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FOURIER SERIES EXPANSION METHOD
FOR SOLVING SOME PROBLEMS OF ELECTROMAGNETICS

ABSTRACT

The explicit formulae for solutions of boundary value problems for the inhomoge-

neous Poisson, Helmholtz and Maxwell’s equations are obtained in this thesis.

The formulae for solutions of the considered problem have been obtained by the
Fourier series expansion method. These formulae have been obtained in the form of

the Fourier series.

Theory of partial differential equations and ordinary differential equations, theory

of generalized functions are actively used in this thesis.

Keywords: Fourier series expansion method, Poisson equation, Helmholtz equation,
Maxwell’s equation system, eigenvalues and eigenfunctions of the ordinary

differential operator.
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BAZI ELEKTROMAGNETIK PROBLEMLERI
ICIN FOURIER SERISINE ACILIM YONTEMI

0z
Bu tezde homojen olmayan Poisson, Helmholtz ve Maxwell denklemlerinin

sinir deger problemlerinin ¢oziimleri elde edildi.

Fourier serilerine agilim yontemi kullanilarak bu problemlerin ¢oziimleri

olusturuldu. Bu ¢6ziimler Fourier serileri formundadir.

Kismi diferansiyel denklemler ve normal diferansiyel denklemler teorileri,

genellestirilmis fonksiyon teorisi tezde aktif olarak kullanildi.

Anahtar sozciikler:Fourier serilerine agilim yontemi, Helmholtz denklemi, Maxwell
denklem sistemi,simiilasyon, Cramer kurali, normal diferansiyel denklemlerin

ozdegerleri ve 6zfonksiyonlari.
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CHAPTER ONE
INTRODUCTION

Many problems of physics and engineering are stated in terms of the boundary value
problems for partial differential equations (Courant and Hilbert (1962), Eom (2003),
Kong (1986), Monk (2003), Ramo S., Whinnery J. R., Duzer T. (1994), Tai (1994),
Vagner D., Lemrikov B.I. and Wyder P. (2004), Vladimirov (1971)).

One of the methods for solving these problem is the Fourier series expansion method
(Courant and Hilbert (1962), Pinsky (1991), Tikhonow and Samarskii (1963), Vladimirov
(1971)). This method has the following steps. The first step is solving eigenvalue and
eigenfunction problem for an differential operator. The set of eigenfunctions is orthog-
onal and complete. A solution of the original boundary value problem find in the form
of the Fourier series expansion according to eigenfunctions found on the first step of
solving. The coefficients of this Fourier series are unknown. These coefficients are

determined using the given boundary conditions.

One of the goals of the thesis is to solve the inhomogeneous Poisson equation,
Helmholtz equations with Dirichlet, Neumann and mixed boundary conditions by means

of the Fourier series expansion method.

The second goal of the thesis is to solve Maxwell’s equations with perfect conductor
conditions on the boundary of a given rectangle by the reduction of the considered
problem to the mixed boundary value problems for the inhomogeneous Poisson and
Helmbholtz equations. The solutions of the reduced problems are derived in the form of

the Fourier series expansion.

The thesis is organized as follows:
The Chapter 2 is devoted to eigenvalue and eigenfunction problems for the ordinary

differential equation with the Dirichlet, Neumann and mixed boundary conditions.

In the Chapter 3 the Poisson equation with the Dirichlet and Neumann conditions
is considered. These boundary value problems for the Poisson equation are solved by
the Fourier series expansion method. The explicit formulae for the solutions are main

results of this chapter.

The inhomogeneous Helmholtz equation with Dirichlet, Neumann and mixed bound-

ary conditions is considered in the Chapter 4. The main object of this chapter is bound-
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ary value problems for the inhomogeneous Helmholtz equation. The explicit formulae
for solutions of these problems are obtained in this chapter. The Fourier series expan-

sion method is used for solving these boundary value problems.

The frequency-dependent Maxwell’s equations with perfect conductor boundary
conditions in a rectangular domain are considered in the Chapter 5. This boundary
value problem for Maxwell’s equations is reduced to several boundary value problems
for the inhomogeneous Helmholtz equation. The obtained boundary value problems
are solved by the Fourier series expansion method. The solutions of the problems are

presented in the form of the Fourier series.



CHAPTER TWO
STURM-LIOUVILLE PROBLEMS

2.1 Sturm-Liouville Problem with Dirichlet Boundary Condition

Consider the following Sturm-Liouville Promlems (SLP)
y'(z) + Ay(x) =0, 0<z<b, (2.1.1)

y(0) =0, y(b) =0, (2.1.2)

where b is a given positive number, A is a parameter.
Definition: A number A for which there exists a nonzero function y(x) satisfying
(2.1.1) - (2.1.2) is called an eigenvalue and this nonzero function is called an eigen-

function corresponding to .

The main problem of this section is to find all eigenvalues and corresponding to

them eigenfunctions.

We have three cases for the parameter A :
Casel : A < 0;Case2 : A= 0;Case3 : A > 0.
1) Case 1: For A\ < 0, we have a general solution for (2.1.1) as in the form:
y(x) = cle\/mx + cpe” VI, (2.1.3)
Substituting (2.1.3) into (2.1.2), we get
y(0) =c1+ 2 =0,

y(b) = creV 4 eV —

This system is a linear algebraic system according to cy, cs.

The determinant of this matrix is different from zero:
—/I\p b
detM = e~ VA0 _ oV IA ,

= 2Sinh+/|\b # 0.

3
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Using Cramer’s rule we find ¢; = ¢y = 0. This system has trivial solution, ¢; = c3 = 0,

so there is no eigenvalues and eigenfunctions in the region A < 0.

2) Case 2: For A = 0, we have a general solution for (2.1.1) as in the form:
y(xr) = 1z + co. (2.1.4)
Substituting (2.1.4) into (2.1.2), we get
y(0) =104+ =0, = ¢ =0,
using the last equation, we have
y(b) =c1b=0 = ¢, =0,

since b # 0. This implies that for A = 0 we have zero solution, so A = 0 is not an

eigenvalue and eigenfunctions.

3) Case 3: For A > 0, we have a general solution for (2.1.1) in the form:
y(z) = ¢ cos(VAz) + o sin(Vx). (2.1.5)
Substituting (2.1.5) into (2.1.2), we get
y(0) = ¢1 cos(VA0) + ¢ sin(VA0) = ¢ =0,
using the last equation, we have
y(b) = casin(VAb).

For finding a solution we may choose ¢, # 0 and implies that sin(v/\b) = 0. We find
that vAb = kr for k=1,2,3,... that is

k
Ao = (%)2, for k=1,2,3,..

So we have eigenvalues )\ and corresponding eigenfunctions yx(z) = cosin(y/Axx)

for k=1,2,3,... We can normalize this orthogonal functions by choosing ¢y = %



We note that

’ "1 — cos(2v/A
|yk|2:/ sin?(\/ \pr)dr = / COS<2 kx)dx
0 0
1 I
= —/ dx—§/ cos(2v/ Apx)dx
0 0

2
1[0 1 [

= —/ da:——/ cos(2+/ Apx)dx
2 Jo 2 Jo

_ !

= 5

Thus,

b b
/cfsinQ(\/Akx)dx = cg/ sin®(y/ Az )dz
0 0
b
2_
= 022

= 1

= Co = \/%
if ¢ = | /2, then
2
yr(xe) = \/;sm(\/ AkTo). (2.1.6)

4) Conclusion: The eigenvalue-eigenfunction problem (2.1.1), (2.1.2) has the following

solution:

Ak = (%W)?, yi(z) = \/%sin(\/)\—kx) k=1,2,3,... (2.1.7)

where )\ are eigenvalues and y;(z) are eigenfunctions corresponding to these eigen-

values.

2.2 Sturm-Liouville Problem with Neumann Boundary Condition

Consider the following SLP
y'(x)+ My(z) =0, 0<z<b, (2.2.1)

y'(0)=0, ¥'(b)=0, (2.2.2)



where b is a given positive number, A is a parameter.

We have three cases for the parameter \.
Casel : A < 0;Case2 : A= 0;Case3 : A > 0.
1) Case 1: For A\ < 0, we have a general solution for (2.2.1) as in the form:
y(z) = eV 4 cpem VIR, (2.2.3)

Y (x) = i/ eV 4 o (—/|A)e VI, (2.2.4)

Substituting (2.2.4) into (2.2.2), we get:
y'(0) =c1 — ¢y =0,

y'(b) = eV _ cpe=VINb — g

cr(eVIMb — e=VIABY — o eVIMb _ e=VIAP £ () then ¢; = ¢, = 0. This system
has trivial solution, ¢; = ¢y = 0, so there is no eigenvalues and eigenfunctions in the

region A < 0.

2) Case 2: For A = 0, we have a general solution for (2.2.1) as in the form:
y(xr) = a1z + co. (2.2.5)
Substituting (2.2.5) into (2.2.2) we get:
y'(0)=c1 =0,
using the last equation we have
y'(b) = c1 =0,

since b # 0. This implies that for A\ = 0 we have a solution if we choose ¢ # 0. So
we have y(x) = cy. So for A = 0 is an eigenvalue and y(z) = ¢ is corresponding

eigenfunctions to A = (. We can normalize this eigenfunction by choosing c; = %

3) Case 3: For A\ > 0, we have a general solution for (2.2.1) as in the form:

y(x) = ¢1 cos(VAx) + epsin(VAz), (2.2.6)



i (z) = =V ey sin(VAz) + VAey cos(VAz). (2.2.7)

Substituting (2.2.7) into (2.2.2), we get:
y'(0) = —V ey sin(VA0) + VAey cos(VA0) = ¢ = 0,
using the last equation we have
y'(b) = =V Aey sin(VAD) = 0,

for finding a solution we may choose ¢; # 0 and this implies that sin(v/Ab) = 0 and
VAb = kr fork=1,2,3,... that is
k
Ao = (%)2, for k=1,2,3,..

So we have eigenvalues \; and corresponding eigenvectors yx(z) = ¢1 cos(v/Arx) for

k=1,2,3,... We can normalize this orthogonal functions by choosing ¢; = %

4) Conclusion:The eigenvalue-eigenfunction problem (2.2.1), (2.2.2) has the fol-

1
A0 = 07 yO(m) = \/;a (228)
k_ﬂ'

; 2, y(z) = \/gcos(\/)\_kﬁ), k=1,2,3,.. (2.2.9)

where ), are eigenvalues and y;(x) are eigenvectors corresponding to these eigenval-

lowing solution:

Ak = (

ues.

2.3 Sturm-Liouville Problem with Mixed Boundary Condition

Consider the following SLP
y'(x)+ My(z) =0, 0<z<b, (2.3.1)

y(0) =0, ¥'(b) =0, (2.3.2)

where b is a given positive number, A is a parameter.

We have three cases for the parameter \.

Casel : A < 0;Case2 : A\ =0;Case3 : A > 0.



1) Case 1: For A\ < 0, we have a general solution for (2.3.1) as in the form:

y(x) = e Mo 4 oo VIl (2.3.3)

y'(2) = ci/ |\ eV 4 ey(—/|A)em VM, (2.3.4)
Substituting (2.3.3) and (2.3.4) into (2.3.2), we get:

y(0) =c1 +c2 =0,

Yy (b) = c1/|\eVIM — (\/W) Ab _ .

This system is a linear algebraic system according to ¢y, ¢s. The determinant of this

system, is different from zero:
detM = e~ VI _ oV/IAlb

= 28inh\/|\b # 0.

Using Cramer’s rule, we find ¢; = ¢ = 0.
This system has trivial solution: ¢; = co = 0, so there is no eigenvalues and eigen-

functions in the region A < 0.

2) Case 2: For A = 0, we have a general solution for (2.3.1) as in the form:
y(x) = a1z + o, (2.3.5)

Y (x) = ¢ (2.3.6)

Substituting (2.3.5) and (2.3.6) into (2.3.2), we get:
Y(0)=c104+co=0 = ¢, =0,

y(b)=c1=0= ¢, =0.

In this case the problem has trivial solution. ¢; = ¢ = 0, so for A = 0 isn’t an

eigenvalue.

3) Case 3: For A\ > 0, we have a general solution for (2.3.1) as in the form:

y(z) = ¢ cos(VAz) + epsin(VAzx), (2.3.7)



i (z) = =V ey sin(VAz) + VAey cos(VAz). (2.3.8)

Substituting (2.3.7) and (2.3.8) into (2.3.2), we get:
y(0) = ¢; cos(VA0) + ¢z sin(vVA0) = 0,

y'(b) = —Va Sin(\/Xb) +Vey cos(\/Xb) =0.

Hence we have ¢; = 0 and ¢, cos(v/Ab) = 0. But ¢, cos(v/Ab) = 0 if and only if, either
¢ = 0 or cos(v/Ab) = 0. The condition ¢; = 0 and ¢; = 0 means y(z) = 0. This
doesn’t yield any eigenvalue. If y(x) # 0, then ¢, # 0. Thus cos(v/Ab) = 0 should

hold. This last equation has solutions given by:

(2k — 1)m

A= (T

¥ for k=1,2,3, ..
and the corresponding eigenfunctions are given by:

yrp(T) = ¢ sin(\/)\_kx),

for k=1,2,3,... We can normalize this orthogonal functions by choosing c; = %



CHAPTER THREE
FOURIER SERIES EXPANSION METHOD FOR SOLVING THE
DIRICHLET AND MIXED PROBLEMS OF THE POISSON EQUATION IN A
RECTANGLE

In this section the Dirichlet and Mixed problems for the Poisson equation with the
boundary condition in a rectangle will be studied. We will find an explicit formulae for

a solution.

3.1 Statement of the Dirichlet Problem for the Poisson Equation

Let by > 0, by > 0 be given numbers; D = {(z;,75) € R?: 0 < z; < by, 0 < 13 <
by} be a rectangle. Let’s consider the following Dirichlet problem for the Poisson

equation in the rectangle D :

Pu(zy, me)  Ou(wy, o)

:f(IL‘l,ZL’Q), 0 < a <b1, 0<l‘2<b2, (311)

Ox? o3
U|1" =0«& U(O,xg) =0, U(bl,l’g) =0, 0<zg < bg, (3.1.2)
u(ml,O) =0, U(Il,bg) =0, O<m < b17 (3.1.3)

where T is the boundary of D. The Dirichlet problem consists of finding u(zq, x2),
function satisfying (3.1.1) - (3.1.3). The boundary [' may be presented in the form:

Remark: ' =T, U, UT3 Uy, where I’y = {(z1,22) : 1 = 0, 29 € (0,b9)},
Py = {(zr,22) + 21 € (0,00), w0 = b}, Ty = {(21,22) : 21 = bi, 22 € (0,0)},
ry= {(x1,x2) 1x € (()’ bl)’ Ty = 0}.

X2 4

b>

ry I

domain I

0 T4 by

10
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3.2 Fourier Series Expansion Method for Solving the Dirichlet Problem

For solving the Dirichlet problem, we apply the Fourier series expansion method.
This method has several steps. On the first step, we need to solve the eigenvalue-
eigenfunction problem of finding all eigenvalues and corresponding to them eigen-

functions of the following equation:
X"(x1) + aX(xy) = 0, (3.2.1)

with boundary conditions
X(0)=0, X(b)=0, (3.2.2)

where z; € (0, ;). by > 0 is the given number.

As we showed in Chapter 2 of the thesis, this problem has the following solution:
km
a:ak:(b—) , for k=1,2,3,... (3.2.3)
1

are eigenvalues and corresponding to them eigenfunctions have the form:

2
Xi(z1) = \/bilsin(\/oz_kxl). (3.2.4)

We note that the norm of these eigenfunctions are equal to 1. Eigenfunctions Xj(x;)
for k=1,2,3,..., satisfy (3.2.1) and (3.2.2). The solution of (3.1.1) - (3.1.3). We will

find the solution in the form:

u(@y, ) =y Xp(w1)Yi(a). (3.2.5)

k=1

The function f(z1, z2) can be written in the form of Fourier series expansion:

flan,m) =Y Xi(a) fulan), (3.2.6)
k=1
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where f.(z2) fo (1, x9) Xp(x1)dxy, for k =1,2,3,.... Substituting (3.2.5) and
(3.2.6) into (3.1.1), we have

D Wilw2) Xp(21) + Vi (22) Xe(21)] = D Xalm) fulwa),

= ) [Yi(w2) o Xp(m) + Y (22) Xi(21)] = > Xi(m1) fulaa),
k=1 -

= Z Xi(@1)Y) (22) — 0 Xpp(21)Yi(22)] = ZXk($1)fk($2)7
=1 k=1

= > Xu(@)fulwa) = flwr,w2).

k=1

Also the equation satisfies (3.1.1) - (3.1.3).
u(wy, ) =y Xp(w1)Yi(2), (3.2.7)
k=1

where Xj(z1) k=1,2,3,... are set of eigenfunctions of (3.2.1), (3.2.2); Yi(z5) for
k=1,2,3,... are unknown functions. For finding Y} (z5), we have the following boundary

value problem:
Y/ (x2) — apY(22) = fr(w2), (3.2.8)

Yi(0) =0, Yi(b) =0, (3.2.9)

where xo € (0,02); ap = (’Z—Z)Q > 0 are eigenvalues of (3.2.8), (3.2.9); by > O is a
given number. A general solution of the (3.2.8), when fi(z2) = 0, is given by

Yi(2) = crpeV 1012 4 oy e Vaklzz (3.2.10)

To solve of the non-homogenous problem, we will use variation of the parameters

method. Using the variation of the parameters method, we find the following equalities:

)

((Clk))erx2+\/_er 2c1(22)

(ch) —/agze _ e \/7120 T
Aa) Var ok (T2).

Yi(xy) =

D

_|_



2
Wiley) = T pvmes 4 g0 s

81'22 (fl?g)
82
+ eV (en) (w2) + 850622;) e
0
_ 2@\/@76_\/@” + ape VOE2 (co ) (22).
0(z2)

We can write the following linear algebraic system:

Clip(w2)eVhT2 4y (9)e™VORT2 = (),

Varlp (T2)eVo ™2 — | fagch, (19)e VT2 = fi(xy).

Using Cramer’s rule we find ¢ (z5) and cop(z9) for k=1,2,3,....

eV laklz2 e~V laklz2
o JaReVET2 [ e/
detA = —\/ap — Jar = —2/ap # 0.

0 e~ VarT2
B pr—
fi(wa) —\/age Vokr2
detB = —e Vo2 ) (1,).

eVorT2 0
C p—
VaReYorr o f ()

detC' = eV f; ().
/ _@_\/OTk‘x?fk(I )
Clk(a:Q) = _2\/a_k e
/ 6\/OTkx2fk<x )
ulea) = =5 o

Integrating the last two relations with respect to x5 we find:

€ \/7§fk g)df + Qg,

Clk(xz

2r

eféf (§)d§ + by.

Czk(372)

5w

13

(3.2.11)

Here a; and by, are arbitrary constants. We choose these constants to satisfy boundary

conditions. Using the last two formulaes for ¢y, cox, we find the following equation
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for Yy, () :

Vile) = g | [ e e [T emen i

T ake\/‘Terbke*M”

1 2
— \/—a_k/o sinh(/ag(—& + 22)) fr(§)dE

4 apeVorETz 4 b em VRt

Using the first boundary condition, we have the following equality:
Yk(()):():>ak+bk:0:>bk:—ak
Using the second boundary condition, we have the following equality:

Yi(b2) = 0,
1

0 = \/—a—k[/o Sinh(\/a_k(_f"i‘bQ))fk(g)df} + 2a,sinh(y/agby),

where Vb2 — e=vakb2 = 9 ginh(,/agbs). If we divide by —2 sinh(,/azbs) both side

of the equation above, then we find the following equations:

ey vl " b+ ) |
1 ba
b= o |, S b o]

Substituting ay, and by, into the equation of Y} (x2), we find the following equation:

Yi(zs) = % /  sinh(y/an(—€ + o)) fu(€)de,

_ sinh(y/ayxs) /b2 sinh(y/ag(—& + ba))
NG 0 sinh(y/abs)
We find the solution of (3.1.1) - (3.1.3) as follows:

fe(€)dE.

u(er, ) = fj Ve sn(yare){ = [ s(-¢+ e

sinh(y/@5z) [ sinh(y/ax(—€ + b))
Vo /0 e s fk<£>df}. (3.2.12)
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3.3 Statement of the Mixed Problem for the Poisson Equation

Let by > 0, by > 0 be given numbers; D = {(z1,75) € R?: 0 < 11 < by, 0 < 29 <
by} be a rectangle. Let’s consider the following mixed problem for Poisson equation

in the rectangle D :

Pu(ry,wa)  Pulxy, 10)

= f(.flfl,QIQ), O<a < bl, O<ao < bg, (331)

dx? 3
u(0,29) =0, u(by, z2) =0, 0 < 9 < by, (3.3.2)
0 0 0 b
du(z1,0) — 0, du(x1,bs) =0, 0<uz <b. (3.3.3)
8.132 81’2
b> i
I2
Ty domain D) I3
Iy
0 o), by "

3.4 Fourier Series Expansion Method for Solving the Mixed Problem

The solution of (3.3.1) - (3.3.3) find in the form:

ulay, @) = ) Xi(1)Yi(wa), (3.4.1)

k=0

where X (z1), k=0,1,2,... are set of unknown functions; Y% (z5), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:
Y”($2) — )\Y(QTQ) = 0, (342)
with boundary conditions

Y'(0)=0, Y'(b)=0. (3.4.3)
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The eigenvalues of the problem are A = )\, = —(b—”) k=0,1,2,... and corresponding
to the eigenvectors
1
Yo(xe) =/ —, k=0, (3.4.4)
by
2 k
Yi(zs) = 1/ —. cos(—my), k=123, .. (3.4.5)
by by

The eigenfunctions {Y}(z2)}, k=0,1,2,... is a basis i.e., the function f(z1,x2) can be

written in the form of the following Fourier series expansion:
[z, x2) ka (21)Yg(22), (3.4.6)

where f.(x1) fo (21, 22)Yi(2z2)dzs, k=0,1,2,... Substituting (3.4.6) and (3.4.1)
into (3.3.1) we have

D (X (1) Va(w2) — Xa(2)Y (22) — fulz1)Yi(a2)]
k=0

NE

fe(x1)Yi(z2)

i
=)

or

D X (1) + M Xi(21) = fil@n)] Vi)
k=0

[
WE

Je(@1)Ye(22).

e
I

0
As a result, we have the following boundary value problem for unknown function
Xi(xq) :

Xg(l’l) + )\ka(l’l) = fk(l’l), k= 0, 1, 2, 3, (347)

Xp(0) =0, X;(by) =0. (3.4.8)

We can solve the problem using variation of parameters method. A general solution of

Xk(x1), we find in the form:
Xk(xl) = ak(xl)e Pl + bk(xl)e_ Pl k= 172737 X3

and
Xo(z1) = ao(z1) + bo(71).71,
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where ay, (1), by(x1), ag(x1), bo(x1) are unknown functions. For finding these function
we have these systems:
ag(21) + z1by(z1) = 0,

0.ag(x1) + 1.bg(x1) = fo(z).

And
eV ‘Aklxl.a;(l‘l) +e V \Ak|$1.b;€(x1) =0,

VIARleVP gl (1) + (= /[ Xe]).e VIR (20) = fi(a).
Using Cramer’s rule for the first system, we find:
ag(z1) = — fo(z1).21,

56(951) = fo(x1).

Integrating the last two relations with respect to x1, we find:

ao(z1) = — /U " fo(e)de 1 ao,

bo(1) = /0 Y e)ede + b

Here ay and b, are arbitrary constants. We choose these constants to satisfy boundary
conditions. Using the last formulaes for ag(x;), by(z1) we find the following equation
for X()(Jfl) .

Xolar) = / " (©) (@1 — €)de + a + boas.

Using the first boundary condition, we write the following equality:
Xo(0) =0 = ag=0.

Using the second boundary condition, we write the following equality:
b1 1 bl
Xo(b1) = fo(§) (b1 — €)dE +b1.by =0 = by = i fo(§)(b1 — §)d¢.
0 1Jo

We find the following result of Xy () :

Xo(z1) = /0 " - ) folee - /0 (b - OfOdE. (349)



18

Let now k=1,2,3,... Using Cramer’s rule for the second system, we find:

/ 1 — x
ap(r1) = 2¢/|A !f’“(xl)e Vil
k

by (1) = 2 Ve
(0) = =gl

Integrating the last two relations with respect to x;, we find:

ap(ry) = 2/ | k| /oxl fk(ﬁ)e_mgdf + cx,
_ " Ve
bu(e) =~ /0 ful©)eVPHIEde 1 .

Here c; and dj, are arbitrary constants. We choose these constants to satisfy boundary
conditions. Using the last formula for ay(z1), bx(x1) we find the following equation
for Xy (z1) :

Xy(z1) = 2\/1!>\_k/xlfk(€)€ Al =8 ge
/ ful(€ |>‘k T1— E)dg

) |)\k
+ cke\/|)\k|$1 +d, 6*\/\)\k|11

VN1 — ©)ful)de + cpeV el

x1

\/|_/ sinh(
k|

+ dke* v ‘)\kkvl.

Using the first boundary condition, we write the following equality:
Xk(O) =c,+d, =0 = —c¢, = dj.

Using the second boundary condition, we write the following equality:

Xi(br) =

by
¢|1AT| / sinhi(v/Thel(bs — €))fe(€)de

+  2¢psinh(y/|Ag|b1).

B blsmh |)\;.C |(by = &))

*= 2\/|A,€ / sinh(x/[elbr)

fre(€)d§.
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We find the following result of X} (1) :

sinh(y/|Ag|21)
Xi(z1) = \/‘)\—k/ sinh( \)\k x1 — &) fr(€)dE — \/m
" sinh(y/Pel (b~ €))
/o Soh( ey % (3.4.10)

where k=1,2,3,... We find the following solution of (3.3.1) - (3.3.3) as follows:

u(@n,zs) = \E[ /Il(xl—f)fo(f)df—m—ll / bl(bl—@fo@ds}

+ 3 {\/M_k sinh( ])\k r1 — &) fr(§)dE
sinh(y/|Axlz1) sinh(/[A\e](b1 — €))
\/m /0 sinh(\/mbl) fk(f)df]

\/bzcos(\/])\k|x2). (3.4.11)
2



CHAPTER FOUR
FOURIER SERIES EXPANSION METHOD FOR SOLVING THE
DIRICHLET, NEUMANN AND MIXED PROBLEMS OF THE HELMHOLTZ
EQUATION IN A RECTANGLE

In this section the Dirichlet, Neumann and Mixed problems for the Helmholtz equa-
tion with boundary condition in a rectangle will be studied. We find a solution in the

form of Fourier series expansion.

4.1 Statement of the Dirichlet Problem for the Helmholtz Equation

Let by > 0, by > 0 be given numbers; D = {(z1,22) € R?: 0 < 2 < by, 0 < 79 <
by} be a rectangle. Let’s consider the following Dirichlet problem for the Helmholtz

equation in the rectangle D :

Pu  Pu

a_‘r%"‘a_x%"—G U:f<$1,$2), ($1,$2) E]D, (411)
U’F =0« U(O,Ig) =0, U(bl, ZL’Q) =0, 4.1.2)
u(x1,0) =0, u(zy,be) =0, (4.1.3)

where I is the boundary of I and a > 0 is a given real number, f(z,2) is a given
function.
Find a function u(x1, z5) satisfying (4.1.1) - (4.1.3).

X2 4

ry I

domain I

0 Ty by

4.2 Fourier Series Expansion Method for Solving the Dirichlet Problem

The solution of this problem has several steps. On the first step, we need to solve

the eigenvalue-eigenfunction problem of finding all eigenvalues and corresponding to

20
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them eigenfunctions of the following equation:
X"(z1) + aX(x1) =0, (4.2.1)

with boundary conditions
X(0)=0, X(b)=0, 4.2.2)

where 27 € (0,b;). by > 0 is the given number.

As we showed is the first part of the thesis this problem has the following solution:
km o
a:ak:(b—) , for k=1,2.3,... (4.2.3)
1
are eigenvalues and corresponding to them eigenfunctions have the form:

2
Xi(z1) = \/bilsin(\/oz—kxl). (4.2.4)

We note that the norm of these eigenfunctions is equal to 1. Eigenfunctions X (z;) for
k=1,2,3,..., satisfy (4.2.1) and (4.2.2). The solution of the problem in the form:

u(@y, ) =y Xp(w1)Yi(2), (4.2.5)

k=1

where Xj(z1), k=1,2,3,...are set of eigenfunctions of (4.2.1). Yj(x2), k=1,2,3,...are

unknown functions. The Fourier series expansion of f (1, x2) is given in the form:
[e.e]
flwr,m2) = Y Xi(wn) filwa),
k=1

where f(z2) fo (21, 2) Xi(x1)dx,. Substituting fi(z2) and u(zy, x2) into (4.1.1),

we have
g [YVi(@2) X7 (1) + V' (2) Xio(21) + a® Xy (1) Yie(a2)] = g;Xk(m)fk(xz),

= ,2 —Yi(@2) o Xi(21) + V) (22) Xis(21) + * X (21) Yip(22)] = g;Xk(xl)fk(x2)7
= kf; Xpu(21)Y! (22) + (a® — ) Xpo(@1)Vi(z2)] = : Xi(21) fe(22),

= > Xu(@)fulwa) = flwr,w2).
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For finding Y}, (z5) we have the following problem:

Y (z2) + (a® — ai)Yi(za) = fi(x2), (4.2.6)

Yi(0) =0, Yi(bs) =0, 4.2.7)

where 25 € (0,bs); ap, = (k”) > 0, ap # 0; by > 01is given number. As we showed in
Chapter 2 of the thesis this problem has the following solution. Firstly, we have three
cases for the parameter A\, = (a® — ay):

Case 1: (a* — ay,) < 0; Case 2: (a® — o) = 0; Case 3: (a® — o) > 0.

a)lf \;, = a® — o < 0, a general solution of the problem (4.2.6), we find in the
form:

Yi(@a) = crp(@a)eVH2 4 oy (g)eVIMeIm2, (4.2.8)

where ¢ (z2) and cox(z2) are unknown functions. Using variation of parameters

method, we get

Clk(x2) 2\/‘)\_k \/M_kgf )d£ + Alm

CQk(xz) = -

/ﬂym%@%+&7
0

where Ay, B, are arbitrary constants, we will choose Aj,, By, to satisfy (4.2.8). For this

2/ Akl

we substitute ¢ () and coy(25) into (4.2.8), then we can find the following equation:
1 e
Yk(:@) = <—/ 6*\/|/\k\§fk(£)d£_i_Ak)e\/p\k\:pg
21/ | Akl Jo
_2 |>\ ’/ 6\/|)\k‘5fk(£)d£+Bk>€7\/\)\k|:pg’
k| Jo

— \/ﬁ/{)w sinh(\/W(—f+$2))fk(§)d5+Akemx2

+ Bke_ \% Ak £E2‘

Using the first boundary condition of (4.2.7), we have:
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Using the second boundary condition of (4.2.7), we find:

Yi(b2) = 0,

ba
- ﬁ [ s+ b ()] + 2Awsinn( Tl

where 2 sinh(y/|\¢|ba) = € Aklbz _ o=/ Aklb2

—2A,sinh(y/|Ax]ba) = \/ﬁ{/oQSinh(\/W(—f+b2))fk(f)d£],

_Aksinh(\/sz) _ 1 {/bQ sinh(y/[Ak](—€ + b2))
sinh(+/[Ax|ba) 24/ M| LJo sinh (/[ \e|b2)

fk(i)di] |

Finally, we find the following relation for A, and Bj:

1 * sinh(\/[Axl(—=¢ + b))
N [ / O fk(f)df},
1 b2 sinh (/| M| (—€ + ba))
By, = S Wowi W {/0 simh(/ o) fk(f)d§]~

Substituting Ay and By, into the equation for Y} (z2) we can find:

wlﬂ / sinh(—€ + @) fu(€)de.
k

sinh(y/|\g|22) /b2 sinh(\/[A\k](—€ + b2))
VIl 0 sinh(y/[A\k]ba)

b)If \;, = a® — ay, > 0, a general solution of (4.2.6), we find in the form:

Vi(x2) =

fr(§)d§.

Yi(z2) = c1x(x2) sin(\/)\_k:pg) + cop(2) COS(\/)\_kZEQ), 4.2.9)

where ¢ (z2) and cox(22) are unknown functions. Using variation of parameters

method, we get:

1 T2
eulan) = —= /D cos(v/ME) Fu(€)dE + Ay,

eon(3) = —%A_k Om sin(v/ME) fu(€)dé + By,

where Ay, By, are arbitrary constants. Substituting ¢, (22) and cor(22) into (4.2.9), we
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find the following equation:

Yi(ry) = %A_ / ™ (cos(v/AE) sin(y/Aes)

— sin(v/) cos(v/Axr2)) fi(€)de + Ay sin(v/Ac)
+ By cos( \/_x2
- \/—/ sin(v/ A (2 — ) f5(€)d€ + Agsin(v/Aea)

+ By cos(v/ Arxa).

We choose constants A, and By, to satisfy boundary condition (4.2.7).

Using the first boundary condition of (4.2.7), we have:
Yk(O):OZ>O+Bk:O:>Bk:0.

Using the second boundary condition of (4.2.7), we have:

b
Vilta) = = [ sin/Rube = (€1 + Ausin(/uba) + B cos(/ o)

b

Ap sin( \/_b2 SiH(\//\_k;(bQ — &) fe(§)dE,

\/_
1 b2
Y Fertrarre /O sin(y/ A (bs — €)) f(€)de.
Substituting Ay, into the equation of Yy (z2), then we obtain the following equation:
Vo) = = / — &) f(€)de
sm(\/_kq:z) b
Y ety o / sin(y/Ne(bs — &) fu(€)de.

o)If \;, = a? — ay, = 0, we have the following boundary value problem:

Y (22) = fr(za), (4.2.10)

Yi(0) = 0, Yi(by) = 0. 4.2.11)

Integrating twice (4.2.10) and using the first boundary condition (4.2.11), we find:

Yi(ae) = / fi(€
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Yi(z2) = Y3 (0 )+Ak$2+/ / fi(§)d€)d

Yi(2s) = Ay + / (2 — &) ful€)de, 4.2.12)

where A, is an arbitrary constant. We choose Aj, to satisfy the second boundary con-
dition (4.2.11),

bo
Vilh) =0 % 0= Ao+ [ (b2 - Oful6)de
0

We find L
Ay = b ), (b2 — &) fx(€)dE.
Substituting Ay into (4.2.12), we find:
To ba x9
o) = =2 [ 0a - Ofulde+ [ (2 - ) uleie
2 J0 0

Finally, the solution of (4.1.1) - (4.1.3) is given by:

u(er,as) = Z\/bi (vawe) = o [ (g e e

B smh(\/WxQ) N smh(\/W(—g_Hb)) i
VI /0 sinh(y/\e[ba) fil&)de
o [Tt - )
- Sm(\/_ka) N sin _
S [ (Al — ) )
-2 [Ct-onois [Cwm-onoe| @z

4.3 Statement of the Problem for the Helmholtz Equation with Mixed bound-
ary conditions

Let by > 0, by > 0 be given numbers; D = {(21,22) € R?: 0 < 21 < by, 0 < 29 <
by} be a rectangle. Let’s consider the following mixed problem for the Helmholtz
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equation in the rectangle D :

Pu 0%u
o ot a’u= f(z1,23),  (21,29) €D, (4.3.1)
U(O,Q:Q) = O, u(b1,$2) - O, O S ) S b27 (4'3'2)
b
8U(x1’0) — 0’ aU(ZEh 2) — O, 0 S x S bl; (433)
8132 aIZ

a > 0 is a given real number, f(z1,x2) is a given function. Find u(z, x2) satisfying
(4.3.1) - (4.3.3).

b>

ry I

domain I
Iy

0 duxy.0) - by
.

4.4 Fourier Series Expansion Method for Solving the Mixed Problem

The solution of this problem has several steps. We will find the solution in the form:

u(ay, ) = Y Xp(w1)Yi(a), (4.4.1)

k=0

where Xj(z1), k=0,1,2,... are set of unknown functions; Y (x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:
Y (z2) + AY (x9) = 0, (4.4.2)

Y'(0)=0, Y'(b)=0, (4.4.3)

where x5 € (0,b9); by > 0 is given number; A\ = )\, = (’Z—;F)Q, for k=0,1,2,...are

eigenvalues corresponding to eigenvectors

Yo(xs) = 1/ —, k=0, (4.4.4)
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2 k
Yi(xg) = ”b_g cos(b—:xz) k=1,2,3 ... (4.4.5)

The Fourier series expansion of f(x1,x5) is given in the form:
f (w1, 2) ka 1) Yi(22), (4.4.6)

where fi(71) fo (21, 19)Yy(22)dxo. Substituting (4.4.6) and (4.4.1) into (4.3.1),

we have

> (X7 (21)Ya(r2) + Xi(21) Y] (22) + a” X (1) Yi(w2) — fu(@1)Yi(wo)]

(1) Yi(22)

|M8

or

Z X” 1'1 )\ka(lj) + CIQXk(-Tl) - fk(xl)]Yk<x2>

[
NE

fk(xl)yk($2)-

>
Il

0
Since {Y(x2)} is orthonormal set of functions we find the following boundary value

problem:
X (x1) + ap Xp(21) = fr(z1), £ =0,1,2,3, ... (4.4.7)

Xk(0) =0, Xp(b1) =0, (4.4.8)

2 (k_w

b
k=0,1,2,.... As we showed in Chapter 2 of the thesis this problem has the following

where 71 € (0,b1). a, = a®> — M\ = a )2 > 0; by > 0 is given number for

solution. Firstly, we have three cases for the parameter o.

Case 1: ay < 0; Case 2: a = 0; Case 3: o, > 0.

a)Let us consider the Case: o, < 0, k=n-+1,n+2,.... A general solution of
(4.4.7) as follows:

Xpo(z1) = ag(z))eVIorEm 4 by (2p)e™ Vel

where ay (1) and by () are unknown functions. If we use the variation of the param-

eters method, then we can write following equation system:

ah (zy)eVIorlTr 4y (g))em Vieklzr —
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V| alal(xq)eV lolzr _ | |ay(xq)e Viewlzn = fx(z1). (4.4.9)

This is a linear algebraic system. We apply Cramer’s rule to find ay(x1), by(z1), are
unknown functions.

Using Cramer’s rule we find:

1
ay(r1) = e~ VIeklm g (),

PAVALTY
1

2/ |ou|

by (1) = — V1wl f(2y).

Integrating a),(x;) and b (1)

ar(1) = 2¢1|a—k| / fi(©)eVIerledg + o,

bk(ZEl) = — /rl fk(g)emgdﬁ + dk
0

2 |(Xk|
Here ¢, and dj, are arbitrary constants. We choose these constants to satisfy boundary

conditions. We can write the following equation for X (z1) :

Xk<.’ll’1) =

1 /xl _ 1
fk(f)e |ov| (1 §)d€ _
2 ’Oék 2\/ ’Oék’
/ fk |Oék T1— §)d€
+ CrpeV v |21 -+ dke* Vv |y

or

Xi() = sinh(v/[a] (21 — €) fi(€)dé + cpeV I 4 dyemVienlon,

Jeh

Using the first boundary condition, we have:
Xk<0) =c,+dp, =0 = —c¢, = d.

Using the second boundary condition, we have:

Xk (b1)

e | sVl = )€1 + 2ausinh (ol

b sinh (/] (b — €))

2\/|04_k/ sinh \/|Oz_kb1

fe(§)dE.

C — —
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We find the following result of X} (1) :

Xp(z1) = sinh(v/[og|(z1 — ) fu(€)dE

Jeh

_ sinh(y/|ag]z1) /bl sinh(y/]ag|(by — &)
Vo] 0 sinh(y/|a|b1)

where k=n+1,n+2,....

fe(§)dE, (4.4.10)

b)Let us consider the Case : a, >0, k=0,1,2,...,n— 1.

A general solution of X (z;), we find in the form:
Xi(x1) = ar(z1) sin(y/agx1) + b(z1) cos(y/agxr).
If we use the variation of the parameters method, we find following equations:
ay,(z1) sin \/agxy + b (1) cos \/agx, = 0,
Varay(z1) cos yJagry — Jagby (1) sin —/agzy = fir(x1). (4.4.11)

This is a linear algebraic system. We apply Cramer’s rule to find ay (1), bg(x1), for
k=1,2,3,....

aj(z1) = \/L_kcos(\/@m)fk(xl),
(1) = — sin(y/are) fel(n).

NG

Integrating aj (z1) and b (z,), we find:

au(m) = % / " cos(Vare) ful)de + Ay,

b(x1) = _\/La_k oxl sin(v/axg) fi(§)d€ + By

We can find the following equation:
Xi(z1) = NG / sin( — &) fr(§)de + A sin(y/axz1)

+ By, cos(/ayxs)

is an eigenfunction corresponding to oy, where Ay and By, are unknown parameters.
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Using the first boundary condition, we have

Using the second boundary condition, we have

b1
Xi(by) = %&_ [ s/ = e + Awsin by = 0

— Agsin(~/arb) = %—k /0 sin(y/an(by — €)fu(6)de

vre el RECCTURSTAGES

Substituting Aj, into the equation of Xj(z), then we find the following result of
Xk(il,‘l) .

Ay =—

Xo(zy) = %a_k /O " sin(y/@r(e — ) ful€)de

\/Z_tls(i\:?_\;z—l,jbl)/o1Sin(\/a_k(bl—5)fk(f)d§7

where £k =0,1,2,...,n — 1.
o)If a? — )\, = 0, then a general solution of X,,(z;) we find in the form:
Xn(x1) = an(z1) + by (21).21.
If we use the variation of the parameters method, we find following equations:
ap(21) + 21by (21) = 0,

0.a,, (1) + 1.0 (x1) = fulx1).

This is a linear algebraic system. We apply Cramer’s rule to find a,,(x1), b, (1), fork =
n.

Using Cramer’s rule we find:
Ay (21) = = fu(21).21,

b (x1) = fa(21).
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Integrating a/ (x1) and b/, (1) then

(1) = — /0 CefE)de + A,

bo(1) = /O U (©)de + B,

We find the following result of X, () :
Xolo) = [ @1 = RO + Au + B
Using the first boundary condition, we have the following equality:
X,(0)=0=4,=0.

Using the second boundary condition, we have the following equality:

by

X (1) = / (b — ) Fu(€)dE + b1 By =0 = By = ——~ [ (b — &) fi(€)de.

b1 Jo

We find the following result of X, (1) :

1 b1
X, (z1) :/0 (arl—&)fn(é)dé—i—ll/o (b1 — &) fu(§)dS, (4.4.12)

where k = n. Finally, the solution of (4.3.1) - (4.3.3) is given by:

w(@r, @) = {Z \/—/ sin( — &) fr(§)d
B Jz_jlsi\r{(_\/fy;_l,jbl) /Ob1 Sin(\/a_k(bl—ﬁ))fk(ﬁ)df}

ﬁ% W_k / sinh(y/J] (21 — €)) fu(€)dé

B smh(\/|ak\x1) sinh(+/|ag|(b1 —§)) d
ol /0 (o) HE 4

Al 2 cos(k:—ﬁxg) (4.4.13)
by by
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4.5 Statement of the Neumann Problem for the Helmholtz Equation

Let by > 0, by > 0 be given numbers; D = {(z1,25) € R?: 0 < 2 < by, 0 < 29 <
by} be a rectangle. Let’s consider the following Neumann problem for the Helmholtz
equation in the rectangle D :

Pu  Pu

a—x%—i-a—x%-i-(l U:f<3317$2)7 (1}1,1‘2) e D, 4.5.1)

au(ov .73'2) -0 au(bla x?)

0xq ’ 0xq boUsmsh 2
b
au(xb()) _ 0’ M — O’ 0<r < bl, (453)
8372 81‘2

a > 0 is a given real number, f(z1,x2) is a given function. Find u(z1, x2) satisfying
(4.5.1) - (4.5.3).

=0 I

i dun(by.xa)
o domain D! T =

dxy

4.6 Fourier Series Expansion Method for Solving the Neumann Problem

The solution of this problem has several steps. We will find the solution in the form:

u(ay, ) = Y Xp(w1)Yi(x2), (4.6.1)

k=0

where Xj(z1), k=0,1,2,... are set of unknown functions; Yy (x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:
Y//<l’2) + )\Y(l’g) = O, (462)

Y'(0)=0, Y'(b)=0, (4.6.3)
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where zo € (0,b2); by > 0 is given number; A = )\, = (b—”) for k=0,1,2,.

eigenvalues corresponding to eigenvectors

1
Yo(z2) =/ (4.6.4)
2
2 k
Yi(zs) = 1/E.cos(b—:$2), k=1,2,3,.. (4.6.5)

The Fourier series expansion of f(z1, x2) is given in the form:

f(@,22) ka; 1) Yy (22), (4.6.6)

k=0

where fk: [L’l fO Il, i) Yk(ﬂfg)dl’g

Substituting (4.6.1) and (4.6.6) into (4.5.1), we have

Z X (21)Ya(w2) + Xe(2) Y (22) + a® Xpp(21) Ye (o) — fr(z1)Yi(xs)]

(o]
E 1’1 ch 1’2

k=0
or

Z X];/ 1‘1 /\ka(Il) + G2Xk(l'1) — fk([L‘l)]Yk<l’2)
k=0

I
NE

fi(@1) Yy (22).

i

0
Since {Y(x2)} is orthonormal set of functions, we find the following boundary value
problem:

X,Z(Il) + Oéka(.Z‘l) == fk<$1), k= 0, 1, 2, (467)

X4(0) = 0, Xp(by) =0, (4.6.8)

where 21 € (0,by). ax = a® — \g; by > 0 is given number.

There are two possibilities: Either

Casel: ap, >0, k=0,1,2,...,n—1;

Case2: ap, =0, k=mn;
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Case3: o, <0, k=n+1,n+2,...,
or

Casel: o, >0, £=0,1,2,...,.n—1;

Case2: o, <0, k=n,n+1,....

a)Let us consider the Case 1 : a5 >0, k=0,1,2,...,n — 1. A general solution of
(4.6.7), we find in the form:

Xi(z1) = Ag(2q) sin(y/agxy) + Bi(z1) cos(y/agxy).
If we use the variation of the parameters method, we find the following equations:
(Ar) (z1) sin /oy + (By) (x1) cos Jagr; = 0,
V(A (z1) cos Jagry — /ag(By) (x1) sin y/agzy = fi.(z1). (4.6.9)

This is a linear algebraic system. Using Cramer’s rule, we find

(Ay) (1) = % cos(y/ar) fulan),

—1
VO

Integrating the last two relations with respect to x;, we find

By(x1) = sin(v/oa1) fi(21)-

A(ay) = %a_k / " cos(y/are) ful€)de + Ay,

Bulry) = -~ [ (V@) (61 + B

Here Ay and By, are arbitrary constants. We choose these constants to satisfy bound-

ary conditions. Using the last formulaes for Ay (x1), By(x1) following equation for
Xk(xl) .

Xim) = —= [ " sin(yan(e — ) fu(€)d€ + Aysin(y/are,)

+ By, cos(y/agry),
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where A, and By are unknown parameters. Differentiating the last formulae, we have
Xi(xy) = / cos(v/ag(x1 — &) f(§)dE + /ar Ay cos(y/agxy)
0
—/ By sin(y/agry).

Using the first boundary condition, we have
X, (0)=0 = A, =0.

Using the second boundary condition, we have

b1
Xi(00) = [ cos(VAR(br ~ ) A€)d€ — Y Bsinly/ahy) = 0.
0
From the last equality, we find

1 cos(yalh — )
b= | e

fe(€)dE.

As a result of it, the formulae for X} (z;) has the form:

X = <= | [ syt — ) Ao

(v (b1 — §))

sin(y/arh) fr(§)dE|

b1 cos
—i—cos(\/ozkxl)/
0
where £ =0,1,2,...,n— 1.
b)If a®> — A\, = 0, then a general solution of X,,(z;) we find in the form:
Xn(xl) = An(xl) -+ Bn(xl)-xl-

AL (1) + 218, (21) = 0,

This is a linear algebraic system. To find A,,(z1), B, (1) using Cramer’s rule we have:
A(x1) = —fulz1).21,

B, (r1) = fu(x1).
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Integrating A’ (x1) and B! (x1), we find

An(y) = — /0 Cefu(E)de +d,,

Bu(z1) = /0 T ©)de + e,

As a result of it, we have:

X (1) = /0 (1 — ) FulE)dE + du + o,

X (1) = /0 CFO)dE + e

Using the first boundary condition, we have the following equality:
X (0)=0=¢,=0.

Using the second boundary condition, we have the following equality:
b1
Xa(br) = [ fu(§)dE =0
0
Remark: The necessary condition for existence of the solution:
by
fu(r)dr =0.
0

We find the following result of X} (z1) :
Xu(or) = [ o1 = Q)i + d
where k = n.
¢)Let us consider the Case 2: o, <0, k=n+1,n+2,....
A general solution of (4.6.7), we find in the form:

Xp(z1) = Ak(l’l)emxl + Bk(:m)e’\/mxl

Y

where Ay(x1) and By (z1) are unknown functions. If we use the variation of the pa-
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rameters method, then we can write following equation system:

A;ﬁ(l'l)e\/mxl —+ B,’c(asl)e_\/mxl = 0,
VIar AL (z)eVierker o AL (zy)eViedke = f(z)). (4.6.10)

This is a linear algebraic system. Using Cramer’s rule, we find

A1) = eVl g (),

1
2/ ||
1

Bk(ml) = _QM

Integrating the last two relations with respect to x;, we find

e |a"‘|x1fk(3:1).

Ap(wn) = — / f(©e VIl 4 o,

24/ |ag|

Bu(ay) = ——— / Fu(©)eVionlge 1 q,.
0

2 |ozk|
Here c; and dj, are arbitrary constants. We choose these constants to satisfy boundary

conditions. Using the last two formulaes for Ay (z1), Bi(x1), then we find following

equation for Xy (z1) :

Xe(o) = — / (e
0

24/ ||

- | eV
0

2/ ||

+ Cke\/ o |21 + dke*\/ ok |21

or

Xi(a1) = sinh(y/Jag] (21 — ) fu(€)dé + cpeVIoHt 4 dyemvionlon,

Xi(wr) = /0 " cosh(y/Taxl (@1 — ) fu(€)d€ + /Tanlewe VI — \TagTdge Voo,

Using the first boundary condition, we have the following equality:

X];(O):Ojck—dk:OiCk:dk
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Using the second boundary condition, we have the following equality:

by
X (by) = /0 cosh(v/|ak|(by — &) fu(€)dE + 2/ |ag|ck sinh (/| |by) = 0

From the last equality, we find

" cosh(y/lax] (b1 — €))

2\/|ak / sinh(y/|ax|b1)

Jr(§)dE.

C, — —

As aresult of it, we have

Xi(z1) = \/‘a—k Smh V0wl (@1 — €)) fr(€)de

_ cosh |ak|x1/ cosh(y/|au|(by = &))
Vo 0 sinh(4/|ax|b1)

1 o
Xifo) = [ [ st - ) e

_ " cosh(y/[o| (b1 — 7)) }
cosh v/ |ag|z1 / soh(v/Jarlon) fr(©)de |, (4.6.11)

where k=n+1,n+2,.... Finally, the solution of (4.5.1) - (4.5.3) is given by:

fe(§)d€

n—1

1 o
w(er,m) = ﬁ[ [ sty - e

k=

b1 cos o0 —
+ COS(N/O%%)/O iin(\k/%bl)g))fk(g)dg}
2 km
b Cos(b—ng)

¥ { /0 o — O ful)de + dn} \/bI

N kzl ¢|a_k { / " sinh(v/Jarl (21 — &) fe(€)de

b1 h b
- cosh ‘ak,a:l/ COssmh |f/k|0(‘_klb1 f))fk(ﬁ)df]
\/7 km
h, cos(b—ng)




CHAPTER FIVE
SOLVING MAXWELL’S EQUATION SYSTEM IN A RECTANGLE WITH
THE PERFECT CONDUCTOR CONDITIONS

In this chapter the frequency-dependent Maxwell’s system is reduced to three Helmholtz
equations. We will use perfect conductor conditions to state problem. We show that
this problem is reduced to several boundary value problems. The solutions of obtained

problems are found in the form of the Fourier series expansion.

5.1 Maxwell’s equations system

Let # = (21,22, 73) € R? be a space variable and t € R be a time variable. The

time-dependent Maxwell’s system is given by (Eom, 2004):

I(E(z,1))

curl,H(z,t) =€ By + J(z,1), (5.1.1)
curl, E(x,t) = _MW’ (5.1.2)
div,(eE(x,t)) = p(x,t), (5.1.3)
div, (pnH (x,t)) = 0, (5.1.4)

where H = (Hy, Hs, H3), E = (Ey, Ey, E3), J = (J1, J2, J3) are vector functions;
Hy(z,t), Ex(z,t), Ji(z,t), p(x,t) (where k = 1,2, 3) are scalar functions; x and € are
positive constants. p denotes the magnetic permeability, € denotes the electric permit-
tivity, H denotes magnetic field, & denotes electric field, .J denotes current density,
p denotes charge density. Applying Fourier transform with respect to t we find the

frequency-dependent Maxwell’s system:

curl, H(z,w) = (—iw)eE(z,w) + J(x,w), (5.1.5)
curl, B(z,w) = (iw)pH (z,w), (5.1.6)
divg(E(z,w)) = @ (5.1.7)

divg (H(z,w)) = 0, (5.1.8)

39
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where i = —1, and w denotes the frequency and J, p, € and y are given.

0Hs 0H, 0H, 0Hs 0H, 0H,

CUTlmH<l’,W) - (8902 8%37 8x3 B a{L'l ’ 0x1 B 81‘2 )7

0F; 0E, 0B, 0FE; 0B, 0k

81’2 B 8903’ (91‘3 8ZE17 8[E1 6x2 ’
. 0E, 0E,  OF;
E =
divg(B(w,w)) = 5=+ 5o+ 5o
s _ OH, 0H, 0H;
div,(H (z,w)) = o, + o, + I

The Conservation law of charge is in the following form:

curl, B(z,w) = (

div,J (z,w) + (—iw) p(z, w) = 0. (5.1.9)

Remark:

F)[divy(eE(z,t)] = divg(eE(z,w))

where E(x,w), be the Fourier transform image of the electric field F(z,t), H(z,w),
be the Fourier transform image of the magnetic field H (z, t).

Applying curl operator to eqn (5.1.5) we find

curleurl H(z,w) — we(z)pH (x,w) = curlJ(z,w),

(Vodivg — Ay)H(z,w) — we(z)pH (z,w) = curlJ(z,w).

From = div, H(z,w) = 0 we have

A H(z,w) + w?e(x)puH (2, w) = —curlJ(z,w), (5.1.10)

0Js 0y 05 dJs Jy 0y

5)902 B 81’3’ 81’3 B (91‘17 8951 61’2

curlyJ(z,w) = (
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from (5.1.5), we have
(—iw)eE(z,w) = curl,H(z,w) — J(z,w)

or

E(z,w) = —i[curle[(x,w) — J(z,w)]. (5.1.11)

We assume that the vector functions H, £ .J and the scalar function p are independent

of x3. These functions depend on the variable x, x5 and the frequency w.

5.2 The Problem for the Maxwell’s equations in a rectangle with the Perfect
Conductor Conditions

Let by > 0, by > 0 be given numbers; D = {(x1,25) € R?: 0 < 1 < by, 0 < 29 <
by} be a rectangle, I" be the boundary of D). We assume that J = 0 on the boundary
I'. Let’s consider the system (5.1.5) - (5.1.8) in D with the following perfect conductor
conditions on the boundary I':

Exv=0, (5.2.1)
Hxv=J, (5.2.2)
eE - v = p,, (5.2.3)
uH v =0, (5.2.4)

where v is a unit normal vector at the surface of the conductor (on the boundary I');
Js 1s the surface current density on the boundary I'; p, is the surface change density
on the boundary I'. The electric field is normal and the magnetic field tangential at the

surface of a perfect conductor. From eqn (5.1.5) we have
curlH x v = (—iw)eE x v+ J X .
Let us consider the last equation on the boundary I, i.e.
(curlH x v)|p = (—iw)e(E x v)|p + J X v|p.
Since E x v =0, J x v = 0, we find

(curlH x v)|p = 0. (5.2.5)
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We have from eqn (5.2.4) that
H-v|p=0. (5.2.6)

The boundary I' may be presented in the form: ' = I'y UT's U T's U I'y, where I'y =
{(z1,22) 11 = 0,29 € (0,02)}, Ty = {(w1,72) : 21 € (0,b1), 12 = by}, I3 =
{(1’1,1‘2) LT = bl, Xo € (O, bg)}, F4 = {(Il,l‘g) X € (O,bl), To = O}

X2 4

v=(0,1,0)
T T

v={-100) «—— — 5 v={L0,0)

s

domain D

0 Iy l by

v=(0,-1.0)

Let’s consider the normal unit vector v on the I'; : v = (—1,0,0). The condition

H - v|r, = 0 can be written in the form:
H-vlp, =0 = (Hy, Hy, H3) - (—1,0,0,)|r, = —Hi|r, = 0,22 € (0,b). (5.2.7)

0Hs 0Hs 0H, 0H,

1H =
cur ( 81'2 ’ 8271 ' 8x1 61‘2

Using the independence H &, k=1,2,3, from x5 and the condition (5.1.5) we find

0Hs 0Hj 6ﬁ2)|
8ZE2 ’ 8x1 ’ al’l T

curl H|p, = (

Using(5.2.5), we find

. OH, OH;
1H —0 < (0,—=—=,——=—2)|r, =0
cur ’FI XV ( ? axl ’ axl )’FI )
or ~ ~
0H, 0H;

=0 =0.
8901 |F1 ’ 0x1 |F1

As a result, we find the boundary condition on the I'; as follows:
OH, OH,

Hilp, =0, —=2p =0 _
1‘F1 ) 81'1 ’F1 ’ ail'l T

(5.2.8)

Let’s consider the normal unit vector v = (1,0, 0) on the I'3, we find from (5.2.6)

H-vlp, =0 = (Hy, Hy, Hs)-(1,0,0,)|r, = Hy|r, = 0. (5.2.9)
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Hence ~ ~ ~
OHj3 _8H3 0H,

[H|p, = .
curlHlr, <8x2 " Oxy Ory )

Using (5.2.5), we find

o, oy

(curlf[ X v)|r, =0 < (0, R )y =
or . .
0H, | o 8H3 ’ —0
al‘l I's —= VY, axl s — Y.

As a result, we find the boundary condition on the I'5 as follows:

]:[1|F3 =0, Oz |F3 =0, O |F3

= 0. (5.2.10)

Let’s consider the normal unit vector v = (0, 1,0) on the 'y, we have from (5.2.6)
H - v|p, = 0. (5.2.11)

Applying curl to H we have

0Hs 0Hs 0H

1H|p, = .
cur ‘F2 ( 6172 ’ 8m1 ’ al'g )

Using(5.2.5), we find

This means that

OH, OH,
& —|p, = —Ir, =0
(9:152 |F2 ’ 8.732 |F2

As a result, we find the boundary condition on the I'; as follows:

H’V—Q‘FQ = 07 axz ’FQ - b 8(]}2

lr, = 0. (5.2.12)

Let’s consider the normal unit vector v = (0, —1,0) on the ;.
Using (5.2.6) we have

H-v|p, =0. (5.2.13)
We find curlH on the Ty,
. OH; 0OH; 0H,
CUTZH‘F4 - (axQ y afﬂl s 81’2 )



From (5.2.5), we find

(curl H x v)|p, = 0.
Hence - -

OH, OHs

—r, =0, —|p, =0.

81:2 |F4 ’ 8x2 ’F4
As a result, we find the boundary condition on the I'y as follows:

OH, OHs
—Ir, =0, —|p, =0. 5.2.14
0x2 |F4 9 8ZE2 |F4 ( )

From eqn (5.2.8), (5.2.10), (5.2.12), (5.2.14) and boundary conditions, we have the
following three problems for the Helmholtz equation:

H2|F4 - Oa

3 -
- a OH.
Halr. =0 L, =0 22, =0
o g
Hy|r, —0 b= = S pa—
_ r: _
AT AT
ol =0 Flrs =0
ay I domain Iy r 'y
SHy s
— _ =
[E Irs o s [EE I !
0 _ e X1
- O -
Halr, =0 =2, =0, 2, =0
2 g

5.2.1 Mixed Problem 1 for the Helmholtz equation

Let by > 0, by > 0 be given numbers; D = {(z1,25) € R?: 0 < 2y < by, 0 < 79 <
by} be a rectangle. Find H, (x1, xo) satisfying the Helmholtz equation

OPH, O*H, - i
aZL’% + 81’% +a“‘H, = fl , (.Il,LL’Q) eD, (5.2.15)
and the following boundary conditions
ﬁl(oaﬂb) =0, ﬁl(bth) =0, (5.2.16)

81{[1 a]¥1

— 0)=0 b 0 5.2.17

8372 ('Ila ) ) ) ) (xla 2) ) ( )
where a2 = epw?, fi

= —(curlJ,) = 0.3
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5.2.2 Mixed Problem 2 for the Helmholtz equation

Let by > 0, by > 0 be given numbers; D = {(z1,22) € R?: 0 < 2 < by, 0 < 29 <
by} be a rectangle. Find H, (1, z») satisfying the Helmholtz equation

02H, 02H,

57t taHy =) (5.2.18)
1 2

and the following boundary conditions

8ﬁ2 a13[2
—=(0 =0, —=( =0 5.2.19
8.’1}1 ( 71’2) 3 8331 ( 1,372) 3 ( )
Hy(x1,0) = 0, Hy(zy,by) = 0, (5.2.20)
where a2 = euw?, fH = —(curlJy) = %.

5.2.3 Neumann Problem 3 for the Helmholtz equation

Let by > 0, by > 0 be given numbers; D = {(xy,75) € R*: 0 < 1y < by, 0 < 13 <
by} be a rectangle. Find Hs(z1, x) satisfying the Helmholtz equation

02H,  O%Hs

5 +a’Hy = I, (5.2.21)
1 2

and the following boundary conditions

O O

3713(0’@) =0, 8713(51,%’2) =0, (5.2.22)

O O

375(961, 0) =0, 675’(:61, by) = 0, (5.2.23)
where a? = ew?, f = —(curlJs) = _g_i? + g_i;

5.2.4 Fourier Series Expansion Method for solving the Problem 1

Let by > 0, by > 0 be given numbers; D = {(xy,75) € R*: 0 < 1y < by, 0 < 13 <

by} be a rectangle. Let’s consider the following mixed problem for the Helmholtz
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equation in the rectangle D :

OPH, 0*°H,
17 + 896% +a*H, = fI, (z1,72) €D, (5.2.24)
lffl((),xz) = 0, I:Il(bl, 5(72) = O, 0 S i) S bg, (5225)
OH Hy(z1,b
M =0, w =0, 0<mz <b, (5.2.26)
8952 8952

a > 01is a given real number, flH (x1, z2) is a given function. Find H, (21, z9) satisfying
(5.2.24) - (5.2.26).

dH (x1.b3)
—_— =0

I2

Hy(0.xy) =0 I, I; H(byxa) =0

domain I

Iy

X1
by

0 Hy(x1,0)
X

=0

The solution of this problem has several steps. We will find the solution in the form:
Wz, 22) =) X(x (5.2.27)
k=0

where Xj(z1), k=0,1,2,... are set of unknown functions; Yy (x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:
Y"(22) + A\Y (x9) = 0, (5.2.28)

Y'(0)=0, Y'(b)=0, (5.2.29)

where x5 € (0,by); by > 0 is given number; A = A\, = (b—”) for k=0,1,2,,...

eigenvalues corresponding to eigenfunctions

(5.2.30)

2 k
Yi(x9) = ”b_ cos(—ﬂxg) k=1,2,3,... (5.2.31)
2
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The Fourier series expansion of fIH (21, z2) is given in the form:
le (21, 22) Zflk (1) Yi(a), (5.2.32)

where fH(z1) = [ fF (21, 22)Ys(x2)de,s. Substituting (5.2.27) and (5.2.32) into
(5.2.24), we have

[e.e]

S 1K (@) Vi) + Xo(20) Yy (2) + @ X (1) Vi) — fll(21) V()]
k=0

Z xl Yk xg

k=0

or

S (@) = M Xn(@) + a2 X(w1) — S (21)] Vi)
k=0

Sii (@) Yi(2).

[
WE

i

0
Since {Yj(x2)} is orthonormal set of functions we find the following boundary value

problem for unknown Xj(x;) :
X[ (1) + o Xp(w1) = fil(z), k=0,1,2,... (5.2.33)

X:(0) =0, X4(by) =0, (5.2.34)

where 21 € (0,b;). ax = a® — \g; by > 0 is given number.

a)Let us consider the Case 1 : ay, > 0, £k =0,1,2,...,n — 1. We find the general
solution of (5.2.33), (5.2.34) in the form:
1

Xia) = { /O " in(y/ar(e: — &) F(e)de

aintre) [ SEECEE) e

b)If a®> — \;, = 0, then a general solution of (5.2.33), (5.2.34) we find in the form:

X1

X (1) = / m(xl—g)fn(&)d&——l / (b — ) (E)de.

c)Let us consider the Case 2: o, < 0, Kk =n+ 1,n+ 2,.... We find the general
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solution of (5.2.33), (5.2.34) in the form:

Xp(a1) = " sinh(y/Jal (21 — €)) F(€)de

\/loz_k

sinh(y/Jagfen) [ sinh(y/fol(b =€)
V| /0 sinh (/[ |by) fik(§)de.

Finally, the solution of (5.2.24) - (5.2.26) is given by:

(e, as) — ZL[ | sin(vate - n il

+ kzl ma_k [/ " sinh(y/Jael (21 — ) £ (€)de

oy [ osinh(Val (b =€) g
— slnh( |Oék|$1)/0 Sinh(\/mbl) flk(g)dg

1/ 2 cos(k:—wxg) (5.2.35)
by by

5.2.5 Fourier Series Expansion Method for solving the Problem 2

Let by > 0,by > 0 be given numbers; D = {(z1,722) E R*: 0 < 21 < by, 0 < 13 <
by} be a rectangle. Let’s consider the following mixed problem for the Helmholtz

equation in the rectangle D :

O*H, 0°H. :
8:17%2 " 8:1:22 +a’H, = ff, (21, 25) € D, (5.2.36)
i H
OH(0,20) _ o OHa(bima) _ 0 ooy (5.2.37)
8271 axl

I:IQ(Il, 0) == 0, ﬁg(flfl, bg) == O, 0 S ) S bg, (5238)
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where a > 0 is a given real number, ff (x1,x2) is a given function. Find I:Ig(xl, T9)
satisfying (5.2.36) - (5.2.38).

Ha(x1.b2) =0

I

FH(0.x2)
o, -

T domain D s
Ty

0 Ha(v,.0) =0 by

The solution of this problem has several steps. We will find the solution in the form:

Hy(x1,79) = Y Xp(w1)Yi(2), (5.2.39)

k=0

where Xy (1) k=0,1,2,... are set of unknown functions; Y} (z5) k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:
Y (x9) + A\Y (22) = 0, (5.2.40)

Y(0)=0, Y(b)=0, (5.2.41)

where o € (0,by); by > 0 is given number; A = )\, = (b—”) for k=0,1,2,..

eigenvalues corresponding to eigenfunctions

Y5,(0) = b (5.2.42)

Yi(zo) = \/:sm VRTs). (5.2.43)

k=1,2,3,... The Fourier series expansion of f2H (21, 2) is given in the form:
F (2, 2y) Z P Ya(s), (5.2.44)

where ff(z1) = [ ff(21,22)Y5(x2)dws. Substituting (5.2.39) and (5.2.44) into
(5.2.36), we have

S IXH (@) Yal(wa) + Xi(21) VY () + 02X (21) Vi(2) — fab(21) V()]
k=0
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o0

Z LEl Yk LEQ

or

S I (1) = MeX(an) + a2 X(a1) — fol(w0)]Yi(w2)
k=0

= > @) Vi),

Since {Yj(x2)} is orthonormal set of functions, we find the following boundary value

problem for unknown Xj(x;) :
X! (1) + auXp(m) = fH(21), k=0,1,2, .. (5.2.45)

X1(0) =0, X,(by) =0, (5.2.46)

where 21 € (0,b;). ax = a® — \g; by > 0 is given number.
a)Let us consider the Case 1 : ap > 0, k =0,1,2,...,n — 1. We find the general
solution of (5.2.45), (5.2.46) in the form:

Xk l‘l \/_/ Sln g))fﬂc(g) dg

e de.

~ cos(y/agm) /b1 cos(y/a(br —§))
var  Jo  sin(yah)

b)If a®> — )\, = 0, then we find the general solution of (5.2.45), (5.2.46) in the form:

X, (1) = /0 - O SO + d

Remark: The necessary condition for existence of the solution:

b1
fgl(r)dr = 0.

0

We find the following result of X, (z1) :

X (1) = /0 " (n — O FIO)dE + d,

where d,, is an arbitrary constant.

c)Let us consider the Case 2: a, < 0, k =n+1,n+ 2,.... We find the general
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solution of (5.2.45), (5.2.46) in the form:

Xp(a1) = " sinh(y/Jal (21 — €)) £ (€)de

\/|oz_k

+sinh( || 1) /bl cosh(y/|ag|(by — &))
Vareis 0 sinh(y/|a|b1)

Finally, the solution of (5.2.36) - (5.2.38) is given by:

FH©)de.

n—1

Fafera) = 3 | [ sin(ate - )

b cos (/o (b — i
— conlymrmy) [ LD e
2

kﬂ' 1 H 1
b—2s1n<b—2x2>+[ / (xl—é)fzn(§)d§+dn] .

i}\g

o0

1 o H
+ k;rlm{/o Slﬂh(\/@(m—f))fzk(@dé

. " cosh(y/]ax|(b1 = €)) i
+ Smh(v!aklh)/o sinh(\/mm) f2k<§)d§]

>
2 sin(M ). (5.2.47)
by Ty

5.2.6 Fourier Series Expansion Method for Solving the Problem 3

Let by > 0, by > 0 be given numbers; D = {(21,22) € R?: 0 < 21 < by, 0 < 29 <
by} be a rectangle. Let’s consider the following Neumann problem for the Helmholtz

equation in the rectangle D :

02H, O2°H
3 + 3

T * g Tl = A (ma) ED, (5.248)
H. H.
OHs(0,25) _ o OHs(brwa) _ 0 g oy (5.2.49)
8ZL‘1 81‘1
H H. b
OHy(@1,0) _ o OHs(w,b0) _ 0 g oy (5.2.50)
(93:2 81’2

where a > 0 is a given real number, ff is a given function. Find Hs(z, x,) satisfying
(5.2.48) - (5.2.50).
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P | B domain D I
Iy

0 AHyx,0) _ by

vz

The solution of this problem has several steps. We will find the solution in the form:

Hy (1, 9) = > Xy(w1)Ya(ws), (5.2.51)
k=0

where Xj(z1), k=0,1,2,... are set of unknown functions; Y (x2), k=0,1,2,... are eigen-

functions of the following eigenvalue-eigenfunction problem:
Y"(22) + AY (x9) = 0, (5.2.52)

Y'(0)=0, Y'(by) =0, (5.2.53)

where x5 € (0,b9); by > 0 is given number; A = )\, = (b—”) for k=0,1,2,..

eigenvalues corresponding to eigenfunctions

1
Yo(aa) = /7= k=0, (5.2.54)
2
2k
Yiu(zs) = ’/E cos(b—:xg) k=1,2,3, .. (5.2.55)

The Fourier series expansion of ff (21, z2) is given in the form:
fi (21, 29) ngk 21)Yj(22), (5.2.56)

where fH(z1) = [ fH (21, 22)Ys(x2)des. Substituting (5.2.51) and (5.2.56) into
(5.2.48), we have

Z X;/C' (1) — MeXg (1) + CZQXk<5U1) - fsﬁk(xl)]yk(@)
k=0

o0

Z CL’1 Yk 132

k=0
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Since {Y}(z2)} is orthonormal set of functions, we find the following boundary value

problem X (z1) :
X!(x1) + o Xe(z1) = fH(z1), k=0,1,2, ... (5.2.57)

X.(0) =0, X;.(by) =0, (5.2.58)
where 71 € (0,01). i, = a® — \g; by > 0 is given number.
a)Let us consider the Case 1 : a5 >0, k=0,1,2,...,n — 1. We find the general
solution of (5.2.57), (5.2.58) in the form:

X)) = ——| / " sin(var(e — ) £2(€)de

\/@
b1 cos(\/a 1 —
+ cos(\/a_k:zl)/o g%bl)f))

b)If a®> — )\, = 0, then we find the general solution of (5.2.57), (5.2.58) in the form:

FI©)de).

X, (1) = /0 " (an — O SO + d

Remark: The necessary condition for existence of the solution:

br
fE(rYdr = 0.
0

We find the following result of X, (1) :

X, (1) = /0 (@1 — O FR()de + d,,

where d,, is an arbitrary constant.
c)Let us consider the Case 2: a, < 0, k =n+1,n+ 2,.... We find the general
solution of (5.2.57), (5.2.58) in the form:

1

Vax]

P cosh(y/|aw| (b1 — €)) .5
_ cosh(y/Jaln) /0 o (5.2.59)

X)) = —r | / " sinh(v/Jal (o1 — )£ (€)de
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Finally, the solution of (5.2.48) - (5.2.50) is given by:

n—1 1 1 ' P
Hy(x1,20) = kzzg\/—a_k[/() Sln(\/a_k<xl_§))f3k(5)d5

b1 cos(y/a 1 — i
+ oty [P ey 2

km e s i
cos(lren) + | [ - O i@+

by
> | [ sl - sl

" cosh(y/Jaxl(br =€)
- COSh(\/mxl)/O smh(Mbl) f3k<§>d§:|

2
A/ —- cos(klxg). (5.2.60)
b ba

5.3 Finding Formulae for Electric Field

[e.e]

From eqn (5.1.11),

_ 1 . .
E - Jeurl,H _
(r,w) iw6[curlx (z,w) — J(x,w)]
and curlH 5 N - -
Curl]:_]: (aHg _aH?, aHQ . aHl)

Oxy’ Oz Oxy Oz

we have the following three formulaes for the electric field £ (r,w) :

. 1 0H; -
Ey(z,w) = _E[aTj — Ji(w,w)], (5.3.1)

. 1. 0H; -
Ey(z,w) = ‘E[‘an — Ja(w,w)], (53.2)
Es(z,w) = —i[@ _o Js(x,w)]. (5.3.3)
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As a result,we find the following formulaes:

Bulrw) = —m{z o= | | st e
+ COS(\/a_le"l)/bl COS(.\/_(bl 5))f3Hk(€)d€}

sm(\/_bl)
1
. sin —:U2 kZH b2 \/‘a_k
[ sty - )€
" cosh(y/|ow| (b1 — €)) .5

— COSh( |Oék‘.%'1)/0‘ Sinh( ,_|O¢k|b1) fgk(ﬁ)dﬁ}

.k ~

sm(b—ng) - Jl(x,w)}. (5.3.4)

Byr,w) = —%{—[Z\/? [ costymntas - ) €1

b1 cos 1—
— \/_sm(\/_xl)/ (/o(b 5))f3k(f)d4 COS(IZ—2.CE2)

sin(y/arbr)
\/b: / finle df—kZI\f { cosh(v/ ol (21 — €) F31(€)d

— /Jou]sinh(+/Jar]z2) /0 Coszi%bf”fﬁ(@df}

cos(lzlxz) Jo(, w)}. (5.3.5)
2
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=4 [Z Vo [ eos o) (€)de

\/_sm(\/_xl)/ cosi;é(_\/(ﬁb )O)fzk(g)d{}

 sin \f JAGE

> \f [ cosh(/ae] (w1 — ) 4£(€)d

k=n+1

ViasTeon( el [ Cosifjh<‘oj|’;_zl|b:f)’f§<f>ds]

. sin _xQ g’j 2L{ /“sinwa—k(wl—é))ffé(&)dg

b2 \/_
sin(\/a_k:cl)/ 1 Smi;/f_\/(_b) ))flk(f)d€:|

. sin —xg Z b b2 ! [/xl sinh(\/M(m—f))fﬁk(g)df

k=n+1 V ||

. Slnh(\/@(bl §) it
smh(\/\a_kpcl)/o sinh(/Jaelbr) flk(f)df}

sm(lZ—Wa:g) j3(x,w)}. (5.3.6)
2




CHAPTER SIX
CONCLUSION

The main result of this thesis are the following;

e The inhomogeneous Poisson and Helmholtz equations with the Dirichlet, Neu-
mann and mixed boundary conditions in given rectangular domains have been

solved by the Fourier series expansion method.

e The Fourier series expansion method is implemented for solving Maxwell’s equa-

tions with perfect conductor boundary conditions in a rectangular domain.

e Maxwell’s equations with given boundary conditions have been reduced to sev-

eral mixed problem for the inhomogeneous Helmholtz equations.

e The obtained problems have been solved using the Fourier series expansion
method.

e Solutions of all problems are presented explicitly in the form of the Fourier series

expansion.
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