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ABSTRACT

DYNAMIC MEAN-VARIANCE PROBLEM:
RECOVERING TIME-CONSISTENCY

Seyit Emre Diizoylum
M.S. in Industrial Engineering
Advisor: Cagin Ararat
August 2021

As the foundation of modern portfolio theory, Markowitz’s mean-variance port-
folio optimization problem is one of the fundamental problems of financial math-
ematics. The dynamic version of this problem in which a positive linear com-
bination of the mean and variance objectives is minimized is known to be time-
inconsistent, hence the classical dynamic programming approach is not applicable.
Following the dynamic utility approach in the literature, we consider a less re-
strictive notion of time-consistency, where the weights of the mean and variance
are allowed to change over time. Precisely speaking, rather than considering a
fixed weight vector throughout the investment period, we consider an adapted
weight process. Initially, we start by extending the well-known equivalence be-
tween the dynamic mean-variance and the dynamic mean-second moment prob-
lems in a general setting. Thereby, we utilize this equivalence to give a complete
characterization of a time-consistent weight process, that is, a weight process
which recovers the time-consistency of the mean-variance problem according to
our definition. We formulate the mean-second moment problem as a biobjective
optimization problem and develop a set-valued dynamic programming principle
for the biobjective setup. Finally, we retrieve back to the dynamic mean-variance
problem under the equivalence results that we establish and propose a backward-
forward dynamic programming scheme by the methods of vector optimization.
Consequently, we compute both the associated time-consistent weight process
and the optimal solutions of the dynamic mean-variance problem.

Keywords: mean-variance problem, time-consistency, portfolio optimization, set-

valued dynamic programming, vector optimization.
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OZET

BEKLENTI-DEGISINTI PROBLEMI: ZAMANDA
TUTARLILIGIN GERI KAZANIMI

Seyit Emre Diizoylum
Endiistri Mihendisligi, Yiiksek Lisans
Tez Danigmani: Cagin Ararat
Agustos 2021

Markowitz’in beklenti-degisinti portfoy eniyileme problemi, modern portfoy
teorisinin baglangi¢c noktasi olarak finans matematiginin en temel problemlerinden
biridir. Bu problemin dinamik uyarlamasi, beklenti ve degisintinin pozitif bir
dogrusal kombinasyonunun enkiigiiklenmesi ile gerceklesir ve bu dinamik prob-
lemin zamanda tutarsiz oldugu bilinmektedir. Bu sebeple dinamik programla-
manin standart yontemlerini bu problem iizerinde uygulamak miimkiin degildir.
Bu tez icerisinde, bilimsel yazinda dinamik fayda yontemi olarak bilinen bir
yaklasim takip edilerek zamanda tutarhiligin daha az kisitlayict bir tanimi kul-
lanilmigtir. Bu tanim altinda, tiim yatirim siireci boyunca sabit bir agirlik
vektorii almak yerine, bu vektorlerin zaman icerisinde degigmesine izin veril-
erek, uyarl bir agirhik siireci degerlendirilmektedir. Ik asama olarak bilim-
sel yazinda bilinen bir sonug¢ olan beklenti-degiginti ve beklenti-ikinci moment
problemlerinin arasindaki denklik iligkisinin dogrulugu daha genel bir kurgu
altinda gosterilmigtir. Bu denklik altinda, beklenti-degiginti probleminin za-
manda tutarliligini, kullanilan tamima gore geri kazandiran zamanda tutarh
agirlik siirecinin nitelendirmesi yapilmigtir. Devaminda, beklenti-ikinci moment
problemi iki amach bir vektor eniyileme problemi olarak kurgulanmig, bu prob-
lem icin kiime degerli bir dinamik programlama ilkesi elde edilmistir. Onceden
elde edilen denklik sonuclari kullanilarak beklenti-degisinti problemi i¢in, once-
likle zamanda geriye dogru, sonrasinda zamanda ileriye dogru caligan bir dinamik
programlama yontemi onerilmistir. Boylelikle beklenti-degisinti probleminin eniyi

¢oziimleri ve zamanda tutarh agirlik siireci dinamik bir bigimde hesaplanmigtir.

Anahtar sozcikler: beklenti degisinti problemi, zamanda tutarlhilik, portfoy eniy-

ileme, kiime degerli dinamik programlama, vektor eniyileme.
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Chapter 1

Introduction

As one of the fundamental problems of financial mathematics, after almost 70
years, the seminal work of Harry Markowitz on the mean-variance portfolio opti-
mization problem [I] continues to attract extensive research. Though being the
cornerstone of the modern financial analysis of the tradeoff between return and
risk, to this day, there is not a unanimously agreed-upon approach for its ex-
tension to the multi-period setting. The fundamental issue is that the classical
dynamic mean-variance problem turns out to be time-inconsistent. That is, an
optimal portfolio for an investor at initial time may fail to be optimal at a later
investment period, under the revelation of new information. Hence, Bellman’s
principle does not hold for the dynamic mean-variance problem in general; there-
fore, the classical methods of dynamic programming are not applicable. In the
last twenty years, there has been a renewed interest in the time-consistency of
the dynamic mean-variance problem. There are three main approaches in the lit-
erature for handling the issues incidental to time-inconsistency, which we review

briefly.

The first one is the so-called precommitment approach, where the investor’s
notion of optimality only respects initial time. That is, it assumes that the
investors cannot, or prefer not to, deviate from the original portfolio that they

choose at the initial time. Hence, the investor precommits themselves into the



utilization of the initial optimal portfolio, even though it may fail to be optimal
at a later stage. To list some prominent studies that utilize the precommitment
approach in discrete- and continuous-time settings, we recommend [2], [3], [4],

[5], [6], and the references therein.

The game-theoretic approach, or sometimes called the consistent planning ap-
proach, is initially introduced by [7] for general time-inconsistent utility maxi-
mization problems and more recently revitalized for the dynamic mean-variance
setting by [§]. The main idea is to consider dynamic portfolio optimization as
an infinite sequential game, where the opponents are the investor’s future rein-
carnations. These reincarnations are assumed to establish the local, in the sense
of time, optimality of their portfolios for themselves. Hence, optimal strategies
for the investor form a subgame perfect Nash equilibria. Some examples in the

literature that utilize the game-theoretic approach are [9], [10], and [I1].

The last approach, and in particular the one we utilize in this thesis, is what
we prefer to call the moving weight, or the dynamic utility approach, where the
main argument is that time-inconsistency occurs due to the incomplete formu-
lation of the dynamic mean-variance problem. Indeed, the biobjective nature
of the problem is typically encorporated by taking a linear combination of the

two objectives for some appropriate weight vector g = (Ag1, Ao2)" € Ri and

considering a scalar problem (see (My(vg, Ao)|) in Chapter [3]) of the form
minimize — Ao E(v]) + Xo2 Var(v]) subject to 7w € Pg(vy), (1.1)

where ®g(vp) is the set of admissible portfolios with initial wealth vy € Ry and v},
denotes the terminal wealth under an admissible portfolio 7. At each intermedi-
ate time, a similar problem can be formulated using conditional expectation and
variance; however, the same weight vector )\q is used throughout the investment
period. This particular modeling feature cannot incorporate the investor’s dy-
namic attitude towards risk as time progresses. [10] indicate that the assumption
of constant risk aversion, that is, the constant relative weight assigned to the vari-
ance, is not realistic as the investor’s attitude towards risk should change based

on the amount of wealth they possess, while the investment period progresses.



Therefore, they consider a state-dependent weight vector based on the current
wealth of the investor at the beginning of each investment period. We note that
they still apply the game-theoretic approach for their problem formulation, hence
the approach in [I0] can be seen as a combination of both of these approaches.
Moreover, [12] demonstrate that when the weights of the mean-variance prob-
lems are selected appropriately, indeed, time-consistency can be recovered. On
the other hand, [13] investigate the dynamic behavior of the mean-variance prob-
lem when the weight process is constrained to take only nonnegative values (see
Remark below). They indicate that an investor can sustain a free cash flow
out of the market while still having a time-consistent solution with respect to

their definition.

Recently, [14] introduce a new methodology for the dynamic mean-risk prob-
lem, where the risk is measured by a time-consistent dynamic coherent risk mea-
sure, and develop a set-valued dynamic programming principle for the analogous
problem. They start by formulating the mean-risk problem as a biobjective vec-
tor optimization framework. Moreover, rather than working towards obtaining
a scalar Bellman’s principle; they utilize the upper images of the vector opti-
mization problems as the set-valued value functions for their analysis. Under
this construction, they prove that a set-valued Bellman’s equation holds for the

mean-risk problem.

In this thesis, we formulate the dynamic-mean variance problem in discrete
time, under a financial market where each feasible portfolio satisfies the self-
financing property, and the resulting portfolio value is square-integrable. More-
over, in line with [12], we utilize a broader notion of time-consistency that gener-
alizes the classical one, where the family of mean-variance problems are allowed
to use different weights at different investment periods. We note that the scalar
problem in can be written equivalently as

minimize — Ao’l]E(Uz,E) — )\072 (E(U%))2 + )\O’Q]E ((’U%)Z) SUbjeCt to we (I)() (Uo).

[4] and [3] point out that the nonlinear function of the expected terminal wealth



in the above formulation is the fundamental cause of time-inconsistency. How-
ever, we observe that, indeed this nonlinear formulation can be manipulated, and
utilized for recovering time-consistency itself. To that end, we start by extend-
ing the observations of [4] on the equivalence between the mean-variance and
mean-second moment problems (see in Chapter |3), which they utilize
to formulate their linear-quadratic embedding. We give a full characterization for
the equivalent weights of the two problems, under which they share their optimal
solutions. Moreover, we observe that the dynamic mean-second moment problem
is time-consistent in the classical sense. Hence, we utilize the equivalence to give
a complete characterization of a time-consistent weight process, that is, a weight
process that would make the family of mean-variance problems time-consistent
with respect to our definition (see Definition , which is given by the formula

(see Theorem below)
N — ()\071 + 2)\072 (E (U%Tw*) — Et (U?ﬁ)))
t — )

)\02

)

where 7* is the optimal solution of the initial mean-variance problem, Ao ; and g2
are the initial weights assigned by the investor to mean and variance, respectively.
In order to obtain these conclusions, we heavily benefit from random set theory,

and the decomposability of these problems.

We observe that, as the dynamic mean-second moment problem is time-
consistent in the classical sense, that is, with a constant weight, it satisfies an
associated scalar Bellman’s equation. Therefore, in theory, our go-to method for
formulating a dynamic programming scheme should incorporate this scalar Bell-
man’s equation. However, we notice that the equivalent weights between these
two problems are functions of the optimal terminal wealth, that is, for a given
initial weight Ao € R% for the mean-variance problem, the corresponding weight
for the mean-second moment problem can be calculated provided that the opti-
mal terminal wealth is already known. Hence, to make the transition from the
mean-variance problem into this dynamic programming scheme for an arbitrary
initial weight Ay, one has to know the optimal terminal wealth from the very

beginning. This is usually not the case unless, for instance, the optimal solutions



have a closed form expression as in [4]. For this reason, using the scalar Bellman’s
principle associated to the mean-second moment problem is generally an invalid
approach when finding a time-consistent weight process for the mean-variance
problem. Therefore, we move on to developing a recursive dynamic program-
ming scheme that has a set-valued basis to obtain both optimal solutions and a

time-consistent weight process for the dynamic-mean variance problem.

To that end, we follow a parallel approach to [14] and reformulate the mean-
second moment problem within a vector optimization setting. The main advan-
tage of this setting is the disembodiment from weighted sum scalarizations. With
this advancement, we acquire the ability to study the dynamic behavior of the
mean-second moment problem, free from the choice for a particular weight vector.
Moreover, we still preserve the connection to the scalarized mean-second moment
problem, hence the time-consistent weight process for the mean-variance prob-
lem, by the means of weakly minimal solutions. In alignment with [I4], we let the
value function of this dynamic vector optimization problem to be set-valued, and
we choose it to be the so-called upper images of the vector optimization prob-
lems. Within this formulation, we obtain the complete set-valued analogue of the
scalar Bellman’s equation for the family of mean-second moment problems, with
all the additional benefits mentioned above. We note that, as the scalar problem
itself is time-consistent with a constant weight, under a relatively relaxed notion
of time-consistency within the vector optimization framework, this conclusion is

somewhat expected.

Under this new set-valued Bellman’s equation, we introduce a recursive
backward-forward dynamic programming method for obtaining the optimal so-
lutions and the associated time-consistent weight processes of the mean-variance
problem dynamically. First, we solve a series of backward one-step vector opti-
mization problems to obtain the upper image of the mean-second moment prob-
lem at each step in the investment horizon, recursively. Then, as an intermediate
step, we apply some transformations on the upper image of the mean-second
problem at initial time in order to revert back to the mean-variance problem.

Thanks to this advancement, we bypass the issues of scalar Bellman’s equation,



and we are able to find the associated initial weight of the mean-second mo-
ment problem for every weight vector Ay € R? that the investors assigns for the
mean-variance problem at initial time. Finally, once we obtain the associated
weight vector, we solve a series of one-step scalar optimization problems, which
are indeed scalarized with the respect to the associated weights obtained in the
previous step. As a result, we are able to obtain both the optimal solutions and
the corresponding time-consistent weight process for every initial weight for the

dynamic mean-variance problem systematically, and dynamically.

The organization for remainder of this thesis is as follows. In Chapter [2 we
establish the notation and the underlying financial market structure. In Chap-
ter 3] we give a full characterization of the time-consistent weight process for
the mean-variance problem, and investigate the equivalence between the mean-
variance and mean-second moment problems. In Chapter 4] we introduce a scalar
Bellman’s equation and develop a scalar dynamic programming principle for the
mean-second moment problem. In Chapter b, we reformulate the mean-second
moment problem under a vector optimization framework, and obtain a set-valued
analogue of the scalar Bellman’s equation and dynamic programming principle.
Finally, in Chapter [6] we propose a new dynamic programming methodology,
which utilizes our set-valued dynamic programming principle, to find both the
optimal solutions and the time-consistent weight processes of the dynamic mean-
variance problem via vector optimization. We apply our methodology on two

different financial markets and announce our findings.



Chapter 2

Preliminaries and notation

In this chapter, we introduce the structure of the financial market on which we
will study the mean-variance problem. We also fix some notation for the rest of

the thesis.

We work in a discrete-time setting with index set T = {0,...,7T} for some
T € N :={1,2,...}. Let (,F,P) be a probability space and let (F;);er be
a filtration on (2, F,P) with Fy being trivial and Fr = F. Let n € N. For
p € [1,00), we denote the space of all equivalence classes of p-integrable and F;-
measurable random variables taking values in R"™ by L{(R") := LP(Q, F;, P; R"™),
whereas L{°(R"™) == LP(§, F;,IP; R") denotes the space of all equivalence classes
of essentially bounded and F;-measurable random variables taking values in R
. The space L{(R") is a Banach space with respect to the norm z — ||z, =

E(||z||")Y/? for p € [1,00) and = > ||z||, for p = oo, where
2]l = inf{c € Ry | [lz] < c}.

In particular, LZ(R") is a Hilbert space with the inner product (z,y) + (z,y) =
E(xTy). For a subset A C R™ we denote the set of all random variables in
L?(R™) that take values in A by L{(A). Given D, E C LYy(R"), D+ E ={z+y |
x € D,y € E} denotes the Minkowski sum of D, E. When D = {z} for some



x € LY(R™), we write x + F = {z} + E. We denote the closure, interior, convex
hull, linear hull, and conic hull of D C LY(R™) by cl(D), int(D), conv(D), lin(D),
and cone(D), respectively. In general, many cones, and in particular L} (R, ) and
L?(R,), which we utilize often throughout the thesis, have empty interior when
LP(R™) := L%.(R") is infinite dimensional. Hence, we make use of a weaker notion
of interior for such sets. To that end, we denote the quasi-interior of D by qi(D),
which is introduced by [15], and defined as

qi(D) = {z € D | cl(cone(D — x)) = LY (R")}.

We denote the collection of all nonempty closed subsets of R™ by C(R™). We call

a set-valued function F': Q — C(R™) a random closed set if
{lweQ|Flw)NnA#0}eF

for every open set A C R™ see [16], Definition 1.1.1]. Moreover, we call a random
variable x: Q@ — R™ a measurable selection of F if z(w) € F(w) for P-almost
every w € Q. We call a given set D C LY(R™) decomposable (with respect to J;)
if 1pa! + 1pe2? € D for every x',2%2 € D, and B € F,, where 15: Q — R is the
indicator function of B defined by

Throughout the thesis, equalities and inequalities between random variables
should be understood in the P-almost sure (P-a.s.) sense. Furthermore, addi-
tion, multiplication or composition of random variables should be understood
pointwise. For the sake of readability, for each t € T, we denote the condi-
tional expectation and conditional variance given F; by E,(-) = E(- | F;) and

Var,(-) = Var( - | F;), respectively.

We consider a financial market with d € N assets which follow a d-dimensional
square-integrable and (F;);er-adapted discounted price process (S;)ier. An in-

vestor in this market utilizes an essentially bounded and (F;);er-predictable

8



portfolio process (m)ser\ (0}, Where m = (m),...,m")T. In particular, for each
t € T\{0} and k € {1,...,d}, ¥ denotes the number of physical units of asset k
to be held in period ¢, that is, the duration between times ¢t —1 and ¢. The investor
enters the market with an initial wealth vg € R, and they do not withdraw or
deposit any wealth at an intermediate time step, thus each admissible portfolio
should be self-financing. Furthermore, we suppose that the market can impose
some additional constraints on the portfolio positions, for which we incorporate
into our model as the convex constraints ¢¢(m1) > 0 for every t € T\{T},
where ¢;: L°(R?) — L>°(R™) is an upper semicontinuous and concave function
for some image space dimension m € N. Note that the sequence of market con-
straints is identical for every initial wealth of the investor, that is, the structure
of (¢¢)ter\¢ry is independent of the initial wealth vy € R;. Under these assump-
tions, we denote the set of all admissible portfolios for an investor with a starting
wealth v; € L?(R) at time ¢ € T\{T'} by ®;(v;), which is given by

Oy (vy) = {(77-5)52154'_1 | 7rtT+lSt =, Vse{t+1,....,T —1}: 7rSTS5 = 7TST+155,
Vse{t+1,....,T}: ps_1(ms) >0,
Vse{t+1,....,T}: m, € L2 (RY)}.

We note that, for each ¢t € T\{T} and v; € L?(R), the feasible set ®;(v;) is a
convex subset of L®(R%) x ... x L | (R?) by construction. For every portfolio

T = (7s)s>t41 € Pi(vy), we define its value at time s € {t +1,...,T} as
o, =!8, (2.1)

Furthermore, whenever ¢t = 0, for the sake of readability, we drop ¢ from the

notation and write v = vy ,.



Chapter 3

Time-consistent weight process

Due to its multi-objective nature, the dynamic mean-variance problem is usually
treated by considering a linear combination of the two objectives for some weight
vector A\g = (Ao1, Ao2) € R x Ry, which yields a scalar objective function. Fol-
lowing this classical methodology, we define the mean-variance problem at time

zero with given wealth vy € R, as

inf — /\QJE(U%) + /\072\/511'(1};). (Mo(Uo, )\0))

7T€¢’0(U0)

Similarly, as we are interested in the dynamic behavior, we formulate the cor-
responding problem at an intermediate time step ¢ € T \{T'} with some initial

wealth v; € L?(R) as

essinf — Ao 1 (vf 1) + Ao2Var (viy). (M (vg, Ao))

TEPD:(vr)

We start by announcing the standard definition of time-consistency for the family
(M (-, Ao) )ter\(T}-

Definition 3.0.1. The family (M;(-, Xo) )ier\{r}y of optimization problems with

initial wealth vy € Ry is called time-consistent if every optimal solution m* of

(Mo (vo, Ao)) continues to be optimal at any future time, that is, (7%)s>t+1 1 an
optimal solution of (M,(vF", X)) for allt € T\{T}.

10



It is well-known in the literature that the family (M(-, Ao))ter\ 1} fails to be
time-consistent in the sense of Definition [3.0.1] (see [§]). In line with the works
[10], [12] and [I3] that work under different settings, we will argue that time-
consistency can be recovered if one wishes to replace the static weight Ao that
is used at all times in (M¢(+, Ao))ter\{r} by an adapted stochastic weight process
()\t)teT\{T}. This, in return, will incorporate the potential change of the relative
weight assigned to each objective by the investor during the investment horizon

under different financial outcomes.

Therefore, we define the mean-variance problem at time ¢ € T \{7T'} with some
initial wealth v, € LZ(R) and random weight A, = (Ai1, M2)" € LZ(R) x L*(R,)
as

essinf — A1y (vip) + Ao Var(vf ). (M (vg, \e))

TED:(ve)

Remark 3.0.2. We note that, apart from the premise of yielding time-
consistency for the mean-variance problem, this particular methodology has a
financial rationale as well. In the literature, the weight \q is interpreted as the
risk aversion of an investor at initial time, as the components of \y are the rela-
tive weights that the investor assigns to risk and expected return. Therefore, it
can be argued that considering a fixed weight throughout the entire investment
period is equivalent to determining the risk aversion of the investor at the future
apriori, before the revelation of additional information. In fact, [10] notes that if
the investor accumulates some additional wealth during the investment process,
as the perception of risk should change significantly depending on the amount of

wealth present to the investor, their risk aversion should be increasing as well.

Under the new structure of the dynamic mean-variance problem with random

weights, we extend our definition of time-consistency accordingly.

Definition 3.0.3. The family (M(-, \¢))ier\(ry of optimization problems with

mnitial wealth v9 € Ry s called time-consistent under the weight process

(At)eer\(ry if every optimal solution 7 of (Mo(vo, Ao)|) continues to be optimal

at any future time, that is, (7%)s>r41 95 an optimal solution of My(v]", \;) for all
te T\{T}.

11



In this chapter, our main goal is to characterize the associated weight pro-
cess (A)ier\yry for a given initial weight \g € R3Z and an initial wealth
vo € Ry, for which the family (Mg(vi, A¢))ier\r3 becomes time-consistent ac-
cording to Definition 3.0.3l To that end, we utilize the auxiliary mean-second
moment problem, which in fact possesses an inherent relationship with the mean-
variance problem. Precisely, we announce the mean-second moment problem
at time ¢ € T\{T} for some initial wealth v, € L}(R) and random weight
pr = (pr1, pe2)" € LE(Ry) x LP(Ry) as

essinf — py 1 Ey(vyr) + Pt,2Et((U§T)2)- (Ae(vr, pr))

TED¢(vt)

Notice that the notion of time-consistency is directly tied with the optimal strate-
gies of the family (M(-, A¢))ter\{r} of optimization problems. Therefore, for

completeness, throughout the rest of the thesis, we shall assume the following
assumption on the existence of an optimal strategy for both (M;(v;, \¢)) and
(As(ve, pr)))-

Assumption 3.0.4. For each t € T\{T}, v, € L?(R), \; € L}(R) x L*(Ry),
and p, € LA(R,) x L*(R.), the optimal values of (Maoh)) and (o)

are attained. That is, there exist an optimal strategies T € ®y(vy) and ™ € Py(vy)

for the problems (M (v, A\p))) and (A¢(v, pi)), respectively.

As we observe later on with Theorem [3.2.1] there is a fundamental equivalence
between these two problems in terms of their optimal solutions, which is based
on the appropriate choice of their respective weights A, and p;. Moreover, with
Proposition [3.3.1, we observe that the mean-second moment problem turns out to
be time-consistent in the classical sense, that is, in the spirit of Definition [3.0.1
We note that these observations are well-known in the literature, and the initial
observations are recognized by [4], be it in a simpler finite probabilistic setup
and under special financial market settings. Therefore, our main results in this
chapter extend these observations to a possibly infinite-dimensional probabilistic
setup with as much generality as possible, which turns out to be non-trivial and
benefits heavily from the random set theory. To that end, we start our analysis

with the so-called decomposability of the two problems of interest.
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3.1 Decomposability of (M;(v;, \;)) and (A vy, pr)

We start by defining the following two sets which are the images of the mean-

variance and mean-second moment pairs, respectively:

L (G et S ) e

where v; € L?(R) is given. Moreover, for the sake of completeness, for every
vy € LA4(R), we define

Ar(vp) = (UT, (UT)2)T.
Since Vary(vir) = Ei((v71)?) — (Ee(vp))? for every t € T\{T} and 7 € ®(vy),
we immediately have

M(vy) = {(:El,:vQ — (@) |z € At(vt)}. (3.1)

For future use and readability, we introduce the following notation and re-express

(3.1) compactly. Let us define a function 7 : R? — R? by
T(2) = (21,22 — (21)), (3.2)

whose inverse function exists and is given by 7 '(2) = (21,22 + (21)*)T; both
T and 7' are continuous on R%. Moreover, in order to extend the pointwise

transformation to random variables as well, for each ¢ € T, we define T, L#(R) x

Li(R) = L{(R) x L;(R) by

Ti(z)=Toux
Thus, we may rewrite as
M, (v)) = {ﬁ(x) lz e At@t)}. (3.3)

Accordingly, the problems (M; (v, A)) and (A;(vy, p¢)) can be rewritten as

essinf AT To(z)  (My(vi, Ar)), essinfplx  (A(vg, pr)). (3.4)
x€A(vt) x€A:(vt)
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Lemma 3.1.1. Let t € T\{T} and v; € L}(R). Then, the image set A;(v;) is a
decomposable subset of L?(R) x L} (R).

Proof. Let us consider z!, 22 € Ai(v;) and B € F;. Then, there exist 7!, 7% €
®4(v,) such that 2t = (—Ey(v7), E((vf7)2))T and 22 = (—E,(vf)), Eo((v77)?)T.

Now let 7 := 157! + 1z.m2. Then, we observe that 7T;'—+1St =y

S

7TTSS = 1B(W;)TSS + 1BC(7T§)TSS =1 ( 5+1) Ss + 1B"( s+1)TSS = 7TsT-HSs
forallse {t+1,...,7 — 1}, and

90571<7r3) =1p Spsfl(ﬂi) + 1pc @sfl(ﬂg) >0, 7 € LSO—1<Rn)

forall s € {t+1,...,T}. Hence, 7 € ®;(v;). By the definition of value process

in (2.1)), we have

T _ ].BT(' —‘rchﬂ' 7'('1 7'('2
Vi = Vg = 1pv{7 + 1. (3.5)

Furthermore, due to the properties of indicator function, we have the following
useful identity:

(07 )? = (1pvfp)? + (Lpevfp)? + 2(1p1 pevf ol ) = 1p(vfp)? + 1pe(v77)2 (3.6)

Then, by combining (3.5)) and (3.6) with the linearity of conditional expectation

and the F;-measurablity of 15, we obtain

(—EAU:T)) _ ( ~15E(vfy) — 15Ee(v]7) ) 1
E((vf7)?))  \LeEe((v7r)*) + Lo Ea((v7)”)

Hence, we conclude that 1gz! + 1g.2% € A;(vy). O

For a given v; € L}(R), we observe that the image sets A;(v;) and M, (vy)
fail to be convex in general, which can be very inconvenient, especially under the
current optimization framework. However, by the next two lemmas, we recover
the convexity of both images sets by adding the cone {0} x L}(R,) to each of

them. Furthermore, as we observe later in Lemma [3.1.5] this addition has no
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significant effect for our purposes.

Lemma 3.1.2. Let t € T\{T}, v; € L}(R), and define
At('l)t) =cl (At('Ut) + {O} X Ltl(]RJr)) s

where the closure is taken with respect to the product topology on L?*(R) x L}(R).

Then, A:(v¢) is a closed, convex and decomposable subset of L?(R) x L}(R).

Proof. Note that A;(v;) is closed by definition. Moreover, observe that A;(v;) is
decomposable by Lemma and {0} x LI(R,) is decomposable by definition.
Hence, as the sum and closure of decomposable sets is again decomposable, we
conclude that A, (v;) is decomposable. The convexity of Ay(v,) + {0} x LH(xR,)
follows from the convexity of ®;(v;), the linearity of conditional expectation and
the convexity of second moment. Therefore, as the closure of a convex set, we

conclude that A;(v;) is a convex set as well. O

In order to obtain an analogue of Lemma for M;(v;), we need the fol-

lowing lemma that establishes the conditions on the continuity of 7\}.

Lemma 3.1.3. Let t € T\{T} and v; € L3(R). Then, the function T; is contin-

uous on Ai(vi). Furthermore, we have
T [Aw)| = AT [Aw) + {0} x LL(RS)].

Proof. To show the continuity claim, let (z"),eny € Ai(vy) be a sequence that

converges to some z € A;(v;) in L?(R) x L} (R). Note that

?t(x”) — (I.n _xin)z) ,neN, 7\}(:6") — (x2 _$Ex1)2> .

By the construction of the sequence, (27),cn converges to x; in L?(R) and (25),en
converges to z3 in L} (R). In particular, ((z7)?),en converges to (z1)% in L} (R) as

well. Hence, (2§ — (27)?)nen converges to (xo — (21)?) in L} (R). It follows that
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(T +(2™))nen converges to Ti(z) in L2(R) x L!(R), hence the continuity of 7 fol-
lows. Therefore, the forward inclusion 7[A;(vy)] € el T [Ai(vy) + {0} x LE(R,)]

is straightforward.

To prove the reverse inclusion, we observe that the inverse function

?;1: L#(R) x L}(R) — L?(R) x L;{(R) exists by construction, and it is given

by 7\’; ' (x) = T 'ox. Moreover, similar to the continuity proof above, it can
be checked that T, " is continuous on cl T [Ai(vy) + {0} x LY(R,)]. Since the

arguments are similar, we omit the proof for brevity. Then, we have

~—1

'/7\';1 [Cl 7Y [Ai(ve) + {0} x L%(RJF)H Ccl (Tt [?t [Ai(v) + {0} x L%(RJF)H)

C el (Ai(vy) + {0} x Ly (Ry)) = Ay(vy),

and when we apply the transformation ’/7\} once more to both sides of the set

inclusion, it implies that
AT [A(w) + {0} x LHRL)] € T [ Awr)]

which completes the proof. n

Lemma 3.1.4. Let t € T\{T} and v; € L?(R). Then, we have
Mi(v) = (M (v) + {0} x Li(Ry)) = {T(w) | x € A(v)}. (3.7)

where the closure is taken with respect to the product topology on L?(R) x L}(R).
Further, My(v;) is a closed, convex and decomposable subset of L?(R) x L}(R).

Proof. First, we note that by Lemma [3.1.3| we have
{Tua) | v € Alo)} =T [Alw)| = T [Aw) + {0} x LIR,)] . (38)
Therefore, under (3.3)), it suffices to show the following equality holds:

Ti[A(v) + {0} x LI(R})] = Tl Ai(w,)] + {0} x LE(Ry).
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To that end, let € A;(v;) and 7 € {0} x L;(R), then as r; = 0, we obtain that
'?t(x—l—r) = (z1, 9 +75— (21)?)T = (x1, 29— (1)) T +(0,79)" = '?t(x) +7. (3.9)
Hence, under (3.8)) and (3.9)), we conclude that

{Tu(x) | & € A(vr)} = (Te[Ai(v)] + {0} x L{(R,))
= cl(Mi(v) + {0} x Ly (Ry)) = Mi(vy).

We note that, M;(v;) is closed in L?(R) x L}(R) by definition. Moreover, the
convexity of M,(v;) follows from the convexity of ®;(v;), the linearity of the
conditional expectation and the convexity of the conditional variance. In terms
of decomposability, similar to the proof of Lemma [3.1.2] it suffices to show that
M, (vy) is decomposable. To that end, let m!, m? € M,(v;) and B € F;. Then,
there exists z!, 22 € A, (v;) such that T4(z') = m! and T(2%) = m2. Further, we
let * = 1px' 4 1pca? then as Ay(v;) is decomposable by Lemma [3.1.1] we have

x € Ai(vy). Therefore, following a similar argument to (3.6]), we obtain
1pm' + 1gem? = 15T 4(2") + 15 To(2?) = Ti(1pz' + 1gea®) = To(z).

Thus, as it is the image of some = € A;(v;) under '?t, we conclude that 1zm' +

1gem?* € My(v) by (8.7). O

Our next result indicates that when we replace the image set A;(v;) in (3.4)

with the newly defined A;(v;), although the feasible region is larger, both prob-

lems have the same optimal value.

Lemma 3.1.5. Let t € T\{T}, v; € L(R). Then, it holds that

essinf A/ T(z) = essinf A T(z)
€A (vt) €At (vt)

for every Ny € L%(R) x LX(R,) in the case of the mean-variance problem

(M (v, o)), and

essinf p; x = essinf p; x
zEAL(vt) €A (vt)
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for every p; € L2(Ry) x L*(R,) in the case of the mean-second moment problem

(As(or, pr)))-

Proof. We only provide the proof of the case for (M,(v;, \;)|) to prevent repetition.

Let us fix some \; € L(R) x Le(Ry). As Ai(vs) C Ay(vy) by construction, it is
clear that

essinf AT, (z) > essinf \] T 4(x).

€A (vt) €A (vt)

To obtain the reverse inequality, we start with the observation that, for every
z € Ai(v;) and r € {0} x L} (R,), it holds

MNTz+7) =N (Tux) +1) = N To(x) + ATr > N To(z),
as we have \Jr > 0. Thus, by the definition essential infimum,

esii?f))\z?t(x') <ANT(@) <N Tz +7) (3.10)
' €At (vt

for all x € A;(v;) and r € {0} x L}(R,). As the next step, we consider T € A;(vy)
such that
lim (2" + ") =7 in L}(R) x L;(R),

n—oo

where " € Ay(v,) € and ™ € L2({0} x R.) for each n € N. Then, as 7, is
continuous on A;(v;) by Lemma and A € LZ(R) x L°(R), we observe that
the map x — )\;r’?t(x) is continuous on A (v;) into L} (R). Therefore, we obtain
that

Hm AT (2" + ™) = AT T+(F) in LL(R).

n—o0

Hence, there exists a subsequence (AT 7 (2™ +7")) ey that converges to A] 7 4(T)
almost surely. Moreover, under (3.10]), we observe that

esii(nf)AtT%t(x) < AT (2™ 4 77) (3.11)
TEAL (Ut
for all £ € N. Therefore, after taking the limit of both sides on (3.11]), we may
conclude that

essinf AT T 4(z) < AT 4(T).

z€A; (ve)
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Since T € Ai(v;) is arbitrary, by the definition of essential infimum, we obtain

essinf AT (z) < essinf A T 4(),
€A (ve) xe Ay (vr)

as desired. n

Under the conclusions of Lemma , Ai(vy) is a closed and decomposable
subset of LZ(R) x L;{(R). In the theory of random sets, it is well-known [I6],
Theorem 2.1.10] that a closed and decomposable subset of LY(R"), for some n € N
and p € [1,+0o0], can be characterized by the set of all p-integrable selectors of
a random closed set. Moreover, this classical result can be generalized for the
product space setting. The reader is referred to [16], Section 2| for more details on
the relationship between decomposable sets and random sets. As a result of [16],
Theorem 2.1.10], we guarantee the existence of a closed random set F"*: Q — 28
such that

SPHFY) = {z € L}(R) x LI(R) |w € Q, z(w) € F*(w) P-as.} = A(vy), (3.12)

where S7'(F) is the set of all F;-measurable selectors of F* in L?(R) x L} (R).
Moreover, we introduce the decomposed analogue of (3.3) for the multivalued
random variable F}*, that is, we define G}*: Q — 2% such that

Gt (w) ={T(2) | z € F*(w)}, wel (3.13)

Then, as M, (v;) is closed and decomposable by Lemma , by their construc-
tions in (3.7)) and (3.13)), we observe that a similar analogue of (3.12)) holds true

for G}* as well, that is, we have

SP(G) = {x € LA(R) x LI(R) | Plw € Q| 2(w) € G (@)} = 1} = Mi(vy).

Furthermore, as A;(v;) and M,(v;) are convex subsets of LZ(R) x L} (R) under
Lemma and Lemma|3.1.4] by [16, Proposition 2.1.7], we conclude that both

F*(w) and G}*(w) are convex subsets of R? for almost every w € (.
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As the final step, we introduce the following decomposed analogues of the

problems (M, (v, A)}) and (A (ve, pr))):

et (w) 2 — (1)’ eF (W)

inf )\t(w)T< ! ) (my (v, A, w)), inf Pt(w)TZ (a¢(ve, pr,w))

for each w € Q. Furthermore, by (3.13]), we can rewrite the problem my (v, s, w)

equivalently in a linear form for each w € €, as

inf A\(w)TT7T(z)= inf NwTz= inf M\w)'z. (3.14)

2€F, (w) 2ET[FH (w)) 2€Gt (w)

Our next lemma ensures that instead of working on the stochastic problems

(M¢(vg, A)) and (A;(vg, pt)), we may pursue our analysis on the more manage-

able decomposed problems (my(v, Ay, w)) and (a; (v, pr, w)).

Lemma 3.1.6. Let t € T\{T'} and v, € L}(R). Let 7 € ®,(v;) and define
"= (~Eu(vf7) E((v7)*) "

Then, the following equivalences hold.

(i) For every Ay € L?(R) x L°(R.), 7 is the optimal solution of (M;(ve, \¢)) if
and only if x*(w) is the optimal solution of (my(vy, A\r,w)) for almost every

w € Q.

(ii) For every p; € L*(Ry) x L®(R,), ©* is the optimal solution of (Ai(vy, pt))
if and only if x*(w) is the optimal solution of (a;(vy, pr,w)) for almost every

w e €.

Proof. As both results are similar in nature, to prevent repetition we only provide
the proof of the first part. To that end, let us fix some \; € L?(R) x L*(R, ) and
suppose that 7* is an optimal solution of (M, (v, A;)). Then, by Lemma |3.1.5 we
have AT (z%) < AT T(Z) for all T € A,(v;). Hence, as 2* € Ay(v;) C A;(vy), by
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the monotonicity of expectation we obtain that

EO\ T(2*)) = 76315 )E(Afﬁ(f))-

Let
fw):= inf MNw)TT(2), we

2€F (w)

Then, by [16, Theorem 2.1.20], £ is an F;-measurable random variable, and further

we have

inf B\ T,(T)) = E(®©),
TEAL(vt)

since we satisfy necessary assumptions, that is, we have E()\tT%t(x*)) < 00, and
2+ M\(w)T T (2) is continuous on R? for every w € Q. Therefore, we conclude
that

E(§) = B\ T1(a)). (3.15)

Now, assume to the contrary that z*(w) is not optimal solution of (my(vs, A¢, w))
on an event with strictly positive probability, that is, we have P{¢ < )\,5T7A’t(x*)} >
0. Note that, by definition we have P{¢ < A T(2*)} = 1. Then, under the
monotonicity of expectation we arrive at a contradiction to as

E(¢) < E(N T4(z")):

For the converse, let us suppose that 2*(w) is an optimal solution of (my(v;, A, w))
for almost every w € 2 and assume that 7* is not an optimal solution for
(My(ve, Ar)). Then, by Assumption [3.0.4] there exist an optimal solution 7 €
®,(v;) with z = (—=E;(v%) , E((v5)?))T and B € F; with P(B) > 0, such that

M (@) T(@(w)) < A (@) T (2" (w))

for all w € B. However, we arrive at a contradiction as 2*(w) is not optimal for

the problem (my(v;, A\;,w)) on a set with strictly positive probability. ]
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3.2 The equivalence of (M;(v;, \)) and (A;(vy, pr)

With the results of Section (3.1, we are ready to announce the following theo-

rem which indicates an essential equivalence, in terms of their optimal solutions,

between the problems (M (v, \;)) and (A (v, pr))) based on the choice of their
weights \; and p,.

Theorem 3.2.1. Let t € T\{T}, vy € L?(R), and 7* € ®;(vy).

(i) If 7 is an optimal solution of (A(ve, pr)) for some py € LZ2(Ry) x L°(R,),

then it is also an optimal solution of (M (vs, \t)) with corresponding weight

) — 2p; 2B (V]
o P — 20 2B (v ) ' (3.16)
Pt,2

(it) If 7™ is an optimal solution of (Mi(ve, \¢)) for some Ay € LZ(R) x L°(R,),

then it is also an optimal solution of (Ai(ve, pr)) with corresponding weight

M1+ 20 o By (07
5 = i1+ 2A¢0 t(Ut,T) . (3.17)
At2

Proof. For convenience, given v € R2? we define a nonlinear function
f(-;79): R? = R and a linear function A(- ; v): R* = R by

flz;y) =~" T (=), h(z:7) = a

We first prove (i). Let us fix some p; € L?(R,) x L°(Ry) and suppose that 7*

is an optimal solution of (A¢(ve, pr)). Let us define 7 = (=Eq¢(v]7), Ee((0]7)%)T
so that the definition of )\, in (3.16]) reads as

3 Pra + 2P 207
)\t = .
Pt,2

Then by Lemma [3.1.6(ii), z;(w) is optimal for (a,(v;, ps,w)) for almost every
w € Q. Moreover, by Lemma [3.1.6(1), it suffices to show that }(w) is optimal for
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(my (vy, A, w)) for almost every w € Q. To that end, let us fix w € Q\ N, where
N ={w € Q| z(w) is not optimal for a;(vs, ps,w) or GY*(w) is not a convex set}.

Note that, both events that define N are F;-measurable null events, hence we
have N € F; and P(IV) = 0. For readability, let us define

Pomaiw), A= AW, p= ).

We start by analyzing the gradient of the function f(- ; A). We observe that it is

given at a point z € R? as

Vf(l‘, /—\) y (5\1 —_25\2I1> _ <p1 + QPQZL”I( = 2p2$1> '
)\2 P2

Thus, at the point *, the gradients of the functions f(- ; \) and h(- ; p) are equal:

V(@™ A) = p = Vh(z"; p). (3.18)

Under , in a small neighborhood around z*, both functions should behave
similarly. We claim that z* is a local minimum of the problem (m;(v;, A, w))
in the sense that, there exists ¢ > 0 such that f(z*;\) < f(z;)\) for every
x € B(z*,e)NF*(w). To see that, suppose to the contrary for every € > 0, there
exists e € B(0,¢) such that 2% + e € F(w) and f(z*;\) > f(2* + e; \). Then,

by Taylor’s theorem, we may write
f@* +e0) = f(a%X) + V(@A) e + ofe) (3.19)

where o(e) := —2\y(e;)? is the nonlinear error term. Further, since o(e) is of
higher order, as e — 0, it converges faster than the linear term V f(2*; A\)Te, that

is, there exist ¢* > 0 and e* € B(0, ¢*) such that
IV f(@* M) (e*)] > Jo(eh)]. (3.20)

Then, by combining our assumption that f(a*;\) > f(z* 4+ e*; ) with (3.19)),
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we obtain that Vf(z*;A\)Te* + o(e*) < 0. Hence, under (3.20), we have
Vf(x*;\)T(e*) < 0. Therefore, by (3.18)),

Vh(z*;p)Ter = Vf(z*;))Ter < 0. (3.21)

Finally, as h(-; p) is linear, similarly by Taylor’s theorem, we can express h(x* +
e*;p) as

h(@* + e p) = h(z*; p) + Vh(z"; p)Te".
Therefore, by (3.21)), we obtain that h(z*;p) > h(z* + €*;p), where z* + ¢* €

F/*(w). Clearly, this contradicts the optimality of z* for (a,(v;, ps,w)) due to
w € Q\ N. Thus, the claim holds, that is, 2* is locally optimal for (m; (v, A, w)).

As the final step, we generalize this local optimality of z* to a global one. To
that end, let y* = T(2*). By the feasibility of 2* for (m,(v;, A\, w)), we have
z* € F*(w). Hence, y* € G}*(w) by (3-13). Moreover, by the continuity of T,
there exists > 0 such that

T By, 0)] € B(a",e).

Hence, we indeed preserve the local optimality of z* when we transform the
problem into a linear setting, that is, for every y € B(y*,d) N G}*(w), we have
T (y) € B(x*,¢) N F(w) so that

Wy A) = f(@%0) < F(T (@) A) = h(y; ), (3.22)

thanks to the local optimality of z* and the definitions of f and A. Finally, to

get a contradiction, let us assume that there exits y € G}*(w) such that h(y; A) <
h(y*; \). Then, due to the linearity of h(- ; \) we have

Vh(y s\ (y —y*) = h(y; A) — h(y"; A) < 0. (3.23)

Moreover, we note that there exists small enough ¢’ € (0,0) such that

5/
o= "
ly — y*|

€ (0,1).
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In particular ¢’ == a(y — y*) € B(0,9). Furthermore, as G}*(w) is convex and

y,y* € G*(w), we observe that y* + ¢’ € B(y*,d) N G}*(w) since

v+ =y +aly—y)=ay+ (1 -y

Finally, we write the image of y* 4+ ¢’ under the linear objective h(- ; \) to obtain
h(y* + ¢ X) = h(y*: N) + Vh(y*; A) e = h(y*; N) + aVh(y: N (y — y*) (3.24)

Thus, by (3.23) and (3.24)), we conclude that h(y* + €/;\) < h(y*;\), which

results in a contradiction with the local optimality of y* in (3.22)). Therefore, we
conclude that y* is an optimal solution of the problem (3.14)), or equivalently, z*

is an optimal solution of the problem (my(v;, A¢,w)), which finishes the proof of

(i).

To prove (ii), let us fix some A, € L?(R) x L¥°(R,) and suppose that 7* is

an optimal solution of (My(vg, Ap)). Let a7 = (=Ey(v]7), Ee((v]7)?))T. Then, the

definition of p; in (3.17) reads as

At — 2\pot
po= [T ) (3.25)
At2

Similar to the proof of (i), by Lemma[3.1.6] it is enough to show that z}(w) is an
optimal solution of (a;(vy, pg, w)) for almost every w € €. To that end, let us fix
w e Q\ N, where

N ={w € Q| x7(w) is not optimal for my (v, \y,w)} € F,
and P(N) = 0. Furthermore, analogous to the first part, let us define
™=z} (w), A= M(w), p = p(w).

To get a contradiction, let us assume the existence of = € F/(w) such that

25



h(x; p) < h(x*; p). Then,
p1%1 + Pazo < P1x] + Pais.
Then, we substitute p by its definition in (3.25]), and we observe
ATy — 200232 + Ay < Mx} — 2X9(2})? + Noad. (3.26)
Moreover, we reorder the terms of inequality as follows:
(A1m1 + Aaxa) — (A} — Xo(@3)? 4 Aod) < 2Xoxtwy — Ag(a})?

As the final step, we add the term —My(z1)? to both sides of the inequality and

obtain
F@; )= f (@5 0) = (M=o (21)*+Aox2) — (Mz— Ao (2])*+hoxd) <—Aa(2] — 1)

Then, as Ay > 0 by definition, we observe that f(x;\) < f(z*;\), where z €
F/*(w). This indicates that 2* is not an optimal solution (my(v, Ar,w)), which

results in a contradiction. O]

The reader can notice that the equivalent weights in Theorem depend on
the terminal values of the optimal portfolios. Therefore, the uniqueness of the
equivalent weights, and their potential effects on time-consistency fully depend
on the uniqueness of the optimal terminal values. Therefore, our next series of

results establish necessary conditions for obtaining the desired uniqueness.

Lemma 3.2.2. Let x € LA(R?) with P{xy # o} > 0, and let « € (0,1). Then,
E((ax; + (1 — a)x9)?) < aE((z1)?) + (1 — a)E((z2)?). (3.27)
In particular, if E(x1) = E(xs), then

Var(ax; + (1 — a)zs) < aVar(zy) + (1 — «) Var(xs).
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Proof. By the strict convexity of the square function, we have
(az1(w) + (1 — a)z2(w))? < ax(w)? + (1 — a)rs(w)?

for every w € {x; # x2}. Moreover, we have nonstrict inequality almost surely,
that is,
(azy + (1 — a)x)® < afr))? + (1 — a)(xs)?.

Then, as P{z; # x5} > 0, under the monotonicity and linearity of expectation,
(3.27) follows. Next, suppose that E(z;) = E(zy) and let &, = 27 — E(xy),

To = w9 — E(x3). Clearly, P{Z; # %2} > 0 holds. Thus, applying (3.27) to
and 75 gives the inequality for variance. O]

Proposition 3.2.3. Let v € Ry and Ao € (R \ {0}) x Ry,. Moreover, let
7l % € ®g(vg) be two optimal solutions of (My(vo, No)). Then, they admit the

. o 1 2
same terminal value, that is, v = vl .

Proof. As an initial step, we claim that Var(v} ) = Var(vf). Let us assume to

the contrary that Var(v}') # Var(vy?). In particular, we must have
P{v} —E(uf) # v} —E(wE)} > 0. (3.28)

Let a € (0,1) and consider 7 := ar! + (1 — a)7%. We have m € ®((vy) as the
feasible region is convex. Then, by the definition of value process in (2.1)), we

have

1 2
r _ armt+(1-a)r® 7l 2
vl = vp =avp + (1 —a)vy .

so that

1 1 2 2

Var(v]) = Var(ow}1 —i—(l—oz)vf) = Var (oz(v% —E(0} )+ (1—a) (v} —E(v} )))

Then, by (3.28)) and Lemma [3.2.2) we conclude that

Var(v]) < o Var(v] ) + (1 — ) Var(vf). (3.29)
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Furthermore, by the linearity of expectation,

1

E(v}) = E(avh + (1 —a)vk) = aB@F ) + (1 — a)E(0}). (3.30)

Therefore, as A is strictly positive in the second component, combining ((3.29))

and gives
. <_E(U;)) e <—E(U;1)> S (—E(v%i)) | (331)
Var(v7.) Var (v ) Var(vy)

Then, as 7! and 7% are optimal solutions of (My(vg, Ag)), hence sharing the same
objective value, we rearrange (3.31) to get

—E(v] —E(v&
o (EOR i (—E6E)Y
Var(v7.) Var(v7.)
which is a contradiction to the optimality of w!. Thus, we conclude that
Var(vf ) = Var(v ). Moreover, as A is non-zero in both components, we con-

clude that E(vF') = E(vE) as well. Therefore, by Theorem [3.2.1} both 7' and 72

are optimal solutions of the problem Ag(vg, po), where

[ Aoa + 2002 (v)
Po = .
No.2

Finally, to get a contradiction, let us assume that P{v%l + v?g} > (0. Then, by

Lemma [3.2.2, we observe that
E((vF)°) = E((af + (1 — )} )?) < aB((v7)*) + (1 — @)B((vF )?).  (3.32)

Then, following a similar argument as for the mean-variance problem, by com-

bining (3.30) and (3.32)), we get

T [ —E(v7) [ —E(vF) [ —E@F)
0 apy 1 l—a 0 2
g (E((véﬁ)2>> = (E((v; >2>>+( ) (E((v% >2>)

since ppa = Ao > 0 by assumption. Moreover, as 7' and 7 are both optimal
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solutions of (Ag(vo,p)), they share the same objective value. Therefore, since
E(vE') = E(vf), we observe that E((v7 )?) = E((v5)?). Finally, we obtain

,;(—E@%)) g N(—E(vi))
\E((w5)?)) T \E((w5)))

which contradicts the optimality of 7 for (Ag(vo, po)). Hence, v% = v O

3.3 Time-consistency of the mean-second mo-

ment problem

After establishing the equivalence between the mean-variance and mean-second
moment problems, we turn our interest to the time-consistency of the mean-
second moment problem, as provided by the next result. Note that a fixed weight

is already sufficient to establish time-consistency in this case.

Proposition 3.3.1. Let vy € Ry and py € R, Then, the family (A¢(-, po))ter\ i1}
of optimization problems with initial wealth vy is time-consistent, that is, for
every optimal solution ™ of (Ao(vo, po)) and t € T\{T'}, (7})s>e41 s optimal for
(Ae(v]™, po))-

Proof. Let 7 be an optimal solution of (Ag(vg, po)). To get a contradiction,
assume that there exists t € T\{0,7'} such that (7})s>t41 is not optimal for
(A¢(vF", po)). Then, by Assumption [3.0.4] there exist an optimal solution 7 €
®,(v7") of (A;(vF", po)) and an event B € F; with P(B) > 0 such that

= p0a Bt (v77) (@) 40 2Be((v]7)*) (W) < —poa Ee (v]r) (W) +po2Be((v]7)*) (w) (3.33)
for every w € B. On the other hand, as 7 is optimal for (A;(v], p)), we have
= poEe(vir) + po2Be(v71)?) < —poaEe(v]7) + po2Ee((vir)?). (3.34)

Now, we consider 7 = ((7})s<t,m). By construction, we have @ € ®¢(vg) and
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v} = vfp. Finally, we take the expectation of both sides of ([3.34) and, by the

strict monotonicity of expectation due to (3.33), we obtain

E(—poiEe(vy 1) + po2Be((v]1)?)) < E(—poiEe(vir) + po2Ee((v)r)?))-

After making the substitutions v7. = v, and vE = v{f}, by linearity and tower

property, we arrive at
— poaE(vF) + po2B((vF)*) < —po B(vF ) + poB((vF)?),

which results in a contradiction with 7* being optimal for (Ag(vo, po)). O

The next theorem is the main result about time-consistency achieved by using

a stochastic weight process in the mean-variance problem.

Theorem 3.3.2. Let vg € Ry and \g € R x R,. Suppose that 7 is an optimal

solution of (Mo(vo, \o)) and lett € T\{T}. Then, the process (77)s>t+1 € Pr(vI)

is an optimal solution of (M;(vF", \;)), where

/\ L )\0’1 + QAO,Q(E(U%*> — Et(v?))
t .
Ao,2

Furthermore, if Ay € (R\ {0}) xRy, then the family (My(-, \¢))ter\1} of mean-
variance problems with initial wealth vy 1s time-consistent in the sense of Defini-
tion [3.0.3.

Proof. By Theorem [3.2.1fii), 7 is also an optimal solution of (Aq(vg, po)), where

[ Do+ 200 2E(0])
Po = .
Ao,2

Moreover, by Proposition [3.3.1 for every ¢t € T\{T}, the feasible portfolio
(75)s>¢41 is an optimal solution of A;(vF", po). Then, by Theorem M(l),
for every t € T\{T}, the feasible portfolio (7})s>¢11 is an optimal solution of
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(M (v7", Ar)), where

o [Por— 2002B: (v )\ [Aox + 2002(E(vf ) — Ey(vF))
t = = .
£0,2 Ao,2

Now, let us suppose further that Ag € (R\{0}) xR, . Then, by Proposition3.2.3]
given two arbitrary optimal solutions 7!, 72 € ®¢(vg) of (Mg(vo, \o)), we have
'U}l = vgf. Hence, we conclude that the conditional expectation processes of their

respective terminal values are equal, that is,

1 2

Ei(vr ) = Ey(vg ), teT,

1

and as a result,the time-consistent weight processes corresponding to 7 and

m* are equal, which is (A;)ier\{ry. Therefore, for every optimal solution 7’ of

(Mo (vo, No))s (7)s>e41 is an optimal solution of (M,(v[',)\;)). Hence, by the

previous step, we conclude that (M(-, A¢))ier\{r} becomes time-consistent. [

Remark 3.3.3. The reader can notice that throughout this chapter, we avoid
restricting the weight for the mean-variance problem to have nonnegative first
component, even though doing so is the standard to recover the classical case
where one aims to maximize expected return while minimizing variance. The
main reason for us to seek such generality is mainly due to the results of The-
orem [3.3.2] Indeed, the time-consistent weight process, depending on the initial
risk aversion and the behavior of the market, can possibly have a negative first
component. The reader is referred to [13] for a more detailed analysis of this phe-
nomena, where the authors investigate the time-consistency of the mean-variance

problem when the weight process is constrained to take only nonnegative values.
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Chapter 4

A scalar dynamic programming

principle

After establishing the time-consistency of the mean-second moment problem with
a fixed weight process in Proposition [3.3.1] the next natural step is to investigate
its associated Bellman’s equation. For this purpose, for each t € T\{T}, we
define the value function V;: L?(R) — L}(R) of (As(-, po)) with a fixed weight
po € R2 directly as the optimal objective value, that is,

Vi(ve) = essinf (—Po,lEt(UZT,T) + P0,2Et((U§T)2)) , v € L{(R). (4.1)

TED¢(vt)
Moreover, as the terminal condition, we define the value function at time T by
Vr(vr) = —posvr + po2(vr)?, vr € L7(R). (4.2)
Under this construction, we have the following dynamic programming principle.

Proposition 4.0.1. Let t € T\{T'} and v; € L}(R). Then, it holds

Vilw) = _essinf E, (Vi1 (vF440)) - (4.3)
7thSt:vt '
ot(m)=0
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Proof. First, let us consider the last period from 7'—1 to T". Then, by the linearity
of conditional expectation, and the definition of the value function in (4.1)) and

(4.2), it is clear that

essinf Ep 4 (VT(UC?—LT))
WEL%,l(Rd) :
71 Sy_1=vr_1
wr—1(m)>0

= essinf (—P0,1ET—1 (UérLLT) + po2Er—1 ((Uérul,T)Z)) = Vr_1(vr).
reLyP | (RY):

alSr_1=vr_1
er—1(m)>0

Now let us suppose that t € T\{T — 1,T}, and consider an arbitrary v;.; €

L? ,(R). By the monotonicity of conditional expectation, we have

Bt (Vie1(vi41)) < Ee (—poaBe1 (V1 1) + po2Besr (01 1))

for every m € @441 (viy1). Therefore, by linearity and tower property,

Ei (Viri(vipr)) < essinf (—poaBEe(vfyy 1) + po2Be((0fy1.1)%)) -

TED11(Vi41)

However, by Assumption [3.0.4], we observe that the essential infimum in the
definition of Viyq(viyq) is attained at some 7% € ®;,1(vyq). In particular, we

have
Ei(Vis1(ver1)) = Be ((=poa i1 (v 1) + po2Bei(vf10)?)) -

Hence, we conclude that

E(Vir1(ver1)) = essinf (=porEe(viy 1) + pooBi((vfy11)%)) - (4.4)

TEP; 1 (Vi41)

Next, we separate the feasible region for V;(v;) into two parts and apply (4.4) to
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obtain

Vi(vy) = essinf essinf —po1E; (vF + E,((vF 2
t( t) 7rGL;?Q(RUZ):7?@1)”1(”?7%1)( Po,1 t( t+1,T) Po,2 t(( t+1,T) ))
WTSt:’Ut
pt(m)=0
= essinf E; (Vi q(v] .
essint EViir(0]4.)
1S =vs
t(m)>0

Hence, (4.3)) follows. O

Although the dynamic programming principle in Proposition [4.0.1{can be help-
ful when studying the dynamic mean-second moment problem for its own sake,
its usefulness is questionable for the mean-variance problem. Indeed, under The-
orem for a given initial weight \y € R x R, for the mean-variance problem,
one first neeeds to calculate the corresponding weight py € R? for the mean
second-moment problem given by . But this would require knowing the
optimal wealth for the initial mean-variance problem beforehand,
in which case the dynamic programming principle in Proposition becomes

irrelevant.

Fortunately, we can cope up with this issue by considering all possible pairs
(po, E(vF)) simultaneously, where 7* is an optimal solution of (Ag(vg, po)). That
is, if we can come up with a methodology that yields all such pairs dynamically,
then we may find pg corresponding to the initial weight Ay € R x R, of the mean-
variance problem. To achieve this goal, in Chapter [5 we will reformulate the
mean-second moment problem as a biobjective optimization problem for which a

dynamic programming principle is available in an extended sense.
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Chapter 5
Set-valued dynamic programming

In this chapter, we prove a set-valued analogue of the scalar dynamic program-
ming principle in Proposition for the biobjective mean-second moment prob-

lem.

Recently, [I4] have introduced a new methodology for the dynamic mean-risk
problem, where the risk is measured by a time-consistent dynamic coherent risk
measure. They pass to a biobjective formulation of this problem and define a set-
valued value function for this formulation. Accordingly, they obtain a set-valued

dynamic programming principle.

Here, we follow a similar approach for the mean-second moment problem. To
that end, let us first introduce the biobjective formulation of the mean-second

moment problem at time ¢ € T \{T'} with starting wealth v; € L?(R) as

. (—E(v;&)
minimize - 9
Ei((vfr)?)

subject to 7w € Oy(vy).

) with respect to  <=<r2m,)xri(®,)

(Ce(vr))

Note that this is a vector optimization problem where the vector-valued objective
is to be minimized with respect to the partial order <=<pr2g )xri(®,), Which

corresponds to the componentwise almost sure ordering on L?(R) x L} (R). We use
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the concepts of minimal element and efficient solution from vector optimization
theory, which we recall in Section

5.1 Solution concepts and equivalence with

scalar counterparts

We consider the partially ordered vector space (L7(R) x L;(R), <2r, )1l (r.))

and recall the notion of minimal element for a subset of this space.

Definition 5.1.1. Let D C L?(R) x L;{(R) be a nonempty set and let T € D.

(i) T is called a minimal element of D if (z — L}(Ry) x L{(Ry)) N D = {z},
or equivalently, if there exists no x € D \ {Z} such that v < Z.

(ii) T is called a weakly minimal element of D if (z—qi(L?(Ry)x L} (Ry)))ND =
0, or equivalently, if there exists no x € D such that x € T — qi(L?(R,) x
Ly (Ry)).

We note that, the above definition of weakly minimal element is slightly dif-
ferent from the classical one in the literature which uses usual interior instead of
quasi-interior (see [I7, Section 4]), and it was introduced by [18]. In our case,
we prefer working with quasi-interior since both int(LZ(R,)) and int(L}(R,)) are
empty unless they are finite-dimensional. Hence, the classical definition becomes
trivial in infinite-dimensional settings. Moreover, we follow the convention in [I8],
Remark 4] and keep using the terminology weakly minimal, as this definition is

in fact a generalization of the classical one.

Note that the image set, that is, the set of all objective vectors, of the biob-
jective problem ((C;(v;)]) is already established in Chapter [3| as A:(v:). Next, we
recall the definition of efficient and weakly efficient solutions for (Cq(v;)), which

are standard in vector optimization.
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Definition 5.1.2. [17, Definition 11.5] Let t € T\{T} and v; € L}(R). A
feasible solution m € ®y(vy) is called an (weakly) efficient solution of (Cy(v,)]) if

its image (=Ey(v7 1), Ee((vfp)?)T is a (weakly) minimal element of Ay(vy).

We note that, in order to make use of [I8, Corollary 9], which we utilize
for the characterization of the weakly efficient solutions of (C;(v;)|), we need the
following assumption, which is necessary for the separation arguments within [I8],

Corollary 9.

Assumption 5.1.3. For every t € T and vy € L?(R) it holds that Ai(vi) +
qi (LF(R+) x Ly (Ry)) = qi (Au(vr) + LE(Ry) x Ly (Ry)).

Remark 5.1.4. We emphasize that, [18] follow a similar path in terms of the
assumption we made, and further they conjecture that the condition on Assump-
tion holds as long as both the image set and the ordering cone of the vector
optimization problem are convex sets. However, more recently [19] came up with
a counter example to the conjecture of [I§] thereby, we note that the assumption

made here is non-trivial.

Remark 5.1.5. The quasi-interior of the positive cone L?(R;) x L}(R,) is
L?(R, ) x L{(R,,) [20], and this is completely analogous to the finite dimen-
sional case, where we have int(R"}) = R’ , . Therefore, this particular observation
justifies the use of quasi-interior in our setting. Moreover, it indicates that Defini-
tion [5.1.1] and Definition [5.1.2] provide adequate extensions of the classical theory

for the infinite-dimensional vector space L#(R) x L} (R).

Then, under [18, Corollary 9], we conclude that z* is a weakly minimal element
of Ay(vy) if and only if there exists some nonzero p, € L?(R,) x L°(R,) such
that

E(p]2*) < E(p]x) (5.1)

for every x € A;(v;). Moreover, by Lemma [3.1.5) we can extend (|5.1]) for every
x € Ai(vy) as

inf E(p/z)=E (ess inf pth) =E | essinfp/z | = inf E(p/ ).
€A (vt) €A (ve) xe Ay (vr) we Ay (vt)
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Therefore, under [I6, Theorem 2.1.20] we have

inf ]E(p:x):/ inf  (py(w) ) P(dw).

z€A¢(vg) z€F,t (w)

Hence, we conclude that z* is a weakly minimal element of 4, (v,) if and only if we
can find some nonzero vector p; € L?(R, ) x L° (R ) for which 2*(w) is an optimal
solution of (a;(vt, pr,w)) for almost every w € 2. Equivalently, by Lemma [3.1.6]
we observe that z* is a weakly minimal element of A;(v;) if and only if it is an

optimal solution of (A;(vs, p;)) for some nonzero p; € LZ(R,) x L (Ry).

The above observations also yield an equivalence between the weakly efficient
solutions of , and the optimal solutions of the scalar mean-second moment
problems of the form (A;(vs, pe)), where p, € LI(R}) x L°(Ry). In fact, for
every weakly efficient solution 7* of , there is a corresponding weight
p: € L2(R,) x L}(R,) for which 7* is an optimal solution of the scalar problem
(A¢(ve, pr)]), and vice versa. The main benefit of passing to the vector optimization
setup is that we are fully able to study the dynamic behavior of mean-second
moment problem, free from the choice of a particular weight. This is explored in

detail in the next section.

5.2 Set-valued Bellman’s equation

In order to establish a set-valued Bellman principle for the problem (C;(v;))), we
utilize the so-called upper images as our candidate value function. To that end,
for t € T and v; € L?(R), we define the upper image of (C,(v,)) by

Pi(ve) = cl (Ar(vy) + L7 (Ry) x L (Ry)) .

Remark 5.2.1. Note that, in general the upper image P;(v;) is a strict superset of
Ay(v,) defined in Lemma [3.1.2, The difference is due to the choice of the ordering

cone which is LZ(R ;) x L} (R,) for (C;(v;)) as opposed to {0} x L} (R ) for A;(v;).
It should be noted that {0} x L!(R,) is generally not a suitable ordering cone
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for vector optimization since its positive dual cone L?(R) x L°(R,) contains a
line. This issue becomes more apparent for the computations in Chapter [6} see
Remark [6.2.T] there.

For each t € T, we define the set-valued extension of conditional expectation
1

as a function &: L2(R) x LL(R) — 2L ®*Li®) given by
£(x) = Bu(r) + TH(R,) x LI(R,)

for each x € LA4(R) x LL(R). Next, we establish some basic properties of &;.

Lemma 5.2.2. For everyt € T, the set-valued function & satisfies the following

properties.

e Monotonicity: For every x,y € L2(R) x LL(R) such that x <y, we have
Elx) C &Ey).

e Recursiveness: For every x € LA(R) x LL(R), we have & (x) = E[Es(x)]
for all s > t.

Proof. The monotonicity of & directly follows from the monotonicty of (vector-
valued) conditional expectation. For recursiveness, let us fix some ¢, s € T such
that t < s, and z € L24(R) x LL(R). Further, let e € &(x). Then, by the tower

property of conditional expectation we obtain
E(Ey(1)) = Bo(Bq(w)) + LE(R1) X Ly (Ry) = E(w).

Hence, as Eq(x) € E(x) by definition, we conclude e € &(E4(x)) C &[E(x)]. For
the reverse inclusion, let e € &[E,(z)]. Then, there exists r € L?(R,) x L}(R,)
such that e € &(Eq(x) + ). Thus, by the linearity and the tower property of

conditional expectation we observe

E(Es(2)47) = Ee(Bs(2)+7)+(L{ (R ) x L (Ry)) = (Be(2)+Ee () +(L7 (Ry) x Ly (Ry)).
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Finally, as E;(r) € L?(R.) x L}(R,) we obtain that &(E,(z) + r) C &(x).
Therefore, e € & (). O

We announce our main theorem on dynamic programming, which establishes
a backward recursion for the upper images of the biobjective problem (C;(v;))) for

consecutive values of ¢.

Theorem 5.2.3. For every t € T\{T} and v; € L}(R), it holds

Pv)=c |} &), (5.2)

TEP¢(vt)
xEPt+1(U§:t+1)

where the closure is evaluated in the space LZ(R) x L} (R).

Proof. Let us fix some t € T\{T}, v; € L?(R), and define the sets

A= U St( — Vg, (U;T)Z), B = U Ei(x).

TEPD (ve) TEPD (ve)
TEP4+1(Vf 1411)

Note that (5.2)) can be rewritten as cl A = cl B. Then, it suffices to show that
ACclB and B CclA.

To prove A C clB, let a € A. Then, there exists 7 € ®;(v;) such that
a € E(=vip, (vI1)?). Now let us consider 7 = (7,)s>¢12. By construction, it

holds 7 € @444 (vf,,,). Hence,

Evrt (v (V1)) € Pra (] 41)-

Moreover, by Lemma [5.2.2]

5t[5t+1(—vf+1,T’ (Uf—&-l,T)Q)] = 5t(—Uf+1,T’ (Uf+1,T)2)-
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Furthermore, we have vy = v .17 by the definition of 7. Hence,

gt(_vziw (UZT,T)Z) = gt<_vf+1,T’ (UZ—LT)Q) = gt[gt-i-l(_vf—s-l,T? (vf—i-l,T)Z)]

C &[Pra(viy1)] € B
and a € B C clB.

To prove B C cl A, let b € B. Then, there exists a tuple (7, z) such that
7 € ®y(vy), ¥ € Py (vf,y,) and b € E(x). By the definition of Py (vf,, ), there
exists a sequence (z" = a™ + r"),en such that
li "—gin L2 (R) x L (R
lim 2 = in L2, (R) x L,y (R),
where a” € A1 (v],,,) and 7" € L7, (Ry) x L, (Ry) for each n € N. Let n € N,
There exists 7" € ®y11(v],4,) such that a” = Ey 1 (=07} 1, (v 7)?). Moreover,
letting 7" := (m41, "), we have vfp = vf| ; by Lemma [5.2.2) we also have
Et(an) =E; (Et+1( - UZF—CLT7 (UZTLT)Q)) = Et( - Uf,;, (Uf?r)Q) S Pt(vt)
since 7 € ®;(v;) by construction. Note that we have a” < 2", hence
Ei(a™) < Ei(a™) as well. Therefore, as the upper image P;(v;) is a monotone
set by definition, we obtain E;(2™) € P;(v;). Finally, by the contraction property
of conditional expectation conclude that
lim E,(z") = Et( lim x") — E,(2) in LA(R) x L(R).
n—oo n—oo

Then, as P(v¢) is closed, we obtain E;(x) € Pi(v;). Therefore, b € &(x) C
Pi(vy) = cl A. O

Remark 5.2.4. With minor adjustments in the proof of Theorem [5.2.3] the

following set-valued Bellman’s principle can be shown by changing the ordering

cone of (C;(vy)]) as {0} x L} (R,):

Aw)=c | (Bulz)+ {0} x Li(Ry)).

TEP¢(vt)
TE€A41(V] 141)
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Hence, the choice of our ordering cone L?(R,) x L}(R,) is not necessarily for

theoretical convenience, but it is rather for computational purposes as noted in

Remark (£.2.11

Remark 5.2.5. Let us define the hyperspace
F ={D C L}(R) x L{(R) | cl(D + L}(R,) x L{(R,)) = D},

which is the collection of all closed subsets of L?(R) x L;(R) that are monotone
with respect to the cone LZ(R,) x L} (R ). Then, the superset relation 2O defines
a partial order on .7, and (%#,D) is indeed a complete lattice. In this order-
theoretic framework, the infimum of an arbitrary subset ¥ C .Z is given as
inf 7 = cllJpey D, which makes it possible to study rigorously the minimization
of a function taking values in & as a set optimization problem. The reader is
referred to [21I] for a survey on the abstract foundations of this approach, and to
[14] for an application of this approach on the mean-risk problem. In our case, it

is easy to see that
{& [Pri(v] )] | 7 € LP(RY), 778, = vy, ¢u(m) > 0} C Z.

Hence, by [21, Example 2.11], we may rewrite ([5.2)) as a set optimization problem
as follows:

Pi(v) = inf & [Pt+1(vt7ft+1>i| ) (5.3)

TEPD(vt)

Note that ([5.3)) is a set-valued analogue of the scalar Bellman’s principle in Propo-
sition [4.0.T]

Similar to Proposition [4.0.1], we may rewrite the dynamic programming prin-

ciple in Theorem [5.2.3| as

Pv) =c | & [Pui(vfyy)] (5.4)

mE€LP(RY)
7 Si=v;
pt(m) 20

as we are only interested in the behavior of a single period portfolio position.

Then, we may rearrange the terms in (5.4 as follows in order to obtain the
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Minkowski sum of an image set and the ordering cone L?(R,) x L} (R, ):

Py(vr) = c ({Et@c) | LT, T = }+L3<R+> x Li(ﬂm). (5.5)

pi(m) >0,z € Pt+1(véft+1)

Hence, we may see P(v;), the upper image of (C;(v;)), also as the upper image
of the following one-step vector optimization problem in which the set-valued

function P;. 1 appears in the constraints:

minimize E;(x) with respect to  <;2m,)xri(ry)

subject to 7 € L°(RY)
7S, = v, (Ci(vy))
pi(m) = 0

T € Pt+1(UZt+1).

Finally, similar to the relationship between the scalar problem (A;(v;, p;)) and
the vector optimization counterpart (C;(v;)[), we introduce the scalar analogue of
(C.(v,)) as a weighted sum scalarization. That is, for every p, € L?(Ry)x L°(Ry.),

we introduce the scalar problem

essinf  p/Ey(2). (Re(ve, pr))
TELG® (RY)
1S =0y
e (m)>0
2€P4+1(v] 141)

The next two results reinforce our previous observations on the analogy be-
tween the scalar and set-valued Bellman’s equations (4.3) and (5.3]). We first note

that if the weight p; in (R¢(vy, pr)]) is chosen to be a constant, then (Ry(vy, py)))
reduces to the scalar value function V; defined by (4.1)).

Proposition 5.2.6. Let t € T\{T'}, v; € L}(R) and py € R \ {0}. Let (7*,2*)
be an optimal solution of (Ry(vy, po)). Then, it holds

Et(POTx*) = Vi(vy).

In addition, let 7 € ®y(v];,,) be an optimal solution of (A1 (v, p0)). Then,
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m = (7%, 7) is an optimal solution of (A¢(vy, po)). In particular, if we further

assume that py € R2,, then the following identity holds:
* 7 7 T
T = (_Et+1(vt+1,T)vEt+1(<vt+1,T)2)) : (5.6)

Proof. Following similar arguments as in the proof of Lemma [3.1.5) it can be
checked that
essinf poEy(x) = essinf pJE.(x) (5.7)

TEPt+1(vi41) €A1 (ve41)

for every vy41 € L7, | (R). The proof is omitted for brevity. Then, as py € R%, by

(4.4) in the proof of Proposition we have

essinf piEy(z) = essinf Ey(pgx) = By (Vi (vr41)) (5.8)

T€AL+1(vet1) z€Ary1(vit1)

for every v € L7 (R). Furthermore, by decomposing the feasible region into
two parts and using (5.7) and (5.8), we rewrite (Rq(vt, p)) as

ess inf essinf E,(plz) | = essinf E, (Vi1 (vF = Vi(wy), 5.9
reL(RY) (xePt+1(th+1) t(Po )) reL(RY) t( e “H)) t(ve) (5.9)
w1 Si=vs w1 Sy =vs
pt(m)>0 @t (m)>0

where the last equality is due to Proposition [£.0.1] As a result, we conclude that

Ei(pgz”) = Vi(vy)-

As the next step, let us suppose that 7 € (I)t(v,?f; +1) is an optimal solution of
(Ap41(07 415 p0)). Then, by the definition of the scalar value function in (4.1)), we

have
Vip (UZ:H) = —poaEii1 (Uf+1,T) + po 2K 11 ((Ufﬂ,T)Q) .
Note that 7 = (7*,7) € ®,(v;) by construction. Then, under (5.9)), by linearity

and tower property, we have

Et (Vi1 (v7151)) = —poaBe (vfs1.1) + po2Be ((vf41.0)7)
= —po B (v77) + po2Ee (v77)%) = Vi(vy).
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Hence, we conclude that 7 is an optimal solution of (A;(vs, po)). Finally, let
us further assume that py € R%,. Then, by Proposition [3.2.3] we guarantee
the uniqueness of the optimal terminal values of the problem (As1(v];, 1, po))-

Moreover, by (5.7), we have z* € Ay 1(vfy,,). Hence, (5.6) follows by (5.8) and

the uniqueness of optimal terminal values. O

As a direct consequence of Proposition [5.2.6] our next result indicates that
when we solve the family (R¢(-, po))ier\{ry of one-step scalar optimization prob-
lems for a given initial wealth vy € R, and weight vector py, the resulting op-
timal portfolio process 7 is in fact an optimal solution for (A.(v],po)) for all
t € T\{T}. Moreover, if py € Ry, that is, if both of the objectives have a
nonzero weight, than 7 is an optimal solution for (M;(v], A;)) for every t € T \{T},
where ()\t>te']1‘\{T} is the associated time-consistent weight process and it can be

calculated by using the optimal solutions of (R¢(-, po))tet\ (7}

Corollary 5.2.7. Let vy € Ry and py € RY. For every t € T\{0}, let
(me,2") € LP(RY) x (L7 (R) x L{(R)),

and define the portfolio 7 = (my)ser\(oy. Suppose that (mi,z') is an optimal
solution of (Ro(vo, po)) and (7, x*) is an optimal solution of (Ry(v], po)) for every
t € T\{0,T}. Then, (7s)s>t+1 @s an optimal solution of (Ay(v], po)) for every
t € T\{0,T}, and in particular, m € Oo(vy) is an optimal solution of (A¢(vo, po))-
If we further assume that py € R3 ., then (my)s>¢11 is an optimal solution of
(My(v], \r)) for every t € T\{T'}, where

A — (po,l - 2/)0,2Et (ﬂ“))
;=

Po,2
for every t € T\{T'}.

Proof. We note that, by definition the upper image at the terminal time 7' is
given by

Pr(vr)i={w € LL(R) x LER) |2 > (vr,03) " } = (vr, (or)) T+ LE(R, )X L (Ry).
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Therefore, the equivalence of the feasible regions, hence the optimal solutions of
the problems (Ap_1(vF_q, po)) and (Rr—1(v]_q, po)) is straightforward. Thus, we
conclude that 77 is an optimal solution for (Ar_;(vF_4, po)) as well. Moreover,
under Proposition [5.2.6] by induction, the results for ¢ € {0,...,T — 2} follow.
Now, let us further assume that py € R3 .. Then, the assertion for (M(vf, Ar))

follows by (j5.6) in Proposition and Theorem O

5.3 Graph of P; and convex projection

Note that, in the one-step vector optimization problem , the constraint
r € Py (vf,,) requires access to arbitrarily many values of the set-valued func-
tion Py11 as we search over different choices of the feasible portfolio 7. Conse-
quently, in view of (5.4), to calculate P;(v;) for a given v; € L¥(R), we generally
need to know the entire function P, rather than a specific value of it. Therefore,
it is more convenient to consider the graphs of these set-valued functions. For
each t € T, let us define the graph of P; by

graph P; == {(v;, 2) € L?(R) x (LZ(R) x L}(R)) | € Pi(v,)}.
Clearly, we have
r € Py(v) < (v, x) € graph Py 1. (5.10)
By this reformulation, the functional constraint turns into a single set constraint
for the variable (v;, z) and (Cy(v;)) becomes
minimize E;(x) with respect to <2 (B2)
subject to 7 € L°(RY)
WTSt = Ut (Ct(vt))

@i(m) >0

(Vi i1, 2) € graph Ppyq.
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To operate with this reformulation conveniently, we will prove an analogue of
Theorem for the collection (graphP;);er of graphs. To that end, for the
remainder of this thesis we shall assume that the graphP; is a closed subset of
L{(R?) x Ly (R).

Assumption 5.3.1. For every t € T, graphP; is a closed subset of L?(R?) x
L{(R).

The following result prepares us for the study of the dynamic behavior of the
collection (graph P;)ser.

Lemma 5.3.2. Lett € T\{T} and v, € L?(R). Then, the ordering cone in (5.5
can be dropped, that is,

Pi(vy) = cl {Et(x) | e Lfo(Rd), TS, = v, o(m) >0, z € Pt“(v;tH)} ,

where the closure is evaluated in the space L*(R) x L}(R).

Proof. Let A be the set inside the closure above. It suffices to have A+ L?(R ) x
Li(R,) C A. To that end, let @ € A and r € L?(Ry) x L;(Ry). Then, there
exist 1 € L*(R?) and = € L7, | (R) x L{,;(R) such that 7'S; = v, pi(m) > 0,
r € Py (vf,y1), and a = Ey(z). Moreover, as Ly(Ry) C L, (R,) for p € {1,2},
we observe that r € L7, (Ry) x Ly, (Ry), and x + 7 € Pryy(vf,,,). Thus, we
conclude that a +r € A, as Ey(z + 1) = Ei(z) + E(r) = a + r due the linearity

of conditional expectation and the F;-measurablity of r. O]
The next proposition indicates a convex projection property for the graph P;
in the spirit of [22 Section 4].

Proposition 5.3.3. For every t € T\{T'}, it holds that

€ L2(R), GLOORd, TG, =
graph P, = cl | § (ve, Ee(z)) ‘ I(m, z): o ((R), € LF(RY), 705 = v, |
Sot(ﬂ—) 2 07 (Uf,tﬂa@ c graph Pt—l—l

where the closure is evaluated in the space L*(R) x (L?(R) x Li(R)).
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Proof. Let N denote the set inside the closure above. To show that graph P; C
clN, let (vy,y) € graphP;, that is, y € Pi(v;). By Lemma [5.3.2] there exists
a sequence (7", 2"),en such that 7@ € LE(RY), (7™)7S; = vy, (7)) > 0, and
2" € Py (vfy,,) for every n € N, and

lim E,(2") =y in L}(R) x L} (R).

n—oo

We observe that (vy, E(2™)) € N for every n € N. Moreover, as v; is uniform for

the sequence (E;(2™)),en we obtain that

lim (ve, (")) = (vi,y) in L{(R) x (L{(R) x L; (R)).

n—o0

Thus, we conclude that (vs,y) € clN.

For the reverse inclusion, let (vi,y) € clN. Then, there exists a sequence
(v, 7", 2™ ) ey such that v € L2(R), (7)TS; = o, 7 € LP(RY), and 2" €
Pi1(vfy4,) for every n € N, and

lim (v}, Be(2")) = (v, y) in L{(R) x (L{(R) x L; (R)).

n—oo

By Lemma again, we have E;(z") € P(v)") for every n € N. Therefore,
as graph P; is closed by Assumption [5.3.1} we conclude that (v;,y) € graph P;.
Hence, cI N C graph P;. O

Note that Proposition [5.3.3| provides a backward recursion for the sequence

(graph P;)ier. Moreover, similar to (5.5)), using Lemma we may extend
Proposition such that graphP; is equal to

vy € LA(R), m € L(RY), 775, = vy
@i(m) >0, (v, %) € graph Pyyy

o <{(vt,Et(I)) ‘ 3, 1)
+ {0} x (L}(Ry) x L%(R+))>>

which has the structure of an upper image of a convex optimization problem

whose ordering cone is {0} x (LZ(R) x L} (R,)) (see [22, Section 4]). However,
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in accordance with Remark [5.2.1] this is not a convenient ordering cone for com-
putational purposes. For this reason, in order to utilize the dynamic structure
in Proposition [5.3.3, we need to switch to a different convex vector optimization

problem with a convenient ordering cone.

Recently, the connection between projection problems and vector optimiza-
tion has been studied in the literature. [23] established an equivalence between
polyhedral projection and linear vector optimization. The more delicate connec-
tion between convex projection and convex vector optimization is analyzed by
[22]. These articles deal with finite-dimensional projection/optimization prob-
lems. Analogous to their approach, for each t € T\{T'}, we introduce the fol-
lowing convex vector optimization problem which has an additional objective

dimension compared to graph P;:

Uy
minimize Ei(x) with respect to <22 )xriE2)
—17 (v, Ee(2))
subject to v; € L7(R)
m e L(R")
TS, =,
pi(m) 2 0

(Vi 441, 7) € graph Pryy.

We denote the image set and the upper image of the problem as Z; and U,

respectively, which are given by

€ L2(R), 7 € L®(RY), 7S, =
It = {(Ut,Et(I>, — V¢ — 1TEt($))T v t< ) i ! ( ) 4 ! Ut} 5

th(ﬂ-) > 07 (UZt-&-hm) € graph Pt-f—l
Uy =cl (I, + L}(RZ) x L (R2)),

where the closure is evaluated in LZ(R?) x L} (R?). Note that Z; is a subset of the
linear subspace {x € L?(R?) x L}(R?) | 1Tz = 0}.
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Furthermore, compared to Z;, the upper image U; does not contain any addi-
tional points on the subspace {z € L?(R?) x L}(R?) | 1Tz = 0}, except its limit
points on the space L} (R*). The following two results justify our observations on
I, and U;.

Proposition 5.3.4. Lett € T\{T'}. Then,
AdZ, C{r €U |17z = 0} C (cl, Z,) N (L*(R?) x L} (R?)),

where cl denotes the closure operator in L?(R?) x L}(R?) and cl; denotes the

closure operator in L} (R*).

Proof. To prove the first inclusion, note that Z, C {z € U; | 1Tx = 0} by the
definitions of Z; and U;. We claim that {z € L?(R?) x L{(R?) | 1Tz = 0}
is a closed subspace of L?(R?) x L1(R?). Indeed, let (2"),en be a convergent
sequence in this subspace with some limit x. Then, (z"),cn converges to z also
in L}(R*). By the continuity of addition, (1Tz"),cy converges to 1Tz. However,
we have 172" = 0 for each n € N. Hence, we must have 1Tz = 0. Therefore,
x belongs to the same subspace and the claim follows. On the other hand, U/, is
closed in L?(R?) x L}(R?) by definition. Hence, {x € U; | 1Tz = 0} is closed in
L}(R?) x L}(R?) so that c1Z; C {z € U | 1Tz = 0}.

To prove the second inclusion, let € U; with 17z = 0. By the definition of U,
there exists a sequence (2", ") ey such that 2™ € Z, and r™ € LF(R3) x L} (R?%)

for each n € N, and

lim 2" + 7" = x in L?(R?) x L; (R?). (5.11)

n—oo

Note that the above limit is also valid in L}(R*). In particular, by the continuity

of addition, we have
lim 17(2" +7") = 172 in L}(R?).

n—o0

On the other hand, we have 1Tz = 0 by supposition, and, for every n € N, we
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have 172" = 0 since 2" € Z,. Hence,

lim 177" = 0 in L} (R). (5.12)
n—o0
Moreover, since r,, > 0 for every n € N, we observe that ||1T7“"H1 = ||r"||, for

every n € N. Thus, combining this observation with ([5.12]), we conclude that

lim 7" =0 in L} (R").
n—oo
Therefore, we conclude that (z"),eny C Z; converges to z in L;(R*). Thus, we

have x € cl; Z;. O

Corollary 5.3.5. Let t € T\{T}, and let us consider the projection UF of U,
onto its first three components in the subspace {x € L?(R?) x L}(R?) | 1Tz = 0},

which is given by
Up = {w e LA(RY) x LI(R) | 3y € LI(R): (o, —y)T €Uy, T =y}.  (5.13)

Then, it holds that cl; graph Py = clyUF, where cly denotes the closure operator
in L1(RY).

Proof. The inclusion graphP; C cly Ul is straightforward since for every x €
graphP;, we may set y = —1'xz € L}(R) so that (z,—y)" € U,. Hence,
cly graph P; C cly UF as well. To prove the reverse inclusion, let # € UF. Then,
there exists y € LI(R) such that (z,—y)" € U; and 17(z, —y)T = 0. Thus, by
Proposition , we obtain that (z,—y)T € cl; Z;. Note that we have

{(z, —172)T |z € graphPt} =17,

by construction. Then, observe that for each z € cly graph Py, there exists a
convergent sequence (2"),eny whose limit in L}(R3) is z. Then, by the con-
tinuity of addition, (—172"),en converges to —1Tz. Hence, we conclude that
(2", —172")en € Iy converges to (z,—17z) in L{(R*). Therefore, we have
(2,-1T2) € c1Z;. Conversely, let (z"),en € Z; be a convergent sequence

whose limit is z. Letting 2" = (27,27, 28)7 for each n € N, we obtain that
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(Z")neny C graphP; converges to Z = (z1,29,23)" in L} (R?). Hence, we have
z

€ graph P;. As a result, we conclude that

{(z,—172)" | z € cl; graph P, } = cly Z,.

T

Therefore, we arrive at the desired inclusion, as (x,—y)' € cl;Z; implies x €

cly graph P,. O

Remark 5.3.6. The reader can notice that both U} and graph P; are closed sub-
sets of L2(R?) x L}(R), by definition and Assumption [5.3.1] respectively. However,
we shall not establish their equality without accounting for their respective limit
points in the space L!(R?*). The main reason is the loss of convergence informa-
tion when the projections of U; and Z, are evaluated. That is, as we observe in
Proposition , there can exist an element of U which can only be approached
by the elements of graph P; with the ||-||,-norm. That being covered, if under any
circumstance we have L}(R) ~ LZ(R), that is, if the spaces of all equivalence
classes of integrable and square-integrable F;-measurable random variables are
isomorphic to each other, then the necessity for the closure in L} (R*) vanishes.
This is indeed the case when we consider a finite probability space as in Chapter [0]

below.
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Chapter 6

Implementation of the recursion

This chapter is dedicated to the recursive implementation of the dynamic set-
valued structures obtained in Sections and 5.3l For computational reasons,
throughout this chapter, we assume that (2, F,P) is a finite and atomized prob-
ability space where each atom w € ) is non-trivial, that is, we have P({w}) > 0.
We note that, as the underlying probability space is finite, for every vy € R, and

t € T, the maximum and minimum wealths over all outcomes, that is,

v, = min v (w) and v = max v](w)
WG@Q(U()) 7I'€<I>0(”U0)
weN we

are attained. Moreover, for every t € T, and p € [1,00) we have L}(R™) =
L (R™), and L°(R™) is isomorphic to a finite dimensional Euclidean space, that

is, Ly° ~ R™ for some m € N.

6.1 Backward and forward algorithms

After revealing the dynamic behavior of graph P;, the next natural step is to de-
velop a methodology for calculating graph P, for every initial vy € R recursively.

Algorithm [I] is developed for this purpose and it is a direct implementation of
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the backward recursion provided by the one-step problem combined with
the geometric procedure in Corollary We note that as we work on a finite
probability space, by Remark the projection property graph P; = U} holds

without the necessity for the closure.

Algorithm 1: Backward recursive computation of graph P,

Input: Initial wealth vy € R,

Set graph Pr = {(vr,z) € L2A(R?) x LL(R) | 2y > vp, z9 > v2}.

Sett =T — 1.

while ¢t € T do

Solve using graph Py, as input, and obtain the upper image U;.

Compute U} using Corollary , that is, compute the projection of
U, on the subspace 1Tz = 0.

Set graph P, = UL

Set t =t — 1.

end

Set Po(vo) = {x € R?| (vg, x) € graph P;}.

Output: Py(vg), graph Py, ..., graph Pr_q

After obtaining Py(vp) as a consequence of Algorithm , the next step for our
dynamic programming methodology is to establish the bridge between the mean-
variance and mean-second moment weights at initial time. This will bypass the
issues of the scalar dynamic programming principle that we explore in Chapter
However, as opposed to Lemma [3.1.4] we do not have a parallel result when the
ordering cone is chosen to be L?(R;) x L}(R,), that is, for every t € T\{T} we
have

Ti[Pi(w)] 2 ol (Mu(vy) + LR, x L (Ry))

in general.  In particular, at the initial time, we have T [Po(vg)] #

cl (Mo(vp) + R2), and consequently,

inf A\ T(x) # inf A\ T(2) (6.1)

z€Po(vo) €A (vo)

in general. Therefore, the lack of equality here poses an issue when trying to

calculate the corresponding weight py of the mean-second moment problem for a
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given initial weight Ao € R2.

To overcome these issues, we introduce an additional step to find a sufficiently
small subset of Py(vg) for which we can recover the equality of optimal values in

(6.1) when we replace Py(vg) with it. Let us define

B = arg min xo (6.2)
x€Po(vo)
and fix some

T € argmin .
z€B

Let us also define

Po(vg) = {x € Po(vo) | 1 < T1}.

The next result shows that Py(v) is a sufficiently small subset of Py(v,) for our

purposes.

Proposition 6.1.1. For every vy € Ry, and Ao € R% we have

inf A7 (z)= inf M\T(x).

1‘6750(’00) xEAO(UO)

Proof. Notice that under Assumption m, for Ay = (0, 1)T € R2 the optimal
value of Ag(vg, \g) is attained. Therefore, by , we observe that & € Ay(vy),
since for every = € B we have z — 7 € R?. Moreover, again by Assumption m
as vy € Ry, we have E (vgi*) > 0 for every optimal solution 7* of My(vg, Ag). Thus,
as Ao € R, by Theorem [3.2.1fii), we also have py € R? for the corresponding
weight of the mean-second moment problem. As a result of Lemma [3.1.5] and
Theorem [3.2.1},

inf A\J7T(x)= inf MNT(z)= inf pyo= inf pja.
z€Ao(vo) z€Ao(vo) x€Ao(vo) € Ao (vo)

Now, let us consider some = € Ay(vg) such that x; > Z;. Note that, by construc-

tion, we have r = x5 — #, > 0. Hence, Z 4 (0,7)" € Ay(vo). Then,

po (T +(0,7)T = po1%1 + poa(a +7) = PoaT1 + PoaTa < PoiT1 + PoaTs = Py
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as pp € R,. Therefore, it suffices to only consider x € Agy(vp) such that z; < 7,
that is, if we define Ag(vy) = {z € Ag(vo) | #1 < #1}, then we have

inf A7 (z)= inf X\j7T(x).
w€Ao(vo) z€Ag(vo)
Thus, showing that Ag(ve) = Po(vy) will finish the proof. To that end, observe
that the inclusion Ao(vo) C 750(1)0) is straightforward as Ag(vg) € Poy(vp) under
Remark . For the reverse inclusion, let 2 € Py(vp) and initially assume that
there exist a € Ag(vp) and r € R? such that = a + r. Notice that, if r; =0 we
already have z € Ay(vy), hence suppose that 7, > 0. Then, let

) = A

- ,and T = \x + (1 — \)z.
r1 — ap

Note that, we have A € (0,1) and as Ag(vg) is convex by Lemma [3.1.2, we have
z € Ay(vg). Moreover, by construction we observe that z + (0,r) = x for some
r € Ry, hence we conclude z € Ay(vp). Finally, let « € Py(vp), then there exists

(@™ + ™) pen such that

7}1_)120 a" 41" =z in R%. (6.3)
Then, as Ag(vg) is closed by Lemma , by our previous arguments, we have
z € Po(vo). O

Thanks to Proposition [6.1.1] the set Mo(vg) = T[Py(vo)] is an appropriate
subset of My(vp) + R2 to calculate the corresponding weight vector gy of the

mean-second moment problem. This procedure is summarized as Algorithm

We stress that, finding BB first can be impractical in general. However, if Py(vg),
or at least an approximation of it, is polyhedral, then the computation of B turns
out to be trivial. In fact, we satisfy this condition as a result of our solution

methodology for graph P, which is explored in detail in Section [6.2]

As the forward part of our proposed dynamic programming methodology, we
develop Algorithm [3] which utilizes the outputs of both Algorithms [I] and
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Algorithm 2: Computation of the mean-second moment weight p

Input: Initial wealth vy € Ry, mean-variance weight Ao € R%, upper
image Py (vo)

Solve 1;11(n )xg and find the corresponding set B of all optimal solutions.
x€Po(vo

Find x € B with minimal first component, that is, solve minz; and find
z€eB
its optimal solution z.

Set 750(1)0) = {z € Py(vg) | #1 < i}}
Compute My(vg) = {T (z) | x € Po(vo)}.

Solve min Alx and obtain its optimal solution z*.
$€M0('L}0)

Compute pg = (A1 + 2X0271, Xo2)'.
Output: Corresponding equivalent weight py for the mean-second

moment problem

For any given initial wealth vy € Ry, and weight A\ € R%, Algorithm (3] re-
turns an optimal solution for the mean-variance problem (Mg(vg, Ag)), the corre-

sponding time-consistent weight process (A¢)er\ (7} and the optimal value process
(Ee(vr), Ee ((v7)?)),er- We note that, its results are justified by Corollary [5.2.7]

Algorithm 3: Forward computation of the time-consistent weight process

Input: vy € Ry, A\g € R%, pp € RZ, graph Py, ..., graph Pr
Set t = 0.

while ¢t € T\{T'} do
Solve (Ry(vy, po)) using graph P;,1 and obtain an optimal solution

(7%, x*%).
Set v = UZ§+1-
Set mp . = 7.
Set z; = x*.
Compute A\, = (po1 — 2p02E:(211), Xo2)"

Set t =t + 1.
end

Output: A time-consistent weight process (A¢)ier\({7}, an optimal

solution ()¢t oy and optimal value process (z¢)ser
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6.2 Solution methodology for (G;) and graph P,

In this section, we discuss the computational implementation of the algorithms in
Section We note that it is possible to use a variety of different algorithms for
solving a convex vector optimization problem in the literature. Hence, line 4 of
Algorithm [I]should be considered as calling one such algorithm as a subroutine to
solve . For our purposes, we use the primal Benson-type algorithm proposed
in [24], which returns a finite weak e-solution (see Definition below) as well
as inner and outer polyhedral approximations for the upper image, using a given

approximation error € > 0.

Remark 6.2.1. The reader can notice that, throughout the thesis, we avoid us-
ing the ordering cones {0} x L;(Ry) and {0} x L?(R;) x L}(R;). The main
reason is the fact that, even under a finite probability space, both cones have
an empty interior. However, the primal algorithm in [24], and generally other
finite-dimensional convex vector optimization algorithms in the literature, re-
quires nonempty interior for the ordering cone. Hence, for computational reasons,
it becomes impractical to formulate vector optimization problems with ordering
cones {0} x L} (Ry) and {0} x L?(Ry) x L} (R,).

The primal algorithm in [24] assumes that the problem has a compact feasible
region, this is to ensure that certain scalarization problems that are solved within
the algorithm have optimal solutions [24], Assumption 4.1]. In our case, the vector
optimization problem does not satisfy this assumption due to the unbounded
set constraint (vzt +1,%) € graphP,yy. For this reason, we will introduce the
following box constraints to :

- + - +
Ky <v <K, K <z <gKg®

)

. —_ _ + —
where the corresponding bounds are set as k! = v, , K = v, KT =

(v, (v7)*)T and k%" == (v5, (v)?)T for each t € T\{T}. With these constraints,
we introduce the bounded analogue of graph P, as
graph P; = {(vt,x) € graph P, | k! <, < k!, KT <z < /i””Jr} : (6.4)
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Furthermore, by Proposition [5.3.3, we rewrite graph P, in an equivalent form in

terms of graph Py, as

o VT <, < VTR < g < g7
graphPt:cl{(vt,Et(x))’ it ST S BB SETSE }

T
TSy = vy, i(m) > 0, (741, %) € graph Pryy

vt

Finally, for each v; € L*(R), and 7 € L{°(R?) such that x{ < v; < KV,
1S, = vy, and @y(m) > 0, thanks to , we have (vf,,,,7) € graph P, for
every z € L°(R?) such that k¥ < z < k% and (vf 41, 2) € graph Py, Thus,
we indeed preserve the dynamic relation in Proposition [5.3.3] when we switch to

the bounded setting, that is, we have

o VT <, < gV < g < kT
graphPt:cl{(vt,Et(x))‘ Y — el © = " } (6.5)

TSy = v, i) > 0, (v 41, ) € graph Py

Therefore, we introduce the following convex vector optimization problem asso-
ciated to graphP;, which is indeed the bounded analogue of (G,), and has a

compact feasible region:

Ut
minimize Ei(x) with respect to < Lo (R4)
—v; — 1TE(z)
subject to 7' S, = v,
(Vf 141, 7) € graph P4
kY < < /ﬁf+
N

KT <z <K*

w(m) > 0.

The corresponding image set and the upper image of the updated problem ,
similarly, are the bounded analogues of the original problem , and they are
given by

I, = {(UtaEt(x)7 —Up — 1TEt(x>)T EL |k <v <K, KT <z < ’for}v
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Uy = (T, + Lfo(Ri)%

respectively. We also use the approximate solution concept in [24, Definition 3.3]

for (G as we recall next.

Definition 6.2.2. A set X of feasible solutions is called a finite weak e-solution
of if, X consists of only weakly efficient solutions (see Definition or
[24), Section 2]), and

Ut
conv U E;(x) + LP(RY) — €1 D U,.
(vg,x)eX —y — ]_TEt(iIZ')

For conciseness, we denote the outer polyhedral approximations of a finite
weak e-solution X of (Gy)) by %(X), where

U, (X) = conv {(Ut,Et(ZL'), —vy — lT]Et(x))T | (v, ) € X} + L (RY).

We note that, the conclusions of Proposition and Corollary continue
to hold for the analogue bounded image Z, and upper image U;, as we are inter-
ested in only a particular portion of the domain where the projection occurs. Our
observation can be justified by the fact that both results do not depend on the
structure of the feasible region of . Thus, we have the following analogous

relation between graph P, and U, by Corollary and Remark |5.3.6

—P

graph P, = U, , (6.6)

where U, = {z € L®(R?) | Jy € L®R): (z,—y)T € U, 1Tz = y}. In ad-
dition to satisfying the compactness assumption of the primal algorithm in [24]
for computational purposes, passing to a bounded setting allows us to consider
graph P, as a canonical bounded projection of Z,, in the spirit of [22], onto its
first three components. However, as we work on a probabilistic setup, the main

difference is the inclusion of the additional dimension for the objective occurs for
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each w € () as opposed a single dimension. Hence, we are in a trade-off between
the precision of the approximations, and the problem complexity with respect to
the inclusion of additional objective dimensions. Therefore, in accordance with

[22, Definition 3.2], we define a finite e-solution of graph P, next.

Definition 6.2.3. A set X of feasible solutions of 1s called a finite e-solution
of graph P, if

(% .
conv + BX(0,€) D graph P,
U (Et ) +°(0,€) 2 graph P;
where B(0,¢) = {a € LF(RY) | 2], < e}.

Our next result is motivated by [22, Theorem 3.12], and it is aimed to establish
the bridge between the finite weak e-solutions of the vector optimization problem
, and the finite e-solutions of graph P;.

Proposition 6.2.4. Let € > 0. If X is a finite weak e-solution of , then it
s a finite 6e-solution of graph Py.

Proof. Note that the outer polyhedral approximation of I/, under the finite weak
e-solution X is given by %(X) = C,(X) + L*(R%), where

Ci(X) = conv U E(z)

(<X \ _y —1TE, (x)

Initially, we claim that, for every (c,¢) € Ci(X), where ¢ € L*(R?) and ¢ €
L*(R), we have 1Tc = ¢. Let (c,¢) € C(X), then without any loss of generality

m m
Cc = E /\kck, and ¢ = E )\kék
k=1 k=1

for some A, € [0, 1] and (cx, &) € {(vs, Ee(z), —v — lTEt(x))T | (v, ) € X'} such
that ¢ € L°(R3), ¢ € L*(R) and 1T¢; = ¢ for every k € {1,...,m}. Hence, the

we have
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claim holds as

1TC = 1T Z )\kck = Z )\k(]_TCk) = i )\kék = C.

k=1 k=1 k=1

As X is a finite weak e-solution of , we have %;(X) — 1e O U,. Furthermore
when we apply the transformation ([5.13)), that is, to take the projection on the

subspace 17z = 0, by Corollary and (6.6]), we obtain that
{z € LP(R?) | 3y € LP*(R): (z,—y)" € %(X) — €l , 17z =y} D graph P;.
(6.7)
As the next step, let (z,—y'") € %(X) — €1 such that 1Tz = y. Then, by our
previous observation, there exist (¢, —17¢) € C;(X) and r = (7,7")T € L°(R%) X

L*(R,) such that x =c+7 — el and y = 17¢ — 1’ + €. Thus,
1"z2=y <<= 1Tc+1"77=3e=1Tc—1r'+€ < 17r = 4e.
Therefore, as r € L°(R%), we have ||r||, < 4e. Hence, 7 — €1 € B;*(0, 6¢) since
IF =€l < 7l + el < llrllee +€llLllee < de+V3e <be.  (6.8)

Moreover, as a result of , we conclude that the superset relation (6.7) can

be extended as
{z € LP(R?) | 3y € LP(R): (z,—y)" € Ci(X) , 1Tz = y}+B;°(0,6¢) D graph P;.

Finally, by the preceding arguments, we observe that the projection of C;(X) on

the subspace 17z = 0 is canonical, that is,

conv U ( o ) + B;(0,6¢) D graph Py,
(ve,2)EX Ei(z)

as desired. n

After establishing the solution methodology for both the vector optimization
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problem , and the convex projection of graph P, we move on to incorporating
this methodology for the backward recursive computations, namely Algorithm
To that end, we update Algorithm (1] as Algorithm 4| such that, at each iteration,
we utilize a polyhedral approximation that we obtain in the previous step to

replace graph P;.

Algorithm 4: Polyhedral approximation of graph P,

Input: Initial wealth vy € R, tolerance levels €, ..., er_1

Set graph Py = {(vp,z) € LE(R?) | &% <wvp < kY, 6% <o <K}

Solve 1' with tolerance level er_; by the primal algorithm in [24].

Obtain a finite weak e-solution Xr_; and its corresponding outer
polyhedral approximation %r_1(Xr_1).

Compute the projection of % 1(Xr_1) on the subspace 17z = 0 and
obtain %, (Xr_1).

Set Yp 1 = UL (Xp_y).

Set t =T — 2.

while ¢t € T do

Replace graph P, with the polyhedral approximation %, and solve
with tolerance level ¢, by the primal algorithm in [24].

Obtain a finite weak e-solution &X; and its corresponding outer
polyhedral approximation %;(X;).

Compute the projection of %4(X;) on the subspace 1Tz = 0 and
obtain %7 (X;).

Set 4, = %P (X).

Set t =t — 1.

end

Set gz()(?}o) = {ZL’ c R2 | (Uo,x) S g()}
Output: Polyhedral approximations of Py(vg), graph Py, . .., graph Pr_;

as Lo, %, ...,%r_1, respectively.

Remark 6.2.5. For a finite weak e-solution X of , its corresponding
outer polyhedral approximation %;(X) approximates U, by at most 2¢, that is,
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di (%(X),U;) < 2¢, where dy is the usual Hausdorff distance given by

Au(7%(X), W) = sup inf [z —y]l... (6.9)
c€U(X) yEUL
Moreover, as we implement in Algorithm , if we take the projection of %;(X) on

the subspace 1Tz = 0, the resulting polyhedron %, approximates graph P, by at
most 6¢, that is, dy (¥4, graph P;) < 6e. Further, under Proposition it holds

4, = conv {(vt,]Et(x))T | (v, ) € X}

Thereby, in accordance with Definition (6.2.3] d (%, graph P;) < 6¢ is an equiva-

lent condition for X to be a finite 6e-solution of graph P;.

Our following result indicates that, when we replace graph P, with its poly-
hedral approximation ¥%; for each ¢t € T \{T'}, the error of the previous approxi-
mations propagate to the following iterations in a linear form. That is, at each
t € T\{T}, the polyhedral approximation %, approximates graph P, by at most

the accumulative sum of the previous errors.

Proposition 6.2.6. Let vy € Ry, and (€)1} be sequence of strictly positive
tolerance levels. Then, for every t € T\{T} the polyhedral approximation %,
which is returned by Algorithm@ approximates graph Py by at most €, that is, X;

1s a finite €-solution of graph P, where

Proof. Note that, by Proposition and Remark[6.2.5] Xr_1 is a ér_;-solution
of graph Pr_1, where ér_; = 6epr_1. Now, let us assume that the assertion holds
for some t+1 € T. As the first step, we define the following set, where we replace

graph P, 1 with its polyhedral approximation ¥, on (6.5):

V< <RV RY <o <RV
zzzcl{(vt,Et(x))‘El(ﬂ,x): fro=t=t s = s n }

TSy = vy, wi(m) >0, (UthH, r) € Yip
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Note that .7, can be seen as the best, in the sense of approximation error, theo-
retical approximation of graph P;, when we solve while replacing graph P4
with its polyhedral approximation %;,,. Moreover, for each v, € L°(R), and
7 € LP(RY) such that k¥ < v, < &7, 778, = vy, and @(7) > 0, we observe
that for every z € L{*(R?) such that x*° < 2 < k%" with (v],,1,7) € G, We
have

T-1
™ T —
R [ L P
yEgraph Py 1 k=t+1

as Xyyq is a finite €,q-solution of graph P, 1. Therefore, under (6.5) we observe
that

Ty +{0} X E¢ [B$1(0,€41)] 2 F; + {0} x B*(0,€41) 2 graph P,

where the first inclusion is due to the contraction property of conditional expec-

tation. Thus, in particular we have
2 + BfO(O, €t+1> 2 graph Pt‘ (610)

Moreover, under the construction of Algorithm [ in a similar spirit to Propo-

sition [6.2.4] we observe that X} is a finite 6¢;-solution of .7, that is, under Re-
mark [6.2.5] we have
Y, + BX(0,6¢,) 2 . (6.11)

Therefore, by combining (6.10) and (6.11]), we arrive at the desired inclusion as
G, + BX(0,6¢;) + BX(0,611) =% + B;°(0,&) 2 graph P,

Whence, the polyhedral approximation ¢, approximates graph P; by at most &,
or equivalently, X, is a finite €-solution of graphP;. Thus, the result for each
t € T\{T'} follows by induction. O
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6.3 Computational results

For all the examples that are covered in this section, we only consider finan-
cial markets with shortselling constraints, that is, we take the additional market
constraints (¢)ier\¢7} to be the identity mapping for each t € {0,...,7 — 1}.
Moreover, for every financial market we consider, we assume that the vector-
valued price process (S;)ier has stationary and independent increments. As a
result, the graph of the set-valued function P; is identical under every realiza-
tion. That is, for every wy,ws € €2, we have graph P;(w;) = graph P;(ws). Hence,
for each t € T\{T}, there exists H; C R? such that

graphpt = Ht X ... X Ht7 (612)

where graph P (w) = H, for each w € Q. Therefore, it suffices to calculate H,
in isolation, and utilize the relation to recover graphP,. That is, rather
than solving the stochastic vector optimization problem , we may only consider
a realization of it for an arbitrary w € (2, that is, we solve the following four-

dimensional vector optimization problem:

ve(w)
minimize Ei(x)(w) with respect to  <ps
—vy(w) — 1TE(7)(w)
subject to 7' Sy (w) = vy(w)
. (6.13)
(7'(' St+1,l') € Ht+1 X ... X Ht+1
ky < wvw) <kp

- +
Ky <x <K/

T > 0.

Therefore, the resulting upper image of (6.13)) constitutes H;, and we may recover
graph P, under (6.12)). We note that, this advancement has no significant effect
on the results of Section and the implementation of Algorithm {4|in particular,

other than decreasing the problem complexity significantly.

Remark 6.3.1. We acknowledge that our observations are unique for financial
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markets where the underlying price process is Lévy, and they mail fail to hold in
general. In such cases, the computation of graph P, can suffer from the curse of
dimensionality greatly as the dimension of the underlying finite probability space
increases. Although it is interesting study such markets, and to develop efficient

methods for the computation purposes, we prefer to leave it for a future study.

For the conciseness of the examples, we introduce the following notation for
each t € T\{T} and i € {1,...,d} as

a At

t

d ~1 7Ti+1

=———and W, ; = ——,

A1+ Ar2 i (o

where A, denotes percentage weight assigned to the expected terminal wealth,
whereas 7! denotes portfolio values as the percentage of current wealth of the

investor rather than the physical units. We present our computational results

under two different market structures in Example[6.3.2l and Example below.

Example 6.3.2. For our first example, we consider a trinomial market model
with two stocks. Daily trading over half a year is considered, where the market
parameters are selected such that, the negatively correlated stock prices (Stl)tET
and (S7),cr admit 6.4%, and 6.2% semi-annual mean return, respectively. The

investor enters the market with initial wealth vg = 10.

For the illustration of the outputs of Algorithm [ we present the polyhedral
approximations of graph P, for three different periods on Figure

We compute the optimal portfolios (7} )i\ (03 of the dynamic-mean variance
problem by our dynamic programming methodology for three different values of
initial weight Xo. For each \y € {0.3, 0.375, 0.45}, we report the time-consistent
weight process (A )ier \{r}, the value process (v])er, the conditional expectation

process (Et (vgi*)) e and the conditional variance process (Vart (v})) along

teT
one path on Figure (6.2

We note that, for the plots of the portfolio positions 7*, at each period the
area dedicated each color represent the percentage of the current wealth assigned

to their respective assets. Thereby, we can observe that as the investor becomes
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less risk averse as the time progresses, which we can observe by the increase in the
time consistent weight process (S\t)teT\{T}y the investor tends to assign a larger
portion of their current wealth to the first asset, which is the one that accepts a
higher return with higher risk. Moreover, we can observe that when we alter the
initial weight vector Ao, the resulting pictures shows a significant resemblance
to each other, which suggests a smoothness property on the initial condition.

Though it is interesting to investigate such a behavior, we leave it for a future
study.

o5 \ \ 8|
¢ \ \\ 200 ‘ \
754 \ = \ 150 e —
—

200 \r\ T 100 \\(/_/(-,(O/T_ 10 15
:::-zzio) 100 35 10 5 :m(x?) 5 10 15 ) 50 .45 10 5;:1(”)
(b) t =175 (c) t =90

Figure 6.1: Polyhedral approximations of graph P, for ¢ € {40,75,90}.

Example 6.3.3. Initially, let us consider a five-dimensional Black-Scholes model,

where Sy = 1 € R% and the continuous price dynamics are given by
dS; = Sj(r dt + o; dW}),

for each i € {1,...,5}. Further, let us allow the Brownian motions (W});er, and

(W) er . to be correlated with some constant correlation coefficient p;; # 0 for
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every i,j € {1,...,5} such that ¢ # j. Moreover, we take r = 0.1, and the other

market parameters are taken as follows:

1 05 -02 —01 —0.3]
05 1 —04 04 —0.1
o0=1(02,0501503,025)", p=|[-02 —04 1 025 —03
~0.1 04 025 1 —01
-03 —01 —03 —01 1

In order to transition into a discrete time setting and apply our dynamic
solution methodology, we utilize the decoupling approach proposed by [25] for
discretization of the continuous time price process (Si)icr,. Accordingly, we
introduce the log-price dynamics as X; = In(S?!) for every i € {1,...,5} and
t € R, where

dX} = (r - %0?) dt +o; + dW}. (6.14)

Note that under the state dependence in the diffusion coefficients are no
longer present. The main idea behind this method is to apply an appropriate
transformation, that converts the original five correlated Brownian motions into
independent ones. To that end, [25] exploit the fact that the covariance matrix
is positive semi-definite and accepts an Chloesky factorization C'. Then under
[25, Proposition 1] the column vectors of C, applying on the process (X;)cr,
is an adequate transformation and the resulting processes are indeed indepen-
dent. After achieving the independence, the discretization methodology is fairly
straightforward for a given discretization interval At and inline with the standard
methods in the literature. For the resulting discrete time price process, at each
node of the finite probability tree there are 2° child nodes, where each of them
share the same transition probability due do the discretization methodology. Fi-
nally, under [25, Proposition 6] the approximated discrete price process converges
weakly, in the sense of distribution, to the original price process (S;)icr,. For

more detail on the subject the reader is referred to [25 Section 3].

Accordingly, we consider a weakly trading over a year, hence we take At =

1/52. Moreover, we denote the discretized price process by (S;)ier. Investor
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enters this market with initial wealth vy = 1. Similar to our first example, we
compute the optimal portfolios (7} )¢t (0} of the dynamic-mean variance problem
by our dynamic programming methodology for three different values of initial
weight Xo. For each )\ € {0.24, 0.29, 0.37}, we report the time consistent weight
process (S\t)teqr\{;p}, the value process (v] )er, the conditional expectation process

(Et (vr}*)) et and the conditional variance process (Vart (v{ﬁ*)) along one path

on Figure [6.3]

teT

Initially, we observe that the smoothness property that we deduced in the
previous example continues to hold in a more complex market structure, that
is, both the time consistent weight process and the behavior of the investor in
terms of the portfolio positions shows smoothness when the initial weight o
varies. In particular, we can observe the investor’s behavior towards the risk
more clearly between the periods fifteen and thirty, where the risk aversion of
the investor increases, which propagates itself as a diversification in the portfolio
positions. We note that, this observation is relevant for each initial weight 5\0,
however, the magnitude of the response changes significantly based on the initial
risk aversion of the investor. Furthermore, we observe that after period thirty,
as the market moves against the investor, which in return increases the weight
5\t, the diversification slowly decreases and the investor allocates more and more

wealth to the second asset, which accepts the highest return among all five assets.

Let us consider the optimal portfolio 7* for A = 0.24 on Figure , and for each
t€{0,...,52} let 27 = (E; (v}'), Var, (v])), where (2})er denotes the process
of the optimal values. Then we present the dynamic movement of the process
(})ter on the upper images of the dynamic mean-variance problem along one
path on Figure Indeed, we observe that the optimal values of the portfolio
7* moves on the so called efficient frontier of the mean-variance pairs for every

t € T\{T'} under the time consistent weight process (S\t)teT\{T}.
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Figure 6.2: The processes (St)eers (77 )ier\{0}+ (S\t)te'ﬁ‘, (ve)ter (Et(vgi*))teqp and
(Var, (v3"))ser for Ao € {0.3,0.375,0.45} along one path.
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Figure 6.3: The processes (gt)te% (W;)tGT\{O}a (S\t)te'IF\{T}) (Ut)teT ) (Et(vgﬂ*))teﬂr
and (Var;(v3"))ser for Ao € {0.24,0.29,0.37} along one path.
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Figure 6.4: Dynamic movement of the optimal objective process (z7)er on the
upper images along one path.
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Chapter 7

Conclusion

In this thesis, we investigate the time-consistency of the dynamic mean-variance
problem, where we utilize a less strict notion of time-consistency with Defini-
tion [3.0.3] As the initial step, we investigate the equivalence between the mean-
variance and mean-second moment problems in Section [3.2 By Theorem [3.2.1]
we establish that, when the weights of the mean-variance and the mean-second
moment problems are selected approppirately, they become inherently connected
as they share the same set of optimal solutions. We move on to study the time-
consistency of the mean-second moment problem in Section [3.3 and by Proposi-
tion we conclude that the dynamic-mean second moment problem is time-
consistent in the classical sense, i.e., with a constant weight process. Finally, we
combine the results of the previous two sections, and provide a full characteriza-
tion of the time-consistent weight process for every initial mean-variance weight

Ao € Ry and initial wealth vy € Ry by Theorem [3.3.2]

In light of Section [3.3] we observe that the mean-second moment problem is
time-consistent, hence satisfies a scalar Bellman’s equation. Therefore, in Chap-
ter 4 by Proposition we develop a scalar dynamic programming principle
for the dynamic mean-second moment problem. However, we observe that the

scalar Bellman’s equation is fundamentally inadequate in terms of its utilization
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for the dynamic study of the mean-variance problem as long as the optimal so-
lutions do not have a closed form expression. Therefore, in order to bypass the
issues of the scalar formulation we extend to vector optimization in Chapter
We start by formulating the mean-second moment problem as a biobjective op-
timization problem and observe that it is a natural generalization of its scalar
counterpart. We move on to establishing a set-valued Bellman’s equation in Sec-
tion 5.2, where we utilize the upper image P; as our set-valued value function,
and by Theorem we obtain the set-valued analogue the results of Chapter
Furthermore, we extend the results of the set-valued dynamic programming for

graphs of the set-valued function P; for computational purposes.

We propose our forward-backward dynamic programming methodology in Sec-
tion [6.1] With Algorithm [I] we dynamically compute graph P, in a backward re-
cursive manner and obtain the upper image Py(vg) at the initial time. Moreover,
we observe that we need an additional step for the computation of the equivalent
mean-second moment weight py for a given mean-variance weight A\g. Therefore
we introduce Algorithm [2| which establishes the procedure for this purpose. As
the last step, with Algorithm [3| we compute the time consistent weight process
and an optimal solution for the dynamic mean-variance problem for every initial
weight Ay and initial wealth vy. Finally, we demonstrate our dynamic solution

methodology on two financial market settings in Chapter [6]
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