OPEN-LOOP SCHEDULING FOR MINIMIZING
POLYNOMIAL FUNCTIONS OF AGE OF
INFORMATION

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF ENGINEERING AND SCIENCE
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DEGREE OF
MASTER OF SCIENCE
IN
ELECTRICAL AND ELECTRONICS ENGINEERING

By
Mehmet Semih Saydam
July 2025



Open-Loop Scheduling for Minimizing Polynomial Functions of Age of
Information

By Mehmet Semih Saydam

July 2025

We certify that we have read this thesis and that in our opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.

Nail Akar(Advisor)

Ezhan Karasan

Caglar Tung

Approved for the Graduate School of Engineering and Science:

Orhan Arikan
Director of the Graduate School

i



ABSTRACT

OPEN-LOOP SCHEDULING FOR MINIMIZING
POLYNOMIAL FUNCTIONS OF AGE OF
INFORMATION

Mehmet Semih Saydam
M.S. in Electrical and Electronics Engineering
Advisor: Nail Akar
July 2025

Age of Information (Aol) is a metric that quantifies freshness of information
in a status update system, making it crucial for applications where timely up-
dates are essential, such as real-time monitoring systems, IoT networks, and
mission-critical communication systems. This thesis explores age-agnostic cyclic
scheduling in multi-source, single-server Generate-At-Will (GAW) status update
systems, where the goal is to minimize the expected value of a non-linear polyno-
mial function of Aol in a discrete-time setting. In the literature, approaches that
alm to minimize the weighted sum of average Aol often rely solely on the first
two moments of packet service times. However, the use of non-linear functions of
age as the information freshness metric, requires an analytical model to obtain
the distribution of Aol which also uses the distributions of packet service times
as input to the model. In this work, given a cyclic transmission pattern, we use
the theory of discrete-time absorbing Markov chains to obtain the distribution of
the Aol of each user, which then allows us to find the expected value of any non-
linear function of individual ages, referred to as the Value of Information (Vol)
in this work. Subsequently, using the proposed analytical method, we propose a
metaheuristic based space-search algorithm, specifically leveraging the Simulated
Annealing (SA) technique, to obtain a cyclic schedule with the goal of minimizing
a polynomial cost function of age. Numerical results are presented to validate
the proposed approach.

Keywords: Age of Information, Functions of Age, multi-source status update
systems, cyclic scheduling.
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OZET
BILGI YASI FONKSIYONLARININ MINIMIZASYONU

Mehmet Semih Saydam
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Nail Akar
Temmuz 2025

Bilgi Yas1 (Aol), bir durum giincelleme sistemindeki bilginin giincelligini nicel
olarak ifade eden bir oOlgiittiir. Bu o6l¢iit, gercek zamanl izleme sistemleri, Nes-
nelerin Interneti (IoT) aglar1 ve gorev-kritik haberlesme sistemleri gibi zamaninda
bilgi giincellemelerinin hayati 6nem tasidigi uygulamalarda énemli bir rol oynar.
Bu calisma, ¢ok kaynakl ve tek sunuculu Istege-Bagh-Uretim (GAW) modeline
sahip durum giincelleme sistemlerinde, bilgi yagindan bagimsiz ¢evrimsel zaman-
lama yaklagimlarini incelemektedir. Temel hedef, ayrik zamanl bir gergevede bilgi
yaginin dogrusal olmayan bir fonksiyonunun beklenen degerini en aza indirmeye

calisan bir ¢izelgeleme politikas: gelistirmektir.

Bu amag dogrultusunda, verilen bir dongiisel ¢izelgeleme desenine bagh olarak
her kullanicinin bilgi yasi dagilimini elde etmek igin ayrik zamanli sogurucu
Markov zincirleri teorisi kullamilmaktadir. Bdylece, her bir kullanicinin bilgi
yagina uygulanan dogrusal olmayan bir maliyet fonksiyonunun beklenen degeri
hesaplanabilmekte ve bu deger galigmada, Bilgi Degeri (Vol) olarak adlandiril-
maktadir. Son olarak, bilgi yaginin polinomsal bir maliyet fonksiyonu altinda
minimize edilmesini amaclayan cevrimsel cizelgeleme deseni olugturmak iizere
meta-sezgisel bir arama algoritmasi gelistirilmis ve yontemin gegerliligi, sayisal

sonuclarla desteklenmigtir.

Anahtar sézciikler: Bilgi Yasi, Yas Fonksiyonlari, Cok Kaynakli Durum Giin-
celleme Sistemleri, Dongiisel Cizelgeleme.
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Chapter 1

Introduction

1.1 Overview

In recent years, the exponential growth in global connectivity and automation has
significantly increased the importance of timely information delivery. Historically,
traditional performance metrics such as throughput, delay, and reliability have
been the primary tools for evaluating communication systems. However, with
the increasing number of real-time and interactive applications, these conven-
tional metrics have shown limitations in reflecting the freshness of information.
This notion of freshness is represented by the Age of Information (Aol) metric,
which models the staleness of data at the destination. For a given source, Aol
is calculated as a stochastic process A(t), measuring the time that has elapsed
since the most recently received update was generated. Mathematically, this is

expressed as:
At) =t —G(t), (1.1)

where G(t) denotes the generation time of the last successfully received status
update. While Aol is classically defined in continuous time as A(t) =t — G(t),
many practical systems-such as slotted networks and digital controllers operate

in discrete time. In this thesis, we adopt a discrete-time model where time is



indexed by slots k£ € N and age is denoted by Ay, which aligns better with
slotted communication systems and supports discrete-time analytical tools used
throughout this work. This discrete-time formulation offers a more accurate way
to quantify freshness compared to traditional performance metrics. As an exam-
ple, consider throughput, which measures the volume of data delivered per unit
time, or delay, which tracks how long it takes for a message to travel from source
to destination. While both remain important, they often fall short in capturing
the freshness of information, especially in systems where decisions are made based
on the most recently received data. A lower update rate may reduce congestion
and improve average delay, but it risks leaving the destination with outdated
information. Conversely, more frequent updates can enhance freshness but may
overload the network, increase queuing delays, or cause packet drops due to lim-
ited bandwidth. These trade-offs illustrate that traditional metrics may conflict
in dynamic systems and fail to provide a clear view of how current or useful the

delivered information actually is [2].

Motivated by the limitations of traditional metrics, early research efforts pro-

posed the Aol as a more nuanced indicator of data timeliness [3].
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Figure 1.1: A multi-sensor, single-server update system.

Today, numerous data-driven applications depend on timely information ex-
change to ensure efficient monitoring, accurate control, and informed decision-
making. Such applications span a broad spectrum of areas, including indus-
trial automation systems, autonomous transportation networks, remote health-

care monitoring, smart city infrastructures, IoT systems, and military networks



involving target tracking, surveillance, and coordinated actions [4-15|. Together,
these applications show that outdated information have less impact in value, lead-
ing to significant performance degradation, operational inefficiencies, and critical
safety or security risks. Consequently, maintaining information freshness through
effective Aol-aware system design and optimization has become an essential re-
quirement for such applications. However, despite its effectiveness in capturing
the timeliness of updates, the Aol metric assumes that all status updates carry
equal significance, regardless of their actual content or contextual urgency. This
assumption often fails to capture practical complexities in real-world applica-
tions where the operational value of an update can vary depending on the system
state, mission objectives, or environmental context. For instance, in a military
surveillance system or a medical monitoring setup, an update indicating a critical
anomaly is far more valuable than a routine status report even if both are equally
fresh.

A Ai
)
$ o H
° ¢ Y e
[ ® L ] ° °
[} [}
°
o o ° °
U e o
A4 [ ] °
[ ]
° (@]
L] u, [ e
1+1 °
Ui I
t d tyr dy k d d k

Figure 1.2: Sample path of the Aol process Ay (right) and function of Aol process
f(Ag) (left)

To address this limitation, several alternative metrics have been proposed in
the literature to better capture the relevance and utility of information. One

such metric is the Value of Information (Vol) framework, which also serves as
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the primary focus of this thesis and is often interpreted as a function of age
throughout this work. Vol generalizes the Aol concept by incorporating content-
awareness and decision impact into the evaluation of update utility [16]. Unlike
Aol, which only accounts for the age of the last received data, Vol quantifies
the expected benefit or cost reduction that a given update provides to the system
upon arrival. This enables a more intelligent prioritization of updates by assigning
source-specific, time-varying weights or costs that reflect their contribution to the

system’s overall performance or mission success |17, 18].

In the Aol literature, two main classes of schedulers are commonly distin-
guished: closed-loop and open-loop schedulers. Closed-loop schedulers adapt their
decisions based on real-time observations of the service times and the Aol pro-
cesses. Well-known examples include age-aware policies such as Max-Weight and
Whittle index-based methods [19-21]. In contrast, open-loop schedulers operate
in an age-agnostic manner, relying solely on prior knowledge of service time statis-
tics. These schedulers can be either probabilistic-where sources are selected with
predefined probabilities or cyclic, where a fixed transmission pattern is followed
repeatedly [22]. To the best of our knowledge, these two represent the main fam-
ilies of open-loop schedulers that have been studied for GAW systems. Among
them, probabilistic scheduling was shown to perform poorly in heterogeneous set-
tings, as demonstrated in prior work [1]. Open-loop designs offer significant run-
time efficiency, with cyclic policies, achieving constant-time decision complexity
and eliminating the need for return channels or feedback mechanisms. In this the-
sis, we focus on open-loop cyclic scheduling strategies under the Generate-at-Will
(GAW) model. This open-loop formulation not only reduces scheduling complex-
ity but also ensures that each user knows its exact transmission slot in advance.
Such deterministic access simplifies implementation in resource-constrained sys-
tems and aligns naturally with the absorbing Markov chain framework developed
in this work. To fully leverage the benefits of Vol-aware system design, it is es-
sential not only to define the value of updates but also to develop scheduling and
optimization strategies that minimize the overall cost induced by stale informa-
tion. While prior work has extensively explored the minimization of weighted

average Aol which only requires first-moment age statistics our study takes a



fundamentally different path by targeting weighted average Vol. Since Vol is de-
fined as a non-linear polynomial function over the age distribution, this shift
necessitates a complete probabilistic characterization of each user’s age process.
Unlike existing closed-loop schemes that require real-time feedback or contention-
based access, our open-loop design relies on a fixed cyclic schedule where each
user knows its transmission slots, eliminating the need for return channels or
coordination overhead. Consequently, our methodology departs from traditional
Aol frameworks and constructs an exact distributional model using a discrete-
time absorbing Markov chain. This choice of discrete time aligns naturally with
slotted communication systems and enables tractable, analytical computation of
user-specific performance. The proposed modeling for distributional analysis not
just first-moment statistics marks a fundamental divergence from classical Aol
scheduling approaches and constitutes the core novelty of this thesis, enabling
accurate, application-aware optimization of scheduling policies that account for

both content relevance and delivery timeliness.

1.2 Thesis Contribution

A key novelty of this work is the integration of the functions of age framework,
also known as the Vol perspective. While existing literature has extensively stud-
ied scheduling policies for minimizing the weighted average Aol, these approaches
typically focus on the expected age and do not account for content relevance or
user-specific urgency. In contrast, our framework operates in the Vol domain,
where cost depends non-linearly on the full age distribution. This requires an
exact probabilistic modeling of the age process, fundamentally distinguishing our
methodology from previous Aol-based studies. While the Vol concept has been
previously investigated in [17,23,24], where its performance implications and
advantages were analyzed across various system models, those studies did not
propose a method for minimizing such cost functions. In contrast, our work
develops a full framework for scheduling in discrete-time systems that directly
targets the minimization of user-specific, non-linear age-based cost functions un-

der GAW model. This enables the use of heterogeneous cost profiles that capture
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the perceived importance or utility of timely updates from each source. As a
result, the scheduler can be tailored to application-specific requirements, offering
enhanced performance in diverse environments. Notably, when the cost func-
tion grows linearly with age, the proposed model reduces to the classical Aol

formulation, making Aol a special case of our framework.

Another distinguishing aspect of this study is the use of the service time dis-
tribution for each user, rather than only relying on its statistical moments (e.g.,
mean or variance). This allows the system model to capture more accurate rep-

resentation of service variability.

To compute the expected cost of a given cyclic schedule, we model the evolu-
tion of the system using a discrete-time absorbing Markov chain. This approach
facilitates exact computation of the long-run average system value or age un-
der any scheduling patterns, while avoiding the complexity of simulation-based

estimation.

The scheduling problem in general heterogeneous systems is known to be NP-
hard, meaning that finding the exact optimal solution becomes computationally
infeasible as the system size grows. Even with a small number of users, the
number of possible scheduling patterns increases exponentially with the pattern
length, making exhaustive search impractical. This complexity becomes even
more significant in our setting, where the cost depends on non-linear, user-specific
Vol functions and full service time distributions. These factors make the cost
landscape highly irregular and difficult to predict. As a result, simple or greedy

approaches often get stuck in suboptimal solutions.

For the construction of scheduling patterns, we depart from the greedy search
approach employed in [1] and instead utilize a metaheuristic algorithm based
on Simulated Annealing (SA). The use of SA allows for more comprehensive
exploration of the scheduling space, reducing the likelihood of convergence to
suboptimal local minima and offering improved schedule quality in practice. To
illustrate the structure of our approach, a high-level overview of the scheduling

framework is provided in Figure 1.3.
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Pattern System cost Algorithm obtained

Figure 1.3: High-level flow of the pattern search framework, starting from a
baseline schedule and iteratively optimizing system cost through a metaheuristic
search algorithm.

The overall flow of the proposed scheduling framework is illustrated in Fig-
ure 1.3. The process begins with a simple round-robin pattern as the initial
schedule. Using the absorbing Markov chain-based analytical method, the mean
system cost is calculated for this pattern. A metaheuristic search algorithm specif-
ically Simulated Annealing is then applied to explore the space of cyclic patterns
and iteratively identify improved schedules. At each step, the system evaluates
whether the new pattern leads to a lower cost. If so, it is retained and used as a
base for further exploration. The process continues until a termination condition,
such as a maximum number of iterations, is met. The final output is a scheduling
pattern that, guided by the search algorithm’s capability, achieves a reduced sys-
tem cost. The cost evaluation procedure and the pattern construction algorithm

are discussed in detail in the subsequent chapters.

1.3 Thesis Outline

The remainder of this thesis is organized as follows. Section 2 reviews related
work on Aol, including scheduling strategies and recent extensions involving Vol.

Section 3 introduces key mathematical tools, including absorbing Markov chains.

Section 4 defines the discrete-time system model and presents the Vol-based
cost formulation. Section 5 details the analytical method for evaluating the ex-

pected cost of cyclic schedules using absorbing Markov chains.



Section 6 introduces a simulated annealing-based heuristic for scheduling pat-
tern optimization. Numerical results are provided in Section 7, followed by con-

cluding remarks and future directions in Section 8.



Chapter 2

Related Work

Most of the freshness metrics commonly used in the recent literature are based on
the concept of Aol [24,25|, which quantifies the time elapsed since the generation
of the most recently received status update at the destination (monitor) from
a particular information source. A related metric, the Peak Age of Information
(PAol), is obtained by sampling the Aol process immediately before each packet
reception event simulating worst-case freshness [26]. Depending on the specific
application and system requirements, either Aol or PAol is targeted for mini-
mization. A wide range of studies in the literature have proposed methods for
optimizing such metrics under various system models [25]. One of the earliest and
most influential works in this area is presented in [2|, which addresses a single-
source status update system. Subsequent works have extended this model to
incorporate queuing effects, different arrival processes, physical layer constraints,
and lossy communication channels. A particularly relevant line of research focuses
on systems with multiple information sources, which is also the setting considered
in this thesis. In such multi-source scenarios, several system architectures have
been studied [1,27-31|. Status updates in these systems are typically modeled
in two distinct forms. In the first, a central server actively polls the sources,
prompting them to transmit updates in response. These updates often contain
mission-critical information and require timely delivery. In the second model,

known as the random arrival model, sources independently sample and transmit



updates at stochastic time instances without waiting for a poll message [29, 32].
These distinctions significantly influence the design of scheduling and resource
allocation strategies aimed at minimizing Aol-related performance measures in

distributed communication systems.

The frequency of packet generation and the queuing discipline adopted at the
source significantly influence the evolution of the Age of Information, regardless
of whether the system follows a poll-based or random arrival model. Several
queuing strategies have been studied in the literature, including First-Come First-
Served (FCFS), Last-Come First-Served with and without preemption (LCFS-
P/NP), as well as various drop policies involving buffer replacement. FEach of

these approaches has distinct implications for Aol performance [2,33].

In this work, we specifically focus on the GAW model, where sources are
capable of generating packets at arbitrary time instances but are constrained to
retain only the most recent status update. A similar setting has been considered
in [1] within a continuous-time framework. However, our study differs in that we
adopt a discrete-time model, which leads to fundamental changes in the system

dynamics and performance analysis.

Another important observation concerns how Aol is computed in many of the
earlier works. Typically, age is modeled as the time elapsed since the generation
of the last received packet, increasing linearly between receptions and resetting
upon update delivery. While this characterization is accurate and analytically
convenient, it may not be adequate for all application contexts. To address
such limitations, several extensions and alternative age-based metrics have been

proposed in the literature to capture application-specific notions of freshness.

One such alternative metric is the Age of Incorrect Information (Aoll), which
considers not only the age of the last received update but also how accurately it
reflects the current state of a dynamically evolving process. In systems where the
state changes over time such as tracking mobile entities or monitoring stochastic
processes the usefulness of an update may degrade in a manner that depends on

the divergence between the actual state and the receiver’s estimate, rather than

10



simply on elapsed time. Aoll captures this by quantifying the estimation error
between the true system state and the stale information held at the receiver [34—

37]. An example application of Aoll is presented in slotted ALOHA systems [38].

Beyond Aoll, the literature also introduces other alternative freshness metrics,
including the Effective Age [39] and the Peak Age Violation [40]|, each capturing

different aspects of information timeliness, update relevance, or system reliability.

Among these diverse metrics, the main focus of this work is the Value of Infor-
mation framework. Vol extends the concept of freshness by applying non-linear
cost functions that reflect the urgency or contextual importance of individual
updates [23,41]. In contrast to Aol, which treats all packets equally regardless
of their semantic value, Vol enables differentiation among updates by penaliz-
ing outdated information more heavily when it is considered more critical to the

application.

Earlier works have analyzed Vol in systems using service disciplines such as
FCFS and LCFS, demonstrating its benefits through mean-value performance
metrics [18]. However, these studies are mostly analytical and focus on charac-

terizing the behavior of Vol under fixed policies.

In contrast, while absorbing Markov chain models have been employed in prior
works [42, 43|, our study integrates this analytical tool within an optimization-
based framework specifically designed to minimize the Value of Information in
discrete-time systems. By leveraging this framework, we are able to evaluate the
long-term performance of scheduling patterns in terms of their informational im-
pact. Building upon the foundations laid in [1], where cyclic scheduling methods
were introduced for discrete-time systems, our approach extends these ideas by

jointly combining theoretical analysis and scheduling optimization.

11



Chapter 3

Preliminaries

3.1 Aol Definition

In discrete-time status update systems, Aol is a metric that quantifies the stal-
eness of the most recently received data. Let Ay denote the instantaneous Aol
observed at the beginning of time slot k. If the most recently received update

was generated at time #),4es¢, then the Aol at time k is defined as:

Ak =k— Hatest (31>

Between two successive receptions of updates from the same source, Ay in-
creases linearly with time. Figure 3.1 depicts the sample evolution of the discrete-

time Aol and PAol processes over time.

During each update cycle [, the instantaneous Aol, Ay, increases linearly over
time, starting from w; = d; — t; at the reception time d;, and growing incremen-
tally with each time slot until the next update arrives. This growth reflects the
accumulating staleness of information in the absence of fresh updates. The Aol

attains its peak at the final slot of the update cycle, specifically at k = d; 1 — 1,

12
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Figure 3.1: Sample path of the discrete-time Aol and PAol processes for a user.
The filled red circles represent time slots that contribute to the Age of Informa-
tion, while the hollow red circles indicate the Peak Age of Information values at
successful delivery times. .

right before the next update is received. Upon successful reception of a new up-
date at d;yq, the process resets to u;,1, the system time of the next packet. A
hollow red circle marks a hypothetical overshoot value representing the Aol had

the update been delayed by one more slot.

Let A and ® denote the corresponding steady-state random variables for Aol
and PAol processes. Their long-term expectations are computed as time-averages

due to the ergodicity of the system:

E[A] = lim —ZAk (3.2)

T—oo 1’

E[®] = lim — Z D, (3.3)

L—oo [,

We further define the system-level Aol and PAol as weighted averages across all

13



users:

E[Ay] = sz‘ E[A;] (3.4)
E[®yys] = Z w; E[®;] (3.5)

where w; is the normalized weight of user ¢, with ) . w; = 1, reflecting the relative

importance or urgency of its updates.

3.2 Vol Definition

In status update systems, Aol is a widely used metric that measures the time
elapsed since the most recently received update was generated. At any slot k,
the Aol was previously defined in equation (3.1). Now, we define the Vol as a

function of Aol, at each slot k£, Vol is computed as:
Vi = f(Ag) (3.6)

where f : N — R* is a polynomial cost function. Polynomial functions are
adopted in this work as the mapping from Aol to Vol due to their analytical
closed-form properties. Specifically, polynomial cost functions allow for exact
expressions in the evaluation of expected cost, which is essential for the Markov
chain-based analysis framework employed throughout this study. Among various
options, we focus on second-order polynomial functions to maintain a balance
between expressive power and mathematical simplicity. However, one can select
a polynomial of arbitrary order N and apply the same framework. While the
approach can also be extended to more general, non-polynomial cost functions,

such extensions are beyond the scope of this work.

Similar to Aol, we are interested in both the instantaneous and peak values of
Vol. Let V' denote the steady-state distribution of V}, and ¥ denote the cycle-wise
peak Vol defined as ¥, = f(®,;), where @, is the peak Aol during the [th update

14



cycle. Their distributions are given by:

pyv(v) = lim Pr(V, =v),
py(v) = llim Pr(¥, = v)
—00

To visualize the nonlinear nature of Vol, Fig. 3.2 illustrates a sample path of the

Vol process where the cost function is chosen as f(A) = A%

2
AV
< cycle-l >
©)
e ® R
)
° e .
. ® : °
. " @)
“ e Rl e
f )
Ui ":'.O
d d “k

Figure 3.2: Sample path of the Vol process f(A;) = A? under a quadratic
cost function. The filled red circles represent time slots that contribute to the
total Value of Information, corresponding to the instantaneous squared age values
f(Ay) = AZ. The hollow red circles denote the Peak Value of Information values
observed at successful update delivery times

During each update cycle [, the instantaneous Vol, Vi, = f(Ay), grows quadrat-
ically over time, starting from wu; at the reception time d;, and reaching a peak
of ¥, = f(®;). This sharp increase reflects the growing penalty for staleness
in delay-sensitive applications. Upon successful reception of the next update at
d;;1, the process resets to u;,1. A hollow red circle marks the hypothetical over-
shoot value, corresponding to the cost if the update were delayed by one more
slot. Compared to the linear Aol process, this parabolic trajectory emphasizes

the urgency of timely updates under nonlinear cost metrics.
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3.3 Discrete-Time Absorbing Markov Chains

A discrete-time Markov chain (DTMC) is a stochastic process {Xj}r>o defined
on a finite or countable state space X, such that the probability of transitioning

to the next state depends only on the current state:

PXi1=7 | Xe=0,Xp1,...,X0] =P[Xps1 =7 | Xpo =1 (3.8)

The process evolves in discrete time steps, and its behavior is fully described by
a transition probability matrix P € R™*" where P(i,j) = P[ X1 = 7 | Xx = i].
A DTMC is said to be absorbing if there exists at least one state s € X such
that P[ X1 = s | X; = s] = 1, meaning the process remains in state s once
entered. Such a state is called an absorbing state. A Markov chain is considered
absorbing if, starting from any transient state, there is a nonzero probability of
eventually reaching some absorbing state. In other words, all states in the chain
are either absorbing or transient, and every transient state can reach at least one
absorbing state through a finite sequence of transitions with positive probability.
In general, Markov chains may include multiple absorbing states, each potentially
representing a distinct terminal outcome. However, in the analytical framework
adopted in this work, each Markov chain is constructed such that all sample
paths eventually lead to a single absorbing state. This modeling choice reflects
the structure of our system, where the process terminates deterministically at a

common endpoint, regardless of the path taken through the transient state space.

For an absorbing DTMC with r transient states and m absorbing states, the

transition matrix P can be written in canonical form:

Q R
0 I

pP= (3.9)

where:

e () € R™" contains the probabilities of transitioning among transient states,
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e R € R™™ contains the probabilities of transitioning from transient to ab-

sorbing states,
e [ € R™*™ is the identity matrix over the absorbing states,

e 0 is a zero matrix of appropriate size.

The key to analyzing the behavior of an absorbing Markov chain lies in un-
derstanding how the system evolves before reaching an absorbing state. This is
captured by the fundamental matriz N = (I — Q)~', where @ describes transi-
tions among transient states. Each entry N (i, j) represents the expected number
of times the process visits state j starting from state ¢ before absorption occurs.
Using the fundamental matrix, one can also compute the expected time to ab-
sorption for each transient state. Specifically, the expected number of steps until

absorption when starting from transient state ¢ is given by
t(@) =Y  N(,j),
j=1

which corresponds to the total expected number of visits to all transient states
before the process is absorbed. Moreover, the absorption probabilities can be
obtained using the matrix B = NR, where B(i, j) gives the probability that the
process is eventually absorbed in absorbing state j when starting from transient
state i. Together, these quantities provide a complete description of the transient

behavior and long-term outcomes in absorbing discrete-time Markov chains.

3.4 Discrete Phase-Type (DPH) Distributions

A discrete phase-type (DPH) distribution models the time until absorption in
a finite discrete-time Markov chain (DTMC) with one absorbing state and a
finite number of transient states. It provides a flexible way to represent a wide
class of service time distributions including geometric, uniform, deterministic,

and mixtures of such distributions as special cases.
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Formally, let X be a discrete random variable denoting the number of time
steps until absorption. Then, X is said to follow a DPH distribution, denoted by
X ~ DPH(e,T'), where:

e o € RY™" is the initial probability vector over the r transient states,

e T ¢ R™" is a substochastic transition matrix (i.e., each row sums to less

than or equal to 1),

e ¢ = (I —T)1 is the absorption probability vector,

The probability mass function (PMF) of X is given by:

PIX =k|=aT* " k=12,... (3.10)

The DPH representation is typically structured in an upper-triangular form
for canonical constructions. For a distribution with finite support {1,2,...,r},

the canonical transition matrix 7" may take the form:

px (i)
Gx(i)’

T(ii+1)=1- for1<i<r (3.11)

where Gx (i) = Y 7_; px(j) is the tail probability at i.

[0 T(1,2) 0
0 0 T(2,3)
T=|: : : (3.12)
0 T(r—1,r)
- 0 O -
and the absorption vector is computed as:
t=({1-T7T)1 (3.13)

18



DPH distributions are especially useful in queuing and network models where
modeling non-memoryless service or delay processes is essential. They offer
tractability while accommodating generality through matrix-based representa-

tions.
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Chapter 4

System Model

We consider a slotted-time status update system composed of a single base station
and N independent information sources, indexed by n = 1,2,..., N. Time is

discretized into uniform-length slots, and the system evolves over these slots.

Each source periodically generates timestamped update packets destined for
the base station. We consider GAW model, the scheduler actively polls users to

generate a fresh update at the moment of scheduling.

Each source maintains a single-packet buffer, storing only the most recent
packet. If a new packet arrives before the previous one is served, it replaces the
older one in a preemptive manner. This ensures that the freshest information
is always retained for transmission. Packet losses are assumed to be negligible;
the system operates under ideal conditions without ARQ or HARQ mechanisms.
The only source of delay is the service time, and potential control-plane latencies
(e.g., polling commands) are considered negligible and thus excluded from the

model.

Service is handled by a single server capable of serving at most one source
at any time. Once a packet is selected for service, the server remains busy for
a random duration 5, representing the service time for source n. The service

time may follow any discrete phase-type (DPH) distribution, independent across
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sources and slots.

Scheduling decisions are made according to a fixed cyclic pattern P =
[Py, Py, ..., Px_1] of length K > N, where each P, € {1,2,..., N}. Every source
appears at least once in each cycle to prevent its age from diverging. At the start
of a scheduling instant, the scheduler selects source Pj. If the source has a packet
available, it is served for Sp, time slots. Upon completion, the scheduler advances

to Pr41) mod k and the process repeats.

System performance is evaluated not directly in terms of raw age, but through
a user-specific cost-of-age function. Let A, (¢) denote the Aol for source n at
slot t, defined as the time elapsed since the most recently received update. The

instantaneous Vol for user n is defined as:

Va(t) = fn(An(2)), (4.1)

where f,(+) is typically a polynomial function capturing the cost of staleness for
user n and the effective cost behavior is reflected by the first and second order

terms, constant term is included for convenience and generality of the expression.

fu(A) = ap, A + b, A + ¢, (4.2)

In steady state, we consider the time-average Vol V,, and assign a weight w,, > 0
to reflect the priority or urgency of each source. The overall system cost is then

expressed as a weighted sum:

EV] =Y w,E[V]. (4.3)

which serves as the main performance metric to be minimized under the chosen

scheduling pattern.
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Chapter 5

Analysis of Vol with Absorbing

Discrete Markov Chains

In this chapter, we present an analytical framework for evaluating the mean
system Vol under a fixed cyclic scheduling pattern in a discrete-time setting.
While the classical Aol formulation assumes a linear penalty that grows with
time, our approach generalizes this notion by introducing a nonlinear cost model.
Specifically, we allow the age to be mapped through user-defined functions, such
as a quadratic cost function that enables differentiated prioritization based on

the urgency or importance of updates from different sources:

fi(A) = a; A + biA + ¢ (5.1)

Our work extends existing studies that primarily analyze cyclic schedulers in
continuous-time systems using only the first two moments (mean and variance)
of service times. In contrast, we operate in discrete time, which more accurately
reflects the operation of practical slotted communication systems, and we utilize

the distribution of service times in our analysis.
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The primary system-level objective in this framework is to minimize the ex-
pected overall cost induced by information staleness, quantified via the Vol model.

This optimization problem is expressed as:

min  J(P) = ZME[ fi(A)] (5.2)

where:

o P=[Py,P,..., P 4] is the cyclic scheduling pattern of length L,

A, is the random variable representing the age of user 1,

fi(+) is the non-decreasing cost function (e.g., quadratic) that maps Aol to
Vol,

w; is the normalized weight that reflects the urgency of user 1.

To evaluate this cost function under a given schedule, we construct a discrete-
time absorbing Markov chain (DTMC) for each user. These chains are designed
to capture the age evolution dynamics over repeated update cycles within the
schedule. Each state transition in the chain represents a time slot, with transitions

driven by the user’s specific service success probabilities.

Given a fixed cyclic pattern P = [Py, Py,..., Px_1], the sequence of sched-
uled users repeats deterministically over time. That is, the transmission order is
predetermined and cyclically repeated across scheduling rounds. This structure
allows us to analyze the long-term behavior of the system by focusing on the

repeating pattern P, rather than considering the entire infinite time horizon.

To evaluate the Vol-based performance of such a system, we proceed in several
steps. First, for each user i, we identify the subpatterns segments of P that start
and end at two successive appearances of user i. These subpatterns represent the
inter-update intervals for user i, during which its age evolves as other users are

served. This step is described in detail in Section 5.1.
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In the next step, we model the age dynamics of each user over its subpatterns
using a DTMC. The states of this DTMC correspond to the positions in the
subpattern, and transitions capture the stochastic service success behavior of
users. The construction of the DTMC is explained in Section 5.2 for geometric
service times. For DTMCs with more general discrete phase-type service models,

the details are explained in Section 5.4.

After building the DTMC for each user, we compute the moments of the Aol
distribution using the transient dynamics of the Markov chain. These moments
are then used to evaluate the user-specific cost E[f;(A;)] by applying the corre-
sponding cost functions. The moment-based expectation calculation is detailed

in Section 5.3.

Finally, the system-level Vol objective is obtained by aggregating the weighted
costs across all users as in Equation (5.2). This modular framework allows for pre-
cise evaluation of user-defined cost functions under deterministic cyclic schedul-

ing, accommodating heterogeneous service models and weights.

The remainder of this chapter details the formulation and solution of these
Markov models and describes how they are used to compute the mean system

Vol under a given cyclic schedule.

24



Calculate Mean System Vol
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construct Markov
Chain and obtain age
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System Vol

Figure 5.1: Overview of the cost evaluation process using absorbing Markov
chains under a fixed cyclic scheduling pattern. The framework involves sub-
pattern extraction, Markov chain construction, moment computation, and cost
aggregation.

Figure 5.1 summarizes the complete evaluation pipeline described in this chap-
ter. Starting from a cyclic scheduling pattern, the framework identifies user-
specific subpatterns and constructs corresponding discrete-time Markov chains.
From these chains, we extract the transition matrix and compute the first and
second moments of the Aol distribution for each user. These moments are then
mapped through user-defined cost functions such as the quadratic form in Equa-
tion (5.1) to evaluate the expected Vol cost. Finally, the system-wide performance

is obtained as the weighted sum of individual user costs.

5.1 Subpattern Extraction

In a cyclic scheduling setup, a user may appear multiple times within a single

scheduling cycle. However, each appearance occurs within a different context
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preceded and followed by different sequences of other user transmissions. To
accurately model the evolution of each user’s information age, it is essential to
extract and analyze the individual segments of the pattern that represent the

user’s inter-update intervals. We refer to these as subpatterns.

The purpose of subpattern extraction is twofold. First, it allows us to deter-
mine how many times each user is scheduled within one cycle of the pattern.
Second, it enables the identification of the exact sequence of other users that are
served between any two consecutive updates of a particular user. Since the user’s
age resets upon a successful transmission and increases during the intervening pe-
riod, the structure of these subpatterns is crucial in capturing the age dynamics

under fixed cyclic scheduling.

Let P = [p1,p2,...,p1] denote the cyclic scheduling pattern of length L. For
a given user ¢, we define a subpattern as a contiguous subsequence of P that
starts and ends with 7, and contains no other occurrence of 7 in between. Due to
the cyclic nature of P, wrap-around logic is applied when identifying subpatterns

that span the end and beginning of the pattern vector.

Example: Consider the cyclic pattern P = [1 2 3 1 2]. To extract the

subpatterns for user 1:

e The first occurrence of user 1 is at position 1, and the next is at position 4.

The users served in between are |2, 3|, so the corresponding subpattern is:

subpattern; = [1 2 3 1]

e The second subpattern wraps around cyclically from index 4 to index 1,

and includes user 2 again in between:

subpattern, = [1 2 1]

These subpatterns correspond to two distinct inter-update intervals for user 1,

each with different users contributing to the waiting time between updates. Such

26



structural variations affect the user’s age accumulation and, consequently, their

contribution to the overall system cost.

One can extract the subpatterns for any user from any given cyclic pattern

using the following pseudocode:

Algorithm 1 Extract Subpatterns for a Given User
Input: Cyclic pattern P = [py,pa, ..., pr], user index u
Output: List of subpatterns S,
Initialize empty list S, < [ |
Let I < all positions in P where P[i| = u
for j = 1 to length of I do
start < I[j]
end < I[(j + 1) mod length([/)] > Wraps cyclically
if end > start then
subpattern < Plstart : end)
else
subpattern < Plstart : L] concatenated with P[1 : end]
end if
13: Append subpattern to S,
14: end for
15: return S,

— = =
T

Each identified subpattern will later be used to construct a branch in the
DTMC for the corresponding user, as illustrated in Figure 5.2. By decompos-
ing the pattern in this way, we ensure that the Markov chain model accurately

captures the age dynamics for each user under the scheduling pattern.

5.2 DTMC Construction

Given a scheduling pattern, we aim to construct a DTMC that models the age
evolution of each user over time. This Markov model is later used to find moments

of Aol distribution for each user.
At the core of this construction is the notion of subpatterns, introduced in
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the previous section. Each subpattern corresponds to a segment of the cycle
between two consecutive update opportunities for a given user. These segments
determine how the user’s age evolves during the waiting period until the next

scheduled update.

We focus on the geometric service model, where a user’s transmission succeeds
independently in each slot with a fixed probability ¢,. Let a subpattern consist

of the user sequence:

{pla b2, ..., pl]

where p; is the user scheduled at position j. Each p; defines a Markov state, and

the transitions are defined as:

with probability 1 — g,
State j — ' "
J+1 with probability g,..

Each subpattern contributes a linear chain of transient states to the DTMC,
terminating at a shared absorbing state that represents a successful transmission.
These chains are combined into a global transient matrix B, and transitions to

the absorbing state are collected in vector b. The resulting transition matrix
T € RIMHADX(M+1) takes the following block structure:

B b
T = (0 1) (5.3)

where:

o B ¢ RM*M yepresents transitions among transient states,
o b € RM represents transitions to the absorbing state,

e Last row [0 1] represents the self-loop at the absorbing state.

Example (continued). Consider the cyclic pattern P = [1,2,3,1,2], and focus
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on user ¢ = 1, which appears twice. The corresponding subpatterns are:
Subpattern; = [1 2 3 1], Subpattern, = [1 2 1]

Each subpattern generates a transient segment of the DTMC, determined by the

success probabilities q1, g2, g3. The resulting transition matrix is:

Pini=0.5 D1

Subpattern 1
[1231]

Subpattern 2
[121]

1-p 1-p,

.—» Absorbing State ‘—» Transition States

Figure 5.2: Markov chain with two subpatterns and a shared absorbing state.

(1—¢, @0 0 0 0 |
0 1—qo Q2 0 0 0
0O 0 1-g¢s ¢ 0 0 0

B T O (5.4)

o 0 0 0 1-¢¢ @ 0 |0
O 0 0 0 0 l-g¢ @
o 0 0 0 0 0 l-gla

0o 0 0 0 0 0 0 |1

This completes the DTMC construction phase. In the next subsection 5.2.1,
we describe how to compute the age-based probability distributions and Vol costs
using this transition matrix. PMF computation is not a necessary process for cal-
culating the system’s mean cost; however, it is included in this section as it is
used to validate the accuracy of the Markov-based model against simulation re-
sults. Additionally, the PMF is essential for evaluating Peak Value-of-Information

(PVol), as explained in the corresponding section on mean PVol computation.
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Following the PMF computation, we proceed with the mean system cost calcula-
tion using the moments of the Aol distribution, as explained in the corresponding

chapter.

5.2.1 PMF Computation

To evaluate the Vol-based performance metrics for each user, we derive two key

probability mass functions (PMFs):

e The PMF of the instantaneous age A; at a randomly selected time slot:

P(A; = k) = a;BFh; (5.5)

e The PMF of the peak age ¥;, which represents the maximum age immedi-

ately before a successful transmission:

P(U; = k) = a;BF b, k>1 (5.6)

These probability mass functions (PMF) are stated without full derivations,
as they follow directly from the analytical framework presented in [42]|, which

considers a similar context. The involved components are:

e Transition matrix B € RM*M: Represents all transitions among the
transient states. It is assembled by combining the Markov chains derived

from each subpattern.

e Initial distribution o € RM: Represents the probability of starting in
each transient state. For users with m; subpatterns, this is typically uniform
across subpattern root states, i.e., each root state has weight 1/m;, and all

other states are assigned zero.

e Age overlap vector h € R™: Specifies the states that overlap with age.

Root states receive zero reward, and all other transient states are assigned
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unit reward:
. 0, if state j is a root

1, otherwise

e Normalized age overlap vector h € R™: Defined to ensure that the

computed age distribution is a valid PMF. It is calculated as:

~

h
h= TR (5.7)

e Absorption vector b € RM: Contains the probabilities of transitioning
from each transient state directly into the absorbing state. Nonzero entries

appear only at the final states of subpatterns, where absorption is allowed.

Example (continued). Consider the user with two subpatterns extracted from
the cyclic pattern P = [1 2 3 1 2|. The corresponding DTMC has 7 transient

states and 1 absorbing state.

The user starts from either subpattern root with equal probability:

o= [0.5 000 050 0] (5.8)

The unnormalized reward vector is:

B:[O 11101 1}T (5.9)

The normalized version becomes:

h=— (5.10)

Using this, we compute:
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e The PMF of age via Equation (5.5),

e The PMF of peak age via Equation (5.6).

Once the age distribution P(A; = k) is computed for user i, we can evaluate the
distribution of the Vol by applying the user’s nonlinear cost function f;(k). This
transformation reflects application-specific urgency and penalizes large age values

more severely if needed.

Let the Vol function be defined as:
fi(k) = CLiA? +b0A; + ¢ (5.11)

which maps each integer age k to a corresponding cost value v = f;(k). The
goal is to construct a new probability mass function over cost values, denoted
P(V; = v), by aggregating the probabilities of age values k that map to the same

cost:

P(Vi=v)= Y  PA=k) (5.12)
keN: f;(k)=v

In other words, the probability that the Vol takes on value v is obtained by
summing the probabilities of all age values k for which the cost function evaluates
to v. This is a discrete re-indexing of the Aol-PMF into the Vol domain.

In addition to the average Aol, our model also supports the evaluation of
Peak Value-of-Information (PVol), which corresponds to the cost incurred at the
peak age just before a successful update. This is computed using the peak age
distribution P(¥; = k), where ¥, denotes the number of time slots the system
spends in transient states before absorption. Once this PMF is obtained, the

same re-indexing method applies:

P(W;=v)= > P =k (5.13)
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This enables analysis of not only average behavior but also worst-case costs ex-

perienced immediately before each information update.

To validate this transformation, we compare the theoretical age-based cost dis-
tributions obtained via our absorbing Markov chain model with empirical distri-

butions derived from Monte Carlo simulations.
We consider a cyclic scheduling pattern given by:
P=11,2,3,1,2 2,2 2 1]

where each entry denotes the scheduled user at each decision instant. The service

times are geometrically distributed with success probabilities:
q=1[0.7, 0.5, 0.2]

for users 1, 2, and 3, respectively. Here, each ¢, represents the probability that a
transmission attempt by user n successfully completes in a given slot. We assume
equal user weights, and define the cost function as f(A) = A% Our focus is on

user 1 to evaluate the Vol and PVol distributions.

As shown in Figures 5.3 and 5.4, the analytical results closely match simulation

outputs, demonstrating the validity of our Markov chain-based analysis.
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Figure 5.3: Comparison of analytical and simulated PMFs for Vol under cost
mapping.
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Figure 5.4: Comparison of analytical and simulated PMFs for Peak Vol under
cost mapping.
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5.3 Expectation Calculation

Once the transition matrix T is constructed, along with the associated transient
block B, the initial distribution vector «, and the reward vector iL, we can compute
the expected Vol using matrix-based formulations. This section details how to
evaluate both the average and peak cost metrics using the discrete-time absorbing

Markov chain model.

5.3.1 Age Distribution and Moments

Let N; = (I — B;)™! denote the fundamental matrix of the Markov chain, where
I is the identity matrix. This matrix captures the expected number of visits to

each transient state before absorption.

To obtain a valid PMF over the age states, the unnormalized reward vector

h € RM is normalized using;

ho
alNh

which ensures that the resulting PMF sums to one.

(5.14)

Using this normalization, the PMF of the instantaneous Aol A; is given in

closed form as:

P(A; = k) = a;Bfh;, k>0. (5.15)

Accordingly, the first and second moments of the age distribution are computed

via:
E[A;] = Z k-P(A; = k) = a; B;N}h;, (5.16)
k=0
E[AZ] =Yk P(A; = k) = auBi(I + B;)N}'h,. (5.17)
k=0
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5.3.2 Expected Value-of-Information

Given the user-specific cost function in Equation (5.11), the expected Vol cost
can be expressed in two equivalent closed forms. Using the moments of A;, the

expected cost is evaluated using (5.17) as:

E[f;(A)] = a; - E[A?] + b; - E[A;] + ¢ (5.18)

Expressions in (5.18) represent the closed-form evaluations of the expected Vol

and can be used for analytical or computations.

5.3.3 Peak Age Distribution and Moments

Let N; = (I—B;)~! denote the fundamental matrix of the Markov chain for source
1, where [ is the identity matrix. This matrix captures the expected number of

visits to each transient state before absorption.

Let b € RM™ be the vector of absorption probabilities, where each entry repre-
sents the probability of transitioning from a given transient state to the absorbing
state. The probability that the peak Aol (i.e., the age at the moment of a suc-

cessful update) for source i equals k is given in closed form as
PV, =k) = ayBf ',  k>1, (5.19)

where «; is the initial distribution over the transient states. Using this PMF, the

first and second moments of the peak-Aol distribution are

E[V,] = iw(% = k) = a;N?b, (5.20)
E[V?] = f:m?(qfi =k) = oy(I + B;)N}b. (5.21)
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These expressions give closed-form evaluations of the peak-age moments, lever-
aging the fundamental matrix /N; and the absorption vector b. Unlike time-
average Aol, which measures ongoing staleness, peak Aol characterises the age
observed immediately before each successful update. This metric is important for

applications that are sensitive to worst-case information freshness.

5.3.4 Expected Peak Value-of-Information

Given the same user-specific cost function in (5.11), we can evaluate the peak
Vol i.e., the cost incurred immediately before each successful update using the
moments of the peak-Aol random variable W,. With the peak-Aol moments

in (5.21), the expected peak cost evaluated as:

E[fi(¥)] = a;-E[¥]] + b -E[¥,] + ¢. (5.22)

Expression (5.22) thus provides a closed-form evaluation of the expected peak
Vol, fully analogous to the time-average Vol in (5.18), but based on the peak

moments.

5.4 DTMC Construction With Discrete Phase

Type Service Distributions

This section introduces the construction of discrete-time Markov chains for mod-
eling age evolution under general service time distributions. To capture arbitrary
discrete distributions beyond geometric models, we adopt discrete phase-type
(DPH) representations. The construction proceeds in two main steps: first, lo-
cal DPH blocks are defined for each user’s service process; then, these blocks
are sequentially concatenated into a global absorbing Markov chain according to

the cyclic scheduling pattern. This framework enables the observation of system
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behavior under different service time distributions by embedding each user’s dy-
namics into a unified Markovian structure. It provides the flexibility to model
heterogeneous and non-memoryless service processes, and supports performance
evaluation through both age and cost-based metrics within a common analytical

framework.

5.4.1 Defining Local Phase-Type Blocks for User Service

Times

A DPH distribution is defined by a pair («,T'), where:

o T ¢ RM*M 5 3 substochastic matrix representing transitions among M

transient phases,

o o € RMM g the initial distribution vector over these phases.

Absorption occurs when the service completes, and the probability of absorption
at each phase is implicitly given by » = 1 — T'1, where 1 is an all-ones column

vector.

For each user i € {1,2,..., N}, we assume a known discrete service time

distribution over support {1,2,..., M;}, represented by a probability vector:
p@ = [p, Y, ] (5.23)

where p,(;) = P[S; = k] denotes the probability that user i’s service is completed in
exactly k time steps. This vector can represent any valid distribution: geometric,

binomial, truncated Poisson, empirical histogram, etc.

To construct a DPH representation from this distribution, we define the fol-

lowing;:

e The number of transient states is set to M;, corresponding to the maximum
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possible service duration.

The initial distribution vector a® is chosen as:
a=[100 ... 0] eRXM

indicating that service always begins in the first phase.

The transition matrix 7 € RM>*M: is constructed recursively using con-
ditional probabilities. Specifically, for k = 1,2,..., M; — 1, the probability
of transitioning from phase k£ to k + 1 is given by:

(4)

(@) Dy,
k,k+1 1 Zf_ll gz) ( )

while the probability of absorption from phase k is:

(@)
(4) Dy
1=

These ensure that the marginal completion probabilities match the tar-
get distribution p®. For the final phase k = M;, we set full absorption:
L)

(3

7Mi:07 7"](\,2)2:1.

The result is a Markov model (a!?, T(i)) that captures the probabilistic evolu-

tion of the service process for user 7. These models will later be integrated into

a global chain corresponding to the user’s inter-update intervals under a fixed

cyclic schedule, as detailed in the next construction step.

5.4.2 Concatenating DPH Blocks into the Global Transi-

tion Chain

Once the DPH models for each user’s service distribution are constructed, the

next step is to assemble these blocks into a global absorbing Markov chain that

captures the age evolution during each inter-update interval. This is done by
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sequentially concatenating the DPH blocks corresponding to each scheduled user

in the subpatterns identified for the user of interest.

Let S; = {P1,Ps,...,Ps} denote the set of subpatterns for user i, where
each subpattern P, = [pgs), pgs), - pf)} defines the sequence of scheduled users
between two consecutive transmissions of user . For each user pg;) in the sub-
pattern, the corresponding DPH block (a(pf))’ T(p§8))) is inserted into the global

transition matrix in sequence.

To form the full chain for user 7, the following operations are performed:

1. The first DPH block in the first subpattern is placed at the top-left corner
of the global transition matrix. Its initial distribution defines the starting

distribution for the chain.

2. For each subsequent user p§s) in the subpattern (across all s = 1,...,5),
(s)

the DPH block T ") is appended below the current matrix, expanding the

global state space. The absorbing state of the previous block is redirected

to the entry state of the new block, effectively chaining them together.

3. This redirection is implemented by identifying the last row of the preceding
DPH block (i.e., the absorbing transition) and modifying it to point to the
initial state of the newly added block. The self-loop at the local absorbing

state is removed to avoid premature termination.

4. For the final DPH block of the last subpattern, the absorbing transition is
preserved and directed to a single global absorbing state at the end of the

chain. This state represents the successful update for user 7.

5. The initial distribution vector a of the global chain is constructed by align-
ing the starting vectors of each first DPH block in the subpatterns, and

setting all other entries to zero.

The schematic structure of the resulting global transition matrix is illustrated

below. Each block T} corresponds to a user’s DPH representation, and the arrows
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represent redirected transitions between the absorbing phase of one block and the

initial phase of the next:

- (@]

Tglobal = — (526>
N

01
00

This procedure results in a block-stacked transition matrix with a single ab-
sorbing state, where each block corresponds to a scheduled user’s service model.
The age accumulates as the chain progresses through the blocks, and resets upon

absorption. The structure represents the impact of scheduling order and service

variability on the user’s age evolution under the cyclic pattern.

Once the transition matrix is constructed, the analysis proceeds by computing
the moments of the age distribution using the absorbing Markov chain model,

followed by the evaluation of the Vol as described in Section 5.3.

To give an example, consider a user whose subpattern is [1 2 3|, meaning that
user 1 is followed by users 2 and 3 before its next scheduled transmission. The

scheduled users exhibit distinct service time distributions modeled as:

pV = [1, 1] (5.27)
p? = [4, 2 1] (5.28)
SRR (5:29)

Each distribution is converted into a DPH representation using the conditional
absorption formulation described in Section 5.4.1. The resulting DPH blocks
have 2, 3, and 4 transient states respectively. These are connected in sequence

according to the subpattern, by redirecting the absorbing transition of each block
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to the entry state of the next. The final absorption leads to a global absorbing

state. The full transition matrix Tyiopa € R'2*12 for this construction is:

0 1/2 1/2 0 0 0 0 0 0
0 O 1 0 0 0 0 0 0
0 O 0 3/7 0 4/7 0 0 0
0 O 0 0 1/3 2/3 0 0 0
T 0 O 0 0 0 1 0 0 0 (5.30)
R0 0 0 0 0 0 T7/8 0 0 '
0 O 0 0 0 0 0 4/7 0
0 O 0 0 0 0 0 0 0
|1 0 0 0 0 0 0 0 0 ]
Here:
e Rows 1-2 correspond to user 1’s service phases.

Rows 3-5 correspond to user 2,

Rows 6-9 represent user 3,

Row 10 contains the final local absorption from user 3.

e Row 11 is the global absorbing state.

Row 12 represents the initial reset point for the next update cycle.

Redirections (i.e., implicit transitions between blocks) are already incorporated
numerically as nonzero entries connecting the absorbing state of one user’s DPH

block to the starting state of the next.

It is important to note that, although phase-type (PH) distributions offer a
rich modeling framework capable of representing a wide range of distributions
(including those with infinite support), our examples are given in discrete-time

distributions with finite support.
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Chapter 6

Optimization Framework for

Scheduling Patterns

In this chapter, we present a scheduling pattern construction algorithm and com-
pare it to a greedy baseline, both designed to minimize the Aol in a GAW system.
Our primary objective is to explore a feasible method for building reasonably ef-
ficient scheduling patterns. We have developed a dedicated analytical function,
introduced in Chapter 5, that calculates the mean Aol or the associated value
cost for any given user scheduling pattern. Here, a pattern refers to a sequence
indicating the scheduling order of users. For instance, in a system with three
users, a pattern can be any sequence of length K consisting of user indices (e.g.,
[1,2,3,1,...]). Typically, the length K is greater than the number of users N,
allowing users to appear multiple times within the pattern depending on their
service characteristics and system priorities. The function accepts this schedul-
ing pattern as input and returns the corresponding cost metric for the pattern. A
scheduling pattern specifies the order in which users are served. In practical sce-
narios, user service demands can vary with a broad range of mean service times,
variances, and possibly different priorities or weights. We define the scenario
as homogeneous when all users have similar or identical service demands, while
heterogeneity refers to differences among users’ service requirements. If the sys-

tem were entirely homogeneous, a Round Robin (RR) scheduling pattern would
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naturally be optimal, and there would be no need for complex pattern searching
algorithms. However, user service requirements may vary (heterogeneous sce-
narios) and this would cause the RR approach to be suboptimal for this case.
Consequently, our objective is to develop pattern-building algorithms capable of
handling diverse service demands, ensuring good performance across both homo-
geneous and heterogeneous scenarios. The algorithms presented in this chapter
initialize the scheduling patterns with a Round Robin sequence, as it is generally
considered a reasonable starting point in the absence of prior information about
the system. Omitting any user from the initial pattern would result in an invalid
schedule, violating basic scheduling requirements since every user must appear in
the pattern at least once. Moreover, it is necessary to impose practical limits on
the maximum length of the patterns considered, as excessively long patterns con-
sume significant memory and computational resources, making them impractical
for real-world deployment. Additionally, the computational complexity of eval-
uating the cost of patterns grows rapidly with increased pattern length, making
brute-force iterative search approaches computationally prohibitive. Due to the
substantial search space associated with pattern optimization, heuristic and meta-
heuristic algorithms offer practical solutions. These methods efficiently explore
large search spaces and are particularly suitable for scenarios where exhaustive

or brute-force methods become computationally infeasible.
In this context, we evaluate two distinct scheduling algorithms:

1. An existing method developed previously, known for producing high-quality

results but suffering from computational inefficiency as the number of users grows

[1].

2. A newly proposed Simulated Annealing (SA)-based metaheuristic, designed
to balance performance and runtime efficiency. SA allows probabilistic explo-
ration of the solution space and helps avoid premature convergence to local min-
ima, making it capable of discovering high-quality scheduling patterns with lower

mean computation time compared to the greedy method.

Through simulations and analysis, we aim to identify a scheduling approach
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that has an effective trade-off between Aol reduction and computational feasibil-

ity, thereby enabling the construction of system cost minimizing patterns.

6.1 Simulated Annealing Based Pattern Opti-

mization

Having defined the analytical framework for computing the expected age-based
cost for a cyclic transmission pattern in the previous section, we now focus on the
problem of finding a cost-effective pattern that minimizes the mean system cost.
Due to the combinatorial nature of the pattern space, we employ a simulated
annealing metaheuristic to search for good solutions efficiently. To contextualize
the performance of the proposed simulated annealing approach, we also evaluate
a baseline method based on insertion search, which has been previously used in
the literature for constructing cyclic schedules [1]. In our numerical experiments,
we compare the SA-based method against this baseline to assess its performance.
Let the cost function for a given pattern P be defined as Equation (5.2), where
E[fi(A;)] is computed as described in the previous section using the absorbing

Markov chain model. The goal is to find a cyclic pattern P* such that:

P* = arg min J(P) (6.1)

where P denotes the space of feasible cyclic patterns. We use the simulated

annealing algorithm described below to explore the possible pattern space.
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Simulated Annealing Algorithm (initPattern, N, weights)

Py < initPattern, Jeu, < EvaluateCost(Preyy)
Poest <= Pewrr,  Jbest < Jeurr
T+ T,
for £k =1 to maxlIter do
Pyew < GenerateNeighbor (Pry,y)
Jnew  EvaluateCost(Pey)
0 4= Jnew — Joure
if 0 < 0 or rand() < exp(—d/7") then
el albrew, JBBY — Jogf
if Jor < Jhest then
Poest < Pewrr,  Jbest ¢ Jeurr
end if
end if
T T
end for

return P, Jpest

At each iteration, a neighboring pattern P, is generated from the current
pattern P, and its cost J(Pyew) is evaluated. The new pattern is accepted

with probability:

1, if J(Pnew) < J(Pcurr)a
IP>3Lccept = ( J(Pnew) — J(Pcurr)> (62)
exp [ —

T , otherwise,

where T is the temperature parameter, which gradually decays according to a

cooling schedule T' <— 47" with 0 < v < 1.

6.1.1 Neighbor Generation

Given the current pattern P, a neighboring pattern P’ is generated through a

stochastic perturbation process. With probability pappena = 0.3, a randomly
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selected user u € {1,..., N} is appended to the end of the pattern. Alternatively,
with probability pswap = 0.7, two randomly chosen positions within the pattern
are swapped. The values pappend and Pgwap Were determined empirically through
trial and error to balance exploration and exploitation during the search process.
This randomized mechanism facilitates both exploration of new regions in the
search space through insertions and local refinement of the current solution via

swaps.

6.1.2 Cost Evaluation

For each candidate pattern P, the cost is evaluated via the Markov chain-based
method described in the previous section. This optimization method allows the

system to adaptively discover efficient cyclic schedules that reflect both user-

- h

Start with Round Calculate Max Final pattern

Robin Pattern iteration

P_new Mean reached obtained

specific priorities and non-linear staleness penalties.

Keep old pattern
or accept with
exp(-delta /T)

Generate a
neighbour pattern
P_new

and
P_best=inf.

System Cost ? P_best

Keep new pattern
P_best=P_new

K Pattern Search Algorithm J

Figure 6.1: Flowchart of the pattern search algorithm for minimizing system-wide
Vol

Figure 6.1 illustrates the overall flow of the pattern search algorithm. The
process begins with a Round Robin pattern, which serves as an initial, balanced
scheduling sequence. At each iteration, a new candidate pattern is generated and
its cost is evaluated based on the mean system Vol. If the new pattern improves
the objective, it replaces the current best; otherwise, the algorithm continues
exploring the search space until a maximum iteration limit is reached. The final

output is the pattern with the lowest observed cost. This method enables the
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discovery of efficient schedules by iteratively refining pattern candidates based on

their performance.

6.2 Insertion Search Algorithm

The Insertion Search (IS) algorithm is a greedy heuristic designed to minimize
the system-wide Aol presented in [1]. It begins with a Round Robin pattern
of length equal to the number of users N, ensuring that each user is scheduled
exactly once. Starting from this base pattern, users are iteratively inserted into
the pattern to reduce system Aol. The IS algorithm explores possible insertions

to find local improvements in the total system cost.

At each iteration, the algorithm considers every user and evaluates the cost of
inserting them at all possible positions in the current pattern. If any insertion

yields a lower cost, the current pattern is updated. The process terminates when:

e No further improvement is observed by inserting any user at any position,
or

e The pattern reaches a pre-defined maximum length K ..

The algorithm effectively increases the frequency of scheduling for important
users those with high weights or low service times. This prioritization reduces

their contribution to the system-wide cost.

Pseudocode:
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Algorithm 2 Insertion Search (IS) Algorithm

NN RN N DN KN = = b = = e e e e

26:
27:
28:

Input:

N < number of users

w, < weight of each user

ServiceStats < per-user service statistics (mean, variance)
Kax ¢ maximum allowed pattern length

Initialize:
P+ [1,2,...,N] > Initial Round Robin pattern
C « Cost(P) > Initial system cost

found ¢ true
while found = true and length(P) < Ky.x do
found <« false
bestPattern < P
bestCost < C
for each user : = 1 to N do
for each position j = 0 to length(P) do
Pr.onq < insert user ¢ at position j in P
C(cand <~ COSt(Pcand)
if Cang < bestCost then
bestPattern < P...q
bestCost <+ Ceana
found < true
end if
end for
end for
P < bestPattern
C < bestCost
end while
return P

Note: The Cost(P) function is evaluated using the discrete-time Markov chain

(DTMC)-based analytical model introduced in Chapter 5. Exhaustive exploration

ensures insertions are tried across all valid positions.
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Chapter 7

Numerical Results

In this section, we present simulation results to validate the effectiveness of our
proposed scheduling framework. We focus on the GAW scenario, where we high-
light the benefits of minimizing user-specific cost functions instead of the standard
Aol metric. The performance of two scheduling strategies, IS and SA, is compared
under various cost profiles to demonstrate the importance of tailored optimiza-
tion in heterogeneous systems. In numerical examples, Aol corresponds to the
linear cost function f(A) = A, whereas Vol refers to any general cost function of

the form given in (3.6).

In the upcoming experiments, any scheduling strategy labeled as “Aol-
optimized” refers to patterns that are constructed by minimizing the average
Aol (i.e., E[Aol]) using the Insertion Search method, and then evaluated under a
non-linear cost function f(Aol). Thus, even though the optimization is performed

over linear Aol, the final performance is assessed using the Vol framework.

7.1 Experiment 1

In this experiment, we demonstrate the advantages of directly minimizing the

cost function, as opposed to first minimizing the age and subsequently evaluating
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performance using the cost function. Additionally, we evaluate the performance
of various scheduling heuristics in the minimization process of average Vol or Aol.
Figure 7.1 presents a comparative analysis of SA, IS and RR pattern construc-
tion methods, where RR serves as a static, non-adaptive baseline. Experiment

parameters are given in 7.1.

Table 7.1: System parameters for the experiment 1
Parameter Description
User Weights Equal for all users
Service Time Distribution | Geometric distribution
Service Time Parameter | ¢; = 1/i for user i, E[S;] =i

Cost Function f(A) = 15A? (same for all users)
1400 -
1200 - |TB—RR
—4A— SA-F(Aol) Optimized
1 | SA-Aol Optimized, F(Aol) Evaluated
000 I | —e— IS-F(Aol) Optimized
IS-Aol Optimized, F(Aol) Evaluated
— 800
g
W 600 -
400 -
200 -
OGL? — I I I I I I |

2 4 6 8 10 12 14 16
Number of Users N

Figure 7.1: Comparison of SA and IS method; equal weight, user specific 1/N
service time, cost is f(A) = 15A? for all users.

The results reveal several important trends. Most notably, the combination of
SA with direct cost minimization consistently outperforms all other approaches
in terms of average Vol. Second, although SA occasionally performs similar to
IS at specific points-likely due to its randomized search trajectory it generally
outperforms IS over the full range of user counts. This variation arises from the
exploration exploitation balance inherent to SA, where worse solutions are ac-

cepted with controlled probability during early iterations, allowing the algorithm
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to escape local optima.

Interestingly, when comparing the same optimization algorithm under different
cost formulations, such as IS optimizing Aol directly versus minimizing the cost
function the results are mixed. The two IS variants cross each other, showing that
the algorithm’s performance depends heavily on the choice of the objective func-
tion. This inconsistency can be attributed to IS’s greedy behavior, which quickly
converges to local minima and lacks the exploratory capacity needed to navigate
more complex cost structures. In contrast, the SA based variants, particularly
those optimizing the cost function directly, rarely intersect with their Aol opti-
mized counterparts and consistently exhibit lower Vol values. This highlights the
effectiveness of direct cost minimization when paired with SA, as the algorithm’s
inherent randomness helps it escape suboptimal regions and achieve significantly
better outcomes in most scenarios. Overall, SA demonstrates greater robustness
by maintaining exploratory behavior throughout its run, making it particularly
suitable for non-convex objectives. Although SA does not guarantee global opti-
mality and its performance can fluctuate due to stochastic elements, it generally
yields lower average Vol, especially in scenarios involving non-linear costs and

heterogeneous service models.

7.2 Experiment 2

In Figure 7.2, we use the experimental setting given in Table 7.2. Difference from
Experiment 1 is the cost function changed to a linear form, also known as age,

f(A) = A in order to evaluate the performance of IS and SA algorithms.

Table 7.2: System parameters for the experiment 2
Parameter Description
User Weights Equal for all users
Service Time Distribution | Geometric distribution
Service Time Parameter | ¢; = 1/i for user i, E[S;] =1
Cost Function f(A) = A (same for all users)
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Figure 7.2: Comparison of SA and IS method; equal weight, user specific 1/N
service time, simple age without user cost.

In this setting, we omit the results of cost evaluated patterns, as the focus is
purely on minimizing raw Aol, without applying any nonlinear transformation.
The results show that the performance of SA closely tracks that of the RR baseline
occasionally performing slightly better or worse. At certain points, SA even

marginally outperforms IS.

The effectiveness of IS in minimizing Aol has been established in prior work [1],
and our findings are consistent with that conclusion: IS continues to outperform
SA in this linear setting. We attribute this to the fact that greedy algorithms,
such as IS, are particularly well suited for linear objective functions, where local

search methods can efficiently converge to near optimal solutions.
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7.3 Experiment 3

We repeated Experiments 1 and 2 using a heterogeneous weight model while

keeping the service times equal across users, as detailed in Table 7.3.

Table 7.3: System parameters for the experiment 3

Parameter Description

User Weights W,=n?forn=1,2,...,N

Service Time Distribution | Geometric distribution

Service Time Equal for all users; fixed as S =1
Cost Function For Figure 7.3f(A) = 15A?, For Figure 7.4f(A) = A
1400 -
—8—RR
1200 - —A— SA-F(Aol) Optimized
SA-Aol Optimized, F(Aol) Evaluated
=¥ |S-F(Aol) Optimized

1000 I1S-Aol Optimized, F(Aol) Evaluated

—, 800

g

w
600 -
400 -
200 - ,

o <
OL ! ! ! ! ! ! |
2 4 6 8 10 12 14 16

Number of Users N

Figure 7.3: Expected cost E[f(A)] versus number of users under the quadratic
cost function f(A) = 15A?%, comparing IS and SA under different optimization
targets, alongside the RR baseline.
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2 4 6 8 10 12 14 16
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Figure 7.4: Expected cost E[f(A)] versus number of users under the simple age
function f(A) = A, comparing IS and SA under different optimization targets,
alongside the RR baseline.

The results closely resemble those of the previous experiments. For the
quadratic cost model, Simulated Annealing with direct cost minimization con-
tinues to yield the best performance. In contrast, for the linear cost case (i.e.,
the mean Aol domain) shown in Figure 7.4, the IS method still performs better,

as explained in the discussion of earlier experiments (see Figure 7.3).

7.4 Experiment 4

In this experiment we consider the case where user-specific cost functions are
introduced to capture heterogeneous urgency levels across users as illustrated in

Figure 7.5. The parameters used in this system are presented in the Table 7.4.
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Table 7.4: System parameters for the experiment 4

Parameter Description
User Weights W,=n*forn=1,2,...,N
Service Time Distribution | Geometric distribution
Service Time Equal for all users; fixed as S =1
Cost Function ci(k) = oy - k*, with a; ~ U(1,10)
Monte Carlo Count 20

200

—8—RR

180 [ | —&— FAol) Optimized
Aol Optimized, FlAol) Evaluated

160

-
-
=]

120

100

BO

Monte Carlo Mean E[f{/\)]

60

40

IV

Number of Users N

Figure 7.5: Effect of heterogeneous quadratic user specific cost functions.

As depicted in the figure, the performance gap between the strategies widens as
cost heterogeneity increases. This result emphasizes the importance of cost-aware
scheduling in systems with diverse user priorities and sensitivity to information

staleness.

7.5 Experiment 5

In this experiment, we examine the pattern construction mechanisms of IS and
SA by analyzing their minimization iterations and resulting pattern lengths in

both the Aol and Vol domains. The analysis is conducted using the parameters
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provided in Table 7.6 for an arbitrarily selected set of 7 users.

Table 7.5: System parameters for the experiment 5

Parameter Description

User Weights W,=n?forn=1,2,...,N

Service Time Distribution | Geometric distribution

Service Time Equal for all users; fixed as S =1

Cost Function For Figure 7.6f(A) = A, For Figure 7.7f(A) = 15A?,

—6—IS-Adl B —w—SAAal
. —&— Pattern Length 56 —A— Pattern Length
| "

(IS-Aol)
E[A] (SA-Aol)

46 R

Pattern Length
Pattern Length

3 4 5 6 0 50 100 150 200 250 300 350 400 450 500
Iteration Iteration

N

Figure 7.6: Pattern length and Aol cost evolution over iterations for IS (left) and
SA (right) under linear cost function f(A) = A.
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Figure 7.7: Pattern length and cost evolution for IS (left) and SA (right) under
quadratic cost function f(A) = 15A2.

When f(A) = A, large Aol values are penalized mildly, allowing occasional
long gaps if offset by lower costs elsewhere. This leads to longer, more spread-out

update cycles. In contrast, a quadratic cost like f(A) = 15A? penalizes high Aol
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values more aggressively, thus pushing SA to avoid long inter-update intervals

and favor tighter, shorter patterns.

The cost function also affects SA’s acceptance probability, Paccept =
exp(—A/T), where A is the cost difference. Under linear costs, A tends to be
small, preserving exploration even at low temperatures. With quadratic costs,
larger A values quickly suppress Paceept, making the algorithm behave greedily

and converge prematurely.

In summary, steeper cost functions like 15A? reduce both cycle length and
exploration in SA, while smoother ones support more diverse schedules and better

global search behavior.

7.6 Experiment 6

Table 7.6: System parameters for the experiment 6

Parameter Description

User Weights W,=n*forn=1,2,...,N
Service Time Distribution | Geometric distribution

Service Time Equal for all users; fixed as S =1
Cost Function For Figure 7.8f(A) = 15A?
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Figure 7.8: Average execution time (seconds) vs. number of users (log scale) for

IS and SA

The Insertion Search (IS) algorithm builds the schedule step by step by testing
all possible insertions. At each step, it considers up to N x K candidate patterns,
where NV is the number of users and K is the current cycle length. Since each
candidate needs O(N K') operations to evaluate, the total per-iteration cost be-
comes O(N2K?). The process continues until the cycle reaches its optimal length
K*, so the overall complexity becomes O(N2K**), which can be quite slow for

large values of V.

Simulated Annealing (SA), on the other hand, explores neighboring solutions in
constant time and evaluates each one in O(N). With a fixed number of iterations

K, the total runtime is O(K - V), making it more scalable for larger systems.

Figure 7.8 shows the runtime of both algorithms (on a log scale) for differ-
ent user counts. For small N, IS is faster because the cycle length is short and
the computation remains manageable. However, as N grows, the IS curve in-
creases sharply due to the cubic growth in cost, while SA keeps a nearly linear
trend. All runtimes were obtained with MATLAB’s timeit function which re-

peatedly executes the target routine until measurement variance stabilises, then
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reports a robust average and were recorded on the author’s personal laptop (In-
tel Core i7, 16 GB RAM).

7.7 Experiment 7

Unlike previous experiments where geometric service time distributions were used,
this experiment aims to evaluate performance under alternative service time mod-
els. Specifically, we utilize DPH distributions to explore how the optimization
performs under more general, non-memoryless conditions. The objective is to
demonstrate that direct optimization of the cost function remains effective even
when the service time model deviates from the geometric assumption. For this

purpose, the system parameters summarized in Table 7.7 were used.

Table 7.7: System parameters for the experiment 7

Parameter Description

User Weights W,=n?forn=1,2,...,N

Service Time Distri- | Discrete; for each user, one of the following is randomly
bution selected:

— Uniform over {1,...,13}
1

— Geometric with p = {5

— Poisson with A = 5, truncated to {0,...,12}

Service Time User-dependent; sampled from the assigned distribution

Cost Function For Figure 7.9, f(A) = 15A*

In this experiment, we used the IS method for optimizing Aol, based on its
superior performance in Aol minization as shown in earlier experiments com-
pared to SA. Conversely, for direct cost function optimization, we applied the SA
method due to its flexibility in navigating non-convex solution spaces. The re-
sults reveal that directly minimizing the cost function yields better performance
than using an Aol-optimized pattern evaluated under a cost-based metric. These
results confirm that our main claim remains valid under different service time

distributions: directly optimizing the cost function yields lower system cost.
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Figure 7.9: Performance of Direct Cost Optimization with Discrete Phase-Type
Service Times

7.8 Experiment 8

Previously, in Figure 5.4 and Figure 5.3, we validated the accuracy of our ana-
lytical method based on absorbing Markov chains, showing that the simulation
results closely align with the theoretical predictions. In this experiment, we fur-
ther validate our absorbing Markov chain-based method by incorporating our
results into a comparison based on the similar system model previously studied
in [1]. The only difference between our work and the referenced study is that we
consider a discrete-time setting, whereas the referenced work uses a continuous-
time model. While we had previously verified the accuracy of the Markov-based
approach through Monte Carlo simulations given in Figure 5.3, our aim here is
to demonstrate its validity by directly comparing it against established methods
from the literature. In the referenced work, a continous-time setting was consid-
ered, and two baseline approaches were evaluated: the Whittle index policy and

the Insertion Search algorithm proposed by the authors for systems with n users.
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Table 7.8: System parameters for the experiment 8

Parameter Description

User Weights W,=n*forn=1,2,...,N

Service Time Distribution | Geometric distribution

Service Time Equal for all users; fixed as S =1

Cost Function Simple Age, f(A) = A
7 —

—=&— Markov Method No Offset -

6 —#— Markov Method 0.5 Offset Added

Continous Time Moment Method
=¥ Whittle Index

System Aol
N

3 4 5 6 7 8 9 10 11 12 13
Number of Users (N)

Figure 7.10: Comparison of Aol performance across methods for increasing num-
ber of users. Continuous-time and Whittle Index curves are re-created from [1];
other curves represent our method under discrete-time modeling with and with-
out alignment offset

As shown in Figure 7.10, the curves labeled Continuous Time Moment Method
and Whittle Index are reproduced from the reference study [1]. The curve la-
beled Markov Method No Offset represents the results of our proposed absorb-
ing Markov chain-based method applied directly to the same system model. To
align with the continuous-time results in [1], we also include an adjusted version
(Markov Method 0.5 Offset Added) where a constant offset is applied to account
for the structural difference between discrete and continuous time modeling. The
figure clearly shows that, after applying the appropriate offset, our method aligns

with the continuous-time results reported in the literature. This validates the
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correctness of our approach under the same system assumptions. The origin of
the observed 0.5 offset can be explained as follows: In the discrete-time Markov
chain model, time progresses in fixed slots, and Aol increases in integer steps
(0,1,2,...). An update is considered to be received at the end of a slot, so the
Aol resets discretely. In contrast, the continuous-time model treats time as a con-
tinuum, and Aol can reset at any point within a time interval. This leads to an
additional expected Aol component corresponding to the average "residual age"
within a service interval. For example, with deterministic service time S = 1, the

continuous-time model yields an average residual age of:

which does not appear in the discrete-time model. This explains the systematic

offset observed between the two methods. In general, the offset is given by:

ff =
Offset JE[S]’

and becomes relevant whenever continuous and discrete models are compared.
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Chapter 8

Conclusion

In this thesis, we studied the problem of minimizing information staleness in
discrete-time status update systems using a novel framework that extends the
conventional age of information metric which amounts to the time average of the
Aol process. Motivated by the limitations of average Aol in heterogeneous or
mission-critical applications, we adopted the Vol perspective, which allows each
user to be assigned a distinct, possibly nonlinear cost function that captures the
urgency or utility of timely updates. In particular, polynomial cost functions are

investigated.

Our work builds upon the cyclic scheduling model and extends it in several key
directions. First, we considered a discrete-time setting and introduced a method
to compute the expected cost for any given cyclic scheduling pattern using an
absorbing Markov chain framework. This analytical approach enables exact per-
formance evaluation under arbitrary discrete service time distributions, rather
than relying on low-order moments. Second, we proposed a simulated annealing-
based metaheuristic to efficiently explore the space of scheduling patterns, and
demonstrated its superiority over greedy insertion methods, particularly when
minimizing nonlinear cost functions. Numerical experiments confirmed that the
optimization of Vol-based cost functions results in notable performance improve-

ments compared to conventional Aol minimization.
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Overall, this thesis contributes a flexible and analytically observable framework
as an alternative to age-aware scheduling in slotted information-update systems.
By bridging theoretical modeling with practical optimization techniques, it lays
a foundation for future research in diverse real-world applications where update
utility varies across users or contexts, such as industrial control, autonomous

systems, and mission-critical monitoring scenarios.
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