
CHAOS IN BFSS AND ABJM MATRIX MODELS

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

CANKUT TAŞCI
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ABSTRACT

CHAOS IN BFSS AND ABJM MATRIX MODELS

Taşcı, Cankut

M.S., Department of Physics

Supervisor: Prof. Dr. Seçkin Kürkcüoğlu

Co-Supervisor: Assoc. Prof. Dr. İsmet Yurduşen

July 2021, 95 pages

In this thesis, we focus on the chaotic dynamics emerging from Banks-Fischler-

Shenker-Susskind (BFSS) and Aharony-Bergman-Jafferis-Maldacena (ABJM) mod-

els. We first direct our attention on the bosonic part of the BFSS model and introduce

mass deformation terms. Using ansatz configurations involving fuzzy-2 and fuzzy-4

spheres with collective time dependence, we find a family of reduced effective Hamil-

tonians through which we explore the chaotic dynamics emerging from these models.

In order to reveal the structure of the chaotic dynamics, we calculate the Lyapunov

exponents and plot the Poincaré sections at several different values of the parameters

of the system. Secondly, we focus on the bosonic part of the mass deformed ABJM

model and obtain a matrix model by reducing it from 2+1 to 0+1 dimensions. Us-

ing ansatz configurations consisting of Gomis, Rodriguez-Gomez, Van Raamsdonk

and Verlinde (GRVV) matrices, which also describe fuzzy-2 spheres with collective

time dependence, we obtain reduced effective Hamiltonians and explore their chaotic

dynamics. Relation of our results to the Maldacena-Shenker-Stanford (MSS) bound

λL ≤ 2πT and the largest Lyapunov exponent is also discussed in detail in both

cases.
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ÖZ

BFSS VE ABJM MATRİS MODELLERİNDE KAOS

Taşcı, Cankut

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Prof. Dr. Seçkin Kürkcüoğlu

Ortak Tez Yöneticisi: Doç. Dr. İsmet Yurduşen

Temmuz 2021 , 95 sayfa

Bu tezde BFSS ve ABJM matris modellerinde ortaya çıkan kaotik dinamikler ince-

lenmiştir. İlk bölümde, BFSS matris modelinin bozonik kısmını kapsayan bir çalışma

gerçekleştirilmiştir. Fuzzy-2 ve fuzzy-4 kürelerin zamana bağlı fonksiyonlar ile çarpı-

mından meydana gelen konfigürasyonları içeren bir yaklaşım kullanılarak, indirgen-

miş etkin Hamiltonianlar elde edilmiştir. Bu Hamiltonianlar vasıtası ile sistemde or-

taya çıkan kaotik dinamikler incelenmiştir. Lyapunov üsleri ve Poincaré kesitleri kul-

lanılarak sistemin kaotik yapısı ortaya çıkarılmış, etkin olarak yorumlanmıştır. İkinci

bölümde, ABJM matris modelinin bozonik kısmına odaklanılmış ve boyutsal indir-

geme ile 2+1 boyuttan 0+1 boyuta indirgenerek elde edilen bir matris modeli ince-

lenmiştir. İlk bölümde uygulanana benzer şekilde, GRVV matrislerinin zamana bağlı

fonksiyonlar ile çarpımından oluşan konfigürasyonları içeren yaklaşımlar kullanıla-

rak, indirgenmiş etkin Hamiltonianlar elde edilmiştir. Bu Hamiltonianlar üzerinden

sistemin kaotik dinamikleri incelenmiş ve her iki model için de MSS üst sınırı ve en

büyük Lyapunov üsteli detaylı bir şekilde incelenmiştir.
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CHAPTER 1

INTRODUCTION

Matrix gauge theories associated to string and M-theories have been a very popu-

lar and fruitful area of research ever since from their discovery almost twenty years

ago [1–3]. During the last decades, these models have been investigated from various

perspectives. Among these models, the Banks-Fischler-Shenker-Susskind (BFSS)

model deserves partial attention [1]. This matrix model is a supersymmetric SU(N)

gauge theory obtained by the dimensional reduction of the N = 1 SUSY Yang-Mills

theory in 9+1 dimensions to 0+1 dimensions [4]. The bosonic part of the model con-

sists of nine N×N Hermitian matrices whose elements are dependend on time only.

The BFSS matrix model has a deep connections with the type II-A string theory and

appears as the discrete light-cone quantization (DLCQ) of the M-theory in the flat

background [4, 6]. BFSS theory may be understood as describing N -coincident D0-

branes, i.e. point like Drichlet branes in string theory, in the flat backround [4,7]. The

diagonal elements of the matrices describe the positions of the D0-branes while the

off-diagonal elements desribe states of modes or excitations of the strings stretching

between these D0-branes. It is well-known that BFSS model has a gravity dual via

AdS/CFT correspondence [8]. In the large N and strong coupling/low temperature

limit, the D0-branes forms a black-brane phase, which is a string theoretical black

holes [4, 6, 8].

During the last decade, the chaotic dynamics appears in the Yang-Mills matrix models

are well studied in various papers [9–21]. The main motivation for studying chaotic

dynamics in Yang-Mills matrix models is the hope of obtaining information regarding

the chaotic dynamics and properties of associated to these YM models via hologra-

phy. To elaborate, with the help of the AdS/CFT correspondence and existing gravity
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duals of these models, understanding the chaos in the matrix models side may give us

a hint about thermalization and evoporation in the black-brane phase [10,13]. Another

idea is proposed by Sekino and Sussking called the "fast scrambling conjecture" [9].

These authors suggest that chaos sets in black holes faster than in any other physical

system and its rate proportional to the natural logarithm of the number of degrees of

freedom of the system.

Another model of interest in this thesis is Aharony-Bergman-Jafferis-Maldacena (ABJM)

model [22]. ABJM model is a 2+1 dimensional N = 6 supersymmetric SU(N) ×
SU(N) Chern-Simons gauge theory at the Chern-Simons level (−k, k) [23]. The

bosonic part of the ABJM matrix model consists of complex scalar field CI and

CI† where I : 1, 2, 3, 4 which are coupled bifundamentally to the SU(N) gauge

fields Aµ and Âµ. The ABJM model may be understood as describing N coincident

M2-brane [24]. In fact, since there are eight coordinates transverse to M2-brane of

M -theory, we have eight scalar fields CI and CI†. The ABJM model too a gravity

dual [24, 25]. This is dual to type IIA string theory on AdS × CP3 via AdS/CFT

correspondence [24].

In this thesis, we will focus on the bosonic part of the BFSS and ABJM models.

Firstly, the BFSS matrix model will be examined. As we discussed earlier, the bosonic

part of the BFSS action consist of N × N Hermitian matrices and SU(N) gauge

fields. The action is invariant under the SU(N) gauge transformations and also the

SO(9) global symmetry due to the rigid rotation of the matrices. Since the model has

large number of degrees of freedoms, finding a general solution to the model does

not seems to be computationally doable. For reducing the total number of degrees

of freedoms, we may consider matrix models with less number of matrices and a

smaller gauge group by considering various degrees of freedom in the BFSS model

to be frozen or motivate such matrix models as emerging from dimensionally reduc-

ing Yang-Mills theories in d+1-dimensions with d ≤ 9.

In chapter 3, we focus our attention to the BFSS matrix model with two massive de-

formation terms to study chaos emerging from the model. In this model, massive de-

formation terms break the original SO(9) global symmetry into SO(4)×SO(5)×Z2

2



upon certain ansatz configurations to get the effective action whose chaotic dynamics

will be studied. Our ansatz configurations consist of fuzzy two and fuzzy four spheres

with collective time dependence. The ansatz configurations studied in [16] inspired

us to choice ansatz configurations with larger fuzzy spaces. In this model, we have

different reduced effective actions for each matrix level. During our analysis, we con-

sider several different matrix levels to elaborate on our results and obtain a broader

perspective. After revealing the chaotic behaviour of the system at each matrix level

by using Lyapunov exponents and Poincaré sections, we perform a detailed numerical

analysis and show that MLLE increases with energy.Using the virial and equiparti-

tion theorems these results enabled us to find an upper bound Tc on the temperatures

above which the λL values comply with the MSS bound λL ≤ 2πT and below which

it will eventually be violated. The results of chapter 3 are a part of results obtained in

collaboration with O. Oktay and K. Başkan and my supervisor S. Kürkcüoğlu [26].

In chapter 4, we study a Chern-Simons (CS) matrix model that we will obtain by

dimensionally reducing the bosonic part of the mass deformed ABJM model in 2+1-

dimensions to 0+1-dimensions following standard procedures and subsequently iden-

tify the appropriate ′tHooft limit [23]. Performing trace over ansatz configurations

involving fuzzy two spheres realized in terms of the Gomis-Rodriguez-Gomez-Van

Raamsdonk-Verlinde (GRVV) matrices with collective dependence, we obtain a fam-

ily of reduced effective Lagrangians. Along similar lines to the treatment of the YM

matrix model, we inspect how λL profiles with respect to energy, and obtain that it

either is of the form λL ∝ ( E
N2 )1/4 or λL ∝ ( E

N2 − W )1/3, where W is a constant

determined in terms of the Chern-Simons coupling, mass and the matrix level. Fi-

nally, using these results we are able to determine the temperature regimes in which

λL complies with and violates the MSS bound.

In chapter 5 we summarize our results and discuss some novel directions of research,

which may be worthwhile to pursue in the near future.

3
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CHAPTER 2

REVIEW OF THE BFSS MATRIX MODEL

2.1 Bosonic Sector of the BFSS Matrix Model

Banks-Fischler-Shenker-Susskind (BFSS) is a supersymmetric Matrix quantum me-

chanics model, which describes multiple coincident D0 branes. In this thesis, we will

only focus on the bosonic part of this model, the reasons for this will become clearer

as we proceed. The bosonic part of the BFSS action given as

SBFSS =

∫
dtLBFSS , (2.1a)

LBFSS =
1

g2
Tr

(
1

2
(D0Xi)

2 +
1

4
[Xi, Xj]

2

)
, i, j = 1, 2...9. (2.1b)

As we will verify shortly, it has SU(N) gauge symmetry and SO(9) global symmetry.

Xi’s are N×N Hermitian matrices which transforms in the adjoint representation of

the SU(N) gauge group, Xi → X ′i = U †XiU with U ∈ SU(N) . g is the Yang-Mills

coupling constant. In units of which ~ = 1 S is dimensionless 1
g2

has dimensions of

[Length]3. At the classical level, g only changes the energy scale and for this reason,

we can scale it to g = 1. The covariant derivative D0 is defined as

D0Xi = ∂0Xi − i[A0, Xi] , (2.2)

where A0 is the SU(N) gauge field, under the SU(N) gauge symmetry it transforms

as A0 → A′0 = U †A0U + iU †∂0 . Although g is a constant, it is not a dimensionless

quantity. By perfoming dimensional analysis, we can obtain the dimension of g. Let

us use the [E] for energy units. The Lagragian must have units of energy and with

~ = 1 action is dimensionless. Therefore, time has dimension [E]−1. This implies

that D0 has dimension [E]. From (2.1b) it can be seen that D0Xi and [Xi, Xj] have

same dimension. Similarly, (2.2) fixes the dimensions of Xi and A0. Therefore D0,

5



Xi and A0 have same dimension [E] = [Lenght]−1. Therefore, we have

[E] =
1

g2
[E]4 ≡ [L]−3/2 (2.3)

Thus, g has dimension of E3/2.

It is easy to verify SU(N) gauge symmetry of the action by using the given transfor-

mations. For the kinetic part of the Lagrangian, using U †U = UU † and cyclicity of

trace Tr(ABC) = Tr(CAB) = Tr(BCA), we have

Tr
1

2
(D0Xi)

2 = Tr
1

2
U †(D0Xi)UU

†(D0Xi)U

= Tr
1

2
(D0Xi)

2 ,
(2.4)

For the potential part we have

Tr
(
[Xi, Xj]

2) = Tr
([
UXiU

†, UXjU
†]2)

= Tr
([
UXiU

†, UXjU
†][UXiU

†, UXjU
†])

= Tr
(
U †[Xi, Xj]

2U
)

= Tr
(
[Xi, Xj]

2) .
(2.5)

Therefore, Lagrangian is invariant under SU(N) gauge transformations. As we have

stated earlier, the action LBFSS has also an SO(9) global symmetry. This means that

it is invariant under the rigid rotations of Xi. Thus we have the following transforma-

tion

X ′i = RijXj . (2.6)

where Rij ∈ SO(9). The covariant derivative transforms as

D0(RijXj) = Rij(D0Xj) . (2.7)

Therefore the kinetic term transforms as

Rik(D0Xk)Ril(D0Xl) = RikRil(D0Xk)(D0Xl)

= δkl(D0Xk)(D0Xl)

= (D0Xk)
2

(2.8)
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where we have usedRRT = RTR = 1, RijRjl = δij . The interaction term transforms

in a similar manner,

[RikXk, RjlXl][RimXm, RjnXn] =RikRjlRimRjm[Xk, Xl][Xm, Xn]

=δmkδln[Xk, Xl][Xm, Xn]

=[Xk, Xl]
2

=[Xi, Xj]
2 .

(2.9)

Since both kinetic and interaction terms are invariant under the SO(9) transformation,

we can conclude that SBFSS is invariant under SO(9) transformation.

Let us proceed to write down equations of motion for Xi’s and A0. Starting with A0,

lets apply the following variation

A0 → A0 + δA0 (2.10)

we observe that A0 appears only in the kinetic part of the action. Thus, computing

the variation of the kinetic term is sufficent to obtain the e.o.m for A0

Lkinetic + δLkinetic =
1

2
Tr
(
(D0Xi − i[δA0, Xi])(D0Xi − i[δA0, Xi]) +O((δA0)

2)
)
,

= Tr
1

2
(D0Xi)

2 +
1

2
Tr(−iD0Xi[δA0, Xi]− i[δA0, Xi]D0Xi) ,

= Tr
1

2
(D0Xi)

2 + Tr(−iD0Xi[δA0, Xi]) ,

= Tr
1

2
(D0Xi)

2 + Tr(−iD0Xi(δA0Xi −XiδA0)) ,

= Tr
1

2
(D0Xi)

2 + Tr(−iδA0Xi(D0Xi)− iδA0(D0Xi)Xi) ,

= Tr
1

2
(D0Xi)

2 + Tr(−iδA0[Xi, D0Xi]) ,

(2.11)

where we have used the cyclicity of the trace in lines 3 and 4. Therefore, the variation

of the action w.r.t. A0 yields the equation

i[Xi, D0Xi] = 0 , (2.12a)

where sum over i : 1, ..., 9 is implied. In fact, without doing any calculation, we can

easily see that (2.1b) does not contain any ∂0A0 term. Therefore, we can immediately

conclude that A0 is not a dynamical variable and the e.o.m. for A0 must be nothing

but an algebraic equation. This is indeed so for (2.12a) imposes constraint on the
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system and in the literature, it is called the Gauss Law constaint. Furthermore, in

A0 = 0 gauge, the Gauss Law constraint takes the form

[
Xi, Ẋi

]
= 0 , (2.13)

where Ẋi := ∂0Xi. Nothing that the conjugate momenta associated to Xi’s are Pi =

Ẋi we may write (2.13) as [Xi, Pi] = 0, which reveals the algebraic form of this

equation.

Let us proceed with e.o.m. for Xi. By using the following variation

Xi → Xi + δXi . (2.14)

We obtain

S+δS =

∫
dtTr

1

2
(Ẋi + ˙δXi)(Ẋi + ˙δXi)︸ ︷︷ ︸

Lkin+δLkin

+

∫
dtTr

1

4
[Xi + δXi, Xj + δXj]

2︸ ︷︷ ︸
Lint+δLint

 .

(2.15)

For the kinetic term we find

Lkin + δLkin := Tr

(
1

2
(Ẋi + δẊi)(Ẋi + δẊi)

)
= Tr

(
1

2
(ẊiẊi + 2ẊiδẊi + (δẊi)

2)

)
= Tr

(
1

2
ẊiẊi

)
+
���

���
���:0

Tr
(
∂0(ẊiδXi)

)
− Tr

(
ẌiδXi

) (2.16)

The second term in the last line of (2.16) is a total derivative and it does not contribute

to δS since we assume that δS = 0 initial and final times. To first order in δXi, the
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variation of the interaction term in the action (2.15) can be written as follows

Lint + δLint =
1

4
Tr [Xi + δXi, Xj + δXj]

2

=
1

4
Tr([Xi, Xj] + [Xi, δXj] + [δXi, Xj] + [δXi, δXj])

2

δLint =
1

4
Tr([Xi, Xj]([Xi, δXj] + [δXi, Xj]) + ([Xi, δXj] + [δXi, Xj])[Xi, Xj])

=
1

2
Tr [Xi, Xj]([Xi, δXj] + [δXi, Xj])

=
1

2
Tr(XiXj −XjXi)(XiδXj − δXjXi + δXiXj −XjδXi)

=
1

2
(XiXjXiδXj −XiXjδXjXi +XiXjδXiXj −XiXjXjδXi

−XjXiXiδXj +XjXiδXjXi −XjXiδXiXj +XjXiXjδXi)

=
1

2
Tr δXi(XjXiXj −XiXjXj −XjXjXi +XjXiXj)

+
1

2
Tr δXj(XiXjXi −XiXiXj −XjXiXi +XiXjXi)

= Tr δXi(XjXiXj −XiXjXj −XjXjXi +XjXiXj)

= Tr δXi(Xj[Xi, Xj]− [Xi, Xj]Xj)

= Tr δXi[Xj, [Xi, Xj]] .

(2.17)

Thus, combining in results obtained in (2.16) and (2.17), we get the total variation of

the action as

δS =

∫
dtTr

(
δXi(−Ẍ + [Xj, [Xi, Xj]])

)
= 0 . (2.18)

Therefore, the e.o.m. for Xi’s read

Ẍi + [[Xi, Xj], Xj] = 0 . (2.19)

where the sum over the index j is implied. Together with the Gauss Law constraint

given in (2.13), (2.19) gives the e.o.m. for the BFSS model.

2.2 The BFSS Matrix Model From Dimensional Reduction

In this section we will show how the BFSS matrix model can be obtained by the

dimensional reduction of the pure SU(N) Yang-Mils theory in 9+1 dimensions to
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0+1 dimensions.

The Yang-Mills action in 9+1 dimension can be written as

S =
1

g2

∫
d10xTr

(
−1

4
FµνF

µν

)
, (2.20)

where µ, ν = 0, 1, ..., 9. We are implicitly using the Minkoski metric with the con-

vention ηµν = (−1, 1, 1, ..., 1). Corresponding non-abelian field tensor is

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] , (2.21)

The gauge field is denoted as Aµ = Aµ(~x, t) = (A0(~x, t), Ai(~x, t)) for i = 1, ..., 9

and it is valued in the Lie algebra of SU(N) gauge transformations. The gauge field

and the field stregth transform as

A′µ = U †AµU + iU †∂µU , (2.22)

F ′µν = U †FµνU

where U = U(~x, t) ∈ SU(N).

Dimensional reduction can be defined by assuming that all components of the gauge

field and transformations has no spacial depence, i.e., we have

Aµ(~x, t) = (A0(~x, t), Ai(~x, t))→ (A0(t), Xi(t)) (2.23)

U = U(~x, t)→ U(t) (2.24)

Under this assumption, the gauge field Ai transforms as

Aµ → A′i = U †AiU + iU †��
�*0

∂iU (2.25)

= U †AiU. (2.26)

This shows that Ai transform adjointly under SU(N) gauge transformations. That is,

just like an adjoint non-abelian scalar field with SU(N) gauge symmetry. Therefore,

we may devise the new notation

Aµ = (A0(t), Ai(t)) ≡ (A0(t), Xi(t)) (2.27)
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as the constituent fields. Inserting (2.27) to (2.21) we find for the components of the

electromagnetic field tensor

Fij = ∂iXj − ∂jXi − i[Xi, Xj] (2.28a)

= −i[Xi, Xj] , (2.28b)

F0i = ∂0Xi − ∂iA0 − i[A0, Xi]

= ∂0Xi − i[A0, Xi] (2.28c)

= D0Xi ,

where we have used the fact that all spatial derivatives are vanishing. Thus the La-

grangian takes the form

L = − 1

4g2
Tr(FµνF

µν) = Tr

(
− 1

4g2
(F0iF

0i + Fi0F
i0 + FijF

ij

)
= Tr

(
− 1

4g2
(2F0iF

0i + FijF
ij)

)
= Tr

(
− 1

4g2
(2(D0Xi)(−D0Xi)− [Xi, Xj]

2)

)
=

1

g2
Tr

(
1

2
(D0Xi)

2 +
1

4
[Xi, Xj]

2

)
(2.29)

and the action is

S =
1

g2

∫
dtTr

(
1

2
(D0Xi)

2 +
1

4
[Xi, Xj]

2

)
, (2.30)

which is the BFSS action that we have introduced in equation (2.1). Note that in this

process we have redefined the Yang-Mills compling constant 1
g2
→ V

g2
≡ 1

g2
where V

is the volume of the 9-dimensional space we have integrated over.

2.3 Chaos in BFSS Model

In the past decade or so investigation of chaotic dynamics emerging from quantum

mechanical systems has been important field of research in theoretical studies. In par-

ticular, there has been significant effort to understand chaos in quantum mechanical

matrix models such as the BFSS model [13, 16, 26], as well as SYK(Sachdev, Ye,

Kitaev) [27,28] which have known gravity duals via Ads/CFT correspondence [4,24]

One of the major problems in black hole physics can be described as information
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processing and thermalization of black holes and it is expected that understanding

chaos in the matrix models can shed some light on these difficult problems. Recent

progress in the literature indicates that new interesting conjectures can be obtained

by combining quantum information theory and gravity. One such a conjucture is

proposed by Susskind and Sekino in 2008 ad goes the name Fast-Scrambling Conjec-

ture [9]. Based on ideas from quantum information theory, these authors conjectured

that black holes are fast scramblers, meaning that they scramble information faster

than any other physical system and become chaotic. In other words, it can also be

stated that, physically reasonable systems cannot have a faster scrambling time than a

black hole. In equations, one may consider scrambling time τ for a physical system.

τ ≥ C(β) log(N) (2.31)

where N defined as the total number of degrees of freedom and C(β) is a function of

β, where β is the inverse Hawking temperature of a black hole [1].

In a paper written by Gur-Ari et al. [12] classical chaotic dynamics of the BFSS matrix

model is studied in detail. This matrix model has a well-known gravity dual, dual is

described by a "black-brane" phase on the matrix theory side, although the gravity

dual is valid at low temperature regime, numerical studies performed so far [4,6,8,26]

show no phase transition in the matrix models from low to high temperetures, and

therefore authors of [12] proposed that some features of the gravity dual should also

survive at the high temperature limit too. This latter high temperature limit is well

approximated by the BFSS model at classical level and in [10, 12] it is demonstrated

that BFSS model is a fast scrambler.

There are other results in this paper [10, 12] regarding the chaotic dynamics of BFSS

model and to prepare for his let us first review the general meaning of Lyapunov

exponents which are used to characterize chaotic dynamics.

2.3.1 Lyapunov Exponents

Several equivalent definitions may be stated to describe chaotic behavior in dynamical

systems. Suppose we have a dynamical system described by coordinates of the phase

space, y(t) ≡ (q
(+)
i , p

(+)
i )(i : 1...N). Also consider that in the phase space, we have

two nearby trajectories, denoted as y(t) and y(t) + δy(t), the time evolution of y(t)
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describes trajectories in the phase spae, where δy(t) can be understood as the sepera-

tion between these two trajectories. Suppose that at t = 0, δy(0) is sufficiently small

so that two initial conditions are only infinitesimally apart. If under time evolution,

the system responds in such a way that

|δy(t)| = δy(0)eλit (2.32)

with at least one λi > 0 than, we may say the distance between two trajectories in

phase space grow exponentially apart. λi are called Lyapunov exponents. This result

can be translated into the general called phrase "high sensitivity to initial conditions"

in the context of chaotic dynamics.

2.3.2 Quantum Chaos

Consider the canonical variables q(t) and p(t) of a quantum mechanical system. The

out-of-time-order correlator (OTOC) of these may be defined as [29]

C(t)T = −〈[q(t), p(0)]2〉 (2.33)

where the expectation value is to be evaluated in an appopriate state. In the semi-

classical limit, we can replace the commuatator [q(t), p(0)] with the Poisson bracket

i~{q(t), p(0)}. In particular, we have

{q(t), p(0)} =
∂q(t)

∂q(0)

∂p(0)

∂p(0)︸ ︷︷ ︸
1

− ∂q(t)
∂p(0)�

�
���

0
∂p(0)

∂q(0)
(2.34)

=
∂q(t)

∂q(0)
. (2.35)

Therefore, we have

C(t)T = −
(
i~
δq(t)

δq(0)

)2

(2.36)

in the semiclassical limit. However, as we discussed in the previous section, from

(2.32) we have

δq(t)

δq(0)
∝ eλLt , (2.37)
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where λL is the Lyapunov exponent. Therefore, we have

C(t)T ∝ ~2e2λLt (2.38)

Thus, in the semi-classical limit, the logarithm of OTOC is proportional to the Lya-

punov exponent of the system, i.e. log(C(t)T ) ∝ λL .

2.4 Temperature dependence of the Lyapunov exponent

For the BFSS matrix model, we have two parameters. Namely, these are the size of the

matrices N and the coupling constant g. At large N and weak coupling BFSS model

has the t’Hooft limit, which is characterized by a 1/N expansion [12], and governed

by the ’t Hooft coupling parameter λ′tHooft = g2N , [λ′tHooft] = [Length], which is

kept finite. At the classical level, temperature T , may be introduced as an additional

parameter via the use of the equipartition theorem. Since Lyapunov exponent has the

units of [time]−1 = [Length]−1, we can determine by simple dimensional analysis

that,

λL ∝ (λ′tHooftT )1/4 (2.39)

Since λ′tHooft and T are only dimensionalful parameter of the model. Constant of

proportionality can only be determined by the dynamics of the theory and in [12] it is

found that λT = 0.2924(3)(λ′tHooftT )1/4.

2.5 Energy Temperature dependence

In order to determine the temperature of the BFSS model at the classical level, we

follow the approach given in Gur-Ari et al. [12]. From classical equipartition theorem

[30], we already know the average kinetic energy of the system must be proportional

to the temperature, and precisely given as,

〈K〉 =
1

2
nd.o.fT (2.40)

where we work in the units in which the Boltzmann constant, kB, is set to unity. In

(2.40) nd.o.f stands for the number of total degrees of freedom of the system. Since
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(2.40) gives temperature dependence of the kinetic energy. We may seek to find a

general relation between total energy E = 〈K〉 + 〈V 〉 and temperature. To do so let

us also write down the virial theorem [30, 31] in the form

〈2K〉 =

〈∑
j

Xj
dV

dXj

〉
(2.41)

In general if V is a nth order homogenous polynomial of the generalized coordinates,

then we may write

V =
∑

l1,l2...ln

cl1,l2...lnXl1Xl2 ...Xln (2.42)

In this case (2.41), reduces into

n∑
k=1

Xk
∂V

∂Xk

=
n∑
k=1

Xk

∑
l1,l2...ln

cl1,l2...lnXl1Xl2 ...Xlk−1
Xlk+1

...Xlnδk lk

=
n∑
k=1

∑
l1,l2...ln

cl1,l2...lnXl1Xl2 ...Xln

= nV

(2.43)

Therefore 〈K〉 = n
2
〈V 〉. Combining (2.40) and (2.43) and noting that 〈E〉 = 〈K〉 +

〈V 〉 we find

〈E〉 =
n+ 2

2n
nd.o.fT (2.44)

What if we have a potential which is not a homogeneous polynomial of the general-

ized coordinate? To elaborate, suppose that we have a simple Hamiltonian

H = P 2
x + P 2

y + V (x, y) (2.45)

with the potential given as

V (x, y) = x4 + y4 + x2y2 + α1x
2 + α2y

2 (2.46)

Using the virial theorem, we obtain

〈2K〉 = 4x4 + 4y4 + 4x2y2 + 2α1x
2 + 2α2y

2

= 4(x4 + y4 + x2y2 + α1x
2 + α2y

2)− 2α1x
2 − 2α2y

2

= 〈4V 〉 − 2α1x
2 − 2α2y

2

(2.47)
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which yields

〈K〉 =

≥ 〈2V 〉 α1 < 0, α2 < 0

≤ 〈2V 〉 α1 > 0, α2 > 0
(2.48)

We may also write, 〈2V 〉 = 2(x4 + y4 + x2y2) implying that 〈K〉 > 〈V 〉 regardless

the signs of α1 and α2. For a potential of degree n and subleading terms of even

order, say 2m, 〈K〉 > 〈V 〉 remains valid, while (2.48) generalizes to several branches

depending on the signs of the cofficients of the subleading terms.

Using the equipartition theorem in (2.40) and the fact that 〈K〉 > 〈V 〉, we have the

inequality

〈E〉 = 〈V 〉+ 〈K〉 ≤ nd.o.fT (2.49)

However, at n = 4 for instance, if the potential in (2.46) is such that α1 < 0, α2 < 0

the first line of (2.40) holds and 〈V 〉 < 1
2
〈K〉, so we may replace (2.49) with the

inequality

〈E〉 ≤ 3

4
nd.o.fT (2.50)

and for general case,

〈E〉 ≤ n+ 2

2n
nd.o.fT (2.51)

if and only if all the subleading terms of the potential are positive definite. We will

make us of both in the result (2.50) and (2.51) in sections 3.2.3 and ?? in chapter 3.

2.6 Maldacena-Shenker-Stanford (MSS) bound

In an article [29] authored Maldacena, Shenker and Stanford (MSS) in 2015, a sharp

bound on chaos for thermal quantum mechanical systems with large number of de-

grees of freedom is conjectured. This bound is temperature dependent in the sense

that it implies a upper bound the largest Lyapunov exponent in the form λL ≤ 2πTkβ
~ .

In, what follows we will continue to work in the units in which kβ = 1 and ~ = 1.

In these units this bound is simply expressed as λL ≤ 2πT . It is suggested in various

contexts that chaos in quantum systems can be measured by using the out of time
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order correlator (OTOC) [32]. We have already defined OTOC for the canonical vari-

ables q and p in this section, but now in order to expand the discussion we consider

the OTOC of two observables labeled as V and W and follow the discussion in [29].

The OTOC we start with is therefore

C(t)T = −〈
[
W (t), V (0)]2〉 (2.52)

The thermal expectation value used in this expression is defined as 〈.〉 = Z−1 Tr
(
e−βH .

)
where Z = Tr

(
e−βH

)
is the cannonical partition function, β = 1/T and H is the

Hamiltonian of the system. Note that e−βH is the time evolution operator in Euclidean

time β so y2 ∝ 1√
2
e−

1
2
H corresponds to time evolution of β/2 and y corresponds to

time evolution of β/4. The square of the commutator generally requires a regular-

ization in quantum field theory [29]. One way of solving this is moving one of the

commutators half way around the thermal circle. This gives

C(t)R = −Tr
(
y2[W (t), V (0)]y2[W (t), V (0)]

)
(2.53)

where y4 = 1
Z
e−βH . After expanding this, we get

C(t)R = = Tr
(
y2W (t)V y2VW (t)

)
+ Tr

(
y2VW (t)y2W (t)V

)
− Tr

(
y2W (t)V y2W (t)V

)
− Tr

(
y2VW (t)y2VW (t)

) (2.54)

Although OTOC has this form, last two terms are related to a function F (t), which

may be defined as

F (t) = Tr(yV yW (t)yV yW (t)) (2.55)

F (t) corresponds to insertion of the V and W operators at equal spacing around

the thermal circle. To be more precise, we consider time as a complex parame-

ter, by letting t → t + iτ . Here t represents the Lorentzian, and τ represents the

Euclidean times, respectively. This new definition of thermal expectation values

〈.〉 = Z−1 Tr
(
e−βH .

)
implies the periodicity in Euclidean time τ , with period β.

Thus Euclidean time can be represented by a circle with angles 2πτ
β

. Lorentzian time

is represented as folds in this diagram to produce W (t). Hence, at complex time

t+ iτ , F (t+ iτ) is given by rotating VW (t) by angle corresponds to τ = β/4, while

F (t) corresponds to onset of the operator V and W (t) at equal spacing around the

Euclidean time circle. Lets look at the values of F (t+ iβ
4
) and F (t− iβ

4
). These are

given as
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Figure 2.1: Thermal cycle

F (t+ i
β

4
) = Tr

(
y2W (t)V y2W (t)V

)
(2.56)

F (t− iβ
4

) = Tr
(
y2VW (t)y2VW (t)

)
(2.57)

They correspond to rotating one of the VW (t) factors by τ = β/4 along the Euclidean

time circle. Therefore C(t)T can be written as

C(t)R = Tr
(
y2W (t)V y2VW (t)

)
+ Tr

(
y2VW (t)y2W (t)V

)
− F (t+ i

β

4
)− F (t− iβ

4
)

(2.58)

For small t, the C(t)R is small because in first term of 2.58 and 4th and second term

of 2.58 & 3rd, respectively terms are close to each other. Moreover, we can inter-

pret the terms in the first line of (2.58) as norms of states yW (t)V y−1 |β〉 where

|β〉 = Z−1/2Σne
−βEn/2 |n̄〉L |n〉R, so they remain at order one in t when t becomes

large. Therefore in order for C(t)R to increase, F (t) values are expected to de-

crease. This conclusion can also be drawn by constructing a thermal cycle where

the Lorentzian time separation is large. When t value become large, the four point

correlation function VW (t)VW (t) decreases due to the large seperation between the

pairs. However, for the ordering V VW (t)W (t), it closes to two disconnected two

point correlation functions Fd. Therefore for large t, F (t) value decreases. Using

ideas emerging from Ads/CFT correspondence and holography authors of [29] gives

estimate of C(t)R and determine a relation between F (t) and Fd. Since explicit cal-
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culations in this context are beyond the scope of this thesis, we will only state results

of [29], which is given as

F (t) = Fd −
f0
N2

e
2πt
β +O(

1

N4
) (2.59)

where Fd = Tr(y2V y2V ) Tr(y2Wy2W ) and f0 is a positive order one constant. After

some eleboration this leads to the inequality given as

d

dt
(Fd − F (t)) ≤ 2π

β
(Fd − F (t)) (2.60)

Recall that in (2.32) we have determined that if the system is chaotic, δq(t)
δq(0)

∝ eλLt,

for a system, where λL is the largest Lyapunov exponent. We may expect that if the

system is chaotic then the value of Fd − F (t) must be proportional to eλLt, i.e.

Fd − F (t) ∝ εeλLt + ... (2.61)

combining this with diffential equation in (2.60), we get

λL ≤
2π

β
= 2πT (2.62)

(2.62) is called the MSS bound. It is conjectured in [29] that this bound is valid for all

quantum mechanical systems with large number of degrees of freedom, and which are

holographically dual to gravitational theories. In chapters 3 and 4 we will consider

mass deformed forms of BFSS and ABJM models at the classical level, and we will be

able to put bounds on temperature T above which the MSS bound is satisfied and how

it will eventually be violated as low enough temperatures. The latter is due to the fact

that we study these model at classical level, which approaches quantum models only

at high temperatures and breaks down eventually at sufficiently low temperatures. Let

us also note that, restoring kβ and ~ we may write, λL ≤ 2πkβT

~ and in the classical

limit corresponding to ~→ 0, no bound on the Lyapunov exponent remains.

2.7 Fuzzy Two Sphere

From semi-classical point of view, fuzzy two sphere can be viewed as a 2-sphere with

non-commutative coordinates. One way to obtain fuzzy S2 is the quantization of the

map S3 → S2. Suppose we have a coordinate z ∈ C2 \ {0} which is defined as

z = (α1 + iβ1, α2 + iβ2) (2.63)
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Point z can be mapped onto a sphere via given transformation ξ = z
|z| , then we have

|ξ|2 = α2
1 + β2

1 + α2
2 + β2

2 = 1 . (2.64)

(2.64) describes a 3-sphere embedded into four dimensional space. Furthermore, the

projection map can be defined as xi(ξ) = ξ†σiξ. It is easy to see that under U(1)

transformations ξ → ξeiθ, projection map is invariant. Similarly, we can notice that

xi(ξ) forms the components of a 3-vector ~x(ξ). The norm of the vector ~x(ξ) is

‖~x(ξ)‖2 = xixi = (ξ†a(σα)abξb)(ξ
†
c(σα)cdξd)

= ξ†aξbξ
†
cξd(σα)ab(σα)cd

= ξ†aξbξ
†
cξd(δabδcd − 2εacεbd)

= ξ†aξbξ
†
cξd(−δabδcd + 2δadδbc)

= −1 + 2

= 1 ,

(2.65)

where α = 1, ..., 3 and a, b, c, d = 1, 2. Therefore the components of ~x(ξ) can be

seen as coordinates of S2 embedded in R3. This map is called Hopf fibration U(1)→
S3 → S2. We can obtain fuzzy S2 by quantizing the S3 → S2 map by changing

complex point z and z† with annihilation creation operators, a and a†. Lets denote

new variables as

ξ̂β =
1√
N̂
aβ

ξ̂β
†

=
1√
N̂
a†β

(2.66)

where N̂ = a†βaβ . Then we can define quantized projection operator as

x̂i = ξ̂†σiξ̂

=
1√
N̂
a†σia

1√
N̂

=
1

N̂
a†σia .

(2.67)

The last step follows from the fact that
[
a†iaj,

1√
N

]
= 0. Since

[
x̂i, N̂

]
= 0, x̂i can

be restricted to act on the (n + 1)-dimensional subspace of the Fock space spanned

by the vectors

|n1, n2〉 =
(a†1)

n1

√
n1!

(a†2)
n2

√
n2!
|0, 0〉 , (2.68)
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where n1 +n2 = n. Then, x̂i are linear operators on this finite-dimensional space and

act on it as (n+ 1)× (n+ 1) Hermitian matrices.

SU(2) generators Li in terms of Schwinger construction are given as

Li =
1

2
a†σia (2.69)

and satisfy the commutation relations

[Li, Lj] = iεijkLk . (2.70)

The coordinates of fuzzy S2 can therefore be expressed in the form

x̂i =
2

n
Li , (2.71)

where 2
n

is the noncommutative scaling factor. The commutation relation of the coor-

dinates of fuzzy S2 is

[x̂i, x̂j] =
2

n
iεijkx̂k . (2.72)

When n goes to infinity, this commutator vanishes identically and the standard S2 is

recovered. The Casimir operator for SU(2) is L2
i and has the eigenvalues n

2

(
n
2

+ 1
)

on the spin j = n
2

representation of SU(2). We therefore have

L2
i =

n

2
(
n

2
+ 1)1n+1 (2.73)

on any state of a SU(2) irreducible representations with spin J = n
2
. By using this

equation, radius of fuzzy S2 is found as

x2i =

(
2

n

)2
n

2

(n
2

+ 1
)
1n+1

=

(
1 +

2

n

)
1n+1 .

(2.74)

2.8 Fuzzy Four Sphere

Fuzzy four-sphere, S4
F can be constructed as follows. We introduce the γ-matrices in

five dimensions that are associated to the isometry group SO(5) of S4. They are 4x4

matrices satisfying the anticommutation relations

{γa, γb} = 2δab14 , (2.75)
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where a, b = 1, .., 5.

Generators of the spinor representation (0, 1) of SO(5) are given as

Gab = − i
4

[γa , γb] , (2.76)

and fulfill the SO(5) commutation relations

[Gab , Gcd] = i(δacGbd + δbdGac − δadGbc − δbcGad) . (2.77)

γa act on the four-dimensional spinor space C4 which is the carrier space of the (0, 1)

IRR of SO(5). Let us define the Hilbert space Hn, as the carrier space of the (0, n)

IRR of SO(5), which may be formed as the n-fold symmetric tensor product of C4 as

Hn =
(
C4 ⊗ · · · ⊗ C4

)
Sym

. (2.78)

and has the dimension

N = dim(0, n) =
1

6
(n+ 1)(n+ 2)(n+ 3) . (2.79)

We may as well form the n-fold symmetric tensor product of the γ-matrices

Xa =
1

2
(γa ⊗ 14 ⊗ ...⊗ 14 + ...+ 14 ⊗ ...⊗ 14 ⊗ γa) (2.80)

which carry the (0, n) IRR of SO(5) and naturally act on Hn. Xa are N × N Her-

mitian matrices, which satisfy the defining relations for the fuzzy four-sphere, which

are given as

XaXa =
1

4
n(n+ 4)1N ,

εabcdeXaXbXcXd = (n+ 2)Xe , (2.81)

where XaXa is an SO(5) invariant operator.Commutators of Xa yields

[Xa, Xb] = iMab , (2.82)

where Mab are the generators of SO(5) in the (0, n) IRR and satisfy the same com-

mutation relations asGab. We also have thatXa transform as vectors under the SO(5)

rotations generated by Mab, i.e.

[Mab, Xc] = i(δacXb − δbcXa) . (2.83)
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From (2.82) we see that, as opposed to the construction of S2
F , the algebra of Xa’s

defining the S4
F do not close. A more detailed analysis yields that S4

F may be under-

stood as a squashed CP 3
F with S2

F fibers In other words, we may state that S4
F comes

attached with a fuzzy two sphere at its every point. Further details of these features

may be found in [4].
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CHAPTER 3

YANG-MILLS MATRIX MODELS WITH DOUBLE MASS DEFORMATION

3.1 Massive deformation of BFSS action

The bosonic part of the BFSS action given in (2.1). In this section, we will intro-

duce two distinct mass deformation terms to (2.1). A gauge invariant double mass

deformation of (2.1) may be specified as

SYMM = N2

∫
dt LYMM := N2

∫
dt Tr

(
1

2
(DtXI)

2 +
1

4
[XI , XJ ]2 − 1

2
µ2
1X

2
a −

1

2
µ2
2X

2
i

)
,

(3.1)

where the indices a and i take on the values a = 1, .., 5 and i = 6, 7, 8, respectively.

Let us also note that (3.1) is written in the ’t Hooft limit in which ’t Hooft coupling

λ′tHooft = g2N is kept fixed, while N is taken large and g2 is taken small. λ′tHooft

has units of (Length)−3 and without loss of generality it can be set to unity by scaling

all the dimensionful quantities in the action in units of λ1/3. Also it can restored by

scaling λ′tHooft set to unity. We can restore λ′tHooft by scaling Xi → λ−1/3Xi, At →
λ−1/3At, t → λ1/3t, µ2

i → λ−2/3µ2
i , if needed. In (3.1) the mass deformation terms

µ1
2 and µ2

2 are the quadratic deformations which preserves U(N) gauge symmetry.

Moreover they also break the SO(9) down to SO(5) × SO(3) × Z2. The discrete

Z2 factor is due to the X9 → −X9 symmetry but during our ansatz choice, we will

choice it as X9 = 0. Therefore, this Z∈ will be insignificant. The equation of motion

of action (3.1)for XI take form in the At = 0 gauge as

Ẍa + [XI , [XI , Xa]] + µ2
1Xa = 0 , (3.2a)

Ẍi + [XI , [XI , Xi]] + µ2
2Xi = 0 , (3.2b)

Ẍ9 + [XI , [XI , X9]] = 0 , (3.2c)
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while form of the Gauss law constraint given in (2.13) remains same. The massive

deformation of BFSS model has already known for a while. The BMN matrix model

[2] is the massive deformation of the BFSS model which preserves maximal amount

of supersymmetry. However, in our present work, we focus on exploring the emerging

chaotic dynamics from the Yang-Mills matrix models which could allow for not only

fuzzy two-sphere configurations but also higher dimensional fuzzy spheres, and in

particular a fuzzy four-sphere. As we mentioned earlier, the two separate mass terms

break the SO(9) into SO(5) × SO(3) × Z2 that produces subgroups of equations.

The underlying motivation for introducing the specific massive deformation in (3.1)

comes from the fact that in two distinct limiting cases, the equations of motion can be

solved either with fuzzy two-sphere or fuzzy four-sphere configurations. To be more

precise, we have for Xi = 0 = X9, (3.2b) and (3.2c) are satisfied identically, while

(3.2a) takes the form

Ẍa + [Xb, [Xb, Xa]] + µ2
1Xa = 0 , (3.3)

which is satisfied by the fuzzy four sphere configurations Xa ≡ Ya for µ2
1 = −16.

Here Ya areN×N matrices carrying the (0, n) UIR of SO(5) withN = 1
6
(n+1)(n+

2)(n+ 3) and satisfying the defining properties given in (2.81). Whereas, in the other

extreme, one may set Xa = 0 = X9, with the only remaining non-trivial equation of

motion

Ẍi + [Xj, [Xj, Xi]] + µ2
2Xi = 0 , (3.4)

which is solved by fuzzy two sphere configurations Xi ≡ Zi or their direct sum for

µ2
2 = −2. In this case, Xi are N × N matrices carrying the spin j = N−1

2
UIR of

SO(3) ≈ SU(2).

By taking all these into account, we determine an ansätze configurations involving

fuzzy two- and four- spheres with collective time dependence, which fulfill the Gauss

Law constraint given in (2.13). After taking trace over the fuzzy-two and four-sphere

configurations, we aim to obtain a reduced models that consist of only four phase

space degrees of freedom and we will investigate chaotic behaviour of those reduced

models.
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3.1.1 Ansatz I and the Effective Action

A non trivial but simple configuration can be chosen as multiplying the fuzzy four-

and two- sphere matrices with separate collective time-dependent functions. So we

have

Xa = r(t)Ya , Xi = y(t)Zi , X9 = 0 , (3.5)

where r(t) and y(t) are real functions of time. We consider spin-j=N−1
2

IRR of SU(2)

as the fuzzy S2 configuration. Furthermore, we form Zi as a block-diagonal matrix

which is formed by direct sum of different IRRs of SU(2). Although Zi exist at

every matrix level, this is not the case for Ya. Fuzzy four spheres exist at the matrix

levels 4, 10, 20... as given by dimension N = 1
6
(n + 1)(n + 2)(n + 3) of the IRR

(0,n) of SO(5). Therefore, fuzzy two spheres must be taken at the matrix levels

matching the value of N . The mass parameters µ2
1 and µ2

2 are unspecified at the

beginning. However, in the limitting values for the static solutions of (3.3) and (3.4),

the equations are only satisfied in case of µ2
1 = −16 and µ2

2 = −2.

After substituting (3.5) configuration in the action (3.1) and taking the trace over the

fuzzy four- and two-sphere with matrix levels N = 1
6
(n + 1)(n + 2)(n + 3) for

n = 1, 2, · · · , 6, we obtain the Lagrangian of the reduced models in the form

Ln = N2(c1ṙ
2 + c2ẏ

2 − 8c1r
4 − c2y4 − c1µ2

1r
2 − c2µ2

2y
2 − c3r2y2) , (3.6)

where cβ = cβ(n) (β = 1, 2, 3) depend on n and their values for n = 1, 2, · · · , 7
are listed in the table 3.1 given below. Coefficients given for n = 7 in table 3.1

are evaluated by obtaining a polynomial function of n approximating1cβ(n) for n =

1, 2, · · · , 6 and interpolating this result to n = 7.

The corresponding Hamiltonian is easily obtained from (3.6), and it is given by

Hn(r, y, pr, py) =
pr

2

4c1N2
+

py
2

4c2N2
+N2(8c1 r

4 + c2 y
4 + c1 µ

2
1r

2 + c2 µ
2
2y

2 + c3 r
2y2) ,

=:
pr

2

4c1N2
+

py
2

4c2N2
+N2Vn(r, y) , (3.7)

1 These polynomial functions are given as

c1(n) =
1

2
n(n+ 4) ,

c2(n) =
1

288
(n6 + 12n5 + 58n4 + 144n3 + 193n2 + 132n) ,

c3(n) = 0.0093n7 + 0.20n6 + 1.35n5 + 4.22n4 + 6.99n3 + 5.44n2 + 2.43n+ 0.36 .
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Table 3.1: Numerical values of coefficients cβ(n) for Ansätz I.

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

c1 2.5 6 10.5 16 22.5 30 38.5

c2 1.9 12.4 49.9 153 391.9 881.9 1800

c3 21 207.7 1080 3970 11691 29493 66345

where Vn(r, y) denotes the potential function. Lets first calculate the Hamilton’s equa-

tions of motion for the reduced Hamiltonian (3.7),

ṙ − pr
2c1N2

= 0 , ẏ − py
2c2N2

= 0 , (3.8a)

ṗr +N2(32c1r
3 + 2c1µ

2
1r + 2c3ry

2) = 0 , ṗy +N2(4c2y
3 + 2c2µ

2
2y + 2c3r

2y) = 0 .

(3.8b)

Taking the mass parameter values as µ2
1 = −16 & µ2

2 = −2, (3.8) become

ṙ − pr
2c1N2

= 0 , ẏ − py
2c2N2

= 0 , (3.9a)

ṗr +N2(32c1r
3 − 32c1r + 2c3ry

2) = 0 , ṗy +N2(4c2y
3 − 4c2y + 2c3r

2y) = 0 .

(3.9b)

For a more profound analysis of chaos emerged from these models, we should first

calculate the fixed points corresponding to the e.o.m. in (3.9). In the literature, fixed

points are defined as stationary points of the phase space, i.e

(ṙ, ẏ, ṗr, ṗy) ≡ (0, 0, 0, 0) . (3.10)

The two of the corresponding equations are trivally solved by (pr, py) ≡ (0, 0). That

means all the fixed points are confined to (pr, py) ≡ (0, 0) plane in the phase space.

The rest of the equations are

−32c1r
3 + 32c1r − 2c3ry

2 = 0 ,

−4c2y
3 + 4c2y − 2c3r

2y = 0 , (3.11)

and have the general set of solutions given as

(r, y) ≡ {(0, 0) , (±1, 0) , (0,±1) , (±h1,±h2) , (±h1,∓h2)} , (3.12)
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Table 3.2: Numerical values of h1 and h2.

n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

h1 0.26 0.28 0.27 0.26 0.24 0.23

h2 0.6 0.38 0.25 0.17 0.12 0.093

where h1 and h2 are given in terms of cβ as

h1 = −
√

2i

√
−c2c3 + 16c1c2√
c23 − 32c1c2

, h2 = −4i

√
2c1c2 − c1c3√
c23 − 32c1c2

. (3.13)

For physically reasonable results, we will only consider real solutions. From table

3.1, it is straightforward to compute that both h1 and h2 are real except at n = 1. For

n > 1 the set of fixed points are given as

(r, y, pr, py) ≡ {(0, 0, 0, 0), (±1, 0, 0, 0) , (0,±1, 0, 0)) ,

(±h1(n),±h2(n), 0, 0) , (±h1(n),∓h2(n), 0, 0)} , (3.14)

where the values of h1 and h2 are given in 3.2 below while for the n = 1 model we

only have

(r, y, pr, py) ≡ {(0, 0, 0, 0) , (±1, 0, 0, 0) , (0,±1, 0, 0)} , (3.15)

as the fixed points. One may notice that in fact (3.12 are the critical points of the

potential Vn. To understand whether the point in (3.11) are local minima or local

maximum, we should look into the eigenvalues of the matrix ∂2Vn
∂gi∂gj

, (where (g1, g2) ≡
(r, y)). We find that the points (±1, 0) and (0 ,±1) are local minima, (0, 0) is a local

maximum, while (±h1(n),±h2(n)), (±h1(n),∓h2(n)) are all saddle points of Vn. At

the local minma, the value of Vn becomes Vn(±1, 0) = −8c1 and Vn(0,±1) = −c2.

From table 3.1, clearly (±1, 0) is the absolute minimum of Vn for n = 1, 2, 3, while

(0,±1) is the absolute minima for the models with n = 4, 5, 6.

Therefore, the fixed point energies are

EF (0, 0, 0, 0) = 0 , EF (±1, 0, 0, 0) = −8N2c1 , EF (0,±1, 0, 0) = −N2c2 ,

(3.16)

the values of EF (±h1(n),±(∓)h2(n),0,0)
N2 and minimum values of the potentials Vn are given

in table 3. Note that minimum values of Vn are negative in general. This is expected,
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Table 3.3: Numerical values for EF/N
2 at the critical points

(±h1(n),±(∓)h2(n), 0, 0) and the minimum values of Vn.

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

EF (±h1(n),±(∓)h2(n),0,0)
N2 − −8.6 −13.8 −18.4 −23 −27.7 −32.3

V(n),min
N2 −20 −48 −84 −153 −391.9 −881.9 −1800

due to the presence of the massive deformation terms in the matrix model. Indeed it

is already known that, fuzzy sphere vacuum solutions of the BFSS model with qubic

and/or quadratic deformation terms are of lower (negative) energy, compared to the

zero-energy vacuum solutions of the pure BFSS model with diagonal matrices.

3.1.2 Linear Stability Analysis in the Phase Space

Although extrama of Vn gives us an opportunity to comment on dynamics of the

sysmtem, it does not provide sufficient information about stability of the fixed points.

For this purpose, we perform a first order stability analysis around the fixed point of

Hn given in (3.14) and (3.15). Combining our results with the Lyapunov spectrum

and the Poincare sections, we will able to comment on the outset and variation of

chaos.

For a more decent calculation, lets introduce a new notation

(g1, g2, g3, g4) ≡ (r, y, pr, py) , (3.17)

the Jacobian matrix from gα and ġα given as

Jαβ ≡
∂ġα
∂gβ

, (3.18)

the eigenvalues of the Jacobian matrix will allow us to find whether the fixed point is

stable or not [33–36]. In the matrix form, we have

J(r, y) ≡


0 0 1

2c1N2 0

0 0 0 1
2c2N2

J31 −2N2c3ry 0 0

−2N2c3ry J42 0 0

 , (3.19)
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Table 3.4: Eigenvalues of the Jacobian J(r, y) at the

fixed points.

Fixed Points Eigenvalues of J(r, y)

(0, 0, 0, 0) ±4,±
√

2

(±1, 0, 0, 0) (±4i
√

2,±i
√
c3c2c21−2c22c21

c1c2
)

(0,±1, 0, 0) (±2i,±i
√
c3c1c22−16c21c22

c1c2
)

(h1(2), h2(2), 0, 0) (±2.5,±i3.2)

(h1(3), h2(3), 0, 0) (±2.9,±i3.4)

(h1(4), h2(4), 0, 0) (±3.1,±i3.5)

(h1(5), h2(5), 0, 0) (±3.1,±i3.5)

(h1(6), h2(6), 0, 0) (±3.2,±i3.5)

(h1(7), h2(7), 0, 0) (±3.2,±i3.4)

where J31 and J42 are

J31 = N2(32c1 − 96c1r
2 − 2c3y

2) ,

J42 = N2(4c2 − 12c2y
2 − 2c3r

2) . (3.20)

Eigenvalues of J(r, y) at the fixed points (3.14) are easily evaluated and listed in the

table 3.4 below. A fixed point is stable if all the real eigenvalues of the Jacobian are

negative, and unstable if the Jacobian has at least one real positive eigenvalue. Also

there may be cases like all the eigenvalues of Jacobian matrix are purely imaginary

at fixed point. This case is called the borderline case and it means first order anal-

ysis is not sufficient to determine whether the fixed point is stable or unstable. All

the eigenvalues of the Jacobian matrix at different fixed point are given in table 3.4.

Clearly, we see that (0, 0, 0, 0) and (h1(n), h2(n), 0, 0) are all unstable fixed points as

the corresponding Jacobians have at least one real positive eigenvalue. The values of

cα(n) are given in table 3.1 and we see that (±1, 0, 0, 0) and (0,±1, 0, 0) are border-

line cases. We are not going to explore the structure of these borderline fixed points

any further, as we expect that their impact on the chaotic dynamics should be rather

small compared to those of the unstable fixed points, which we just identified at the

linear level.
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3.2 Chaotic Dynamics

3.2.1 Lyapunov Spectrum and Poincaré Sections

As we discussed in the previous sections, our main tool for determining chaos is

the Lyapunov exponent and the Poincaré sections. For calculating the Lyapunov

spectrum of our models, we run a Matlab code that numerically solves the Hamil-

ton’s equations of motion in (3.9). For each values of n, we run the code for 40

times with randomly selected initial conditions. These initial conditions satisfy a

given energy and the code calculates the mean of the time series from all runs for

each of the Lyapunov exponents at each value of n. To elaborate our initial con-

dition selection process, lets denote a generic set of initial conditions at t = 0 by

(r(0), y(0), pr(0), py(0)). For Hn<4 we take y(0) = 0 and for Hn≥4, r(0) = 0

as part of the initial condition and subsequently generate three random numbers ωi

(i = 1, 2, 3) and define Ωi = ωi√
ω2
i

√
E ′ for a given energy E ′ = E + |V(n),min| of the

system2, so that E ′ = Ω2
i = Ω2

1 + Ω2
2 + Ω2

3. Subsequently, we take positive roots in

the expressions3

pr(0) = N
√

4c1Ω2
1 , py(0) = N

√
4c2Ω2

2 , (3.21)

and the real roots of

8c1r
4(0)− 16c1r

2(0) + 8c1 − Ω2
3 = 0 for Hn<4

c2y
4(0)− 2y2(0) + c2 − Ω2

3 = 0 for Hn≥4 , (3.22)

During the last step, our code randomly selects from the real solutions of 3.22. In our

computations, we use a time step of 0.25 and run the code for a sufficient amount of

computer time to clearly see where the Lyapunov exponent stabilizes. The Lyapunov

exponent vs time series graphs are given in below for different n and E/N2 values.

From the graphs, we can clearly see that n = 1 is a special case . For n = 1, with

the increase in energy, the Lyapunov exponent converges to zero, i.e (figures 3.1a
2 Let us note that, via introducing E′, we have simply shifted the minimum of the potentials V(n) to zero value.

This is convenient for describing and using the process of random selection of initial conditions for the reduced
models, as well as, in presenting some of our results. For instance, the time series for Lyapunov exponents and
the plots of the Poincaré sections. However, we will continue to use the energy variable E while examining the
variation of the largest Lyapunov exponents and discussing the relation of the latter to the temperature.

3 We have checked that randomly selecting positive and negative roots in (3.21) does not cause any significant
impact on our results.
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and 3.1b); for E ′ ≈ 30 · 42 (i.e. E ≈ 10) there is a positive Lyapunov exponent

however for E ′ ≈ 500 · 42 it convers into zero. This is a direct indication of non-

chaotic behaviour. We will also discuss the possible reasons for why such a distinct

behaviour happens in n = 1 model.

Another method for diagnosing chaotic behavour is looking Poincaré sections at sev-

eral different values of the energy. In our analysis, we particularly focus on energies

above the energy of unstable fixed points (±h1(n),±(∓)h2(n), 0, 0) to give a visual

proof of how the phase space trajectories develop and capture the onset of chaotic dy-

namics. We use the same initial condition selection procedure for both the Poincaré

section and the Lyapunov spectrum. We take y(0) = 0 as fixed initial condition for

Hn≤4 and r(0) = 0 for Hn≥4. Therefore it is convenient to look at the Poincaré sec-

tions on the r−pr-plane and the y−py-plane, respectively in these cases. Our results

for the Poincaré sections are given in the figure 3.2 for n = 1, 2, 4. The results of

n = 3, 5, 6, 7 cases are given in the appendix and given in the figures ??. From the

plot, we infer that the phase space is consist of quasi-periodic orbits at energies below

E ′F . However for energies around E ′F quasi periodic trajectories and chaotic ones

coexist. For energies larger than EF the phase space is filled by chaotic trajectories.

3.2.2 Dependence of the Largest Lyapunov Exponent on Energy

In order to explore the dependence of the mean largest Lyapunov exponent(MLLE)(λn)

to energy, we calculate the MLLE at a large interval of energy values. The fixed point

energies from the previous section is of vital importance for our analysis. From the

figures 3.3 clearly indicate that the value of the MLLE sharply increases once the en-

ergy of systems exceeds the fixed point energy EF of points h1(n),±(∓)h2(n), 0, 0).

Error bars at each data point is found by evaluating mean square error using MLLE

and the LLE values of each of the 40 runs.

From figure 3.3d - 3.3g, there is a significant decrease in the value of MLLE and the

mean square errors appear to be larger than the rest of the data points. After a careful

analysis, we figure out that less than a quarter of the 40 initial conditions approach

to zero. This causes a sharp decrease in the MLLE values and increase in the mean
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(a) n = 1 and E′/N2 = 30 (b) n = 1 and E′/N2 = 500 (c) n = 2 and E′/N2 = 50

(d) n = 3 and E′/N2 = 100 (e) n = 4 and E′/N2 = 150 (f) n = 5 and E′/N2 = 500

(g) n = 6 and E′/N2 = 1500 (h) n = 7 and E′/N2 = 2000

Figure 3.1: Time Series for Lyapunov Exponents

square errors. After excluding these points, we get the expected form of the MLLE vs

E/N2 graphs. Yellow data points on 3.3d - 3.3e illustrate the results without exclud-

ing these initial conditions. This kind of phenomena may occur due to the increased

presence of either in periodic or quasi-periodic orbits start from these "special" initial

conditions. However, since the value of MLLE still quite large, excluding these initial

conditions is not going to change any of our results. Excluding these points enables

us to get improved best fit curves. For the rest of the n values, we do not apply a

similar analysis because they are already distributed in a more scattered fashion and

this does not have a significant impact on our curve fitting tools. In the next section,

we will discuss our physical motivation to the form of best fitting forms and how it
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(a) n = 1 and E′/N2 = 20 (b) n = 1 and E′/N2 = 50 (c) n = 1 and E′/N2 = 1000

(d) n = 2 and E′/N2 = 34 (e) n = 2 and E′/N2 = 41 (f) n = 2 and E′/N2 = 50

(g) n = 4 and E′/N2 = 100 (h) n = 4 and E′/N2 = 135 (i) n = 4 and E′/N2 = 155

(j) n = 4 and E′/N2 = 4000

Figure 3.2: Poincaré Sections (Plots are given w.r.t. the shifted energies E ′ = E +

|V(n),min|)

will fit to our data samples.
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(a) λ1 vs. E/N2 (b) λ2 vs. E/N2 (c) λ3 vs. E/N2

(d) λ4 vs. E/N2 (e) λ5 vs. E/N2 (f) λ6 vs. E/N2

(g) λ7 vs. E/N2

Figure 3.3: MLLE vs. E/N2 for µ2
1 = −16 and µ2

2 = −2

3.2.3 Temperature Dependence of the Lyapunov Exponent for the Mass De-

formed BFSS Matrix Model

In previous sections, we have discussed the temperature dependence of the Lyapunov

exponent for BFSS model and mentioned it was found as λ = 0.2924(3)(λ′tHooftT )1/4

in [12]. Similarly, we have also discussed the energy temperature dependence via

equipartition theorem and showed that for a purely quartic potential, we have

E = 〈K〉+ 〈V 〉 =
3

4
nd.o.fT (3.23)

where nd.o.f = 8(N2−1)−36 being the independent degrees of freedom in the BFSS

matrix model. Since we set λ′tHooft into unity, the relation between the Lyapunov
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exponent and temperature becomes λ = 0.2924T 1/4. Immediately we can comment

on whether our relation satisfies the MSS bound, 2πT . It only violates this bound only

at small temperatures, precisely below than T = (0.292
2π

)
4
3 = 0.015 which is consistent

because generally the classical theories are useful for describing the systems in the

high temperature regime.

After adding the massive deformation terms, the potential is no longer purely quadratic.

Therefore, virial theorem is not sufficient to express the kinetic and potential terms

in terms of other. From (3.1), we can express the Lagrangian as LYMM = K − V .

Applying the virial theorem, we find

2〈K〉 = 2〈V 〉 − 2Tr
1

4
[XI , XJ ]2 ,

= 4〈V 〉 − 2Tr
1

2
µ2
1X

2
a − 2Tr

1

2
µ2
2X

2
i .

First equality implies that 〈V 〉 < 〈K〉, since Tr[XI , XJ ][XI , XJ ]† = −Tr[XI , XJ ]2 ≥
0 for Hermitian XI , while the second implies 2〈V 〉 ≤ 〈K〉 for µ2

1 < 0, µ2
2 < 0. Since

〈V 〉 < 〈K〉 is always satisfied and for µ2
1 < 0, µ2

2 < 0 that 〈V 〉 < 〈K〉 is always

satisfied and for µ2
1 < 0, µ2

2 < 0, we further have that 2〈V 〉 ≤ 〈K〉. Thus, we have

E ≤ 3
4
nd.o.fT , where now nd.o.f = 7(N2− 1)− 28 since we set X9 = 0 in our ansatz

choice. Therefore, in large N limit, we may take nd.o.f ≈ 7N2. Our ansatz choice

consist of the fuzzy two- and four- sphere matrices with collective time dependence.

This configuration in fact describes a N coincident D0-branes and open string states

stretching between them. The reduced action that we obtained after tracing over this

configuration effectively model their dynamics. If we combine two results, we find

an upper bound for energy
E

N2
≤ 21

4
T . (3.24)

Thus, motivated by the E
N2 dependence of temperature, we find the best fit curve of

the MLLE vs E/N2 as

λn = αn

(
E

N2
− (En)F

N2

)1/4

, (3.25)

where (En)F is the fixed point energy at level n. (En)F
N2 part exists since the sharp

increase in the MLLE values after the energy exceeds (En)F value. The best fitting

curves for the given functional form (3.25) are also given in figure 3.3, while the

coefficients αn are listed in table 3.5 below:
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Table 3.5: αn values for the best fit curves (3.25), Upper bounds for Tc and βn values

for the inequality (3.27).

n αn Tc βn

2 0.3017 0.0832 0.4567

3 0.3313 0.1029 0.5015

4 0.3168 0.1046 0.4795

5 0.3016 0.1045 0.4565

6 0.2505 0.0911 0.3791

7 0.2113 0.0796 0.3198

From table 3.5, we can easily see that αn values are very close to each other for

2 ≤ n ≤ 4 and the our fitting curves are quite good. However, for n = 6 and n = 7,

we have a scattered data set that cause a decrease in the quality of he fitting curves.

As we have mentioned earlier, the quality of the fits have significantly increased after

excluding the "special" initial conditions. In fact, the cofficient c(1,2,3) are analytically

calculated until n ≤ 6. For n = 7, we obtained the values via extrapolation of our

exact results for n ≤ 6. Therefore, this may be the reason why our fitting is not as

good as the rest of the n values.

Lets proceed with the temperature dependence of the MLLEs. Clearly, from (3.24),

at T = 0, we have E ≤ 0. Since the MLLE values are non-vanishing until around

(En)F or below, this indicates that the MSS bound is violated at zero temperature.

In fact, we can analytically find an interval where the MSS bound is violated, i.e

0 ≤ T ≤ Tc where Tc critical temperature. Recall that we have

E

N2
≤ 21

4
T (3.26)

Thus, if we use (3.26) with (3.25) and use the MSS bound as a lower bound, we get

αn

(
21

4
T − (En)F

N2

)1/4

≥ 2πT (3.27)

Tc is the temperature that saturates this inequality. For n = 2 , · · · , 7, numerical

values of Tc are given in 3.5 and they are roughly an order of magnitude larger than

the critical temperature 0.015 determined for the BFSS model in [12, 37]. Moreover,
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at sufficiently large energies, the fitting curve becomes

λn = αn

(
1− (En)F

E

)1/4(
E

N2

)1/4

≈ αn

(
E

N2

)1/4

, for E � |(En)F | > 0 ,

(3.28)

thus we have

λn ≤ βn T
1/4 , βn :=

(
21

4

)1/4

αn , (3.29)

The values of βn are given in 3.5 . Clearly, for high temperature regime, λn values

are smaller than the MSS bound 2πT .
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CHAPTER 4

ABJM MATRIX MODEL

We will start this chapter, by reviewing some of the basic features of the Aharony-

Bergman-Jafferis-Maldacena (ABJM) [22] model. ABJM model is a supersymmetric

Chern-Simons gauge theory in 2+1 dimensions, which describes the dynamics of

coincident (nonabelian) M2-branes. We will confine our discussion to the bosonic

sector of this model [22].

4.1 Bosonic Sector of the ABJM Model

Bosonic part of the action for the ABJM model is given by

SABJM =

∫
d3x

k

4π
εµνλ Tr

(
Aµ∂νAλ +

2i

3
AµAνAλ − Âµ∂̂νÂλ −

2i

3
ÂµÂνÂλ

)
− Tr

(
DµC

†
ID

µCI
)

+
4π2

3k2
Tr
(
CIC†IC

JC†JC
KC†K + C†IC

IC†JC
JC†KC

K
)

+ Tr
(

4CIC†JC
KC†IC

JC†K − 6CIC†JC
JC†IC

KC†K

)
(4.1)

This action is invariant under SU(N) × SU(N) gauge transformations. Aµ, Âµ, (µ :

0, 1, 2) are two gauge field transforming under the left SU(N) and right SU(N),

respectively. CI (I : 1, 2, 3, 4) complex scalar fields and CI† are the Hermitian con-

jugates of CI . These complex fields are coupled to Aµ, Âµ via the bifundamental rep-

resentation of the SU(N)×SU(N) gauge group. The covariant derivates are therefore

given as

DµC
I = ∂µC

I + iAµC
I − iCIÂµ , (4.2a)

DµC
†
I = ∂µC

I† − iCI†Aµ + iÂµC
I† (4.2b)
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The theory also has a rigid SU(4) ≈ SO(6) global symmetry, which corresponds to

the rigid rotation of the scalar fields CI among themself.

4.1.1 Dimensional Reduction of the ABJM Model

We would like to obtain the reduction of this action to 0 + 1-dimensions. We will

follow the approach we used in section 2.2 for the reduction of the Yang-Mills theory

in 9 + 1 dimensions to 0 + 1 to obtain the bosonic part of the BFSS model. Thus for

the Chern-Simons gauge fields we write

Aµ ≡ (A0, Xi) , Âµ ≡ (Â0, X̂i) (4.3a)

where A0, Xi, Â0, X̂i, (i : 1, 2) are functions of time only. Let us consider first the

Chern-Simons terms in the Lagrangian associated to SABJM . We have

LCS := Lk + L−k

LCS =
k

4π
εµνλ(Aµ∂νAλ +

2i

3
AµAνAλ − Âµ∂̂νÂλ −

2i

3
ÂµÂνÂλ)

(4.4)

Since Aµ, Âµ are given as in (4.3a) and they are functions of time only, we have

Lk =
k

4π
εµνλ Tr

(
Aµ∂νAλ +

2i

3
AµAνAλ

)
=

k

4π
Tr

(
−εi0jXi∂0Xj +

2

3
i(ε0ijA0XiXj + εi0jXiA0Xj + εij0XiXjA0)

)
=

k

4π
Tr
(
εij(XiẊj + 2iA0XiXj)

)
,

(4.5)

where Ẋi = ∂0Xi as usual. Similarly, we can easily find

L−k = − k

4π
Tr
(
εij(X̂i

˙̂
Xj + 2iÂ0X̂iX̂j)

)
, (4.6)

Thus the reduction of LCS to 0+1 dimensions yields

LCS(reduced) =
k

4π
εij Tr

(
XiẊj + 2iA0XiXj − X̂i

˙̂
Xj − 2iÂ0X̂iX̂j

)
(4.7)

=
k

4π
εij Tr

(
XiD0Xj + X̂iD0X̂j

)
(4.8)
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where DiXi = ∂0 + i[A0, Xi]. After reducing to 0 + 1 dimensions, spatial part of the

covariant derivatives, take the form.

DiC
I =��

�∂iC
I + iXiC

I − iCIX̂i ,

= iXiC
I − iCIX̂i ,

DiC
I† =��

�
∂iC

I† − iCI†Xi + iX̂iC
I† ,

= −iCI†Xi + iX̂iC
I† ,

(4.9)

while the time derivative part of the covariant derivatives become

D0C
I = ∂0C

I + iA0C
I − iCIÂ0 ,

D0C
I† = ∂0C

I† − iCI†A0 + iÂ0C
I†.

(4.10)

Interaction terms among CI remain in the same form, except that it is now understood

that CI and CI† are N× N complex matrices whose entries depend on time only.

Reduced action reads

SABJM(0+1) = V2

∫
dt
k

4π
εij Tr

(
XiẊj + 2iA0XiXj − X̂i

˙̂
Xj − 2iÂ0X̂iX̂j

)
−Tr

(
DiC

I†DiC
I
)
− Tr

(
D0C

I†D0C
I
)

+ interaction terms among CI’s

(4.11)

Upon integrating over the compact dimensions we obtain the volume factor, say V2,

in SABJM(0+1) given in 4.11. This serves as the gauge coupling constant (1/g2) and

we may introduce the ’t Hooft coupling as

λ′tHooft =
N

V2
(4.12)

or we may write V2 = N
λ′tHooft

. By this scaling we may set λ′tHooft to unity and

therefore write the SABJ by replacing V2 with N . To introduce λ′tHooft back we may

scale the fields and parameters as Xi → λ−1/2Xi, X̂i → λ−1/2X̂i, A0 → λ−1/2A0,

Â0 → λ−1/2Â0, Qα → λ−1/4Qα, Rα → λ−1/4Rα and µ→ λ−1/2µ.

We now proceed to obtain the equations of motion for, A0, Â0, X, X̂i, CI , and CI†.

We start with evaluating variation of SABJM(0+1) w.r.t. A0 and Â0. Letting A0 →
A0 + δA0 gives

δSABJM(0+1) =

∫
dt
k

4π
εij Tr(2iδ , A0XiXj)− Tr

(
−iCI†δA0D0C

I
)

(4.13)

− Tr
(
D0C

I†iδA0C
I
)
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k

4π
εij2iTr(XiXjδA0) + Tr

(
iD0C

ICI†δA0

)
− Tr

(
iCID0C

I†δA0

)
= 0 (4.14)

where we have used cyclicity of the trace to obtain the 4.14 from 4.13. Making the

A0 = Â0 = 0 gauge choice, time part of the covariant derivatives in (4.10) simply

become D0C
I = ∂0C

I = ĊI and D0C
I† = ∂0C

I† = ˙CI† and we have from (4.13)

Tr

(
k

4π
εij2iXiXj + iĊICI† − iCI ˙CI†

)
δA0 = 0

k

4π
εij2iXiXj + iĊICI† − iCI ˙CI† = 0

k

4π
[X1, X2] + ˙CICI† − CI ˙CI† = 0

(4.15)

A similar result follows for Â0 → Â0 + δÂ0 with k → −k and A0 → Â0 in (4.13).

With Â0 → Â0 + δÂ0 we find

− k

4π
2iεij Tr

(
δÂ0X̂iX̂j

)
− Tr

(
iδÂ0C

I†D0C
I
)

+ Tr
(
D0C

I†iCIδÂ0

)
= 0

− k

4π
2iεij Tr

(
X̂iX̂jδÂ0

)
− Tr

(
iCI†ĊIδÂ0

)
+ Tr

(
˙CI†iCIδÂ0

)
= 0

Tr
(
− k

4π
2iεij(X̂iX̂j))− (iCI†ĊI) + ( ˙CI†iCI)

)
δÂ0 = 0

− k

4π
2iεij(X̂iX̂j))− (iCI†ĊI) + (i ˙CI†iCI) = 0

− k

2π
[X1, X2]− CI†ĊI + ˙CI†CI = 0

(4.16)

Thus, from (4.15) and (4.16) we read the the Gauss law constraint as a set of two

algebraic coupled equations given by
k

4π
[X1, X2] + P I

CC
I† − CIP I†

C = 0 ,

− k

2π
[X̂1, X̂2]− CI†P I

C + P I†
C C

I = 0 ,

(4.17)

where P I
C = ∂L

∂0CI
, P I†

C = ∂L
∂0CI†

are the corresponding conjugate momenta.

Consider the variation of Xi, Xi → Xi + δXi. In the A0 = Â0 = 0 gauge, (4.7) gives

LCS(reduced) + δLCS(reduced) =
k

4π
εij Tr

(
− (Xi + δXi)(Ẋj + ˙δXj)− X̂i

˙̂
Xj

)
δLCSr =

k

4π
εij Tr

(
(−Xi

˙δXj − δXi(Ẋj)
)

=
k

4π
εij Tr

(
(ẊiδXj − δXi(Ẋj)

)
=

k

4π
εij Tr

(
εij(ẊiδXj − εjiδXj(Ẋi)

)
=

k

4π
εij Tr

(
(2ẊiδXj

)
(4.18)
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Variation of the rest of action w.r.t. to Xi gives

Lrest + δLrest = Tr
(
i(C†I (Xi + δXi)− X̂iC

I†)i((Xi + δXi)C
I − CIX̂i)

)
δLrest = −Tr

(
CI†XiδXiC

I + CI†δXiXiC
I − CI†δXiC

IX̂i − X̂iC
I†δXiC

I
)

= −Tr
(
CICI†XiδXi +XiC

ICI†δXi − CIX̂iC
I†δXi − CIX̂iC

I†δXi

)
= −Tr

(
(CICI†Xi +XiC

ICI† − 2CIX̂iC
I†)δXi

)
(4.19)

In order to infer the e.o.m. for Xi we have to set δLrest + δLCS(reduced = 0. From

(4.18) and (4.19) we therefore get

δLtotal = Tr
( k

4π
εij(2ẊiδXj

)
− CICI†Xi −XiC

ICI† + 2CIX̂iC
I†δXi

)
,

= Tr
(
− k

4π
εij(2Ẋj

)
− CICI†Xi −XiC

ICI† + 2CIX̂iC
I†)δXi ,

(4.20)

which yields

k

2π
εijẊj + CICI†Xi +XiC

ICI† − 2CIX̂iC
I† = 0 (4.21)

Similarly we have for the e.o.m. of X̂i.

Consider the variation CI†. CI† → CI†+ δCI†. Let us continue to calculate variation

of the Lagrangian in pieces. For the covariant derivative part, we have

Lcov + δLcov = −(Di(C
I† + δCI†)DiC

I − (D0(C
I† + δCI†)D0C

I
)

= −([(−i(CI† + δCI†)Xi + iX̂i(C
I† + δCI†)]DiC

I)− (( ˙CI† + ˙δCI†)ĊI)
)

δLcov = −Tr
(
−δCI†C̈I

)
− Tr

(
δCI†XiDiC

I − X̂iδC
I†DiC

I
)

= −Tr
(
−C̈IδCI† +XiDiC

IδCI† −DiC
IX̂iδC

I†
)

= −Tr
(
(−C̈I +XiDiC

I −DiC
IX̂i)δC

I†)
(4.22)

In the second line of (4.22) we have performed integration by parts. Thus, the varia-

tion of the covariant derivative part of the Lagrangian can be written as

δLcov = Tr
(
C̈I −XiDiC

I +DiC
IX̂i

)
δCI† (4.23)

Lets us now look at the interaction part of the Lagrangian. Since it is rather long, it is

useful to split it into four terms:

Lint = L1 + L2 + L3 + L4 (4.24)
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where,

L1 + δL1 :=
4π2

3k2
Tr
(
(CI(C†I + δCI†)C

J(C†J + δC†J)CK(C†K + δC†K)
)
,

δL1 =
4π2

3k2
Tr
(
CIδCI†C

JC†JC
KC†K + CIC†IC

JδC†JC
KC†K + CIC†IC

JC†JC
KδC†K

)
,

=
4π2

3k2
Tr
(
CJC†JC

KC†KC
IδC†I + CKC†KC

IC†IC
JδC†J + CIC†IC

JC†JC
KδC†K

)
,

= Tr
4π2

3k2
(
CJC†JC

KC†KC
IδC†I + CKC†KC

JC†JC
IδC†I + CKC†KC

JC†JC
IδC†I

)
,

=
4π2

k2
Tr
(
CKC†KC

JC†JC
I
)
δC†I .

(4.25)

In 4.25 we have used the cyclicity of trace and relabeled the dummy indeces as needed

to obtain the last line.

The second part of the interaction term can be written as

L2 + δL2 =
4π2

3k2
Tr
(
(C†I + δC†I )C

I(C†J + δC†J)CJ(C†K + δC†K)CK
)
,

δL2 =
4π2

3k2
Tr
(
δC†IC

IC†JC
JC†KC

K + C†IC
IδC†JC

JC†KC
K + C†IC

IC†JC
JδC†KC

K
)
,

=
4π2

3k2
Tr
(
CIC†JC

JC†KC
KδC†I + CJC†KC

KC†IC
IδC†J + CKC†IC

IC†JC
JδC†K

)
,

=
4π2

3k2
Tr
(
CIC†JC

JC†KC
KδC†I + CIC†KC

KC†JC
JδC†I + CIC†KC

KC†JC
JδC†I

)
,

=
4π2

k2
Tr
(
CIC†KC

KC†JC
J
)
δC†I .

(4.26)

For the 3rd term of the interaction Lagrangian, we have

L3 + δL3 =
4π2

3k2
(4CI(C†J + δC†J)CK(C†I + δC†I )C

J(C†K + δC†K)) ,

δL3 =
4π2

3k2
(4CIδC†JC

KC†IC
JC†K + 4CIC†JC

KδC†IC
JC†K + 4CIC†JC

KC†IC
JδC†K) ,

=
4π2

3k2
(4CKC†IC

JC†KC
IδC†J + 4CJC†KC

IC†JC
KδC†I + 4CIC†JC

KC†IC
JδC†K) ,

=
4π2

3k2
(4CKC†JC

IC†KC
JδC†I + 4CJC†KC

IC†JC
KδC†I + 4CKC†JC

IC†KC
JδC†I ) ,

=
4π2

k2
Tr
(

4CKC†JC
IC†KC

J
)
δC†I ,

(4.27)
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Finally, the 4rd term of the interaction Lagrangian can be written as

L4 + δL4 = −4π2

3k2
Tr
(
6CI(C†J + δC†J)CJ(C†I + δC†I )C

K(C†K + δC†K)
)
,

δL4 = −4π2

3k2
Tr
(
6CIδC†JC

JC†IC
KC†K + 6CIC†JC

JδC†IC
KC†K + 6CI(C†JC

JC†IC
KδC†K

)
,

= −4π2

3k2
Tr
(
6CJC†IC

KC†KC
IδC†J + 6CKC†KC

IC†JC
JδC†I + 6CIC†JC

JC†IC
KδC†K

)
,

= −4π2

3k2
Tr
(
6CIC†JC

KC†KC
JδC†I + 6CKC†KC

IC†JC
JδC†I + 6CKC†JC

JC†KC
IδC†I

)
,

= −4π2

k2
Tr
(
2CIC†JC

KC†KC
J + 2CKC†KC

IC†JC
J + 2CKC†JC

JC†KC
I
)
δC†I ,

(4.28)

Combining 4.25-4.28, we can calculate the equation of motion for CI†. The total

variation of the Lagrangian w.r.t. CI† → CI† + δCI† can be written as

δL = δLcov + δL1 + δL2 + δL3 + δL4 (4.29)

δL = Tr
(
C̈I −XiDiC

I +DiC
IX̂i

)
δCI† +

4π2

k2
Tr
(
CKC†KC

JC†JC
I
)
δC†I

+
4π2

k2
Tr
(
CIC†KC

KC†JC
J
)
δC†I +

4π2

k2
Tr
(

4CKC†JC
IC†KC

J
)
δC†I

− 4π2

k2
Tr
(
2CIC†JC

KC†KC
J + 2CKC†KC

IC†JC
J + 2CKC†JC

JC†KC
I
)
δC†I .

(4.30)

The equation of motion for CI† is therefore

C̈I −XiDiC
I +DiC

IX̂i + CKC†KC
JC†JC

I +
4π2

k2
(
CIC†KC

KC†JC
J + 4CKC†JC

IC†KC
J)

− 2(CIC†JC
KC†KC

J + CKC†KC
IC†JC

J + CKC†JC
JC†KC

I
)

= 0.

(4.31)

We can obtain the equation of motion for CI in a similar manner. Since, we are not

going to need it directly, we do not include it here.

In order to motivate the ensuring developments, let’s us briefly look at some specific

type of choices that we may make in order to satisfy the Gauss law constraints given

in (4.15). For instance, we may consider that Xi = α(t)X̃iand X̂i = β(t)
˜̂
Xi where

X̃i,
˜̂
Xi are diagonal matrices and α(t), β(t) are real functions of time. Since diag-

onal matrices commute, we have [X1, X2] = 0 =
[
X̂1, X̂2

]
Therefore, Gauss Law
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constraint takes the form

ĊICI† − CI ˙CI† = 0,

−CI†ĊI + ˙CI†CI = 0,
(4.32)

A possible choice for CI , CI† would be

CI = γ(t)IC̃I , CI† = γ(t)IC̃I
†
, (4.33)

where γ(t)I (I : 1, 2, 3, 4) are real functions of time only and there is no sum over

I in the r.h.s of (4.33). So we may introduce as many as four real time dependent

functions to the model via CI and CI† in this manner. If we use our choices for CI

and CI† in (4.32), we get

˙γ(t)Iγ(t)IC̃IC̃I† − ˙γ(t)Iγ(t)IC̃IC̃I† ?
= 0

= ˙γ(t)1γ(t)1
���

���
���

�:0
(C̃1C̃1† − C̃1C̃1†) + ˙γ(t)2γ(t)2

���
���

���
�:0

(C̃2C̃2† − C̃2C̃2†)

+ ˙γ(t)3γ(t)3
��

���
���

��:0
(C̃3C̃3† − C̃3C̃3†) + ˙γ(t)4γ(t)4

���
���

���
�:0

(C̃4C̃4† − C̃4C̃4†)

= 0

(4.34)

Thus, this may be one way to satisfy the Gauss Law Constraint.
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4.1.2 Massive Deformation of the ABJM Model

ABJM model has a massive deformation which was introduced in the paper [23].

Contrary to the massive deformation of BFSS model namely the BMN model [2],

which preserves part of supersymmetry this [24] massive deformation preserves all

the supersymmetry of the ABJM theory. Massive deformation of the ABJM model

admit fuzzy spheres as vacuum solutions, which has implications in type II A string

theory as well as in AdS/CMT (Condensed Matter Theory) correspondence [23, 24].

As both of the topics are beyond the scope of this thesis, we will not elaborate on

them any further here.

Consider the splitting of the complex scalar fields in two sets CI → (Qα, Rα), (α :

1, 2). This will facilitate to introduce as we will see shortly mass deformation terms.

This breaks the original SU(4)× U(1) global symmetry down to SU(2)× SU(2)×
U(1) × Z2. α index on Qα transforms under the first SU(2) factor while α index

on Rα via the second SU(2) factor. We write the bosonic part of the mass deformed

action as

Lbosonic =
k

4π
εµνλ Tr

(
Aµ∂νAλ +

2i

3
AµAνAλ − Âµ∂̂νÂλ −

2i

3
ÂµÂνÂλ

)
−Tr

(
DµC

†
ID

µCI
)
− Tr |DµQ

α|2 − Tr |DµR
α|2 − V

(4.35)

where V = Tr(|Mα|2 + |Nα|2) and

Mα = µQα +
2π

k
(2Q[αQ†βQ

β] +RβR†βQ
α −QαR†βR

β + 2QβR†βR
α − 2RαR†βQ

β) ,

(4.36a)

Nα = −µRα +
2π

k
(2R[αR†βR

β] +QβQ†βR
α −RαQ†βQ

β + 2RβQ†βQ
α − 2QαQ†βR

β) ,

(4.36b)

In 4.36a and 4.36b, we used the notation

Q[αQ†βQ
β] := QαQ†βQ

β −QβQ†βQ
α (4.37a)

R[αR†βR
β] := RαR†βR

β −RβR†βR
α (4.37b)

Massive deformation terms in the potential breaks the SU(4) × U(1)B global sym-

metry down to SU(2)×SU(2)×U(1)A×U(1)B×Z2. Here the 1st copy of SU(2)

acts on Qα’s while the 2nd on Rα’s. Qα, Rα have the charges +1,−1 under U(1)A,

which they have both +1 charge under U(1)B.
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Since the potential V is positive definite, the ground states of the mass deformed

ABJM model can be found by setting the potential V in (4.35) to zero. To satisfy this

requirement, we need to have

Mα = 0 = Nα (4.38)

There are two immediate solutions to these equations (4.38). These are provided

by [38]

i)Rα =cGα , Qα = 0 , (4.39a)

or

ii)Rα =0 , Qα† = cGα , (4.39b)

where Gα satisfies

Gα = GαG†βG
β −GβG†βG

α. (4.40)

It is easy to calculate the value of c. Lets us insert (4.39a) into (4.36b). SinceQα = 0,

we only have the first two term, summing in (4.36b), these yields

Nα = −µRα +
2π

k
(2R[αR†βR

β])

= −µcGα +
2π

k
(2c3G[αG†βG

β])

= −µcGα +
2π

k
(2c3(GαG†βG

β −GβG†βG
α))

= −µcGα +
2π

k
(2c3Gα)

= (−µ+
4π

k
c2)cGα

(4.41)

Thus, to satisfy (4.38) we have c = 0 or c =
√

kµ
4π

. If we choose c = 0, (4.39)

becomes the trivial solution. Thus, we have c =
√

kµ
4π

.

Note that, we should also write an explicit solution for the equation defining the

matrices Gα (4.40) A potential solution of (4.40) is known as the GRVV-algebra

due to Gomis, Rodriguez-Gomez, Van Raamsdonk and Verlinde [38] and is given as

follows

(G1)mn =
√
m− 1 δm,n ,

(G2)mn =
√
N −mδm+1,n ,

(G†1)mn =
√
m− 1 δm,n ,

(G†2)mn =
√
N − n δn+1,m ,

(4.42)
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(4.42) is a possible solution of (4.40). It is a representation of the Gα matrices known

as the GRVV algebra. Note that all Gα, G†α are N ×N -matrices. To check that (4.42)

satisfies (4.40), we can perform an easy calculation. Lets check (4.40) with G1 from

(4.42). We have

(G1)mn
?
= (G1(G†1G

1 +G†2G
2))mn − ((G1G†1 +G2G†2)G

1)mn ,

= (G1)mk(G
†
1G

1 +G†2G
2)kn − (G1G†1 +G2G†2)mlG

1
ln ,

= (G1)mk(G
†
1kpG

1
pn +G†2kqG

2
qn)− (G1

mλG
†
1λl +G2

mαG
†
2αl)G

1
ln ,

=
√
m− 1 δm,k(

√
k − 1δk,p

√
p− 1δp,n +

√
N − q δq+1,k

√
N − q δq+1,n) ,

− (
√
m− 1 δm,λ

√
λ− 1 δλ,l +

√
N −mδm+1,α

√
N − l δl+1,α)

√
l − 1 δl,n ,

=
√
m− 1 δm,k(

√
k − 1δk,n

√
n− 1 +

√
N − k + 1

√
N − k + 1 δk,n) ,

− (
√
m− 1 δm,l

√
l − 1 +

√
N −mδm+1,l+1

√
N − l)

√
l − 1 δl,n ,

=
√
m− 1(δm,n

√
n− 1

√
n− 1 + (N − n+ 1)δm,n ,

− (
√
m− 1 δm,n

√
n− 1 +

√
N −mδm+1,n+1

√
N − n)

√
n− 1 ,

=
√
m− 1(δm,n(n− 1) + (N − n+ 1)δm,n ,

− ((m− 1)δm,n + (N −m+ 1) δm,n)
√
n− 1 ,

=
√
m− 1(N − 1)δm,n − (N)

√
m− 1δm,n ,

=
√
m− 1δm,n ,

= (G1)mn.

(4.43)

One can check that the rest of the equations are also satisfied by using a similar

approach.

We may also note that since Qα and Rα are bifundamental complex scalar fields w.r.t

to the SU(N)×SU(N) gauge symmetry, we may expect that GαG†β is in the adjoint

of the first SU(N) gauge group while G†αG
β is in the adjoint of the second SU(N)

gauge group. To see how this may works, we look at

i) GG† bilinears:

(G1G†1)mn = (m− 1) δm,n

(G2G†2)mn = (N −m) δm,n

(G1G†2)mn =
√

(m− 1) (N −m+ 1) δm,n+1

(G2G†1)mn =
√

(N −m)mδm+1,n

(4.44)
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and we also have

(GαG†α)mn = (G1G†1 +G2G†2)mm

= (G1G†1)mn + (G2G†2)mm

= (m− 1)δm,n + (N −m)δm,n

= (N − 1)δm,n

(4.45)

Defining Jαβ = GαGβ
† we can find

[Jαβ, J
γ
ζ ] = δγβJ

α
ζ − δαζJγβ (4.46)

(4.46) are the commutation relations for U(2). The traceless part of Jαβ is

Ĵαβ = Jαβ −
1

2
Jδαβ , (4.47)

where J = Jαα. To see that (4.47) yields the conventional SU(2) algebra we may

write

Ji = (σTi )
α

βJα
β = (σi)β

αJα
β (4.48)

This gives

[Ji, Jj] =
[
(σi)β

αJα
β, (σj)ζ

γJγ
ζ
]

= 2iεijkJk. (4.49)

We may also note that

J = Jαα = (N − 1)1N (4.50)

is a trivial representation of U(1) which commutes with all Jαβ i.e [J, Ji] = 0, so J is

in the center of U(2). We may indicate this U(1) as U(1) ' U(2)/SU(2).

ii) G†G bilinears:

(G†1G
1)mn = (m− 1) δm,n

(G†2G
2)mn = (N −m+ 1) δm,n −N δm,1δn,1

(G†1G
2)mn =

√
(m− 1)(N −m) δm+1,n

(G†2G
1)mn =

√
(m− 2)(N −m+ 1) δm,n+1

(G†αG
α)mn = Nδmn −Nδm,1δn,1

(4.51)

We may define the bilinear J̄i
β

= G†αG
β . Performing a calculation similar to that in

(4.46), this gives

[J̄β
α
, J̄ν

µ
] = δµβ J̄ν

α − δαν J̄β
µ (4.52)
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The traceless part is ˆ̄Jαβ = J̄β
α − 1

2
J̄δαβ , where J̄ = J̄α

α. With

J̄i = (σTi )αβ J̄α
β

= (σi)
α
β J̄

β
α (4.53)

we find, the SU(2) commutation relations,

[J̄i, J̄j] = 2iεijkJ̄k (4.54)

Note that the trace part, J̄ does carry the trivial representation of U(1) in this case.

Instead, we have

(J̄α
α
)mn = (J̄)mn = Nδmn −Nδm,1δn,1 (4.55)

We may note that [J̄ , J̄i] = 0, however J̄ is not in the center of U(2) since J̄ does not

commute with J1
2 and J2

1 .These results have some consequences which are not going

to relevant for the discussions of the rest of this thesis.

(4.48) and (4.53) show that GRVV algebra has two copies of SU(2) i.e SO(4) '
SU(2)× SU(2) however it turns out that Ji and J̄i are not independent and what we

have is essentially a single SU(2) and therefore a fuzzy sphere. Further details has to

presented to prove this , which are beyond the scope for our purposes in this thesis.

Details may be found in [23].

4.1.3 Dimensional reduction of the Mass Deformed ABJM Model

The procedure for calculating the dimensional reduction of the mass deformed ABJM

matrix model is similar to the case without the mass deformation. From Sreduced

in(4.11) and using CI → (Rα, Qα), we may write the reduced action

Sreduced = N

∫
dt
k

4π
εij Tr

(
−XiẊj + X̂i

˙̂
Xj

)
− Tr

(
DiQ

α†DiQ
α
)
− Tr

(
DiR

α†DiR
α
)

+ Tr
(
D0Q

α†D0Q
α
))

+ Tr
(
D0R

α†D0R
α
)
− Tr

(∣∣M2
∣∣+
∣∣N2

∣∣)
(4.56)

whereA0 = 0 = Â0 gauge is already fixed and the fields have solely time dependence

after dimensional reduction. What happens to the Guass law constraints? We have

from (4.17) that
k

4π
[X1, X2] + Q̇αQα† −QαQ̇α† + ṘαRα† −Rα ˙Rα† = 0 ,

− k

2π
[X̂1, X̂2]−Qα†Q̇α + Q̇α†Qα −Rα†Ṙα + ˙Rα†Rα = 0 ,

(4.57)
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We now proceed to calculate the Hamiltonian and the Hamilton equation of motions

for dimensionally reduced Mass Deformed ABJM matrix model.

4.1.4 Hamiltonian of the Dimensionally reduced Mass Deformed ABJM Model

The action of the reduced system is given in (4.56). The associated Lagrangian den-

sity can be read off by nothing that Sreduced =
∫
dtTrL, where Lreduced = TrL is

the Lagrangian.

Ingeneral we may express the corresponding Hamiltonian density

H =
∑
i

Pqi q̇i − L (4.58)

and the Hamiltonian as H := TrH = Tr piq̇i − TrL, where qi’s are the generalized

coordinates and pi are the associated conjugate momenta.

For the mass deformed ABJM model, (4.58) gives the Hamiltonian density,

H = PQαQ̇α + PQα†
˙Qα† + PRαṘα + PRα†

˙Rα† + PXiẊi + PX̂i
˙̂
Xi − L (4.59)

The conjugate momenta’s are given as

PXi =
∂L

∂Ẋi

= − k

4π
εijXj

PX̂i =
∂L

∂
˙̂
Xi

=
k

4π
εijX̂j

PQα =
∂L

∂Q̇α
= ˙Qα†

PQα† =
∂L

∂ ˙Qα†
= Q̇α

PRα =
∂L

∂Ṙα
= ˙Rα†

PRα† =
∂L

∂ ˙Rα†
= Ṙα

(4.60)
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If we combine 4.60 and 4.59 with the reduced Lagrangian of the system , we obtain

H = PQαQ̇α + PQα†
˙Qα† + PRαṘα + PRα†

˙Rα† + PXiẊi + PX̂i
˙̂
Xi − L ,

= PQαPQα† + PQα†PQα + PRαPRα† + PRα†PRα −
k

4π
εijXjẊi +

k

4π
εijX̂j

˙̂
Xi − L ,

= PQαPQα† + PQα†PQα + PRαPRα† + PRα†PRα −
��

�
��
�k

4π
εijXjẊi ,

+
�
��

�
��k

4π
εijX̂j

˙̂
Xi +

�
��

�
��k

4π
εijXiẊj −

�
��

�
��k

4π
εijX̂i

˙̂
Xj ,

− Q̇α†Q̇α − ˙Rα†Ṙα +DiQ
α†DiQ

α +DiR
α†DiR

α ,

+ (|Mα|2 + |Nα|2) ,

=���
��PQαPQα† + PQα†PQα +���

��PRαPRα† + PRα†PRα −����
�PQαPQα† −����

�
PRαPRα† ,

+DiQ
α†DiQ

α +DiR
α†DiR

α + (|Mα|2 + |Nα|2) ,

= PQα†PQα + PRα†PRα +DiQ
α†DiQ

α +DiR
α†DiR

α +MαMα† +NαNα†

(4.61)

Note that H does not have any Xi, X̂i or PXi , PX̂i as the Hamiltonian for the Chern-

Simons part of the action is vanishing [39].

4.1.5 Hamilton Equations of Motion

In (4.61), we calculated the Hamiltonian of the system. Since it is somewhat non-

trivial to obtain the associated Hamilton’s equations of motion and although we will

not use them directly, we give a derivation of them here, with details relocated to the

appendices A. They are defined as

Ẋi =
∂H

∂PXi
= 0 ,

˙̂
Xi =

∂H

∂PX̂i
= 0 (4.62a)

Q̇α =
∂H

∂PQα
= PQ†α ,

˙
Q†α =

∂H

∂PQ†α
= PQα (4.62b)

Ṙα =
∂H

∂PRα
= PR†α ,

˙
R†α =

∂H

∂PR†α
= PRα (4.62c)
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The rest of the equations given by

ṖXi = − ∂H
∂Xi

, ṖX̂i = − ∂H
∂X̂i

(4.63a)

ṖQi = − ∂H
∂Qi

, ṖQ†i
= − ∂H

∂Q†i
(4.63b)

ṖRi = − ∂H
∂Ri

, ṖR†i
= − ∂H

∂R†i
(4.63c)

The equations given in (4.63) are not trivial like in (4.62). The explicit calculations

are given in appendix A, the final form of the equations are

ṖXi = i
(
(DiQ

α)Q†α −Qα(DiQ
†
α) + (DiR

α)R†α −Rα(DiR
†
α)
)T

(4.64a)

ṖX̂i = i
(
−Q†α(DiQ

α) + (DiQ
†
α)Qα −R†α(DiR

α) + (DiR
†
α)Rα

)T
(4.64b)

ṖQγ = −
(
i[(DiQ

†
γ)Xi − X̂i(DiQ

†
γ)] + µM †

γ +
2π

k
[2Q†αM

αQ†γ (4.64c)

− 2Q†γM
αQ†α + 2Q†βQ

βM †
γ + 2MαQ

αQ†γ − 2Q†γQ
αMα

†

− 2M †
γQ

βQ†β +M †
γR

βR†β −R†βRβM †
γ + 2R†γQ

αM †
α − 2M †

αR
αR†γ

+Q†γR
αN †α −N †αRαQ†γ + 2N †γR

βQ†β − 2Q†βR
βN †γ

+Q†γN
αR†α −R†αNαQ†γ + 2R†γN

αQ†α − 2Q†αN
αR†γ]

)T
ṖQ†γ = −

(
i[(DiQγ)X̂i −Xi(DiQγ)] + µMγ +

2π

k
[2QγQ†αM

α

+ 2MγQ†βQβ − 2QβQ†βMγ − 2MαQ†αQ
γ + 2QγMα

†Qα

− 2QαM †
αQ

γ +RβR†βMγ −MγR†βR
β + 2MαR

†
αR

γ − 2RγR†αM
α

+RαN †αQ
γ −QγN †αR

α + 2QγN †αR
γ − 2RγN †αQ

α

+NαR†αQ
γ −QγR†αN

α + 2QβR†βN
γ − 2NγR†βQ

β]

)T
ṖRγ = −

(
i[(DiR

†
γ)Xi − X̂i(DiR

†
γ)]− µN †γ +

2π

k
[2Q†γM

αR†α (4.64d)

− 2R†αM
αQ†γ + 2M †

γQ
βR†β − 2R†βQ

βMγ
† +R†γM

αQ†α

−Q†αMαR†γ +R†γQ
αM †

α −M †
αQ

αR†γ +R†βR
βN †γ +N †γR

γR†β

−R†γRαN †α −N †γRβR†β +N †γQ
βQ†β −Q†βQβN †γ + 2Q†γQ

αN †α

− 2N †αQ
αQ†γ +R†αN

αR†γ −R†γNαR†α]

)T
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ṖR†γ = −
(
i[(DiRγ)X̂i −Xi(DiRγ)]− µNγ +

2π

k
[MαQ†αR

†
γ (4.64e)

−RβQ†βM
γ + 2RγQ†αM

α − 2RβQ†βM
γ +QαM †

αR
γ

−RγM †
αQ

α + 2RαM †
αQ

γ − 2QγM †
αR

α +RγN †γR
α −RαN †αR

γ

+NγR†βR
β −RβR†βN

γ −NαR†αR
γ +QβQ†βN

γ

−NγQ†βQ
β + 2NαQ†αQ

α − 2QγQ†αN
α +RαR†αN

α]

)T

4.2 Ansatz I and the Effective action

In this chapter, we will consider two different ansatz configurations involving the

GRVV matrices and satisfying the Gauss law constraints. Both of these ansatz config-

urations involve collective time-dependence which are introduced via real functions

of time. The first configurations we study is given as

Xi = α(t)diag((ai)1, (ai)2, ..., (ai)N)

X̂i = β(t)diag((bi)1, (bi)2, ..., (bi)N)
(4.65)

where (ai)K ,(bi)K for (i = 1, 2) and (K = 1, 2, ..., N) are constants. Thus Xi and

X̂i are taken as diagonal matrcies Qi and Ri are given as

Qα = φα(t)Gα, Rα = 0 (4.66)

where no sum over on the repeated index α is implied in (4.65) and (4.66) all. φα(t),

α(t), β(t) are real functions of time. After calculating the e.o.m. for α(t) and β(t),

we find that the coupled equation have only one possible solution which is the trivial

solution, i.e. α(t) = β(t) = 0. This result is provided in the appendix B. Therefore

setting Xi and X̂i to zero and writting (4.66) in the action (4.56) and performing the

traces over the GRVV matrices at the level of N×N matrices, we obtain the reduced

system’s Lagrangian

LN =N2(N − 1)
(1

2
φ̇2

2
+

1

2
φ̇1

2 − 1

2
µ2(φ2

1 + φ2
2)−

8πµ

k
φ2
2φ

2
1 −

8π2

k2
φ4
2φ

2
1 −

8π2

k2
φ2
2φ

4
1

)
(4.67)
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The corresponding Hamiltonian is

HN(φ1, φ2, pφ1 , pφ2) =
p2φ1

2N2(N − 1)
+

p2φ2
2N2(N − 1)

+N2(N − 1)

(
1

2
µ2(φ2

1 + φ2
2) +

8πµ

k
φ2
2φ

2
1 +

8π2

k2
φ4
2φ

2
1 +

8π2

k2
φ2
2φ

4
1

)
=:

p2φ1
2N2(N − 1)

+
p2φ2

2N2(N − 1)
+ VN(φ1, φ2)

(4.68)

where VN(φ1, φ2) denotes the potential of this reduced system. For k > 0 we also

see that VN(φ1, φ2) is positive definite, while for k < 0 and the maximum value

of VN(φ1, φ2) is negative. To explore the dynamics of the model, we calculate the

Hamiltonian’s equations of motion. These take the form

φ̇1 −
pφ1

N2(N − 1)
= 0 , (4.69a)

φ̇2 −
pφ2

N2(N − 1)
= 0 , (4.69b)

ṗφ1 +N2(N − 1)

(
µ2φ1 +

16πφ1φ
2
2

k
+

16π2φ1φ
4
2

k2
+

32π2φ3
1φ

2
2

k2

)
= 0 , (4.69c)

ṗφ2 +N2(N − 1)

(
µ2φ2 +

16πφ2
1φ2

k
+

16π2φ4
1φ2

k2
+

32π2φ2
1φ

3
2

k2

)
= 0. (4.69d)

For concreteness, we will first consider the configuration with µ2 = 1 and k = 1.

We will continue to keep µ2 = 1 but remark upon the the impact of other k values of

these parameters on the dynamics later on.

In order to gain some immediate information on the system, it is useful to explore its

fixed points and also investigate the stability of the system around these points at the

linear level. Fixed points of a Hamiltonian system are defined as stationary points in

the phase space, i.e. [26]

(φ̇1, φ̇2, ˙pφ1 , ˙pφ2) = (0, 0, 0, 0) (4.70)

If we combine (4.70) and (4.69), it leads to four algebraic equations, two of which

are trivially satisfied by taking (pφ1 , pφ2) ≡ (0, 0). The remaining two gives us two

coupled algebraic equations which are

N2(N − 1)
(
φ2 + 16πφ2φ

2
1 + 16π2φ2φ

4
1 + 32π2φ3

2φ
2
1

)
= 0 (4.71a)

N2(N − 1)
(
φ1 + 16πφ2

2φ1 + 16π2φ4
2φ1k

2 + 32π2φ2
2φ

3
1

)
= 0 (4.71b)

The only real solution of this system is the trivial solution,

(φ1, φ2) ≡ (0, 0) (4.72)
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Thus the only fixed point of this Hamiltonian system is given as

(φ1, φ2, pφ1 , pφ2) ≡ (0, 0, 0, 0). (4.73)

Clearly the corresponding fixed point energy of the system is 0, i.e. we haveEF (0, 0, 0, 0) =

0.

To continue our analysis, let us inspect linear stability of the system around this fixed

point in order to determine whether it is a stable or unstalbe fixed point.

A similar such as analysis was performed for the mass deformed BFSS model in

section 3.1.1 and we follow the same procedure outlined there in what follows. For

simplicity, let us introduce the notation

(q1, q2, q3, q4) ≡ (φ1, φ2, pφ1 , pφ2) (4.74)

From qα and q̇α, we may form the Jacobian matrix

J ≡ [J ]αβ =
∂q̇α
∂qβ

(4.75)

whose eigenvalues will allow us to determine structure at the fixed point (0, 0, 0, 0).

The eigenvalues of J(0, 0, 0, 0) are given as {0, 0,−i
√

2, i
√

2}. As we discussed

in [26], a fixed point is unstable if all the real eigenvalues are negative. Similarly, all

the eigenvalues can be purely imaginary. In that case, the stability analysis is incon-

clusive. Since the eigenvalues are non-negative and purely imaginary, our stability

analysis is inconclusive. The fixed point is a borderline type at the certain level. We

will not perform a more detailed analysis however.

4.3 Chaotic Dynamics

4.3.1 Lyapunov spectrum

We have already introduced meaning the Lyapunov exponent at the beginning of this

thesis. Similarly to the Yang-Mills matrix model, treated in chapter 3 in order to ob-

tain the Lyapunov spectrum for our models we run a Matlab code, which numerically

solves the Hamilton’s equations of motion given in (4.69) as different matrix levels.

In particular we compute HN at (N : 5, 10, 15, 20, 25) at several different values of
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the energy. We run the code 40 times with randomly selected initial conditions satis-

fying a given energy and calculate the mean of the time series from all runs for each of

the Lyapunov exponents at each value of N . In order to give certain effectiveness to

the random initial condition selection process we developed a simple approach which

we briefly explain next. Let us denote a generic set of initial conditions at t = 0

by (φ1(0), φ2(0), pφ1(0), pφ2(0)). First of all, we generate four random numbers and

denote three of them as ωi (i = 1, 2, 3) and define Ωi = ωi√
ω2
i

√
E where E is the

energy of the system. Lets denote the last random number as ω4. Clearly, we have∑3
i=1 Ω2

i = E. With the help of this relation and the energy functiıonal i.e. Hamil-

tonian given in (4.68), in fact, we can construct an algorithm for the selection of the

initial conditions. Recall that we have

EN(φ1, φ2, pφ1 , pφ2) =
p2φ1

2N2(N − 1)
+

p2φ2
2N2(N − 1)

+ VN (4.76)

Taking for instance, Ω2
1 =

p2φ1
2N2(N−1) , Ω2

2 =
p2φ2

2N2(N−1) and Ω2
3 = VN . We select the

initial conditions for pφ1(0) and pφ2(0) as

pφ1(0) = ±N
√

(N − 1)Ω2
1 pφ2(0) = ±N

√
(N − 1)Ω2

2 (4.77)

Finally we need to select either φ1(0) or φ2(0) as ω4. Since VN is invariant under

φ1 ↔ φ2 exchange, which pne we select randomly is immaterial. In our calculations,

we take φ2(0) = ω4. Then φ1(0) will be the solution of

VN (φ1(0), ω4)− Ω2
3 = 0 (4.78)

For some values of ω4, (4.78) may not have a real solution. However the code runs

until it finds a non-emty solution set.

4.3.2 Dependence of the Largest Lyapunov Exponent on Energy

In order to see the dependence of the mean largest Lyapunov exponent(MLLE), (de-

noted as λL in the figures and the tables) to energy, we look at a broad range of

energies and see if this is consistent with our expectations. Since we are already

working in the ’t Hooft limit, it is useful to consider λL versus E/N2 to catch the

main features of chaotic dynamics.

Case i) k ≥ 1 and µ = 1, we find that E/N2 range as 0 : 2 : 100 and 0 : 10 : 500
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depending on the value of N and k. Clearly, from figure:(4.1),(4.2), we can say that

our fitting curve almost perfectly passes through all the data points when E/N2 range

is equal to 0 : 2 : 100. We also find that when N = 25, 0 : 10 : 500 scale gives

much better results. Furthermore, we also show the possible effects of changing the

value of k at fixed value of N . In figure 4.3, we take N = 10 as fixed and changed k

as k = 1, 5, 10. When k = 1, and E/N2 range is 0 : 2 : 100 scale is enough to see

the pattern. However for k = 5, 10, we have to increase the energy scale for seeing a

better picture.

(a) N = 5 (b) N = 15

(c) N = 25

Figure 4.1: Lyapunov spectra and best fitting curves in the form λL = αN( E
N2 )1/3(see

the discussion in section 4.3.3 ) at k = 2 and µ = 1 for ansatz I
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(a) N = 5 (b) N = 10

(c) N = 15 (d) N = 20

(e) N = 25

Figure 4.2: Lyapunov spectra and best fitting curves in the form λL = αN( E
N2 )1/3(see

the discussion in section 4.3.3) at k = 1 and µ = 1 for ansatz I
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(a) k = 1 (b) k = 5

(c) k = 10

Figure 4.3: Lyapunov spectra and best fitting curves in the form λL = αN( E
N2 )1/3(see

the discussion in section 4.3.3) for N = 10 at k = 1, 5, 10

Case ii) k ≤ −1 and µ = 1, in this case, we find that if we take E/N2 range as

0 : 10 : 500, it works perfect almost for all N values. Clearly, from figure:(4.4),(4.5),

we can say that our fitting curve almost perfectly passes through all the data points

when E/N2 range is equal to 0 : 10 : 500.
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(a) N = 5 (b) N = 10

(c) N = 15 (d) N = 20

(e) N = 25

Figure 4.4: Lyapunov spectra and best fitting curves in the form λL = αN( E
N2 −

γN)1/3(see the discussion in section 4.3.3) at k = −1 and µ = 1 for ansatz I
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(a) N = 5 (b) N = 15

(c) N = 25

Figure 4.5: Lyapunov spectra and best fitting curves in the form λL = αN( E
N2 −

γN)1/3(see the discussion in section 4.3.3) at k = −2 and µ = 1 for ansatz I

4.3.3 Temperature dependence of the Lyapunov Exponent

In [12] temperature dependence of the Largest Lyapunov exponent of the BFSS model

in the ’t Hooft limit was determined using dimensional analysis. In [26] this approach

was also followed for the mass deformed BFSS model. These results we discussed in

chapter 3 to this thesis. For the present matrix model which we have obtained by di-

mensionally reducing the mass deformed ABJM model to 0+1 dimensions, a similar

analysis can be performed.

Firstly, we may expect that λL ∝ (λt′HooftT )α where α is a constant that needs to be

determined. Next, note that in section 4.1.1, we have introduced the λ′tHooft for this
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ABJM matrix model as λ′tHooft = N
V2

where V2 is the volume of the 2-dimensional

space we have integrated over in going from 2+1 to 0+1 dimensions. Clearly, λt′Hooft

has a dimension of [Length]−2, we already know that each of λL and T have a di-

mension of [Length]−1. Putting these fact together [L]−1 = [L−2L−1]α = [L−3]α and

therefore we find α = 1/3.

Like in 4.3.3, we use of the virial and equipartition theorems to introduce the tem-

perature depence. First, let us start with counting the total number of degrees of

freedom of dimensionally reduced mass deformed ABJM matrix model to proceed,

we count the number of degrees of freedom (d.o.f.) of the involved complex valued

matrices. Recall that each N × N complex matrix has 2N2 degrees of freedom. In

case of Hermitian matrices, we have N2 degrees of freedom; due to the Hermiticity

requirement the number of d.o.f. is cut by half. In (4.56), Xi and X̂i are N × N

hermitian matrices and i = 1, 2. This is 4N2 d.o.f in total. Furthermore, Qα and

Rα are N × N complex matrices and α = 1, 2. Since the Hermitian conjugates do

not contribute any additional degrees of freedom, we have four independent com-

plex valued N × N matrices and contributing 8N2 d.o.f.. Therefore, the number of

degrees of freedom of the system without any constraints is 4N2 + 8N2 = 12N2.

However, we have already discussed that the mass deformed ABJM matrix model

has SU(2) × SU(2) × U(1) × U(1) × Z2 symmetry. Each SU(2) contributes to

nd.o.f. = 3 and each U(1) to nd.o.f. = 3 and nd.o.f. = 1, respectively. Moreover, the

Gauss law constraint given in (4.17) imposes 2N2 independent conditions. Therefore

the independent degrees of freedom drops down to 12N2 − 2N2 − 8 = 10N2 − 8.

For ansatz I, since Xi and X̂i are affectively zero (See the discussion in appendix

B) and due to the fact that Rα = 0 in this ansatz, we need to substract another 4N2

d.o.f. due to Xi, X̂i and another 4N2 for Rα = 0. Nevertheless the Gauss law gives

only N2 conditions since Rα are clearly zero. Therefore the total number of d.o.f. is

10N2 − 8− 8N2 +N2 = 3N2 − 8. Therefore we have

〈K〉 = (3N2 − 8)T (4.79)
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Table 4.1: Numerical values of coefficients αN for AnsatzI for k = 1 and µ = 1.

N = 5 N = 10 N = 15 N = 20 n = 25

αN 0.9522 0.713 0.6092 0.5448 0.499

Tc 0.1022 0.0662 0.0523 0.0442 0.0388

Table 4.2: Numerical values of coefficients αN and Tc values for AnsatzI for k = 2

and µ = 1.

N = 5 N = 15 N = 25

αN 0.7845 0.4788 0.3958

Tc 0.0764 0.0364 0.0274

For largeN , we may take nd.o.f. ≈ 3N2. Lets apply the virial theorem to VN in (4.68),

we have

〈2K〉 = 〈2V 〉+ 2N2(N − 1)

(
8πµφ2

2φ
2
1

k
+

16π2φ4
2φ

2
1

k2
+

16π2φ2
2φ

4
1

k2

)
=: 〈2V 〉+ Ṽ (φ1, φ2)N (4.80)

where the first line involves the definition of Ṽ (φ1, φ2)N .

The minimum of the Ṽ (φ1, φ2)N given as

Min (V ′(φ1, φ2)N) =

0 if k and µ have the same signs

N2(N−1)kµ3
27π

if k and µ have a different signs
(4.81)

Case i) k ≥ 1 and µ = 1, we can say that K ≥ V . This implies that we have

〈E〉 ≤ nd.o.fT . In the large N limit using (4.79), this reduces to 〈E〉 ≤ 3N2T .

Therefore, we may write
E

N2
≤ 3T . (4.82)

In view of (4.82), we examine the best fit curves of the form

λL = αN

(
E

N2

)1/3

(4.83)

to the λL versus E
N2 data given in figure 4.2 and figure 4.1 forN = 5, 10, 15, 20, 25 for

k = 1 and k = 2 cases. First discuss the MSS bound for this case k ≥ 1 and µ = 1.
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Table 4.3: Numerical values of coefficients αN and Tc values forAnsatzI forN = 10

at k = 1, 5, 10.

k = 1 k = 5 k = 10

αN 0.6453 0.4168 0.3338

Tc 0.0570 0.0296 0.0212

αN values obtained from the fitting curves are given in the tables 4.1 and 4.2. We are

now in a position to compare and relate our result to the MSS bound λL ≤ 2πT on

the Largest Lyapunov exponent for quantum chaos. This band was discussed briefly

in chapter 2 in section 2.3.2 and is conjectued to be satisfied in systems which are

holographically dual to gravity. ABJM theory has a gravity dual too, and this is

discussed in some detail fo instance in [24]. Therefore, we may expect that MSS

bound should hold for quantum chaotic dynamics in ABJM model too.Nevertheless,

on treatment of the ABJM matrix model in the present chapter is classical and this can

only approximate the quantum dynamics at sufficiently high temperatures. In other

words, we should eventually be expect that the MSS bound violated for the present

model at low enough temperatures. Indeed using (4.82) and (4.83) we find that there

is a critical temperature which we may denote as Tc which is given by solving the

equation

αN(3T )1/3 = 2πTc (4.84)

which yields

Tc =
√

3(
αN
2π

)3/2. (4.85)

We understand that for T ≥ Tc on present model is in agreement with the MSS bound

on λL, which for T ≤ Tc, there is a temperature at and below which MSS bound will

be violated. Thus, we may say that Tc is an upper bound for the critical temperature at

or below which MSS bound will eventually be violated by our model. Critical values

of the temperature for the models at different matrix levels are given in the tables 4.1,

4.2 and 4.3. We observe from these tables that with increasing matrix size Tc values

tend to decrease. This is agreed with the fact that ’t Hooft limit is better approaches

with increasing matrix size.
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Table 4.4: Numerical values of coefficients αN for AnsatzI for k = −1 and µ = 1.

n = 5 n = 10 n = 15 n = 20 n = 25

αN 0.9435 0.634 0.5536 0.5022 0.4652

γN 0.0236 0.0531 0.0825 0.1120 0.1415

Tc 0.0805 0.0555 0.0453 0.0391 0.0349

Table 4.5: Numerical values of coefficients αN for AnsatzI for k = −2 and µ = 1.

n = 5 n = 15 n = 25

αN 0.6994 0.4519 0.365

γN 0.0472 0.165 0.283

Tc 0.0643 0.0334 0.0244

Case ii) k ≤ −1 and µ = 1. In this case the potential Ṽ (φ1, φ2)N is not pos-

itive definite as already noted. Furthermore we just saw that Min
(
ṼN(φ1, φ2)

)
=

N2(N−1)kµ3
27π

≤ 0, since µ and k have different signs. Adding and subtracting |Min(V ′2)|
to the (4.80), we get

〈2K〉 = 〈2V 〉+ Ṽ2(φ1, φ2) +
∣∣∣Min(Ṽ2)

∣∣∣︸ ︷︷ ︸
≥0

−
∣∣∣Min(Ṽ2)

∣∣∣, (4.86)

which implies that

〈K〉 ≥ 〈V 〉 − 1

2
|Min(V ′2)| , (4.87)

Since we habe E = K + V , so we may write

E = K + V − 1

2
|Min(V ′2)|︸ ︷︷ ︸

≤nd.o.f.T

+
1

2
|Min(V ′2)| (4.88)

and conclude using K = 1
2
nd.o.f.T and infering 4.87 that K + V − 1

2
|Min(V ′2)| ≤

nd.o.f.T . Thus we have,

E − 1
2
|Min(V ′2)|
N2

≤ nd.o.f.T

N2
(4.89)

69



In Ansatz I, for sufficiently large N, we have nd.o.f. ≈ 3N2. This gives

E − 1
2
|Min(V ′2)|
N2

≤ 3T (4.90)

E

N2
− γN ≤ 3T , γN =

|Min(V ′2)|
2N2

(4.91)

Take this results into consideration, we conjecture that the best form of the fit curve

may be picked in this form

λN = αN

(
E

N2
− γN

)1/3

(4.92)

Using this for the fitting to λ
N

versus E
N2 data given figure (4.4) forN = 5, 10, 15, 20, 25

and figure (4.5) for N = 5, 15, 25, we obtained the curves in these figures. By the

same line of reasoning as in the previous case we find from 4.91 and 4.92 that the

critical temperature is given as Tc =
√

3(αn
2π

)3/2. The corresponding values are given

in table 4.4 and 4.5.

Finally it is also interesting to note that in both case i) and case ii) Tc values decrease

not only with increasing values of N but also with increasing values of |k| too.

4.4 Ansatz II

We would like to introduce another ansatz configuration with non-zero Rα and Qα

matrices. Again we will use GRVV matrices as a core element of the Ansatz II, and

multiply them with two different collective time-dependent functions. Our choice is

given as

Q1 = q(t)G1 , R1 = r(t)G1 , Q2 = q(t)G2 , R2 = r(t)G2 (4.93)

We continue to use Xi and X̂i arbitrary diagonal matrices in the form (4.17). In a

manner quite similar to that outlined for ansatz I in section 4.2, calculating the e.o.m.

for α(t) and β(t), we find that only solution is α(t) = β(t) = 0. Thus we simply

have Xi = 0 = X̂i.

Substituting the matrix configuration 4.93 to the action (4.56), we perform the trace

over the GRVV matrices, we obtain the effective Lagrangian in terms of q(t) and r(t)
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is given as

L(N) = N2(N − 1)

(
q̇(t)2 + ṙ(t)2 − µ2q(t)2 − µ2r(t)2 − 8πµ

k
q(t)4 +

8πµ

k
r(t)4

+
12π2

k2
q(t)4r(t)2 +

12π2

k2
q(t)2r(t)4 − 16π2

k2
q(t)6 − 16π2

k2
r(t)6

)
(4.94)

The corresponding Hamiltonian is

H(N) =
pq(t)

2

4N2(N − 1)
+

pr(t)
2

4N2(N − 1)
+N2(N − 1)

(
µ2q(t)2 + µ2r(t)2 +

8πµ

k
q(t)4

−8πµ

k
r(t)4 − 12π2

k2
q(t)4r(t)2 − 12π2

k2
q(t)2r(t)4 +

16π2

k2
q(t)6 +

16π2

k2
r(t)6

)
:=

p2q
4N2(N − 1)

+
p2r

4N2(N − 1)
+ VN(q, r) ,

(4.95)

where VN(q, r) is the effective potential defined by the relevant terms in the first line

of 4.95.

Let us first note that the potential is not positive definite for either k ≥ 0 or k ≤ 0 and

the minimum value of the potential is negative. Furthermore we see that VN(q, r) is

symmetric under the exchage of q and r. From the form of the potential we observe

that for k − k, two terms which are proportional to 1
k

change sign. But this can be

compensated by exchanging q and r. Thus, we conclude that the dynamics due to this

potential will be independent from the sign of k.

The Hamilton e.o.m. are given as

q̇ − pq
N2(N − 1)

= 0 (4.96a)

ṙ − pr
N2(N − 1)

= 0 (4.96b)

ṗq +N2(N − 1)

(
2µ2q(t) +

32πµ

k
q(t)3 − 48π2

k2
q(t)3r(t)2 (4.96c)

−24π2

k2
q(t)r(t)4 +

96π2

k2
q(t)5

)
= 0

ṗr +N2(N − 1)

(
2µ2r(t)− 32πµ

k
r(t)3 − 24π2

k2
q(t)4r(t) (4.96d)

−48π2

k2
q(t)2r(t)3 +

96π2

k2
r(t)5

)
= 0

We can calculate the fixed points of this system by using (4.70). The first two equa-

tions are trivially satisfied by pq(t) = 0 and pr(t) = 0. The other two fixed points are
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given by the solution of the coupled equations

N2(N − 1)

(
2µ2q(t) +

32πµ

k
q(t)3 − 48π2

k2
q(t)3r(t)2 (4.97a)

−24π2

k2
q(t)r(t)4 +

96π2

k2
q(t)5

)
= 0

N2(N − 1)

(
2µ2r(t)− 32πµ

k
r(t)3 − 48π2

k2
q(t)2r(t)3 (4.97b)

−24π2

k2
q(t)4r(t) +

96π2

k2
r(t)5

)
= 0

As an example we consider the case µ = 1 and k = 1 case. At the values of the

parameter only real solutions of the system (4.97) is given as

(q, r) ≡ (0, 0.317) , (4.98)

therefore the only fixed point is given as

(q, r, pq, pr) ≡ (0, 0.317, 0, 0). (4.99)

The energy corresponding to this fixed point is

E(0, 0.317, 0, 0) ≈ 0.007N2(N − 1) (4.100)

The eigenvalues of the Jacobian matrix at the fixed point is calculated to be

{−0.4427, 0.4427,−3.12i, 3.12i}. Since these include a real positive eigenvalue, we

conclude that (0, 0.317, 0, 0) is an unstable fixed point

4.4.1 Dependence λL on Energy and Temperature

In order to obtain λL at various different energy values, as we did for ansatz I, we solve

the Hamilton’s equation and evaluate λL for 40 randomly selected initial condition

and take the average values. The only difference in Ansatz II is that we take q(0) = 0

initially and take three randomly generated numbers. Then after following a same

steps as in section 4.3.1, we similar procedure, we calculate the initial values of r(0),

pr(0) and pq(0). Using ωi = ωi√
ωi2

√
E, where ωi are randomly selected, we choose

pγ(0) = ±N
√

(N − 1)Ω2
1 pφ(0) = ±N

√
(N − 1)Ω2

2 (4.101)
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and then real roots of

N2(N − 1)

(
µ2r(0)2 − 8πµ

k
r(0)4 +

16π2

k2
r(0)6

)
− Ω2

3 = 0 (4.102)

are used to select r(t) at t = 0, i.e. r(0) value.

Applying the virial theorem we find that

〈2K〉 = 〈2V 〉+N2(N − 1)

(
16πµ

k
q(t)4 − 16πµ

k
r(t)4 − 48π2

k2
q(t)4r(t)2 (4.103)

− 48π2

k2
q(t)2r(t)4 +

64π2

k2
q(t)6 +

64π2

k2
r(t)6

)
:= 〈2V 〉+ Ṽ2(q, r) (4.104)

where Ṽ2(q, r) is defined by the 1st line of (4.103). Evaluating the minimum of

Ṽ2(q, r) we find that it is given as

Min(Ṽ2(q, r)) = −N
2(N − 1)64|kµ2|

135
√

5π
(4.105)

Following the same line of development and steps as in section 4.3.3, we have

E

N2
− γN ≤

nd.o.f.T

N2
(4.106)

where γN = Min(Ṽ2(q,r))
2N2 .

These considerations and the dimensional analysis suggests that we may consider

fitting curves of he form

λL = βN(
E

N2
− γN)1/3 (4.107)

Case i) k = ±1 and µ = 1

For these parameter values it appears sufficient to use E/N2 in the range 0 : 2 : 100.

The data points and the fitting curves are depicted in the Figure 4.6 for the matrix

levels N = 5, 10, 15, 20, 25. We see that there is indeed very good argument between

the data and the fitting curves, with αN values given in the table 4.6.

Case ii) k = ±2, µ = 1

In this case too it is sufficient to focus on the range 0 : 2 : 100 for E/N2. Data points

and fitting curves are given in the figure 4.7 corresponding αN values are listed in

table 4.7.

Case iii) k = ±5,±10 and µ = 1

These cases are given in the figure 4.8 and αN values are given in table 4.8.
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4.4.2 Temperature dependence of λL and comparison with the MSS boumd

Let us first note that in Ansatz II given explicitly by 4.93 we have contrast Ansatz I

in equation 3.5, Rα are no longer zero. Each Rα contributes 2N2 degrees of freedom

in this case is given as nd.o.f. = 7N2 − 8 which in the large N limit is given as

nd.o.f. ≈ 7N2. Therefore, we may in this case write using 4.106 that

E

N2
− γN ≤ 7T (4.108)

Comparing this result and 4.107 with the MSS bound λL ≤ 2πT we find hat the

critical temperature is obtained by solving

αN(7T )1/3 = 2πT (4.109)

where yields Tc =
√

7(αN
2π

)3/2. Like in the previous ansatz, we understand that for

T ≥ Tc on present model is in agreement with the MSS bound on λL, which for

T ≤ Tc, there is a temperature at and below which MSS bound will be violated. The

critical temperatures are given in table:4.6, 4.7 and 4.8. Again, we observe from these

tables that with increasing matrix size Tc values tend to decrease. This is agreed with

the fact that ’t Hooft limit is better approaches with increasing matrix size.
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(a) N = 5 (b) N = 10

(c) N = 10 (d) N = 20

(e) N = 25

Figure 4.6: Lyapunov spectra and best fitting curves in the form λL = βN( E
N2 −

γN)1/3(see the discussion in section 4.4.1) at k = ±1 and µ = 1 for ansatz II
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(a) N = 5 (b) N = 15

(c) N = 20 (d) N = 25

Figure 4.7: Lyapunov spectra and best fitting curves in the form λL = βN( E
N2 −

γN)1/3(see the discussion in section 4.4.1) at k = ±2 and µ = 1 for ansatz II

(a) k = 5 (b) k = 10

Figure 4.8: Lyapunov spectra and best fitting curves in the form λL = βN( E
N2 −

γN)1/3(see the discussion in section 4.4.1) for n = 10 at k = 5, 10 for ansatz II
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Table 4.6: Numerical values of coefficients βN , γN and Tc for AnsatzII for k = ±1

and µ = 1.

N = 5 N = 10 N = 15 N = 20 N = 25

βN 0.6057 0.464 0.4006 0.3615 0.3346

γN 0.135 0.304 0.4725 0.64 0.81

Tc 0.0792 0.0531 0.0426 0.0365 0.0325

Table 4.7: Numerical values of coefficients βN , γN and Tc for AnsatzII for k = ±2

and µ = 1.

N = 5 N = 15 N = 20 N = 25

βN 0.4826 0.3164 0.2836 0.2622

γN 0.270 0.945 1.2822 1.62

Tc 0.0563 0.0299 0.0254 0.0226

Table 4.8: Numerical values of coefficients βN , γN for AnsatzII for N = 10 at

k = 1, 5, 10.

k = 1 k = 5 k = 10

βN 0.4515 0.2716 0.2142

γN 0.304 1.5184 3.0369

Tc 0.051 0.0238 0.0167
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CHAPTER 5

CONCLUSIONS

In this thesis, we have presented the results of two orijinal research projects. The

main purpose of this work have been the exploration of chaotic dynamics emerging

from matrix gauge theories. In the first part, we gave a review of the bosonic part of

the BFSS matrix model including its derivation from the Yang-Mills model in 9 + 1

dimensions by dimensional reduction. We also discussed the important features of

fuzzy two- and fuzzy four- spheres.

Chapter 3 was devoted to the examination of the BFSS model with double mass

deformation terms. We introduced ansatz configurations including fuzzy-two and

fuzzy-two spheres as backgrounds and assuming collective time dependence of ma-

trices. After tracing over the fuzzy sphere at matrix levelN = 1
2
(n+1)(n+2)(n+3),

for n = 1, ..., 7, we obtained the family of effective models. We numerically solved

the Hamilton’s equations of motion for these effective models and calculated the Lya-

punov specturum at different matrix levels. Furthermore, we also sketched the Poni-

caré sections to broaden our perspective. After a very detailed analysis, we revealed

that the transition to chaos happends after the unstable fixed point energy is exceeded.

With the use of best fit curves of form 3.25 for λn versus E
N2 data and the inequality

3.24, we have analytically calculated the critical temperatures where the MSS bound

is violated.

In chapter 4, we gave a review of the bosonic part of the ABJM model. We first dimen-

sionally reduced the ABJM model to 0 + 1-dimensions and identified the appropriate
′tHooft limit. We introduced massive deformation with mass parameter µ, which

breaks the original symmetry down to SU(2) × SU(2) × U(1)A × U(1)B × Z2 by
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splitting the original complex scalarsCI into (Rα, Qα). We chose two different ansatz

configurations. By tracing over ansatz configurations involving fuzzy two spheres re-

alized in terms of the GRVV matrices with collective dependence, we obtained a

family of reduced effective Hamiltonians. We numerically solved the Hamilton’s

equations of motions of these reduced systems and determined their Lyapunov spec-

trum. Also we analyzed in detail how the largest Lyapunov exponent, λL, changes as

a function of E/N2. With the help of virial and equipartition theorems, we obtained

the best fit curves of form λL ∝ (E/N2)1/3 or λL ∝ (E/N2 −W )1/3 depending on

the structure of the effective potential. W is a constant determined in terms of the

Chern-Simons coupling, mass and the matrix level. During our analysis, we showed

that our fitting curve is very consistent with the λL vs E/N2 data. We showed the

temperature dependence of the λL and gave upper bounds on the temperature above

which LLE values comply with the Maldacena-Shenker-Stanford (MSS) bound 2πT .

For further discussion, we may point out the importance of thermalization processes

in the Yang-Mills matrix models. Recently, in [21], thermalization in massive de-

formations of Yang-Mills matrix models has been discussed. The next step of our

research might be a quantum mechanical realization of chaotic behavior in the Yang-

Mills models.
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APPENDIX A

CALCULATIONS OF THE HAMILTON EQUATIONS OF MOTION

A.1 Hamilton Equations of Motion

H = TrH = Tr
(
PQα†PQα + PRα†PRα +DiQ

α†DiQ
α (A.1)

+DiR
α†DiR

α +MαMα† +NαNα†) (A.2)

Let us start with ∂H
∂Xj

. Since only the covarient derivatives contain Xi and X†i , the

contribution from the rest of the Hamiltonian is zero.

Hcov = Tr
(
DiQ

α†DiQ
α +DiR

α†DiR
α
)

(A.3)

Opening trace with dummy incides aa and derivative with cd, we get

∂Hcov

∂Xj

=
∂
(
DiQ

α†DiQ
α +DiR

α†DiR
α
)
aa

(∂Xγ)cd
(A.4)

After appliying chain rule, we have

∂(DiQ
α†DiQ

α)aa
(∂Xj)cd

=
∂(DiQ

α†)ab
∂(Xj)cd

(DiQ
α)ba + (DiQ

α†)ab
∂(DiQ

α)ba
∂(Xj)cd

(A.5a)

∂(DiR
α†DiR

α)aa
(∂Xj)cd

=
∂(DiR

α†)ab
∂(Xj)cd

(DiR
α)ba + (DiR

α†)ab
∂(DiR

α)ba
∂(Xj)cd

(A.5b)

First of all, lets proceed with (A.5a), recall that covariant derivatives defined in (4.2).
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If we put (4.2) inside (A.5a), we will get

∂(DiQ
α†)ab

∂(Xj)cd
=
∂(−iQα†Xi + iX̂iQ

α†)ab
∂(Xj)cd

=
∂(−iQα†Xi)ab

∂(Xj)cd

=
∂(−i(Qα†)al(Xi)lb)

∂(Xj)cd

= −iδij(Qα†)alδlcδbd

= −iδij(Qα†)acδbd

(A.6)

From the second part of (A.5a), we get

∂(DiQ
α)ba

∂(Xj)cd
=
∂(iXiQ

α − iQαX̂i)ba
∂(Xj)cd

=
∂(iXiQ

α)ba
∂(Xj)cd

=
∂(i(Xi)bl(Q

α)la)

∂(Xj)cd

= iδij(Q
α)laδbcδld

= iδij(Q
α)daδbc

(A.7)

Thus, (A.5a) becomes

∂(DiQ
α†DiQ

α)aa
(∂Xj)cd

= −iδij(Qα†)acδbd(DiQ
α)ba + iδij(Q

α)daδbc(DiQ
α†)ab (A.8)

= −i(DjQ
α)da(Q

α†)ac + i(Qα)da(DiQ
α†)ac (A.9)

= −i
(
(DjQ

α)Qα† −Qα(DjQ
α†)
)
dc

(A.10)

= −i
(
(DjQ

α)Qα† −Qα(DjQ
α†)
)T (A.11)

Since (A.5a) and (A.5b) are symmetric, we already calculated the answer for (A.5b).Just

changing Qα → Rα, we get

∂(DiR
α†DiR

α)aa
(∂Xj)cd

= −i
(
(DjR

α)Rα† −Rα(DjR
α†)
)
dc

(A.12)

= −i
(
(DjR

α)Rα† −Rα(DjR
α†)
)T (A.13)

Thus, we have

˙PXi = − ∂H
∂Xi

= i

(
(DjQα)Qα† −Qα(DjQ

α†)

+(DjR
α)R†α −Rα(DjR

α†)

)T (A.14)
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We will follow the same prosedure for X̂j derivative. Let us start with the first part

∂(DiQ
α†)ab

∂(X̂j)cd
=
∂(−iQα†Xi + iX̂iQ

α†)ab

∂(X̂j)cd

=
∂(iX̂iQ

α†)ab

∂(X̂j)cd

=
∂(i(X̂i)al(Q

α†)lb)

∂(X̂j)cd

= iδij(Q
α†)lbδcaδdl

= iδij(Q
α†)dbδca

(A.15)

The second derivative is

∂(DiQ
α)ba

∂(X̂j)cd
=
∂(iXiQ

α − iQαX̂i)ba

∂(X̂j)cd

=
∂(−iQαXi)ba

∂(X̂j)cd

=
∂(−i(Qα)bl(X̂i)la

∂(X̂j)cd

= −iδij(Qα)blδlcδad

= −iδij(Qα)bcδad

(A.16)

Finally, we have

∂(DiQ
α†DiQ

α)aa

(∂X̂j)cd
= iδij(Q

α†)dbδca(DiQ
α)ba − i(DiQ

α†)abδij(Q
α)bcδad

= i(Qα†)db(DjQ
α)bc − i(DjQ

α†)db(Q
α)bc

= i
(
Qα†(DjQ

α)− i(DjQ
α†)Qα

)
dc

= i
(
Qα†(DjQ

α)− i(DjQ
α†)Qα

)T
(A.17)

Again, similarly with the Xi derivative, we can calculate Rα part by just changing Qα

with Rα.

∂(DiR
α†DiR

α)aa

(∂R̂j)cd
= i
(
Rα†(DjR

α)− i(DjR
α†)Rα

)
dc

= i
(
Rα†(DjR

α)− i(DjR
α†)Rα

)T (A.18)

Thus, X̂i derivative becomes

ṖX̂i = − ∂H
∂X̂i

= i

(
−Qα†(DjQ

α) + (DjQ
α†)Qα

−Rα†(DjR
α) + (DjR

α†)Rα

)T (A.19)
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The rest of the (4.63) are similar but more trickier than Xi and X̂i parts. So lets

continue with (4.63b).

˙PQγ = − ∂H
∂Qγ

= −
∂ Tr

(
DiQ

α†DiQ
α +MαMα† +NαNα†)
∂Qγ

=
∂ Tr

(
DiQ

α†DiQ
α
)

∂Qγ

+
∂ Tr

(
MαMα†)
∂Qγ

+
∂Tr (NαNα†)

∂Qγ

(A.20)

Again the covariant derivative part is easy, but the potential term is way too compli-

cated. Since we already know how to calculate the covariant derivative part from the

previous calculations, lets start with it.

∂(DiQ
α†DiQ

α)aa
(∂Qγ)cd

= (DiQ
α†)ab

∂(DiQ
α)ba

∂(Qγ)cd
(A.21)

∂(DiQ
α)ba

∂(Qγ)cd
=
∂(iXiQ

α − iQαX̂i)ba
∂(Qγ)cd

=
∂(iXiQ

α)ba
∂(Qγ)cd

− ∂(iQαX̂i)ba
∂(Qγ)cd

=
∂(i(Xi)bl(Q

α)la)

∂(Qγ)cd
− ∂(iQα)bl(X̂i)la

∂(Qγ)cd

= iδαγ(Xi)blδlcδda − iδαγ(X̂i)laδbcδdl

= iδαγ(Xi)bcδda − iδαγ(X̂i)daδbc

(A.22)

Thus, it follows

∂(DiQ
α†DiQ

α)aa
(∂Qγ)cd

= i(DiQ
α†)abδαγ(Xi)bcδda − i(DiQ

α†)abδαγ(X̂i)daδbc

= i
(
(DiQ

γ†)Xi − X̂i(DiQ
γ†)
)
dc

= i
(
(DiQ

γ†)Xi − X̂i(DiQ
γ†)
)T

(A.23)

Lets proceed with |M2| part,

∂ Tr
(
MαMα†)
∂Qγ

=
∂(MαMα†)aa

(∂Qγ)cd

=
∂(Mα)ab
∂(Qγ)cd

(Mα†)ba + (Mα)ab
∂(Mα†)ba
(∂Qγ)cd

(A.24)

Recall that Mα defined as

Mα = µQα +
2π

k
(2Q[αQ†βQ

β] +RβR†βQ
α −QαR†βR

β + 2QβR†βR
α − 2RαR†βQ

β)

(A.25)
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where Q[αQ†βQ
β] = QαQ†βQ

β −QβQ†βQ
α.

∂(Mα)ab
∂(Qγ)cd

=
∂(µQα)ab
∂(Qγ)cd

+
2π

k

∂(2Q[αQ†βQ
β])ab

∂(Qγ)cd
+

2π

k

∂(RβR†βQ
α −QαR†βR

β)ab

∂(Qγ)cd

+
2π

k

∂(2QβR†βR
α − 2RαR†βQ

β)ab

∂(Qγ)cd

(A.26)

Again, lets calculate term by term, the first term is easy

∂(µQα)ab
∂(Qγ)cd

= µδαγδbcδda (A.27)

The second one is given as

∂(2Q[αQ†βQ
β])ab

∂(Qγ)cd
=
∂
(
2(Qα)al(Q

†
β)lk(Q

β)kb − (Qβ)al(Q
†
β)lk(Q

α)kb
)

∂(Qγ)cd

= 2(δγαδac(Q
†
β)dk(Q

β)kb + δγβδbd(Q
α)al(Q

†
β)lc

− δβγδac(Q†β)dk(Q
α)kb − δαγδbd(Qβ)al(Q

†
β)lc)

(A.28)

The third term is

∂(RβR†βQ
α −QαR†βR

β)ab

∂(Qγ)cd
= Rβ

bl(R
†
β)lcδ

αγδda − δαγδbc(R†β)dlR
β
la

(A.29)

The last terms is

∂(2QβR†βR
α − 2RαR†βQ

β)ab

∂(Qγ)cd
= δbc(R

†
γ)dl(R

α)la − (Rα)bl(R
†
γ)lc(R

α)da (A.30)

Thus we have
∂(Mα)ab
∂(Qγ)cd

= µδαγδbcδda +
2π

k

(
2δαγδbc(Q

†
β)dkα(Qβ)ka + 2(Qα)bk(Q

†
γ)kcδda

− 2δbc(Q
†
γ)dk(Q

α)ka − 2(Qβ)bl(Q
†
β)lcδ

αγδda + (Rβ)bl(R
†
β)lcδ

αγδda

− δαγδbc(R†β)dl(R
β)la + 2δbc(R

†
γ)dl(R

α)la − 2(Rα)bl(R
†
γ)lcδda

)
(A.31)

For the M †
α part, we have

∂(M †
α)ab

∂(Qγ)cd
=

2π

k
(Q†γ)ac(Q

†
α)db − 2(Q†α)db − 2(Q†α)ac(Q

†
β)db (A.32)

The final form of derivative of M2 is obtained as

∂(|Mα|2)
∂(Qγ)

=

(
µM †

γ +
2π

k

(
2Q†αMαQ

†
γ − 2Q†βMαQ

†
α + 2Q†βQ

βM †
γ + 2MαQ

αQ†γ

(A.33)

− 2Q†γQ
αM †

α − 2M †
γQ

βQ†β +M †
γR

βR†β −R
†
βR

βM †
γ + 2R†γR

αM †
α − 2M †

αR
αR†γ

))T
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The derivative of N2 can be calculated similarly. After applying similar procedures,

we find that

∂(|Mα|2)
∂(Qγ)

=
2π

k

(
Q†γR

αN †α −N †αRαQ†γ + 2Nγ†RβQ†β − 2Q†βR
βN †γ (A.34)

+Q†γN
αR†α −R†αNαQ†γ + 2R†γN

αQ†α − 2Q†αN
αR†γ

)T (A.35)

After combining all of these results, we find that

ṖQγ = −
(
i[(DiQ

†
γ)Xi − X̂i(DiQ

†
γ)] + µM †

γ +
2π

k
[2Q†αM

αQ†γ (A.36)

− 2Q†γM
αQ†α + 2Q†βQ

βM †
γ + 2MαQ

αQ†γ − 2Q†γQ
αMα

†

− 2M †
γQ

βQ†β +M †
γR

βR†β −R†βRβM †
γ + 2R†γQ

αM †
α − 2M †

αR
αR†γ

+Q†γR
αN †α −N †αRαQ†γ + 2N †γR

βQ†β − 2Q†βR
βN †γ

+Q†γN
αR†α −R†αNαQ†γ + 2R†γN

αQ†α − 2Q†αN
αR†γ]

)T

The rest of the equations also can be calculated in a similar manner. Let us proceed

with the Q†γ , we have

ṖQ†γ = − ∂H
∂Q†γ

= −
∂ Tr

(
DiQ

α†DiQ
α +MαMα† +NαNα†)
∂Q†γ

=
∂ Tr

(
DiQ

α†DiQ
α
)

∂Q†γ
+
∂ Tr

(
MαMα†)
∂Q†γ

+
∂Tr (NαNα†)

∂Q†γ

(A.37)

We find that

∂ Tr
(
DiQ

α†DiQ
α
)

∂Q†γ
= i
(

(DiQ
†
γ)Xi − X̂i(DiQ

†
γ)
)

(A.38)

The |Mα|2 is given as

∂ Tr
(
MαMα†)
∂Q†γ

=

(
µMα +

2π

k

(
2QγQ†αMα + 2MγQ

†
βQ

β − 2QβQ†βM
γ − 2MαQ†αQ

γ

(A.39)

+RβR†βM
γ −MγR†βR

β + 2MαR†αR
γ − 2RγR†αM

α + 2QγMα
†Qα − 2QαM †

αQ
γ
))T

∂ Tr
(
NαNα†)
∂Q†γ

=
2π

k

(
RαN †αQ

γ −QγN †αR
α + 2QαN †αR

γ − 2RγN †αQ
α (A.40)

+NαR†αQ
γ −QγR†αN

α + 2QβR†βN
γ − 2NγR†βQ

β

)T
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Then we have

ṖQ†γ = −
(
i[(DiQγ)X̂i −Xi(DiQγ)] + µMγ +

2π

k
[2QγQ†αM

α (A.41)

+ 2MγQ†βQβ − 2QβQ†βMγ − 2MαQ†αQ
γ + 2QγMα

†Qα

− 2QαM †
αQ

γ +RβR†βMγ −MγR†βR
β + 2MαR

†
αR

γ − 2RγR†αM
α

+RαN †αQ
γ −QγN †αR

α + 2QγN †αR
γ − 2RγN †αQ

α

+NαR†αQ
γ −QγR†αN

α + 2QβR†βN
γ − 2NγR†βQ

β]

)T
For the R†γ part, we have

ṖR†γ = − ∂H
∂R†γ

= −
∂ Tr

(
DiR

α†DiR
α +MαMα† +NαNα†)
∂R†γ

=
∂ Tr

(
DiR

α†DiR
α
)

∂R†γ
+
∂ Tr

(
MαMα†)
∂R†γ

+
∂Tr (NαNα†)

∂R†γ

(A.42)

The covariant derivative part is given as

∂ Tr
(
DiR

α†DiR
α
)

∂R†γ
= i
(
(DiR

γ)X̂i −Xi(DiR
γ)
)T (A.43)

The |Mα|2 part is

∂ Tr
(
MαMα†)
∂R†γ

=
2π

k

(
MαQ

†
αR
†
γ −RβQ†βMγ + 2RγQα

αMα − 2RβQ†βMγ

+QαM †
αR

γ −RγM †
αQ

α + 2RαM †
αQ

γ − 2QγM †
αR

α
)T (A.44)

The |Nα|2 part is

∂ Tr
(
NαNα†)
∂R†γ

=

(
− µNα +

2π

k

(
RγN †αR

α −RαN †αR
γ +NγR†βR

β −RβR†βN
γ

−NαR†αR
γ +QβQ†βN

γ −NγQ†βQ
β + 2NαQ†αQ

γ − 2QγQ†αN
α +RγR†αN

α
))T

(A.45)

Therefore we have

ṖR†γ = −
(
i[(DiRγ)X̂i −Xi(DiRγ)]− µNγ +

2π

k
[MαQ†αR

†
γ (A.46)

−RβQ†βM
γ + 2RγQ†αM

α − 2RβQ†βM
γ +QαM †

αR
γ

−RγM †
αQ

α + 2RαM †
αQ

γ − 2QγM †
αR

α +RγN †γR
α −RαN †αR

γ

+NγR†βR
β −RβR†βN

γ −NαR†αR
γ +QβQ†βN

γ

−NγQ†βQ
β + 2NαQ†αQ

α − 2QγQ†αN
α +RγR†αN

α]

)T
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The Rγ part is

ṖRγ = − ∂H
∂Rγ

= −
∂ Tr

(
DiR

α†DiR
α +MαMα† +NαNα†)
∂Rγ

=
∂ Tr

(
DiR

α†DiR
α
)

∂Rγ

+
∂ Tr

(
MαMα†)
∂Rγ

+
∂Tr (NαNα†)

∂Rγ

(A.47)

The covariant derivative part is

∂ Tr
(
DiR

α†DiR
α
)

∂Rγ

= i
(
(DiR

†
γ)Xi − X̂i(DiR

†
γ)
)T (A.48)

The |Mα|2 part is

∂ Tr
(
MαMα†)
∂Rγ

=
2π

k

(
2Q†γM

αR†α − 2R†αM
αQ†γ + 2M †

γQ
βR†β − 2R†βQ

βMγ
†

(A.49)

+R†γM
αQ†α −Q†αMαR†γ +R†γQ

αM †
α −M †

αQ
αR†γ

)T
The |Nα|2 part is given as

∂ Tr
(
NαNα†)
∂R†γ

=

(
− µN †γ +

2π

k

(
R†βR

βN †γ +N †γR
γR†β −R†γRαN †α −N †γRβR†β

(A.50)

+N †γQ
βQ†β −Q†βQβN †γ + 2Q†γQ

αN †α − 2N †αQ
αQ†γ +R†αN

αR†γ −R†γNαR†α
))T

(A.51)

Then finally we have

ṖRγ = −
(
i[(DiR

†
γ)Xi − X̂i(DiR

†
γ)]− µN †γ +

2π

k
[2Q†γM

αR†α (A.52)

− 2R†αM
αQ†γ + 2M †

γQ
βR†β − 2R†βQ

βMγ
† +R†γM

αQ†α

−Q†αMαR†γ +R†γQ
αM †

α −M †
αQ

αR†γ +R†βR
βN †γ +N †γR

γR†β

−R†γRαN †α −N †γRβR†β +N †γQ
βQ†β −Q†βQβN †γ + 2Q†γQ

αN †α

− 2N †αQ
αQ†γ +R†αN

αR†γ −R†γNαR†α]

)T
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APPENDIX B

AUXILARY FIELDS VANISH

The covariant derivative of Qα is given as

(DiQα)ab = i(XiQα)ab − i(QαX̂i)ab (B.1)

= i(Xi)ac(Qα)cb − i(Qα)ac(Qα)cb (B.2)

If we open the α index, we get

(DiQ1)ab = i(XiQ1)ab − i(Q1X̂i)ab (B.3)

= i(Xi)ac(φ1G1)cb − i(φ1G1)ac(X̂i)cb (B.4)

= iα(t)φ1(t)(X̃i)ac
√
c− 1δcb − iβ(t)φ1(t)

√
a− 1δac(

˜̂
Xi)cb (B.5)

= iαφ1

√
b− 1(X̃i)ab − iβφ1

√
a− 1(

˜̂
Xi)ab (B.6)

= iφ1(
√
b− 1Xi −

√
a− 1X̂i)ab (B.7)

For the Q† part, we have

(DiQα)†ab = −iφ1(
√
b− 1Xi −

√
a− 1X̂i)ba (B.8)
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Then the kinetic term becomes

Tr |DiQ1|2 = Tr(DiQ1)
†(DiQ1) = (DiQ1)

†
ab(DiQ)ba (B.9)

= φ2
1

(
(b− 1)(X2

i )bb + (a− 1)(X̂i

2
)bb −

√
a− 1

√
b− 1(XiX̂i)bb (B.10)

−
√
a− 1

√
b− 1(X̂iXi)bb

)
= φ1

2
(

(b− 1) TrX2
i + (a− 1) Tr X̂i

2
−
√
a− 1

√
b− 1(TrXiX̂i + Tr X̂iXi)

)
(B.11)

= φ1
2
(

(b− 1) TrX2
i + (a− 1) Tr X̂i

2
− 2
√
a− 1

√
b− 1 TrXiX̂i

)
(B.12)

= φ1
2
(

(b− 1) TrX2
i + (a− 1) Tr X̂i

2
− 2
√
a− 1

√
b− 1 TrXiX̂i

)
(B.13)

= φ1
2

α2(b− 1)
N∑
α=1
i=1,2

aiα
2

+ β2(a− 1)
N∑
α=1

biα
2 − 2αβ

√
a− 1

√
b− 1

N∑
α=1
i=1,2

aiαb
i
α


(B.14)

For Q2 part, we have

(DiQ2)ab = i(Xi)acφ2(G2)cb − i(φ2G2)ac(X̂i)cb (B.15)

= iφ2

√
N − c (Xi)acδc+1,b − iφ2

√
N − a δa+1,c(X̂i)cb (B.16)

= iφ2(
√
N − b+ 1 (Xi)a,b−1 −

√
N − a (X̂i)a+1,b (B.17)

The φ†2 part becomes

(DiQ2)
†
ab = −iφ2(

√
N − b+ 1(Xi)b−1,a −

√
N − a(X̂i)b,a+1 (B.18)

Then kinetic part becomes

Tr |DiQ2|2 = φ2
2

(√
N − b+ 1 (X2

i )b−1,b−1 + (N − a)(X̂i)a+1,a+1

−
√
N − b+ 1

√
N − a (Xi)a,b−1(X̂i)b,a+1 −

√
N − b+ 1

√
N − a (X̂i)a+1,b(Xi)a,b−1

(B.19)

If we explicitly open term by term, we get

Tr |DiQ2|2 = φ2
2

(
(N − b+ 1)

(
TrX2

i − (X2
i )NN

)
+ (N − a)

(
Tr
(
X̂i

2
− (X̂i

2
)11

))
−
√
N − b+ 1

√
N − aα β

N∑
γ=1

2∑
i=1

(bi)γ+1 −
√
N − b+ 1

√
N − aα β

N∑
r=1

2∑
i=1

(ai)γ(b
i)γ+1

)
(B.20)
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Then the kinetic term becomes,

Tr |DiQ1|2 + Tr |DiQ2|2 =

α2

φ2
1(b− 1)

N∑
γ=1

2∑
i=1

(aiγ)
2 + φ2

2(N − b+ 1)
N−1∑
γ=1

N−1∑
i=1

(aiγ)
2

︸ ︷︷ ︸
A



+ β2

φ2
1(a− 1)

N∑
γ=1

2∑
i=1

(biγ)
2 + φ2

2(N − a)
N∑
γ=1

2∑
i=1

(biγ)
2

︸ ︷︷ ︸
B



− 2αβ

φ2
1

√
a− 1

√
b− 1

N∑
γ=1

2∑
i=1

aiγb
i
γ + φ2

2

√
N − b+ 1

√
N − a

N∑
γ=1

2∑
i=1

(ai)γ(b
i)γ+1︸ ︷︷ ︸

C


(B.21)

We can write it as

Tr |DiQ1|2 + Tr |DiQ2|2 = α2A+ β2B − 2αβC (B.22)

Now e.o.m. for α and β is

αA− βC = 0 (B.23a)

βB − αC = 0 (B.23b)

With adding and subtracting, we get

B/ Aα− Cβ = 0 (B.24)

C/− Cα +Bβ = 0

Then finally we have

(BA− C2)α = 0 (B.25)

But BA 6= C2 as one can see clearly from the values of A, B, C. Therefore, the only

solution is α = β = 0.
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