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ABSTRACT

ZERO SETS OF ANALYTIC FUNCTION SPACES ON
THE UNIT DISK

Berk Bavas
M.S. in Mathematics
Advisor: Hakk: Turgay Kaptanoglu
July 2018

We survey some known results on the zero sets of two families of analytic function
spaces and another single space defined on the unit disk in the complex plane.
We investigate mostly the basic properties of the zero sets of these spaces that
are comparable to those of the Hardy spaces and to each other. The spaces we
consider are standard weighted Bergman spaces, the Dirichlet space, and certain
Dirichlet-type spaces that are very close to both Hardy spaces and the Bergman
spaces.

The completely known zero sets of Hardy spaces are easy to describe, charac-
terized by the Blaschke condition and the same for all the spaces in the family.
The zero sets of the other spaces considered have started to be investigated rela-
tively recently and are far from a complete description. Yet it is possible to find
conditions similar to the Blaschke condition for the zero sets of Bergman spaces
and Dirichlet-type spaces. For the zero sets of the true Dirichlet space, the known
results are sporadic and do not form a general theory yet.

Keywords: Zero set, Hardy space, Bergman space, Dirichlet space, Dirichlet-type
space, Blaschke condition.
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OZET

BIRIM DAIREDEKI ANALITIK FONKSIYON
UZAYLARININ SIFIR KUMELERI

Berk Bavas
Matematik, Yiiksek Lisans
Tez Danmigmani: Hakki Turgay Kaptanoglu
Temmuz 2018

Karmagik diizlemdeki birim dairede taniml iki analitik fonksiyon uzay: ailesinin
ve bir tek ayri uzayin sifir kiimeleri iizerine bilinen bazi sonuclari derledik. Bu
uzaylarin sifir kiimelerinin daha ¢ok Hardy uzaylarinin sifir kiimeleriyle ve birbir-
leriyle kargilagtirilabilen temel ézelliklerini inceledik. Inceledigimiz uzaylar, stan-
dart agirhikli Bergman uzaylari, Dirichlet uzay1 ve Hardy ile Bergman uzayina

cok yakin ozellikleri olan bazi Dirichlet tiirt uzaylardir.

Hardy uzaylariin tam olarak bilinen sifir kiimeleri kolay betimlenir; Blaschke
kogulu ile tarif edilir ve ailedeki biitiin uzaylar igin aynidir. Diger baktgimiz
uzaylarin sifir kiimeleri nispeten yeni aragtirilmaya baglanmigtir ve tam bir be-
timlemeden uzaktir. Gene de Bergman uzaylar1 ve Dirichlet tiirti uzaylarin sifir
kiimeleri i¢in Blaschke koguluna benzer kogullar bulmak miimkiindiir. Asil Dirich-
let uzayimin sifir kiimeleri i¢in bilinen sonugclar ise ayr1 ayridir ve heniiz genel bir

teori olugturmaz.

Anahtar sozcikler: Sifir kiimesi, Hardy uzay1, Bergman uzayi, Dirichlet uzayi,
Dirichlet tiirii uzay, Blaschke kogulu.
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Chapter 1

Introduction

The zero set of an arbitrary analytic function on a domain in the complex plane
is completely arbitrary except for the restriction that it cannot have any limit
point inside the domain. In other words, all possible limit points must be on the
boundary of the domain. Hence one is led to consider smaller classes of analytic

functions on a given domain to gain more information on the zero sets.

One such family of Banach spaces considered early is the family of Hardy spaces
H? on the unit disk defined by an integral growth condition near the unit cirle.
The zero set of a function in H? is completely characterized by the extremely
simple Blaschke condition, which describes how fast the zeros must approach the
unit circle. The interesting fact is that this condition is the same no matter what

p is with 0 < p < 0.

There are other families of Banach spaces of analytic functions on the unit
disc mostly defined using different kinds of integral growth conditions. The in-
vestigation of the zero set of a function in one of these spaces first concentrates

on finding a condition that can replace the Blaschke condition.

Bergman spaces AP have been known for a long time, but the first results
on their zero sets were given in mid 1970’s by C. Horowitz. Now there is a

satisfactory theory of the zero sets of functions in the Bergman spaces and their

1



weighted counterparts A2, o > —1.

Research on the zero sets of functions in the Dirichlet space was started in the
1950’s by L. Carleson, but progress has been very slow. The results are sporadic
and their descriptions are difficult. Results on the zero sets of the family of
Dirichlet-type spaces are even newer (2000’s and later) and rarer. They rely on

the properties of the spaces that are close to those of Bergman or Hardy spaces.

In this thesis, we study some known results on the basic characteristics of
the zero sets of the analytic function spaces other than the Hardy spaces. The

comparisons we make are summarized at the end of the Chapter 2.



Chapter 2

Preliminaries

Throughout this thesis, C' stands for a positive constant changing from line to
line. The set of natural numbers, denoted N, is {0,1,2,...}. The unit disk in
the complex plane C, denoted D, is the set {z € C : |z| < 1}. The unit circle,
denoted T, is the set {z € C: |z| = 1}. The set of all analytic functions on D is
denoted by H(D).

The following notations are heavily used in this thesis.

Notation 2.0.1. Let f and g be functions of real numbers. We say “f is big-oh

of g as x goes to s” and write

< Q.

) x
lim sup ’—
T—5s g(I)

Note that for a real number s, we have f(x) = O(g(z)) as x — s if and only if
there exists C' > 0 and § > 0 such that |f(x)| < C|g(x)| whenever 0 < |z —s| < .
We also have f(z) = O(g(x)) as  — oo if and only if there exists C' > 0 and
xo > 0 such that |f(z)| < C|g(x)] for all z > xo.

Notation 2.0.2. Let f and g be functions of real numbers. We say “f is little-oh

3



of g as x goes to s” and write

fx) = olg(x)), x—s,

/(=)

glx)| "

lim sup
Tr—S

Note that for a real number s, we have f(x) = o(g(x)) as © — s if and only if
for all € > 0 there exists § > 0 such that | f(z)| < €|g(z)| whenever 0 < |x—s| < .
We also have f(x) = o(g(x)) as x — oo if and only if for all € > 0 there exists
xo > 0 such that |f(z)| < €|g(x)]| for all z > x.

Notation 2.0.3. If f(z) = O(g(x)) as © — s and g(x) = O(f(z)) as x — s,

then we write f(x) < g(z) as x — s.

In the three notations above, s may be a real number or co. Also the limit in
these notations may be one-sided. We omit the expression “z — s” if the context

is clear. We sometimes write f(x) < g(z) instead of f(z) = O(g(x)).

Definition 2.0.4. The gamma function is defined by
['(z) = / e 't*7tdt, Re(z) >0
0
and the beta function is defined by

1
Bz, w) = / FY 1= ", Re(z) > 0, Re(w) > 0.
0

The relation between the gamma and beta functions is given by the following

proposition.
Proposition 2.0.5.

I'(z)l'
B(z,w) = %, Re(z) > 0, Re(w) > 0.
Theorem 2.0.6 (Stirling’s formula).
lim I'(z+1)
200 \/2mz2%e

4
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Note that Stirling’s formula and Proposition 2.0.5 imply that
gt /2u=1/2

B([E,y) = (x_i_y)ery,l/Q»

T — 00, Y — 00.

So for fixed y, we have B(z,y) < 7% as x — oo.

Theorem 2.0.7 (Summation by parts). Let {a,} and {b,} be two sequences. Set
A_1 =0 and

n
A, = Zak, n > 0.
k=0

If 0 < s <t, then

t t—1
Z anbn - Z An(bn F— bn+1) + Atbt - Asflbs-

Definition 2.0.8. A probability space (2, F, P) is a measure space such that the
measure P(Q)) of the sample space € is 1.

Definition 2.0.9. A random variable X : Q — R is a measurable function from

the sample space ) to the real numbers.

Definition 2.0.10. A family of random variables {X;}icr is called identically
distributed if P(X; < x) = P(X; <x) for allx and i,j € I, where P(X <x) =
Pwe Q: X(w) <z}).

Definition 2.0.11. A family of random variables {X;}ier is called independent
if for every Borel set B € F, we have P(Micr(X; € B)) = [[,c; P(X; € B) for all
i,j €1, where P(X € B) = P{w € Q: X(w) € B}).

Definition 2.0.12. If p and p’ are positive real numbers such that

1 1
_+_/:1
p p

)

then we call p and p' a pair of conjugate exponents.

Note that if p and p’ is a pair of conjugate exponents, then 1 < p < oo if and
only if 1 < p' < o0.



Theorem 2.0.13 (Minkowski’s integral inequality). Let 1 < p < co. Let (X, u)
and (Y, v) be o-finite measure spaces. If f(x,y) is a nonnegative v X pi-measurable

function on X XY, then

RVRLY d”@)}pd“(ﬂf)}w < [{ [ rew d#(:v)}l/pdu(y).

Theorem 2.0.14 (Holder’s inequality). Let p and p’ be conjugate exponents. Let
X be a measure space with measure p. If f and g are nonnegative measureable

functions on X, then

| f@ata) dute) < { | @ du<x>}l/p{ [ o) dm}”p'.

The equality occurs when fP is multiple of ¢* almost everywhere.

Theorem 2.0.15 (Parseval’s formula). Let H be a Hilbert space and {xy}32, be
an orthonormal (Hilbert) basis of H. If y € H, then

Dy xn) P =yl
k=0

A typical application of Parseval’s formula in this thesis is as follows. Let H
be the Hilbert space consisting of Lebesgue square-integrable and complex-valued

functions on [0, 27] with the inner product

(f9) = {% /O%f(e”)mcw}m.

Let f be an analytic function on ID. The Taylor series expansion of f around the

point z = 0 is
f(z) = Zakzk, zeD.
k=0

Then writing z = re®, we find
o

f(re?) = Zakrkeiw, 6 €0,2n], re€l0,1).

k=0
Suppose that for each r € (0,1), we have f.(e??) € H, where f.(¢?) = f(re?).
Fix r € (0,1). Then we apply Parseval’s formula and obtain

1 2 [ele} 4 2 [e’e)
Hfr”2 _ 2_/ Zakrkezka do = Z ’ak’2r2k’
™ Jo
k=0 k=0

since {e*?} is a Hilbert basis of H.




Theorem 2.0.16 (Jensen’s inequality). [14, Theorem 3.3] Let (Q, F,pu) be a
measure space such that u(QY) = 1. If g is real-valued function in L'(u) and ¢ is

a convex function on the real line, then

¢(/diu) S/Q(<bog)du-

When ¢ = exp and g = log f, where the functions exp and log is defined on the

positive real line as usual, and f is a positive-valued function, Jensen’s inequality

eXp(/Qlogfdu) S/Qfdu-

which is called the arithmetic-geometric-mean (agm) inequality.

becomes

Notation 2.0.17. For 0 <p <oo and 0 <r <1, we set

1 21 ) 1/p
M5 = {5z [ 1w an)

and
Meo(r, f) = max |f(re”)].

0<6<2m

Theorem 2.0.18 (Hardy’s convexity theorem). [3, Theorem 1.5] Let 0 < p < oc.
If f € H(D), then My(r, f) is a nondecreasing function of r.

Let 0 < p<g<ooand 0 <r < 1. Let f(z) be a non-constant measurable
function defined on . In Holder’s inequality, take f as |f(re?)[P and g as the
identity function on X = [0, 27]. Then we find

2m 21 r/q
M f) = o [ lperan < {o [Tiseean}” < aapce ),

"o

1
because 2—d9 is a unit measure on [0, 27].
™
Theorem 2.0.19. Let 0 < r < 1 and f be a non-constant function. If 0 < p <

q < oo then My(r, f) < My(r, f).

Let f be an analytic function defined on . A point « in D is called a zero of
f of order m if f(a) = f'(a) = --- = f"V(a) = 0 and f™(a) # 0. We simply
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say a zero of f instead of “zero of f of order m” if indicating the order of the

zero is not necessary. We say f wvanishes at a point « if « is a zero of f.

We consider only the analytic functions having infinitely many zeros. The
analytic functions having finitely many zeros is out of our interest, because they
are easy to describe; an analytic function f defined on D that has finitely many
zeros can be factored as f(z) = P(z)g(z) for all z € D, where P is a polynomial
and g is a nowhere vanishing analytic function on ID. Conversely, for a given finite
set there exists a polynomial vanishing precisely on it. Since all polynomials are
analytic and bounded on the closed unit disk, they belong to the all function
spaces that we discuss in this thesis. So there is nothing interesting about the

analytic functions that have finitely many zeros.

If f is analytic in D and its zeros have an accumulation point in D, then f is
identically zero on ID. In other words, an analytic function that is not identically
zero in D has isolated zeros. A set in the unit disk having uncountably many
elements has an accumulation point in the unit disk. So the only analytic function
vanishing on an uncountable set is the zero function. Therefore, an analytic

function that is not identically zero in ID must have countably many zeros.

Let f be an analytic function that is not identically zero in D. A sequence
{zx} is called the zero set of f if f vanishes precisely on {z;} and nowhere else.
If f has a zero of order m at a point « in D, then the point o occurs m times in
the zero set {2} of f. We say the zero set of an analytic function g is a subset
of the zero set of another analytic function f if f vanishes wherever g does with
at least the same multiplicity. The union of two zero sets is the usual set union
except it assigns to any common point a multiplicity equal to the sum of two

multiplicities.

Definition 2.0.20. We say a sequence {z} is a zero set of a space X of analytic
functions on the unit disk if there ezists a function 0 Z f € X such that {zx} is
the zero set of f.

We consider only zero sets {z;} with infinitely many elements; hence |z| — 1~

as k — oo. We order a zero set {zx} so that 0 < |z1] < |2] < ..., in fact; in

8



most places, we assume 1 — 1/e < |z| for convenience because if f(0) = 0, with

multiplicity m, then the results can be applied to g(z) = f(z)/z".

For f € H(D) and 0 < r < 1, we denote the zero counting function of f by
ns(r). More explicitly, its value is the number of zeros of f in |z| < r counting

multiplicities.

If f(0) # 0, then we denote the zero density function N¢(r) of f by

Nf(’f’):/ornf—(t)dt.

1

We abbreviate ng(r) and Ny(r) to n(r) and N(r) if the context is clear. Note
that Ny (r) is well-defined because the condition f(0) # 0 assures that there exists

ro > 0 such that ns(r) = 0 for all r € [0,79]. Hence we may write

Nf(?“)Z/Ornf—(t)dt:/T”fT@)dt

t ro

and the integral becomes proper.

Proposition 2.0.21. [8, Proposition 4.2]. If f € H(D) with f(0) # 0, then

" r
N(T> - Zlog @7
k=1

where z1, ..., z, are the zeros of f in |z| < r ordered as |z1| < ... < |z,|, repeated

according to multiplicity.

Proof. We have n(t) = 0 for 0 < t < |z| because f(0) # 0. So
N(r) :/ @dt
0

t

[

n—1 Zhd1 r
/Hl"—t)dw/ " 4.
2] t BN

k=1



Note that n(t) = k for |zx| <t <|zg11] and n(t) = n for |z,| <t < r. Hence

n—1

N(r) =Y {k(log|zks1| = log|zk])} + n(logr — log |z)

k=1

= z”: log I
k=1

|2k
as desired. n

Theorem 2.0.22 (Jensen’s formula). Suppose f € H(D) with f(0) # 0. Let
0<r<1andz,...,z, be the ordered zeros of f in the disk |z| < r, repeated

according to multiplicity. Then

& r 1 [ .
g /(0)] + 310w 1 = o [ tog () a0,
k=1

Using Proposition 2.0.21, we may rewrite Jensen’s formula as

log (0)] + N () = 5 [ log e .

Jensen’s formula relates the rate of growth of an analytic function f and the

density of the zeros of f.

Definition 2.0.23. For 0 < p < 0o, a function f € H(ID) belongs to the Hardy
space HP if My(r, f) remains bounded as r — 1. A function f € H(D) belongs
to H*® if Moo(r, f) remains bounded asr — 1~.

Proposition 2.0.24. Let 0 < p < co. If f € H? with f(0) # 0, then
N(r)y=0(1), r—1"

and

n<r):0(1ir>, 1

Proof. Let first 0 < p < co. Without loss of generality we may assume f(0) = 1.
Fix 0 < r < 1. Jensen’s formula together with Proposition 2.0.21 imply

1

2m ]
N(r)= %/0 log | f(re®)| dé.

10



Multiplying the above by p, exponentiating and applying the agm inequality, we

obtain Lo
pPN(r) « — 0yIP 40
M0 < o 1)

for all r € (0,1). Taking limit as » — 17, we find

lim PV < oo,
r—1-

because f € HP. Hence
N(r)=0(1), r—1". (2.1)

Note that n(r) is nondecreasing on (0,1). So we have

w0 =rt) = [nie< [ < [ = ne)

2

for all » € (0,1). Using (2.1), we deduce that

n(r?) = 0(1;), 1

Note that 1 —/r < (1 —/r)(1 ++/r) =1—rasr — 1~. Hence

n(r)—O(lir), 1

as required. The case p = oo is similar. O]

Theorem 2.0.25. Let 0 < p < oo. Let f € H? with f(0) # 0 and {2z} be the
zero set of f. Then

> (1= |zl]) < . (2.2)
k=1

Proof. Note that
I=> (1—|z) / (1 —7)dn(r).
k=1 |21

We employ integration by parts with u = 1 — r and dv = dn(r) to obtain

I=(1—=7r)nlr n(r)dr.
( )<>|ﬁ+[le )

11



Now Proposition 2.0.24 implies that the expression

= lim (1 —r)n(r)

r—1-

(1 —7r)n(r)

|21]

is finite. Another integration by parts with v = r and dv = " g yields
r

1 1
— N(r)dr.

\Z1| ‘Z1|

/| 1 n(r)dr = rN(r)

21|

Again using Proposition 2.0.24, we deduce the expression above is finite. Hence
I is finite. O

The statement in (2.2) is called the Blaschke condition. A sequence in the unit
disk is called a Blaschke sequence if it satisfies the Blaschke condition. Basically,
Theorem 2.0.25 implies that for a sequence {z;} in the unit disk to be a zero set of
HP it is necessary that {z;} satisfies the Blaschke condition. This condition also
turns out to be sufficient: For a sequence in the unit disk satisfying the Blaschke
condition, one can construct an infinite product B, which is given in (2.3) below,

so that B € H* C HP. To prove this result, we need the following notions.

Definition 2.0.26. Let {ax} be a sequence of complex numbers such that ar # 0
forallk=1,2,.... Let

n
Pn = H ag.
k=1
If P =1lim,,_,., P, exists and is not zero, then we write
oo
P = H ag
k=1

and say that the infinite product P converges. For a sequence {ay} with at most

finitely many zero terms, that is ax # 0 for all k > m, we say the infinite product

P = ﬁak
k=1

converges to zero and set P =0 if

exists and is not zero.

12



Theorem 2.0.27. [1, p. 242 Let {ai} be a sequence of positive real numbers.
Then the infinite product [ [~ (1 +ax) converges if and only if the series > ;- | ay

CONVETGES.

Proof. First note that 1 + x < e” for all real z. Then

N
ai —+ a9 44 an S H(l + Clk) S ea1+a2+“'+aN
k=1

and the result follows. O

Corollary 2.0.28. Let {z} be the zero set of an analytic function f. Suppose
zr #0 forall k=1,2,.... Then

n n 1
S < [Tk
k=1 k=1
Proof. Set ay, = (1 — |zx|)/|zk| so that a > 0 for all k = 1,2,.... Then we obtain

that . .
Sl
26l 7 ]

k=1

for all n, as in the proof of Theorem 2.0.27. We have 0 < ¢ < |z| < 1 for all £,

because {zx} is the zero set of an analytic function. Hence

n n 1
d-lahs][— n—o
k=1 k=1 En

as desired. 0

Theorem 2.0.29. Let 0 < p < oo and f € H? with f(0) # 0. Let {z} be the
zero set of f. Then

IEEE

Proof. Let first 0 < p < oo. Let also 0 < r < 1. Without loss of generality we
may assume f(0) = 1. Let 0 < |z1] < |22 < -+ <|zu| <7 < |2zpya| < -+ be the

ordered zeros of f, repeated according to multiplicity. Then

= 1
ZlogL:_/ log | f (re®)| df
—1 2] 27 Jg

13



by Jensen’s formula. Multiplying above by p, exponentiating and applying the

agm inequality, we obtain

n r 1 2m - 1/p_
U= {5 [ 1roeran} = 300,

Observe that the inequality above holds for each r € (0,1) and for arbitrary n.
Indeed, the product

m
I
7
e 2
increases as m goes from 1 to n, because |zx| < r for k < n. It decreases

monotonically for m > n, since r > |z| for k > n. Let r, =1 — 1/n so that we

(1-8) =) g o

have

for all n. Now letting n — oo, we obtain the desired result. The case p = 0o is

similar. O

Note that Theorem 2.0.29 together with Corollary 2.0.28 also imply Theorem
2.0.25.

Theorem 2.0.30. [1, Theorem 17.6] Suppose that fi(2) is analytic in D for all
k=1,2,..., and that Y_,> | |1 — fu(2)| converges uniformly on compact subsets of
D. Then the infinite product [, fx(z) converges uniformly on compact subsets

of D and represents an analytic function in D.

Theorem 2.0.31. [14, Theorem 15.21] Let {2z} be a sequence in D such that
2k 0 forallk=1,2,.... If

Z 1 — ‘Zk‘
k=1

and -
=[] ?-(2). (2.3)
k=1
where 2
_lad 2=z
b, (z) = g zeD (2.4)

then B € H*® and {zy} is the zero set of B.

14



Proof. Theorem 2.0.30 assures that B is analytic if the series
> 1—b.,(2)| (2.5)
k=1

converges uniformly on compact subsets of D. Let K be a compact set in D.
Then there exists 7 > 0 such that |z| <r <1 for all z € K. Note that nth term
in (2.5) is

Zn + |20z 1+

1—b, (2)| = 1—|z,]) < 1— |z,
1= b2 = | 22 = ) < T2 )
since |z| < r and |z,| < 1. Hence we have

D I=b,(2)] < - > (1 —Ja]) < oo

k=1 k=1

by hypothesis. So the series in (2.5) converges in K. Since K is an arbitrary
compact subset of D, it follows that the series converges uniformly on compact
subsets of . So the Blaschke product B is analytic in D by Theorem 2.0.30.
Note that |b,, (2)] < 1in D. So B is bounded on D. Thus B € H*. Note also
that each Blaschke factor b,, (2) has a zero at the point z = z; and has no other

zeros in D. So {z;} is the zero set of the infinite product B. O

Remark 2.0.32. For 0 < p < q¢ < oo, we have H>* C H? C HP? by Theorem
2.0.19. Hence the zero sets of HP spaces are independent of the exponent p. In

other words, the zero sets of HP spaces are the same for all p.

The infinite product B in (2.3) is called the Blaschke product and the fac-
tors b,, in (2.4) is called a Blaschke factor. Each Blaschke factor is indeed an
automorphism of the unit disk. Hence we have |b,, (2)| < 1 for all z € D and
b, (2)] = 1 for all z € T by virtue of being an automorphism of the unit disk. In
general, we have the following results about the automorphisms of the unit disk.

But first we introduce a new notation.

Notation 2.0.33. Let w € D. Then we set

w—z

Yu(z) = z € D.

1 —wz

15



Theorem 2.0.34. A map f : D — D is an automorphism of the unit disk if and
only if there exist 0 € [0,27] and w € D such that

f(2) = €”pu(2). (2.6)

The map ¢, (z) has the following properties.

Proposition 2.0.35. Let w € D. Then we have the following statements.

(1) 2= pu 0o py(z) for all z € D. Hence the map ¢, (2) is an involution.

(i)
(1~ =) = Jwl?)

1 — |ou(2)]? = , zeD.
D e TE
(iii)
/ ’wP —1
= e D.
) (1 —wz)?’ :

We denote the normalized area measure on D by dA, that is A(D) = 1. In

terms of rectangular and polar coordinates, we have

1 1 .
dA(z) = —dedy = —rdrdf, z=ax+iy=re®.
T T

Notation 2.0.36. For 0 < p < oo and —1 < a < oo, the weighted Bergman
norm of f € H(D) is denoted by

I£ha =1 [ If(Z)I”dAa(Z)}l/p,

where dA,(z) = (a + 1)(1 — |2]?)*dA(z). We abbreviate || f|,0 to || f|l, when

a=0.

Definition 2.0.37. For 0 < p < o0 and —1 < a < oo, the weighted Bergman
space AP consists of all functions f € H(D) with || f]|p. < co. We abbreviate Aj
to AP when o = 0.

Definition 2.0.38. Let 0 < p < 00, —1 < a < oo and t € N. The class of
functions f satisfying f¢) € AP is denoted by D?'. We abbreviate D?° to DP,
when t = 0.

16



Remark 2.0.39. It is known that if a > p(t + 1) — 1, then D?* = A7 . So the
only interesting case is when o < p(t + 1) — 1, which reduces to o < p — 1 when
t=0.

Theorem 2.0.40. Let f € H(D) and f(z) = > oy arz® be its Taylor expansion

around the point z = 0. Then we have the following statements.

(i) f € H? if and only if Y p |ax]* < cc.

(ii) f € A% if and only if > oo k™ Hag|* < oo,

Theorem 2.0.31 shows that every Blaschke sequence is a zero set of H?. Since
HP C AP it follows that every Blaschke sequence is also a zero set of AP. However,
some zero sets of AP spaces may not satisfy the Blaschke condition. Hence the
Blaschke condition is not necessary for a sequence to be a zero set of AP. Using
the ideas given in [4, p. 94], we shall show that there exists a zero set of A? that

does not satisfy the Blaschke condition. But first we need a technical lemma.

Lemma 2.0.41. [4] If ¢(r) is continuous and increasing function on the interval
[0,1) with ¥(0) = 1 and (r) — oo as r — 17, then there exists an increasing

sequence of positive integers {ny} such that

Zr”k <¢(r), 0<r<l
k=1

Proof. See Lemma 2 in [4, Section 3.2]. O

Now we construct an infinite product f that belongs to AP whose zero set does

not satisfy the Blaschke condition. Let 0 < p < oo and 0 < a < 1/2p. Let also

+1, 0<r<l,

w&)zabgll

so that ¢(0) = 1 and ¢(r) — oo as r — oo. Note that 1 (r) is continuous and
increasing on [0,1). Then there exists an increasing sequence of positive integers
{nx} such that

Do <(r), 0<r<l (2.7)
k=1

17



by Lemma 2.0.41. Let

=[J(1-2:), zeD.

k=1
Using Theorem 2.0.30, we shall show that f is analytic in the unit disk. Let K
be a compact subset of . Then there exists s € (0,1) such that |z| < s < 1
for all z € K. Note that k < ny for all k =1,2,..., since {ns} is an increasing

sequence of positive integers. So r™ < r* for all r € [0,1). Hence

oo o oo
g |z < E s < g s < o0
k=1 k=1 k=1

for all z € K. Thus f is analytic in the unit disk by Theorem 2.0.30. Next note
that f has nj, many equally distributed zeros on the circle of radius 27/ Since

e’ <14 x as x — 0, it follows that

o—1/ni _ p—log2/n — 1 _ logQ’ k — oco. (2.8)
M,

Let {zx} be the zero set of f. Consider the Blaschke sum

S —lal) =D m(1—27m).
k=1 k=1

The general term ng(1—27") 4 0 as k — oo, because we have ng(1—271/7) <
log2 as k — oo by (2.8). Hence the Blaschke sum is divergent and the zero set
{zx} of f does not satisfy the Blaschke condition. It remains to show f € AP.
Using the the inequality 1 4+ x < e*, we obtain

2

76) sr:[1+2r"k<exp(22r”k> T

where |z| = r and the last inequality is due to (2.7). Hence
|f(re®)|P = O((l — 7")_2“7’), r—1".
This implies f € AP because 0 < a < 1/2p.

So far we showed that the zero sets of HP spaces have the following properties.
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If f € H? and {2} is the zero set of f, then we have

N() = 0(1), r—1-,
n(r):O( ! ) r 1

1—r
1
H— =0(1), n— oc.
v 2

Furthermore, the zero set {z;} of f satisfies the Blaschke condition, that is

oo

Z(l — |2x]) < 0.

k=1
However the situation is quite different when it comes to the Bergman spaces A?.

and the Dirichlet-type spaces Dﬁ_l.

In Chapter 3, we show that for a function f € AP and its zero set {z.}, we

have

1
N(r) :O(IOgl—r)’ r— 1",

n(r)—O( ! log 1r>’ r—1,

1—r 1—
T4 (act1)/p
H—zo(n ), n— oo, (2.9)
o |2
S (1 = [a4]) = Ologn), 1 — o0

We show in Corollary 3.2.2 that the exponent (o + 1)/p in (2.9) is sharp. We
also show that a substitute of the Blaschke condition for the weighted Bergman

b
spaces AP is

i(l - |Zk|)<10g ;> o < o0 (2.10)

k=1 1= el
whenever € > 0. We also show in Corollary 3.2.3 that the exponent —1 — € in
(2.10) is sharp; it cannot be replaced by —1. In that chapter, we answer the
following three questions. Do the zero sets of A? vary with p and a? In other
words, for which values of p and a does there exist a zero set of A? that is not a
zero set of Aqﬂ? Is every subset of a zero set of A? again a zero set of A?7 Is the

union of two zero sets of A? again a zero set of AP?
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In Chapter 4, we study the zero sets of the Dirichlet space D?, which lies in
the H? space. In that chapter, we discuss the characteristics of the zero sets of
D?. We show that the Blaschke condition is not sufficient for a sequence to be a
zero set of D?; see Theorem 4.0.12. Interestingly, we also show that there exist
two sequences in the unit disk satisfying the Blaschke condition such that one of
them is a zero set for D? but the other is not. We also present some elementary

properties of the zero sets of D?.

In Chapter 5, we show that for f € DP ; and its zero set {z}, we have

1
N(r)zO(loglogl >, r—17,
—r
() = O —— 1oglog — e
n(r) = oglo i
— loglog —— ), ,
- 1 1/2—-1/p
H—lz (logn) ), n— oo,

n

Z(l —|2x|) = O(loglogn), n — oc.

k=1

We also show that a substitute of the Blaschke condition for the Dricihlet-type

spaces D, is

1 —1—e¢
1-— loglog ————

|zk|>1—1/e

whenever € > 0.

Chapter 6 is devoted to prove a sufficient condition for a sequence in the unit

disk to be a zero set of the weighted Bergman Space A?; see Theorem 6.0.7.
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Chapter 3

Zero sets of weighted Bergman

spaces

3.1 Preliminary results

Let 0 < p < oo and —1 < a < c0. Recall that a function f € H(D) is said to be

of class A? if the weighted Bergman norm

e ={ [ |f(2)|pdAa(Z)}1/p,

where dA,(z) = (a+ 1)(1 — |2]?)*dA(2), is finite.

In Proposition 3.1.1 and other similiar results below, the assumption f(0) # 0

causes no harm because if f(0) = 0, with multiplicity m, the results can be
applied to g(z) = f(z)/z™.

Proposition 3.1.1. [8, Proposition 4.4] Let 0 < p < 00 and —1 < a < oo. If
f € AP with f(0) # 0, then

1
/ PN (1 — ) dr < 0.
0
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Proof. Let

N
g(z)—f(o), e D.

Then g and f have the same zero sets and g € A2. For 0 < r < 1, we have

1 2m )
NG) = o / log lg(re®®)] df

by Jensen’s formula and Proposition 2.0.21. We multiply the equality above by
p and apply the agm inequality to obtain

1 2m ]
PN < — )P dp.
"0 < 5o [ latre?)

Then we multiply both sides by (1 — r?)% and integrate with respect to r to

/e”N (1—1r?) rdr<—// NP (1 =7 db dr.
0

The expression on the right side is finite because g € AP?. This completes the

obtain

proof. O]

Proposition 3.1.2. [8, Proposition 4.6] Let 0 < p < 00 and —1 < a < oo. If
f € A2 with f(0) # 0, then
1 ) _
, r—1
—r

1 1 _
n(r)zO(l_rlogl_r), r—1".

N(r) = O(log :

and

Proof. Write

1 1/2 1
/ ePNO(1 — 1) dt = / ePNO(1 — 1) dt + / PN (1 — 1) dt.
0 0 1

/2
The integral between 0 and 1/2 is finite because e?V® (1 — ¢)® is bounded for all

t € [0,1/2]. Note that there exists a positive constant ¢ such that ¢ < (1 + ¢)*t
for all ¢ € [1/2,1]. Hence

1 1
c/ PN (1 —)>dt </ PN (1 — )t dt < oo

1/2 1/2
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by Proposition 3.1.1. Since N(t) is increasing on (0, 1), we have

1
" 1(1 . T)a+1€pN(r) — 6pN(r)/ (1 . t)a dt
Q r

1
< / ePNO(1 — 1) dt < 0o

for all r € (0,1). Hence

N(r):O(loglir>, r—1".

Since n(r) is nondecreasing on (0, 1), we have

n(rz)(r—TQ)S/Tn(t)dtg/:@dtgj\f(r):O(loglir), 1

r2 2

So . .
n(r®) :O<1—T10g1—r

Note that 1 — /r < (1 —/r)(1++/r) =1—1r as r — 17. Finally we have

), r—1".

1 1 _
n(r)—O(l_Tlogl_T), r—1

as required. O

Theorem 3.1.3. Let 0 < p < 0o and —1 < a < co. Let also f € AP and {z}
be the zero set of f. Then

n

> (1= |z|) = O0(logn), n— co.

k=1

Proof. Without loss of generality we may assume f(0) # 0. Let 0 < r < 1 and

21,22, ..., %, be the ordered zeros of f in the disk with radius r. Then
Sotr= e ==l = [ (1 -nant)
k=1 k=1 Z1

Arguing as in the proof of Theorem 2.0.25, we find

/r (1— 1) dn(t) = (1—r)n(r) + NG — [ N(E)dt

z1] |21]
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so that

n

> (r—lal) < (1 =r)n(r) + rN(r).

k=1
Observe that the inequality above holds for each r € (0,1) and for an arbitrary
n, since r — |zx| > 0 for all £ <mn and r —|2;| < 0 for all £ > n + 1. Then taking
r =1 —1/n and using the estimates for n(r) and N(r) in Proposition 3.1.2, we

obtain
n

> (1= |z]) < Clogn

k=1

as n — 00. OJ

Theorem 3.1.4. [8, Theorem 4.7] Let 0 < p < o0 and —1 < a < oo. Let also
€ > 0. Suppose f € AP with f(0) # 0 and {z} is the zero set of f. Then

00 1 —1—e¢
1-— 1 .
>0l (log =) <

k=1

Proof. Note that

I :1(1 %) (log 1—;121@!) L /|:1|(1 — 1) (log 1 ! r)le dn(r).

An integration by parts with u = (1 —r)(—log(1 — r))~'7¢ and dv = dn(r) gives
I =1, + I, where

and

1 1 —1—¢
IZ:LH (IOgl—r> n(r)dr.

By Propostion 3.1.2, we have

| 1\ >
I gC/ (log ) dr:C/ r~ 1 dr < oo,
|21] 1—17r 1—17r by

where by = —log(1 — |21|). We employ another integration by parts on I, with

1 —1—¢€
u = r(log ) and dv = n(r) dr,

1—r
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which yields

1 —1—e 1 1 —1—e
I, = r(log > N(r) —/ (log ) N(r)dr
1—7r ™ |21 1—r

1 1 —2—€ r
1 1 dr.
+( +€)/|271|<0g1—71) 1—7r "

We shall show that each term above is convergent. Note that the first term is

1

finite by Proposition 3.1.2. Again using Proposition 3.1.2, we obtain

1 1 —1—€ 1 1 —€
Og/ <10g ) N(r)dr <C (log ) dr < oo
|Z1‘ 1—7" ‘Zl| ]_ — T

as € > (. For the last term, we employ a change of variables and find

1 1 —2—¢ r 1 1 —2—¢ 1
0< | dr < 1 d
_/|ZI|<Og1—7‘) 1—r T_/Z1|(Og1—7“) l—rr
:/ u 2" du

< 00,

where u; = —log(1 — |21]). Hence I, is finite. This completes the proof. O

Corollary 3.1.5. Let 0 < p < 00 and —1 < o < oo. Let also € > 0. If {z} is a

zero set of AP then

[e.e]
Z (1—]z.])'" < 0.
k=1

Proof. We have

o0

E:G—W%D<bgT£%ﬂ>_kg<aa

k=1
by Theorem 3.1.4. Let g(x) = (1 — z)¢ — (—log(1 — z))~'~¢. Since ¢g(1) = 0 and
g'(x) > 0, it follows that g(x) < 0 for 0 < 2 < 1. Hence for 0 < 2 < 1, we have

(1—2) < (mglix)_ki

So there exists a postive integer N such that

—1—€
1 — |2 1Jr6< (1—|z (lo > < 00,

which completes the proof. O]
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Lemma 3.1.6. [4, p. 97] Let f € H(D) with f(0) # 0 and {2z} be the zero set
of f. If0<p<ooand 0 <r <1, then

FOIT] W < M, (r, f)

for all positive integers N .

Proof. Let 0 <r < 1and 0 < |z1| < |z9] < -+ <zp| <7 < |2py1| < -+ be the

ordered zeros of f, repeated according to multiplicity. Then we have
g 70+ 10 7 = o [Ty a0
og og — = — og | f(re
4 lzkl 27 Jo

by Jensen’s formula. We multiply the equality above by p, exponentiate and
apply the agm inequality to obtain

p" v L[ re)|P df = r, f)?
or T < |1t a0 = vyt gy

|Zk %

Now observe that we have N
n
M- <11~
w2l T Ll
for all positive integers N, because |z;| < r for all & < n and |z > r for all
k > n+ 1. In other words, the product on the left side takes its maximum value

at N =n. Hence N
r
SO 77 < Myl £)
w12l
for all positive integers N. O]

Theorem 3.1.7. [6, Theorem 1] Let 0 < p < 0o and —1 < a < 00. Let f € AP
with f(0) # 0 and {2} be the zero set of f. Then

ol
H — = o(n(o‘“)/p), n — 00.
e 12l
Proof. We have
1
/ M,(r, f)P(1 —r)*dr < oo (3.1)
0
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as f € AP Since M,(r, f) is an increasing function of r, we have

1
a+1

(1 — ) M, (r / M, (s, f)P(1 —s)*ds (3.2)
for all » € (0,1). Now (3.1) and (3.2) imply that
(1 —7)*DPAL(r f) =0, 7 —17,
or
My(r, f) = o((L —r)~@tP) 17, (3.3)

Let n be a positive integer. Taking 7 =1 — 1/n in Lemma 3.1.6, we obtain

(=3) Mg sem=3)

Mp<1 — %, f> = 0(n("‘+1)/p), n— 0o

Note that we have

by (3.3). Since (1 —1/n)™ — 1/e as n tends to infinity, it follows that
71 +1)/
H |— = (a p), n — 00

as required. O

Lemma 3.1.8. [4, p. 81] Let2<p < oo, -1 <a<ooand 1/p+1/p =1. Let
f€HD) and f(z) =Y 1o, apz" be its Taylor series expansion around z = 0. If

3 a0 < o
k=0

then f € AP.

Proof. For each r € (0,1), we have

1271' )
o [ Weepan= oo [7]>

zk@

do = Z |ag,| 22" (3.4)
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by Parseval’s formula. Then using (3.4) and Tonelli theorem we obtain
1 1 2 )
e =@+ 0= [ [ 1r0eP =t asrar
Oé—i—l / {Z’a |2 2k+1 )a}dr
Oé—i— Z|ak|2{/ 2k+1< 7’2)ad7’}

:(a—i—l)Z]ak[QB(k—i—l,a—i—l)
k=0

F'k+ 1) (a+1)
1 2
(a+ Z”“’ T(a+k+2)

where B and I' are the beta and gamma functions. Then Stirling’s formula gives

n

k—l—l a—l—l
2
1 .
Z| Kl Y Zmy (k+ n — 0o
Hence
1£130 < C lag)* (k+ 1)~ (3.5)
k=0

Now define a discrete measure p : N — R by u(k) = (k + 1)*™! for each k € N.
Next define a linear operator €2 : LY(N, du) — LP(D, dA,) by

b) = bk + 1)*T12",
k=0

where b = {b,}22, € L (N, du). We shall show that © is bounded for 2 < p < co.
Now if we show that €2 is bounded for p = 2 and for p = oo, then Riesz-Thorin
interpolation theorem assures that 2 is bounded for 2 < p < co. We first prove
Q is bounded for p = 2. Let g(z) = Y oo be(k + 1)**!2F. Then for p = 2, (3.5)
implies that

12) 72 aa,) = 9150 < C D [0l (k+ 1) = ClIb| 22y 4,-
k=0

Hence Q : L*(N,du) — L*(D,dA,) is bounded. For p = co, note that the weight
function w(z) = (1 — |2]*)* is integrable on D for —1 < o < 00, s0 we have
1B [ m.da0) = [[2(D)[ 22 m,04),
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where dA is the unit Lebesgue measure on D. By using above and the trivial fact

g <D Ibel(k +1)°*, z €D,
k=0

we conclude that
12(b) | 2o (D,d40) < Sup 19(2)] <) il (B + 1) = [[B]| 1 v.dp-
o k=0

Hence Q : LY(N,dy) — L®(D,dA,) is bounded. Thus Q : LP(N,du) —
LP(D,dA,) is bounded for 2 < p < oo by Riesz-Thorin interpolation theorem.
Now we prove f € A2. Let a = {ax(k + 1)7*1}2,. Then Q(a) = f. Since Q is
bounded for 2 < p < oo, there exists K > 0 such that

o0

1/p
1) v @ann = 1 flla < Kllall gy = K{ S Jasl” (K + 1><a+1><1p>} .

k=0
But we have

D lagl? (k 4+ 1)) < o
k=0

by hypothesis. Hence || f||,.o < 0o and f € AP as desired. ]

Notation 3.1.9. Let f € H(D) and f(z) = > pooarz® be its Taylor series

expansion around z = 0. Then we set
SO(f) = lal”.
k=0

We abbreviate Sflq)(f) to SS9 if the context is clear.

The following two lemmas appear in [9] without proofs. We provide the details

of their proofs.

Lemma 3.1.10. [9, Theorem 6.4] Let 0 < p < 2, —1 < a < 00 and A <
(24 2a)/p. Let f € HD) and f(z) = > poyarz® be Taylor series expansion of f
around z = 0. If

then f € AP.
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Proof. Holder’s inequality and Parseval’s formula give
My (r, f) < M3(r Z g 7"

A summation by parts, using that n*r?" — 0 as n — oo, yields

0o 0o 0o
§ |Clk|2T2k — § 51722) (,r,Qn o r2n+2 1 . 7“ E S 2),,,271‘
k=0 n=0 n=0

There exists C > 0 such that

VA ) < (1= ) S0 500 = €1 =)t 1
n=0 n=0

by hypothesis. Hence
2 —A _
My (r, f) =O0((1=7r)7"), r—=17,

or
My(r, f)=0((1—7)M3, r—17,
which implies that f € AP because \/2 < (1 + «)/p. O

Lemma 3.1.11. [9, Theorem 6.6] Let 2 < p < o0 and —1 < a < oo. Let
Ip+1/p=1and < (p) = 1)(1 +a). Let f € HD) and f(z) =Y ooy arz” be

Taylor series expansion of f around z = 0. If
SPI(f)=0m"), n— oo,

then f € AP.

Proof. By Lemma 3.1.8, it suffices to show that

S aul b+ 100 < o
k=0

a+1)(1—

A summation by parts, using n*(n + 1) ") 0 as n — oo, gives

o0

Z ‘ak|p (k+1 o¢+1 — Z S}ip/){(k + 1)(a+1)(1—p’) — (k+ 2)(a+1)(1—p’)}_
k=0
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Note that (o + 1)(1 —p') < 0 for all p € [2,00) and for all & € (—1,00). Let
h(x) = x@+*D0=P) for all 2 € (0,00). Since h' exists on (0,00), we can apply the
mean value theorem to the function h on [k+ 1, k+2] for each k € Z". The mean
value theorem assures that for each k € Z" there exists ¢, € (k+ 1,k + 2) such

that
h(k+2)—h(k+1)

h'(cr) =
) = )~k )
Note that we have h'(k 4+ 1) < h'(¢i) because b’ is increasing. So

= h(k +2) — h(k +1).

—1(c) = (k + 1)) — (f 4 2)(eFH=r)

< =Bk +1) = (a+ 1) — 1)(k+ 1)1
Hence
ZS k+1 (a+1)(1-p") (k—|—2) (a+1)(1—p) Z k—l—l (a+1)(1—p')—
Since S*) = O(k*) as k — oo, it follows that
Zlak\p/(k—i— )a+1 Z A+(a+1)1 p)-1
k=0 k=0
which is finite beacuse A + (o + 1)(1 —p’) < 0. O

3.2 Dependence on p and «

The next result shows that the zero sets of weighted Bergman spaces vary with

p and a.

Theorem 3.2.1. [9, Theorem 6.11] Let 0 < p < g < o0 and o, € (—1,00). If
(B+1)/q < (a+1)/p, then there exists a zero set of AP that is not a zero set of
Al

g

Proof. Let 0 < p < 2. We construct an infinite product

oo

f)=]Ja=bz""), b>1,m=23,...,

v=1
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where b and m are chosen such that f € AP but its zero set {z;} violates the
necessary condition of Theorem 3.1.7 for A%. In other words, we show that there

exist b > 1 and integer m > 2 such that

1. fe HD),
2. {z} is not a zero set of A%,

3 [ fllp.a < 00

We first show f € H(D). Let K be a compact set in D. Then there exists r < 1
such that |z] <r <1 for all z € K. Hence if m € {2,3,...} then we have

oo oo [ee]
Z]z\mU§Zrmv<Zr”: L <
v=1 v=1 v=1 - r

for all z € K. It follows from Theorem 2.0.30 that f is analytic in D for any

choice of b > 1 and m € {2,3,...}. Now we shall find a condition on b > 1 and
m > 2 such that {2} is not a zero set of A§. Observe that the zeros of f are

simple and equally distributed on the circle |z| = b=*/™" and there are m" many

of them on that circle for each v = 1,2,.... Thus the ordered zeros {z;} of f
satisfy

|2 = 071, 1<k<m,

|zk|:b_1/m2, m+1<k<m?+m,

and in general

|2 =07, Nyoi +1< k<N,
) m(m® — 1)
where Ny =m+m*+---+m’"= —— = forv=1,2,... and Ny = 0. Then
m J—

we have

N, m m24+m Ny

1 1 1 1
g B g | 2] kHH | 2] klelﬂ | 2]
(bl/m)m(bl/rn?)m2 (bl/mv)m”
=b".
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Note that m” < N, < 2m” for all v = 1,2,..., so we have N, = O(m") as
v — 00. Now if {2;} were a zero set of A%, then Theorem 3.1.7 would imply that

No o
H — =" = o(m”(ﬁﬂ)/q), v — 00.

e 2
Note that b* = m* for A = logb/logm, hence if b > 1 and integer m > 2 are
chosen such that A > (8 + 1)/q, then the necessary condition of Theorem 3.1.7
is not satisfied. Thus {24} is not a zero set of A% if b > 1 and integer m > 2 are

chosen such that
B+1 _ log b

q logm’

(3.6)

Next we show that there exist b > 1 and integer m > 2 such that || ||, . < oo and
they satisfy (3.6). We consider the Taylor series expansion of f around z = 0,
that is,

o
f(z) = Z a2
k=0
and the summation

S =D lawl
k=0

for r > 0. The Taylor coefficients of f are easily computed thanks to the lacunary
sequence {m"}. In fact the partial product of the infinite product for f is the

partial sum of its Taylor expansion. For instance,

2
H(l —b2™) = (1= b2™)(1 — b2"™) =1 — bz™ — bz™ — b2+

v=1
implies

N2
S = larl =1 +b + b+ 6 = (1+ )%
k=0

where Ny = m + m?. In general we have
SJ(Q :Z|ak|r: 1+, r>0,v=12...,
k=0

where N, = m +m? +--- +m". Assume 0 < p < 2. If

e

v

(1+06%)" = O(N)) = O0(m™), v— o0
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for some A\ < (2 4+ 2a)/p, then Lemma 3.1.10 assures that f € A2. Note that
14+ = m* for X = log(1 + b?*)/logm. Hence if b > 1 and integer m > 2 are
chosen such that A < (24 2«a)/p, then f € AP. Thus if the parameters b and m

are chosen such that

1 1 log(1 + v? 1
B+ _ ogb<og( —|—b)<a+’
q logm 2logm P
then it will imply that f € A% and {z} is not a zero set of A} when 0 < p < 2.
The required inequalities are satisfied with suitable choices of b and m because

log(1 + b?) < 2logb as b — oco.

Let p > 2 and p’ = p/(p — 1) be the conjugate index of p. Lemma 3.1.11
implies that if

SP) = (14+%7) = O(N)) = O(m™), v— oo

for some A\ < (p’ — 1)(a+ 1), then f € A2. Now using the equality 1+ " = m?,
where A\ = log(1 + b*")/logm, we deduce that it suffices to choose b > 1 and
integer m > 2 such that A < (p’ — 1)(a+ 1). Now the condition

log(1 + b7)
logm

log(1+b") a+1
<(p -1 1 <
@ —Dla+1) Jlogm )
and the inequality (5 4 1)/q < logb/logm are satisfied with suitable choices of

b > 1 and integer m > 2 because

p—1

log(1 + ") < logh, b— .

This completes the proof. O

The preceding theorem has a useful corollary that guarantees the upper bound

in Theorem 3.1.7 is sharp.

Corollary 3.2.2. [9, Corollary 4.11] Let 0 < p < 00, -1 < a < oo and 0 < s <
(a+1)/p. Then there exists f € AP with f(0) # 0, whose ordered zeros {z} are
distinct and have the property that there exists a positive integer N such that



Proof. Let first 0 < p < 2. Define f as in the the proof of Theorem 3.2.1 and
choose b > 1 and m = 2,3, ... such that

1 1 2
_ ogb< og(1+b)<a+1.
logm 2logm P

Using the arguments presented in the proof of Theorem 3.2.1, we deduce that
f € AP with f(0) # 0 and the ordered zeros {z;} of f are distinct and have the
property that

where A\ = logb/logm and N, is defined as in the proof of Theorem 3.2.1. Now
for any n € N with m? < n choose v € N such that m**! < n < m**2. Since
m¥ < N, <m't <n <m"?2, it follows that

1
7]

In other words, there exists N € N, in fact N = m?, such that

z

1

1"/’|

—25,.8

>m®’ > m *n’.

ﬁ% Vn > N.

The case 2 < p < oo is similiar. ]

Corollary 3.2.3 shows indeed that the exponent —1 — ¢ in Theorem 3.1.4 is
sharp.

Corollary 3.2.3. [9, Corollary 4.13] Let 0 < p < 00 and —1 < a < co. Then

there exists f € AP whose zeros z # 0 satisfies

0 -1
Z 1 —|2l) (log m—_ |> = 00.

=1

Proof. Let f be the function constructed as in the proof of Theorem 3.2.1 and
{zx} be the zero set of f. In the proof of Theorem 3.2.1 we show that f € A?
for certain choices of b > 1 and integer m > 2. Note that z; # 0 for all £ and
|zi| = b7/™ for Ny_y +1 < k < N,. We shall prove that the divergence of
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series is indeed independent of the choices of b > 1 and the integer m > 2. Since

e’ <14+ x as x — 0, it follows that

A —1ngb, k — oo,
equivalently, los b
e T VL T
m
Thus
N’U 1 —1 v / X 1 —1 N
. _1—1/m
k:l k=1
Ay
Tk
k=1
= logv

as v — 0o. Hence

oo 1 —1
Zl—]zk] <log ) = 00
k=1 L= |

as desired. O]

The next result shows that the upper bound O(logn) in Theorem 3.1.3 is
sharp; it cannot be replaced by o(logn).

Corollary 3.2.4. Let 0 < p < o0 and —1 < o < 0o. Then there exists f € AP

whose zero set {z} satisfies

n

Z(l — |zk|) # o(logn), n — oo.

k=1

Proof. We argue as in the proof of Corollary 3.2.3. Let f be the function con-
structed as in the proof of Theorem 3.2.1 and {z} be the zero set of f. For any
n =1,2,... choose v € N such that N, < n < N,;;. Observe that v < logn
as n — 00, because m* < N, < n < N1 < m¥™2. Arguing as in the proof of

Corollary 3.2.3, we obtain

n Ny v
Z(l — |2l) > Z(l — |zi]) = Z(l — b V" YmF > Clogn
k=1 k=1 k=1
as n — oo. This completes the proof. ]
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3.3 Unions of zero sets

Theorem 3.3.1. [9, Theorem 5.1] Let p,q € (0,00) and o, € (—1,00). If
(B+1)/2q < (a+1)/p, then there exist two zero sets of AP such that their union

is not a zero set of Af.
Proof. Let (8+1)/2q < s < (aw+1)/p. Then there exists f € A? with f(0) # 0
and the zero set {z;} of f satisfies that there exists a positive integer N such that
- 1
H — 2 n®, Vn > N.
L 2]

The existence of such f is guaranteed by Corollary 3.2.2. We choose an angle 6
such that {e?2,} is disjoint from {z;.}. Let {wy} = {€¥2.} U {2} and 0 < |w;| <

|ws|. ... Then we have

po el el
Hence
o1
H— #* o(n#), n — 0o,
por [l
which implies that {w;} is not a zero set of A% by Theorem 3.1.7. O

3.4 Subsets of zero sets

Recall that for w € D, a Blaschke factor b,, is defined by
bu(z) = |w| —z

Proposition 3.4.1. Let {w;} be a sequence of complex numbers in D. Then

, e D.
w 1l—wz ®

= [ tw(2)2 = bu(2)) (3.7)

1s analytic in D if and only if

D (1= [wgl)?
k=1
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Proof. Assume that H converges in . Then we have

H(0) = [ ] lwnl(2 = Juwxl) = [T = (1 = Jwi])?) < o0,
k=1 k=1

which implies
D (1= |wy)? < 00
k=1

as desired. Conversely assume that
Z(l — Jwg])? < oo.
k=1

So |wg| — 17 as k — oo. To show that H € H(D), it suffices to prove that each

factor b,, is analytic in D and that

D 1L =05, (2)(2 = by (2))]

converges uniformly on every compact set in . For each k we have |wg| < 1 so
by, is analytic in . Let K be a compact set in ID. Then there exists r < 1 such
that |z| <r < 1 for all z € K. Choose a positive integer N such that |a;| > 3
for all Kk > N. Then

1= by (2)(2 = by, (2))] = |1 = bu (=)

Jun (we—2) |

=1
W (1 —@kZ)

—|wi|wy + z|wg| + wi — w22 ?

wi (1 — wWg2)
(1 — fwp]) (we + |we]2)
wk(l — wkZ’)

2

(1 — Juy))?
<16————
- (1—r)2
for all K > N and for all z € K. So
D 1= buy (2)(2 = b, (2))] < A= D (1= Jwy])? < o0
k=N k=N

for all z € K. Since K is an arbitrary compact subset of D, we conclude that
Z |1 - bwk(z)(2 - bwk(z))’
k=1

converges uniformly on every compact set in D. O
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The infinite product H in (3.7) is called the Horowitz product. Note that the
zero set of the Horowitz product H in (3.7) is {wy}. We say a Horowitz product
H is formed with a sequence {wy} if the zero set of H is {wy}. The infinite
product H plays a crucial role in proving the statement that every subset of a
zero set of AP is again a zero set of A2. Our task would be easy if the Horowitz
product H formed with a subset of a zero set of AP were in A?. Because then
this would imply that every subset of a zero set of AP is a zero set of A2. But we
do not know whether H belongs to A?. However we shall show that if f € AP
and H is the Horowitz product formed with a subset of the zero set of f, then

f/H € A which serves our purpose.

Proposition 3.4.2. Let 0 < p < o0 and —1 < a < 00. Let also {z} be a zero
set of AP and {wy} be a subsequence of {zx}. If H is the Horowitz product formed
with the sequence {wy}, then H is analytic in D.

Proof. Corollary 3.1.5 implies

Z - |wl€| < 00,
k=1
because {wy} is a subsequence of a zero set {z} of AZ. Then the result follows

from Proposition 3.4.1. O

Lemma 3.4.3. [4, p. 32] If 1 < t < s then there exists a constant C' > 0,
depending only on s and t, such that

[ g < ca -y

1 — zwls

for all z € D.

Proof. First note that (1 — |z||w|)® < |1 — zw]® for all z,w € D. Hence it suffices

to show that there exists a constant C' > 0, depending only on s and ¢, such that
1 — 2\t—2
p (1—plwl)®
for all p € [0,1). If p < 1/2 then we have

[t < 0= [ 0 At < oo -

1= plwl)®
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where C' is a positive constant depending only on t. Here the integral converges
because t —2 > —1. If p > 1/2 then

/w|<1/2,, wdfl(w) <2 /(1 — |w|?)2dA(w) < C(1 — p)t=>,

1 — plwl)® D

as 1 <t < s. Now we need to estimate

t-2 F2)t—2
/ (= lul) s dAw) = / / ) 575 A0 rdr. (3.8)
wis1/2p (1= plwl)® 1/2p 2pr cos6+p r2)s/

Since sin(0/2) > 0/m for 0 < 6 < 7, it follows that

1 —2prcosf + p*r* = (1 — pr)? + 4prsin®(0/2) > (1 — pr)? + 4pré* /w2

Hence for r > 1/(2p), we have

/7r do e 1 /7r do
o (1 —2prcos+ p?r2)s/2 = (1 —pr)s J, (1+ Z(2 ))5/2

1—pr

IN

1 /°° du
A=p T o (+ 2P
O(l - p,r,)l—s7

as s > 1 assures that the last integral is convergent. So (3.8) is bounded by a

constant multiple of
P(] — p2)t-2 L] _ p2)t—2
/ (—T)lrdr—{—/ (—%rdr:.fl—l—lg.
o (L—pr) p (L—pr)s
We first estimate I;. Note that 0 <7 < p implies 1 — pr < 1 —r% If t < 2 then

we have

2 . )
— (=) <c-p)

p
I < / (1—pr)—=tdr <
0
If ¢t > 2 then we can use the inequality 1 —r? < 2(1 —r) < 2(1 — pr) and obtain
p
L < 2t_2/ (1—pr)—*tdr <C(—p)t~
0

We next estimate I5. Observe that » < 1 implies 1 — p < 1 — pr. Hence using

this inequality we conclude that
1
L, <C( - p)_SH/ (1—7r)"2dr
P
<C(1-p)t,

40



where C' is a positive constant depending only on s and ¢. This completes the

proof. O

Lemma 3.4.4. [8, Lemma 4.34] Let 0 < p < 00 and —1 < a < oo. Let f € AP
with f(0) # 0 and {z} be the zero set of f. Then there exists C' = C(p,a) > 0
such that

PO {22 = 12D} < Clfllpe.

Proof. Let f € AP with f(0) # 0. Without loss of generality we may assume
f(0) = 1. Note that we have

1 1 _
n(T)_O(l—rlogl—r)’ r—1 (3.9)

by Proposition 3.1.2. Now consider the expression

o) 1
S == log (Ja4l(2 — |a])) = —/ log (r(2 — 1)) dn(r).
k=1 0
By integrating by parts, we obtain

S = —/0 log (r(2 — 7‘)) dn(r)

1

L1—r
:2/0 mE— n(r)dr—n(r)log(r(Q—r))

0

L l—r )
2/0 2= n(r)dr — Tl_l}I}lﬁ n(r)log (r(2 —r)).

Using the fact that
log (r(2—r)) =log (1 - (1-7)*) =0(1-1r)%), r—1"
and (3.9), we conclude that
li 1 2—r))=0.
lim n(r)log (r(2—r)) =0

Hence

L 1l—r
5:2/0 70(2_7,)71(7“)617“.
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Another integration by parts gives

L |
S:2/0 T(Q_r)n(r)dr:2/0 mN(T)dr.

Jensen’s formula and Proposition 2.0.21 imply

s=2[ grpimar= [0 [

as f(0) = 1. Multiplying by p and manipulating the integrand, we obtain
1

10 p
_/ /10g|f7"e ) dr do
T Jo 2—7)?

- 7 Llog (|f(re)P(1 — r%)*r) —log((1 — %)) — logr
<L g

-
11 0 P(1 — a
:l/ / og |fre )P —r? r o d@——/ / alog(1l — +log7‘d "
T Jo Jo (2—r7r)? (2 —

11 16' P(] — 2
:l/ / og (| f(re®)[P(1 — r?)or )drd9—2/ alog(1 r)+logrdr.
T Jo Jo (2—r)? 0 (2-r)?

dr do

1 2
]:/ Ozlog(l(2 T)):_bgrdr.
0 - T
Note that
1 1
|z|</|‘“’g )T%”d<m/n%1ﬂmm+/|mﬂm

A direct computation of the integrals yields

1
/ |log(1 — r?)| dr = 2 — log 4
0

1
/ |log r|dr = 1.
0

So |I| is finite. Exponentiating the expression

/% /1 log (|f(reé®)|P(1 = 72)°7) drdf — 21

(2—1)?

and

1 1

and applying the agm inequality with respect to the unit measure —W dr df,
T(2—7r

we obtain

e = H {lal@ = [z}

ZGP _
<0/ /'fre P =) dr de,
2—r
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where C' is a positive constant depending on «. Since the denominator of the
integrand is bounded on (0, 1), it follows that

TT{2— 2D} " <c / ﬂ / Fre®)P(L - 12)r dr df
e / )P dAL(2)

- CHpr %

which completes the proof. O]

Theorem 3.4.5. [9, Theorem 7.9] Let 0 < p < 00 and —1 < a < oco. If f € AP
and H s the Horowitz product formed with the zero set Z = {z} of f, then
f/H € AY and ||f/H|pa < C||fllpa, where C is a positive constant depending

only on p and .

Proof. Let H be the Horowitz product formed with Z. For every w € D\ Z, let

fw = fo(bwa where
w—z

1—wz’
We show f, € AP as follows. Fix w € D\ Z. Then we employ a change of

Vuw(z) = z € D.

variables = — gy (u) and obtain
Ifullpe = (-4 o) [ 1Al = ) A2
=) [ 176P0 = a0 dA)
= +a) [ e SRR )

|1 il ’2a+4

g<1+>1"|f'|gz;/\f JP(L — [uf?)* dA(u),

where the last line comes from the triangle inequality. So f, € AP because
f € AP. Note that {¢,(zx)} is the zero set of f, because ¢! = p,. Note also
that 0 ¢ {p,(2,)} since w ¢ Z. Now fix any 8 > a. Then A%, C A% so f,, € A
We apply Lemma 3.4.4 to the function f,, and obtain

W) TT {12 = 10wz} < C llfullys. (3.10)
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Note that

w(@)](2 = |dw(a)]) < |ba(w)(2 = ba(w))] (3.11)

for all w,a € D. Let g(w) = f(w)/H(w). Observe that g is analytic in D because
H is analytic in I by Proposition 3.4.2 and the zeros of H cancel out the zeros

of f. In order to complete the proof, we need to show ||g||p.a < C||f|lp.a- Now we
use (3.10) and (3.11) to obtain

o

lg(w) P = ]% — 17 w) P TT {1, ()@ — by (w))]}

< f@)P T {lew(@)@ = lou(z))} "

< c? ”fw”z,,@’
We employ a change of variables same as above and obtain
lg(w)|P < C” || fullp 5
= C7 (14 5) [ Ifula)P (1= ) dA()
D

=" (1+0) /D [F()P (1= low(2) )7, ()] dA(2)

~212)8(1 — |w|2)8+2
=) [ Iap DD

for all w € D\ Z. In fact, the above holds for all w € D since g is continuous.

dA(z)

Hence

19150 = (1 + ) /D lg(w)[P(1 = |w]*)* dA(w)

(1 — 2P (1 — w5+
<CP(1 1 P A A(w).
<craep+a) [ [irep = — aae) aaw
By Lemma 3.4.3, we have
(1 — Jw[?)otos2 (1 |42y 8
/D T dA() = (1= |2P) (3.12)

for all z € D. Then using Fubini’s theorem and (3.12), we obtain
lgll5.0 < C* (1 +B)(1 +a) /D [F()PQ = [2*)? (1 |2)*7 dA(2)

= Clf15q
as desired. n
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Corollary 3.4.6. [9, Theorem 3] If 0 < p < 00 and —1 < a < 0, then every

P 4 p
subset of a zero set of AP is a zero set of AP.

Proof. Let f € AP and {z;} be the zero set of f. Let also {ax} be a subset of
{#} and H be the Horowitz product formed with the complement of {a;} in

{zx}. Then define
_ [

We deduce that the function ¢ is analytic in D as in the proof Theorem 3.4.5 and

z € D.

it vanishes precisely on {a;}. Note that
0< (1— b (2)))* <1

|bzk(2)‘<2 - |bzk(2)D S 1

or
-1

1< {Jbs, (|2~ b2, ()]}

for each k and for all z € D. Hence for all z € D, we have

o) = |12

= 1FI ] {]bar (2)(2 = ba ()|}

<O e 12 = lbu, (D}

= -1
< FI T @ = 1o (2D}
k=1
because {ay} is a subset of {z;}. Note that |b,, (2)| = |¢2, (2)] = |¢:(2x)| for each
k and for all z € D, where

2K — 2
k z € D.

SDZk(Z) - 1 —sz’

So
9] < T {les(z)l2 = lea(z)])}

for all z € D. We show g € AP in the proof of Theorem 3.4.5. Thus {as} is a

zero set of AP. O
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Chapter 4
Zero sets for the Dirichlet space

For f € H(D), the Dirichlet integral of f is defined by

- / P ()P dA)

The Dirichlet space D? is the vector space of functions f € H(D) such that
D?*(f) < co. In this chapter, we shall describe some basic properties of the zero
sets of D? and investigate how they differ from those of H?. Our main reference
is [5].

Theorem 4.0.1. [5, Theorem 1.1.2] Let f € H(D) and f(z) = > o0y arz" be its

Taylor series expansion around z = 0. Then
o0
Z 2
= k‘CLk| .
k=1

Proof. Writing dA(z) in terms of polar coordinates, we have

00 2 1 27
1
=/ § ka2 :_//
D m™Jo Jo 135

k=1
For each r € (0,1), we have

Zkark lz(k 1)0
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by Parseval’s formula. Hence

1 ©o© 0
D*(f) = 2/0 D Rar?* T dr = klag)?
k=1

k=1

as claimed. O

Recall that an analytic function f(z) = >, axz* belongs to H? if and only
if Y77 lax* < oo and it belongs to A? if and only if Y ;7 k7 ag|* < co. The
preceding theorem shows that f € D? if and only if > | klax|* < oo. Hence one
can show that D? C H? C A% by choosing appropriate coefficients {az}.

The zero sets of Hardy spaces are characterized by the Blaschke condition.
Namely, if a sequence {z;} in the unit disk satisfies the Blaschke condition, that
is, > poo(1 —|2k|) < oo, then there exists a function f in H* such that {z} is
the zero set of f. Recall that H>* C H? for 0 < p < oco. On the other hand
if f e HP, 0 < p < 0o, then the zero set of f satisfies the Blaschke condition.
Since D? is contained in H?, it follows that the Blaschke condition is a necessary
condition for the zero sets of D?. However it is not sufficient for a sequence to be

a zero set for D?; see Theorem 4.0.14.

Lemma 4.0.2. [5, Theorem 1.6.7] If 0 < r < 1, then

11— 2] 2
< )
1—rz] = 147

z € D.

Proof. Consider the Mébius transformation z — (1 — z)/(1 — rz). It maps the
unit circle onto the circle |w — 1/(1 4+ r)| = 1/(1 + r) which is symmetric with
respect to the real axis and passes through 0 and 2/(1 + r). So it is the circle
with diameter [0,2/(1+7r)]. Then the result follows from the maximum modulus

principle. O
Theorem 4.0.3. [5, Theorem 4.1.2] If {zx} is a sequence in (0,1) such that
Sore (1= k) < oo, then {xy} is a zero set for D?.

Proof. Let B(z) be the Blaschke product whose zeros are precisely the sequence
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{z}}. By logarithmic differentiation, we have

for all z € D\ {xx}32,. Now multiplying both sides by B(z), taking absolute
values and using Lemma 4.0.2, we obtain

(e 9]

N R (1 —xg)
B'(2)] < Tk <y
| <Z)|_;|1—$k2|2_ ; '1_212

for all z € D\ {xx}72,. Continuity of |B’(z)| implies the inequality above holds
for all z € D. We define f(z) = (1 — 2)?B(z) for all z € D. Then f is analytic in
the unit disk and f” is bounded as Y ;- (1 — x;) < co by hypothesis. So f € D?.
Since the zero set of f is the sequence {zy}, it follows that {x\} is a zero set for
D2 [l

Theorem 4.0.4. [5, Theorem 1.4.1] Let Sy and Sy be domains and let ¢ : S; — Sa

be a conformal mapping. If f : S1 — C is an analytic function, then

((f o) (2)PdA(z) = [ |f (w)]*dA(w).
S1 Sa

Proof. Let w = ¢(z). Then a direct computation gives dA(w) = |¢'(2)[2dA(2).

Using this we obtain the claimed change of variables formula. O

In particular, if ¢ is an automorphism of the unit disk, then

DA(fop) = [ 170V (PAG) = [ 17w)PdAw) = D).
Hence the Dirichlet integral is Mobius-invariant.

Notation 4.0.5. For f € H(D) and ( € T, we write

JH(¢) = lim f(r¢)

r—1-

whenever this radial limit exists.

Since D? lies in H?, f* exists almost everywhere on T.
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Theorem 4.0.6. [5, Theorem 4.1.3] Let f € H* and B be the Blaschke product

whose zero set is {zx}}i_y, wheren =1,2,...,00. Then

D*(Bf) = D(f +—Z/KV” (QPldc]. (4.1)

Proof. Let f(z) =Y 77, axz". Suppose first B(z) = z. Using Theorem 4.0.1, we

obtain

o0 1 2m
= Sk Dl = D)+ 1l = D)+ 5 [ £

k=1

which proves (4.1) when B(z) =

Now suppose B(z) = A(z1 — 2)/(1 — Z1z), where 0 < |z1] < 1 and |A\| = 1.
Note that B is an automorphism of the unit disk. Since the Dirichlet integral is

Mobius-invariant, it follows that
D*(Bf) = D*(2(f o B™))
=D*(foB™ )+ |foB™

f+—/U V2B ()] dc

|Zl|

which proves (4.1) in this case.

If B is a Blaschke product with finitely many zeros, then the result follows by

induction.

Now we consider the case where B(z) has infinitely many zeros. Let us denote
the product of the first n terms of B by b, and of the remaining terms by B,.

Now we use (4.1) for b, as it has finitely many zeros. We have

D) = D00+ 523 [ TGOl

Note that b, f — Bf uniformly on compact subsets of D because b, is a partial
product of B. Then we have D?*(Bf) < liminf, .., D?*(b,f) by Fatou’s lemma.
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Hence

D*(Bf) < D*(f) Z / = L= Pl oy prac. (4.2)

,z|2

Since |B}(¢)| = 1 a.e. on T, it follows that

D*(Bf) = D*(b,B,f) = D*(Byf) + Z / = Lol e opia, (43)

2\2

as b, has finitely many zeros. We also have B,f — f uniformly on compact
subsets of D. Hence liminf, ... D*(B,f) > D(f) again by Fatou’s lemma. Using
(4.3) we deduce that

D2(B)) ‘_Z/m 5 pe (o plact > 0,

which together with (4.2) completes the proof. ]

Theorem 4.0.7. Every subset of a zero set of D? is again a zero set of D?.

Proof. Let {z;} be a zero set of D?. Then there exists a function 0 # f € D?
whose zero set is {z;}. Let {wy} be a subset of {z;}. Note that {wy} satisfies
the Blasckhe condition because {z;} is the zero set of f € D?* C H? Let B
be the Blaschke product whose zero set is {wy}. Set ¢ = f/B. Note that
g € H? and its zero set is the complement of {w;} in {z}. Now we have
D*(g) < D*(Bg) = D?*(f) < oo by Theorem 4.0.6. So g € D? Hence the
complement of {wy} in {2}, which is an arbitrary subset of {z;}, is a zero set of
D2 [

Definition 4.0.8. A sequence {z;} in D is called a uniqueness set for D? if the
only function f € D?* satisfying f(z1) =0 for allk=1,2,... is f = 0.

Theorem 4.0.9. [5, Theorem 4.1.4] A sequence {z;} in D a zero set for D* if

and only if it is not a uniqueness set for D?.

Proof. Tf {2} is a zero set, then there exists a function 0 # f € D? such that
f(z) = 0 for all k = 1,2,.... Clearly {2} is not a uniqueness set for D2

20



Conversely, suppose that {z;} is not a uniqueness set for D?. Then there exists
f € D? such that f(z;) = 0 for all k and f # 0. The problem is that the function
f may have some additional zeros {wy} besides {zx}. If {wy} is finite, then we
define a polynomial P such that P(wy;) = 0 on {wy} so that g = f/P € D?* and
the zero set of g is {zx}. If {wy} is an infinite sequence, then {wy} satisfies the
Blaschke condition because {wy} is a subset of the zero set of f, which lies in
H?. Let B be the Blaschke product whose zero set is {w;}. Let g = f/B so
that g € H? and the zero set of g is {2;}. Using Theorem 4.0.6, we obtain that
D?*(g) < D*(Bg) = D?*(f) < oo, which implies g € D?. O

We write logt 2 = max{logx,0}. Note that log*(ab) < log™ a + log™ b for all
a,b > 0. Note also that log™ z < z for all x > 0. For ¢ = ¢ € T, we write |d(]|
for df.

Lemma 4.0.10. Let 0 < p < oo. If f € HP and f # 0, then

log | £(0)| s;jglogrf*<<ﬂrdcy

Proof. See Theorem 17.17 in [14]. O

Theorem 4.0.11. [5, Theorem 4.1.5] If {z} is a zero set of D?, then
|Zk|2
log Z = |d¢| < oco. (4.4)

Proof. Let {2} be the zero set of a function g € D% Write g = Bf where B is
the Blaschke product whose zero set is {z; } and f is a nowhere vanishing analytic
function in the unit disk. Note that f € H? because g € H* and |B*(¢)| = 1 on
T. Using Theorem 4.0.6, we find

D*(Bf) = DX(f +—Z/K’Z’“| (©)Pldc]

- [{ X prorju

< 00,
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where interchanging the order of summation and integral is due to Lebesgue’s

monotone convergence theorem. In particular, we have

IS sroru-

Since logt z < x for all > 0, it follows that

[ s (Zm () el < o

Since f € H? and f # 0, it follows from Lemma 4.0.10 that

J st e Rl <

Thus (4.4) follows from the inequality log®(ab) < log™ a + log™ b for all a,b >
0. O

We shall use the inequality |1 — | < 6 for all # > 0 in the proof of Theorem
4.0.12. To prove this inequality, let f(0) = 6% + 2cosf — 2. Then f(0) = 0 and
f(0) is nondecreasing for all § > 0, because 0 < f'(0) = 20 — 2sin 6 for all § > 0.
So 0 < f(#) for all # > 0. Equivalently, 1/2(1 — cos@) < @ for all # > 0. Hence

11 —¢® = |1 —cosf —isinf| = /2(1 — cosf) <0
for all 6 > 0.

Theorem 4.0.12. [5, Theorem 4.1.6] Let {6,} be a sequence in (0,1) such that

Zén < oo and Zén log(1/4,) = oo
n=1 n=1

Set r, = 1—26, and 0, = > 7o 8 for each n = 1,2,.... Then {r,e"} is a

uniqueness set for D2,

Proof. Without loss of generality we may assume y 0, = 2m. If 6 € (6,11, 6,),
then we have
e — rpe| < (0, —0) + (1 —1,) < 26,
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by the inequality |1 — | < a for all @ > 0. So we have

(e~ 11} o 1—r?
log < —> df 2/ log <—") df
/9n+1 Z |629 _ Tk619k|2 Onie |619 _ Tn619n|2

s (1)

foreachn=1,2,.... So

2m 0 1— 72 2 1
+ E k E + _
k=1 n=1 "

Hence the sequence {r,e¢"} violates the necessary condition given in Theorem

4.0.11. Thus {r,e"} is a uniqueness set for D? as claimed. O

1

nlog®n’

A sequence satisfying the hypotheses of Theorem 4.0.12 is 6,, =

Theorem 4.0.13. [5, Theorem 3.5.1] Let k > 0. If f € D? then for almost
every ¢ € T, we have f(z) = f*(() as z — ¢ in the region Q. ((), where

Q.(¢) = {z eD:|z—-(| < n(log | _1|Z|)_1}.

Note that the function f(x) = xlog(1/z) defined on (0, 1) takes its maximum

at x = 1/e, which is f(1/e) = 1/e. Also it is nonnegative on its domain. So
0 < f(x) <1 for all z € (0,1). We shall use this fact in the proof of Theorem
4.0.14

Theorem 4.0.14. [5, Theorem 4.2.2] Let {r} be a convergent sequence in (0,1)

such that
o) —1
Z log L = 00
1-— Tk ’

k=1

Then there exists a sequence {0y} such that {rye'*} is a uniqueness set for D?.
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Proof. Without loss of generality we may assume that r, — 17 as k& — oo,
because if {7} has a limit in [0, 1), then the sequence {ry} is a uniqueness set
for D%, To see this, let f € D? such that f(ry) = 0 for all k = 1,2,.... Since
the zeros of f has a limit in the unit disk and f is analytic, it follows that f = 0,
which proves {r;} is a uniqueness set for D?. Hence assuming r, — 1~ as k — oo

causes no harm.

Let {Iz} be contiguous arcs in T such that || = (log(1/1 — r}))~" for all
k=1,2,..., where I denotes the length of I. So Y .-, |Ix| = co by hypothesis.

Let et be the midpoint of I, and set 2z, = e for all k = 1,2,.... For each

¢ €T, let also
-1
Q(¢) = {z eD:|z—(| < 2(1og1_#|2|) }

Note that for each k, we have z;, € Q(() for all ( € I, because

20 = ¢ < o — €| + | — (]

< (1 —7rg) + | I

1 -1
§2(log1 )

if ¢ € Ij.. For the last inequality we use the inequality

1 —1
1— < (1 k=12 ....
( rk) (Ogl—rk) ) ) 4y

Note that almost every ¢ € T lies in infinitely many Iy because Y-, |Ix]| = oc.
So for almost every ¢ € T, the set (() contains infinitely many z;. Hence for
almost every ¢ € T, we can choose a subsequence {I,,, } of {I;;} such that z,, — ¢
as k — oo in ©(¢). Such a sequence exists because ( is contained in infinitely
many [ and r, — 1~ as k — oc0. To see the existence of such a sequence, suppose
¢ = €' for some « € [0,27]. As ( lies in infinitely many I, we have ( € N2, I, .
Observe that

|< - anl - |eia _rnkGan| < |Oé _enk’ + |1 _Tnk|

0

and 6,, — « as k — oo because e+ is the midpoint of I,,, and ¢ € N2, 1,,.

Also we have r,, — 1~ as k — oo. Hence z,, — ( as k — oo in ©(¢). To show
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{z} is a uniqueness set for D? suppose that there exists an f € D? such that
f(z) =0forall k =1,2,.... Recall that Theorem 4.0.13 assures that if f € D?,
then for almost every ¢ € T we have f(z) — f*(¢) as z — ¢ in Q({). So for
almost every ¢ € T, we have f(z,,) — f*(() as z,, — ¢ in Q(¢), which shows
that f* =0 a.e. on T; consequently, f =0 in D. Hence {z;} is a uniqueness set
for D2 O

Theorem 4.0.15 is due to Shapiro and Shields [15]. See also [5, Theorem 4.2.1].
The proof of Theorem 4.0.15 requires the use of Hilbert spaces techniques, so we

omit the proof.

Theorem 4.0.15. [15, Theorem 1] Let {zx} be a sequence in D such that z, # 0
forallk=1,2,... and

o] 1 —1

Z <log —) < 00. (4.5)
- 1— [z

1

Then {z} is a zero set for D?.

The condition (4.5) is strict in the following sense. If Y 7> 1/log(1/(1—1)) =
00, then there exists a sequence {6} such that {rpe®®} is not a zero set of D?.

The existence of such sequence is guaranteed by Theorem 4.0.14.

Basically, Theorem 4.0.15 requires that for a sequence {z;} in D to be a zero set
of D?, it must approach the boundary T very fast. Even if we have |z| =1 —e7*
for all k so that the sequence {z} approaches the boundary exponentially, it does
not satisfy (4.5). On the other hand, {2} is a zero set of H? as it satisfies the

Blaschke condition.

Let us briefly discuss what we have done so far in this chapter. Theorem 4.0.12
allows us to construct Blaschke sequences that are uniqueness sets for D?. Hence
it shows that not every zero set of a Hardy space H? is a zero set of D?. So the
zero sets of HP spaces differ from those of D?. But we know that every zero set
of D? is a zero set of the Hardy space HP. The preceding discussion shows that

the converse is not true. Another way to see this is as follows. Let {r;} be a
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sequence in (0, 1) such that

e8] 1 —1 o)
Z<1Og1—rk) =o00 and ;(1—rk)<oo.

k=1

(For example 1, = 1 — 1/k* will do the job.) Then Theorem 4.0.14 assures that
there exists a sequence {6} such that {r,e?} is not a zero set of D?. However
{rre} is a zero set of Hardy space HP as it satisfies the Blaschke condition.
Oddly enough, the sequence {ry} is a zero set of D? by Theorem 4.0.3. Hence
we also deduce that the arguments of the sequences play an important role in
determining zero sets of D?. Nevertheless, if we have a sequence {wy} in the unit
disk such that |w;| = 1 — e~ for all k, then Theorem 4.0.15 guarantees that
{wy} is zero set for D?. Theorem 4.0.15 is a useful result, but its assumption of

how fast the sequence should approach the boundary is very strong.
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Chapter 5
Zero sets of Dirichlet-type spaces

Recall that a function f belongs to D if £+ € AP We abbreviate D° to D?
when ¢ = 0.

Lemma 5.0.1. Let 0 < p < oo and t € N. If f € H(D) such that f®(0) = 0,
then

(0.1 = [ s 1)

for all r € (0,1).

Proof. We invoke Minkowski’s integral inequality and obtain

1 27 ' 1/p 1 2m ' r 4 » 1/p
M fO) = = / FOrepal =1L / e / £ (se) ds|”
21 Jo 2m Jo 0

r 1 2 (t 1) 0 l/p
< — + NP do d
<[ {%/0 D (5] } |
= [ Myl 1050 ds
0

for all r € (0,1). O

Proposition 5.0.2. Let 0 <p <oo, —1 <a < oo andt € N. Then we have the

following statements.

1
(i) If f € D;_,, then Mp(r,f):o(log1 ), asr — 17,
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(i) If « < p—1, then D? C HP.

(ii)) If « <p—1 and 1 < t, then DP* C H?.
Proof. Let f € DP'. Then

1
/ M2 (s, fHD)(1 = s)*ds 50, 71", (5.1)

because U+ € AP Since M2(r, f*1)) is an increasing function of r, for all

r € (0,1) we have
1 1
My (r, f““))/ (1-s)*ds < / ME(s, fHD) (1 — 5)* ds
which together with (5.1) imply
M, (r, fUHD) = 0((1 - r)*(aﬂ)/p), r— 1. (5.2)

In (5.2) take t = 0 and a = p — 1, then (5.2) becomes

, 1 _
Mp(r,f)zo(l_r>, r—1".
Hence for given € > 0, we can choose ry such that

Mp(n f/) S €

T ro <r <1. (5.3)

Without loss of generality we may assume f(0) = 0. By using Lemma 5.0.1 and
(5.3), we find

My(r, f) < / " My(s, ') ds + / “My(s. ) ds
1

:C’+e/ ds
ro 1—s

1
§C+elog1

Now choose r; such that

1
C§610g1 , m<r<l
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and set ro = max{rg,r;}. Then we have

1
M,(r, f) §2610g1 , ro<r<l.
Since € is arbitrary, it follows that
1
Mp(r,f)zo(log1 ), r—1".
—r

This proves the first statement.

To prove the second statement, let @« < p — 1 and take f € DP. Without loss
of generality we may assume f(0) = 0. We apply Lemma 5.0.1 to f and obtain

My(r, f) < / My (s, ) ds

for all r € (0,1). So it suffices to show that
1

lim [ My(s, fds=0

r

in order to conclude that f € H?. We use (5.2) to show this. Take ¢t = 0 in (5.2)

and for given € > 0 choose r such that

My(s, f)<e(l—s)"@D/P  pog<1.

Then 1
/ M, (s, fl) ds = Ce(1 — r)lf(aﬂ)/p < Ce.

Since € is arbitrary, it follows that
1

lim M,(s, f)ds = 0,

r—1= J,

which implies M,(r, f) < oo asr —17. So f € HP.

Now we prove the last statment. Let « <p—1 and 1 <t and take f € DP*'.
Without loss of generality we may assume f(0) = f'(0) = --- = f®(0) = 0. Then
applying ¢ + 1 times Lemma 5.0.1, we obtain

MP(T07 f) S /OTO Mp(rla fl) drl

ro 1
S/ / My (r, f*) dry dry
0 0
ro [r1 T
< / / .. / Mp(Tt+1, f(tJrl)) drt+1 c. d'f’l
0 0 0
29



for all 7o € (0,1). Now using (5.2) and the arguments used in the proof of second
statement and bearing in mind 1 < ¢, we deduce that M,(r¢, f) < co asrg — 1.
So f € HP and the proof is completed. n

Littlewood and Paley show in [10] that H” lies in D) ; if 2 < p < oo and D},
lies in H? if 0 < p < 2. Namely, the space D£—1 is “big enough” to contain the
Hardy space H? when 2 < p < oo. Hence trivially, every Blaschke sequence is a
zero set of Dy | in this case. However the converse is not true; Theorem 5.0.12
shows the existence of the zero sets of D} ; that does not satisfy the Blaschke
condition. Instead we have a subsitute Blaschke condition for the Dirichlet-type
spaces; see Theorem 5.0.10. Furthermore, Theorem 5.0.10 is strict; the exponent

—1 — e cannot be replaced by —1 as Theorem 5.0.12 implies.

Proposition 5.0.2 shows how parameters p, a and ¢ are related to the “size” of
DP* spaces. A little change in o and ¢ make DP* so small that it lies in the Hardy
space HP, in which case describing the zero sets of DP* to distinguish them from
those of HP is not easy. Because even for the Dirichlet space D?, one must make
use of the Hilbert space techniques to describe the zero sets, which are not ripe
enough to give a complete description of the zero sets of D?. Hence Proposition
5.0.2 suggests that distinguishing the zero sets of DP* from those of H? when DP*

lies in H? is not possible with the tools presented in this thesis.

Notation 5.0.3. Forn =0,1,..., I(n) is the set of integers k such that 2" <
k< 2ntl,

Lemma 5.0.4. [11, Theorem 1] Let 0 < p < 0o and 0 < a < 0. Let {a,} be a

sequence of nonnegative numbers and t,, = Zkel(n) a, forn=20,1,.... Let also
flz) =320 ana™ ! for all x € (0,1). Then there exists a constant K (p,a) > 0
such that

K'Yy o < / (1—2)* ' fz)Pde <K 27" 8
n=0

1
0 n=0

Theorem 5.0.5. [7, Theorem 1.2] Let f € H(D) and f(z) = Y ooy arz® be its

Taylor series expansion around z = 0. If 2 < p < oo and f € D?_,, then

p—1’
00 p/2
Z{ Z \ak|2} < 00.
n=0 \ kel(n)
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Proof. Note that k =< 2" if k € I(n). Hence

i{ 2. W}m { > 2o \2}

n=0 * kel(n) kel(n

_22 ”P{ > k:2|ak|2}

kel(n)

/2

Then Lemma 5.0.4 and a change of variable imply that

/2

22 ”p{ Z k?|ay, |2} <C/ (1—1t)" {Zn2|anl2t” 1} dt
kel(n)
/2

1
gC/ (1—1%) {Zn2\an|2 an- 2} dt.
0

Since My (r, f') < M,(r, ') for 2 < p < oo, we find

1 1
/ (1—r? { Zn2|an|2 i 2} dr = / (1 — 2P~ My(r, f')P dr
0

0
< [la-rpra ey

which is finite since f € DP_,, where we use Parseval’s formula for each r € (0,1)

in the equality. This Completes the proof. O

Theorem 5.0.6. [7, Theorem 1.4] If2 < p < oo and f € D°_,, then

1 \1/2-1/p
MQ(r,f):O<<log1_T> ), r—1".

Proof. Without loss of generality we may assume f(0) = 0. Let f(2) = > o0, ap2”
be the Taylor expansion of f around z = 0. Applying Parseval’s formula for each
€ (0,1), we find

MQ’I“f Z|a |22k:
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Holder’s inequality with the exponents p/2 and p/(p—2) and Theorem 5.0.5 imply

i|ak|2r2k Z Z |ak|2 2k<z 2n+1{ Z |ak|2}
k=1

n=0 kel(n kel(n)
oo /2 2/p 00 1-2/p
AL X " { S e]
n=0  kel(n) n=0

It follows that

1 \1/2-1/p
Mg(r,f):0(<log1_r> >, r— 1"

as desired. n

Theorem 5.0.7. [7, Theorem 1.6] Let 2 < p < oo and f € D) | with f(0) # 0
Let {z} be the zero set of f. Then

H%: ((logn)*17) n — oo.

Proof. Taking p = 2 in Lemma 3.1.6, we find

ol T1 ﬁ < My(r, f)
k=1

for all r € (0,1) and for all positive integers n. By Theorem 5.0.6, there exists

C' > 0 such that
n 1 1/2*1/p
1
o =0 (loe )

for large enough r € (0,1) for 2 < p < o0, and for all positive integers n. Let
r=1—1/n. Then

H % = O((logn)l/2_1/p), n — oo

as required. O
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Proposition 5.0.8. [7, Proposition 4.1] Let 2 < p < oo and f € Dy, with

f(0) #0. Then
1
>, r— 1"
1—r
log log

1 1 _
n(r)—O(l_T 1—r)’ r— 1.

N(r)= O(log log

and

Proof. Without loss of generality we may assume that f(0) = 1. Then we have

Nmzill%mwwM

for all » € (0,1) by Jensen’s formula and Proposition 2.0.21. Multiplying the
equality above by p, exponentiating and applying the agm inequality with respect

to unit measure % df, we obtain

2
<Mw§/meww:wmn
0

Hence we deduce that

-Tr

for large enough r € (0,1) by the first statment in Proposition 5.0.2. Thus

1 ) B
, r—17.
1—r

n(rz)(rz—r)S/Trn(t)dtg/orn(t)dtSN(r):/Orwdt

N(r) = O(log log

For n(r), observe that we have

2 t

for all » € (0,1). Then using the estimate above for N(r), we conclude that

log log

1 1 _
n(r)—O(l_r 1—7“)’ r—1

as in the proof of Proposition 3.1.2. O]

Theorem 5.0.9. Let 2 < p < oo. Let also f € D, | and {z} be the zero set of
f. Then

n

> (1= |z|) = O(loglogn), n — oo.

k=1
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Proof. Without loss of generality we may assume f(0) # 0. We argue as in the
proof of Theorem 3.1.3 and use Proposition 5.0.8 to obtain

n

> (1= |z]) < Cloglogn

k=1

as n — oo. O

A substitute Blaschke condition for D? ; spaces is in Theorem 5.0.10. Note
that Theorem 5.0.12 implies that the exponent —1 — € is sharp, that is, it cannot
be replaced by —1.

Theorem 5.0.10. [7, Theorem 4.2] Let 2 < p < oo and ¢ > 0. Let also f € D, _,
with f(0) # 0 and {2} be the zero set of f. Then

1 —1—e¢
1-— loglog ——— )
> (-l (logtog =) <o

|zg|>1—1/e

Proof. Without loss of generality we may assume that f has no zeros in the disk
|z| < ¢ where 1 —1/e < ¢ < 1. The infinite sum in the statement of the theorem

is convergent if and only if

1 1 —1—€
I= / (1—r) (loglog 7 ) dn(r) < oco.
. —r

An integration by parts with

1 —1—€
u=(1-r) (log log 1 ) and dv = dn(r)

gives
—1—¢ 1
1
[z(l—r)(loglogl ) n(r)| + 0 + Iy,

—r

where
1 1 —1—e¢
]1:/C (loglogl_r) n(r)dr

and

1 1 —2—¢ 1 -1
12:(1+e)/c <log10g1_r> (logl_r) n(r) dr.
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Now using the estimate of n(r) in Proposition 5.0.8, we deduce that
1

(1) (log log T)len(r)

[

is finite. Next we show that I, is convergent. There exists a constant C' > 0 and
o € (¢, 1) such that

1
1—r 1—r
for all r € (rg,1) by Proposition 5.0.8. Clearly, the integrand of I is bounded

n(r) <C log log (5.4)

for all r € (¢,r9) as 9 < 1l and 1 — 1/e < ¢. Now (5.4) and a change of variables

imply

with v = loglog ]
1

1\ 1\ 1
I;<C <log log > (log ) dr
1—r 1—r 1—7r

T0

:C'/ uw i du
uo

< 00,

where uy = loglog ] . Hence I5 is convergent. It remains to show that [; is
— 7

convergent. We employ another integration by parts to I; with

—1—¢ n(r)
) and dv = —2dr

1
u:r(loglog 1

- r
to obtain
1 —1—¢ 1
Ilzr(loglogl ) N(r)| +Ji+ Jo,
where
1 1 —1—¢
le—/c <loglog1_r> N(r)dr
and

1 r 1 —2—¢ 1 —1
J2:(1+6)/ Tr(logbgl—r) <10g1_r) N(r)dr.

The estimation of N(r) in Proposition 5.0.8 implies

. 1 —1—e¢
rlir?_ {r(loglogl_T> N(r)} =0

as € > 0. The estimation of N(r) in Proposition 5.0.8 also assures that J; and J,

are convergent, so [; is convergent and the proof is completed. O
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Proposition 5.0.11. [7, Proposition A] Let 0 < p < co. If f € H(D) given by
a power series with Hadamard gaps, that is, f(z) =Y po; agz™ with ngq > Any
for all k and X > 1, then f € Dy_, if and only if Y ;" |ax|’ < oo.

Theorem 5.0.12. [7, Theorem 4.3] If 2 < p < oo, then there exists a function
fe Dy, with f(0) # 0 whose zero set {2} satisfies

1 —1
1-— loglog —— = 00.
> - fad) (toglog =) =0

|zg|>1—1/e

We introduce the setting of Theorem 5.0.13 given in [13, Theorem 1]. Let w =
0, 1] and wy,ws, ... be the coordinate functions w; : @ — [0,1]. Let dw deonte
the product measure on €2 that is derived from the Lebesgue measure on [0, 1].
Note that wy,ws, ... are independent and identically distributed random variables
uniformly distributed on [0,1]. Note also that {¢*™7}2 | is an orthonormal set
in L2(€2). Hence if 7%, |a;|* < oo, then Y77 a;e*™i is a well-defined element

of L*(Q) with the usual L?*-norm.

Theorem 5.0.13. [13, Theorem 1| There exists C' > 0 such that for any sequence

of complex numbers {a;} with Y °°, |a;|* < 0o, we have

0o 0 1/2
exp (/ log Zaje%rwj dw) > O{ Z ‘(Zj|2} ‘
0 g

j=1
Theorem 5.0.14. [7, Theorem 1.5] If 2 <p < oo and 0 < f < 1/2 —1/p, then

there exists a function f € qu such that

exp <% /027r log |f(7’€7;9)’ d&) # 0((10g 1 i T)ﬁ’)’ r—1". (5.5)

Proof. Let 2 <p<ooand 0 < < 1/2—1/p. Set e =1/2—1/p— 3. Note that
€ > 0. Define a sequence {b;} as b; = jYr=¢ for j = 1,2,.... Then for every

w € ), we define

o0 o0
. 97
fu(z) = E bjez’mfz2 = E aszk, z € D.
j=1 k=1
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Since » 2 [b;|P < oo, we have f,, € D,_; for every w € Q2 by Proposition 5.0.11.
Now suppose that (5.5) is false. Then there exists a measurable set £ C €2 with

positive measure such that for all w € E, we have

1 2T ) 1 B
exp <%/ log]fw(reze)\cw) :0<(log1_r> ), r—17;
0

equivalently,

Y [ fulre®)] )
lim — lo dl = —c0, wEE. 5.6
r—1- 27 /o s ((log(l/(l il T)))ﬁ © (5:6)

On the other hand,

N 1/2 N 1 1/2
2
{Swe} X}

Jj=1 Jj=1

N 1 1/2
X{/ mdl‘} XN1/2_1/p_E, N — oo.
1 X ‘

Hence there exists C' > 0 and Ny > 0 such that

N 1/2
{Z !ak,wF} < C(log N)Y*1r=e N > Nj.
k=1

This implies that there exists ro € (0,1) such that

1/2—1/p—e
Mg(r,fw)go(logl ) , ro<r<l1, well

From this we deduce that

| e | L\ V21
exp (%/ log | f.(re)| d@) < C(log . r> , Tro<r<l, weq,
0

which implies that there exists C' > 0 such that

27 10
/ log [ fuolre®) 5 |d0<C, rp<r<l, we. (5.7)
0 (log

(1/A=7)))

Since E has positive measure, (5.6) and (5.7) imply

| o fulre®)
lim lo df >dw p = —o0. 5.8
r%l_{/g{/(] g((log(l/(l—r)»ﬁ) } } o
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Let Qn = [0,1]" and my be the Lebesgue measure on Q. Note that for all N,

we have

/Q log | £, (re®)] dim (w)

N
1 1
0 0

1 1 N oo
= / ce / IOg E bjTQj eiQﬂ"*’j + § bj,r.Qj 6i(27rwj+2j9)
g 0 j=1 j=N

where the last equality holds almost everywhere. Since the above is true for

dwldwg s dwN

N 00
b'r2iei(2mj+219) + b'TZjei(%rijerG)

§ , J E : J

j=1 j=N

dwld(,dg cee dwN,

arbitrary N, it follows from letting N — oo that

/ log | f. (reia) | dw
Q

is independent of . Then we use (5.8) and Fubini’s theorem to deduce

, £ (r)]
lim lo TR o >
e v (i ) ) "

However if we set r, = 1 —1/2", n = 1,2,..., then Theorem 5.0.13 and the

inequality

give

1<j<n
Z bj627rwj

e [ 1og11.tr)l v ) =exp [ o
Q Q =
) ’ 1/2
> c{ 3 W{r?;}z}
7=1
n 1 1/2
=S

j=1

»

n

B
> Cpl/2- Ve > C(log 1 1 )

for all sufficiently large n. This implies

| fu(rn)]
lo dw > log C
/g & ((log(l/(l _ rn)))ﬁ> =0

for all sufficiently large n. But this contradicts (5.9). Hence (5.5) is true and the

proof is completed. O]
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Theorem 5.0.15. [7, Theorem 1.7] Let 2 < p < o0 and 0 < 5 < 1/2 — 1/p.
Then there exists a function f € Dy | with f(0) # 0 such that if {2} is the zero
set of f, then

n

H ﬁ #o((logn)”), n— oo.

k=1

Proof. Let p and 8 be as in hypothesis. Take f € D} ; with f(0) # 0 such that

exp (%/Oﬂlogﬁ(rewﬂd@) #0(<log1ir>ﬁ), r—1". (5.10)

Existence of such a function is guaranteed by Theorem 5.0.14. Using (5.10), we

can choose a sequence {r;}22; C (0, 1) such that ; 1~ and

1 2m ) 1 B
exp (%/ log]f(rjeza)\d9> zC(logl_ ) ., j=1,2,...,
0

T

where C' is a positive constant independent of j. Using Jensen’s formula and

above, we deduce that

B
|f(0)yHizc<1og ! ) j=1,2,..., (5.11)

where n(r) is the number of zeros of f in the disk |z| < r. Here observe that
n(r;) — oo as j — 0o. On the other hand, Proposition 5.0.8 implies that there
exists C' > 0 such that

1
1—7r

1
n(r) <C log log o T 1",
—r

This implies

1
logn(r) < Clog T T 1. (5.12)

Using (5.11) and (5.12), we conclude that there exists N € N and a positive
constant C' > 0 such that

n(r;)

FO) TT 2% = C(logn(r;)’, Vj= N,

k=1

which finishes the proof. m
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Chapter 6

Random zero sets for Bergman

spaces

This chapter is devoted to the proof of Theorem 6.0.7, which describes a sufficient
condition on a sequence in the unit disk to be a zero set of A?2. Our reference is
[12].

Notation 6.0.1. For a sequence {z} in D, we set

d(r{zh) =Y (1—lxl), 0<r<L

EM

If there is no element of {zx} such that |z;| < r, then we set ¢(r,{zx}) = 0. We
abbreviate ¢(r,{zx}) to ¢(r) if the context is clear.

Notation 6.0.2. For e > 0, we set

1 1+4€
he(Z) = (lOg 1_—’2‘) , Z€ D.

We abbreviate he(z) to h(z) if the context is clear.

The following three lemmas are used in the proof of Theorem 6.0.6.
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Lemma 6.0.3. Let 0 < p < oo and —1 < a < 0o. Let also € > 0. Suppose that

{2z} is a sequence in D with z, # 0 and satisfies

1 1 (14a)(1+¢€)
/ P <10g ) (1—r)*dr < oo.
0 1—r

Then

Proof. Observe that the function

1 ) (14a)(1+e€)

is increasing for r € (0,1). So we have
L (1 = )t < L (1 pytreg(r)
1+ o 1+ o

— f(r) / (1— 1) dt

< /1f(t)(1 —t)dt
< o0

forallr € (1—1/e,1). So

o(r) <C’log1ir, r € (ro, 1), (6.1)

where 1 — 1/e <1y < 1. Note that

kﬁ:(l — |zx)h(z) ™" = /01 (log . i T)_l_e do(r).

0

By using the method of integration by parts with u = (log(1/(1 —r)))~'7¢ and
dv = d¢(r), we obtain that

[ (i ) o) = o(r) 108 ) |

0

1 —2—e€
+(1~|—6)/0 1ir(10glir) o(r) dr.

71




Here note that ¢(r) = 0 for all r € (0,]z1|). Using (6.1) and bearing in mind that

€ > O, we obtain
1 —1—¢ E
o(1 lo

Using (6.1) one more time, we obtain that

1 1 —1—¢ 1 1 1 —2—¢
/0(10g1_r) d¢(r):(1+e)/0 1_r(10g1_r> 6(r) dr
L 14
SC/ml—r(bgl—r) dr,

which is finite because € > 0. O]

=0.

Lemma 6.0.4. Suppose 1 —1/e < |5]| <1 and

_ B s=z
B 1—pBz

s =ew (- 1D(E5)),

where & = B/|B] and X € (0,1) satisfies the equation 1 — X = (1 — |5])h(B). Then
for all z € D such that

B(z)

and that

1= A0E) )y

we have
(1 —18)*A(B)
€ —Az2 7

where log B(z) is the branch defined for |z| < |B| satisfying log|B| < 0 and C' is

a positive constant independent of z.

S1(z) = exp (<—§ t ;i) log |%|)

Recall that the Taylor expansion of log(1 — z) around x = 0 is

|log B(z) +log S(2)| < C

Proof. Define
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equivalently,

log(I)——(l—I)—(1_2@2—(1;:]6)3—'“, 0<z <l

Using the formula above and bearing in mind 1 — 1/e < || < 1, we obtain

1— 2 1— 3
11— 18] + log|8|| = ( 2|ﬁ|> ( 3!/3|) o
(1=18)*  a—=18)°
S — -y +
(1-18])*
<0,

where C'is a positive constant independent of |3|. Hence we have

(118D _ 0= 18)(5)
SO =T

E+ Az
E— Xz

where the last inequality follows from 1/2 < h(f5)/|¢ — Az|. So it suffices to

H%ﬂd4%&@hﬂkwﬂ%ww

estimate |log B(z) + log Si(z)| to finish the proof. An algebraic manipulation

yields .
log B(z) = log m +log(1 —m) —log(1 — 1),
where .
= A8 _E=A/B
771——5_)\27 772——5_)\2 .
So
log B(z) + log S1(z) = w +log(1 —m) —log(1 — 1)
_ 2glog(1/|8) , AB— /P
O E= )z £E— Nz

+log(1 —m) —log(1 = 12) + 171 = na.
Using Taylor’s theorem for log(1/|3]) as we do above, we obtain

26(1 = [8])/18] + 28— \/B (1-18))?
£E— Az +C |€ — A\z|

+ |log(1 —n1) —log(1 — n2) + 171 — 12|

| log B(2) + log S (2)] <
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Since £ = 3/|5] and A < |B|, we obtain
126(1 — 1B)/18] + A8 — A/BI = |2(1 — |8)/B + M5 — 1/B)
=2(1—B))/B = A1 = 18D (1 + B)/B]
-5 - xa+1a)

_1-18)
=)

1 |f]
3

12— A1+ )]

11— A2+ Al

Using this, we deduce that

26(1 = 1B/1B1 + A8 = A/B| _ o= 18)dA = A)
§— Az 4 € — Az

(- 18D*M(B) _ (= 18)*h(B)

=C
[ v . € — Az|?
We also have
(118D _ (1 |8)*h(8)
[E =Xz T [€— Az

as 1 < h(f). Hence it remains to estimate |log(1 —n;) — log(1 — n2) + m — 1.

First observe that

21— ) _ 21— |8Dh(B) _ 21— IB)h(B) _

1
[m2| < m| < = >
€ — Az € — 2] 1 — ] 2

where the first inequality comes from the inequality 1 — \/|5] < 1 — A|5]. Also
observe that we have

L IMBENB| A =18 _ 20-18)
I ’72"‘ 3 v AT Ty w e T S
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Putting this all together, we conclude that

|log(1 —n1) —log(1 —m2) +m1 — 12| =

S(E-1)
Sé? [ — 3]

< |m — e Z "
K2

|
<|m -
IR ]
8(1 —181)*n(8)
I [ e
which completes the proof. O
Lemma 6.0.5. )
T 1 2m
——dl = — < 1.
|, e T

Proof. Let a = a + ib, where a® + b* < 1. Writing e? = cosf + isinf, we obtain

2m 1 2 1
o |e?+al o (cosf+a)?+ (sinf +0b)

Writing € = 2, we obtain izdf = dz and

2
[ =
/0 (cosf + a)?

as = a + ib. Using the residue theorem and bearing in mind that |a] < 1, we
find

1 —1
do = d
t (sinf + b)? ]{zll A+ra)(zta)

—1 o
™ es{(uza)(zw)}z_a e

because z = —a is the only pole of the integrand within the circle |z| = 1. O

Theorem 6.0.6. Let 0 < p < oo and {2} be a sequence in D. If for some ¢ > 0

1
1
po(r 1
e (on

then for almost all independent choices of {0k}, where 6, € [0,27] for all k =

we have

1+e
7") dr < oo, (6.2)

1,2,..., the sequence {zxe'%} is a zero set of AP.
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Proof. Without loss of generality we may assume that 1 — 1/e < |z for all

k=1,2,.... For each z; and z € D, we define
8] B2
Bs(z) = — —
5(2) 51-3
and

A
o) = e (1-190) (557,
where £ = (/|8] and A € (0,1) satisfying 1 — A\ = (1 — |5|)h(5). We consider

the probability space Q = [];2; %, where each €, is the interval [0,27] with
normalized Lebesgue measure. An element w € € is of the form w = (6y,6,,...)
with 0 < 6, < 27 and {6} is a sequence of independent random variables. For
a sequence A = {2} C D, a random set A, is obtained by a rotation of each z
through the angle 6. We set

Fr,(2) = [ [ Burerte (2)S., 0 (2).
k=1

We shall prove that Fi,(z) is analytic on D whenever A satisfies (6.2). In order

to prove F}_(z) is analytic on D, it suffices to show

> |1 =B, 0.(2)S,, 0 (2)]
k=1

converges uniformly on every compact subset of . Let K be a compact set in
D. Then there exists r € [0,1) such that for all z € K we have |z| < r. Bearing
in mind that 1 — 1/e < |z for all £ = 1,2,..., and |2x| — 17 as k — oo, we
estimate the factor |1 — B, i, (2)S5,, .o (2)| as follows. First choose N € N such
that |zx| > r for all & > N and (1 — |z|)h(z)/(1 —r) < 1/4 for all £ > N.
Then fix & > N and choose a branch cut of log(B, s, (2)S,, ., (2)) such that it

is analytic in K. Next we use Taylor’s theorem to obtain
‘1 — B, .o, (Z)Szkeiek (z)‘ =11- exp(log(BZkewk (z)SZkewk ()]
S C‘ log(szewk (Z)Szkewk (’Z>>’

for all z € K. Applying Lemma 6.0.4, we deduce that

Hog(szewk (Z)Szkewk (Z))’ < (1 _ |Zk|)2h(zk)

1€ — Apz|?
(1~ |s)?h(z)
ST
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Since A satisfies (6.2), it follows from Lemma 6.0.3 that

(1= ah(z) < (1= |l h(a) ! < oo

Hence -
> " |log(B,, 0, (2)S., 0. (2))] < 00
k=N

for all z € K. This implies
Z |1 = B, 0. (2)S., ci0 (2)] < 00
k=1

for all z € K. Therefore Fj_(z) is analytic on D. We set

G(z) = /Q |Fy (2)]P duw. (6.3)

Our aim is to show G € L'(D,dA). Then the result will follow from Fubini’s

theorem, because

/D (=) dA(z) = /Q { /D ]FAW(Z)|pdA(z)}dw<oo

implies that for almost all w € €2 the function Fi(z) belongs to AP.

Now we have

/g)|FAw(Z>|p dw = /Q{]f[lwmwk (2)S,, .0, (z)|p}dw

11 {] B ()5, () wh o

k=1
by the independence of {6, 60s,...}. For a fixed |z| = r, we define

S, = {weD: (1 - |w)hw) < iu — )

We split the product in the line (6.4) into two parts: the product over z;, € S,

and the product over zj € S¢.

First, we show that the product over z; € S, is bounded by a constant M

which is independent of r. Note that
1 27

I=— |B
2 Jo

1 2T
- / exp (pRe(log B., o, (2) + log S, i, (2))) db.
0

0}, (Z)S

ZE€E

0}, (Z) |p d@k

zpe
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Now we have

2 27
1<1+ % /O log | B,, .o, (2)] dby + % /0 Re(log S, . (2)) dby

2

C
+ — |log B

) e (2)[2 O

ik (2) + log S, e

by Taylor’s theorem. Observe that we have |z| > |z| for z; € S,. So

2

L log |B (2)| dby = L /%l
— 0 iy (2 = — 0
21 Jo & 15zt M or 0 &

i0),

ZK€ —z

T— zace | 10k = logld

by Jensen’s formula. For the second integral on the right side, the Poisson integral

formula gives

2m & + 2 e 0k

1 1 2T
— Re(l i0 = 4 1—|zx|) Re | —~——5 = 1—|z|.
271— 0 e( Og Szk,e k (Z)) dek’ 27T /O ( ‘Zk|) e (gk - Z)\kelek> dek |Zk?|

We apply Lemma 6.0.4 and obtain

1 [27 C [ (1— |zk|)4h2(zk)
— log B, i, +1 0y 2doy, < — i
9 /0 | 08 5, ity (Z) 0g Szke Ok <Z)| ko= 2 0 |§k629k — Z/\k|4

27 _ 2
el
0

doy,

= or |Epeifs — 2 g )2
C(1— [])?
= TIoee (6.5)
(1= |a])?)
1=

= C(1 — |z|)h(z) Y,

where the last equality follows from 1 — A\, = (1 — zx)h(z) and (6.5) is due to

Lemma 6.0.5. Hence

1 2
i ‘B
2 Jo

0} (Z)S

Zie

wop (2)[P O < 1+ p(log |z + 1 — |2]) + C(1 — |2x|)h(zp) !

ZE€

<1+C1 = |z)h(z)7

where the last inequality follows from log |z;| < |2x| — 1. Now using the estimate
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above and the inequality 1 4+ x < e®, we obtain

H %/0 7r |szei9k (Z)Szke“’k (z)|p d@k < H (1 + C(l — |Zk|)h(zk>_1)

ZkESr ZkEST

<ew (€ X (- b))

zZLESr
< exp (c > (- \zk|)h(zk)1) < 00
k=1
by hypothesis and Lemma 6.0.3. Hence the product over z; € S, is bounded by

a constant M. So we have

1 21
Gz) <M [] o /0 |B,, cio, (2)S,, cioy, () |7 A,

2R €SS
1 2 »
<M [] o |, S, cio, (2)|P dOy,
2L €SS
where the last line follows from the inequality |B, ., (2)] < 1. Now

Eret + Akz> <2

[ o 1 [ &re + A2
7= g [ 1P an = o [ e (000 b e (£55 57 ) o

So we have

1 2
J=— {1+p(1—\zk\)Re(
0

fkeiek + )\kZ
2

Epellr — Az

05, 2
_ 2 Ere't + Az
+O<(l |Zk|) (Re <_§kzewk _/\kz)) >}d9k
Now observe that

[ Epe® + A2\ | 2 (7 (1— %))
— 11— 2 Re | X—— 2 do, < — ———df
o ), (1 — [2l) { e (gkewk — )\kz)} g < 7T/0 G — AP Ok

A(L — |z])?
= o (6.6)
A1 [l
- 1— X

= 4(1 = [z Dh(z)
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where (6.6) is due to Lemma 6.0.5. Thus

1 21

o e (2) [P dB < 1+ p(1— |zi]) + C(1 = |z h(zi) "
0

The inequality 1 + x < e* and Lemma 6.0.3 imply that

G(2) < C T exp (p(1 = J2e) + (1 = |aDh(z) )

2z €SE
—cexp (X {pl=Ja) + 1= i)}
2z €SS
< Cexp ( Z p(l — |zk\))
ZEESE
< CleP2(r1)

where ry satisfies (1—71)h(ry) = %(1 —r). Using the change of variable ry = r(r),
we obtain

1
€p¢(rl) d’l"

1 1 €
ep‘z’(r){h(r) —(1+¢) (log ) } dr
(0) 1—r

1 1 1+4€
eP?(r) ( log ) dr

/G(z)dA(z) <C

IN

—

<
[y

C

C

VAN

S—

1—r

< o0

by hypothesis. Hence G € L'(ID,dA) and the proof is complete. [

Theorem 6.0.7. Let 0 < p < oo, —1 < a < 00 and {2z} be a sequence in D. If

for some € > 0 we have

1 1\ (He)d+o)
/ eP?(r) <log ) (1 —r)*dr < oo, (6.7)

then for almost all independent choices of {0y}, where 0y € [0,2x] for all k =

1,2,..., the sequence {z,e%} is a zero set of AP,

Proof. By the discussion in the proof of Theorem 6.0.6, it suffices to prove that G
defined as in (6.3) belongs to Li(D,dA,), where dA,(z) = (1 — |z])*dA(z). The
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change of variable r; = r1(r) yields
1
/G(z)dAa(z) < C/ ePHr)(1 — ) dr
D o o\
C/ ep¢(r){h(r) —(1+¢) (log 1 ) }{(1 — T)h(?”)}a dr
0 - T

1
C/ ep¢(r)h(r)1+°‘(1 —r)*dr,
0

IN

IN

which is finite by hypothesis.
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