : C — D, where C

and D are categories, is a function such that



(i) If C € obj C, then T(C) € obj D,
(i) If f:C > C'inC,then T(f) : T(C') — T(C) in D (note the reversal of arrows),

f 8 . T(g) T(f) .
(ii) fC>C - C”"inC,thenT(C") — T(C") — T(C) in D and
T(gf)=T(NT(g),

(iv) T(14) = 17 for every A € obj C.

Definition 1.4. (Exact Sequence ) A sequence of R-modules and R-homomorphisms
.o M, - M, ﬂ} M, ﬁ M_, — ... is said to be exact if Imd;,; = Kerd; for all
i € Z. An exact sequence of the form 0 — A EN B C > 0 is said to be a short

exact sequence. We also call this short exact sequence an extension of A by C.

Definition 1.5. A short exact sequence 0 — A LBhcSois split if there exists

amap j: C — B with pj = 1¢ or equivalently there exists a map k : B — A with

ki=14.

Definition 1.6. (Complex) Let C be an abelian category whose objects are modules.

By a (chain) complex C of R-modules we mean a sequence C : ... = C; NV 1 SN

Cy i> C_ i C_, — ... of R-modules and R-homomorphisms such that ¢, 0 ¢, =
0, for all n € Z. Notice that Im{, C Ker{,_,. Also C is denoted by ((C,), (£,)) or (C, {)
where the ¢, are called the boundary operators of the complex C and ¢ is the differential

of the complex C .

d d d
Definition 1.7. If C : -+ — C, — C; — Cy —> C_; —> --- is a complex,
d d, d]
then C" : --- — C] -5 Ci — C, - C’, — --- is said to be a subcomplex

of Cif C;,, ¢ C, for every m € Z and if d,, agrees withd,, on C,. If S € Cis a

subcomplex, then for any m € Z, d,, : C,, — C,,—; induces a map * —> % By

these maps, we can obtain a complex % Let f : C — D be a morphism of complexes,



then d,,(Ker(f,,)) € Ker(f,,—1). Then we can obtain a complex Kerf with m-th term
Ker(f,,). Similarly, we can find a complex Im(f) € D. And also we have a complex

Coker(f) = Inf()f) and Im(f) = C/Ker(f). Thus we can see that the family of all

complexes in R-Mod is an abelian category, denoted by C(R-mod).

Remark 1.1. Let C be a complex. Then we have a subcomplex Z(C) : - - —
Ker(d,) — Ker(d,—) — --- where Z(C),, = Ker(d,) for all m € Z where d is
the differential of the complex C. Notice that the differential of Z(C) is 0. And a sub-
complex B(C) C C is defined as B(C),, = Im(d,,.,). Since d,, od,,,; =0, B(C) C Z(C).

The quotient complex Z(C),/B(C) is denoted by H(C) where H(C),, = H,,(C) = ggg’”
Then the complex C becomes exact if H(C) = 0, or equivalently Ker(d,) = Im(d,;+1)

forallm € Z.

Definition 1.8. If M is a module, then M : ---0 — M i—d> M — 0 — --- where
y=MandMy=MandM:---— 0— M — 0 —> - where M, = M. Then

CM.

R X

Remark 1.2. If F is a covariant additive functor in the some category of modules,
F(t) F(tr)

then F(C) : ... » F(Cy) — F(Cy) — F(Cy) — ... 1is also complex where the
complex C : ... - C, R C, R Co — .... Similarly, if F is a contravariant ad-

ditive functor, then the sequence F(C) : ... —» F(C_y) 11503 F(Cy) 11“3 F(C) — ...

is a complex. For example in the category of R-Modules if A is an R-Module, then
Hom(A, —) is a covariant functor and Hom(—,A) is a contravariant functor. Then
Hom(A,C) : ... >Hom(A, C,) i;>H0m(A, C) iT)Hom(A, Co) = ... where (,f = {,
forall f eHom(A,C,)and Hom(C,A) : ... >Hom(Cy, A) iT)Hom(Cl,A) zHom(Cz,A)
— ... where {, f = f¢, for all f eHom(C,_,,A).

Definition 1.9. (Chain Map) If C and C’ are complexes, then a chainmap f : C — C’

is a sequence of morphisms f, : C, — C’,, for all n € Z making the following diagram



commutative:

dn+l dil

c:...— Cn+1 > Cn > Cn—l
S+l Ja Jn-1
R/ G —C

n+1 n

It is easy to check that the composite gf of two chain maps f : C —» C’and g : C' —

C” is itself a chain map, where (gf), = g.f,. The identity chain map 1¢ on ((C,), (d,))

is the sequence of identity morphisms 1¢, : C,, — C,.

A chain map f : A — A’ is an isomorphism if and only if each f, is an isomorphism.

Definition 1.10. (Homotopy) Let (C,d) and (C’,d’") be chain complexes. Then the

chain maps f, g : (C,d) — (C’,d’) are homotopic, denoted by f ~ g, if for all n, there

isamap s = (s,) where s, : C, = C, | with

fn —&n = dy,1+1sn + Sn—ldn-

dn+1 dn
Cn+l . Cn > Ln-1
. Sn . Sn—1
fn+lsgn+l l /gn lfnlygnl
’ ’ ’
Cn+l & > Cn d - Cn—l

A chainmap f : (C,d) — (C’,d’) is null-homotopic if f ~ 0, where O is the zero chain

map.



Definition 1.11. (nth Homology ) If (A, d) is a complex, then its n-th homology is

H,(A) = %. The elements of Kerd, are called n - cycles. The elements of Imd,,,;

are called » - boundaries. And also we can show that Kerd,, = Z,(A) = Z, , Imd,,1 =

B,(A) = B, implies that H,(A) = %'

Theorem 1.1. (Theorem 6.14 in [9]) Homotopic chain maps induce the same mor-

phism in homology: if f,g : (C,d) — (C’,d") are chain maps and f =~ g, then for all n,

H,(f) = Hi(g) : H,(C) — H,(C").
-1
Definition 1.12. (Cochain Complex) A chain complex of the form C : ...C"! 7z,
0 1
c® Lt %5 ¢ — .. s called a cochain complex where 8" o "' = 0 for all

n € Z. Then nth cohomology H"(C) = £42,.

Definition 1.13. (¥ — precover, ¥ — cover) Let C be an abelian category and let ¥ be
a class of objects of C. Then for an object M € C, a morphism ¢ : F — M where
F € ¥ is called an F -precover of M, if f : F/ — M where F’ € ¥ and the following

diagram

can be completed to a commutative diagram. If when F = F’ and the only such g is

automorphism of F, then ¢ : F — M is called an ¥ -cover of M.
Dually, we can give the following definition.

Definition 1.14. (7 -preenvelope , ¥ -envelope) Let C be an abelian category and let

¥ be a class of objects of C. Then for an object M € C a morphism ¢ : M — F



where F € ¥ is called an ¥ -preenvelope of M, if f: M — F’ where F’ € ¥ and

the following diagram

"~

can be completed to a commutative diagram. If when F = F’ and the only such g is

automorphism of F, then ¢ : M — F is called an ¥ -envelope of M.

Definition 1.15. (Resolution) Let C be an abelian category and & be a class of ob-
jects of C. By a left e-resolution of an object M of C, we will mean a complex

- — F; — Fy — M — 0 (not necessarily exact) with each F; € & such
that Hom(g, —) makes the complex exact. A right e-resolution of an object M of C is
Hom(—, &) exact complex 0 — M — E° — E' — ... (not necessarily exact)

with each E' € &.

We can give an example for a right resolution:
Let an abelian category C have an e-preenvelope. Let E° be an e-preenvelope of X € C,

then there exists ¢ such that 0 — X R E° (not necessarily 1 - 1). Then % eC
E°

30 has an e-preenvelope E' such that,

implies that

¢ d°

e

$(X)



where ¢;m = d°. Then d°¢ = 0. If we continue in this way, then we can find that a
complex 0 — X = E° £> E! L E?> — ... (not necessarily exact) such that
all E' € &. Hom(—, F) makes the complex exact when F € . That is, the sequence
.. >Hom(E!, F) -Hom(E°, F) -Hom(X, F) — 0 is exact. Such complex is a right
€ - resolution of X.

Similarly we can give an example for a left resolution:

Let an abelian category C have an g-precover. Let Fy be an g-precover of X € C, then

there exists ¢ such that F i> X — 0 (not necessarily onto). Then Ker(¢) € C and

so it has an e-precover F; such that,

A ¢
F, ——~ F, - X - 0

. ;
é1

EN

Kerg

where i¢; = A;. Then ¢4, = 0. If we continue in this way, then we can find that a
complex --- — F, £> F, i) Fy i) X — 0 (not necessarily exact) such that all
F; € e. Hom(F, —) makes the complex exact when F € &. Such complex is a left ¢ -

resolution of X.

Definition 1.16. (Pushout) Given two morphisms f : A — Band g : A — C in a cate-
gory C, a pushout (or fibered sum) is a triple (D, @, 8) with 8g = a/f that is a solution to
the universal mapping problem: for every triple (¥, @’,5") with 8'g = @' f, there exists

a unique morphism 6 : D — Y making the diagram following commute.



Pushouts are unique up to isomorphism when they exist. In the above if we set D =
(B®C)/K where K = {(f(a),—g(a)) : a € A}and let a(b) = (b,0)+K, B(c) = (0,c)+K,
then D with morphisms a, S is a pushout. If g is one to one (onto), then so is @. And

also if g is one to one, then C/A = D/B.

Definition 1.17. (Pullback) Given two morphisms f : B - Aandg : C —» Aina
category C, a pullback (or fibered product) is a triple (D, , 8) with g = f thatis a
solution to the universal mapping problem: for every triple (X, a’,5’) with ga’ = ff’,

there exists a unique morphism 6 : X — D making the following diagram commute.

a

> —
og

Pullbacks, when they exist, are unique up to isomorphism. If we set D = {(b,c) €
Ba C : f(b) = g(c)} and let @ and S be projection morphisms, then D with morphisms

a, B 1s a pullback. If g is one to one (onto), then so is S.

Lemma 1.1. (Wakamatsu’s Lemma) If the class ¥ is closed under extensions and



¢ F — Misan F - cover of an object M of C, then Ker(¢p) € ¥+ and if y - M — F
is an F - envelope, then Coker(y) € ~F.

Proof. LetAe ¥ and0) —- S — P - A — 0 be an exact sequence, with P pro-
jective. We know that; Ext'(A, Ker¢) = 0 if and only if Hom(P , Ker¢) — Hom(S ,

Kerg) — O epic. Let f : S — Ker¢. Then we have the following diagram:

Kergp C F M

where SB € ¥. We can form the Pushout diagram as follow;

§ ——~ P

P

F a

where G = {(ﬂg)f% Then « : F — G is an injection and Coker(F — G) = EP eF.
Since ¥ is closed under extensions, G € F. We can suppose F' C G. By the properties
of the pushout diagram, we have a linear & : G — M which agrees with ¢ on F. Since
¢ : F — M is a cover, we have a linear g : G — F such that ¢g = h. Then, since
¢o(glr) = ¢ where g|r is the restriction of g on F', we have that g|r is an automorphism

of F. If we replace g by (g|r)~! o g, we see that we can assume g|r = idr. So g makes

the diagram

10



|

N
{‘.

Q+—"

commutative and hence makes commutative the diagram

P

|

M

Thus ¢g = 0 implies ¢g(p) = O for all p € P. Then g(P) € Ker(¢). Dually, we can

prove that coker(y) €+ F,if y : M — F is an ¥ -preenvelope. O

Definition 1.18. (Projective Module) Let R be a ring. A left R-module P is projective
if, whenever p is surjective and 4 is any map, there exists a lifting g as the following;

that is, there exists a map g making the following diagram commute:

Definition 1.19. (Injective Module) Let R be a ring. A left R-module E is injective

if, whenever i is an injection, a dashed arrow exists making the following diagram

11



commute:

Let M be a left R-module and N be a submodule such that the intersection of N with
any nonzero submodule of M is nonzero. Then N is called the essential submodule of
M, denoted by N C*** M.

If a left R-module M is essential in an injective module E, then E is called the injective
hull (or injective envelope) of M, denoted by E(M). Then E(M) is the smallest injective
module containing M and the greatest module containing M as essential. And also

every R-module has a unique injective envelope up to isomorphism.

Definition 1.20. (Ext) Let an injective resolution of an R-module B is £ : 0 —
BLEO£E1LE2—>-~-,then EB:0—>EOi>E1il>E2—>--~
and 0 —Hom(A, E%) ﬁ>H0m(A,E1) ii>H0m(A,E2) —> ---. Then Ext}(A,B) =
H"(Homg(A, EB)) = 2% where d" :Homg(A, E") —Homg(A, E"!) is defined, as

imd'~1?

usual, by d”? : f > d"f.

Let C be any abelian category and & be a class of objects of C. If Ext'(X,Y) = 0 for all
Xeeg thenY eet. If Ext'(X,Y) =0forall Y € &, then X € *¢.

Lemma 1.2. (Proposition 6.40 in [9]) The module Exty(A, B) is independent of the

choice of injective resolution of B.
Remark 1.3. By definition we understand Homg(A, B) = Extg(A, B).
Lemma 1.3. (Corollary 6.46 in [9])If 0 — B — B — B” — 0 is a short exact

sequence of left R -modules, then for every left R -module A, there is a long exact

12



sequence of abelian groups,

0 —Homg(A, B') —Homg(A, B) — Homg(A, B") — Ext}Q(A, B) — Ext}e(A, B)
— Ext}(A,B”") — Ext3(A,B') — Exti(A, B) — Ext3(A,B") — ...
Thus, Ext repairs the loss of exactness after applying Homg(A,—) to a short exact

sequence.

Definition 1.21. (ext) If the chosen projective resolution of an R-module A is P :

—)P22>P1 i)P()i)14—>0 andPA:...—>Pzi>P1 1>P0—>O,then
; ker d;
exrR(A’ B) = Hn(HomR(PA’B)) = * ’
imd,_,

where d; : Homg(P,_, B) —Homg(P,, B) is defined, as usual, by

d: f fd,.

Lemma 1.4. (Corollary 6.57 in [9]) The module exty(A, B) is independent of the

choice of projective resolution of A.

Theorem 1.2. (Theorem 6.67 in [9]) Let A and B be left R -modules, let E : 0 —

d° d! a2

B-5 E° S B S B2 S5 B3 — .. be an injective resolution of B and
d &

let P:..— P — Py — A — 0 be a projective resolution of A. Then

H,(Homg(P4, B)) = H"(Homg(A, E?)) forall n >0 and so

Exty(A, B) = ext'(A, B) .

Proposition 1.1. (Proposition 7.24 in [9]) IfExt}JC, A) = {0}, then every extension of
A by C splits.

13



Corollary 1.1. (Corollary 7.25 in [9])

(i) A left R-module P is projective if and only if Exty(P,B) = {0} for all every R-

module B.

(ii) A left R-module E is injective if and only if Exty(A,E) = {0} for all every R-
module A.

Definition 1.22. (Suspension) The suspension of a complex C is the complex denoted
by S(C) or C[1] where S (C),, = C[1],, = C,_1 (or S(C)" = C[1]" = C"™*') and whose
differential is —d where d is the differential of C. Then we can define S*(C) for any
k € Z as SX(C),, = Clkl,y = Cpi (or SKC)Y" = C[m]* = C™*) whose differential is
(-1)*d where d is the differential of C.

Definition 1.23. (Mapping Cone) Let f : (X, 1) — (Y, d) be a chain map. For each n,

define
4 0o A p A 2
X - X - X - X - X -
! 1 ! 1?
. -1 0 1 . 12 R
Y: Yo — Y oY — Y

n—1 1

and M(f)" = X"*! @ Y". Then the complex M(f) : --- M(f)"! 7 M(f) 5 e
whose boundary operators are 8"(x,y) = (="' x, f"1(x) + d"y) for (x,y) € X""' @ Y"
is called a mapping cone. So there exists an exact sequence, 0 — Y LN M(f) N

X[1] — 0.

Definition 1.24. (Projective Complex) A complex P is said to be a projective complex

if for any morphism P — D and any epimorphism C — D, the diagram

14



»

C - D -0

can be completed to a commutative diagram by a morphism P — C.

Definition 1.25. (Injective Complex) [ is said to be an injective complex if for any

morphism C — [ and any morphism C — D, the diagram

can be completed to a commutative diagram by a morphism D — 1.

Example 1.1. Let M be an R-module. Let M : ... -0 > M — M — 0 — ... such
that My = M and M, = M. If M is a projective (injective) module, then M is also a

projective (injective) complex.

Definition 1.26. (Enough Projective Objects) Let C be an abelian category. C is said
to have enough projectives, if for every object A of C, there is a projective object P €

C and an exact sequence P — A — 0 (epic).

Definition 1.27. (Enough Injective Objects) Let C be an abelian category. C said to
have enough injectives, if for every object A € C , there is an injective object E € C

and exact sequence 0 — A — E (monic).

Remark 1.4. Notice that for all m € Z, S™(M) is an injective complex whenever M is

an injective module. And also any direct product of injective complexes is an injective

15



complex. Let C be any complex. Then we have an injective linear monomorphism
C" —s I'" and then form the corresponding morphism C —s I". Then we have
C — ml;IZI_’" is a monomorphism as a product of injective complexes where ml;lzl_’"
is an injective complex. Then ml;[ZI_’" is an injective preenvelope of C. Thus there
are enough injective complexes. If C itself is injective, then C is isomorphic to a
direct summand of ml;[zﬁ and also it is exact. If A is a non zero subcomplexes of a
complex C suchthat ANB # 0 for all nonzero subcomplexes B, then A is called an

essential subcomplex of C . There exists an injective complex containing essentially

the complex C. It is called the injective envelope of the complex C.

Definition 1.28. (Ext in Complexes) Let A and B complexes in the category of com-
plexes of left R-modules C. The definition of Ext in complexes is the same as the defi-
nition of Ext in R-Mod. We can obtain an injective resolution of the complex B since
every complex has an enough injective complex. If the chosen injective resolution of B

0 1
SE=0—B—E 5 L 2 ... then Ext"(A, B) = H'(Hom(A, E?)) =

kerd?

o gn—1 9
imd!!

where d" :Hom(A, E") —Hom(A, E™!) is defined, as usual, by d" : f — d"f.

Definition 1.29. (Hom(A, C)) If (A,A") and (C, A”) are complexes, then Hom(A, C) is
the complex defined by Hom(A, C), = [],,,-,Hom(A_,,C,) and D, : Hom(A, C), —
Hom(A,C),-, such that D, : f — D,f = {g,,} where g,, : A_, — C, with

g+p=n-1isdefined by g, = A/, frger + (=17 fr1 AL,

Definition 1.30. (DG-projective and DG-injective complex) Let & be the class of ex-
act complexes. We call a complex P DG-projective if each P" is projective and if
Hom(P, E) is exact for all E € «.

We call a complex I DG-injective if each " is injective and Hom(E, I) is exact for all

E € ¢.
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Every projective(injective) complex is a DG-projective(injective) complex. Moreover,

every right(left) bounded complex is a DG-injective(projective) complex.

Definition 1.31. (Inverse system) Given a partially ordered set I and a category C, an
inverse system in C is an ordered pair (M,)ic;, (Wi') j=i), abbreviated {M;, Wi/}, where
(M));¢; is an indexed family of objects in C and (¢;/ : M i = M;);»; 1s an indexed
family of morphisms for which ¢;' = 1,,. for all i, and such that the following diagram

commutes whenever k > j > i.

Vi
M, —— M,
ll//jk )
vl
M;

Definition 1.32. (Inverse limit) Let / be a partially ordered set, let C be a category, and
let {M;, i} be an inverse system in C over I. The inverse limit is an object @Mi and

a family of projections («; : @Mi — M;)c; such that
(i) y/a; = a; whenever i < J,

(ii) for every X € 0bj(C) and all morphisms f; : X — M; satisfying y,/f; = f; for
all i < j, there exists a unique morphism 6 : X — {ii’lMi making the diagram

commute.
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Definition 1.33. (Direct system) Given a partially ordered set I and a category C, an
direct system in C is an ordered pair (M), (¢,')i<;), abbreviated {M;, ¢;'}, where
(M)ie; is an indexed family of objects in C and (90]‘[ : M; — Mj)<; is an indexed
family of morphisms for which ¢;" = 1), for all i, and such that the following diagram

commutes whenever i < j < k.

wi
Migk’Mk

v )
ui!

M;

Definition 1.34. (Direct limit) Let / be a partially ordered set, let C be a category, and

let {M;,¢,'} be an direct system in C over I. The direct limit is an object lzl)qM,- and

insertion morphisms (a; : M; — lll)iMi)iez such that
(i) ajp;' = a; wheneveri < j,
(ii) for every X € obj(C) and all morphisms f; : M; — X satisfying fp;/ = f; for

all i < j, there exists a unique morphism 6 : lzl)@Mi — X making the diagram
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commute.

Definition 1.35. Let S,7 : A — B be covariant functors. A natural transformation

7:S8 — T is a one parameter family of morphisms in 8

T=(SA - TA)scobjin)

making the following diagram commute for all f : A — A’ in A:

SA TA
Sf Tf
Ty
SA" — TA’

A natural isomorphism is a natural transformation 7 for which each 7, is an isomor-

phism.

Proposition 1.2. (Proposition 5.21 in [9]) If {M;, 4.} is an inverse system of left R-
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modules, then there is a natural isomorphism
Homg(A, LimM;) = limHomg(A, M;)

for every left R-module A.
Proposition 1.3. (Proposition 5.26 in [9]) If {M;,¢’;} is a direct system of left R-
modules, then there is an isomorphism

0 : HOmR(lll)’lM,', B) - él‘i’lHOmR(M,', B)

for every left R-module B.

Remark 1.5. By propositions above we can see that
Ext/(N, limM;) = limExt/(N, M;)
— —

and

Ext/(limM;, N) = limExt/(M;, N)
_) (—
forall j > 0.

Theorem 1.3. (Theorem 1.5.6. in [3]) Let F' = (M}),(f}))), F = (Mp), (fi), F" =
(M), (f7))) be inductive systems and suppose there are maps F” il 7 il F" such

O-. T . . . (T T .
that M| — M; — M is exact for each i € I, that is, ¥’ — F — ¥ is exact, then
imM, — limM; — limM! is exact.
— 1 — > 1

Theorem 1.4. (Theorem 1.5.13. in [3]) Let ¥’ = (M), (f})), F = (M), (fip), F" =

(M), () be inverse systems and suppose there are maps ¥ il F o F"" such that

limo;
gi Ti . . . . —
0 > M - M; > M is exact for each i, then the induced sequence 0 — l[imM; —
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limM; — limM! is exact.
«— — !

If furthermore the set of indices is N and if the maps fl’J are surjective, then when

0> M — M; —» M — 0 are exact for each i, the induced sequence
0 — limM] — limM; — limM] — 0
— — «—

Is exact.

Lemma 1.5. (Corollary 5.2.7 in [3]) Let ¥ be a class of R-modules that is closed
under direct limits, and M be an R-module. If M has an F -precover, then it has an

F -cover.

Lemma 1.6. (Corollary 6.3.5 in [3]) Let F be a class of R-modules that is closed under
summands and inverse limits, and M be an R-module. If M has an F -preenvelope, then

it has an F -envelope.
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CHAPTER 2

A GENERALIZATION OF INJECTIVE AND

PROJECTIVE COMPLEXES

Let X be a class of R-modules. In this section X-injective (projective) and DG(X-
injective (projective)) complexes as a generalizations of injective (projective) com-
plexes are defined and given some properties. Moreover, it is investigated C(X —
injective (pro jective))-preenvelopes (precovers). However, X-injective and X-projec

tive is studied in [8]. We extend the definition to injective (projective) complexes.

Definition 2.1. (X* —complex ) Let X be a class of R-modules. A complexC : ... —
C!' — C" — C™' — ... is called an X* — (cochain) complex if C' € X for all
ie€eZ. AcomplexC:... — Cyyy — C, — C,_; — ... is called an X* — (chain)

complex if C; € X for all i € Z. The class of all X* — complexes is denoted by C(X™).

Definition 2.2. (X-injective and X-projective module) A left R-module E is X-injective,
if Ext'(B/A, E) = 0 where for every module B/A € X, whenever i is an injection and

f 1s any map, there exists a map g making the following diagram commutes;




A left R-module P is X-projective, if Ext'(P,X) = 0 for every module X € X where
X = Kerp, whenever p is surjective and 4 is any map, there exists a map g making the

following diagram commutes;

Definition 2.3. (X — injective and X-projective complexes) A complex C is called an
X-injective complex, if Ext'(Y/X, C) = 0 where for every complex Y/X € C(X*). Thus

the following diagram commutes as follows;

0 - X -y

such that f¢ = f where ¢ is a monomorphism.
Dually we can define an X — projective complex. A complex C is called an X —
pro jective complex, if Ext'(C,X) = 0 for every complex X € C(X*) where Ker¢ =

X € C(X). By diagram we can show as follows;

a

such that (/)]7: f where ¢ is onto.
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Example 2.1. If P is an X — pro jective (X — injective) module, then P : ... — 0 —
P— P — 00— 0— ...is an X — projective (X — injective) complex. Also, the
finite direct sum of X — projective (X —injective) complexes is again X — pro jective
(X — injective).

Note that if P is an X-injective (X-projective) module and P is not in the class X, then
P is an X-injective (X-projective) complex, but not an X*-complex. So X-injective

(X-projective) complex may not be an X*-complex.
Proof. Consider the following diagram;

P

Iy 1y
s Je

dj

’
_ >
Ci1 —5 Ci

where g : C — C’ — 0 is an epic morphism such that Kerg € X and f : P — C is
a morphism and d, d’ are differentials of C, C’, respectively. Since P is an X-projective
module, there exists a morphism 4y : P — C; with gl = fi.

Define iy : P — Cj_y with hy_, = d;hi. Then g;_1h;_1 = fi—1. Thus we have a chain
map h : P — C, as required. Dually, we can prove that if P is an X-injective module,

then P is an X-injective complex. O

Definition 2.4. Let ¢ be the class of exact complexes. Then we can define &, such that

& is the class of exact complexes whose kernels are in X.

Definition 2.5. A complex I is called DG(X — injective), if each I" is X-injective and
Hom(E, ) is exact for all £ € g.
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A complex I is called DG(X — pro jective), if each I" is X — pro jective and Hom(I, E)

is exact for all £ € g;.

Lemma 2.1. Let A £, B - C be an exact sequence of modules (complexes) where

Kerp € X (C(X)). Then for all X-projective modules (complexes) I,
Hom(I,A) — Hom(I,B) — Hom(I,C)

Is exact.

Proof. 0 — Kerf —l> B i> C is exact, so
0 — Hom(,Kerf) — Hom(l, B) — Hom(l,(C)

18 exact.

We have the following commutative diagram;

Ai»lmﬁ—>0

such that 8f = g.
Since I is X-projective module (complex) and Kerfs € X (C(X")).
Therefore, Hom(/,A) —Hom(/, B) —Hom(/, C) is exact. O

Dually, we can give the following lemma.

Lemma 2.2. Let A R B C be an exact sequence of modules (complexes) where
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£ e X (C(X)). Then for all X-injective modules (complexes) I,

Imo6

Hom(C,I) — Hom(B,I) — Hom(A,I)

Is exact.

Proof. A L B R Imf — 0 is exact, so
0 — Hom(Im0,I) — Hom(B,I) — Hom(A,I)

is exact.

We have the following commutative diagram;

i

0 ~ Im6 - C
;o

8

»

1

such that fi = g since I is X-injective module (complex) and % € X (C(XY)).

Thus, Hom(C, I) —Hom(B, I) —Hom(A, I) is exact. |

Example 2.2. Let/ = .... — 0 — I — 0 — 0 — ... where I° is an X-injective
(X-projective) module. Then I is DG(X-injective (projective)) complex.
Proof. Let

dl

2
Er il s Y p e fop

is exact and Kerd" € X, then
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Hom(E,I) = ... — Hom(E*, I’y — Hom(E', 1) — Hom(E°, I°) — ...

By Lemma 2.2, Hom(E, I) is exact, the required is obtained. O

Lemma 2.3. Ifa complex X : ... — X,;; — X, — X,_1 — ... is an X-injective

(X-projective) complex, then for all n € Z, X,, is an X-injective (X-projective) module.

Proof. Let0— N —l> M and % € Xand a : N — X, be linear form the pushout;

N M
o ™
v
X, ...?’?.. X, & M
A
where A = {(a(n), —i(n)) : n € N}.
By the following diagram;
0 Xn+1 Xn+1 ~ 0 ~ 0
| MeoX M
0 Xn “ e 0
A N
0 Xn—l Xn—l > 0 > O

We have the exact sequence 0 — X — 7T — § — 0 where
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T:...— X1 — Xpo — @ — X,_1... and
S:...—>0—>()—>%—>O....

Since X is a X — injective complex, Ext'(S,X) =0, and so
0 —Hom(S,X) —»Hom(7T,X) —-Hom(X,X) — Ext'(S,X) = 0. Therefore there

exists B, : T,, = % — X, such that 8,6, = 1. So,

Bnbn(a(n)) = a(n)
Bu((a(n),0) + A) = a(n)
Bu((0,1) + A) = a(n)
Buyni(n) = a(n)
And hence B,y,i = a. So, X, is a X — in jective module. O

Remark 2.1. Let X : ... = X, = X, = X,_.1 — ... be a complex such that X,, are
X-injective (X-projective) modules for all n € Z. Then it need not to be that X is an
X-injective (X-projective) complex.

Let R € X and X-injective module and f : R — R & R be a morphism such that
f(a) = (0,a) and g : R® R — R be a morphism such that g(a,b) = a. then gf =0

where g # 0. So, we have the following diagram;
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0 -~ R - R®&R 0..
f 1
.0 R&R — - R&R 0..
8
0 - 0 - R -0

So, R cannot be an X-injective complex. Dually, we can give an example for X-

projectivity.
Lemma 2.4. Let I be an X-injective (projective) module. Then I is in 1 (*&;).

Proof. Let

A A

> 12
be a injective resolution of /.
Then Hom(E,I') > Hom(E,I?) > Hom(E,I’) where E : ... — E> — E™' —

E' S E' > ..and E € ¢,.

Now we will show that Ext'(E,I) = 0. Let u € Ker(4d,*). Then A,*(u) = 0 and

hence A,(u) = 0. Since 4,7 = 1, u~> = 0. We have the diagram as follow;
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d73 d72 d*l

E L — E—3 E—2 > E—l > EO
w2 u!

P -0 L 0...
1

I? - IO - IO - 0 0

-2 -1
where u~'d=2 = 0. Since E2 5 E-1' S EVis exact and I° is X-injective, Hom(E?, I°)
i .
S Hom(E", 1°) S Hom(E2, I9) is exact. Since ™! € Ker(d2") = Im(d™""), there

exists f° € Hom(E®, I°) such that u™! = f°d~'. So, we have the following diagram;

E - E—% > E—2 > E—l > EO > E]
f*l fO

Il - O - O - IO ! > IO > 0
1

I’ -0 - J° - J° -0 -0

where fd™' = f' =y ' and f'd? = 0.

So, we have a morphism f such that 4,*(f) = u.
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Lemma 2.5. g, (t&)) is extension closed.

Proof. Let0 - A — B — C — 0 be an exact sequence where A, C € &f and X €
£1. Then we have the exact sequence 0 -Hom(X,A) —-Hom(X, B) -Hom(X,C) —
Ext'(X,A) — Ext'(X,B) — Ext'(X,C) — ...

Since Ext'(X,A) = Ext'(X,C) = 0, then Ext'(X,B) =0. So, B€ &t

Dually, we can prove ¢ is extension closed. O

Corollary2.1. Let I = ... 50> 1> 1' > .. > I" 50— ..where (0<i<n)

is an X-injective (projective) module, then I is an ,*(*&;).

Proof. We will use an induction on n. Let n = 0. Then by Lemma 2.4, I : ... —
0-1°>0—..ising*(tg).
Assume that for n — 1, the induction is satisfied. Then we have the following exact

sequence;

0>A—>I1—>51/A—>0

where A=..—>0—>1°>0— ... ByLemma2.5,1¢€¢g*(te) O
Since every right(left) bounded complex is a direct(inverse) limit of a bounded com-

plex, we can obtain the following result.

Corollary 2.2. Every left(right) bounded complex I where I; is an X — injective

(pro jective) module is in 1+ (*&)).

Proof. let/ =..—-> 0 — I°— I' - > - .. be a left bounded complex.
L:. 50> — .. > —>0—..wherei>0. Then {ille,- = 1. By Remark 1.5,

Ext'(A,liml;) = limExt'(A, I;) = 0 where A € &. So, I € &
— —

Dually, we can prove for *&;. |
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Lemma 2.6. If ] € &, then each I" is X-injective for each n € Z.

Proof. LetS C M be a submodule of a module M with % eXanda:S — I, be

linear form the pushout;

S ‘ M
a h
v
i Iem
I”l ...... > — I”@ M
1 N
where A = {(a(s),—s) : s € S}. Thus i, is one-to-one the same asi. Then [ : ... —

"' - I"eg M — "' — "2 — __is a complex.

O . In—l >~ In—l

-0 -0
! M

0 - I" - I"os M - — -0
S

04,In+1 - In+1 -0 - 0

Therefore, we have an exact sequence 0 — [ — ] — E — 0 where E :

. — 0 — % — 0 — 0 — 0 — ... and so, we have an exact sequence
0 —Hom(E, I) —Hom(I, 1) —Hom(l,1) — Ext'(E,I) = O since I € &',

This implies that we can find f : 1 — I with ff = 1. Therefore, there exists a
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function 71 :I"®s M — I" with ?nf” = 1. So,

I fred(s) = a(s)
F (((5).0) + A) = a(s)
70, 5) + A) = a(s)
firi(s) = a(s)

and hence fnili = a and each I" € X — injective. O

Lemma 2.7. (Lemma 3.2 in [4]) Let f : X — Y be a morphism of complexes. Then
the exact sequence 0 — Y — M(f) — X[1] — 0 associated with the mapping

cone M(f) splits if and only if f is homotopic to 0.

Proof.

(=)

Since the sequence splits, there exists a morphism g : X[1] — M(f) with g(x) =
(x, —s(x)) where s is a morphism from X[1] to Y. Then we have the following commu-

tative diagram:

0 -y ~X"eY"! X" 0
gyll—l g1 _o"
0 . Yn — Xn+1 $Yn 4,*5? Xn+1 O
I gn+

where "7 (x,y) = (=0"x, f"(x) + 8}"'y) for all (x,y) € X" ® Y""!. By the commutative

diagram, we can find that for all x € X"

g (g"(x)) = —g" 8" (x)
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0" (x, =5"(x)) = (=0"(x), 5" 3" (x))
(=3"x, f'(x) + 37 (=5"(x)) = (=8"(x), 5" 9" (x)).

This implies that f"(x) = 8}7's"(x) + s""'9"(x), for all x € X". Therefore, /" =
0" 's" + s"*13" which implies that f is homotopic to 0.

(=)

Suppose that f is homotopic to 0. If s is such a homotopy, then we can construct a
function,

g X[1] — M(f)
x — (x,—s(x))

where 5" : X" — Y"!such that f" = 8"'s"+s""19". Then p"~'g"(x) = p"'(x, —s"(x)) =
I(x) for all x € X" and so p"~'g" = I. So the exact sequence 0 — ¥ — M(f) —

X[1] — O splits. O

Lemma 2.8. Let X and I are complexes. If Ext'(X,I[n]) = O for all n € Z, then

Hom(X, 1) is exact.

Proof. Since Ext'(X,I[n]) = 0, if f : X[-1] — I[n] is a morphism, then 0 —
I[n] - M(f) - X — O splits.

By Lemma 2.7, f : X[—1] — I[n] is homotopic to zero for all n.

So fl: X = I[n+1]is homotopic to zero for all n € Z. Thus Hom(X, I) is exact.

m]
Corollary 2.3. £*(*&)) € DG(X — injective (pro jective)).
Proof. It follows from Lemma 2.6 and Lemma 2.8. O

Corollary 2.4. Every left (right) bounded complex I where I; is an X-projective (in-

Jjective) module is a DG(X-projective (injective)) complex.
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Proof. It follows from Corollary 2.2 and Corollary 2.3. O

Lemma 2.9. Let f : X — Y a chain morphism, Y is an X*-complex and X is an
X-projective complex. Then f is a homotopic to zero. Moreover if a complex has a

C(X — projective)-precover in C(X*), then such precovers are homotopic.

Proof. Letid : Y — Y and the exact sequence 0 — Y[-1] — M(id)[-1] —

Y — 0.

Since X is an X—pro jective complex, we have the following commutative diagram;

MGd)[-1] —— ¥ - 0

4

X
where rg = f. Let ' : M(id)[-1] — Y[—1] be a projection. If we take an s = n'g,
then for all n € Z, s"*'A" + y"1s" = f" where A and y are boundary maps of the

complexes of X and Y, respectively. So, f is homotopic to zero. O

Lemma 2.10. Let f : X — Y be a chain morphism, X is an X*-complex and Y is
an X — injective complex. Then f is homotopic to zero. Moreover if a complex has a

C(X — injective)-preenvelope in C(X*), then such preenvelopes are homotopic.
Proof. Letid : X — X, then we have the following exact sequence;

i

0 X M(id) - X[1] 0

where gi = f.
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Let i : X[1] — M(id) be an injection and s : X[1] — Y such that s = gi’ with

s" =g,
X2 g X! o X1 g X" " X" @ X!
gn72 gnfl gn
yr-2 i yr-1 i Y
Sy = g Pyl g = g g = A 4 ) = gt =
O

Now we will investigate when every left (right) bounded complex has a C(X—pro jective

(in jective))-precover (preenvelope).

Lemma 2.11. Let X be closed under finite direct sum. Let every R-module has an
epic X-projective precover in X with kernel in X. Then every bounded complex has an
exact C(X — projective) precover. Thus every bounded X-projective complex in C(X*)

Is exact.

Proof. lLetY(n):..-0—-Y'5Y' -5 . Y 50— ...
We will use induction on n. Let n = 0, then we have the following commutative

diagram;
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D) : ... -0 l -~ po 0
Y0): ... -0 - yY -0 -0

where D(0) is exact and Ker(D(0) — Y(0)) € X.

Let n = 1, then we have the following commutative diagram;

/l(l’ Al
D(1):..0 P° P’o P! P!
7 0.f"
aO
Y(1):..0 - ¥ - y! ~ 0 - 0...

where D(1) is exact and Ker(D(1) — Y(1)) € X.

We also have the following commutative diagram;

PO‘;YO,PI

” i

YOL'YI
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A)(x) = (x, s°(x0) and A'(x,y) = 5°(x) =y

We assume that the following diagram D(n) — Y(n) which is commutative;

0 1 n
.0 P —— P gp —— - —— prigp — pr - 0
1o ©0.f1 (0.f™)
aO al
0 V& Y! - Y" -0 -0

where D(n) is exact and Ker(D(n) — Y(n)) € X. And we also have the following
commutative diagrams;

D(n) —— pn+i

Y(n) -, Yn+l
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So, D(n) — Pr+l;

/10 /ll /lnfl
0 > PO PO @Pl > eee - Pn—l 69Pn
Yl
0 - 0 - 0 - - prel
where 521" = s! and s'2"! = 0.

1

Pn—l @Pn _s Pn+1

0. o
yn ! yrl
where st = a*(0, f™).
p" i, pr+l
0 yr!

where f"*!s> = 0. Hence, D(n + 1) — Y(n + 1);
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0 AN n+l1

Pn+1

.0 - p) —— pgp. —— prlgp — prgpr!
1o ©.fH (0.f™ (0,£m1)
a° al a”
0 - Y0 -yl - Y" - yrtl 0...

where D(n+1) is exact and Ker(D(n+1) — Y(n+1)) € X, A](x,y) = (A"(x,y), st(x,y)),
A (x,y) = s7(x) — y.

Therefore, Y(n) has an C(X — pro jective) precover. m|

Lemma 2.12. Let every R-module has a monic X-injective preenvelope in X with cok-
ernel in X. Then every bounded complex has an C(X — injective) preenvelope. Thus

every bounded X-injective complex in C(X*) is exact.

Proof. LetY(n):..—->0-Y, Y, 1> ..5Y —>0—> ..

We will use induction on n. Let n = 0, then we have the following commutative

diagram;
Y(0): ... 0 -0 - Y 0 g
EQ): ... -0 - E, —“ + E, - 0 .

where E(0) is exact and cokernel in X.
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Let n = 1, then we have the following commutative diagram;

Y(1):..0 -0 - Y - Y -0
(f1,0) Jo |
/12 /11
E1):..0 ~ E; - E\®E) ~ E -0 -

where E(1) is exact and cokernel in X.

We also have the following commutative diagram;

where E; i> Ey such that foa; = Af1. A2(x) = (x, —f(x)) and A,(x,y) = f(x) +y. We

assume that the following diagram which is commutative;
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An

Y(n) : .0 - 0 - Y, . .Y, . 0

(fn,0) Jo

A
E(n):..0 - E, ~—~ E,®E,_; - - E -0

where E(n) is exact and cokernel in X.

And we have the following commutative diagram Y(n + 1) — E(n + 1);

Adn+1 an

.0 -0 Yoii - Y,... Yo -0
(fur1,0) (,0) 10
/ln+l /l'l
.0 > En+1 > En+l @En - En@En—l--- > EO - 0..

where E(n + 1) is exact and cokernel in X. We also have the following commutative

diagrams;
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where (f;u O)an+l = Sn+1f;t+1-

where A1, = 5,411

Then, A,1(x) = (X, =t41(X), (X, Y) = Sua1(x) + ().

An+1

Int1

En+1

A,

Sn+1

En+l - EnEBEn—l

Therefore, Y(n) has an C(X — injective) preenvelope.

Theorem 2.1. Let R be a noetherian ring and C(X*) be closed under direct limit. Let

every R-module have a monic X-injective preenvelope in X. Then every right bounded

complex has a C(X-injective) preenvelope.

Proof. LetY : ...

- Y, > Y - Yy —> 0 — ..and E(n) be a C(X-injective)
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preenvelopeof Y(n): ... -5 0> Y, —» ... > Y} - Yy = 0 — ... Then lzl)nY(n) =Y.

Since 0 — Y(n) — E(n) is exact, then by Theorem 1.3 0 — lzl)qY(n) — lzl)qE(n) is

exact with cokernel lim@ e C(X*). Since R is noetherian, then Ext'(2, limE(n)) =
— Y B —

lzl)nExt’(%,E(n)) = 0 where % € C(X*) by Lemma 3.1.16 in [3]. So lzl;zE(n) is a

C(X-injective) preenvelope of Y. O

Theorem 2.2. Let R be a noetherian ring and C(X*) be closed under both inverse and
direct limit. Let every R-module have a monic X-injective preenvelope in X. Then

every complex has a C(X-injective) preenvelope.

Proof. lLetY: .- Y, oY oYy—»Y > .andY(n):.. oY oY > .. >
Y., —>0— .. ThenlimY(n)=Y.

H
By Theorem 2.1, Y(n) has a C(X-injective) preenvelope D(n) such that 0 — Y(n) —

D(n) . . . .
Yo € C(X). So,0 —» MY(n) - MD(n) 1s monic by Theorem 1.4

D(n) is monic and

and lim22 e C(X).

<Y w)

By Remark 1.5 Ext'(, limD(n)) = limExt (3, D(n)) = 0 where § € C(X"). Therefore,

@D(n) is a C(X-injective) preenvelope of Y. O

Lemma 2.13. (A generalization of comparison theorem) Let R-Mod have an X-precover

(preenvelope with monic) with onto. Given a module M, then

(i) We have an exact complex C : ... — C, i) Cy ﬁ) Co i> M — 0 such that

Cy is a X-precover (preenvelope) of M, C; € X is a X-precover (preenvelope) of

Kerl;_y foralli € Z and so C is a X* — complex.

(ii) Let D be an X* — complex and C be a complex as above. If f-; : M' — M is a

morphism, then we can compose a commutative diagram,
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— D - D, ~ Dy - M -0
fa fi fo l
‘Cz C2*C1 CI‘CO CO‘M ‘O
such that f is a chain map where ?_1 = f_1. Moreover, any two such chain maps
are homotopic and the dual of the comparison theorem is also true.
Proof. It follows from Theorem 6.16 in [9]. m|

Lemma 2.14. Let X be an X — injective complex and %X) e C(X") (or § € C(XY))
where E(X) is an injective envelope of X. Then X = E(X) and so, it is an exact complex.

(X is a direct summand of Y).

Proof. We know that every complex has an injective envelope, so, X has an injective
envelope E(X). Then E(X) is a injective complex, and so, it is exact. We have the

following commutative diagram;

such that ¢i = id,. Therefore X is a direct summand of E(X). So X is an injective
complex and hence it is exact. Similarly, if }—Y( € C(X*), then we can prove that X is a

direct summand of Y. m|

Theorem 2.3. Let C(X*) be a class under extensions, quotients and direct limits, then

every complex B has an C(X — injective) preenvelope.
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Proof. @ We know that B has an injective envelope E. Let S ={A : BC A C E and
A - % ’ . . UN'ES'N[k Nk . Nk
s is.an C(X*)} # 0. Let S’ be an ascending chain. Then — 35— = Upycsr 5t = lim;
is in the class C(X*). So S has a maximal element, say 7. We shall prove that T is

an X — injective complex. It is enough to show that any exact sequence 0 — 7 —>

Y — C — 0 with C € C(X7) is split. We have the following commutative diagram;

0 - T - Y - C -0
o B
i T ET

0 T —E(T)%% 0

K
Let B(C) = £. So, by &£ = £, we say that £ is an X* — complex. Since T is a maximal
element of S, B(C) = 0, and hence ma(Y) = @ = 0, and so, a(Y) C T. Therefore,
0— T —Y— C — Oissplitexactand T is an X —in jective complex. Moreover

T is an C(X — injective)-preenvelope of B by the following diagram;

0 ~ B - T
Y
where Y is an X — injective complex and % € C(X"). O

Theorem 2.4. A complex X is contained in a minimial X injective complex X'.

Proof. @ We know that every complex has an injective envelope. Let § = {A : X C
A C E and A X — injective complex} # () and S’ be a descending chain of §. We will

show that Ny es-{A, : @ € I} is an X — injective complex. Using this pushout diagram
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we have the following diagram where C with X* — complex,

0 - NAqg % - C - 0
O [
0 A, —+ B, C - 0

Then the bottom row is split exact. So 0 — NA, — NB, — C — 0 is split exact.

We have the following diagram;

0 nA, — 'y . C - 0
[
0 NA, —— NB, C 0

By five lemma ¢ is an isomorphism. So, 0 — NA, — Y — C — 0 is split exact.

So, S has a minimal element, say X’. O
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CHAPTER 3

C(X™)-cover AND C(X™)-ENVELOPE

Let R be any associative ring with unity and X be a class of R-modules of closed
under direct sum (and summands) and with extension closed. We prove that every
complex has an C(X*)-cover (C(X*)-envelope) if every module has an X-cover (X-
envelope) where C(X™) is the class of complexes of modules in X such that it is closed
under direct and inverse limit. In [6] and [7], respectively, it is proved that if R is a
noetherian ring, then every complex of R-modules has a #-injective cover and if R is
a Gorenstein ring, then every bounded complex has a Gorenstein projective precover.
Using the proof of Lemma 7 in [7], we give a generalization of [6] and [7]. (See [3]
and [9] for the other definitions and concepts.) Throughout the section X denotes a

class of R-modules.

Definition 3.1. (#-injective complex ) ([1]) A complex of injective modules is called

#-injective complex.

Lemma 3.1. Let foralln € Z, 0 — P, — X, is an X — precover of X,. Then we
have a monic chain map 0 — P — X where P : ... - P, > Py —» Py — ... and

X:...oXo->oX - Xy— ...
Proof. It is trivial. O

Theorem 3.1. Let every module have a monic X-precover (or an epic X-preenvelope)

then every complex X has a monic C(X*)-precover (or epic C(X*)-preenvelope). More-
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over if every module has a monic X-cover (or epic X-envelope), then every complex X

has a monic C(X*)-cover (or epic C(X*)-envelope).

Proof. Let X be any complex and 0 — P, — X, be an X-precover of X,,. By Lemma
3.1 there exists a complex P : ... » P, - P - Py — ...suchthat) - P —» X isa
chain map. Let P’ : ... - P, — P{ — P| — ... be any X"-complex and f" : P" — X

be a chain map. Then we have the following diagram as follow;

A+l An

Pn+l > Pn n—1
f:y In Jn-1
ﬂn+] ﬁn
Xn+l > Xn > Ap-1
S \ oS
Pn+l X, Pn X . Pn—l

where since P’ is an X*-complex and f” : P — X be a chain map, we can find
6, : P, — P, for all n € Z such that f,6, = f,.
Since f” is a chain map, f,A' ., = B,.1f,,,, for all n € Z. Now we will show that 6 is a

n“n+l

chain map. Since f, is a chain map,

ﬁ1/1n+1 :ﬁn+lﬁl+l» fn/ln+19n+l :ﬁn+l,ﬁ1+19n+l :ﬁn+lf;:+1 = n,/l,,ﬁ_l = ﬁ10n/l,,,+1
Since f,i8 1 = 1, 4,416,411 = 6,4/ ,,. So, 6 is a chain map. Let0 — P — X be a

monic chain map such that 0 — P, — X, is an X-cover of X,,. Then0) — P — X

is an C(X*)-cover of X. Because we have the following diagram;
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Pn+1 > Pn > n—1
]V I Jn-1
IBVHI Bn
Xn+1 > Xn > n—1
fr:+| x fr:—l
P - P, - An-l

We can find that for all n € Z, 6, is an automorphism. By the proof above 8§ : P — P
is a chain map such that f6 = f. Since for all n € Z, 6, is a automorphism, 6 is an
automorphism with f6 = f. So 0 — P — X is a cover of X. Dually we can find a

C(X*)-preenvelope (envelope); X — E — 0. O

Lemma 3.2. Let X be closed under finite sum. If every module has an X-precover,

then every bounded complex has an C(X*)-precover.

fi ¢ ..
Proof. Let.. — E] AN E; —5 X, — 0 be a minimal X-precover resolvent of

X. Let A be an X*-complex and 8 € Hom(A, X(0)) where X(0):... — 0 — X, —

0 — 0 — .... We have the diagram as follow;

ai

- A - Ao A ——
A1 Ao
Sy p—
%o
0 - )‘(o 0

where ¢ody = By and dpa; € Hom(A,, Kergy). Then there exists 41 € Hom(A,, E),

since E| — Kergy is a precover and similarly, we can define 4, € Hom(A,, E}) such
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that f,4, = 4,-1a,. Thus, E’ : ... — E}, — E] — E; — 0 — 0 — ...isa C(X")-

precover of X(0). Let X(n) : ...0 — X, N v — X R Xo—0—00— ...

We will use an induction on n to prove that X(n) has a C(X*)-precover. We proved that
dn+l

X(0) has a C(X*)-precover above. Suppose that D(n) : ... — D,y — D, — .... —

D, LR Dy — 0 be a C(X*)-precover of X(n) such that

Dy~ D, — s D —— D, - 0
¢n ¢1 ¢0
Cn ln
0 > Xn g g Xl . XO -0
Let E, = ... » E; 2, E, 4 Ey - 0 - 0 — .. is a precover of X,,; where

to : Ey — X, 1s a precover of X,,;. Then we have the following commutative

diagram;

v

E. D(n)

Xyl — X(n)

where €,,1 : X471 — X,,. Since ¢ : D(n) — X(n) is a C(X*)-precover of X(n) and

E, € C(X*), we have a morphism v : E, — D(n) where
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dyio dns1 dy

(1)

where ¢,vo = C,1110...(*) Let C be the mapping cone of v : E, — D(n). So we have
Ap+3 Ans n+ n

that C = ... — Dy ®Ey 23 D, @ Ey 253 Dyt @ Ey 25 D(n) -5 D, —>

... — D —> 0 where

Api1(X,y) = dpy1 (%) + v(y)

and for k > 2
Apsk(X,y) = (dpsx(X) + Vi1 (), =t (V).

We show that C — X(n + 1) is an C(X*)-precover of X(n + 1). Let A € C(X*) where

An+2 An+1 An

A= Ania Ani - A, >
J Jﬁlﬁl {ﬁn
X(n+1)=.. - 0 - X, Ly

Then we have the following diagram;
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an

Aan+2 An+1
~-~An+2 An+1 . An o

Ops2 On+1 On
Ans2 ! Ant1 dy
Dypo®E, —— D, ®E), - D, - e
(0,1) bn
! Cusi b
.0 Xt - X,

Firstly, we will find 6, such that 4,,,6,+; = 6,a,+1 and (0, 1))8,+1 = B.+1. We know
that ¢nﬂn+1 = £n+1(03 tO) by (*) Since ﬁn+1 : An+1 — Xn+l and An+1 € X and Ip :
Ey — X, is an X-precover of X,,,, there exists r : A1 — Ey such that 8, = for.

Claim: Let L* = Ker(D(k) — X(k)) where k € {0, 1, ..., n} and then

LN T
L':..— E), —5 E| = Kergy — 0 — ...,

d+2 d+l d,
L : .. — D,, — D,, — Ker¢, — Kerg,, — .. — Ker¢p; —

At An+
Ker¢gy — 0 — ...and also L"*!' : ... — D,.», ® E; -3 D, .1 ® Kerty AN Kerp, —
Ker¢,  — ... — Ker¢pg — 0 — ... where E, = ... — E, =, E, N Eo— 0

(where Ej is in the nth place) is an C(X*)-precover of X,,;. We claim that for every

S € C(X*), Hom(S, L) is exact where k € {0, 1, ...,n,n + 1}. Since
L. —E 2 E LS Kergy — 0

for every X*-complex S,

.. —Hom(S, E;) —Hom(S, E}) —Hom(S, Ker¢,) — 0is exact. So, Hom(S, L°)
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is exact. It is enough to prove that if Hom(S, L") is exact, then Hom(S, L") is exact.

We have the following diagram between L" and L™*!:

dn+2 dn+| dn

---Dn+2 Dn+1

(1,0) (1,0)

An+2 A+l

Dy ®E, —— D, & Kert,

LVH—I

- — 0 where

Therefore we have a split exact sequence 0 — L" — L —

o+ 1
J73

~ ....— E, — E; — Kerty — 0 which is Hom(X* — complex, —) exact since
.— E,— E{ — Ey — X,,; — 01is a minimal X-resolvent. Since Hom(S, L")
and Hom(S, LL—“) are exact, so Hom(S, L") is exact.

Since Hom(A,,., L") is exact where A,,,; € X,
d:+1 d;
Hom(An+l9 Dn+l) — Hom(An+l, K€I’¢n) — Hom(A;Hl, Ker¢n—l)

is exact, that is Kerd, = Imd; . Thus ¢,(60,a,+1 — vor) = ¢,0,a,1 — $pvor = Budps1 —
Gndn+1(0,7) = or1Busr — 0110, 20)(0, 1) = Cov1Bust = CuviBusr = 0. S0, 04,41 — vor €
Kerg, and also d,(6,a,+1—vor) = du(Opani1=vor) = dpbpan —dpvor = 0,-10,a,11—0 =
0.

Therefore 6,a,.1 — vor € Imd,_; that is; there exists s €

Hom(A,,, D,+1) such that

Onaps1 — vor = dn+ls'-~(**)
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Let

9n+l : An+1 B Dn+1 ® EO
a — (s(a), r(a))

Then (0, #9)0,.1(a) = (0, ty)(s(a), r(a)) where a € A,
= tor(a)

= ﬁn+ 1 ((1)

Therefore, (0,1))0,.1 = Bu+1. Moreover, 4,.10,.1 = A,1(S, 1) = dpi1 S + vor = 6,a,41
(by (**) and diagram (1)).

Secondly, let’s find 6,,,. We know that (0, #y)4,,, = 0. Since (0, #))(6,+1a,12) = 0 and
t1 : E; — Kerty is an X-precover, there exists r; : A,.» — E; such that t;r) = ra,,».

Since Hom(A4,,.,, L") is exact,

Hom(A .2 Dyi) =5 Hom(Ansa, Duyr) =5 Hom(A,.2, Kergy)
is exact. Since sa,., + vir; EHom(A, 2, Dyy1) and d;,,(sa,.2 + vir) = dpsi(Sapeo +
dpi1virt) = (0u@ni1 — 0100, 7))ani2 + dpyyviry by (%) = =4,41(0, rap2) + dpyyviry —
VolQpso +du1viry —votir +dye1vir = 0. So sa,., +vir € Im(d,.»)*. Thus there exists
s1 1 Apso — D, o such that sa, ., +viry = d,81. Let,00 : Ay — Dpn ® Eq;a —
(s1(a), —ri(a)). Then A,120,12 = Apa(s1,71) = (dnsast — vir, 1) = (8Qpya, Fapyn) =

9n+lan+2-
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Let’s find 6,.5. Since Hom(A,,,3, L") is exact,
/l:;+3 /1:”2
Hom(A3, D3 ® Ey) > Hom(A,13, D ® Ey) = Hom(A,,3, D,y @ Kerty)

is exact. Since 0,,2a,.3 €EHom(A,3, D,;» ® E) and /lfl+2(6n+2an+3) = Aps2(On12a413) =

On+1(0n42a043) = 0, 420,43 € Ker A, = ImA; ., therefore there exists

en+3 € Hom(An+3, Dn+3 ) EZ)

Let’s find 6, for k > 3. Since Hom(A,.x, L") is exact,

Hom(A, 4, Dy @ Er—1) ﬁHom(Amk’ Dyij1 ® Er») Azi_)lHom(Amk,
D> ® E,_3) is exact.

Since 0,4k—1anx EHOM(A, 14, Dypyi—1 © Ex2) and A7, (Gpik—1Gnsk)

= Antk-10n1k-1anik = Opsk—2Gnik-1anik = 0, Oppi1Gnir € Ker A,

= ImA*

" o> therefore there exists 6, €Hom(A, 4, Dy ® Ej—1) such that 4,60, =

Onik—1ansk- ]

Lemma 3.3. Let X be closed under finite sum. If every module has an X-preenvelope,

then every bounded complex has an C(X*)-preenvelope.

0 1
Proof. Let0 — X° 2 E| — E} —> ... be a minimal X-preenvelope resolvent
of X°. Let A be an X*-complex and 3 €
Hom(X(0), A) where X(0):... — 0 — X° — 0 — 0 — .... Then we have the

diagram:
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¢0
\ ' 1 ! 2 ' 3
f f f
-0 - E, - E} E; -
20 Al 22
Y a*I Y uo Y al Y
-~ A—l >~ AO >~ Al - A2 -

1
where 1°¢° = £° and since —1; —s Al with x + Imf° > a®2°(x), there exists 1! :
Im¢

E} — A' such that ' f! = a°2°. Similarly we can define 2" eHom(E"*', A") such

that A" f* = "1 A" !,

Let X(n) : .0 — X° N X! N X? N . — X" — 0 — .... We will use
an induction on n to prove that X(n) has an C(X*)-preenvelope. At the beginning we
proved that X(0) has an C(X*)-preenvelope. Suppose that D(n) : ... — 0 — D° i>

'L S p 5 bean C(X*)-preenvelope of X(n) such that

X(n): .0 — x0 — 2 oy -x —S 0
¢° ¢! ¢"
D) : .0 —— p —"— pi_ D —5 pri
1 2 3
LetE* = .. — 0 — E' 5 E2 5 E3 55 . be an C(X*)-preenvelope of X!
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(where X"*! and E! is in nth place) where ° : X"*! — E! is an X-preenvelope of

X™*!. Thus we have the morphism v making the following commutative diagram:

X(I’l) - Xn+1

where °¢" = V¢"...(*). Since X(n) — D(n) is an C(X*)-preenvelope, we have the

diagram
D(n) - Dn_l dn—l ~ Dn a" ~ Dn+] dn+l
{ Jyo \Vl
E. — . O . El n . E2 7 _
(D)
Let C be the mapping cone of v : D(n) — E*. SoC =..— 0 — D’ — D' —

U /ln+1 Pl “
o— D' Dl El s D2 E2 255 where

'(x) = (d"(x), V(%))
and for k > 1

A (xy) = (=d"™(x), vV (x) + ().
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We show that X(n + 1) — C is an C(X")-preenvelope of X(n + 1).
Claim: Let L*F = coker(X(k) — D(k)) where k € {0, 1, ..., n} and then

1
L°: ... — coker(¢®) — E, 4 El ..,

dn—l e
— — 1
L' ... — coker¢”' — D" — D" — .
d" n+1
n n | n+l 4 n+2
L":..— coker¢" — D" — D" — ..
n+1 n n+1 0 2 2 M s 3
L™ :...— coker¢" — D" @& cokert’ - D" @®E~ — D" ®E"...

where 2"*'(x,y) = "*!(x,a) and y = a + Imt° for a € E'. We claim that for every
S e C(X*), Hom(LK, S) is exact where k € {0,1,....n,n + 1}. It is understood eas-
ily that Hom(L°, S) is exact. It is enough to prove that if Hom(L",S) is exact, then

Hom(L"!,S) is exact. We have the following diagram between L" and L"*! :

1 dn+1

.ncoker¢n > Dl’l+1 >~ Dn+2 Dn+3
/l'll+l n+2
...cokerg” —— D" @ cokert® —— D" @ E* D eE ..
n+l . .
Andso, & : .. 5 0> 0— ... 5 0 - coker’ - E? — ... is a resolution of cokert’,

n+1 . . .
and hence Hom(LL—n, S) is exact where S is an X*-complex. Since 0 — L" — L™ —
Ln+l

—— — 0 is split exact, we have an exact complex 0 —>H0m(%l, S) -Hom(L"',S)

—Hom(L",S) — 0. Therefore Hom(%l, S)and Hom(L", S) are exact, so Hom(L"!, S)
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1s exact.

Let A € C(X*). Then we have the diagram as follow:

+1
XO o X’l & Xn+1 & 0
¢° " 0.9
Y Y Y
0 & n a n+l A e
...D ...D D" ®FE D" ®E~..
90 9" 9n+l 9n+2
! aO ' a ! n+l '
AO - A" - An+1 An+2

where the 8 : X' — A’ are maps such that 8°¢° = 8°, ..., 0"¢" = 5"

First, we will find 6"*! such that @*'A" = ¢"¢" and ¢"*'(0,1°) = p**'!. Moreover
A" = (0,°)¢" by (*). Since g : X! — A"™! and A" € X and #* : X! — E!
is an X-preenvelope, there exists r : E! — A"! such that 8! = rf°.

Since Hom(L"~!', A"*!) is exact where A" € X,

(d'”'l)* d n—l)* B
. > Hom(D"',A™") "= Hom(D",A™") "= Hom(coker¢"™',A™") — ...

is exact, that is, Ker(d,"™")* = Im(d")".

Claim: a"0" — n° € Ker(d,"")".

Since (d," ")*(a"0" — rvy) = (@'0" — W°)d,"" = a"0"d\""" - n°d,"" = a"¢"d,""" by
diagram (1). Since €"d""'(x + Im¢"") = a"'0"'(x) where x € D"!, a"0"d,""" = 0.

So a"9" — P € Ker(d,"")* = Im(d")* and hence there exists s eHom(D"*!, A™*!) such
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that a'@" — n° = sd" ...(¥*)
Let ' : D' @ E' — A"™! with (a,b) — s(a) + r(b). Then 8"1(0,°)(x) =
"0, °(x)) = rt°(x) = B"*(x) where x € X"*!. Therefore 8"*'(0, °) = p**!,
Moreover, @' A"(x) = @1 (A*(x)) = "1 (d"(x),°(x)) = a"8"(x) — n°(x) + n°(x) by
(**)

=ad"0"(x).

Therefore 812" = a"@".
Secondly, let’s find #"*2. We know that "*1(0,7°) = 0. Since « : cokert — A"*?
with x+ Imt® — —a™'r(x) is a map and ¢} : cokert” — E? is an X-preenvelope where

fim = ', there exists r' : E> — A™? such that r's' = @. Since Hom(L", A™*?) is exact,
dn+l* 4
HOm(Dn+2,An+2) N Hom(D”+1,A"+2) N Hom(D",A"+2)

is exact, and so Im(d""")* = Ker(d")".
Claim: —a"*'s + r'v! € Ker(d")".
@) (=a"'s+r'v') = (=a" s+ r'vHd" = —a™sd" + r'Vid" = —a™ N (@'t - n°) +
rivld" by(**)
=a"'n® + rv'd" = a"'r® + r'th? by diagram (1)

0 _ an+1 O_an+1

=a""'n+r'gm = a'nP +any ry ' = 0. Therefore —a"'s+r'v! €
Im(d™")". So there exists s' eHom(D"*?, A"*?) such that —a"*'s + r'v' = s'a@™*!.

Let 2 : D2 @ E? — A™? with (x,y) — s'(x) + r'(y)

Then 622" (x,y) = "2(=d™' (x),v!(x) + ' () = s'(=d""' (%)) + ' (V' (x) +£1(y)) =
—s'd"™ () +r' V() +rt () = a s(x) -V () +r' Vi )+ () = a s+l (y) =
a1 e (x, y).

Let’s find 03, Since Hom(L"*', A"*?) is exact, Hom(D"* @ E>, A"*3)

(/anrZ)* /VH'I ) . .
—’ Hom(D"? @ E2, A"?) 5 Hom(D™' @ coker(i), A™?) is exact. Since a"20"*2 €
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Hom(D"? @ E2, A*3) and
WY (@20 (x, y) = 2020 (v ) = @2 0 (x, @) = 0
where y = a + Im(1°) and a € E', we have that
420 € Im(Yy'
Therefore there exists 8" € Hom(D" @ E3?, A™) such that

an+20n+2 — Qn+3/ln+2’

/l'“'k_] *
Let’s find 8"** for k > 3. Since Hom(L**!, A"**) is exact, Hom(D"** @ E*, A™*") @)

(/VH—k—Z)* .
Hom(D"** ! @ EF-1, A% " — " Hom(D"**? @ E*2, A™**) is exact.

Since a™* 1! eHom(D"*' @ E*!, A"*%) and

(/1ﬂ+k—2)*(an+k—16n+k—l) — an+k—19n+k—1/ln+k—2 — an+k—1an+k—29n+k—2

=0, a"*1g1 e Im(A"*1)* and so there exists 8" eHom(D"* @ E*, A"*%) such
that an+k—1gn+k—l — 0n+k/ln+k—1. 0

Again using the tecnique of Alina Iacob we can give the following result.

Theorem 3.2. Let X be a class of modules with closed under direct sum. If every

module has an X-precover, then every right bounded complex has a C(X*)-precover.

Proof. LetX(n):.. -0-X, > X, —>..>X > Xy—>0and X = lll)lX(l’l).
(ThenX =... > X, - X; - Xy — 0).

By Lemma 3.2, we know that X(n) has a C(X*)-precover such that 0 — L" — D(n) —
X(n) where L" is the kernel of (D(n) — X(n)) and Hom(S, L") is exact for any X*-
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complex S.
Let L = limL" and so L, = Lj for any k > 0.

H
Using the proof of Lemma 3.2 we can say that Hom(S, L;.;) -Hom(S, L;) — Hom
(S, Ly_y) is exact, that is, Hom(S, L) is exact. We show that lzlzD(n) — Xis a C(X")-
precover.
LetD = lllzD(n) and S eHom(A, X) where A is an X*-complex. Again using the proof
of Lemma 3.2 we can find ¢ eHom(D, X). Then L° = Ker¢,, L' = Kerg,, L* = Kerg,,

We have the diagram;

- A, Ay - Ay - Ay -
\ b v d Y
- D, - D, - Dy — 0
é2 1 [N
Y Y Y
- Xy e Xy — - Xg —— 0

where ¢oay = Bo, o171 = B1, s Giti = Bis ...

Then ¢o(aoar — dir1) = goaoar — ¢odir1) = Boar — L1¢1r = Poar — 6,51 = 0.

Thus aga,—d,r; € Hom(A,, Kergy = Lj). Since Hom(A1, L) is exact, there is s; € Hom
(A1, Ly) such that aga; — dir; = dys;. Let @y = s; + r;. Then ¢y = ¢1(s; + 1) =
¢151+ ¢ =0

If we continue in this way, then we can find @; eHom(A;, D;) such that d;a; = a;_;a;.
Thus D — X is a C(X*)-precover. m|

Using the modification to complexes of Lemma 1.5 we can give the following result.
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Corollary 3.1. Let X be a class with closed under direct sum and C(X*) be closed
under direct limit. If every module has an X-precover, then every bounded above

complex has a C(X*)-cover.

Theorem 3.3. Let X be closed under direct sum and extension closed. Let C(X*) be
closed under inverse and direct limit. If every module has an X-cover, then every

complex has a C(X*)-cover.

Proof.  First we will show that every complex has C(X*)-precover if X is a class of
modules with extension closed and closed under direct sum and C(X*) is closed under
inverse limit. And then modifying Lemma 1.5 we can find a C(X*)-cover if C(X") is
closed under direct limit.

LetX:..->oX > X 2 Xp—>X ;> ...andletY": ... X - Xy 2 X | > ..>
X,—->0->..So @Y” = X.

We see that Y" has a C(X*)-precover D" : ... > Dy > Dy > D_; - ... > D_, -0 —
... such that

D, =E

—-n°®
_rl 0
D—’H'l - E—n @ E—n+1’

® E°

n+1 —n+2°

D_,2 = Ezn 52 Ei

where ... » Ef - E, — E) & Xi — 0 is a minimal X-precover resolvent of X; for
k> —n.

ThenY"*'= ... > X=X, - ... > X, > X, »0— ..and by the proof of
Theorem 3.2 the C(X*)-precover of Y"*!, D" = . > E' @&D_, > E°  —0— ..
Let T" = Ker(¢ : D" — Y") and then again by the proof of Theorem 3.2, T"*! =

...Ezn_l &) Eln @ Kergp_p,.1 — Eln_l ®Kerp_, —» Ker¢p_,_; — 0,
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T =...—> Ein ® Ker¢p_,.1 = Kergp_, — 0.

Then Ker(T"™' —» T") = ... »> E* | - E' | — Ker¢_,_; — 0 is the kernel of a
C(X*)-cover of Y_,-;. By Wakamatsu’s Lemma Hom(S, 7"y -Hom(S,T") — 0 is
epic for any X*-complex S. Since we have the exact sequence 0 — 7" — D" — Y" and
D" is a C(X*)-cover of Y, we have the exact sequence 0 —-Hom(S, 7"") —Hom(S, D")
—Hom(S, Y") — 0 for any X*-complex S.

By the modification of Proposition 1.2 and Theorem 1.4 we have the following exact

sequence;
0 — Hom(S,limT") - Hom(S,limD") — Hom(S,limY") — 0
— — —
So, liilD" is a C(X*)-precover of X. O
Dually, we can say the following theorems without proof;

Theorem 3.4. Let X be closed under direct sum. If every module has an X-preenvelope,

then every right bounded complex has a C(X*)-preenvelope.
Using the modification to complexes of Lemma 1.6 we can give the following result.

Corollary 3.2. Let X be a class with closed under direct sum and summands and
C(X") be closed under inverse limit. If every module has an X-preenvelope, then every

bounded complex has a C(X*)-envelope.

Theorem 3.5. Let X be closed under direct sum and summands and extension closed
and C(X*) be closed under inverse and direct limit. If every module has an X-envelope,

then every complex has a C(X*)-envelope.
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