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ABSTRACT

AN OPTIMIZATION APPROACH TO WHITE
MATTER BRAIN TUMOR RESECTION

Sena Asli Bozkurt
M.S. in Industrial Engineering
Advisor: Oya Karagan
Co-Advisor: Taghi Khaniyev
July 2025

Preserving brain functionality while performing maximal tumor resection remains
a significant challenge in current clinical practice, as existing approaches do not
offer a systematic framework to balance tumor removal with functional outcomes.
To address this, we developed a mathematical optimization model for brain tumor
resection problem that aims to preserve network efficiency as much as possible
by resecting a predefined volume of tumor. Network efficiency is quantified us-
ing the Global Efficiency (GE) metric. The model includes spatial contiguity
constraints to ensure that the resected area forms a clinically realistic connected
region. To improve computational efficiency and scalability, we proposed en-
hanced formulations and introduced an aggregation heuristic that groups nodes
that are physically closer to each other, significantly reducing solution time while
maintaining high-quality results. For the experimental analysis, we used real
brain network data representing healthy white and gray matter regions and gen-
erated synthetic tumor instances and modeled their disruptive impact on the
brain network. We first validated the performance of the aggregation heuristic
by comparing it against the original model. Results show that the heuristic dras-
tically reduces computational time while achieving comparable GE values. We
then investigated the impact of tumor size and found that larger tumors disrupt
the network more severely even before resection, and lead to lower GE values
post-resection at the same threshold levels. Then, we examined the impact of tu-
mor location and observed that centrally located tumors lead to greater decreases
in GE compared to peripheral tumors when the same tumor volume is removed.
Finally, using a real tumor instance, we compared the ”best” resection guided by
our model with the ”worst” resection, and demonstrated that our approach leads
to significantly better preservation of brain network efficiency.
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OZET

BEYAZ CEVHERDE KONUMLANMIS BEYIN TUMOR
CIKARIMINA OPTIMIZASYON YAKLASIMI

Sena Asli Bozkurt
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danigmani: Oya Karagan
Ikinci Tez Danigmani: Taghi Khaniyev
Temmuz 2025

Mevcut klinik uygulamalarda beyin tiimorlerin maksimum diizeyde c¢ikarilmasi
hedeflenmektedir; ancak bu siirecte beyin fonksiyonlarinin korunmasi sistematik
bir yaklagima dayanmamaktadir. Bu problemi ele almak amaciyla, belirli bir egik
degerin tizerindeki ttimorli bolgeleri cikarirken beyin aginin isglevselligini mak-
simize etmeyi hedefleyen matematiksel bir optimizasyon modeli geligtirdik. Ag
islevselligi, Global Efficiency (GE) metrigi kullanilarak nicelenmigtir. Model,
gikarilan alanin klinik agidan gerceksi bir sekilde bagli bir bolge olugturmasini
saglamak amaciyla Komsuluk kisitlarini icermektedir. Modelin hesaplama ver-
imliligini artirmak igin, benzer 6zelliklere sahip diigimlerin toplulagtirildig: (ag-
gregation) bir sezgisel yontem tamittik. Gergek saglikli gri ve beyaz madde
ag1 verisini kullanarak sentetik tiimor ornekleri olusturduk ve bu tiimorlerin
beyin agini bozucu etkisini optimizasyon modeliyle belirledik. Toplulagtirma
sezgisinin orijinal modele benzer sonuclar verirken hesaplama stiresini biiytlik
olctide azalttigim gosterdik. Tiumor boyutu arttikga, hentiz hig bolge ¢ikarilmadan
dahi beyin aginda daha fazla bozulma meydana geldigini ve ayni egiklerde daha
diisiik global verimlilik degerleri gozlendigini belirledik. Ayrica, tiimor konumu
analizlerinde, beynin merkezine yerlesmis tiimorlerin, ayni hacim g¢ikarildiginda
dig bolgedeki timorlere gore daha fazla global verimlilik azalmasina yol agtigim
gosterdik. Son olarak, Hacettepe Universitesinde elde edilen gercek bir timér
ornegi tizerinde modelimizi test ettik. En iyi olasilikla planlanan rezeksiyon ile
en kotii senaryo arasinda karsilagtirmalar yapildi ve modelimizin beyin agi ver-
imliligini anlamlh bir farkla daha iyi korudugu gosterildi.

Anahtar sézciikler: Beyin Tiimor Rezeksiyonu, Kiiresel Verimlilik, Ag Modelleme,
Matematiksel Optimizasyon, Komsguluk Kisitlamalari, Toplulagtirma Sezgisi .
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Chapter 1

Introduction

Brain tumors are formed due to abnormal growth of brain cells or their sur-
rounding tissues. They range from primary tumors that originate in the brain to
secondary tumors that spread from other parts of the body. Whether primary
or secondary, they present a complex challenge due to their varying behaviors,
from slow-growing benign masses to aggressive malignancies. Low-grade glioma
(LGG), a primary tumor, is a type of tumor arising from glial cells, which sup-
ports and protects the brain cells of the central nervous system [3]. A sub-type
of LGG, diffuse low-grade glioma is a rare neurological tumor characterized by
slow but continuous progress and tumor recurrences. It is generally revealed by
seizures in young adults with no or only mild neurological deficits [4]. On the
other hand, their slow progression allows the brain to gradually compensate for
damaged areas [5]. As their incidences increase, there is a growing need for ad-
vancements in diagnosis and treatment. A real LGG instance located in the white

matter is shown in Figure 1.1. The red circle outlines the tumorous area.

Currently, the standard practice for brain tumor treatment includes surgical
resection followed by radiotherapy, and chemotherapy. Radiotherapy benefits pa-
tients with the highest probability of tumor growth the most, although its effect
on overall survival is minimal; consequently, it is typically offered to higher-risk

patients and those who experience tumor growth progression after chemotherapy



Figure 1.1: A real LGG instance obtained using MRI data located in white matter

[6]. Chemotherapy can be used with or after radiation therapy [7], and its ad-
dition to radiation therapy increases both overall survival and progression-free
survival [6]. Turning to surgical resection, the standard practice aims to remove
the maximum tumor volume possible [6], as greater resection correlates with lower
recurrence and higher overall survival rates [3]. Since LGGs are diffusely infil-
trative tumors where tumor cell density decreases as a function of distance from
the tumor core, it is recommended to adopt maximal safe resection, preserving

functioning brain areas [4].

While effective for eliminating tumor tissue, maximum removal approach often
fails to account for the brain’s complex network structure, where certain regions
are critical for overall function. In practice, surgeons lack clear guidelines for
balancing tumor removal against functional preservation. This frequently leads to
situations where essential brain regions are removed without full understanding
of their network importance [8]. Despite the brain’s ability to adapt through
neuroplasticity, excessive resections can still cause permanent neurological deficits

when key connectivity hubs are compromised.



Therefore, understanding the functionality and connectivity of the brain re-
gions is crucial for effective surgical treatment planning. This highlights the need
to approach brain tumor resection from an analytical perspective. To this end,
several metrics have been proposed in the literature to quantify brain functional-
ity. Leveraging these metrics through analytical methods can help develop more
quantitatively informed surgical guidelines, ultimately aiming to preserve healthy
brain tissue as much as possible. Accordingly, the motivation of this research is to
provide surgeons with a structured and ”optimized” resection strategy by model-
ing the brain as a network and employing mathematical optimization techniques

tailored to its unique structure.

1.1 Problem Definition and Solution Approach

This research focuses on LGGs localized in white matter, where tumor occurrence
is more prevalent [9]. The slow progression of these tumors suggests that complete
resection of all tumorous tissue may not necessarily optimal, as it can cause
excessive harm to brain functionality. To address this, we formulate the tumor
resection problem as a mathematical optimization model. The model’s objective
is to maximize post-operative brain functionality while ensuring the total resected
tumorous volume exceeds a predefined threshold. To ensure that the resected
tumorous region is clinically realistic and spatially connected, the model imposes

contiguity constraints.

The human brain is one of the most complex systems known to science, re-
sponsible for enabling speech, processing information, memory, and emotional
experience. It contains approximately 86 billion neurons, which are specialized
cells that transmit information throughout the brain and body [10]. Each neu-
ron consists of a cell body and synapses—the connections through which neurons
communicate with one another via electrical and chemical signals. The cell bod-
ies of neurons are located in the gray matter, which forms the brain’s outer layer,
while the synaptic connections form the white matter, located beneath the gray

matter [11]. The Figure 1.2 shows the distinction between the white matter and

3



the gray matter.

White matter

Figure 1.2: A brain white matter and gray matter illustration from a cross section

1]

Different regions of our brain communicate via electrical impulses to enable
functional tasks such as visual recognition, language and emotion. Understand-
ing how these regions interact is crucial to have a more thorough knowledge of
how our brains work. An important project initiated towards this goal is the
Human Connectome Project (HCP), which aims to create a complete mapping of
the structural and functional connectivity of an organism’s nervous system [12].
To this end, recent advances in medical imaging technologies such as diffusion
weighted MRI (dMRI) and functional MRI (fMRI) allowed researchers to probe
the neural circuitry of human brains with high spatio-temporal resolution and
analyze the structural connectivity and functional correlations between different
regions of interest (ROIs) in the human brain [13, 14].

1.1.1 Brain as a Network

To study and analyze the brain in a computational setting, it is essential to first

model it as a network. Neuroimaging techniques such as diffusion MRI (dMRI)
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and functional MRI (fMRI) not only provide insights into the brain’s structure
and function, but also enable the representation of the brain as a complex net-
work. Structural connectivity is typically inferred from dMRI using tractography
algorithms, which trace white matter pathways between regions of interest (ROIs)
[15]. Functional connectivity, on the other hand, is derived from fMRI by measur-
ing correlations in neural activity across different brain regions. Together, these
modalities allow researchers to build computational models that capture both

anatomical and functional interactions in the brain.

The brain’s biological structure—composed of neuron cell bodies and the ax-
onal fibers that link them—mnaturally lends itself to a network-based representa-
tion. The cell bodies are represented as nodes, and the axonal fibers between

them serve as the edges of the network [16].

Within this framework, nodes are typically localized in the gray matter, which
contains the neuron cell bodies, while edges correspond to connections located in
the white matter. The brain network is constructed using voxel-level data, where
both edges and nodes are mapped to specific spatial units. However, since voxels
represent the smallest structural elements in neuroimaging and their number is
extremely high, directly working at the voxel level is computationally infeasible
for large-scale modeling. To address this, parcellation techniques [17, 18, 19]
to group voxels into larger, functionally or anatomically meaningful units are
applied. After parcellation, each of these units is referred to as a region of interest

(ROL).

To better reflect the spatial organization and underlying biological roles of
brain regions, we categorize the ROIs into two types: GrayROIs (GROIs), which
are associated with gray matter and typically serve as the nodes in our network,
and WhiteROIs (WROIs), which correspond to white matter regions and are
used for modeling the paths traversed by edges. Although edges themselves are
not physical regions, they propagate through specific zones of the white matter.
For analytical purposes, we divide the white matter into spatial subregions and
record which subregions each edge pass through. This spatial decomposition en-

ables us to link edge-level connectivity information to the physical organization of



white matter, which is particularly important in applications like tumor resection

planning.

To quantify brain functionality, we use a metric called Global Efficiency (GE).
This measure captures how efficiently information can travel across the entire
brain network. In simpler terms, it reflects how quickly and effectively different
brain regions can communicate with each other. If information can flow along
short and direct paths between regions, the brain is considered to be more func-
tionally efficient. If the paths are long or indirect, that might indicate slower
communication and reduced coordination. In the context of brain networks, it is
commonly used to quantify the brain’s overall ability to support parallel infor-
mation flow and coordinated processing between different regions [20]. Reduced
global efficiency has been linked to impairments in brain function. For example,
Alzheimer’s disease is a well-documented case demonstrating decreased global
efficiency in brain networks [21]. Therefore, higher GE values indicate better
functional integration of the brain network. It is inversely related to the shortest
path distances between nodes, meaning that shorter paths contribute to higher
GE values and thus more efficient information transfer. Formally, GE is defined

as follows:

1 1
GE = — (22 1.1
NEIEN P i Y

where d;; is defined as the shortest path between the nodes 7 and j and N is
the set of nodes. As the formulation indicates, GE is inversely proportional to
the shortest paths between the nodes in the brain. In the context of brain tumor
resection problem, this formula helps us evaluate how well the network supports

communication after certain regions (i.e., tumorous areas) are removed.

To quantify tumor impact, we introduce a density metric that measures the
extent of damage in affected regions (detailed in subsequent sections). The model
incorporates critical surgical constraints, including contiguity requirements for re-

sected regions, reflecting real-world surgical feasibility where scattered removals



are impractical. By integrating these clinical and topological considerations, the
model provides a systematic framework for optimizing the balance between tumor
removal and functional preservation, offering a systematic approach to comple-

ment current resection practices.

Formally, we introduce the following mathematical model for the brain tumor

resection problem.

max E(G\R) (1.2a)
subject to
IR| > A, (1.2b)
R : contigious (1.2¢)

where G is the graph representation of the brain, and R is the set of WROIs
selected for removal during tumor resection. In the objective function 1.2a, we
maximize a chosen network connectivity metric, denoted by £(-), computed on
the remaining graph G\ R. In this study, we focus on distance-based connectivity
measures such as Global Efficiency. Constraint 1.2b ensures that the resected re-
gion meets a predefined minimum volume threshold A. Constraint 1.2c enforces
contiguity of the selected WROIs, reflecting surgical feasibility, as real-world tu-

mor resections cannot involve disconnected regions.

1.2 Literature Review

Understanding the brain requires interdisciplinary efforts that span neuroscience,
medical imaging, and computational modeling. This section reviews the essential
neuroscience background that introduces the problem and the operations research

tools that support its solution.

Neuroscience Literature
To understand the structure and functioning of the brain, it is essential to ac-
curately scan and image it. While Magnetic Resonance Imaging (MRI) provides

detailed anatomical information, advancements in imaging technologies—such as
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diffusion-weighted MRI (dMRI) and functional MRI (fMRI)—have significantly
enhanced our ability to analyze both structural and functional aspects of the
brain. One of the foundational studies in Diffusion Tensor Imaging (DTI), a spe-
cific application of dMRI, was conducted by Basser et al. [13] . In their work,
they introduce a framework for estimating the diffusion of water molecules within
a voxel, allowing for the reconstruction and visualization of white matter tracts.
This technique is crucial for understanding the connectivity patterns in the brain,

especially within white matter.

fMRI, on the other hand, is a non-invasive, high-resolution imaging tool that
measures brain activity by detecting changes associated with blood oxygenation
levels. It enables researchers to explore brain connectivity by capturing functional
correlations between different regions [23, 24]. One notable large-scale initiative
that utilizes fMRI for mapping brain connectivity is the Human Connectome
Project (HCP). This project aims to improve human neuroimaging techniques
and provide a comprehensive understanding of the structural and functional con-

nections in the brain [24, 25].

Apart from imaging techniques to understand brain connectivity, it is also
essential to examine the brain’s network structure. Bullmore and Sporns [16]
argue that the brain exhibits key characteristics of complex networks, both in its
functional and structural organization. They emphasize important network prop-
erties such as modularity, clustering, and characteristic path length, and explain
their functional significance in supporting efficient communication and informa-
tion processing within the brain. Rubinov and Sporns [26] discuss how brain
networks can be constructed from imaging-based connectivity data, and provide
a comprehensive overview of commonly used network measures—such as degree,
betweenness, and Global Efficiency—which are widely adopted in neuroscience

to assess brain function.

Beyond the study of brain connectivity and network organization, it is also cru-
cial to review the clinical literature on brain tumor treatment, particularly the
current strategies and technologies used in surgical resection. In current clinical

practice, the primary treatment strategy for brain tumors—particularly LGGs



centers around surgical resection. To enhance tumor detection and improve the
precision of resection, various techniques have been introduced. Picart et al. [27]
examine the use of macroscopic fluorescence techniques to improve intraoperative
identification of tumorous tissue, highlighting their advantages in LGG surgeries.
However, recognizing that fluorescence-guided methods may fall short in certain
cases, Chen et al. [28] propose a PET/NIR dual-modality imaging technique
to increase tumor detection accuracy where standard fluorescence fails. Despite
the progress in imaging technologies such as diffusion MRI (dMRI), PET, and
fluorescence-based approaches, Belsuzarri et al. [29] emphasize that these tools
alone are not sufficient and argue for more structured, guided strategies to im-

prove resection outcomes.

In parallel with advancements in tumor detection and resection techniques,
functional preservation remains a critical priority, especially because LGGs tend
to develop in or near eloquent regions of the brain responsible for speech, motor
control, and cognition. To protect these areas, clinicians often rely on intraop-
erative cortical stimulation and longitudinal neurocognitive testing to map and
monitor function during surgery [30, 31]. In addition to these well-established
techniques, Henderson et al. [32] highlight how structural connectomes can fur-
ther support safer and more effective surgical planning. By reviewing the use of
diffusion tractography to visualize white matter tracts, they introduce the concept

of connectomic imaging as a promising direction for glioma surgery.

Given the limitations of conventional imaging and the need for functionally
informed resection strategies, recent efforts have increasingly focused on incor-
porating functional connectome data into surgical planning workflows. Sparacia
et al. [33] demonstrate the importance of evaluating the functional connectome,
showing that resting-state fMRI can map brain functionality both before and
after surgery. Chen et al. [34] review how gliomas affect both structural and
functional connectomes, and they highlight the potential of integrating connec-
tome data with AI to support surgical decision-making. Wei et al. [35] focus
on quantifying tumor disruption using structural connectomes and show how
connectome-based features can be used to predict overall survival. While their

study focuses on glioblastoma, the methodology can be adapted to LGGs to better
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assess tumor spread and functional impact. Shah et al. [36] explore how struc-
tural and functional connectome imaging can be used to identify critical networks
at risk during frontal lobe tumor resections. Their findings emphasize the value
of connectome data for preserving functional areas and enabling more precise
surgical strategies. Herbet et al. [37] use preoperative connectome features and
machine learning techniques to predict cognitive outcomes after glioma surgery.
Their work highlights the inherent challenge of balancing tumor resection with

functional preservation.

These approaches help define the surgical boundaries more precisely, highlight-
ing the need for data-driven strategies that do not merely focus on anatomical tu-
mor margins but also account for functional connectivity. This motivates the use
of brain network models that can support resection planning from both structural
and functional perspectives. Modeling the brain as a network and leveraging this
model in the surgical decision-making process is an emerging and complementary
strategy. Samuel et al. [38] review how functional brain network modeling can in-
form surgical planning by highlighting critical regions for cognitive function, thus
helping to preserve functionality post-operation. Their work emphasizes that
integrating network-based insights into preoperative planning can significantly

enhance both tumor detection and preservation of neurological outcomes.

Operations Research Literature
While the neuroscience literature provides robust tools for imaging and analyz-
ing the brain’s structural and functional characteristics, it often lacks formal
methodologies for translating these insights into actionable surgical strategies.
Conversely, the operations research community has developed sophisticated op-
timization frameworks capable of identifying critical elements in network-based
systems under a variety of constraints. In this section, we review those method-

ologies and how they relate to our problem.

In our research, we aim to identify tumorous WROIs whose removal enables re-
secting a specified volume of tumor tissue while minimizing the resulting decrease
in the brain’s Global Efficiency, thereby preserving post-operative functionality.

While this problem is naturally aligned with the Critical Node Detection Problem
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(CNDP)—which focuses on identifying nodes whose removal causes the greatest
disruption to network connectivity [39, 40]—it is also closely related to the Criti-
cal Edge Detection Problem (CEDP), which seeks to identify the most impactful
edges. Our decision variables are defined over WROIs—spatially localized re-
gions derived from white matter structure—they influence the network through
the removal of associated edges, making edge-level disruptions highly relevant for
assessing functional impact. Veremyev et al. [41] propose an edge-based model
that identifies critical connections based on their effect on closeness centrality, a
metric closely tied to the global efficiency metric we use. In their model, they
minimize the closeness centrality while limiting the number of edges removed.
Lalou et al. [40] provide a comprehensive review of CNDP methods, including
exact and heuristic approaches. Additionally, Veremyev et al. [42, 41] present a
distance-based CNDP/CEDP formulations that serves as the foundation for the
models we propose in this thesis. While their work adopts an adversarial perspec-
tive aimed at damaging the network, we adapt the same principles constructively,

seeking to retain functionality under surgical constraints.

The majority of CNDP/CEDP research—including the works of Veremyev et
al. [42] and Arulselvan et al. [39]—employ Mixed Integer Programming (MIP)
to model the combinatorial nature of the problem. In these formulations, bi-
nary decision variables represent node removal, while constraints capture network
structure and connectivity metrics. The MIP approach enables precise modeling
of complex objectives such as minimizing pairwise connectivity or distance-based
measures, although it often suffers from computational intractability for large-
scale instances. Our work builds upon these principles by adapting MIP-based
formulations. Moreover, Boginski et al. [43] demonstrate a real-world application
of CNDP in the context of protein—protein interaction networks, where the objec-
tive is to identify nodes whose removal maximally impairs biological connectivity.
This study highlights the practical utility of CNDP in biological settings, making
it a particularly relevant example for our work on modeling the brain’s structural

network under tumor resection.

While our objective is to identify the set of tumorous WROIs whose removal

would least impact the overall brain functionality, we also incorporate additional
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constraints to ensure surgical feasibility. One of the key constraints is spatial
contiguity. In the context of brain tumor surgery, it is clinically necessary for the
resected regions to be spatially contiguous, as scattered removal of disconnected
tissue does not align with standard surgical practice and safety considerations.
To address this, we draw on relevant work in the literature. Wang et al. [44]
study the connected subgraph polytope of a graph, providing a general framework
for modeling connectivity that can be extended to more constrained problems
like ours. Similarly, Carvajal et al. [45] introduce a linear programming-based
approach to impose connectivity constraints through the use of minimum cut
formulations. Although their work is applied in forest planning, the methodology
they propose is well-suited to our setting, where ensuring the physical connectivity

of resected white matter regions is critical.

Despite significant advancements in both brain imaging technologies and
network-based modeling approaches, there is an obvious lack of interdisciplinary
methodologies that combine these tools for real-world neurosurgical decision-
making. Existing neuroscience studies focus primarily on structural or functional
characterization, while operations research models often overlook the anatom-
ical and surgical constraints specific to the human brain. In particular, LGG
resection lacks optimization models that jointly consider (i) functional network
preservation, (ii) spatial contiguity of resected regions, and (iii) resected tumorous
volume. Our research addresses this lack of systematic approach by developing an
optimization framework that integrates surgical expectations with mathematical

optimization techniques.

1.3 Contributions

e Mathematical Optimization Formulation for Brain Tumor Re-
section Problem
In the context of white matter tumors, the maximal resection approach of-
ten lacks systematic guidance. Surgical decisions are typically made with-

out considering the brain’s network structure. Our research addresses this
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gap by proposing the first mathematical optimization model specifically
designed for white matter tumor resection, incorporating the brain’s con-

nectivity into the decision-making process.

Imposing Contiguity Constraints

From a surgical standpoint, it is important that the regions to be removed
are spatially contiguous. To the best of our knowledge, this consideration
has not been formally addressed in previous literature. In our study, we ex-
plicitly impose physical contiguity constraints, aligning the model’s output

with what is expected and feasible in surgical practice.

Fast and Scalable Aggregation Heuristic

A higher-resolution brain network offers more precise and realistic deci-
sions. However, as the number of ROIs increases, traditional optimization
approaches—especially those based on critical node/edge removal—can be-
come computationally expensive. To overcome this, we developed an aggre-
gation heuristic that allows for an increase in both the number of nodes and
edges while preserving essential structural information. Our analysis shows
that this method is both scalable and efficient, enabling larger problem

instances to be solved effectively without compromising decision quality.

Results with Comprehensive Analyses

We provide extensive results on both real and synthetic brain instances, of-
fering a thorough analysis that supports the effectiveness of our approach.
The diversity of test cases ensures that our methods are robust and adapt-
able to various conditions. Additionally, by evaluating a wide range of
scenarios, we assess whether our model produces outcomes that align with
clinical expectations—an important step toward validating its practical rel-

evance.

Bridging Theoretical Modeling with Clinical Insights

Our approach was developed in close consultation with domain experts,
ensuring that the optimization model reflects realistic surgical priorities
and anatomical constraints. By aligning theoretical modeling with practical

concerns, the study enhances its relevance and applicability in real-world
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clinical settings.

The rest of the paper is organized as follows. In Section 2, we present our model-
ing approach and introduce the formal mathematical optimization models, along
with the additional constraints and methodologies used. Section 3 describes our
solution strategy, with a focus on the aggregation heuristic. In Section 4, we
detail the experimental setup and report the results of our experiments, includ-
ing their analysis. Finally, Section 5 concludes the paper and discusses potential

directions for future works.
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Chapter 2

Modeling Choices

Our modeling process begins by parcellating the brain into WROIs and GROIs.
We then map the edges to record which edges pass through which WROIs and
which pairs of GROIs they connect. This allows us to systematically deter-
mine which connections (streams) would be lost following the resection of a given

WROI, and which GROIs would consequently become disconnected.

Figure 2.1 provides a simplified example using a real tumor image. In this
figure, nodes 1, 2, and 3 represent GROIs, green lines represent the streams and
the overlaid red squares represent the WROIs intersecting the tumorous area.
If WROI 1 is removed, no connections are disrupted because no stream passes
through it. If WROI 2 is removed, the stream passing through it between GROIs
1 and 3 is cut. Since this was the only stream connecting them, the edge between
GROIs 1 and 3 is removed. However, removing WROI 3 cuts one of the streams
between GROIs 1 and 2, but another stream connecting them remains intact.
Thus, the edge between GROIs 1 and 2 persists.

As it is also introduced in Section 1.2, one influential approach to identifying
critical structures in a network is the critical edge detection model introduced
by Veremyev et al. [41]. Their model aims to identify a subset of edges whose

removal causes the maximum disruption to the network’s closeness centrality. By
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Figure 2.1: Illustrative example over a real tumor image

minimizing the average inverse shortest-path distances among nodes, the model
targets connectivity degradation from an adversarial standpoint. The model they

introduce is as follows:

Sets

V: Set of nodes in the network.

e FFCV xV: Set of undirected edges between nodes.
e S C V: Subset of nodes that is of interest to the decision maker.

e [: Maximum number of hops considered for approximating reachability.
Decision Variables

e y;; € {0,1}: Equals 1 if edge (4, j) € E is removed, 0 otherwise.

o ufﬁ) € {0,1}: Equals 1 if node 7 is reachable from source s within ¢ hops or

fewer, 0 otherwise.
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Parameters and Functions

e f(¢): A nonincreasing function assigning weights to reachability at hop ¢,

used to approximate closeness centrality.

e b: Edge removal budget, i.e., the maximum number of edges that can be

deleted.
Model [41]
1 L
N © (,© _, 1
min o ZZZf (u Ui, ) (2.1)
sES i€V (=1
s.t. ugﬁ) > ugﬁ_l) — Yit Vse S, (i,t)e B, te{l,...,L}
(2.2)
u > ulyY VieV,seS, te{l,... L}
(2.3)
ul) = Vs e S
(2.4)
ul(-g):() Vie V\{s}, ses
(2.5)
D U <b (2.6)
(3,5)EE
ul, v € {0,1} VieV,seS, (i,j) € E, tefo,... L}
(2.7)

The objective function (2.1) minimizes the weighted sum of reachability across
all node pairs (7, s) and path lengths ¢. The weight function f(¢) assigns impor-
tance to paths based on their length, typically giving higher weight to shorter
paths to reflect closeness centrality. By minimizing this sum, the model seeks
to damage as much of the network’s closeness centrality as possible after edge

removals [41].

Constraints (2.2) ensure that node 7 is reachable from source node s within ¢

hops if there exists a neighboring node t such that ¢ is reachable from s within
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¢ — 1 hops, and the edge (i,t) is not removed (i.e., y;; = 0). Constraints (2.3)
enforce that if node ¢ is reachable from source s within [ — 1 hops or fewer, it
is also possible to reach node i from source s within [ hops or fewer as well.
So this constraint ensures that reachability is nondecreasing with respect to the
number of hops. If node 7 is reachable from s within ¢ — 1 hops, it must also be
reachable within ¢ hops. Constraint sets (2.4) ensure that each source node s is
trivially reachable from itself with zero hops. Constraint sets (2.5) ensures that
all nodes other than the source node s are not reachable from s within zero hops.
Constraints (2.6) limits the total number of edges removed to the given budget

b. Constraints (2.7) ensure the decision variables u\" and y;; are binary [41].

This model, finds the edges whose removal would decrease the central closeness
at most. While this framework proposed by Veremyev et al. [41] serves as the
foundational basis for our formulation, our model differs in several crucial ways

due to the specific characteristics of brain networks and surgical constraints.

In the context of brain surgery, especially within white matter, the anatomical
reality is that streams—representing neural connections or fiber tracts—are not
isolated structures that can be selectively removed. These streams are embed-
ded within physical brain tissue, and disrupting them requires resecting a region
through which the fibers pass. Thus, instead of targeting streams directly, our

model focuses on the resection of WROIs.

To account for this difference, we introduce several additional parameters and
modeling steps. Specifically, as it was shown in the example above when a WROI
is resected, all streams passing through it are cut. Consequently, for any pair of
GROIs connected by these streams, their connectivity is reduced by the number
of streams cut. If all streams between a pair of GROIs are cut (i.e., no streams
remain), the edge between them is removed from the brain network. Otherwise,

the edge persists as long as at least one stream survives.

To mathematically capture these dynamics, we define a4 to indicate whether
edge s passes through WROI £, ej; to represent whether stream s connects GROIs

¢ and 7, and w;; as the total number of streams connecting GROIs 7 and j. These
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parameters allow us to encode how the removal of certain regions impacts the
structure and function of the brain network, differentiating our model fundamen-

tally from prior work.

In addition to this structural shift from edge removal to region removal, an-
other key departure lies in our objective: whereas Veremyev et al. [41] aim to
minimize network efficiency by targeting critical edges, our goal is to maximize
efficiency under minimum resection constraints. This reflects the clinical context
of our application—where the aim is not to damage the network but to preserve
its function as much as possible despite necessary tumor-related resections. By
modeling the optimization in this way, we prioritize the maintenance of com-
munication between brain regions, aligning the mathematical objective with the

neurological goal of preserving cognitive and motor function post-surgery.

2.1 Mathematical Model

Using the conceptual model described above, we construct the following mathe-
matical model to formalize our approach. Unlike traditional edge-centric formula-
tions, our model explicitly incorporates removal of WROIs as decision variables,
reflecting a more anatomically and surgically realistic representation of tumor
resection. By modeling how the removal of specific regions impacts connectiv-
ity—rather than removing abstract edges—we align our optimization structure
with clinical constraints and capabilities. We begin with introducing Sets, Pa-

rameters, Decision Variables used throughout different formulations proposed.
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Sets and Indices

N ={1,...,nb_grois} Set of GROIs

S ={1,...,nbstreams} Set of streams

K ={1,...,nb_wrois} Set of WROIs

L={1,...,L} Set of layers

['(u,v) ={S C K\ {u,v}: S is a minimal uv-node cut}

T = Set of Tumorous ROI’s

if stream s passes through WROI k

if GROIs k£ and [ are spatially neighbors

if the endpoints of the stream s are in GROIs ¢ and j

seS kek

k,le N

: Number of streams connecting GROIs ¢ and j.

if there is a direct edge from i to j, i,7 € N

Parameters
L,
Agp =
0, otherwise
L,
b =
0, otherwise
@ _ )
e = ‘
0, otherwise
wg = el
ses
1
Gij =
0, otherwise

vo = Minimum volume threshold that must be removed

N =N
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Decision Variables

1, if the wROI k is resected k € KC

Ty =
0, otherwise
1, if the stream siscut se€ S
o 0, otherwise
1, if the gROIs 7 and j are not connected after resection 1,7 € N/
N 0, otherwise
o 1, if there exists a path of length at most [ between ¢ and j after resection
f 0, otherwise

2.1.1 Base Non-Linear Model

Before presenting our mathematical model, we define the Global Efficiency (GE)
metric, which serves as our primary optimization objective. Instead of comput-
ing shortest path distances directly, we adopt a layered reachability formulation
aligned with the framework proposed by Veremyev et al. [42]. For each node pair
(i,7) € N x N, we define a binary variable ug-), which equals 1 if there exists a

path of length at most [ between nodes ¢ and j, and 0 otherwise.

Using a non-increasing weighting function f(l), such as f(l) = 1/, we define

the global efficiency of the network as:

GE(G) = 5= 2 20 20 /) (v =) (28)

€N JEN I

This formulation captures the overall efficiency of communication in the net-
work by summing the marginal contributions of all node pairs’ shortest distances
in the modified (i.e. resected) network. Our optimization model seeks to maxi-

mize this GE value after removing a subset of tumorous regions, while ensuring
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that the total resected tumor volume exceeds a predefined threshold. The result-

ing mathematical optimization formulation is as follows.

Objective Function

L
Maximize Nx(N=1) Z Z f(0) (Ui] - uig_l)

Constraints

E V;T; > U

€T

-1
uéj §Zu§€j—|— Z (1—yit)gitui;1, Vi,jeN,i#j,Vlel{2,...
k=1

teN t#£it£]

iy < (1= ij)9ij, Vi,jeNi# ]
Zg > % Zaskxk, VseS
kel

yij < ! > ez, Vi,j €N, (i,j) € E

Wij ses
> efz— My < wi; — 1, Vi,j €N, (i,j) € E
seS
Yij =0 Vi,j e N, (i,j) € E,b;; =
up; = ul;, Vi,j e NVl e L
Yij = Yii Vi,j €N
u?i = Vie N
ud =0 Vi,j € Nyi#j
Zazwzxu+xv—1, vS € 'u,v), Yu,veK
weS
x, € {0,1} Vk e K
zs € {0,1} VseS
ui; € {0,1} Vi,jeN,leL
yi; € {0,1} Vi,j €N
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The objective function (2.9) maximizes global efficiency where wj; indicates
connectivity via paths of length <[, and 1/N(N — 1) is the normalization term
for all possible pairs.

Constraint (2.10) ensures the removed tumor volume exceeds a specified thresh-
old. The constraints (2.11) recursively define whether a path of length at most
[ exists between nodes ¢ and j. Specifically, the variable uﬁj is set to 1 if ei-
ther (i) a path of shorter length (i.e., less than [) already exists between i and
j, or (ii) there exists an intermediate node ¢ such that ¢ is directly connected
to t (i.e., edge (i,t) is active), and ¢ can reach j within [ — 1 steps. The edge
(¢,t) is considered functional if y; = 0, meaning it has not been removed. The
binary parameter g; indicates the existence of the edge in the original graph.
Constraints (2.12) ensure that if the edge between nodes ¢ and j is removed (i.e.,
yi; = 1), then the path length between them cannot be 1. Constraints (2.13)
enforce stream removal. Specifically, for each stream s, if any of the WROIs it
passes through (identified by ag) is removed (2 = 1) then the stream s must
also be considered cut (zg = 1). Constraints (2.14) and (2.15) collectively ensure
that an edge is considered functional (y;; = 1) only if at least one of the streams
connecting ¢ and j remains uncut. Otherwise, when all connecting streams are
removed, the edge must be cut. Constraints (2.16) preserve anatomical (spatial)
neighbor connectivity. For node pairs that are spatial neighbors (i.e., b;; =1 ),
the model prohibits their disconnection by enforcing y;; = 0. Constraints (2.17)
and (2.18) impose symmetry as the network is undirected. Constraints (2.19)
and (2.20) initialize the path length indicators for GE computation. Each node
has a zero-length path to itself , while no node has a zero-length path to any
other node. Constraints (2.21) ensure spatial contiguity among removed WROIs.
If two WROIs u and v are removed, then at least one node from every minimum
node cut set separating them must also be removed. This constraint is not em-
bedded directly in the model but added iteratively for each solution, as described
in Section 2.1.6. Finally, (2.22), (2.23),(2.24) and (2.25) define the binary nature

. l .
of variables x;, zs, u;; and y;; respectively.

Notice that the constraint in 2.11, which recursively defines whether a path

of length at most [ exists between nodes 7 and j, is nonlinear. This nonlinearity
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arises from the multiplication of two decision variables. Specifically, if there is
a direct edge between nodes ¢ and ¢, and node t can reach j within [ — 1 steps,
then it would originally imply that node ¢ can reach j within [ steps. However,
following resection, the edge between ¢ and ¢ may be disrupted. Consequently,
node ¢ may no longer reach j within [ steps. To capture this possibility, we include
a check on whether the edge between nodes ¢ and ¢ still exists, as represented by

the decision variable y;; and this makes the base model non-linear.

To address the possible computational challenges posed by this nonlinearity,

we now introduce an alternative linear formulation.

2.1.2 Base Linearized Model

While the previous non-linear model can be solved by Gurobi (which handles
non-linearity to some extent), we investigated whether a linear formulation could
improve computational efficiency. This is important as improving the compu-
tational efficiency would help us to increase the problem size. Increasing the
problem size would also increase the resolution of the brain network and hence

yield to more realistic results.

To linearize the non-linear constraint where we multiply decision variables,
we use the concept of shortest path trees (SPTs). A shortest path tree rooted
at node ¢ is a spanning tree that connects ¢ to all other nodes in the network
using the shortest possible paths. In other words, for every node j # 4, the path
from 7 to j in the tree corresponds to a shortest path in the original graph. By
modeling these trees, we can represent the distances between nodes in a way that
allows us to formulate the problem using only linear constraints. This led to
the development of our second model, which required the introduction of new

decision variables to maintain functional equivalence while achieving linearity.
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Additional Decision Variable

; 1 if the shortest path tree rooted at ¢ includes arc (j, k),
V. =
7k

0 otherwise.

Objective Function

Maximize m Z f() (ui] - ui]_1>
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Constraints

E VT = Vg

€T

1
Zs Z m Zaskxka

kek

D vy =1,

oy
vl < gie(L = yn),

U, < gyt M(L =),
Uy > Uij_l — M(1 — vjy),

< 1 s
y’b] = ei‘zsa
Wi J
1 seS

Zeszs — My;; < wij — 1,

sES

Yij =0
ui’j = ué’iv
Yij = Yji,
u?i =1
u?j =0

wazxu—i_ajv_l?

wes

x, € {0,1}
zs € {0,1}
u; € {0,1}
vi; € {0,1}
v, € {0,1}

Vse S
Vi,je N,i#j

Vi.j,ke N, j#k i#k

Viel2,...,L],Yi,jkeN, j#k itk
Viel[2,...,L],Vi,j,k e N, j#k i#k

Vi,j €N, (i,j) € E
Vi,j € N,(ij) € E

Vi, j e N, (i,j) € E, by =1
Vi,je NVl e L

Vi,j €N

Vie N

Vi,jeN,i#j

VS e '(u,v), Yu,velk,(u,v)¢FE

Vk e K
Vse S
Vi,jeN,le L
Vi,j €N
Vi, i, ke N

The objective function in (2.26) maximizes global efficiency, as in the previous

non-linear formulation. Several constraints remain unchanged: (2.27) ensures

the resected tissue exceeds a minimum volume threshold, and (2.28) models edge

disconnection through removed WROIs. The main difference in this model lies

in its use of shortest path trees to linearize the path structure. Constraint (2.29)

guarantees that for every node 7, the corresponding shortest path tree includes
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exactly one incoming arc for each other node j, thus enforcing a unique shortest
path from i to every j. Constraint (2.30) links tree construction to edge availabil-
ity: if a stream (edge) between nodes j and k is cut during resection, then that
edge cannot be used in any shortest path tree rooted at any node 7. Together,
constraints (2.31) and (2.32) propagate path length values by ensuring that if
node k is reachable from i via j, and the arc (j, k) is part of the shortest path
tree rooted at i, then the distance variable ul, reflects that connectivity. If the
arc (j, k) is not part of the tree, the constraints become inactive due to the large
constant M. All remaining constraints mirror those in the previous model and
serve the same purposes: defining connectivity loss, preserving variable symme-
try, enforcing path initialization, and maintaining spatial contiguity and binary

nature of decision variables.

Despite the benefits of linearization, the number of constraints and variables
can remain significant. To mitigate this, we turn to the concept of minimal
hitting sets, which enables a more compact representation of critical connectivity

structures.

2.1.3 Finding Hitting Sets

In the previos formulations, we included binary decision variables to represent
whether a stream is cut and whether a GROI pair becomes disconnected fol-
lowing tumor resection. While this formulation is straightforward, the inclusion
of these binary variables significantly increases the number of decision variables
and constraints in the model, leading to longer computational times and reduced

scalability.

To address this, we implement hitting sets as a way to eliminate those auxiliary
decision variables while preserving the logical structure of the model. Before
introducing our last model, we first need to introduce the hitting set and minimal
hitting set concepts. We use minimal hitting sets in order to decrease the number

of constraints and decision variables and increase the efficiency in our model.
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A hitting set H for a finite family K of finite sets {S1,Ss,...} is a set that
intersects every S; € K. When no proper subset of H satisfies this condition, H
becomes a minimal hitting set (MHS) [46].

Figure 2.2: An example network used to illustrate the principle of hitting sets

Figure 2.2 illustrates this for node pair (1,6). The path sets {{2,5}, {3}, {4,5}}
yield minimal hitting sets {{3,5},{2,3,4}}. This means disconnection occurs

either when removing both nodes 3 and 5, or when removing nodes 2, 3, and 4.

In our resection framework, hitting sets are used to identify critical WROIs

whose removal results in the disconnection of specific GROI pairs.

This implementation involves three key steps. First, for each GROI pair, we
map all streams that connect them. Second, we identify and catalog the WROIs
through which each of those connecting streams passes. The minimal hitting
sets of this collection of WROIs indicate the smallest combinations of WROIs
whose removal guarantees the disconnection of the corresponding GROI pair. In
this way, we can directly model the disconnection without explicitly introducing

binary variables for each stream or pairwise relationship.

To illustrate, consider the example in Figure 2.2, where nodes 1 and 6 are
GROIs, and the remaining nodes represent WROIs. For this setup, the minimal
hitting sets that sever all paths between GROIs 1 and 6 are {{3,5},{2,3,4}}.
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This means that if the model chooses to resect either WROIs 3 and 5 together,
or WROIs 2, 3, and 4, the connection between GROIs 1 and 6 is successfully
disrupted. This approach allows us to encode the same connectivity logic more
compactly and efficiently. Using this principle, we derive the mathematical model
introduced in Section 2.1.4, where hitting sets serve as the foundation for a more

tractable optimization formulation.

For computational implementation, we used PySAT’s Hitman module [47, 48]
to exhaustively find all minimal hitting sets between GROI pairs, enabling com-

plete network disruption analysis.

2.1.4 Non-Linear Model with Hitting Sets

This model represents our most efficient formulation, where we’ve eliminated both
the z and y variables while preserving the original optimization logic. By re-
moving these binary variables, we significantly reduce computational complexity
without altering the model’s core functionality. The objective remains maximiz-
ing global efficiency through the same path-based metric, but now achieves faster

solution times.

To enable this formulation, we define the following set for each pair of nodes:
Hi; = {H;;} : the set of all minimal hitting sets that disconnect node pair (¢, 7).

These sets are precomputed for each node pair and integrated into the model

as a compact representation of connectivity loss.

Objective Function

Maximize s 333 ) (i —ulf)  (240)
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Constraints

ZU,;J]Z' Z Vo (247)

k—1
ufy <> uli+ > whugl VijeNi#jVEE{2, L} (248)

=1 teN t#i,t#]
uly < |Hyl = Y =, Vi,j € N,VH; € Hy (2.49)

SGHij
up; = ul;, Vi,j e NVIEL (2.50)
ZxMqu+xv—1, vS € 'u,v), VYu,veK, (u,v)¢FE
weS
(2.51)

z, € {0,1} Vk e K (2.52)
ui; € {0,1} Vi,j e N,leL (2.53)

The objective function (2.46) remains unchanged from previous formulations—it
maximizes global efficiency. Constraint (2.47) ensures that the total volume of
resected regions remains above a specified threshold vy. Constraints (2.48) govern
the path existence variables. For a node pair (i,j) and a given path length k,
if there is no direct path of length £ or shorter, and if nodes ¢ and j are not
connected through an intermediate node ¢ (where ¢ is directly connected to 4

and has a path of length £ — 1 to j), then the variable uf] is forced to be zero.
k
ij
the model maximizes efficiency, it will do so whenever possible. Constraints

Conversely, if such paths exist, u. is allowed to take the value 1, and since
(2.49) enforce disconnection via minimal hitting sets: if all nodes in any hitting
set for a pair (7,7) are removed, the model sets u}j to 0, effectively cutting the
connectivity between i and j. Constraint (2.50) maintains consistency by ensuring
that ufj = ufz-, reflecting the undirected nature of the network. Constraint (2.51)

enforces spatial contiguity among the selected resected nodes, ensuring that the

removed regions form a connected subgraph. Finally, constraints (2.52) and (2.53)

4

define the binary nature of the decision variables x; and w;;, respectively.

While the previous models focused on maximizing the GE, we now introduce
a Worst Resection Model to identify resections that would cause the greatest

possible decline in GE—serving as a benchmark to assess the performance of our
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approach.

2.1.5 Worst Resection Model

This model builds upon the Base Nonlinear Model with Hitting Sets introduced
in Section 2.1.4. Its goal is to identify the WROIs whose resection would most
significantly reduce GE. However, since this model seeks the ”worst” resection
(in terms of functional damage), it must be constrained to avoid resecting all
tumorous regions. Additionally, because the model involves minimization, we

made several key modifications to ensure variables behave as intended.
We first introduce the following auxiliary decision variable:

Additional Decision Variable

1 if not all of the members of a minimal hitting set H,;[g] between nodes
ng; = ¢ and j are removed

0 otherwise.

where Mi; = {Hi;[1], His[2], - . Hig[[His 1]}
Objective Function

Minimize m Z Z f() (uﬁj - ui]_l) (2.54)
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Constraints

Zvil’i S Vo (255)

k—1
ufy < uli+ Y uhuy Vi,jeN,i#jVke{2,. .. L}
=1 teN t#it#]
(2.56)
u i+ i Lyt
uU_ZZ ! ZteMM*”*J Az Vi,j e N,i#jVke{2, .. L}
(2.57)
nd, < Hylgll — ) = Vi, j € N,YH[g] € Hi; (2.58)
s€Hi;9]
| His