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FOURIER SERIES EXPANSION METHOD
FOR SOLVING SOME PROBLEMS OF ELECTROMAGNETICS

ABSTRACT

The explicit formulae for solutions of boundary value problems for the inhomoge-

neous Poisson, Helmholtz and Maxwell’s equations are obtained in this thesis.

The formulae for solutions of the considered problem have been obtained by the

Fourier series expansion method. These formulae have been obtained in the form of

the Fourier series.

Theory of partial differential equations and ordinary differential equations, theory

of generalized functions are actively used in this thesis.

Keywords: Fourier series expansion method, Poisson equation, Helmholtz equation,

Maxwell’s equation system, eigenvalues and eigenfunctions of the ordinary

differential operator.
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BAZI ELEKTROMAGNETİK PROBLEMLERİ
İÇİN FOURİER SERİSİNE AÇILIM YÖNTEMİ

ÖZ

Bu tezde homojen olmayan Poisson, Helmholtz ve Maxwell denklemlerinin

sınır değer problemlerinin çözümleri elde edildi.

Fourier serilerine açılım yöntemi kullanılarak bu problemlerin çözümleri

oluşturuldu. Bu çözümler Fourier serileri formundadır.

Kısmi diferansiyel denklemler ve normal diferansiyel denklemler teorileri,

genelleştirilmiş fonksiyon teorisi tezde aktif olarak kullanıldı.

Anahtar sözcükler:Fourier serilerine açılım yöntemi, Helmholtz denklemi, Maxwell

denklem sistemi,simülasyon, Cramer kuralı, normal diferansiyel denklemlerin

özdeğerleri ve özfonksiyonları.
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CHAPTER ONE
INTRODUCTION

Many problems of physics and engineering are stated in terms of the boundary value

problems for partial differential equations (Courant and Hilbert (1962), Eom (2003),

Kong (1986), Monk (2003), Ramo S., Whinnery J. R., Duzer T. (1994), Tai (1994),

Vagner D., Lemrikov B.I. and Wyder P. (2004), Vladimirov (1971)).

One of the methods for solving these problem is the Fourier series expansion method

(Courant and Hilbert (1962), Pinsky (1991), Tikhonow and Samarskii (1963), Vladimirov

(1971)). This method has the following steps. The first step is solving eigenvalue and

eigenfunction problem for an differential operator. The set of eigenfunctions is orthog-

onal and complete. A solution of the original boundary value problem find in the form

of the Fourier series expansion according to eigenfunctions found on the first step of

solving. The coefficients of this Fourier series are unknown. These coefficients are

determined using the given boundary conditions.

One of the goals of the thesis is to solve the inhomogeneous Poisson equation,

Helmholtz equations with Dirichlet, Neumann and mixed boundary conditions by means

of the Fourier series expansion method.

The second goal of the thesis is to solve Maxwell’s equations with perfect conductor

conditions on the boundary of a given rectangle by the reduction of the considered

problem to the mixed boundary value problems for the inhomogeneous Poisson and

Helmholtz equations. The solutions of the reduced problems are derived in the form of

the Fourier series expansion.

The thesis is organized as follows:

The Chapter 2 is devoted to eigenvalue and eigenfunction problems for the ordinary

differential equation with the Dirichlet, Neumann and mixed boundary conditions.

In the Chapter 3 the Poisson equation with the Dirichlet and Neumann conditions

is considered. These boundary value problems for the Poisson equation are solved by

the Fourier series expansion method. The explicit formulae for the solutions are main

results of this chapter.

The inhomogeneous Helmholtz equation with Dirichlet, Neumann and mixed bound-

ary conditions is considered in the Chapter 4. The main object of this chapter is bound-
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ary value problems for the inhomogeneous Helmholtz equation. The explicit formulae

for solutions of these problems are obtained in this chapter. The Fourier series expan-

sion method is used for solving these boundary value problems.

The frequency-dependent Maxwell’s equations with perfect conductor boundary

conditions in a rectangular domain are considered in the Chapter 5. This boundary

value problem for Maxwell’s equations is reduced to several boundary value problems

for the inhomogeneous Helmholtz equation. The obtained boundary value problems

are solved by the Fourier series expansion method. The solutions of the problems are

presented in the form of the Fourier series.



CHAPTER TWO
STURM-LIOUVILLE PROBLEMS

2.1 Sturm-Liouville Problem with Dirichlet Boundary Condition

Consider the following Sturm-Liouville Promlems (SLP)

y′′(x) + λy(x) = 0, 0 < x < b, (2.1.1)

y(0) = 0, y(b) = 0, (2.1.2)

where b is a given positive number, λ is a parameter.

Definition: A number λ for which there exists a nonzero function y(x) satisfying

(2.1.1) - (2.1.2) is called an eigenvalue and this nonzero function is called an eigen-

function corresponding to λ.

The main problem of this section is to find all eigenvalues and corresponding to

them eigenfunctions.

We have three cases for the parameter λ :

Case1 : λ < 0; Case2 : λ = 0; Case3 : λ > 0.

1) Case 1: For λ < 0, we have a general solution for (2.1.1) as in the form:

y(x) = c1e
√

|λ|x + c2e
−
√

|λ|x. (2.1.3)

Substituting (2.1.3) into (2.1.2), we get

y(0) = c1 + c2 = 0,

y(b) = c1e
√

|λ|b + c2e
−
√

|λ|b = 0.

This system is a linear algebraic system according to c1, c2.

The determinant of this matrix is different from zero:

detM = e−
√

|λ|b − e
√

|λ|b,

= 2Sinh
√
|λ|b �= 0.

3



4

Using Cramer’s rule we find c1 = c2 = 0. This system has trivial solution, c1 = c2 = 0,

so there is no eigenvalues and eigenfunctions in the region λ < 0.

2) Case 2: For λ = 0, we have a general solution for (2.1.1) as in the form:

y(x) = c1x + c2. (2.1.4)

Substituting (2.1.4) into (2.1.2), we get

y(0) = c10 + c2 = 0, ⇒ c2 = 0,

using the last equation, we have

y(b) = c1b = 0 ⇒ c1 = 0,

since b �= 0. This implies that for λ = 0 we have zero solution, so λ = 0 is not an

eigenvalue and eigenfunctions.

3) Case 3: For λ > 0, we have a general solution for (2.1.1) in the form:

y(x) = c1 cos(
√

λx) + c2 sin(
√

λx). (2.1.5)

Substituting (2.1.5) into (2.1.2), we get

y(0) = c1 cos(
√

λ0) + c2 sin(
√

λ0) ⇒ c1 = 0,

using the last equation, we have

y(b) = c2 sin(
√

λb).

For finding a solution we may choose c2 �= 0 and implies that sin(
√

λb) = 0. We find

that
√

λb = kπ for k=1,2,3,... that is

λk = (
kπ

b
)2, for k = 1, 2, 3, ...

So we have eigenvalues λk and corresponding eigenfunctions yk(x) = c2 sin(
√

λkx)

for k=1,2,3,... We can normalize this orthogonal functions by choosing c2 =
√

2
b
.
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We note that

|yk|2 =

∫ b

0

sin2(
√

λkx)dx =

∫ b

0

1 − cos(2
√

λkx)

2
dx

=
1

2

∫ b

0

dx − 1

2

∫ b

0

cos(2
√

λkx)dx

=
1

2

∫ b

0

dx − 1

2

∫ b

0

cos(2
√

λkx)dx

=
b

2
.

Thus,

∫ b

0

c2
2 sin2(

√
λkx)dx = c2

2

∫ b

0

sin2(
√

λkx)dx

⇒ c2
2

b

2
= 1

⇒ c2 =
√

2
b
.

if c2 =
√

2
b
, then

yk(x2) =

√
2

b
sin(

√
λkx2). (2.1.6)

4) Conclusion:The eigenvalue-eigenfunction problem (2.1.1), (2.1.2) has the following

solution:

λk = (
kπ

b
)2, yk(x) =

√
2

b
sin(

√
λkx) k = 1, 2, 3, ... (2.1.7)

where λk are eigenvalues and yk(x) are eigenfunctions corresponding to these eigen-

values.

2.2 Sturm-Liouville Problem with Neumann Boundary Condition

Consider the following SLP

y′′(x) + λy(x) = 0, 0 < x < b, (2.2.1)

y′(0) = 0, y′(b) = 0, (2.2.2)
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where b is a given positive number, λ is a parameter.

We have three cases for the parameter λ.

Case1 : λ < 0; Case2 : λ = 0; Case3 : λ > 0.

1) Case 1: For λ < 0, we have a general solution for (2.2.1) as in the form:

y(x) = c1e
√

|λ|x + c2e
−
√

|λ|x, (2.2.3)

y′(x) = c1

√
|λ|e

√
|λ|x + c2(−

√
|λ|)e−

√
|λ|x. (2.2.4)

Substituting (2.2.4) into (2.2.2), we get:

y′(0) = c1 − c2 = 0,

y′(b) = c1e
√

|λ|b − c2e
−
√

|λ|b = 0.

c1(e
√

|λ|b − e−
√

|λ|b) = 0, e
√

|λ|b − e−
√

|λ|b �= 0, then c1 = c2 = 0. This system

has trivial solution, c1 = c2 = 0, so there is no eigenvalues and eigenfunctions in the

region λ < 0.

2) Case 2: For λ = 0, we have a general solution for (2.2.1) as in the form:

y(x) = c1x + c2. (2.2.5)

Substituting (2.2.5) into (2.2.2) we get:

y′(0) = c1 = 0,

using the last equation we have

y′(b) = c1 = 0,

since b �= 0. This implies that for λ = 0 we have a solution if we choose c2 �= 0. So

we have y(x) = c2. So for λ = 0 is an eigenvalue and y(x) = c2 is corresponding

eigenfunctions to λ = 0. We can normalize this eigenfunction by choosing c2 =
√

1
b
.

3) Case 3: For λ > 0, we have a general solution for (2.2.1) as in the form:

y(x) = c1 cos(
√

λx) + c2 sin(
√

λx), (2.2.6)
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y′(x) = −
√

λc1 sin(
√

λx) +
√

λc2 cos(
√

λx). (2.2.7)

Substituting (2.2.7) into (2.2.2), we get:

y′(0) = −
√

λc1 sin(
√

λ0) +
√

λc2 cos(
√

λ0) ⇒ c2 = 0,

using the last equation we have

y′(b) = −
√

λc1 sin(
√

λb) = 0,

for finding a solution we may choose c1 �= 0 and this implies that sin(
√

λb) = 0 and√
λb = kπ for k=1,2,3,... that is

λk = (
kπ

b
)2, for k = 1, 2, 3, ...

So we have eigenvalues λk and corresponding eigenvectors yk(x) = c1 cos(
√

λkx) for

k=1,2,3,... We can normalize this orthogonal functions by choosing c1 =
√

2
b
.

4) Conclusion:The eigenvalue-eigenfunction problem (2.2.1), (2.2.2) has the fol-

lowing solution:

λ0 = 0, y0(x) =

√
1

b
, (2.2.8)

λk = (
kπ

b
)2, yk(x) =

√
2

b
cos(

√
λkx), k = 1, 2, 3, ... (2.2.9)

where λk are eigenvalues and yk(x) are eigenvectors corresponding to these eigenval-

ues.

2.3 Sturm-Liouville Problem with Mixed Boundary Condition

Consider the following SLP

y′′(x) + λy(x) = 0, 0 < x < b, (2.3.1)

y(0) = 0, y′(b) = 0, (2.3.2)

where b is a given positive number, λ is a parameter.

We have three cases for the parameter λ.

Case1 : λ < 0; Case2 : λ = 0; Case3 : λ > 0.
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1) Case 1: For λ < 0, we have a general solution for (2.3.1) as in the form:

y(x) = c1e
√

|λ|x + c2e
−
√

|λ|x, (2.3.3)

y′(x) = c1

√
|λ|e

√
|λ|x + c2(−

√
|λ|)e−

√
|λ|x. (2.3.4)

Substituting (2.3.3) and (2.3.4) into (2.3.2), we get:

y(0) = c1 + c2 = 0,

y′(b) = c1

√
|λ|e

√
|λ|b − c2(

√
|λ|)e−

√
|λ|b = 0.

This system is a linear algebraic system according to c1, c2. The determinant of this

system, is different from zero:

detM = e−
√

|λ|b − e
√

|λ|b,

= 2Sinh
√
|λ|b �= 0.

Using Cramer’s rule, we find c1 = c2 = 0.

This system has trivial solution: c1 = c2 = 0, so there is no eigenvalues and eigen-

functions in the region λ < 0.

2) Case 2: For λ = 0, we have a general solution for (2.3.1) as in the form:

y(x) = c1x + c2, (2.3.5)

y′(x) = c1. (2.3.6)

Substituting (2.3.5) and (2.3.6) into (2.3.2), we get:

y(0) = c10 + c2 = 0 ⇒ c2 = 0,

y′(b) = c1 = 0 ⇒ c1 = 0.

In this case the problem has trivial solution. c1 = c2 = 0, so for λ = 0 isn’t an

eigenvalue.

3) Case 3: For λ > 0, we have a general solution for (2.3.1) as in the form:

y(x) = c1 cos(
√

λx) + c2 sin(
√

λx), (2.3.7)
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y′(x) = −
√

λc1 sin(
√

λx) +
√

λc2 cos(
√

λx). (2.3.8)

Substituting (2.3.7) and (2.3.8) into (2.3.2), we get:

y(0) = c1 cos(
√

λ0) + c2 sin(
√

λ0) = 0,

y′(b) = −
√

λc1 sin(
√

λb) +
√

λc2 cos(
√

λb) = 0.

Hence we have c1 = 0 and c2 cos(
√

λb) = 0. But c2 cos(
√

λb) = 0 if and only if, either

c2 = 0 or cos(
√

λb) = 0. The condition c1 = 0 and c2 = 0 means y(x) = 0. This

doesn’t yield any eigenvalue. If y(x) �= 0, then c2 �= 0. Thus cos(
√

λb) = 0 should

hold. This last equation has solutions given by:

λk = (
(2k − 1)π

2b
)2 for k = 1, 2, 3, ...

and the corresponding eigenfunctions are given by:

yk(x) = c2 sin(
√

λkx),

for k=1,2,3,... We can normalize this orthogonal functions by choosing c2 =
√

2
b
.



CHAPTER THREE
FOURIER SERIES EXPANSION METHOD FOR SOLVING THE

DIRICHLET AND MIXED PROBLEMS OF THE POISSON EQUATION IN A
RECTANGLE

In this section the Dirichlet and Mixed problems for the Poisson equation with the

boundary condition in a rectangle will be studied. We will find an explicit formulae for

a solution.

3.1 Statement of the Dirichlet Problem for the Poisson Equation

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following Dirichlet problem for the Poisson

equation in the rectangle D :

∂2u(x1, x2)

∂x2
1

+
∂2u(x1, x2)

∂x2
2

= f(x1, x2), 0 < x1 < b1, 0 < x2 < b2, (3.1.1)

u|Γ = 0 ⇔ u(0, x2) = 0, u(b1, x2) = 0, 0 < x2 < b2, (3.1.2)

u(x1, 0) = 0, u(x1, b2) = 0, 0 < x1 < b1, (3.1.3)

where Γ is the boundary of D. The Dirichlet problem consists of finding u(x1, x2),

function satisfying (3.1.1) - (3.1.3). The boundary Γ may be presented in the form:

Remark: Γ = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4, where Γ1 = {(x1, x2) : x1 = 0, x2 ∈ (0, b2)},
Γ2 = {(x1, x2) : x1 ∈ (0, b1), x2 = b2}, Γ3 = {(x1, x2) : x1 = b1, x2 ∈ (0, b2)},
Γ4 = {(x1, x2) : x1 ∈ (0, b1), x2 = 0}.

10
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3.2 Fourier Series Expansion Method for Solving the Dirichlet Problem

For solving the Dirichlet problem, we apply the Fourier series expansion method.

This method has several steps. On the first step, we need to solve the eigenvalue-

eigenfunction problem of finding all eigenvalues and corresponding to them eigen-

functions of the following equation:

X ′′(x1) + αX(x1) = 0, (3.2.1)

with boundary conditions

X(0) = 0, X(b1) = 0, (3.2.2)

where x1 ∈ (0, b1). b1 > 0 is the given number.

As we showed in Chapter 2 of the thesis, this problem has the following solution:

α = αk = (
kπ

b1

)2, for k = 1, 2, 3, . . . (3.2.3)

are eigenvalues and corresponding to them eigenfunctions have the form:

Xk(x1) =

√
2

b1

sin(
√

αkx1). (3.2.4)

We note that the norm of these eigenfunctions are equal to 1. Eigenfunctions Xk(x1)

for k=1,2,3,. . . , satisfy (3.2.1) and (3.2.2). The solution of (3.1.1) - (3.1.3). We will

find the solution in the form:

u(x1, x2) =
∞∑

k=1

Xk(x1)Yk(x2). (3.2.5)

The function f(x1, x2) can be written in the form of Fourier series expansion:

f(x1, x2) =
∞∑

k=1

Xk(x1)fk(x2), (3.2.6)
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where fk(x2) =
∫ b1

0
f(x1, x2)Xk(x1)dx1, for k = 1, 2, 3, . . . . Substituting (3.2.5) and

(3.2.6) into (3.1.1), we have

∞∑
k=1

[Yk(x2)X
′′
k (x1) + Y ′′

k (x2)Xk(x1)] =
∞∑

k=1

Xk(x1)fk(x2),

⇒
∞∑

k=1

[−Yk(x2)αkXk(x1) + Y ′′
k (x2)Xk(x1)] =

∞∑
k=1

Xk(x1)fk(x2),

⇒
∞∑

k=1

[Xk(x1)Y
′′
k (x2) − αkXk(x1)Yk(x2)] =

∞∑
k=1

Xk(x1)fk(x2),

⇒
∞∑

k=1

Xk(x1)fk(x2) = f(x1, x2).

Also the equation satisfies (3.1.1) - (3.1.3).

u(x1, x2) =
∞∑

k=1

Xk(x1)Yk(x2), (3.2.7)

where Xk(x1) k=1,2,3,... are set of eigenfunctions of (3.2.1), (3.2.2); Yk(x2) for

k=1,2,3,... are unknown functions. For finding Yk(x2), we have the following boundary

value problem:

Y ′′
k (x2) − αkYk(x2) = fk(x2), (3.2.8)

Yk(0) = 0, Yk(b2) = 0, (3.2.9)

where x2 ∈ (0, b2); αk = (kπ
b2

)2 > 0 are eigenvalues of (3.2.8), (3.2.9); b2 > 0 is a

given number. A general solution of the (3.2.8), when fk(x2) ≡ 0, is given by

Yk(x2) = c1ke
√

|αk|x2 + c2ke
−
√

|αk|x2 . (3.2.10)

To solve of the non-homogenous problem, we will use variation of the parameters

method. Using the variation of the parameters method, we find the following equalities:

Y ′
k(x2) =

∂(c1k)

∂(x2)
e
√

αkx2 +
√

αke
√

αkx2c1k(x2)

+
∂(c2k)

∂(x2)
e−

√
αkx2 −√

αke
−√

αkx2c2k(x2).
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Y ′′
k (x2) =

∂2(c1k)

∂x2
2

e
√

αkx2 + 2
∂(c1k)

∂(x2)

√
αke

√
αkx2

+ αke
√

αkx2(c1k)(x2) +
∂2(c2k)

∂x2
2

e−
√

αkx2

− 2
∂(c2k)

∂(x2)

√
αke

−√
αkx2 + αke

−√
αkx2(c2k)(x2).

We can write the following linear algebraic system:

c′1k(x2)e
√

αkx2 + c′2k(x2)e
−√

αkx2 = 0,

√
αkc

′
1k(x2)e

√
αkx2 −√

αkc
′
2k(x2)e

−√
αkx2 = fk(x2). (3.2.11)

Using Cramer’s rule we find c1k(x2) and c2k(x2) for k=1,2,3,. . . .

A =

(
e
√

|αk|x2 e−
√

|αk|x2

√
αke

√
αkx2 −√

αke
−√

αkx2

)

detA = −√
αk −√

αk = −2
√

αk �= 0.

B =

(
0 e−

√
αkx2

fk(x2) −√
αke

−√
αkx2

)

detB = −e−
√

αkx2fk(x2).

C =

(
e
√

αkx2 0√
αke

√
αkx2 fk(x2)

)

detC = e
√

αkx2fk(x2).

c′1k(x2) =
−e−

√
αkx2fk(x2)

−2
√

αk

,

c′2k(x2) =
e
√

αkx2fk(x2)

−2
√

αk

.

Integrating the last two relations with respect to x2 we find:

c1k(x2) =
1

2
√

αk

∫ x2

0

e−
√

αkξfk(ξ)dξ + ak,

c2k(x2) = − 1

2
√

αk

∫ x2

0

e
√

αkξfk(ξ)dξ + bk.

Here ak and bk are arbitrary constants. We choose these constants to satisfy boundary

conditions. Using the last two formulaes for c1k, c2k, we find the following equation
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for Yk(x2) :

Yk(x2) =
1

2
√

αk

[ ∫ x2

0

e
√

αk(−ξ+x2)fk(ξ)dξ −
∫ x2

0

e
√

αk(ξ−x2)fk(ξ)dξ

]
+ ake

√
αkx2 + bke

−√
αkx2

=
1√
αk

∫ x2

0

sinh(
√

αk(−ξ + x2))fk(ξ)dξ

+ ake
√

αkx2 + bke
−√

αkx2 .

Using the first boundary condition, we have the following equality:

Yk(0) = 0 ⇒ ak + bk = 0 ⇒ bk = −ak.

Using the second boundary condition, we have the following equality:

Yk(b2) = 0,

0 =
1√
αk

[ ∫ b2

0

sinh(
√

αk(−ξ + b2))fk(ξ)dξ

]
+ 2aksinh(

√
αkb2),

where e
√

αkb2 − e−
√

αkb2 = 2 sinh(
√

αkb2). If we divide by −2 sinh(
√

αkb2) both side

of the equation above, then we find the following equations:

ak = − 1

2
√

αk sinh(
√

αkb2)

[ ∫ b2

0

sinh(
√

αk(−ξ + b2))fk(ξ)dξ

]
,

bk =
1

2
√

αk sinh(
√

αkb2)

[ ∫ b2

0

sinh(
√

αk(−ξ + b2))fk(ξ)dξ

]
.

Substituting ak and bk into the equation of Yk(x2), we find the following equation:

Yk(x2) =
1√
αk

∫ x2

0

sinh(
√

αk(−ξ + x2))fk(ξ)dξ,

−sinh(
√

αkx2)√
αk

∫ b2

0

sinh(
√

αk(−ξ + b2))

sinh(
√

αkb2)
fk(ξ)dξ.

We find the solution of (3.1.1) - (3.1.3) as follows:

u(x1, x2) =
∞∑

k=1

√
2

b1

sin(
√

αkx1)

{
1√
αk

∫ x2

0

sinh(−ξ + x2)fk(ξ)dξ

−sinh(
√

αkx2)√
αk

∫ b2

0

sinh(
√

αk(−ξ + b2))

sinh(
√

αkb2)
fk(ξ)dξ

}
. (3.2.12)
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3.3 Statement of the Mixed Problem for the Poisson Equation

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following mixed problem for Poisson equation

in the rectangle D :

∂2u(x1, x2)

∂x2
1

+
∂2u(x1, x2)

∂x2
2

= f(x1, x2), 0 < x1 < b1, 0 < x2 < b2, (3.3.1)

u(0, x2) = 0, u(b1, x2) = 0, 0 ≤ x2 ≤ b2, (3.3.2)

∂u(x1, 0)

∂x2

= 0,
∂u(x1, b2)

∂x2

= 0, 0 ≤ x1 ≤ b1. (3.3.3)

3.4 Fourier Series Expansion Method for Solving the Mixed Problem

The solution of (3.3.1) - (3.3.3) find in the form:

u(x1, x2) =
∞∑

k=0

Xk(x1)Yk(x2), (3.4.1)

where Xk(x1), k=0,1,2,... are set of unknown functions; Yk(x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:

Y ′′(x2) − λY (x2) = 0, (3.4.2)

with boundary conditions

Y ′(0) = 0, Y ′(b2) = 0. (3.4.3)



16

The eigenvalues of the problem are λ = λk = −(kπ
b2

)2, k=0,1,2,... and corresponding

to the eigenvectors

Y0(x2) =

√
1

b2

, k = 0, (3.4.4)

Yk(x2) =

√
2

b2

. cos(
kπ

b2

x2), k = 1, 2, 3, .... (3.4.5)

The eigenfunctions {Yk(x2)}, k=0,1,2,... is a basis i.e., the function f(x1, x2) can be

written in the form of the following Fourier series expansion:

f(x1, x2) =
∞∑

k=0

fk(x1)Yk(x2), (3.4.6)

where fk(x1) =
∫ b2

0
f(x1, x2)Yk(x2)dx2, k=0,1,2,... Substituting (3.4.6) and (3.4.1)

into (3.3.1) we have

∞∑
k=0

[X ′′
k (x1)Yk(x2) − Xk(x1)Y

′′
k (x2) − fk(x1)Yk(x2)]

=
∞∑

k=0

fk(x1)Yk(x2)

or ∞∑
k=0

[X ′′
k (x1) + λkXk(x1) − fk(x1)]Yk(x2)

=
∞∑

k=0

fk(x1)Yk(x2).

As a result, we have the following boundary value problem for unknown function

Xk(x1) :

X ′′
k (x1) + λkXk(x1) = fk(x1), k = 0, 1, 2, 3, ... (3.4.7)

Xk(0) = 0, Xk(b1) = 0. (3.4.8)

We can solve the problem using variation of parameters method. A general solution of

Xk(x1), we find in the form:

Xk(x1) = ak(x1)e
√

|λk|x1 + bk(x1)e
−
√

|λk|x1 k = 1, 2, 3, ...,

and

X0(x1) = a0(x1) + b0(x1).x1,
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where ak(x1), bk(x1), a0(x1), b0(x1) are unknown functions. For finding these function

we have these systems:

a′
0(x1) + x1b

′
0(x1) = 0,

0.a′
0(x1) + 1.b′0(x1) = f0(x1).

And

e
√

|λk|x1 .a′
k(x1) + e−

√
|λk|x1 .b′k(x1) = 0,√

|λk|.e
√

|λk|x1 .a′
k(x1) + (−

√
|λk|).e−

√
|λk|x1 .b′k(x1) = fk(x1).

Using Cramer’s rule for the first system, we find:

a′
0(x1) = −f0(x1).x1,

b′0(x1) = f0(x1).

Integrating the last two relations with respect to x1, we find:

a0(x1) = −
∫ x1

0

f0(ξ)ξdξ + a0,

b0(x1) =

∫ x1

0

f0(ξ)ξdξ + b0.

Here a0 and b0 are arbitrary constants. We choose these constants to satisfy boundary

conditions. Using the last formulaes for a0(x1), b0(x1) we find the following equation

for X0(x1) :

X0(x1) =

∫ x1

0

f0(ξ)(x1 − ξ)dξ + a0 + b0x1.

Using the first boundary condition, we write the following equality:

X0(0) = 0 ⇒ a0 = 0.

Using the second boundary condition, we write the following equality:

X0(b1) =

∫ b1

0

f0(ξ)(b1 − ξ)dξ + b1.b0 = 0 ⇒ b0 = − 1

b1

∫ b1

0

f0(ξ)(b1 − ξ)dξ.

We find the following result of X0(x1) :

X0(x1) =

∫ x1

0

(x1 − ξ)f0(ξ)dξ − x1

b1

∫ b1

0

(b1 − ξ)f0(ξ)dξ. (3.4.9)
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Let now k=1,2,3,... Using Cramer’s rule for the second system, we find:

a′
k(x1) =

1

2
√|λk|

fk(x1)e
−
√

|λk|x1 ,

b′k(x1) = − 1

2
√|λk|

fk(x1)e
√

|λk|x1 .

Integrating the last two relations with respect to x1, we find:

ak(x1) =
1

2
√|λk|

∫ x1

0

fk(ξ)e
−
√

|λk|ξdξ + ck,

bk(x1) = − 1

2
√|λk|

∫ x1

0

fk(ξ)e
√

|λk|ξdξ + dk.

Here ck and dk are arbitrary constants. We choose these constants to satisfy boundary

conditions. Using the last formula for ak(x1), bk(x1) we find the following equation

for Xk(x1) :

Xk(x1) =
1

2
√|λk|

∫ x1

0

fk(ξ)e
√

|λk|(x1−ξ)dξ

− 1

2
√|λk|

∫ x1

0

fk(ξ)e
−
√

|λk|(x1−ξ)dξ

+ cke
√

|λk|x1 + dke
−
√

|λk|x1 ,

=
1√|λk|

∫ x1

0

sinh(
√

|λk|(x1 − ξ))fk(ξ)dξ + cke
√

|λk|x1

+ dke
−
√

|λk|x1 .

Using the first boundary condition, we write the following equality:

Xk(0) = ck + dk = 0 ⇒ −ck = dk.

Using the second boundary condition, we write the following equality:

Xk(b1) =
1√|λk|

∫ b1

0

sinh(
√

|λk|(b1 − ξ))fk(ξ)dξ

+ 2ck sinh(
√

|λk|b1).

ck = − 1

2
√|λk|

∫ b1

0

sinh(
√|λk|(b1 − ξ))

sinh(
√|λk|b1)

fk(ξ)dξ.
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We find the following result of Xk(x1) :

Xk(x1) =
1√|λk|

∫ x1

0

sinh(
√

|λk|(x1 − ξ))fk(ξ)dξ − sinh(
√|λk|x1)√|λk|

∫ b1

0

sinh(
√|λk|(b1 − ξ))

sinh(
√|λk|b1)

fk(ξ)dξ, (3.4.10)

where k=1,2,3,... We find the following solution of (3.3.1) - (3.3.3) as follows:

u(x1, x2) =

√
1

b2

[ ∫ x1

0

(x1 − ξ)f0(ξ)dξ − x1

b1

∫ b1

0

(b1 − ξ)f0(ξ)dξ

]

+
∞∑

k=1

[
1√|λk|

∫ x1

0

sinh(
√

|λk|(x1 − ξ))fk(ξ)dξ

− sinh(
√|λk|x1)√|λk|

∫ b1

0

sinh(
√|λk|(b1 − ξ))

sinh(
√|λk|b1)

fk(ξ)dξ

]

√
2

b2

cos(
√
|λk|x2). (3.4.11)



CHAPTER FOUR
FOURIER SERIES EXPANSION METHOD FOR SOLVING THE

DIRICHLET, NEUMANN AND MIXED PROBLEMS OF THE HELMHOLTZ
EQUATION IN A RECTANGLE

In this section the Dirichlet, Neumann and Mixed problems for the Helmholtz equa-

tion with boundary condition in a rectangle will be studied. We find a solution in the

form of Fourier series expansion.

4.1 Statement of the Dirichlet Problem for the Helmholtz Equation

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following Dirichlet problem for the Helmholtz

equation in the rectangle D :

∂2u

∂x2
1

+
∂2u

∂x2
2

+ a2u = f(x1, x2), (x1, x2) ∈ D, (4.1.1)

u|Γ = 0 ⇔ u(0, x2) = 0, u(b1, x2) = 0, (4.1.2)

u(x1, 0) = 0, u(x1, b2) = 0, (4.1.3)

where Γ is the boundary of D and a > 0 is a given real number, f(x1, x2) is a given

function.

Find a function u(x1, x2) satisfying (4.1.1) - (4.1.3).

4.2 Fourier Series Expansion Method for Solving the Dirichlet Problem

The solution of this problem has several steps. On the first step, we need to solve

the eigenvalue-eigenfunction problem of finding all eigenvalues and corresponding to

20
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them eigenfunctions of the following equation:

X ′′(x1) + αX(x1) = 0, (4.2.1)

with boundary conditions

X(0) = 0, X(b1) = 0, (4.2.2)

where x1 ∈ (0, b1). b1 > 0 is the given number.

As we showed is the first part of the thesis this problem has the following solution:

α = αk = (
kπ

b1

)2, for k = 1, 2, 3, . . . (4.2.3)

are eigenvalues and corresponding to them eigenfunctions have the form:

Xk(x1) =

√
2

b1

sin(
√

αkx1). (4.2.4)

We note that the norm of these eigenfunctions is equal to 1. Eigenfunctions Xk(x1) for

k=1,2,3,..., satisfy (4.2.1) and (4.2.2). The solution of the problem in the form:

u(x1, x2) =
∞∑

k=1

Xk(x1)Yk(x2), (4.2.5)

where Xk(x1), k=1,2,3,...are set of eigenfunctions of (4.2.1). Yk(x2), k=1,2,3,...are

unknown functions. The Fourier series expansion of f(x1, x2) is given in the form:

f(x1, x2) =
∞∑

k=1

Xk(x1)fk(x2),

where fk(x2) =
∫ b1

0
f(x1, x2)Xk(x1)dx1. Substituting fk(x2) and u(x1, x2) into (4.1.1),

we have

∞∑
k=1

[Yk(x2)X
′′
k (x1) + Y ′′

k (x2)Xk(x1) + a2Xk(x1)Yk(x2)] =
∞∑

k=1

Xk(x1)fk(x2),

⇒
∞∑

k=1

[−Yk(x2)αkXk(x1) + Y ′′
k (x2)Xk(x1) + a2Xk(x1)Yk(x2)] =

∞∑
k=1

Xk(x1)fk(x2),

⇒
∞∑

k=1

[Xk(x1)Y
′′
k (x2) + (a2 − αk)Xk(x1)Yk(x2)] =

∞∑
k=1

Xk(x1)fk(x2),

⇒
∞∑

k=1

Xk(x1)fk(x2) = f(x1, x2).
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For finding Yk(x2) we have the following problem:

Y ′′
k (x2) + (a2 − αk)Yk(x2) = fk(x2), (4.2.6)

Yk(0) = 0, Yk(b2) = 0, (4.2.7)

where x2 ∈ (0, b2); αk = (kπ
b2

)2 > 0, αk �= 0; b2 > 0 is given number. As we showed in

Chapter 2 of the thesis this problem has the following solution. Firstly, we have three

cases for the parameter λk = (a2 − αk):

Case 1: (a2 − αk) < 0; Case 2: (a2 − αk) = 0; Case 3: (a2 − αk) > 0.

a)If λk = a2 − αk < 0, a general solution of the problem (4.2.6), we find in the

form:

Yk(x2) = c1k(x2)e
√

|λk|x2 + c2k(x2)e
−
√

|λk|x2 , (4.2.8)

where c1k(x2) and c2k(x2) are unknown functions. Using variation of parameters

method, we get

c1k(x2) =
1

2
√|λk|

∫ x2

0

e−
√

|λk|ξfk(ξ)dξ + Ak,

c2k(x2) = − 1

2
√|λk|

∫ x2

0

e
√

|λk|ξfk(ξ)dξ + Bk,

where Ak, Bk are arbitrary constants, we will choose Ak, Bk to satisfy (4.2.8). For this

we substitute c1k(x2) and c2k(x2) into (4.2.8), then we can find the following equation:

Yk(x2) = (
1

2
√|λk|

∫ x2

0

e−
√

|λk|ξfk(ξ)dξ + Ak)e
√

|λk|x2

+ (− 1

2
√|λk|

∫ x2

0

e
√

|λk|ξfk(ξ)dξ + Bk)e
−
√

|λk|x2 ,

=
1√|λk|

∫ x2

0

sinh(
√

|λk|(−ξ + x2))fk(ξ)dξ + Ake
√

|λk|x2

+ Bke
−
√

|λk|x2 .

Using the first boundary condition of (4.2.7), we have:

Yk(0) = 0 ⇒ Ak + Bk = 0 ⇒ Bk = −Ak.
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Using the second boundary condition of (4.2.7), we find:

Yk(b2) = 0,

0 =
1√|λk|

[ ∫ b2

0

sinh(
√
|λk|(−ξ + b2))fk(ξ)dξ

]
+ 2Aksinh(

√
|λk|b2)

where 2 sinh(
√|λk|b2) = e

√
|λk|b2 − e−

√
|λk|b2 .

−2Aksinh(
√

|λk|b2) =
1√|λk|

[ ∫ b2

0

sinh(
√

|λk|(−ξ + b2))fk(ξ)dξ

]
,

−Aksinh(
√|λk|b2)

sinh(
√|λk|b2)

=
1

2
√|λk|

[ ∫ b2

0

sinh(
√|λk|(−ξ + b2))

sinh(
√|λk|b2)

fk(ξ)dξ

]
.

Finally, we find the following relation for Ak and Bk:

Ak = − 1

2
√|λk|

[ ∫ b2

0

sinh(
√|λk|(−ξ + b2))

sinh(
√|λk|b2)

fk(ξ)dξ

]
,

Bk =
1

2
√|λk|

[ ∫ b2

0

sinh(
√|λk|(−ξ + b2))

sinh(
√|λk|b2)

fk(ξ)dξ

]
.

Substituting Ak and Bk into the equation for Yk(x2) we can find:

Yk(x2) =
1√|λk|

∫ x2

0

sinh(−ξ + x2)fk(ξ)dξ,

− sinh(
√|λk|x2)√|λk|

∫ b2

0

sinh(
√|λk|(−ξ + b2))

sinh(
√|λk|b2)

fk(ξ)dξ.

b)If λk = a2 − αk > 0, a general solution of (4.2.6), we find in the form:

Yk(x2) = c1k(x2) sin(
√

λkx2) + c2k(x2) cos(
√

λkx2), (4.2.9)

where c1k(x2) and c2k(x2) are unknown functions. Using variation of parameters

method, we get:

c1k(x2) =
1√
λk

∫ x2

0

cos(
√

λkξ)fk(ξ)dξ + Ak,

c2k(x2) = − 1√
λk

∫ x2

0

sin(
√

λkξ)fk(ξ)dξ + Bk,

where Ak, Bk are arbitrary constants. Substituting c1k(x2) and c2k(x2) into (4.2.9), we
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find the following equation:

Yk(x2) =
1√
λk

∫ x2

0

(cos(
√

λkξ) sin(
√

λkx2)

− sin(
√

λkξ) cos(
√

λkx2))fk(ξ)dξ + Ak sin(
√

λkx2)

+ Bk cos(
√

λkx2),

=
1√
λk

∫ x2

0

sin(
√

λk(x2 − ξ))fk(ξ)dξ + Ak sin(
√

λkx2)

+ Bk cos(
√

λkx2).

We choose constants Ak and Bk to satisfy boundary condition (4.2.7).

Using the first boundary condition of (4.2.7), we have:

Yk(0) = 0 ⇒ 0 + Bk = 0 ⇒ Bk = 0.

Using the second boundary condition of (4.2.7), we have:

Yk(b2) =
1√
λk

∫ b2

0

sin(
√

λk(b2 − ξ))fk(ξ)dξ + Ak sin(
√

λkb2) + Bk cos(
√

λkb2)

Ak sin(
√

λkb2) = − 1√
λk

∫ b2

0

sin(
√

λk(b2 − ξ))fk(ξ)dξ,

Ak = − 1√
λk sin(

√
λkb2)

∫ b2

0

sin(
√

λk(b2 − ξ))fk(ξ)dξ.

Substituting Ak into the equation of Yk(x2), then we obtain the following equation:

Yk(x2) =
1√
λk

∫ x2

0

sin(
√

λk(x2 − ξ))fk(ξ)dξ

− sin(
√

λkx2)√
λk sin(

√
λkb2)

∫ b2

0

sin(
√

λk(b2 − ξ))fk(ξ)dξ.

c)If λk = a2 − αk = 0, we have the following boundary value problem:

Y ′′
k (x2) = fk(x2), (4.2.10)

Yk(0) = 0, Yk(b2) = 0. (4.2.11)

Integrating twice (4.2.10) and using the first boundary condition (4.2.11), we find:

Y ′
k(x2) = Y ′

k(0) +

∫ x2

0

fk(ξ)dξ,
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Yk(x2) = Yk(0) + Akx2 +

∫ x2

0

(

∫ z

0

fk(ξ)dξ)dz,

Yk(x2) = Akx2 +

∫ x2

0

(x2 − ξ)fk(ξ)dξ, (4.2.12)

where Ak is an arbitrary constant. We choose Ak to satisfy the second boundary con-

dition (4.2.11),

Yk(b2) = 0 ⇔ 0 = Akb2 +

∫ b2

0

(b2 − ξ)fk(ξ)dξ.

We find

Ak = − 1

b2

∫ b2

0

(b2 − ξ)fk(ξ)dξ.

Substituting Ak into (4.2.12), we find:

Yk(x2) = −x2

b2

∫ b2

0

(b2 − ξ)fk(ξ)dξ +

∫ x2

0

(x2 − ξ)fk(ξ)dξ.

Finally, the solution of (4.1.1) - (4.1.3) is given by:

u(x1, x2) =
∞∑

k=1

√
2

b1

sin(
√

αkx1)

[
1√|λk|

∫ x2

0

sinh(
√

|λk|(−ξ + x2))fk(ξ)dξ

− sinh(
√|λk|x2)√|λk|

∫ b2

0

sinh(
√|λk|(−ξ + b2))

sinh(
√|λk|b2)

fk(ξ)dξ

+
1√
λk

∫ x2

0

sin(
√

λk(x2 − ξ))fk(ξ)dξ

− sin(
√

λkx2)√
λk sin(

√
λkb2)

∫ b2

0

sin(
√

λk(b2 − ξ))fk(ξ)dξ

−x2

b2

∫ b2

0

(b2 − ξ)fk(ξ)dξ +

∫ x2

0

(x2 − ξ)fk(ξ)dξ

]
. (4.2.13)

4.3 Statement of the Problem for the Helmholtz Equation with Mixed bound-
ary conditions

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following mixed problem for the Helmholtz
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equation in the rectangle D :

∂2u

∂x2
1

+
∂2u

∂x2
2

+ a2u = f(x1, x2), (x1, x2) ∈ D, (4.3.1)

u(0, x2) = 0, u(b1, x2) = 0, 0 ≤ x2 ≤ b2, (4.3.2)

∂u(x1, 0)

∂x2

= 0,
∂u(x1, b2)

∂x2

= 0, 0 ≤ x1 ≤ b1, (4.3.3)

a > 0 is a given real number, f(x1, x2) is a given function. Find u(x1, x2) satisfying

(4.3.1) - (4.3.3).

4.4 Fourier Series Expansion Method for Solving the Mixed Problem

The solution of this problem has several steps. We will find the solution in the form:

u(x1, x2) =
∞∑

k=0

Xk(x1)Yk(x2), (4.4.1)

where Xk(x1), k=0,1,2,... are set of unknown functions; Yk(x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:

Y ′′(x2) + λY (x2) = 0, (4.4.2)

Y ′(0) = 0, Y ′(b2) = 0, (4.4.3)

where x2 ∈ (0, b2); b2 > 0 is given number; λ = λk = (kπ
b2

)2, for k=0,1,2,. . . are

eigenvalues corresponding to eigenvectors

Y0(x2) =

√
1

b2

, k = 0, (4.4.4)
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Yk(x2) =

√
2

b2

. cos(
kπ

b2

x2), k = 1, 2, 3, .... (4.4.5)

The Fourier series expansion of f(x1, x2) is given in the form:

f(x1, x2) =
∞∑

k=0

fk(x1)Yk(x2), (4.4.6)

where fk(x1) =
∫ b2

0
f(x1, x2)Yk(x2)dx2. Substituting (4.4.6) and (4.4.1) into (4.3.1),

we have

∞∑
k=0

[X ′′
k (x1)Yk(x2) + Xk(x1)Y

′′
k (x2) + a2Xk(x1)Yk(x2) − fk(x1)Yk(x2)]

=
∞∑

k=0

fk(x1)Yk(x2)

or ∞∑
k=0

[X ′′
k (x1) − λkXk(x1) + a2Xk(x1) − fk(x1)]Yk(x2)

=
∞∑

k=0

fk(x1)Yk(x2).

Since {Yk(x2)} is orthonormal set of functions we find the following boundary value

problem:

X ′′
k (x1) + αkXk(x1) = fk(x1), k = 0, 1, 2, 3, ... (4.4.7)

Xk(0) = 0, Xk(b1) = 0, (4.4.8)

where x1 ∈ (0, b1). αk = a2 − λk = a2 − (kπ
b2

)2 > 0; b2 > 0 is given number for

k=0,1,2,. . . . As we showed in Chapter 2 of the thesis this problem has the following

solution. Firstly, we have three cases for the parameter αk.

Case 1: αk < 0; Case 2: αk = 0; Case 3: αk > 0.

a)Let us consider the Case: αk < 0, k = n + 1, n + 2, . . . . A general solution of

(4.4.7) as follows:

Xk(x1) = ak(x1)e
√

|αk|x1 + bk(x1)e
−
√

|αk|x1 ,

where ak(x1) and bk(x1) are unknown functions. If we use the variation of the param-

eters method, then we can write following equation system:

a′
k(x1)e

√
|αk|x1 + b′k(x1)e

−
√

|αk|x1 = 0,
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|αk|a′

k(x1)e
√

|αk|x1 −
√

|αk|a′
k(x1)e

−
√

|αk|x1 = fk(x1). (4.4.9)

This is a linear algebraic system. We apply Cramer’s rule to find ak(x1), bk(x1), are

unknown functions.

Using Cramer’s rule we find:

a′
k(x1) =

1

2
√|αk|

e−
√

|αk|x1fk(x1),

b′k(x1) = − 1

2
√|αk|

e
√

|αk|x1fk(x1).

Integrating a′
k(x1) and b′k(x1)

ak(x1) =
1

2
√|αk|

∫ x1

0

fk(ξ)e
−
√

|αk|ξdξ + ck,

bk(x1) = − 1

2
√|αk|

∫ x1

0

fk(ξ)e
√

|αk|ξdξ + dk.

Here ck and dk are arbitrary constants. We choose these constants to satisfy boundary

conditions. We can write the following equation for Xk(x1) :

Xk(x1) =
1

2
√|αk|

∫ x1

0

fk(ξ)e
√

|αk|(x1−ξ)dξ − 1

2
√|αk|

.

∫ x1

0

fk(ξ)e
−
√

|αk|(x1−ξ)dξ

+ cke
√

|αk|x1 + dke
−
√

|αk|x1

or

Xk(x1) =
1√|αk|

∫ x1

0

sinh(
√
|αk|(x1 − ξ))fk(ξ)dξ + cke

√
|αk|x1 + dke

−
√

|αk|x1 .

Using the first boundary condition, we have:

Xk(0) = ck + dk = 0 ⇒ −ck = dk.

Using the second boundary condition, we have:

Xk(b1) =
1√|αk|

∫ b1

0

sinh(
√
|αk|(b1 − ξ))fk(ξ)dξ + 2ck sinh(

√
|αk|b1),

ck = − 1

2
√|αk|

∫ b1

0

sinh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

fk(ξ)dξ.
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We find the following result of Xk(x1) :

Xk(x1) =
1√|αk|

∫ x1

0

sinh(
√

|αk|(x1 − ξ))fk(ξ)dξ

−sinh(
√|αk|x1)√|αk|

∫ b1

0

sinh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

fk(ξ)dξ, (4.4.10)

where k = n + 1, n + 2, . . . .

b)Let us consider the Case : αk > 0, k = 0, 1, 2, . . . , n − 1.

A general solution of Xk(x1), we find in the form:

Xk(x1) = ak(x1) sin(
√

αkx1) + bk(x1) cos(
√

αkx1).

If we use the variation of the parameters method, we find following equations:

a′
k(x1) sin

√
αkx1 + b′k(x1) cos

√
αkx1 = 0,

√
αka

′
k(x1) cos

√
αkx1 −√

αkb
′
k(x1) sin−√

αkx1 = fk(x1). (4.4.11)

This is a linear algebraic system. We apply Cramer’s rule to find ak(x1), bk(x1), for

k=1,2,3,. . . .

a′
k(x1) =

1√
αk

cos(
√

αkx1)fk(x1),

b′k(x1) =
−1√
αk

sin(
√

αkx1)fk(x1).

Integrating a′
k(x1) and b′k(x1), we find:

ak(x1) =
1√
αk

∫ x1

0

cos(
√

αkξ)fk(ξ)dξ + Ak,

bk(x1) = − 1√
αk

∫ x1

0

sin(
√

αkξ)fk(ξ)dξ + Bk.

We can find the following equation:

Xk(x1) =
1√
αk

∫ x1

0

sin(
√

αk(x1 − ξ))fk(ξ)dξ + Ak sin(
√

αkx1)

+Bk cos(
√

αkx2)

is an eigenfunction corresponding to αk, where Ak and Bk are unknown parameters.
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Using the first boundary condition, we have

Xk(0) = 0 ⇒ 0 + Bk = 0 ⇒ Bk = 0.

Using the second boundary condition, we have

Xk(b1) =
1√
αk

∫ b1

0

sin(
√

αk(b1 − ξ)fk(ξ)dξ + Ak sin(
√

αkb1) = 0

−Aksin(
√

αkb1) =
1√
αk

∫ b1

0

sin(
√

αk(b1 − ξ)fk(ξ)dξ

Ak = − 1√
αk sin(

√
αkb1)

∫ b1

0

sin(
√

αk(b1 − ξ)fk(ξ)dξ.

Substituting Ak into the equation of Xk(x1), then we find the following result of

Xk(x1) :

Xk(x1) =
1√
αk

∫ x1

0

sin(
√

αk(x1 − ξ))fk(ξ)dξ

− sin(
√

αkx1)√
αk sin(

√
αkb1)

∫ b1

0

sin(
√

αk(b1 − ξ)fk(ξ)dξ,

where k = 0, 1, 2, . . . , n − 1.

c)If a2 − λk = 0, then a general solution of Xn(x1) we find in the form:

Xn(x1) = an(x1) + bn(x1).x1.

If we use the variation of the parameters method, we find following equations:

a′
n(x1) + x1b

′
n(x1) = 0,

0.a′
n(x1) + 1.b′n(x1) = fn(x1).

This is a linear algebraic system. We apply Cramer’s rule to find an(x1), bn(x1), fork =

n.

Using Cramer’s rule we find:

a′
n(x1) = −fn(x1).x1,

b′n(x1) = fn(x1).
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Integrating a′
n(x1) and b′n(x1) then

an(x1) = −
∫ x1

0

ξfn(ξ)dξ + An,

bn(x1) =

∫ x1

0

fn(ξ)dξ + Bn.

We find the following result of Xn(x1) :

Xn(x1) =

∫ x1

0

(x1 − ξ)fn(ξ)dξ + An + Bnx1.

Using the first boundary condition, we have the following equality:

Xn(0) = 0 ⇒ An = 0.

Using the second boundary condition, we have the following equality:

Xn(b1) =

∫ b1

0

(b1 − ξ)fn(ξ)dξ + b1.Bn = 0 ⇒ Bn = − 1

b1

∫ b1

0

(b1 − ξ)fn(ξ)dξ.

We find the following result of Xn(x1) :

Xn(x1) =

∫ x1

0

(x1 − ξ)fn(ξ)dξ − x1

b1

∫ b1

0

(b1 − ξ)fn(ξ)dξ, (4.4.12)

where k = n. Finally, the solution of (4.3.1) - (4.3.3) is given by:

u(x1, x2) =

[ n−1∑
k=0

1√
αk

∫ x1

0

sin(
√

αk(x1 − ξ))fk(ξ)dξ

− sin(
√

αkx1)√
αk sin(

√
αkb1)

∫ b1

0

sin(
√

αk(b1 − ξ))fk(ξ)dξ

]

.

√
2

b2

. cos(
kπ

b2

x2) +

[ ∫ x1

0

(x1 − ξ)fn(ξ)dξ − x1

b1

∫ b1

0

(b1 − ξ)fn(ξ)dξ

]

.

√
1

b2

+

[ ∞∑
k=n+1

1√|αk|

∫ x1

0

sinh(
√

|αk|(x1 − ξ))fk(ξ)dξ

− sinh(
√|αk|x1)√|αk|

∫ b1

0

sinh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

fk(ξ)dξ

]

.

√
2

b2

. cos(
kπ

b2

x2). (4.4.13)
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4.5 Statement of the Neumann Problem for the Helmholtz Equation

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following Neumann problem for the Helmholtz

equation in the rectangle D :

∂2u

∂x2
1

+
∂2u

∂x2
2

+ a2u = f(x1, x2), (x1, x2) ∈ D, (4.5.1)

∂u(0, x2)

∂x1

= 0,
∂u(b1, x2)

∂x1

= 0, 0 ≤ x2 ≤ b2, (4.5.2)

∂u(x1, 0)

∂x2

= 0,
∂u(x1, b2)

∂x2

= 0, 0 ≤ x1 ≤ b1, (4.5.3)

a > 0 is a given real number, f(x1, x2) is a given function. Find u(x1, x2) satisfying

(4.5.1) - (4.5.3).

4.6 Fourier Series Expansion Method for Solving the Neumann Problem

The solution of this problem has several steps. We will find the solution in the form:

u(x1, x2) =
∞∑

k=0

Xk(x1)Yk(x2), (4.6.1)

where Xk(x1), k=0,1,2,... are set of unknown functions; Yk(x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:

Y ′′(x2) + λY (x2) = 0, (4.6.2)

Y ′(0) = 0, Y ′(b2) = 0, (4.6.3)
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where x2 ∈ (0, b2); b2 > 0 is given number; λ = λk = (kπ
b2

)2, for k=0,1,2,. . . are

eigenvalues corresponding to eigenvectors

Y0(x2) =

√
1

b2

, (4.6.4)

Yk(x2) =

√
2

b2

. cos(
kπ

b2

x2), k = 1, 2, 3, ... (4.6.5)

The Fourier series expansion of f(x1, x2) is given in the form:

f(x1, x2) =
∞∑

k=0

fk(x1)Yk(x2), (4.6.6)

where fk(x1) =
∫ b2

0
f(x1, x2)Yk(x2)dx2 .

Substituting (4.6.1) and (4.6.6) into (4.5.1), we have

∞∑
k=0

[X ′′
k (x1)Yk(x2) + Xk(x1)Y

′′
k (x2) + a2Xk(x1)Yk(x2) − fk(x1)Yk(x2)]

=
∞∑

k=0

fk(x1)Yk(x2)

or ∞∑
k=0

[X ′′
k (x1) − λkXk(x1) + a2Xk(x1) − fk(x1)]Yk(x2)

=
∞∑

k=0

fk(x1)Yk(x2).

Since {Yk(x2)} is orthonormal set of functions, we find the following boundary value

problem:

X ′′
k (x1) + αkXk(x1) = fk(x1), k = 0, 1, 2, ... (4.6.7)

X ′
k(0) = 0, X ′

k(b1) = 0, (4.6.8)

where x1 ∈ (0, b1). αk = a2 − λk; b1 > 0 is given number.

There are two possibilities: Either

Case 1: αk > 0, k = 0, 1, 2, . . . , n − 1;

Case 2: αk = 0, k = n;
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Case 3: αk < 0, k = n + 1, n + 2, . . . ,

or

Case 1: αk > 0, k = 0, 1, 2, . . . , n − 1;

Case 2: αk < 0, k = n, n + 1, . . . .

a)Let us consider the Case 1 : αk > 0, k = 0, 1, 2, . . . , n − 1. A general solution of

(4.6.7), we find in the form:

Xk(x1) = Ak(x1) sin(
√

αkx1) + Bk(x1) cos(
√

αkx1).

If we use the variation of the parameters method, we find the following equations:

(Ak)
′(x1) sin

√
αkx1 + (Bk)

′(x1) cos
√

αkx1 = 0,

√
αk(Ak)

′(x1) cos
√

αkx1 −√
αk(Bk)

′(x1) sin
√

αkx1 = fk(x1). (4.6.9)

This is a linear algebraic system. Using Cramer’s rule, we find

(Ak)
′(x1) =

1√
αk

cos(
√

αkx1)fk(x1),

B′
k(x1) =

−1√
αk

sin(
√

αkx1)fk(x1).

Integrating the last two relations with respect to x1, we find

Ak(x1) =
1√
αk

∫ x1

0

cos(
√

αkξ)fk(ξ)dξ + Ak,

Bk(x1) = − 1√
αk

∫ x1

0

sin(
√

αkξ)fk(ξ)dξ + Bk.

Here Ak and Bk are arbitrary constants. We choose these constants to satisfy bound-

ary conditions. Using the last formulaes for Ak(x1), Bk(x1) following equation for

Xk(x1) :

Xk(x1) =
1√
αk

∫ x1

0

sin(
√

αk(x1 − ξ))fk(ξ)dξ + Ak sin(
√

αkx1)

+Bk cos(
√

αkx1),
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where Ak and Bk are unknown parameters. Differentiating the last formulae, we have

X ′
k(x1) =

∫ x1

0

cos(
√

αk(x1 − ξ))fk(ξ)dξ +
√

αkAk cos(
√

αkx1)

−√
αkBk sin(

√
αkx1).

Using the first boundary condition, we have

X ′
k(0) = 0 ⇒ Ak = 0.

Using the second boundary condition, we have

X ′
k(b1) =

∫ b1

0

cos(
√

αk(b1 − ξ))fk(ξ)dξ −√
αkBk sin(

√
αkb1) = 0.

From the last equality, we find

Bk =
1√
αk

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
fk(ξ)dξ.

As a result of it, the formulae for Xk(x1) has the form:

Xk(x1) =
1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))fk(ξ)dξ

+ cos(
√

αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
fk(ξ)dξ

]
,

where k = 0, 1, 2, . . . , n − 1.

b)If a2 − λn = 0, then a general solution of Xn(x1) we find in the form:

Xn(x1) = An(x1) + Bn(x1).x1.

A′
n(x1) + x1B

′
n(x1) = 0,

0.A′
n(x1) + 1.B′

n(x1) = fn(x1).

This is a linear algebraic system. To find An(x1), Bn(x1) using Cramer’s rule we have:

A′
n(x1) = −fn(x1).x1,

B′
n(x1) = fn(x1).
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Integrating A′
n(x1) and B′

n(x1), we find

An(x1) = −
∫ x1

0

ξfn(ξ)dξ + dn,

Bn(x1) =

∫ x1

0

fn(ξ)dξ + cn.

As a result of it, we have:

Xn(x1) =

∫ x1

0

(x1 − ξ)fn(ξ)dξ + dn + cnx1,

X ′
n(x1) =

∫ x1

0

fn(ξ)dξ + cn.

Using the first boundary condition, we have the following equality:

X ′
n(0) = 0 ⇒ cn = 0.

Using the second boundary condition, we have the following equality:

X ′
n(b1) =

∫ b1

0

fn(ξ)dξ = 0

Remark: The necessary condition for existence of the solution:

∫ b1

0

fn(r)dr = 0.

We find the following result of Xk(x1) :

Xk(x1) =

∫ x1

0

(x1 − ξ)fn(ξ)dξ + dn,

where k = n.

c)Let us consider the Case 2: αk < 0, k = n + 1, n + 2, . . . .

A general solution of (4.6.7), we find in the form:

Xk(x1) = Ak(x1)e
√

|αk|x1 + Bk(x1)e
−
√

|αk|x1 ,

where Ak(x1) and Bk(x1) are unknown functions. If we use the variation of the pa-
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rameters method, then we can write following equation system:

A′
k(x1)e

√
|αk|x1 + B′

k(x1)e
−
√

|αk|x1 = 0,

√
|αk|A′

k(x1)e
√

|αk|x1 −
√
|αk|A′

k(x1)e
−
√

|αk|x1 = fk(x1). (4.6.10)

This is a linear algebraic system. Using Cramer’s rule, we find

A′
k(x1) =

1

2
√|αk|

e−
√

|αk|x1fk(x1),

B′
k(x1) = − 1

2
√|αk|

e
√

|αk|x1fk(x1).

Integrating the last two relations with respect to x1, we find

Ak(x1) =
1

2
√|αk|

∫ x1

0

fk(ξ)e
−
√

|αk|ξdξ + ck,

Bk(x1) = − 1

2
√|αk|

∫ x1

0

fk(ξ)e
√

|αk|ξdξ + dk.

Here ck and dk are arbitrary constants. We choose these constants to satisfy boundary

conditions. Using the last two formulaes for Ak(x1), Bk(x1), then we find following

equation for Xk(x1) :

Xk(x1) =
1

2
√|αk|

∫ x1

0

fk(ξ)e
√

|αk|(x1−ξ)dξ

− 1

2
√|αk|

∫ x1

0

fk(ξ)e
−
√

|αk|(x1−ξ)dξ

+ cke
√

|αk|x1 + dke
−
√

|αk|x1

or

Xk(x1) =
1√|αk|

∫ x1

0

sinh(
√
|αk|(x1 − ξ))fk(ξ)dξ + cke

√
|αk|x1 + dke

−
√

|αk|x1 .

X ′
k(x1) =

∫ x1

0

cosh(
√

|αk|(x1 − ξ))fk(ξ)dξ +
√

|αk|cke
√

|αk|x1 −
√

|αk|dke
−
√

|αk|x1 .

Using the first boundary condition, we have the following equality:

X ′
k(0) = 0 ⇒ ck − dk = 0 ⇒ ck = dk.
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Using the second boundary condition, we have the following equality:

X ′
k(b1) =

∫ b1

0

cosh(
√
|αk|(b1 − ξ))fk(ξ)dξ + 2

√
|αk|ck sinh(

√
|αk|b1) = 0.

From the last equality, we find

ck = − 1

2
√|αk|

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

fk(ξ)dξ.

As a result of it, we have

Xk(x1) =
1√|αk|

∫ x1

0

sinh(
√

|αk|(x1 − ξ))fk(ξ)dξ

− cosh
√|αk|x1√|αk|

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

fk(ξ)dξ

Xk(x1) =
1√|αk|

[ ∫ x1

0

sinh(
√

|αk|(x1 − ξ))fk(ξ)dξ

− cosh
√

|αk|x1

∫ b1

0

cosh(
√|αk|(b1 − τ))

sinh(
√|αk|b1)

fk(ξ)dξ

]
, (4.6.11)

where k=n+1,n+2,. . . . Finally, the solution of (4.5.1) - (4.5.3) is given by:

u(x1, x2) =
n−1∑
k=0

1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))fk(ξ)dξ

+ cos(
√

αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
fk(ξ)dξ

]

.

√
2

b2

. cos(
kπ

b2

x2)

+

[ ∫ x1

0

(x1 − ξ)fn(ξ)dξ + dn

]√
1

b2

+
∞∑

k=n+1

1√|αk|

[ ∫ x1

0

sinh(
√

|αk|(x1 − ξ))fk(ξ)dξ

− cosh
√
|αk|x1

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

fk(ξ)dξ

]

.

√
2

b2

. cos(
kπ

b2

x2).



CHAPTER FIVE
SOLVING MAXWELL’S EQUATION SYSTEM IN A RECTANGLE WITH

THE PERFECT CONDUCTOR CONDITIONS

In this chapter the frequency-dependent Maxwell’s system is reduced to three Helmholtz

equations. We will use perfect conductor conditions to state problem. We show that

this problem is reduced to several boundary value problems. The solutions of obtained

problems are found in the form of the Fourier series expansion.

5.1 Maxwell’s equations system

Let x = (x1, x2, x3) ∈ R3 be a space variable and t ∈ R be a time variable. The

time-dependent Maxwell’s system is given by (Eom, 2004):

curlxH(x, t) = ε
∂(E(x, t))

∂t
+ J(x, t), (5.1.1)

curlxE(x, t) = −μ
∂(H(x, t))

∂t
, (5.1.2)

divx(εE(x, t)) = ρ(x, t), (5.1.3)

divx(μH(x, t)) = 0, (5.1.4)

where H = (H1, H2, H3), E = (E1, E2, E3), J = (J1, J2, J3) are vector functions;

Hk(x, t), Ek(x, t), Jk(x, t), ρ(x, t) (where k = 1, 2, 3) are scalar functions; μ and ε are

positive constants. μ denotes the magnetic permeability, ε denotes the electric permit-

tivity, H denotes magnetic field, E denotes electric field, J denotes current density,

ρ denotes charge density. Applying Fourier transform with respect to t we find the

frequency-dependent Maxwell’s system:

curlxH̃(x, ω) = (−iw)εẼ(x, ω) + J̃(x, ω), (5.1.5)

curlxẼ(x, ω) = (iw)μH̃(x, ω), (5.1.6)

divx(Ẽ(x, ω)) =
ρ̃(x, ω)

ε
, (5.1.7)

divx(H̃(x,w)) = 0, (5.1.8)

39
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where i2 = −1, and ω denotes the frequency and J, ρ̃, ε and μ are given.

curlxH̃(x, ω) = (
∂H̃3

∂x2

− ∂H̃2

∂x3

,
∂H̃1

∂x3

− ∂H̃3

∂x1

,
∂H̃2

∂x1

− ∂H̃1

∂x2

),

curlxẼ(x, ω) = (
∂Ẽ3

∂x2

− ∂Ẽ2

∂x3

,
∂Ẽ1

∂x3

− ∂Ẽ3

∂x1

,
∂Ẽ2

∂x1

− ∂Ẽ1

∂x2

),

divx(Ẽ(x, ω)) =
∂Ẽ1

∂x1

+
∂Ẽ2

∂x2

+
∂Ẽ3

∂x3

,

divx(H̃(x,w)) =
∂H̃1

∂x1

+
∂H̃2

∂x2

+
∂H̃3

∂x3

.

The Conservation law of charge is in the following form:

divxJ̃(x,w) + (−iw) ρ̃(x,w) = 0. (5.1.9)

Remark:

Ft[H(x, t)](ω) =

∫ ∞

−∞
H(x, t)eiωtdt

= H̃(x, ω)

Ft[
∂m

∂tm
H(x, t)](ω) = (−iω)mFt[H(x, t)](ω)

= (−iω)mH̃(x, ω)

Ft[divx(εE(x, t)] = divx(εẼ(x, ω))

where Ẽ(x, ω), be the Fourier transform image of the electric field E(x, t), H̃(x, ω),

be the Fourier transform image of the magnetic field H(x, t).

Applying curl operator to eqn (5.1.5) we find

curlcurlH̃(x, ω) − ω2ε(x)μH̃(x, ω) = curlJ̃(x, ω),

(∇xdivx − Δx)H̃(x, ω) − ω2ε(x)μH̃(x, ω) = curlJ̃(x, ω).

From ⇒ divxH̃(x, ω) = 0 we have

ΔxH̃(x, ω) + ω2ε(x)μH̃(x, ω) = −curlJ̃(x, ω), (5.1.10)

curlxJ̃(x, ω) = (
∂J̃3

∂x2

− ∂J̃2

∂x3

,
∂J̃1

∂x3

− ∂J̃3

∂x1

,
∂J̃2

∂x1

− ∂J̃1

∂x2

)
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from (5.1.5), we have

(−iω)εẼ(x, ω) = curlxH̃(x, ω) − J̃(x, ω)

or

Ẽ(x, ω) = − 1

iωε
[curlxH̃(x, ω) − J̃(x, ω)]. (5.1.11)

We assume that the vector functions H̃ , Ẽ J̃ and the scalar function ρ̃ are independent

of x3. These functions depend on the variable x1, x2 and the frequency ω.

5.2 The Problem for the Maxwell’s equations in a rectangle with the Perfect
Conductor Conditions

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle, Γ be the boundary of D. We assume that J̃ = 0 on the boundary

Γ. Let’s consider the system (5.1.5) - (5.1.8) in D with the following perfect conductor

conditions on the boundary Γ:

Ẽ × ν = 0, (5.2.1)

H̃ × ν = Js, (5.2.2)

εẼ · ν = ρs, (5.2.3)

μH̃ · ν = 0, (5.2.4)

where ν is a unit normal vector at the surface of the conductor (on the boundary Γ);

Js is the surface current density on the boundary Γ; ρs is the surface change density

on the boundary Γ. The electric field is normal and the magnetic field tangential at the

surface of a perfect conductor. From eqn (5.1.5) we have

curlH̃ × ν = (−iω)εẼ × ν + J̃ × ν.

Let us consider the last equation on the boundary Γ, i.e.

(curlH̃ × ν)|Γ = (−iω)ε(Ẽ × ν)|Γ + J̃ × ν|Γ.

Since Ẽ × ν = 0, J̃ × ν = 0, we find

(curlH̃ × ν)|Γ = 0. (5.2.5)
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We have from eqn (5.2.4) that

H̃ · ν|Γ = 0. (5.2.6)

The boundary Γ may be presented in the form: Γ = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4, where Γ1 =

{(x1, x2) : x1 = 0, x2 ∈ (0, b2)}, Γ2 = {(x1, x2) : x1 ∈ (0, b1), x2 = b2}, Γ3 =

{(x1, x2) : x1 = b1, x2 ∈ (0, b2)}, Γ4 = {(x1, x2) : x1 ∈ (0, b1), x2 = 0}.

Let’s consider the normal unit vector ν on the Γ1 : ν = (−1, 0, 0). The condition

H̃ · ν|Γ1 = 0 can be written in the form:

H̃ · ν|Γ1 = 0 ⇒ (H̃1, H̃2, H̃3) · (−1, 0, 0, )|Γ1 = −H̃1|Γ1 = 0, x2 ∈ (0, b2). (5.2.7)

curlH̃ = (
∂H̃3

∂x2

,−∂H̃3

∂x1

,
∂H̃2

∂x1

− ∂H̃1

∂x2

).

Using the independence H̃k, k=1,2,3, from x3 and the condition (5.1.5) we find

curlH̃|Γ1 = (
∂H̃3

∂x2

,−∂H̃3

∂x1

,
∂H̃2

∂x1

)|Γ1 .

Using(5.2.5), we find

curlH̃|Γ1 × ν = 0 ⇔ (0,−∂H̃2

∂x1

,−∂H̃3

∂x1

)|Γ1 = 0,

or
∂H̃2

∂x1

|Γ1 = 0,
∂H̃3

∂x1

|Γ1 = 0.

As a result, we find the boundary condition on the Γ1 as follows:

H̃1|Γ1 = 0,
∂H̃2

∂x1

|Γ1 = 0,
∂H̃3

∂x1

|Γ1 = 0. (5.2.8)

Let’s consider the normal unit vector ν = (1, 0, 0) on the Γ3, we find from (5.2.6)

H̃ · ν|Γ3 = 0 ⇒ (H̃1, H̃2, H̃3) · (1, 0, 0, )|Γ3 = H̃1|Γ3 = 0. (5.2.9)
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Hence

curlH̃|Γ3 = (
∂H̃3

∂x2

,−∂H̃3

∂x1

,
∂H̃2

∂x1

).

Using (5.2.5), we find

(curlH̃ × ν)|Γ3 = 0 ⇔ (0,
∂H̃2

∂x1

,−∂H̃3

∂x1

)|Γ3 = 0

or
∂H̃2

∂x1

|Γ3 = 0,
∂H̃3

∂x1

|Γ3 = 0.

As a result, we find the boundary condition on the Γ3 as follows:

H̃1|Γ3 = 0,
∂H̃2

∂x1

|Γ3 = 0,
∂H̃3

∂x1

|Γ3 = 0. (5.2.10)

Let’s consider the normal unit vector ν = (0, 1, 0) on the Γ2, we have from (5.2.6)

H̃ · ν|Γ2 = 0. (5.2.11)

Applying curl to H̃ we have

curlH̃|Γ2 = (
∂H̃3

∂x2

,−∂H̃3

∂x1

,−∂H̃1

∂x2

).

Using(5.2.5), we find

(curlH̃ × ν)|Γ2 = 0.

This means that

⇔ ∂H̃1

∂x2

|Γ2 = 0,
∂H̃3

∂x2

|Γ2 = 0.

As a result, we find the boundary condition on the Γ2 as follows:

H̃2|Γ2 = 0,
∂H̃1

∂x2

|Γ2 = 0,
∂H̃3

∂x2

|Γ2 = 0. (5.2.12)

Let’s consider the normal unit vector ν = (0,−1, 0) on the Γ4.

Using (5.2.6) we have

H̃ · ν|Γ4 = 0. (5.2.13)

We find curlH̃ on the Γ4,

curlH̃|Γ4 = (
∂H̃3

∂x2

,−∂H̃3

∂x1

,−∂H̃1

∂x2

).
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From (5.2.5), we find

(curlH̃ × ν)|Γ4 = 0.

Hence
∂H̃1

∂x2

|Γ4 = 0,
∂H̃3

∂x2

|Γ4 = 0.

As a result, we find the boundary condition on the Γ4 as follows:

H̃2|Γ4 = 0,
∂H̃1

∂x2

|Γ4 = 0,
∂H̃3

∂x2

|Γ4 = 0. (5.2.14)

From eqn (5.2.8), (5.2.10), (5.2.12), (5.2.14) and boundary conditions, we have the

following three problems for the Helmholtz equation:

5.2.1 Mixed Problem 1 for the Helmholtz equation

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Find H̃1(x1, x2) satisfying the Helmholtz equation

∂2H̃1

∂x2
1

+
∂2H̃1

∂x2
2

+ a2H̃1 = f H̃
1 , (x1, x2) ∈ D, (5.2.15)

and the following boundary conditions

H̃1(0, x2) = 0, H̃1(b1, x2) = 0, (5.2.16)

∂H̃1

∂x2

(x1, 0) = 0,
∂H̃1

∂x2

(x1, b2) = 0, (5.2.17)

where a2 = εμω2, f H̃
1 = −(curlJ̃1) = −∂J̃3

∂x2
.
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5.2.2 Mixed Problem 2 for the Helmholtz equation

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Find H̃2(x1, x2) satisfying the Helmholtz equation

∂2H̃2

∂x2
1

+
∂2H̃2

∂x2
2

+ a2H̃2 = f H̃
2 , (5.2.18)

and the following boundary conditions

∂H̃2

∂x1

(0, x2) = 0,
∂H̃2

∂x1

(b1, x2) = 0, (5.2.19)

H̃2(x1, 0) = 0, H̃2(x1, b2) = 0, (5.2.20)

where a2 = εμω2, f H̃
2 = −(curlJ̃2) = ∂J̃3

∂x1
.

5.2.3 Neumann Problem 3 for the Helmholtz equation

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Find H̃3(x1, x2) satisfying the Helmholtz equation

∂2H̃3

∂x2
1

+
∂2H̃3

∂x2
2

+ a2H̃3 = f H̃
3 , (5.2.21)

and the following boundary conditions

∂H̃3

∂x1

(0, x2) = 0,
∂H̃3

∂x1

(b1, x2) = 0, (5.2.22)

∂H̃3

∂x2

(x1, 0) = 0,
∂H̃3

∂x2

(x1, b2) = 0, (5.2.23)

where a2 = εμω2, f H̃
3 = −(curlJ̃3) = −∂J̃2

∂x1
+ ∂J̃1

∂x2
.

5.2.4 Fourier Series Expansion Method for solving the Problem 1

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following mixed problem for the Helmholtz



46

equation in the rectangle D :

∂2H̃1

∂x2
1

+
∂2H̃1

∂x2
2

+ a2H̃1 = f H̃
1 , (x1, x2) ∈ D, (5.2.24)

H̃1(0, x2) = 0, H̃1(b1, x2) = 0, 0 ≤ x2 ≤ b2, (5.2.25)

∂H̃1(x1, 0)

∂x2

= 0,
∂H̃1(x1, b2)

∂x2

= 0, 0 ≤ x1 ≤ b1, (5.2.26)

a > 0 is a given real number, f H̃
1 (x1, x2) is a given function. Find H̃1(x1, x2) satisfying

(5.2.24) - (5.2.26).

The solution of this problem has several steps. We will find the solution in the form:

H̃1(x1, x2) =
∞∑

k=0

X(x1)Y (x2), (5.2.27)

where Xk(x1), k=0,1,2,... are set of unknown functions; Yk(x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:

Y ′′(x2) + λY (x2) = 0, (5.2.28)

Y ′(0) = 0, Y ′(b2) = 0, (5.2.29)

where x2 ∈ (0, b2); b2 > 0 is given number; λ = λk = (kπ
b2

)2, for k=0,1,2,,. . . are

eigenvalues corresponding to eigenfunctions

Y0(x2) =

√
1

b2

, (5.2.30)

Yk(x2) =

√
2

b2

. cos(
kπ

b2

x2), k = 1, 2, 3, .... (5.2.31)
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The Fourier series expansion of f H̃
1 (x1, x2) is given in the form:

f H̃
1 (x1, x2) =

∞∑
k=0

f H̃
1k(x1)Yk(x2), (5.2.32)

where f H̃
1k(x1) =

∫ b2
0

f H̃
1 (x1, x2)Yk(x2)dx2. Substituting (5.2.27) and (5.2.32) into

(5.2.24), we have

∞∑
k=0

[X ′′
k (x1)Yk(x2) + Xk(x1)Y

′′
k (x2) + a2Xk(x1)Yk(x2) − f H̃

1k(x1)Yk(x2)]

=
∞∑

k=0

f H̃
1k(x1)Yk(x2)

or ∞∑
k=0

[X ′′
k (x1) − λkXk(x1) + a2Xk(x1) − f H̃

1k(x1)]Yk(x2)

=
∞∑

k=0

f H̃
1k(x1)Yk(x2).

Since {Yk(x2)} is orthonormal set of functions we find the following boundary value

problem for unknown Xk(x1) :

X ′′
k (x1) + αkXk(x1) = f H̃

1k(x1), k = 0, 1, 2, ... (5.2.33)

Xk(0) = 0, Xk(b1) = 0, (5.2.34)

where x1 ∈ (0, b1). αk = a2 − λk; b1 > 0 is given number.

a)Let us consider the Case 1 : αk > 0, k = 0, 1, 2, . . . , n − 1. We find the general

solution of (5.2.33), (5.2.34) in the form:

Xk(x1) =
1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
1k(ξ)dξ

+ sin(
√

αkx1)

∫ b1

0

sin(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

1k(ξ)dξ

]
.

b)If a2 − λk = 0, then a general solution of (5.2.33), (5.2.34) we find in the form:

Xn(x1) =

∫ x1

0

(x1 − ξ)fn(ξ)dξ − x1

b1

∫ b1

0

(b1 − ξ)f H̃
1n(ξ)dξ.

c)Let us consider the Case 2: αk < 0, k = n + 1, n + 2, . . . . We find the general
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solution of (5.2.33), (5.2.34) in the form:

Xk(x1) =
1√|αk|

∫ x1

0

sinh(
√
|αk|(x1 − ξ))f H̃

1k(ξ)dξ

−sinh(
√|αk|x1)√|αk|

∫ b1

0

sinh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
1k(ξ)dξ.

Finally, the solution of (5.2.24) - (5.2.26) is given by:

H̃1(x1, x2) =
n−1∑
k=0

1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
1k(ξ)dξ

+ sin(
√

αkx1)

∫ b1

0

sin(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

1k(ξ)dξ

]

.

√
2

b2

. cos(
kπ

b2

x2) +

[ ∫ x1

0

(x1 − ξ)f H̃
1n(ξ)dξ

− x1

b1

∫ b1

0

(b1 − ξ)f H̃
1n(ξ)dξ

]√
1

b2

+
∞∑

k=n+1

1√|αk|

[ ∫ x1

0

sinh(
√

|αk|(x1 − ξ))f H̃
1k(ξ)dξ

− sinh(
√

|αk|x1)

∫ b1

0

sinh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
1k(ξ)dξ

]

√
2

b2

. cos(
kπ

b2

x2). (5.2.35)

5.2.5 Fourier Series Expansion Method for solving the Problem 2

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following mixed problem for the Helmholtz

equation in the rectangle D :

∂2H̃2

∂x2
1

+
∂2H̃2

∂x2
2

+ a2H̃2 = f H̃
2 , (x1, x2) ∈ D, (5.2.36)

∂H̃2(0, x2)

∂x1

= 0,
∂H̃2(b1, x2)

∂x1

= 0, 0 ≤ x1 ≤ b1, (5.2.37)

H̃2(x1, 0) = 0, H̃2(x1, b2) = 0, 0 ≤ x2 ≤ b2, (5.2.38)
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where a > 0 is a given real number, f H̃
2 (x1, x2) is a given function. Find H̃2(x1, x2)

satisfying (5.2.36) - (5.2.38).

The solution of this problem has several steps. We will find the solution in the form:

H̃2(x1, x2) =
∞∑

k=0

Xk(x1)Yk(x2), (5.2.39)

where Xk(x1) k=0,1,2,... are set of unknown functions; Yk(x2) k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:

Y ′′(x2) + λY (x2) = 0, (5.2.40)

Y (0) = 0, Y (b2) = 0, (5.2.41)

where x2 ∈ (0, b2); b2 > 0 is given number; λ = λk = (kπ
b2

)2, for k=0,1,2,. . . are

eigenvalues corresponding to eigenfunctions

Yk(0) =

√
1

b2

, (5.2.42)

Yk(x2) =

√
2

b2

sin(
√

λkx2). (5.2.43)

k=1,2,3,... The Fourier series expansion of f H̃
2 (x1, x2) is given in the form:

f H̃
2 (x1, x2) =

∞∑
k=0

f H̃
2k(x1)Yk(x2), (5.2.44)

where f H̃
2k(x1) =

∫ b2
0

f H̃
2 (x1, x2)Yk(x2)dx2. Substituting (5.2.39) and (5.2.44) into

(5.2.36), we have

∞∑
k=0

[X ′′
k (x1)Yk(x2) + Xk(x1)Y

′′
k (x2) + a2Xk(x1)Yk(x2) − f H̃

2k(x1)Yk(x2)]
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=
∞∑

k=0

f H̃
2k(x1)Yk(x2)

or ∞∑
k=0

[X ′′
k (x1) − λkXk(x1) + a2Xk(x1) − f H̃

2k(x1)]Yk(x2)

=
∞∑

k=0

f H̃
2k(x1)Yk(x2).

Since {Yk(x2)} is orthonormal set of functions, we find the following boundary value

problem for unknown Xk(x1) :

X ′′
k (x1) + αkXk(x1) = f H̃

2k(x1), k = 0, 1, 2, ... (5.2.45)

X ′
k(0) = 0, X ′

k(b1) = 0, (5.2.46)

where x1 ∈ (0, b1). αk = a2 − λk; b1 > 0 is given number.

a)Let us consider the Case 1 : αk > 0, k = 0, 1, 2, . . . , n − 1. We find the general

solution of (5.2.45), (5.2.46) in the form:

Xk(x1) =
1√
αk

∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
2k(ξ)dξ

−cos(
√

αkx1)√
αk

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

2k(ξ)dξ.

b)If a2 − λk = 0, then we find the general solution of (5.2.45), (5.2.46) in the form:

Xn(x1) =

∫ x1

0

(x1 − ξ)f H̃
2n(ξ)dξ + dn.

Remark: The necessary condition for existence of the solution:

∫ b1

0

f H̃
2n(r)dr = 0.

We find the following result of Xn(x1) :

Xn(x1) =

∫ x1

0

(x1 − ξ)f H̃
2n(ξ)dξ + dn,

where dn is an arbitrary constant.

c)Let us consider the Case 2: αk < 0, k = n + 1, n + 2, . . . . We find the general
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solution of (5.2.45), (5.2.46) in the form:

Xk(x1) =
1√|αk|

∫ x1

0

sinh(
√
|αk|(x1 − ξ))f H̃

2k(ξ)dξ

+
sinh(

√|αk|x1)√|αk|

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
2k(ξ)dξ.

Finally, the solution of (5.2.36) - (5.2.38) is given by:

H̃2(x1, x2) =
n−1∑
k=0

1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
2k(ξ)dξ

− cos(
√

αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

2k(ξ)dξ

]

.

√
2

b2

. sin(
kπ

b2

x2) +

[ ∫ x1

0

(x1 − ξ)f H̃
2n(ξ)dξ + dn

]√
1

b2

+
∞∑

k=n+1

1√|αk|

[ ∫ x1

0

sinh(
√

|αk|(x1 − ξ))f H̃
2k(ξ)dξ

+ sinh(
√

|αk|x1)

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
2k(ξ)dξ

]

√
2

b2

. sin(
kπ

b2

x2). (5.2.47)

5.2.6 Fourier Series Expansion Method for Solving the Problem 3

Let b1 > 0, b2 > 0 be given numbers; D = {(x1, x2) ∈ R2 : 0 < x1 < b1, 0 < x2 <

b2} be a rectangle. Let’s consider the following Neumann problem for the Helmholtz

equation in the rectangle D :

∂2H̃3

∂x2
1

+
∂2H̃3

∂x2
2

+ a2H̃3 = f H̃
3 , (x1, x2) ∈ D, (5.2.48)

∂H̃3(0, x2)

∂x1

= 0,
∂H̃3(b1, x2)

∂x1

= 0, 0 ≤ x2 ≤ b2, (5.2.49)

∂H3(x1, 0)

∂x2

= 0,
∂H̃3(x1, b2)

∂x2

= 0, 0 ≤ x1 ≤ b1, (5.2.50)

where a > 0 is a given real number, f H̃
3 is a given function. Find H̃3(x1, x2) satisfying

(5.2.48) - (5.2.50).
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The solution of this problem has several steps. We will find the solution in the form:

H̃3(x1, x2) =
∞∑

k=0

Xk(x1)Yk(x2), (5.2.51)

where Xk(x1), k=0,1,2,... are set of unknown functions; Yk(x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:

Y ′′(x2) + λY (x2) = 0, (5.2.52)

Y ′(0) = 0, Y ′(b2) = 0, (5.2.53)

where x2 ∈ (0, b2); b2 > 0 is given number; λ = λk = (kπ
b2

)2, for k=0,1,2,. . . are

eigenvalues corresponding to eigenfunctions

Y0(x2) =

√
1

b2

, k = 0, (5.2.54)

Yk(x2) =

√
2

b2

. cos(
kπ

b2

x2), k = 1, 2, 3, .... (5.2.55)

The Fourier series expansion of f H̃
3 (x1, x2) is given in the form:

f H̃
3 (x1, x2) =

∞∑
k=0

f H̃
3k(x1)Yk(x2), (5.2.56)

where f H̃
3k(x1) =

∫ b2
0

f H̃
3 (x1, x2)Yk(x2)dx2. Substituting (5.2.51) and (5.2.56) into

(5.2.48), we have

∞∑
k=0

[X ′′
k (x1) − λkXk(x1) + a2Xk(x1) − f H̃

3k(x1)]Yk(x2)

=
∞∑

k=0

f H̃
3k(x1)Yk(x2).
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Since {Yk(x2)} is orthonormal set of functions, we find the following boundary value

problem Xk(x1) :

X ′′
k (x1) + αkXk(x1) = f H̃

3k(x1), k = 0, 1, 2, ... (5.2.57)

X ′
k(0) = 0, X ′

k(b1) = 0, (5.2.58)

where x1 ∈ (0, b1). αk = a2 − λk; b1 > 0 is given number.

a)Let us consider the Case 1 : αk > 0, k = 0, 1, 2, . . . , n − 1. We find the general

solution of (5.2.57), (5.2.58) in the form:

Xk(x1) =
1√
αk

[

∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
3k(ξ)dξ

+ cos(
√

αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

3k(ξ)dξ].

b)If a2 − λk = 0, then we find the general solution of (5.2.57), (5.2.58) in the form:

Xn(x1) =

∫ x1

0

(x1 − ξ)f H̃
3n(ξ)dξ + dn.

Remark: The necessary condition for existence of the solution:

∫ b1

0

f H̃
2n(r)dr = 0.

We find the following result of Xn(x1) :

Xn(x1) =

∫ x1

0

(x1 − ξ)f H̃
2n(ξ)dξ + dn,

where dn is an arbitrary constant.

c)Let us consider the Case 2: αk < 0, k = n + 1, n + 2, . . . . We find the general

solution of (5.2.57), (5.2.58) in the form:

Xk(x1) =
1√|αk|

[

∫ x1

0

sinh(
√
|αk|(x1 − ξ))f H̃

3k(ξ)dξ

− cosh(
√
|αk|x1)

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
3k(ξ)dξ]. (5.2.59)
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Finally, the solution of (5.2.48) - (5.2.50) is given by:

H̃3(x1, x2) =
n−1∑
k=0

1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
3k(ξ)dξ

+ cos(
√

αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

3k(ξ)dξ

]√
2

b2

. cos(
kπ

b2

x2) +

[ ∫ x1

0

(x1 − ξ)f H̃
3n(ξ)dξ + dn

]√
1

b2

+
∞∑

k=n+1

1√|αk|

[ ∫ x1

0

sinh(
√

|αk|(x1 − ξ))f H̃
3k(ξ)dξ

− cosh(
√
|αk|x1)

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
3k(ξ)dξ

]

√
2

b2

. cos(
kπ

b2

x2). (5.2.60)

5.3 Finding Formulae for Electric Field

From eqn (5.1.11),

Ẽ(x, ω) = − 1

iωε
[curlxH̃(x, ω) − J̃(x, ω)]

and curlH̃

curlH̃ = (
∂H̃3

∂x2

,−∂H̃3

∂x1

,
∂H̃2

∂x1

− ∂H̃1

∂x2

)

we have the following three formulaes for the electric field Ẽ(x, ω) :

Ẽ1(x, ω) = − 1

iωε
[
∂H̃3

∂x2

− J̃1(x, ω)], (5.3.1)

Ẽ2(x, ω) = − 1

iωε
[−∂H̃3

∂x1

− J̃2(x, ω)], (5.3.2)

Ẽ3(x, ω) = − 1

iωε
[
∂H̃2

∂x1

− ∂H̃1

∂x2

− J̃3(x, ω)]. (5.3.3)
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As a result,we find the following formulaes:

Ẽ1(x, ω) = − 1

iωε

{ n−1∑
k=0

−kπ

b2

√
2

b2

1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
3k(ξ)dξ

+ cos(
√

αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

3k(ξ)dξ

]

. sin(
kπ

b2

x2) +
∞∑

k=n+1

−kπ

b2

√
2

b2

1√|αk|

.

[ ∫ x1

0

sinh(
√

|αk|(x1 − ξ))f H̃
3k(ξ)dξ

− cosh(
√

|αk|x1)

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
3k(ξ)dξ

]

sin(
kπ

b2

x2) − J̃1(x, ω)

}
. (5.3.4)

Ẽ2(x, ω) = − 1

iωε

{
−

[ n−1∑
k=0

√
2

b2

∫ x1

0

cos(
√

αk(x1 − ξ))f H̃
3k(ξ)dξ

− √
αk sin(

√
αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

3k(ξ)dξ

]
cos(

kπ

b2

x2)

−
√

1

b2

∫ x1

0

f H̃
3n(ξ)dξ −

∞∑
k=n+1

√
2

b2

[ ∫ x1

0

cosh(
√
|αk|(x1 − ξ))f H̃

3k(ξ)dξ

−
√

|αk| sinh(
√
|αk|x1)

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
3k(ξ)dξ

]

. cos(
kπ

b2

x2) − J̃2(x, ω)

}
. (5.3.5)



56

Ẽ3(x, ω) = − 1

iωε

{[ n−1∑
k=0

√
2

b2

∫ x1

0

cos(
√

αk(x1 − ξ))f H̃
2k(ξ)dξ

+
√

αk sin(
√

αkx1)

∫ b1

0

cos(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

2k(ξ)dξ

]

. sin(
kπ

b2

x2) +

√
1

b2

∫ x1

0

f H̃
2n(ξ)dξ

−
∞∑

k=n+1

√
2

b2

[ ∫ x1

0

cosh(
√

|αk|(x1 − ξ))f H̃
2k(ξ)dξ

+
√
|αk| cosh(

√
|αk|x1)

∫ b1

0

cosh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
2k(ξ)dξ

]

. sin(
kπ

b2

x2) +
n−1∑
k=0

kπ

b2

√
2

b2

1√
αk

[ ∫ x1

0

sin(
√

αk(x1 − ξ))f H̃
1k(ξ)dξ

+ sin(
√

αkx1)

∫ b1

0

sin(
√

αk(b1 − ξ))

sin(
√

αkb1)
f H̃

1k(ξ)dξ

]

. sin(
kπ

b2

x2) +
∞∑

k=n+1

kπ

b2

√
2

b2

1√|αk|

[ ∫ x1

0

sinh(
√

|αk|(x1 − ξ))f H̃
1k(ξ)dξ

− sinh(
√
|αk|x1)

∫ b1

0

sinh(
√|αk|(b1 − ξ))

sinh(
√|αk|b1)

f H̃
1k(ξ)dξ

]

. sin(
kπ

b2

x2) − J̃3(x, ω)

}
. (5.3.6)



CHAPTER SIX
CONCLUSION

The main result of this thesis are the following;

• The inhomogeneous Poisson and Helmholtz equations with the Dirichlet, Neu-

mann and mixed boundary conditions in given rectangular domains have been

solved by the Fourier series expansion method.

• The Fourier series expansion method is implemented for solving Maxwell’s equa-

tions with perfect conductor boundary conditions in a rectangular domain.

• Maxwell’s equations with given boundary conditions have been reduced to sev-

eral mixed problem for the inhomogeneous Helmholtz equations.

• The obtained problems have been solved using the Fourier series expansion

method.

• Solutions of all problems are presented explicitly in the form of the Fourier series

expansion.
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