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ABSTRACT

COMPATIBILITY OF THE DIMENSIONAL REDUCTION AND
VARIATION PROCEDURES FOR A QUADRATIC CURVATURE MODEL
WITH A KALUZA-KLEIN ANSATZ

Celik, Sinan
M.S., Department of Physics
Supervisor: Prof. Dr. Sibel Bagkal

September 2021, [92] pages

The Kaluza-Klein theory is investigated for a SD quadratic curvature Lagrangian. In
order to obtain the field equations in the actual 4D spacetime, there are two different
approaches composed of two successive applications to be implemented to the 5D
action. Either one applies the least action principle with respect to the 5D variables
and then uses the dimensional reduction mechanism, or changes the order by first re-
ducing the action and then takes the variations with respect to the constituent fields of
the theory. In this work, the field equations are obtained from the reduced form of the
action and the results are compared with those obtained by the reverse procedure. The
differences between these two procedures along with their outcomes are presented in

detail, and their origins are explained.

Keywords: Kaluza-Klein Theory, Dimension Reduction, Least Action Principle



0z

BOYUT INDIRGEMESI VE VARYASYON ISLEMLERININ IKINCI
DERECEDEN EGRILIKLI VE KALUZA-KLEIN ANZATSLI MODELDE
UYUMLULUGU

Celik, Sinan
Yiiksek Lisans, Fizik Bolimii

Tez Yoneticisi: Prof. Dr. Sibel Bagkal

Eyliil 2021 ,[92]sayfa

Kaluza-Klein teorisi, 5D’de, ikinci dereceden egrilik Lagrange yogunlugu icin arag-
tirlldi. Gergek 4D uzay-zamanda alan denklemlerini elde etmek i¢in, 5D eylemine
tatbik edilecek iki ardisik uygulamadan olusan iki ayr1 yaklagim vardir. Ya 5D degis-
kenlerine gore en az eylem ilkesi uygulanir ve ardindan boyut indirgeme mekanizmasi
kullanilir, ya da sira degistirilir, once boyut indirgenir ve ardindan teoriyi olusturan
alanlara gore varyasyon alinir. Bu ¢alismada, eylem fonksiyonelinin indirgenmis for-
mundan alan denklemleri elde edilmis ve sonuglar ters prosediirle elde edilenlerle
kargilastirilmistir. Bu iki prosediir arasindaki farkliliklar ve bunlarin sonuglar1 ayrin-

til1 olarak sunulmus, ayrica sebepleri agiklanmusgtir.

Anahtar Kelimeler: Kaluza-Klein Kurami, Boyut indirgemesi, En Az Eylem Ilkesi
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CHAPTER 1

INTRODUCTION

Special relativity theory was published by Einstein in 1905 [[1]. According to this
theory speed of light is the maximum speed at which all matter and information in the
universe can propagate. Researchers verified this fact through experiments. Also, the
theory of the special relativity claimed that space and time are inseparably connected.
The electromagnetic interaction of charged particles are well represented in special

relativity. However, gravitation is not present in this theory.

Einstein completed his famous theory about gravitation which is called the general
relativity theory [2]. This theory is known as Einstein’s major contribution to science.
Prior to Einstein, physicists considered gravity as a force that pulls large objects to-
gether. Certainly, this is not wrong. Gravity is a force that pulls us downward towards
the Earth. The Earth’s orbit is maintained by gravity, which pulls it towards the Sun.
This is called the Newtonian view of gravity. Einstein showed that gravity is not only
a force, but it is also a geometrical expression of space and time. This brought a very
different and highly insightful perspective to physics. The geometry or in other words
the curvature of space and time alter due to existence of energy and mass. Through

this space objects follow a path according to its curvature.

General relativity had its initial achievement in 1915, when Einstein offered a theo-
retical explanation for the anomalous precession of Mercury’s perihelion. This is a
gravitational event that does not agree with Newton’s theory. In Newtonian theory,
this is due to the fact that the planetary system is an n-body system instead of a two

body system, meaning that the motion of one planet is perturbed by the motion of all



the others. Mercury’s orbit has a short period and a large eccentricity, thus the perihe-
lion position may be accurately calculated by observation. Prior to general relativity,
there existed a difference of 43 seconds of arc per century between the classical es-
timate and the observed shift. Although the difference is small, it is substantial on
an astronomical scale. This represents approximately a hundred times the likely error
which is observational. Astronomers have been concerned by this inconsistency. In
order to justify this, it was proposed that there was another planet which was called
Vulcan. Vulcan’s orbit was within Mercury’s orbit. On the other hand, Vulcan does
not exist. General relativity rectifies this inconsistency, as it correctly predicts 42.98

seconds of arc every century in theory [3].

In 1919, the theory has been tested experimentally for the first time. When the solar
eclipse occurred on May 29,1919, the estimated deflection of light rays passing near

to the Sun was detected as 1.75 seconds of arc by British expeditions [4, 5].

Same year, Einstein also predicted gravitational waves. The Lorentz invariance of
general relativity allows for the presence of gravitational waves. Firstly, gravitational
waves were observed indirectly in a neutron star pair in 1970 [6]. The decrease in
their orbital period was explained by the fact that they were emitting gravitational
waves. Almost a century after Einstein’s prediction, these waves were discovered in
2015. In 2016, researchers from LIGO, announced the first detection of gravitational

waves [[7]].

Again by Einstein, general theory of relativity was implemented to the structure of
the entire universe in 1917 [8]. He realized that the general field equations indicated
a dynamic cosmos that might shrink or expand. Because there was no empirical evi-
dence for a dynamic cosmos at the time, Einstein added a new component in his field
equations which is called the cosmological constant. The reason for adding such a
constant was to secure a static universe. Edwin Hubble discovered that the universe
is expanding as a result of his observations [9]. This indicated that such a constant

should not exist in the equations of the general relativity. Therefore, Einstein dis-



missed this constant after a while as he considered it to be theoretically insufficient.
Einstein expressed that the cosmological constant was the biggest mistake of his life.
However, the studies conducted in the last 20 years have shown significant evidence
that FEinstein’s cosmological constant is not a mistake. Our current understanding of
the universe seems to be only possible with the existence of the cosmological term

[LO].

By assuming that the Einstein-Hilbert action is the correct action for general relativ-
ity, Einstein field equations may be obtained. The Einstein-Hilbert action for general
relativity was first expressed from a scalar quantity obtained only from the spacetime
metric. The Palatini variation is significant because it implies that in general relativ-
ity, the Christoffel connection does not need to be inserted as a distinct supposition
because the knowledge is already present in the Lagrangian. Einstein suggested that
action principle includes metric and affine connection that behave as independent
variables. Then by using the variational principle, field equations can be obtained
separately in terms of metric and connection. As opposed the Levi-Civita connection,
this technique permitted to compute the field equations more general metric affine
connection. This method is known as Palatini method [11]. According to Palatini for-
malism, metric and connection are both basic and independent dynamical variables.
Einstein used also this method to study general relativity. However, when he dealt
with the Einstein-Hilbert action, both methods provided identical equations of mo-
tion, because the independent connection turns out to be the Levi-Civita connection.
In fact, this outcome is particular to Einstein-Hilbert action. Furthermore, space-
time can be endowed with torsion, when the Lagrangian is explicitly linked with the
connection. Consequently, the Einstein-Palatini formalism provides a strong tool for

more general gravitational theories.

Einstein used a variational method to generate some incomplete set of equations.
However, this approach was insufficient since Lagrangian was not covariant. Hilbert
derived Einstein’s equations by applying a metric variational principle with a cor-
rect Lagrangian density. His results were presented in the renowned message to the

Gottingen Academy on November 20,1915 [[12]. This day is considered to be very



important because it is known as the birthday of the metric variational principle.

Renormalization is the procedure of absorbing divergent elements of a computation
that produce illogical infinite outputs into a few quantifiable variables that provide
finite solutions. It is known that the Einstein Hilbert action is not renormalizable. In
order to obtain a renormalizable action, some adjustments should be made. These
adjustments should be made up of a variety of curvature invariants to secure coordi-
nate invariance. When curvature terms a R? + b R,,,, R™" are added to the Einstein-
Hilbert action, then the action becomes renormalizable [13]]. This theory is known as
quadratic gravity. This feature is retained if there exist renormalizable coupling terms
in quantum field theory. Because of the importance of the quadratic gravity, some
researchers investigated whether quadratic gravity is meaningful or not. In quantum
field theory ghosts are the non-physical solutions. The majority of the previous re-
search has focused on the ghost problem appearing in quantum mechanical models.
Nevertheless, there has been some recent improvements in the problem of ghosts.
Therefore, the situation of a relativistic theory like a quantum gravity theory maintain

a promising area for further studies.

For a very long time physicists sought for and still are looking for a single framework
that unifies and explains the behaviour of all the forces and particles in nature. In
particular, unification of the two main relativistic classical fields, namely gravitation

and electromagnetism still bears some interesting points to be investigated.

From a historical point of view, it is worthwhile mentioning Weyl’s theory which ap-
peared in 1918, suggesting a unification between electromagnetism and gravity [14].
He presented a novel geometrisation of physics, by improving the geometry which is
a sort of an extension of Riemann geometry. In Euclidean geometry one may compare
vectors at various points in terms of their lengths. However in Riemann geometry, this
is not possible. The direction of a vector at a remote location through parallel trans-
port is determined by the path along which the parallel transport occurred. The direc-

tion of the vector changes in parallel transportation along the loop which is closed.



Although the direction of the vector changes in Riemann geometry, the length of the
vector does not change. According to Weyl, this was a contradiction in the construc-
tion of a real field theory. Weyl generalised the idea of parallel transportation. He did
this by developing it with a metric independent structure. Therefore, Weyl’s approach
yields a symmetric linear connection that is not only metric dependent. This structure
contributed to a better grasp of mathematical description of gravity. Weyl added a
new geometrical item into the theory which he called it the length connection. On the
parallel transport, it calculated the length of the vector. Interestingly, Weyl was able
to connect the length connection to the electromagnetic vector potential. Therefore,

he made a connection between the electromagnetic field and the geometrical frame.

Weyl’s theory was established on his statement that world’s geometry or in other
words the rules of the nature should not alter when there is a rescaling of the metric
tensor. He regarded this metric regauging (or metric calibration) as a desirable form
of symmetry that should be expressed in the Lagrangian. Weyl continued to create
a review version which the related connection term is metrically invariant under the
regauging. That observation encouraged Weyl’s idea that measure invariance is a
symmetry he would use to shape the laws of nature. According to Weyl, Ricci and
Riemann tensors were invariant under the gauge transformation. Also the electro-
magnetic tensor was invariant under the gauge transformation. Weyl started to create
a Lagrangian that expressed these symmetries in the light of these discoveries. Al-
though Weyl’s theory is very important theory for the unification, it also has some
violation with the quantum mechanics. If we want to give an example of this, we
can give atomic clocks. The atomic clocks has spectral lines. The frequency of this
lines is determined by the position and previous histories of the atom. However, ex-
periments shows that this is not the case. They seem to be unaffected by the history
of the atom. Atomic clocks develop time units. Experiments indicate that they are
conveyed in an integrated manner. As quantum theory developed, it was realised that
Weyl’s theory clashed even more fundamentally with experiment, since in quantum
theory there was a direct relationship between clock speeds and particle masses. Nat-
ural frequency of a particle is determined by the speed of light, Planck constant and

rest mass. In Weyl geometry, this means that the clocks will depend on masses of the



particles as well as their histories. For instance, if two protons have different histo-
ries, their masses are also different. However, this violates the principle of quantum
mechanics because according to quantum mechanics, particles of the same type must
have the same mass. The theory that Weyl developed was quite complex. Despite the
fact that it was logical mathematically, it did not make sense from a physical view-

point.

Among many other important mathematical contributions to the geometrical frame-
work of the gravity theory, Weyl’s introduction of the idea of gauge transformations

and gauge invariance is paramount.

A few years later, another suggestion to unify electromagnetism with gravity was
made by Kaluza. The majority of the physics community considered Kaluza’s opin-
ion weird and unexpected. He suggested a unified field theory in which space and
time extended to five dimensions rather than four. Luckily, in a system like Kaluza’s
there is a way for a fifth dimension to be kept hidden. The fifth dimension differs from
the others in its geometrical scheme. As we know, the three dimensional space is very
large. According to Kaluza, the fifth dimension is not like the other three spacelike
dimensions, rather it coils into a small circle, to become unnoticeable. Kaluza ini-
tially told Einstein about this concept in 1919. He was then able to publish his ideas
in 1921 [15]]. Einstein admired Kaluza’s theory. However, after a while he realised
that Kaluza’s theory has some flaws. Nevertheless, Einstein proceeded to study this
theory because he expected it would pioneer something more promising. Kaluza had
no intention of providing a self contained theory to explain a new empirical evidence.
By using general relativity and electromagnetic theory, the results of Kaluza’s theory
can already be obtained. One of his major goal was to deduce the behaviour of the
geodesic of the charged particle. In order to achieve this goal, the Riemann metric of
the manifold was retained. Even if Kaluza’s notion is not fundamentally distinct from
Einstein’s statement, at the time, it was the best unifying mechanism available. Apart
from Einstein and Grommer’s criticism [[16]], there were actually no direct responses
to Kaluza’s work until Klein’s article published in 1926. Kaluza’s and Klein’s ideas

appear to be closely connected at a first glance, and many writers accepted that Klein



just enlarged Kaluza’s theory. However, this was not true. Because many people
confused Kaluza and Klein, the ideas of the Kaluza and Klein were also confused.
Despite the fact that Kaluza’s theory includes a formulation of the Lagrangian, he did
not use the least action principle. The least action principle was a significant con-
cept for Klein from the start to establish the connection between the electromagnetic
and gravitational fields[1/]. Klein’s initial thought was to connect a quantity related
to mass the momentum on the fifth axis. Klein’s action appeared under the unified
gravitational field and electromagnetic field by using electron in his action. He rec-
ommended that in order to combine general relativity and electromagnetic field, a
new framework is to be created which is called as the world geometry. Once this
is done, we can not in general make any arbitrary separation of gravitation from the
electromagnetism. Although Kaluza-Klein was not a very successful theory just by

itself, it inspired other unification theories, including the string theory.

In this thesis, we shall study the Kaluza-Klein unification theory from a variational
principle point of view for a quadratic curvature Lagrangian. We are motivated by the
results of [[18]] and [19]. In [18] the Kaluza-Klein reduction of a quadratic curvature
model coupled to the Einstein-Hilbert action is presented. Non-minimal couplings
among the gravitational, electromagnetic and scalar fields in the actual four dimen-
sional spacetime are exhibited in terms of differential forms. However, there the
field equations are not evaluated. In [[19] field equations are obtained for this model,
by directly taking the variation with respect to the five dimensional metric and the
connection using the Palatini approach. The reduction procedure is performed after-
wards to obtain the field equations in four dimensions. Now, the question arises as to
what would have happened if the variations were taken with respect to the constituent
fields after the reduced four dimensional action is obtained. Here, we try to answer

this question.

In the second chapter, we will review the Kaluza-Klein theory. After presenting
Kaluza’s approach and then Klein’s improvement, we give the current standard for-
mulation. We investigate the Kaluza-Klein mass tower and explain its importance in

physics.



In the third chapter, we obtain field equations using various different procedures and
we shall compare the results. The Brans-Dicke theory [20] falls into the category of
scalar tensor theories [21], developed as an alternative to Einstein’s gravity which is
currently raising hopes for a better explanation of some cosmological problems. We

will also investigate Brans-Dicke theory within the confines of Kaluza-Klein theory.

In the fourth chapter, we try to give an answer to the main question of this thesis.
In most general terms, for a theory having dimensions more than four there are two
consecutive applications, namely the variation of the action and the reduction mecha-
nism in order to obtain the corresponding field equations in the actual spacetime. This
procedure can be reversed by changing the order of the applications. We are looking
whether these two procedures are commutative, through a specific model. More ex-
plicitly, will the field equations stay the same or how will they change, if one first
applies the reduction mechanism to the Kaluza-Klein quadratic Lagrangian then vary
it with respect to the constituent fields of the theory using the Palatini approach. This
is the reverse procedure, in the sense that the variation was done first with respect
to the five dimensional action before applying the reduction mechanism, which was
done earlier in [19]. In short, we compare the results of these two procedures, and see

whether they are compatible.

The purpose of the Appendices is two fold. First, we relegate some calculational
details. Second, we give some mathematical preliminaries, in order to follow and

make the necessary comparisons with the existing the literature.



CHAPTER 2

KALUZA-KLEIN THEORY

Although it has been almost a century since the first appearance of the Kaluza-Klein
theory, interest revolving around this particular idea has not been diminished, neither
as being a part of many other realms of physics nor in its own right. Over several
decades, physicists are attempting to enhance the Kaluza-Klein theory, yielding to

inspirations for other research areas, such as the string theory.

Kaluza-Klein theory combines electromagnetism and gravity with each other, both
being the generators of two principal forces in nature. Kaluza’s idea was supported

by Einstein’s theory of general relativity in five dimensional (5D) spacetime.

In this chapter, we concentrate on the basic ideas presented first by Kaluza (pub-
lished in 1921) [[15]], and then by Klein (published in 1926) [[1'/]. We, first investigate
Kaluza’s approach. After writing Kaluza’s 5D metric, we introduce the cylinder con-
dition and note its drawbacks. Then, we interpret Kaluza’s geodesic equation and

give the field equations.

In Sec. 2, we introduce Klein’s approach. We see how coordinate transformations
result in gauge transformations for the vector potentials. We note that Klein recovered
Einstein’s and Maxwell’s equations by using the 5D action. We review his account
of the linear momentum in 5D. Using the periodicity of the fifth dimension we gather
how Klein obtained the expressions for the metric tensor, vector potential and the

scalar field in terms of Fourier series.

In Sec. 3, we derive the geodesic equation of motion of a charged test particle, from

an action principle in 5D.



Finally, in Sec. 4, we study the Kaluza-Klein mass tower. We introduce the hierarchy
problem and we discuss extra large dimensions, namely the ADD model. We show
how one can obtain Kaluza-Klein mass by making use of the periodicity condition,
which in return enables a Fourier series expansion for scalar fields. This, along with

the Lagrange density turns out to be a convenient approach to this end.

2.1 Kaluza’s Approach

Kaluza began his studies from the vacuum hypothesis, which examines the case, when
there is neither charge nor matter, but there is only the gravity itself. Mathematically,
this condition is represented as

~

Ty =0 2.1)

where T}, is the energy momentum tensor (whose explicit form for a variety of fields

and particles will be found in the next section).

From vacuum hypothesis, one can ask the question, as to where the electromagnetic
field is located. An immediate answer will be that it can be allocated inside the metric
g. This would not be possible if the dimension of spacetime is kept as four, since
in 4D theories fields have their self vacuum solutions, that cannot be superposed.
Therefore Kaluza introduced the electromagnetic field as a part of the 5D metric and

wrote the line element as [15]]:
ds® = Gapditdi® (2.2)
where capital Latin letters A, B = 0, 1, 2, 3, 5 refer to 5D space.

Kaluza’s assumption that the five dimensional universe is void of masses and fields
other than gravitation led him to conclude that the curvature tensor and Ricci scalar

should vanish

(2.3)

What is the importance of the 5D vacuum in terms of producing some physical fields?
Assumptions along this line give some direct conclusions. For instance, the 5D vac-

uum solutions also offered the well-known 4D solutions.

10



The general 5D metric tensor related to the this 5D line element is

gap = | —— (2.4)
Jsb | gs5
Kaluza defined the 5D metric elements as
Gab = YGab
(2.5
gsy, = Ay
Using matrix notation, Kaluza’s 5D metric tensor turns to
~ Gab Aa
JgaB = (2.6)
Ay | @

where ¢ represents the scalar field, g, represents the four dimensional metric and A,
is the electromagnetic four potential. Therefore, in a 5D metric both electromagnetic

four potential and metric of the actual spacetime are combined.

Another assumption by Kaluza is the cylinder condition, which means the physical
variables of the 5D metric tensor does not depend on the fifth dimension. Mathemat-
ically, this is written as

O5Gap =0 2.7

meaning that the components of the metric are independent of the fifth coordinate.

Kaluza’s cylinder condition have some drawbacks. First of all, he did not provide a
clear reasoning as to why the fields are not related to the extra coordinate. Secondly,
if we assume that there is a fifth dimension, why we do not observe it. It was Klein

who gave the answers to the these questions.

The presence of matter and charge did not interest Kaluza. His aim was to embed the
electromagnetic fields into the metric. However, Kaluza realised that in order to test
his theory, he needed to have a charged test particle. So he studied the behaviour of

the charged particle in 5D space. One can elaborate on the 5D current as
J' = KT (2.8)
where K is the gravitational constant.

11



One of Kaluza’s main goal is to obtain the geodesic of charge particles. By using
Eq.(2.2), Klein obtained the geodesic of charge particles which also contains the
Lorentz force law [22]

(d%“ dz™ dw”) de® 1 €%,
m r

a 7 | —efe, 2.
e A T i (29)

There are two approaches to classify geodesics. One of them is choosing the ¢ as a
constant. The other one is = is very small. However, this is not appropriate in atomic
scale like when proton and electron are considered. This ensures that Kaluza’s theory
for subatomic particles are not valid. Therefore, we can conclude that electrons do
not move on geodesics in the 5D. It is the ¢ that determines the path. Kaluza did
not deal with the ¢. However, Klein selected  as a constant in order to observe the

solution of the geodesic problem.

Due to property of the translational symmetry of the fifth dimension, it can be seen
that the charge is suitable to be considered as a conserved quantity. Kaluza used the

vacuum theory in order to define charge. He suggested the following equations
1
Rap = K (Tap — EgabT) (2.10)
governing the gravity, while mixed components

Rs, = KT, 2.11)

describe the electromagnetic field equation. Furthermore, component in the extra fifth

dimension
1
Rss = K(T55 — 5955T> (2.12)
which is the equation of the scalar field.
Equation ([2.10)) can also be written as
1
Gab = Rab - EgabR = KTab (213)

Kaluza’s 5D energy momentum tensor can be shown to take the form

. T, | Jo
Tup = b (2.14)
J.| o

Along with some other researchers, Einstein also thought about where the source

term appeared. Grommer’s works showed that Kaluza’s vacuum field equations did

12



not give the symmetric solutions in some cases. Moreover, Einstein discussed with
Pauli about Kaluza’s theory. He expressed his discontent about the representation of
particles only by singular solutions of the gravitational field, and this is the reason

why Einstein abandoned to study Kaluza’s theory after some years.

2.2 Klein’s Approach

Klein investigated the combining of the electromagnetism and general relativity by
searching the wave function on a 5D manifold and the metric field [17]. By renewing
Kaluza’s cylinder condition idea, more conditions were imposed by Klein on the co-
ordinates. One of the condition is that the first four coordinates are those of the usual
spacetime. The other condition is that there is no dependency of the fields on z°. This
is known as the cylinder condition. The last condition is the gs5 = a, where a is a any

constant.

Klein’s 5D line element is

ds® = Gap ditda? (2.15)

Klein also used the cylinder condition. However, he used a different metric from that
of Kaluza’s. His aim was also to combine general relativity with electromagnetic
theory. The technique of Klein was different from that of Kaluza’s. He wanted to
transform coordinates in 5D among frames using a transformation law. This implies
that within 5D frames, the coordinates should transform under the transformation law
which is

4 = fA(aY) (2.16)

The explicit forms of these coordinate transformations are

’ / / / U
2 =2 (2%, 2V, 2% %)

(2.17)
25 = 2% + oY, 2V, 2?2
Generally, covariant theory means that when there is a coordinate transformation

which is arbitrary differentiable spacetime, the structure of the field equations does

not alter. This is also valid in the Kaluza-Klein theory. Generally, a covariant theory
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also entails gauge freedom. Now, the metric tensor transforms as

ozA\ [ 0zB
o5 = (%) (%) JAB (2.18)

Abelian gauge transformations
Al = A, + dup(x) (2.19)

is a result of coordinate transformations to suggest an intrinsic extra dimension. In
other words gauge transformation is the extra dimension’s spacetime symmetry. Us-
ing these transformations and Klein’s line element, the metric tensor can be written

as
Gab + AaAb Aa

Al 1

where the line element is left unaltered. Also gs5 is invariant under the coordinate

JaB = (2.20)

transformation. Consequently, Klein described the 5D metric elements as

gab = gab t+ SOQAaAb
2.21)

Jsp = <P2Ab

In the Kaluza-Klein theory the cylinder condition is quite important. It is due to this
condition that the reduction of the five dimension to four can be carried out and there-
fore equations for the constituent fields are obtained in the actual four dimensional

spacetime.

Klein’s 5D metric tensor in terms of the 4 dimensional components becomes

Jab + P2 A A | 97 Al

(2.22)

QJWN =
¢* Ay ‘ ¢?

Therefore, we can conclude that Klein’s 5D metric tensor is defined in terms of the

4D metric tensor, scalar potential and vector potential.

Also, Klein’s 5D inverse metric tensor can be easily found as

gab — A@
GMN — (2.23)
A \ Lt Ak
and Klein’s line element becomes
ds® = gapda®da’ + p?(da® + Audz®)? (2.24)
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The field equations of this theory can be found by varying of the 5D counterpart of

the Einstein-Hilbert action

1 o
A / &dx\/—4R (2.25)

T 160G

where R is the Ricci scalar and the extra coordinate is stated as 5.

Using the variational principle and taking ¢ = 1, Klein found

Gab = KTab
(2.26)
D, F® = (
as field equations. Therefore, we can conclude that one of the sources that create a
curved spacetime are the fields or the particles constituted in the energy momentum

tensor. Using the cylinder condition Klein obtained the full field equations. This

result is similar to that of Kaluza’s.

The approach of weak fields was greatly relaxed by Klein. The slow motion condition

was eliminated and electrons were shown to act on geodesics.

To obtain geodesic, Klein used the relation between velocity along the fifth coordi-

nate, and charge of the particle as

)\
o= 84 (2.27)

cdr

where \ represents the geodesic parameter and 7 is proper time in 5D. Now, the

2
L= % (g) (2.28)

Lagrangian can be defined as

From the assumption of Klein geodesic, and from the form of the Lagrangian, five

dimensional momentum can be defined

oL

bi = i
(%)

(2.29)

Since L does not depend on z°, we conclude that there is a constant momentum which

is along the fifth axes. For an electron, the momentum is

_eya
b5 V2K
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where a denotes the constant value of the ¢. The value of the p5 is same at any

arbitrary point of spacetime under the condition in which ¢ is kept constant.

Klein also assumed that charge ¢ is related to the charge of the electron
q = ne (2.31)

This allows us to express momentum as

e
Py =n (2.32)

where n is a integer.

Classical and quantum mechanical momentum has some common features. In quan-
tum mechanics under specific condition quantisation is observed. The concept of
compactification was given in the wave analysis in 5D. From the De Broglie hypoth-

esis the fifth component of the linear momentum is quantised

_ me _nh
Ly V2K B s

where A5 represents the radius of the circle on the compact dimension z° [22].

(2.33)

Klein intention was to be convinced that the fifth dimension has no physical result.
He notes that the fifth dimension has both spacial and circular topology, which ex-
plains the reason why the fifth coordinate is not observed. The periodicity of the fifth

dimension is expressed as
f(z®) = f(z° + 27R) (2.34)

Therefore, all constituent fields, i.e., the metric tensor, vector potential and scalar field

can expressed as

Gan(a®, %) = guy(a")e R (2.35)
Ap(z®,2°) = ZAb(a:“)e% (2.36)
oz, 2°) = Z @(x“)e% (2.37)

in terms of Fourier series expansion.
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2.3 Geodesic Equation, Motion of a Charged Test Particle

Both Kaluza and Klein investigated the motion of a test particle, namely the associ-

ated geodesic equation to the action written as

1
1 o drAdiB\ 2
Izi/(gAB - d7> dr (2.38)

where 7 is an affine parameter. We know that if 7 is an affine parameter and d2*/dr

is tangent to the geodesic, then

dzP
gABK ( o ) =C (2.39)

where K4 is the Killing vector and C' is constant . Here the Killing vector is

- fa O 0
A
K=K'53 =55 (2.40)
with K4 = (0,0,0,0,1). Now from (2.39) we have
d 5
K® (%) =C (2.41)

Here, we are using the components of the metric in Appendix [B| for an orthogonal

coordinate system. The geodesic equation in 5D can be written in the form

24 . A dzB dz¢
o 2.42
dr? +1se dr dr 0 ( )
For A = a we have
d?z® ., dabdx ., dabdx® ., d2®da®

IR (B (e N At 2.43
d7'2+ be dr d7'+ % dr d7'+ S dr dr ( )

Reading off the necessary Christoffel symbols from Appendix (B.16) and (B.21)) we

have
Pa 1 a Y 1 a
I, = —59017 by Iy, = —§¢F b (2.44)
to be substituted in (2.43), where it becomes
d*x® dx® dx¢ dx
+ 10 = =CpF',— 2.45
drz T g TP Y (245)

Now, one can safely identify the constant C' with ¢/m, to obtain

d?z® ., dabdx¢ ¢ e, da®

> 4 2.46
dr? * ke dr dr SO Ydr ( )
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describing the motion of a charged particle in an electromagnetic field in curved
spacetime, where the right hand side is typically the Lorentz force when ¢ = 1 (as
was Klein inclined to assume ¢ to be a constant). Otherwise, the right hand side can
further be accounted for an interaction between the scalar field and the electromag-

netic field.

2.4 Kaluza-Klein Mass Tower

Kaluza-Klein theory inspires a variety of models to attain extra dimensions, for the
purpose of combining the fundamental forces like electromagnetic force, strong force,
weak force and gravity. As an example, we can give the model with large extra
dimensions also known as the ADD model. The ADD model compares gravity with
other fundamental forces in terms of their strength, and investigates why gravity is
quite a weak force when compared with other fundamental forces. This is the so-
called hierarchy problem. In this model, the components of the 4D part and the
components of the extra dimension of the metric are independent from each other.

Therefore the metric takes the form
ds* = Gapdi?di® = gu(z)dzda® + gea(y)dy°dy* (2.47)

where A, B = (0,...,4 + n);a,b = (0,1,2,3) and ¢,d = (5,...,4 + n). Here n

represents number of the extra dimensions.

When the four dimensional spacetime is extended to one or more than one dimen-
sions, separation of the full space gives subspaces. The whole space is called the bulk
space. Only, gravity is permitted to propagate through the (4+n) dimensional bulk,
while the particles or the fields of the standard model is restricted to reside in our four

dimensional universe. That is why gravity is a weak force.

The relation between the Planck mass and (4+n) dimensional scale is formulated as
(23]
MFQ’lanck = VTLMn+2 (248)

where M is the fundamental scale which is (4+n) dimensional. Also, V,, represents

the n dimensional volume element of the extra dimension. If we suppose all extra
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dimensions have the same size then V,, can be written as
Vo= 27R)" (2.49)

Therefore ([2.48) becomes

M2, . = (20 R)"M"+? (2.50)

The assumption that the size of the extra dimensions are the same, comes from the
relation between fundamental scale and extra dimensions. The Plank mass is much
greater than fundamental scale because the size of the extra dimension is greater than
the fundamental scale. Usually n = 1 is ignored because I? is approximately going

to be 10'® meter. When n = 2, 27 R going to be quite small.

When the dimension is five, ADD scenario is investigated under the condition n = 1.
The extra dimension is denoted by z which should be space-like. When we deal
with scalar particles the following equation can be given as an ansatz in order to get

Kaluza-Klein mass
p(z) = —m2ep(2) (2.51)

This equation is known as the Klein-Gordon equation, from where one can obtain
Kaluza-Klein masses, denoted by m,,. Moreover, from the boundary conditions m%

can be found as the eigenvalues of the mass.

One can investigate the behaviour of the field with one extra dimension where 2 has
a finite range: [0, 27 R]. Different geometries can be obtained by specifying the range
of z. If the range of the z is between (0,27 R), the geometry is like a ribbon. If
z = 0 = 27 R now the geometry is a cylinder. However, the range of the x® is
[—OO, OO]
Now, we assume that mass eigenvalues are positive, so ([2.51)) can be solved by con-
sidering

on(z?, 2) = Apsin(my,z) + Bycos(my,z) (2.52)
where A,, and B,, denote real functions. The best way to specify Kaluza-Klein masses

comes from operator diagonalisation. In view of the fact that m? is a real observable

quantity, p, has to be a symmetric operator. By considering the boundary conditions

19



some Kaluza-Klein states can be obtained. Since the compactified dimension is peri-

odic, one can write the periodicity of the scalar field as
o(x,z) = ¢z, 2+ 27 R) (2.53)

The meaning of the periodicity of z is that Fourier series expansion can be done. By

using Fourier series expansion, we can write following equation
—+00 )
O(x%, 2) = Z " (xM)e " (2.54)
—00

In terms of four dimensional spacetime, " (z) represents the tower which is com-

posed of four dimensional fields.

Therefore, when compactification is done for the extra dimensions all fields propa-
gating through the bulk have distinct modes. These modes are called as Kaluza-Klein
tower of states. Their mode numbers is denoted with n = (nq,...,n,). Then the
momentum of the fields can be written as

P = 2—22

Here, n is very important in terms of defining the fields. For instance, when n is zero,

(2.55)

this means that the fields are homogenous. When n is not equal to zero, in this case

Kaluza-Klein modes for spin 0, spin 1 and spin 2 are obtained.

One possible to approach to the issue of Kaluza-Klein masses is considering the La-

grangian density. To this end we write

L= %aMgoaMtp (2.56)
where M =0,1,2,3,5.
By separating ¢ in terms of momentum eigenfunctions, (2.56) can be written as

‘C = % (aagpaa(p - az@&z@) (257)

If we substitude (2.54)) into (2.57]) we obtain

inz imz inz imz

1
L= L [aulere®)r(ene®) - o Falene®)]  @sw)

After taking care of the derivatives in the above equation, we get

1 " nm i(ntm)z
L= 5 (aagpna Pm — ﬁ‘pngpm> e (259)
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When m = n, the Lagrangian density becomes:

1 2 n’ 2
L= 5 (|aa90n| - ﬁ|4pn| ) (260)

Now, we substitute above Lagrangian density in the action integral

2R +0o 1 n2
7= /d4x/ Ldz = 27TRZ/§ <|6a90n|2 _ ﬁ’@nﬁ) A4 (2.61)
0 —00

which becomes four dimensional. In order to obtain a canonical normalised field, we

substitute
1
Dy = ——— 0y, 2.62
o= Ve (2:62)
into (2.61) to obtain
1 +o00 n2
_ A2 A2\ o4
T=2 EOO:/ <\aa%| - Xl > d' (2.63)
Finally, the Kaluza-Klein masses are deduced to be [24]
n
n= — 2.64
M = 5 (2.64)

To conclude this introductory review section about the Kaluza-Klein theory we may
say that, apart from being elegantly devised, its importance mostly lies in the fact that

it has been and may be still is an inspiration for other unified theories.
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CHAPTER 3

FIELD EQUATIONS FROM VARIATION PRINCIPLES

In this chapter, we study equations pertinent to the Kaluza-Klein theory from the point
of least action principle, i.e., by using Z = 0, where Z is the 5D Einstein-Hilbert

action.

There are several ways to approach the matter at hand. First, we start with the 5D
action and we reduce to it to the actual spacetime; then we vary it with respect to
three emerging fields, namely the scalar ¢, A, and g, to obtain the field equations.
This scheme constitutes a subclass of scalar-tensor theories and is referred as the
Jordan frame, in the literature [25]], in contrast to the Einstein frame, where in this

latter form the curvature appears by itself, i.e., not being multiplied by .

In Sec. 2, the action is varied with respect to the 5D metric §4Z to obtain the 5D Ein-
stein tensor G A = 0. Afterwards we reduce the dimension to obtain three equations
from G’ab =0, éa5 = 0and G55 = 0. We note that, the order of these two processes,
namely variation and reduction, is switched in regard to the Sec. 1. If all three equa-
tions turn out to be the same as those of the first section, then we can conclude that

these two consecutive operations are commutative in this particular case.

In Sec. 3, we perform conformal rescaling to the action, where reduced the term
governing the gravity sector is the same as in the case of 4D. Thus we obtain the field
equations in the Einstein frame. It is to be expected that the equations obtained from

these two frames although may possess some similarities will yield different results.

In Sec. 4, in order to gain insight how the resulting field equations are affected by
the order of operations, the 5D Einstein tensor is conformally transformed, before

reducing it to 4D. In the following section we derive the 5D Einstein tensor from the
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5D Bianchi identity.

Finally, we discuss the Brans-Dicke (BD) theory [20] and the specific conditions that
make the two theories, BD and KK, alike.

3.1 Field Equations From the Action

Let us consider the five dimensional action as

7ot /R\/—gd% (3.1)

167G
The Lagrangian density is defined as £ = L+/—¢ and here it explicitly is

A

L£L=RV—§ (3.2)

By making use of the Schur complement, five dimensional 1/—¢g can be decomposed

in the form

V=9=¢v—yg (3.3)
where the details about the application of the Schur complement [26] is put in the
Appendix [D| Then, in view of the above decomposition and (B.50), the action (3.1)
becomes

2r R, 1 u _ u

=" [ p[R— -’ F*Fy — 20 ' D" /=g d'x (3.4)
167G 4
where ¢° is a shorthand notation: p* = D%p = 9%p. Hence, with the redefinition of

the gravitational constant G = G /27 R,, |b is rewritten as

A

1 1
T — - 2FabF -9 —1D a — 4 .
167TG/90[R i b — 207 Do’ V—gd'x (3.5)
The integrands can be separated
1 1 1
=—— [ d'z(vV- — —*F"F, ——/ d*z(v/—g)(DuD*¢) (3.6
oo | deV=9elR— ¢ =55 | Te(V=9)(DaD¢) (3.6)

for further simplifications.

Here below and in the sequel, we shall frequently be making use of the Stoke’s (gen-

eralised divergence) theorem
/ DVFE/=gd'x = / nVEy/—gd" (3.7
Q o0

24



where 7y is the unit normal to the boundary of manifold (0€2) and the integrand on the
left hand side is a total divergence (times the n dimensional metric volume element)

[25].

Therefore, one can drop the second term in (3.6), since it is a total divergence and all
the physical fields, as well as this particular one, vanish on the boundary. Finally, we
obtain the Kaluza-Klein action

1
T —
167G

1
/ d*z(v—=9)¢[R — ZgozF“bFab] (3.8)

where
1
L= V=gpR— V=99 F"Fy (3.9)

is the Lagrangian density.

The field equations will be obtained by varying with respect to the fields involved in

the action, namely ¢, A;, and the metric g® .

Now, let us vary (3.9) with respect to Ay,

5L = —i\/—_ggozgé(F“bFab) (3.10)
to obtain
oL = —i\/—_gg03(5F“bFab + F®§F,,) (3.11)
which can be simplified as
SL = —%\/—_ggo?’(éFabFab) (3.12)

We know from electromagnetic theory that F, = D,A, — D,A,. Substituting this

definition into above, we get

6L = —%\/—_gw?’(Da(SAb — DydA,)F (3.13)
Since F'® is antisymmetric the above equation becomes

§L = —%\/—_ggog(DaéAb + D8 Ay F (3.14)

and then simplifies as

6L = —/—g0*(D,0Ay) F® (3.15)
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Consider

Do(vV=9¢*F*§ Ay) = Do(v/—90* F™)6 Ay + /=g F** D6 Ay, (3.16)

then the action

1

01 =~ 167G

[ 4D P A~ DU ENOA] D

Using Stokes’s theorem (3.7)), the first term of the above equation drops. Then, from
0Z = 0, we obtain

Do(v/=g¢’F®) =0 (3.18)

By varying ({3.8) with respect to ¢

_ ; _§ 2 rab — 4
0T = e /(R 17 F®F)dpy/—gd x (3.19)

and in view of 4Z = 0, we obtain

3
R = ZgozF“bFab (3.20)

which is an algebraic equation, and restricts the scalar field to R and F};,. We also
have to vary ({3.8)) with respect to the metric. For this purpose we rewrite ({3.9)) so that

the hidden metric becomes apparent

3
L==99"¢Ry — %x/—ggm“g”menFab (3.21)

and

6L = 08(v/=9)9"¢Rap + /=990 Rap
+0g" 0 Rap/ = — 07/ =999 FonnF (3-22)
— £\ /=G0g" g™ Frnn Fa — 24/ =G9"*69™ o Fa
The third term of the above equation can be calculated

SRuy = DT, — DyoT*, (3.23)

with

STl = —§[gaij59'” + 57 Dadg™ — Guigy; D* 59" (3.24)
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where the details are relegated to Appendix [D] We also need the covariant derivative

of the connection
1 . . ,
DydTqy = =502 DeDobg™ + gb; Dk Dadg™ = gaign; DeD*og”] (325

Similarly, we can calculate Dkéf’;b. Then, we are ready to obtain g6 Ry

9"°6Ra, = —19%(9a; Dk Dydg" + gb; Dk Dad g™ — Gaigyj DiD*6g"
(3.26)
—9aj Dy Di0g7% — g1; DyDo6g7* + guigrj Dy D 0g")
After simplifications, we get
g0 Rap = pgi; DnD"5g™ — Dy D;6g" (3.27)

Now, using
¢gr;DnD"36" = Di(pgr;D"69") = D"(Dppgr;09") + (DnD" ) gi;09" (3.28)
and
©DD;6g" = Dy(¢D;6g™) — Dj(Drpdgh) + (D; Dy)dg™ (3.29)
apart from the total divergences

/ d*z/=gog™S Rap (3.30)

takes the form
/ d*z/=g[(DnD" @) gap — DaDyipl6g™ (3.31)
Then by integrating , variation of with respect to metric turns to
0L = [d'z{/=9(=39a9 R + ¢Rab)39™ + /=g[(DnD" ) gat, — DaDpp|6g"
— (=L /T Ggu0g ™ ™ oy + 8g™ Fr P Fapn/—g + 0g™ F®  Fupn/—9) }
= [ d'z{v/=9(=59a9R + ¢Ru)09* + /=g[(DnD"p)gas — DaDypl0g™

3
_%<FamFbm - z_llgamenan) V=9 5gab}
(3.32)

where we employed [3]

1
0/ —g = 5V —99ar09"" (3.33)
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For 6Z = 0, we get

V _g<_%gab§0R + QpRab) + V _g{(DnDn(p)gab - DanSO]

(3.34)
3
_%(FamFbm - %gamenan)\/ —g= 0
and rearranging we have
(Rab - EgabR) = ?(FamFb - ZlgabF an) + ;(DanQO - gabDnD 90) (335)
and can concisely be rewritten as
1
G = 59Ty " + 7T, (3.36)
which is of the form of Einstein’s equation, where
1
Gap = Rap — §gabR (3.37)
is the Einstein’s tensor in 4D, Ta(bE M) is the electromagnetic energy-momentum tensor
1
5™ = FuFy* = J9uFrnF™™ (3.38)
and
T = DuDup — guDn D" (3.39)

is the energy-momentum tensor for the scalar field. In the next section this equation

will take a slightly different form and we will compare (3.36) with equation (3.81)) .

3.2 A Direct Approach to Field Equations

Another approach to obtain the field equations from the 5D action in Eq.(3.1) is to

directly vary it with respect to 5D metric §45. Then one can continue to evaluate
5/1% V—gd’z =0 (3.40)
with a similar procedure as that of the 4D case, to obtain
Gup =0 (3.41)
with

. . 1.
Gap = Rap — §gABR (3.42)
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where G 4p 18 the Einstein’s tensor in 5D.

Now for G’ab = 0 we have

2
1
Gap = %(Fak:Fbk - Zgamenan) + ¢ (DaDop — gap D D"p) (3.43)

which attains exactly the same form as in (3.36) and as in [27]. There are two more

equations to be derived from the fifth components. The first one is from
J5a R =10 (3.44)

which yields
DipF* o =307 " Fy (3.45)

where, we see that the scalar field and the electromagnetic field itself appearing on
the right hand side act as a source term. This can be rewritten to obtain the same
equation (3.18)), which is obtained when the Kaluza-Klein action (3.8)) is varied with

respect to Ay. Finally from

. y .
G55 = R55 =i 5955R =0 (346)
we have after simplification
3 )
R= 1 O Fy FI* (3.47)

which is exactly in the same form as in (3.20). Therefore from (3.41)) and (B.50) we
have the field equations of the standard Kaluza-Klein theory as they frequently appear

in the literature [27]].

Furthermore, one can be tempted to take the trace of Gap in |i which yields
R = 0, and thus we have k45 = 0. In this case, from Appendix lb we have the
same equation as that of (3.43)), and from we have

1 )
DFDyp = ZSDSFJ’fij (3.48)

which does not resemble to any of the field equations in the previous section and
is somewhat different from (3.70) due to an extra term. We should also notice that
equation from Rab =01s

2

Ray = % wFyE 4 o DDy (3.49)
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and attains a different form that of (3.43)). In fact, one should be faithful to the full-
fledged Einstein’s equation Gap = 0. After all it is an expression for the total energy,
and in our actual spacetime, due to the presence of the electromagnetic and the scalar
fields the energy content of the spacetime is not restricted only to that of the gravita-
tional field. Therefore setting Rap = 0 does not seem to be a legitimate approach in

5D, as in the case of 4D to obtain field equations.

3.3 Conformal Rescaling

In (3.8), we observe that there is a product of Ricci curvature and scalar field. The
scalar field ¢ should not appear to obtain the canonical gravitational term. This can

be achieved using a conformal rescaling
Gab = DX () gap (3.50)
on the condition that 2 > 0.

One can write Ricci tensor in a N dimensional spacetime as

Ray = Ry — ® gDy D™® — (N — 2)&1(D,D,®)
3.51)
—(N = 3)272gup (D @) (D™ @) + 2(N — 2)272(D,@)(Dy®)

Also Ricci scalar can be written in N dimensional spacetime as
R=®2R—-2(N —-1)®*D,,D"® — (N — 1)(N — 4)®~4D,,®)(D™®) (3.52)

The transformation of the N dimensional determination of the metric is the following
equation

§=oNg (3.53)

Therefore, (|3.8]) alter as

5 1 |
7= d*z\/—q — ZPF%E 3.54
167TG/ z\/—glpR i ab) (3.54)

When the N=4, Ricci scalar and determinant of the metric is going to be
g=2%
3 (3.55)
R=®2R—-603D,,D"d
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When we put the Ricci scalar and metric determinant to the (3.54] ), our action be-
comes

1

T =
167G

1.
/ d*z(v/—g)[®*¢R — 6p®D,,D"d — ZQOSFabFab] (3.56)

Now, our aim is to get R without their coefficient. For this reason, ® = @‘é should
be selected. After putting & = ng% to the above equation, and doing some simple
arrangements one can get the result as

1

T =
167G

1 9
/ d*z(v/—g)[R — ngF“bFab + 3¢ 'D,, D™ — 590_2g0k<,0k] (3.57)

Consider

30 Dy D™p = D, (307 D™ p) — 3p 2Dy DF (3.58)

By using divergence theorem and arranging the terms, we get

1 3
[ R = JoF R - S ] 69

Now we can vary the (3.59)) with respect to vector potential A, metric ¢?° and scalar
potential . Then using the 0Z = 0, we will obtain the field equations. Also, we can

omit tildes.

The Lagrangian density is

1

3
L=-9)R- Z@F“”Fab - 590729016@]“] (3.60)

Let us vary the Lagrangian density with respect to A

1
6L = —Z\/—ggoé(FabFab) (3.61)

By simplifying, we get
1
6L = —5\/_—ggp(6FabF“b) (3.62)

Using F,, = D, A, — Dy A, and taking the variation of this identity, we get
1
6L = —5\/—990(1)@(51417 — DydA,)F (3.63)
Then after simplification, we obtain

0L = —/=gp(Dad Ap) F™ (3.64)
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Consider

Do (v/=gpF®3A;) = Dyo(v/=gpF ™) Ay + /=g F Dy Ay (3.65)

Then by using divergence theorem, our action turns to

— 1 4 — ab
0L = e /d Do (v/—gpF*)0 A, (3.66)

using 0Z = 0, we obtain
Do(v/—gpF™®) =0 (3.67)
Variation of the (3.59) with respect to ¢ is

1

01 = 167G

1
[ dav=al- {FFado + 307 Do b — 307 H(Dud) D)
(3.68)

We use

Di.(v/=g9 > D*pdp) = Dy(v/—gp 2DFp) + /=g 2DFoDiop  (3.69)

to deal with the third term in (3.68). The left hand side of the above equation vanishes
on the surface due to divergence theorem. Thus, after simplifications, 0Z = 0 renders
the equation

2
DyDFp — o ' DypDFp = —%F‘“’Fab (3.70)

Now, let us vary the (3.59) with respect to ¢**. For convenience, we consider each
term separately

L=L1+Ly+ L3 (3.71)
where

L1 =+/—¢R = /—¢9"Ru, Ly =—2/=99""9" FrinFup,

(3.72)
L3 =—20729""(Dp)(Dnp)y/—9.
Then we can write 0L, as
6Ly = (05/=9) R+ v/=909" Rap + v/—99" 0 Rap (3.73)
For the third term we use Palatini equation [3]]
R, = Din(0T5,) — Dy(8T%,,) (3.74)
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where = denotes that we are working in geodesic coordinates in which I'j, = 0. Since

0I'y. in a tensor, we have
0Ray = Di(6Tg,) — Dy(0Tg) (3.75)
Therefore
/Q 9" 0 Ry /=g d*z = /Q Dy(g"6 g, — g™ oToy)v/—gd'z  (3.76)

which can be converted to surface integral by divergence theorem (3.7) and vanishes
since the variations vanish on the surface of €). Thus, we can safely omit the third

term in (3.73)). Then, 0L, simplifies as

1
0Ly = V=g(=59a R + Ray)0g™ (3.77)

Now, we can vary L,

0Ly = —£(=3y/=g9ga0g™ F™ F + 0g™ Fy, " Fopn /=g + 69" F® . Fap /=)

- _g(FamFbm 3 %gamenan) vV —3g 6gab

(3.78)
where, again we have used (3.33).
The remaining variation for £
0Ly = =507 169" (Da)(Dyp)V/=39 = 5V =99a09" (D) (D™ )]
(3.79)

= —3072[(Dug) (D) — L9ab(Dimip) (D™ )] /=70 g

Now taking into account (3.71)) to combine the pieces and considering 6L = 0, we

obtain
1 1 3 _ 1
Rap — égabR - g(Faka - Zgamenan) 3% *(Dap Dy — Egakachkgo) =0
(3.80)
which can be rewritten in the form of an Einstein’s equation
1 3
Gap = E@T(EEM) - §¢-2T§f) (3.81)

where G, is the Einstein’s tensor in 4D, T cng M) is the electromagnetic energy-

momentum tensor and Ta(,‘f ) is the energy-momentum tensor of the scalar field ¢

1
Téf) = Do Dy — §gaka90Dk<p (3.82)
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In the literature Kaluza-Klein field equations obtained by rescaling of the metric is
referred as the equations of the Pauli frame (or, interchangeably as of the Einstein
frame), whereas Jordan frame is used for the unscaled metric as is carried out in the

previous section.

3.4 Conformally Transformed Einstein’s Tensor

When the conformal transformation is applied to (3.42)) we obtain

X 1~ X
Rap — §AABR =0 (3.83)

where we know that

gab — (I)anb
Ray = Ray — © 90Dy D™® — 207 (D, D, ®)
(3.84)
— B2, (D ®) (D™ ) 4 402(D, ) (Dy®)
R =®72R—603D,,D"®
Substituting (3.84) to (3.83), we have
Rap — D 1gap Dy D™® — 20-1(D, D, ®)
— 029, (D, D) (D™ D) + 40 ~2(D,P) (D, D) (3.85)

—182g,,(d 2R — 60°D,,D"®) = 0

Let & = gf% , taking the derivative of the above equation and arranging terms give

us
Rab - %gabR + §<P_29ame<PDm§0 - (p_lgameDmSO
(3.86)
—5¢ 2DapDyp + ¢~ Do Dyp = 0
3.5 Bianchi Identities in SD
5D first Bianchi identity can be represented implicitly
R* (gop) = 0 (3.87)
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When we consider the spacetime components of (3.87)) we obtain
ﬁ{a [bmn] — Ra bmn + Ra mnb T+ Ra nbm = 0
(3.88)
R? [bmn] — 0
This is called as 4D first Bianchi identity. If we consider R? (bmn) Of (3.87), our 5D
first Bianchi identity is going to be
R5 [omn] — R5 bmn R5 mnb T R5 nbm = 0
What we got is that the homogenous Maxwell equations
DpFrpn =0 (3.90)
For the second Bianchi identity in 5D, we have

Dig R piop) = 0 (3.91)

Therefore, we can obtain the following equations

Dy R® ) = 0 (3.92)
DisR yyn) = 0 (3.93)
DR yj5) = 0 (3.94)
Equation (3.93) becomes
DR bjonn) = D5 R* i + Din Ry + Dy R 4 = 0 (3.95)

Finding covariant derivatives of Riemann tensors and substituting (3.95)), 5D second

Bianchi identities turns to
DR pjyn) = %@(—F“ KRR b+ F* y R ) + %(p(Dan — D,D,)F*, (3.96)
We consider the identity
(DnDyy — Dy D) F y = —R® jn F* 4 + RY 4 F (3.97)
and substitute it to (3.96), to obtain

PPN 1
D[5Ra blmn] — 5@(_Fa kRk bmn T+ Fk bRa kmn F kRk bmn — Fk bRa kmn) =0
(3.98)

as expected.
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3.6 Einstein Tensor in SD From Bianchi Identity

Bianchi identity in 5D can be exploited to extract Einstein tensor, as a conserved

quantity. For this purpose let us consider (3.91)) and contract two indices
DiR¥ pyn — DyRpy + Dy Ry =0 (3.99)
which can be rewritten as
DiR¥ iy — 0% mDg Ry + 6% yDiRpy =0 (3.100)
to obtain a conserved quantity
D (R¥ gy — 0% mRpn + 6% yRpa) =0 (3.101)
Again contracting two indices we have
Dy (2RX 3y — 6% yR) =0 (3.102)
or in a more familiar form
Dy (R — %5K wR) =0 (3.103)

where the quantity inside the parenthesis is manifestly conserved and can be recog-

nised easily as the Einstein tensor GX ,; in 5D.

3.7 The Brans-Dicke Theory

The Brans-Dicke (BD) (or the Jordan-Thiry-Brans-Dicke) theory, like among many
others, is an attempt to describe gravity [20]. It can be given as an example of a
scalar tensor theory, where the physical metric differs by a conformal factor which
can be some scalar field depending on the coordinates. In BD theory the gravitation
constant, denoted by G, is not considered to be a constant, but 1/G is replaced with a
scalar field ¢, which alters G from one point to another. Apart from their differences,
Einstein’s relativity and the Brans-Dicke theory, have some similarities, like both are

metric theories and are derivable from the least-action principle.

If we go back to equation (2.9), on the right hand side there is a scalar field, that

required an explanation at the time it was first introduced by Kaluza. With the BD
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theory, it received a possible interpretation. In that particular case, it should represent

a short range field in order not to violate the principle of universal free fall [28].

Unlike that of the Kaluza-Klein case, the Brans-Dicke action is already in 4D, where
the scalar field is put by hand in the action

1 a
T=— [ dev=g(oR — w? & Ly) (3.104)
167 %)

where w is a parameter which is known as the coupling constant of Brans-Dicke. All

contributing fields other than the gravitation and the scalar field are included in the

Lagrangian density /—gLyy .

Now, we consider the BD Lagrangian density

L= /—goR— \/_—gw%f v/ =gLu (3.105)

and take the variation with respect to ¢

0L = /=gRop + V/=gwp 25ppap" — /=g2wp ™ D,dpy” (3.106)

‘We use

Do(vV=g¢ " ¢0%0¢p) = Do(v/—gp 0" + /=g ' ¢*Dudp (3.107)

and the Gauss law to obtain

1

0L = —
167

d*2v/—g[R + wp 20,0 + 2wD, (9~ )0 (3.108)
Then we have

R+ we 2pa¢" + 20Dy (¢~ ") = 0 (3.109)
Taking the derivative of the third term and rearranging terms results in

Pap®
@

eR+2wD, D" —w 0 (3.110)

Now variate (3.105) with respect to metric g°°. For this purpose we write the La-

grangian density with its hidden metrics

w
L =v=9(pg”Ra — Egm”somgon + L) (3.111)
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For convenience let us consider each term separately as : £ = £, + L5 + L3. Here

L1 =v=909"Ra (3.112)

whose variation has been given in detail in part 3.1, where we have obtained the

following result

1
0Ly = v/=gp(Ra = 59 R)0g™ = (DaDop = gunDn D"0)og™  (3.113)

For the second term we have

Loy = —\/—gwgo_lgm"gomgpn (3.114)

and we take its variation with respect to g%

5L = —0(v/=g)we g Gmpn — V=G G oo (3.115)

After simplifications we have

0Ly = \/—_g%(—%sob + %gabsomsom)éga” (3.116)
Now the third term is
L3 =+/—gLuy (3.117)
Variation of £3 with respect to g?® produces
6Ly = —/—g8nT0g™ (3.118)

Taking into account (3.113), (3.116) and (3.118), gives

0L = 16L7r fd4$ \% —g{g&(Rab - %gabR) - (DanSO - gabDnDn‘P)

(3.119)
+w o™ (= Pasph + 59abPmp™) — 87T }5g™
So, from 6Z = 0, we have
1 " w 1 .
@(Rab - §gabR) - (DanQP - gabDnD 90) + E(_@a%pb + 59ab§0m90 ) - 87TTab =0
(3.120)

Rearranging above, we obtain the field equation

1 w 1
Gav = (DuDip = guDeD*0) + 5 (Duip Dup— 5.0 DispD" ) + 87Ty (3121)
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The trace of (3.120) is

Pap”

—pR+3D,D"p +w =8nT

From (3.110) we write

pR=—-2wD,D"p + w?e?

Substitute (3.123)) to (3.122). Then we get the expression

(2w + 3)D, D" = 81T

which is the wave equation of Brans-Dicke [20].

3.7.1 Equivalence of KK and BD

(3.122)

(3.123)

(3.124)

In order to see the equivalence of the KK and the BD theories, we go back to the

action in (3.6) from where the KK equations have been derived. Since the first part of

the action is already dealt with, now we consider the second term

1

iy
b G

d*x\/—gD,D"p
whose Lagrangian density is

Lp=—/=gD,D"p = —/=g9" D, Dy

Let us take into account

9" 90D, Dyp = D, (9" ¢Dyp) — ¢ Dap Do

Letting the total divergence term to be zero we have

V=99 DDy = —/=g9"¢ ' Dy Dy

Then, our lagrangian density becomes

Lp =+v=99"¢ ' Dy Dy

Taking the variation of above with respect to g
1 _ ab —
OLp = =5V =99md9"" ¢ DipD"p + /=909 ™ Dap Dip
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(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

(3.130)



and rearranging, we obtain

1 1
0Lp = _(DupDip = 59 Dip D 0)v/=g3g™ (3.131)

Adding this result to (3.34)), and taking £}, = 0, we have

1

(Rab— —gabR) =

1 1 1
: E(Dango—gakaD’%o) —E(Dawwa—égakasoD%) (3.132)

Finally, we observe that, this result is the same as (3.121) for w = —1 and T}, =
0. Therefore, the KK and BD produce the same equations, when the value of w is

restricted.
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CHAPTER 4

KALUZA-KLEIN REDUCTION FOR A QUADRATIC CURVATURE

Theories of gravitation involving quadratic terms of the Riemann tensor has a long
history. We may refer to many references that contain studies along this line [29,
30,131, 32]]. Therefore, one can immediately generalise such a quadratic action to its
Kaluza-Klein form. As to our knowledge, this has first appeared in [18], where the
dimensional reduction is carried out using the language of differential forms. Later
on, in [19] the field equations and the energy-momentum tensor is provided by tak-
ing the variations with respect to the 5D connection f‘gc and the 5D metric g%,
independently. Considering the connection and the metric as independent dynamical
variables is known as the Palatini approach [3]]. Here, we shall use the same method,
i.e., the Palatini approach, however we will reverse the order of taking the variations
first by the 5D variables and then applying the reduction procedure to the results of
the variational principle. In other words, we shall first reduce the 5D action to its
4D form, and then take the independent variations with respect to 4D fields. After
the reduction procedure there should appear more fields to be considered. Namely, in
addition to the 4D metric and the connection, there will be the electromagnetic field
tensor F,; and the scalar field . Therefore, one has to take variations with respect to
those fields, which were hidden before the reduction. Our main question is how does
altering the order of these two consecutive procedures yield a change in the resulting
equations. This chapter is dedicated to answer this question. After observing the dif-
ferences in the equations, it may be possible to identify the source of this issue. To
this end, we will take the variations with respect the 4D dynamical variables of each

term appearing in the reduced action.

In this chapter, we will also refer to the literature for comparison, if those terms have
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been somehow analysed, either on their own, or in connection with some other fields.

Finally, we will present our observations as a whole.

4.1 The Quadratic Action and Its Reduced Form

The five dimensional gravitation action

1 .
I= . / d’xL “4.1)
167G
explicitly reads as
1 . .
I= . / d°x\/—GRyxyn RN (4.2)
167G

when the Lagrangian is formed from a 5D quadratic curvature.

We start by expressing the 5D invariant by a natural splitting the Riemann tensor in

terms of its spacetime, fifth and the mixed components, also keeping in mind that

V=i= Vg0 (43)

Then, the action becomes

1
7T =
167G

[ eV R B 4 At B ARy O) (4
We define L = ¢L,, where
Ly = Ryt ™ + AR50 RF™ + AR 5,05 R (4.5)
When we substitute for the above Riemanns from Appendix Bl we have
L, = RjpmnRIF™™ — %QOQRj P O
—i—%gp‘*[SF’ijijmnFm” + 5(Fjp F™ E, F9)] + ©* Dy Fy,y DY F™

+4072D,, 0, D" — 2pFmE F kD (Do)

—|—8g0(Dkang0mF’m + Dkan@ka”) + 6 R FTE A 60 on FTEET
(4.6)
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Finally, our action becomes

1 = 16ic/d4x\/__g {QOR]kmnRjkmn - %SOSRj k’mnF} kan

+ L3 [BFjFI* Fyp ™ + 5(Fjy F™ Fyy Fi9)] + 03 Dy Fypyy DX F0
+407 1D, D™ — 202 F™E ™ D, (D) 4.7)

+60(Pr " F™ Fry, + Ompn F ™ E™ k)}

4.2 Field Equations From the Reduced Action

In this section we shall treat each term in (4.7)) one by one and collect them at the end.

So we define
I, = /d“xﬁi = /d%x/—g L (4.8)

where the subscript 7 is representing each term.

.‘Cl

The action for the first term is

7, = / d*z/=g PR jmn RIF™" (4.9)

By treating the gravitational field Ry, as a gauge field [33], dynamics resulting
from a quadratic curvature Lagrangian has been studied extensively [30, 32, 34] (and
the references therein). An immediate generalization would be the construction of
this formalism for the KK ansatz [[18},[19]]. In fact, it is these latter developments that

paved the way for this current work.

Now, consider
6L1 = 20 Rjpmnd RI*™\ /=g (4.10)
to vary with respect to the connection. Let us take the Palatini equation into account

[3]:
SRt = D (0T, ) — D, (6T, ) 4.11)

43



and
Do(v/ =g R; "™6T, ) = Dy (v/—gpR; ¥™™)0TS, ++/—gpR; ™ D,,6T%  (4.12)
Substituting (@.11)
6Ty =2 / d*zv/—gpR; " { D,,(6T%,) — D, (61,.)} (4.13)
and using (4.12) we have
6T, =2 / d*z{[Du(\/—gpR; "™0T%,) — D(\/—gpR; *™)oT, ]

—[Du(v/=gpR; "™ 6TY,.,) — Dy(y/=geR; *mm)ory, )

where the first and third terms are tensor densities of weight +1. By divergence the-

(4.14)

orem these terms in (4.14]) convert to a surface integral where the integrand vanishes

on the boundary. Therefore we have
6T, = 4 / d*zD,(v/—gpR; "™)oTY (4.15)
and the expression resulting from this term
M 1= —4AD (V=g R; ") (4.16)

since from [3] we know that D,,(1/—¢) = 0. One can also write

Y1 i= —4y/=gD (R ™) 4.17)

Variation of Z; with respect to ¢ is

0T, = / d* /= gOP R g RIF™" (4.18)
Using above, we obtain

Py = /g Rjpmn R (4.19)

In order to vary with respect to g?°, we rewrite our Lagrangian in terms of the hidden

metrics
Ly = g™ 9" Rigmn B ipv/=g (4.20)
Varying the above Lagrangian, we have
551 - (5215[Z,gnp§0R]kmnR]k ipV —g + gmlég(gi)QORjkmnR]k ipV _g)égab

_%gabSORjkmnRjkmn /_—9)5ng

4.21)
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where we used
1
0V =9 = — 5V~ 99a09" (4.22)

Using the symmetry properties of the Riemann tensor and simplifying we have

| ,
6L1 = p(2Runjn Ry ™" — §gamenijm"Jk)\/ —g0g™ (4.23)

We define the energy-momentum tensor 7, as the coefficient of 6 such that

T.0g% = ELM (4.24)

2V
Therefore, we obtain

Tab = @(Ran]’k‘Rb nik _ Zgamenijmnjk) (425)

./CQ

For the second term we have

oy / d*z\/=g PP R jn P E™" (4.26)

Early works dealing with Lagrangians given in the above form are mostly formal
mathematical studies in essence [33, 36, 37]]. Later on the motivations for the inclu-
sion of RF? became diverse[38]. An exhausted list of R, £ non-minimal couplings
are presented in [39], where R, refers to an element of the set R, = {R, R;;, R;jnm }
and the couplings of F'? are linear with respect to R,. These authors argue that such
couplings depict drastic conditions where the gravitational and electromagnetic fields
are intense and the speed of the gravitational-electromagnetic wave differs from that
of light in vacuum. We see that one such particular coupling as in (4.26)) singles out
naturally through the reduction procedure of the model we have, and excludes all

other forms that might be added arbitrarily by hand.

We first start by varying (4.26)) with respect to A,

0Ly = /=g {R* .. (D5 Ay, — DioA)F™ + Ry, ™ F*(D,,0 A, — D6 A,,)}
(4.27)
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then
(4.28)
+Rjy, mn IR (§E D, 0A; — 68 D0 A}

Using
Di(* RV, F™5A;) = Dj(@* R F™™)6A; + PRI, F™ D6 A (4.29)
we obtain
0Ly = /=g¢*{ — Dj(RI" 1, F™™)6 A; 4+ Dip(R™ 10 F™™)6 A,
— D, (Rjy, ™ FIF)S A; + Dy (R mEFI*)5 A}
= /=99°{ = Dj[(R7" ;) F™ — R, F™ + Ry "F™ 4+ Ry VF)|6 A, }

- (_4) V _ggongRji mnan(;Az

(4.30)
so variation yields
ay = —4Dy(v/=gp*R* ,, F™™) (4.31)
or
ay = —4v/—gDy(¢*R¥ ,,,, F™™) (4.32)
Now, we vary with respect to the connection I'V,
5T, = / 00/ =G (SR ) Fy FF
= / d*x\/=gp* (D, 0T — D,6T7 F;*Fmn (4.33)
= / d*a\/=g* (DT, + Dy 0T ) Fy R
Consider
Din(y/=g* Fj *F"™"3T )
' ' (4.34)
= Din(v/=g*F; *F™)0T, + (V=g0* F; FF™) Dy 0T,
and also

/ d*e Dy, (V=g E R ETOT Y = | /=gt F R ETeTY S, (4.35)
1% ov
Since variations vanish on the boundary of the volume, we obtain

6Ty = / d* 2D, (/=g F *F™™) 6T (4.36)
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SO

Y2 1= Din(V/=g0* F; " F™) (4.37)
Varying with respect to ¢

0T, = / A /=GR 1y F FF 30760 (4.38)
using 0Z, from above, we end up with the expression

Dy 1= 3/ =g 7 i Fj ™" (4.39)

Varying with respect to the metric g*

0L, = / d*z PP R*E™™ P Fed (8950 guvGmeInd/—9 + Giad GkbGmeIna/—9 (4.40)

+ GiaGkb0GmeTnay/—9 + GiaGkbImeO9nay/—9 + GiaGkbGmeIndd/—7 )

performing the necessary contractions

61.2 = /d4fL’ QDB(Rakman kan + RjamnFj men + RjkanijFb "
(4.41)

+RjkmaijFm b+ %gaijkmnijan) \% _gégab
we obtain

(SIQ = /d4{L‘ 903<2Rak;man kan
(4.42)

+2Rakman kan + %gaijkmnijan) Vv _gégab
Referring to Appendix [B|to symmetrize the term (RugmnFp kg ™) and considering

(4.24) we have
T = ¢*(2RanjiFy "FI* — 2 gap Rjkmn FFF™)
= O*(RanjiFy "F7* + Rypji Fy "FI* — 1 ap Rjmn F7FF™™) (4.43)
= O*(RanjtFy " + RonjuFo™ — $9ab Rjmn ™) FI*
o L3
The action for the third term is
Iy = / d*z/—g @ Fj FIR Fyp ™ (4.44)
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Such type of invariants in Lagrangians appear in various contexts. For instance, when
the square of Born-Infeld Lagrangian is considered [40], or as one may expect in the
reduction of 5D Gauss-Bonnet invariant [41]. Apart from that /™ invariants were also
considered to be worthwhile in their own right, at least from a mathematical point of
view [42]]. The most interesting results arising from F'* terms has been found the
context of QED in Minkowskian space, when photons interact with a strong magnetic

field [43].

Specifically, one can evaluate following two quadratic invariants in terms of the elec-
tric £; and magnetic B; field vectors
Fj . FI*F, F™ = 4(E? — B?)?
(4.45)
FI*Fyp F™F,; = 2(E* — B?)?> + 4(E - B)?

to grasp the strength of the fields as compared to the two fundamental quadratic in-

variants Fj, 7% = 2(E? — B?) and F};, *F/* = (E - B).

Now, we take the variation of L3 with respect to A,
6L3 = 8/—g " FYF;;F"™D,,0A, (4.46)

and consider

Dy(\/=gp"F7F;;F™5 A,)
4.47)
= Dk(\/—ggog’FijEij”)(SAn + \/—ggpf’F"jFiij"DkéAn

to obtain

§Ts = 8/d4x {Di(V=9 " FVF;F™5Ap) — Dy (V=g 0" FUF; F™) 6 Ay, }

(4.48)
Using the divergence theorem and 673, we have the following expression
as = —8Dy(v/— g Fpp F™™ F*9) (4.49)
Variation of L3 with respect to ¢
6Lz = 5o Fip FI*F,, F™ /=g d¢p (4.50)
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gives
6I3 =5 / d*v/—g o F FIRE,,, F™ 5 4.51)

From above, we conclude that

®y3 1= 5/ —gp! Fj. F/F Fp (4.52)

We rewrite L3 so that the metric tensor is easily seen
‘C3 = <p5gjpgkqgrmgsn ijqumnFrs vV —g (453)
Then the variation of L3 with respect to g®° becomes

6Ly = O P F™ (Fyy By + F7 Fjy+ By Fyj + F7 yFjy — ~gunFy F7) /=g 0™

2
(4.54)
After simplifications, the energy-momentum tensor takes the form
Top = <P5anan(2Fakak F igabEjFij) (4.55)
oLy
The action for the fourth term is
I, = / d'o/—g " Fjp F™" Fi FY (4.56)
Let us first consider the variation with respect to £/
0Ly =/—9p°(6Fjm F™F,;F7 + F},, 0 F™F,,; " s
57

+ Fjn P 0 Fpi FY + Fpy ™ F 0 F9)
To vary £, with respect to Ay, it can be observed that all of the four terms above can
be treated similarly. Therefore it is sufficient to perform the variation only on one of
them. For instance we may consider the third term. Now for this term, the variation
1s
0Ls3 = /=g { Fim F"™" (65 Dyy0 Ay, — 65 D6 Ay) FV } (4.58)
Making necessary calculations and using the divergence theorem the third term be-

comes

6Laz = —2D;(v/—g " F™ F; F7%) 6 Ay (4.59)
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After treating the remaining terms in a similar way, adding up all of them and using

0Z4, this expression simplifies as

ay = —8D;(v/—g g05ijFmiFik)

Variation of £, with respect to ¢ is
§Ly = 50 Fj F™ i F9\ /=g 0
Thus, 6Z, yields
®y 1= 5p*F, " E, F\/—g
Rewriting £, to take the variation with respect to metric g°°, we have
Ly ==90"¢" g™ 4" 4" Ejn Frps Fri Fo
After the variation we obtain the energy-momentum tensor
T = @°Fyn ™ FyF'y — }LgaijmFm”FmFij)
= P Q2FumF"y — 19apFjm F7) F™ Fy
o Ls
The action for the fifth term is

I = / d*x/=q > Dy Fpn DX F™

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

Lagrangians in the form of (DF')? has been of interest since long, and is referred to

Bopp-Podolsky electrodynamics [44, 45]. There can be three distinguishable forms

by their contracted indices, that are non-trivially equivalent

LY = D.F™D,F,,"

L% = D F™ D, F,*

L®) = DyF™ DV F,,

The relation between £V and £ can be found by using total divergences

DvF,,*D,F™ = Dy(F,,*D,F™) — F,, "D, D, F"™"
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(4.67)
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and

D,F,*D,F™ = D, (F,,*D.F™) — F,,*D, D, F"™ (4.70)

Then £® — £M) becomes [46]

£? — W = p,(F,*D,F™) — Dy(F,,* D, F™) + F,, *(D,D,, — D,,Dy,) F™"
(4.71)
By using
(DpD,, — D D) F™ = R™ . '™ — R™ F™ 4.72)

and arranging the indices, (4.71)) becomes

L% = Dy (Fy"DiF™) = Di(Fp * Dy F™) + Ry F'™ F, * + Ry P F™ + L

(4.73)
Now to vary with respect to A,,, we first consider
0Zs = [ d*z\/=gp*(Dx0F DY F™ + Dy F,,, DFSF™)
= [d*z\/=g¢* (2D} F,,, D F™™) (4.74)
= [d*z\/=g9¢*[2Dy6( Dy, Ay, — Dy A,) DFF™)
After some arrangements, 0Z5 attains the form
65 =4 / d*z/—gp> Dy D,y 6 A, DF F™ (4.75)

We shall make use of the following relation
Dy [@*DFF™ (D,,6A,)] = Dy, [@*Dp D*F™ §A,] + Dy (03D DFF™) 6 A,

+@3DFF™ (D}, DynS Ay)
(4.76)

to obtain

0Ls = 4/d:104\/—g{D;C [@*DFF™ (D,,0A,)]
4.77)
{ — D [¢*DyD*F™ § A,)) — Dy, (9* D, DX F™)5 A, }

From the divergence theorem, first and second terms goes to zero. Then, we have
0I5 = —4 / d*x Dy, (/=g 0> Dy DFF™) § A, (4.78)
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Thus, we find the expression

as = —4D,,(v/—g¢* Dy DFF™)

For I'},, we consider again

6T5 = / d*rv/=gp*[20( Dy Fypy ) DF F™

where
and

§(DpFppp) = —0T  Fyy — 0T Fy
Then

6L5 = / d*a\/—g2p%(—0' 0% 6¢ Fy,, DX F™ — 8160 6¢ ), DF F™) 6T

After carrying out the necessary but simple calculations, we obtain
6Ls = —4 / d*o/—gp*F, D F"™6TY,
Thus from above, we find

V5 1= —4\/—gg03FmDCF"b

Variation of Z5 with respect to ¢ is
6T5 =3 / d*z/—g @ Dy Fn DY F™ 5

So, we get

5 = 3\/—g* Dy F), DFF™
Now, we make the metrics visible in L5
L5 = gMg™ g™ 0 Dy Fyi D Fijn/—g

so that the variation with respect to g?° can be handled to give

6Ls = {6g"g™ign + gFlégmign + g g™i5 g™ o3 Dy Fry Dy Fijn/—g

+@* DFFi Dy i (— 2 /=99a409™)
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(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)



which can be rewritten as
0Ls = (050,9™'g" + g0 839" + g g™ 6,6))09™ 9* DiFrun DiFijn/=g

+903DkF”Dk zg( 2\/ gab(sgab)

(4.90)
Then, the energy-momentum tensor takes the form
Top = %go?’(DaF,-ijF” +2D"F,’ Dy Fy; — %gabD’fFUDkﬂj) (4.91)
o L
For the sixth term we have the action
— [ day=g¢ Dup) (D" @.92)

and we vary 0L with respect to ¢
0Ls = { 0 (DD D™ D" )5 + 2@‘1(DmD"cp)DmDn5<p}\/—g (4.93)
We know from D’Inverno [3] that

Do(v/—gK*?) = 0,(v/—gK?) (4.94)
where K“ is an arbitrary vector. So one can write
b = Dydp (4.95)
To evaluate the second term in (4.93)) we consider
(D" D"p) Dy Dpdp = Dy (¢~ D™ D" D, 0¢p)
(4.96)
—Dp[ Din (7 D™ D"0)0¢p | + DD (™ D™ D)0

where the second and the third terms above on the right hand side are total diver-

gences. Therefore, we have

/d%« /=g Y (D™D"p)D,,D,d¢p
4.97)

= / d*z{\/=9Dy D, (¢~ D™D )}
Then the expression is obtained as

D6 := /=g (D Dyip) D" D" @] 4 24/=g Dy, Dy (¢ D™ D" ) (4.98)
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The same term
Ls = /=g (Dmpn)(D™¢") (4.99)

is to be varied with respect to connection I',. So, we expand the covariant derivative

0Ls = /=99 {0(Dinpn) D" + Dynpnd(D™¢") }
= 2/=9¢"'0(Dmipn) D"
= 2/=99 ' 0(Omipn — TF . 0k)) D" (4.100)
= 2y/=gp~ (=000 (D™¢")
= —2y/=g¢~ ' paD"OTY,
Then
6T = —2 / d*z /=g (o D@")OTY, (4.101)

and finally we have

Y6 := —2v/—g¢ " (paD¢") (4.102)

In order to vary with respect to g%° , we write explicitly the metric tensor involved in

the contractions
Lo = ¢ 'g™ g™ DinnDjiorv/—g (4.103)

Now we vary with respect to g%
0Ls = {(67°0)9"*09™ Dinpu Djor, + g"18;8509™ Dinpn Dsor )/ =9

—2Dpn D™ 0"\ /= Ggap09" }
(4.104)

After simplifications we have

55 = ¢ { DapnDog" + DiguDid — S0 Dun D" /750" (4.105)
Now consider
Dj(Orp) = 00k — I'50m¢p (4.106)
and
Dy(950) = 0k0; — I'j10mep (4.107)
Therefore, we conclude that
D;0y = D0, (4.108)
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So, using

Dnﬁpa = Da@n
we obtain
— n 1 m,.n
Tab =@ 1<Da§0nDb90 - ZgameSOnD 2 )
[ ] ,C'?

For the seventh term we have
I, = / d*z/—g P FTR kD (Dn)v/—g
Variation of £ with respect to A; is

0Ly = *{ g™ g™ g"P[(Did Ay — DS A;) Fyr, + (Dy A, — DydA,)F,

Consider

where we have defined
Zikmn = zk(DmSOn>

After taking care of total divergences, we arrive at

a7 = 2y/=gDi{*(F* Djor + F; *Dipy) }

Using (#.108) Variation of £; with respect to connection I'., is
0L7 = @ F™ F™ (=017, ) Do/ —g
which becomes
0Ly = =" F*F" 1(Dag)v/=g T},

after simplifications. From 0Z;, we have the expression

V7 = = F*F (Dy)v/—g

Variation with respect to ¢ is
6L7 = {6020 F™ F" y Dyoy) + ¢ F™ F" . Dy Do /=g
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(4.109)

(4.110)

4.111)

is] (D) }

4.112)

(4.113)

4.114)

(4.115)

(4.116)

4.117)

(4.118)

4.119)



Consider
D (@?F™ F™ Do) = @*F™ F" . D, D, 6

+ {Dn[Dm(ngQkaF” 1)0p| — Dy D, (@2 F™E F k)égo}
(4.120)

Apart from the total divergences we obtain
0L, = / d*e/=g{Dp D (@*F"™ F" ) + 20 F ™ F"™ Doy } 60 4.121)
From 0Z;, we obtain

7 = /gDy Dy (G*F™ F™ ) 4 2/—gpF™ F" . D, 0y, (4.122)

Rewriting £ with the metric being made visible
Lr=(vV=9¢"9"%9""¢" FumFpuD;iDje) (4.123)
then variation of £; with respect to metric g® is
0L = {0108 g™ 9" Fym Fyn DiDjo + g% 6167 9P Fypn Fp Di D0

+g™* g L8] Fyn Fyn DiDjp — 1 apg™ g™ g Fio Fyn Di Do} /=g 59

(4.124)
After necessary calculations and contractions, the expression above yields to
0L7 = @{F,*F"D;Dyp + Fy*F? ,D;Dyp + F,'F* ;D;Djp
(4.125)
— 19 F*FI . D;Djp}\/=gdg™
From (4.24]) we have
L, k i k i i g 1 ik j
Tu = 59" {F "F' kDiDypt 1y "k DiDasp+-Fy ' By DiDjo— 2 gan ™" FV . Di Do }
(4.126)
[ ] £8
The eighth term is in the form
1
Is= / d'v/=g @*(Di Frn™ F*™ + Dy Frp" F™) (4.127)

To our knowledge we have not encountered a Lagrangian containing such a term,

apart from this particular KK reduction. For convenience, we take into account
0Ls = 6(v/—gLsg) (4.128)
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where

1
Ls = 5902( Dy Fpn @™ F™ + Dy Fypp" F™) (4.129)
We start by varying with respect to the potentials A;. As before we rewrite Lg so that
the potentials can be seen clearly. So we have

+(DDbA, — DypDpdAL) " F™ + Dy F™ ok (D, 6 A, — Dy 0A) }
(4.130)

In order to carry out terms involving D,, Dy, 0 A,,, we consider

Dip(¢™F* D,,0A,) = Dp(¢™F*)D,,6 A,, + ™ F*"(D,, D0 A,,) 4.131)

and
DDy (™ F*™)5A,) = Dy Di(@™FF™)§ A, 4+ Dip(0™F*)D,,6 A, (4.132)

to obtain
Di(¢"™F*D,,0A,) = Dy, [Dp(@mF*) 6A,] — Dy, Dip(0™F*) 6 A,
(4.133)
+mF*(D,,Dpd A,,)

In view of the divergence theorem (3.7), terms with total divergences in (4.133) van-
ish. Then terms involving double total derivatives of d A, can be replaced by

@ F* D.D6 Ay = Dy D (@™ F*™)6 A, (4.134)
Simplifying yields

0Ls = 30*{DpDi(¢™F*) 4+ D, Dys("F™")

+2Dka(gkam")

(4.135)
+Dy[(DFF™ )™ + Dy (D" F, *) 0™
+2Dm[(DkF”m)<p’“] }5An

Therefore, we obtain
ag = 1/—90*{ Dy, Di[FFr o™ + Fmkpn 4 2Fmn
(4.136)

+Di[(DEF™ )™ + (D" Eyy F)™] + 2Dy, [( D F™) k] }
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In order to vary with respect to I';. we rewrite Lg so that the connections become

apparent
1 . ,
Ls = §¢2{(akan — I Fjn — T Frjl@™ F*™ + " F™] } (4.137)
Then we have
6[/8 = %902 {(akan - 5anijn - 5Pikaj [SD(ka)n]}
(4.138)
= 59 (=030, 05 Fjn — 810007 oy )™ F*" + o F™ 0T,
After simplification, this becomes
1 .
§Lg = §¢2(gprmF°” — 20°F, i F% — " F,, F*)oTg, (4.139)
Finally the coefficient of 0I'}, gives
1 . A
Vg 1= éxr—ggoz(gprajFC] — 20°F,; F%) (4.140)

Variation with respect to ¢ is
6Ls = %(w—l&pLg + @* Dy F™ D0 F* + 02 DY F Db F™)  (4.141)
Using
Dy [* D™ FyndpF*™) = D,y [0* (D™ Frp) F*™ 60 + ©* (D™ F ) F* D60 (4.142)
we have
6Lg = %{(2Dkan<p(mF’“)")—Dm[@2(Dkan)Fk”+<p2(Dkan)F’m}}&p (4.143)
Then the expression becomes

1
s = 5v/=g{ 2DxFrunp ™ F") = Dy [0 (DyFon) ™ + 9% (D™ Fin) F™]}

(4.144)
To take the variation with respect to g?° we rewrite Lg as
1 o o
Ls = 50"{97 9" 9" DiFonpiFip + 999" D FnprFip } (V=9)  (4.145)

Then we have
0Ls = 3v/=9 ¢ {[(55009™ g7 + gH 670,97 + g™ g™ 5261) D; Frnnipi Fip

(8557 g™ g™ + gFigm St g™ + g% g8 6Y) D Fpor Fip) 69

—29av/—909" Ls }
(4.146)

58



Simplifications yield
5‘68 = %@2{Dme n%mea n + DjFan(prjn + D]FZ b(,DiFj a

DbFi n%oaﬂ "+ DjFanSOijn + Dija(ijm - %gabLS} V —959ab

4.147)
Therefore, we obtain
T = i@z{(Daan(Pman + DkFanSOkan + DkFamgmeb F
(4.148)
DaanSOmen + 2DkFam§0kam) — %gakaan@(ka)n}
[ ] ,Cg
The nineth term is
Ty = / d*z/—g por"F™ ., (4.149)
We vary Ly with respect to A,
0Ly = 2v/—gor" F™(D,,0 Ay) (4.150)

Considering

Dm(\/—gwwkkamnéAn) = Dm(\/—ggpgok@ka”)éAn + \/—ggpgpkgoka"DmdAn

(4.151)
and using the Stoke’s theorem, we obtain
6Ty = / d* 2Dy (V=g o F)5 A, (4.152)
From above, the expression becomes
= —2D,, (V=g F™) (4.153)
or since from [3]] D,, /—g = 0, equally well as
ag == —2v/=g D (0" F™) (4.154)

Variation of Ly with respect to ¢ is
0ok " F™ Frn/=g + (9 F™ Frn Didpp® + 0F ™ Fron o Dird0)y/ =g

= 8" F /=g + 2(0F ™ F " Dy ) /=g
(4.155)
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We consider (#.94) and (4.93)

Dy (/=g F™ Frn050) = Di(vV/ =90 F ™" Fryp®)50 + /=g F ™" Frynip” Di,0tp
(4.156)

to obtain

Ty = [ o = 2DV Fonid) + o P Fo/ =3} @157)

So, we have

@y := —2D4(V/ =g F"™" Frn®) + 0" F™" Fruny/ =g = 0 (4.158)
or

g = =2/ =g Dy(pF™" Fune") + " F™" Frun/=g = 0 (4.159)

We rewrite Lq with noticeable metrics as

Ly = vV=9¢9" 01059 9" Foun Fiy (4.160)
After necessary simplifications, the variation of Ly with respect to g°° becomes

5‘69 = {SDQQOmenan + @k@kFaan 4+ SOkQDkFl aFib

(4.161)
_%gabgkaOkanan}va -9 5gab
So, the energy-momentum tensor takes the form
k bi 1 mn 1 k mn
Tay = ol Fasl™” + 50app Frnn ™™ = 29000k Fran ™) (4.162)
o Lo
The tenth and the last term is
T = / d* T/ =g pmen F™ ™, (4.163)
Varying Ly, with respect to Ay, we have
6L10 = { — Dn(pe™@"F %) + Dy (0t e" F,™)
(4.164)

=D, (™" Frn ®) 4+ Dy (™" Fr ™) b/ =9 0 A
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Therefore, we have

a10 := 2D, (9 " F, ™ — 0™ 0" F, ¥/ —g (4.165)

Varying 7,y with respect to ¢

0L10 = /= 90pPmen ™ F"  + 2D, 00 (0pn ™ F™ 1)/ =g (4.166)

and using

Dm(\/—ggogonFMkF” K0P) = Dm(\/—ggocpnkaF” k)égp—i—\/—ggpgonkaF" kDmdo

(4.167)
we obtain the expression
D19 = V=g ompnF" F" | = 2Dy (/=g F™ F™ 1) (4.168)
Variation with respect to g%
0L10 = {009™ g pPmon Fip it + ™ 6261 9" 00m o Fip Fi
(4.169)

+9™ g™ 6568 L ompn FipFik — 39ab@PmpnF™ F™ 1} /=g g™

In view of (4.24)), we have the energy-momentum tensor

Ty = €0(§SOZSOJFaZFbJ + Papi F F™ + oppi Fu F™* — ZgabﬁoigijlkF] k) (4.170)

4.3 Comparisons

In order to compare our results with those given in article [19], in particular the
energy-momentum tensors we have obtained, we list five of them below. This is
because in that article, there are only five expressions to be compared. Here, we use

the notation T,;(*), where the superscript ¢ denotes the tensor pertinent to each term
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in (4.7). So

T8 = Ty 4.171)
TS = Ranji By "* — Zgamenijm”ﬂ’“ (4.172)
1,0 =Ty (4.173)

a

, , 1 ;
T(g) = Ranijb nF]k + Rbnija nFJk - Zgaijkmnijan (4.174)

T = 7 (4.175)
3) _ mn k l o nX]

Ty) = FuuF™" 2FuFy* = Jg0FyFY) (4.176)
T = 1 4.177)
g 1 -

Ty = 2Fum F™" FuiF'y — 2 ga Fjn " FyiF
7 1 iJ mn
= QFunF"y = 390 Fjon I77) F™" (4.178)
/ 1 /
T — §¢3Ta§f’) (4.179)

. . 1 .
T = D,F,;DyF + 2D*F,7 Dy Fy; — §gakaF”Dkﬂj (4.180)

Now, we retrieve equations (specifically 46,53,47,50 and 51, respectively) from [19].

Here, we use the notation ()77, to denote the tensors in the above reference. This list

reads as

W, =0T, (4.181)
Ty = Ranjt B ™" — - gut R B (4.182)
@1, = ©* AT, (4.183)

1 ; , 1 4
(Q)Tab = §<Ranijb nF]k + Rbnija nij) - Z_Lgaijkmnijan

It 1
= F]k E(Ranijbn + Rbnija n) - Zgaijkmnan (4184)
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O, = O, (4.185)

a

O T = Fpn F™(Fo By * — igabFiszj) (4.186)
W = ot O, (4.187)
DTy = FonF™ FiF'y — igabﬁymFm”FmFij

= (FumF'y — igaijmF% F™" Fy (4.188)
G = O, (4.189)
T = D FyDyFY — }LgakaF Y Dy F (4.190)

4.4 Concluding Remarks

In this chapter we derived the governing field equations from the reduced quadratic
curvature Lagrangian. In order to compare our results with those in reference [19],
we shall simplify them by considering a constant scalar field. We note that even in
this simplified case, the non-minimal couplings between the gravitational field and
the electromagnetic (EM) field are considerably intricate. There are also terms with
the fourth power of the EM field. It turns out that, this simplification is sufficient to

derive the necessary conclusions in regard to the main statement of our problem.

By taking account of the calculations done for each term in the Lagrangian density

(4.7)), the field equation that yields from the variation of connection is

3
DyRF 1 = ¢ (ng(F’“ mFnj) + F* nDjF,m> (4.191)

Here, we chose ¢ not to depend on z*.

The terms on the right hand side can be
interpreted as a source for a Stephenson-Kilmister-Yang type of field equation. They

come from the RF? and the BP terms, respectively.
Similarly, the overall energy-momentum tensor (again with ¢ not depending on z4)
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becomes
Tw = {(Ranjk:Rb nik %gamenijmnjk)

_%902(Ranijb "+ Rbnija " — igaijkmnan) ij

+30M 2F 0 By F — 19ap FiyF9) Frp F™™ (4.192)
+3 2F 'y — gy i F7) F™Fy,

+102(D,Fyy DyFi + 2DVF, I Dy Fyy — L9y DFF Dy Fiy) )

One can immediately expect that when the Lagrangian density is reduced, there will
be an additional ¢ that multiplies all terms coming from the 4D form of the 5D /—g.
Therefore, when the variation is taken with respect to the 4D metric, there is an extra
@ appearing in 1;;, as we see in (4.192)) compared to Tab, the reduced form of TA B to

the actual spacetime.

Totally, we have four equations coming from the variation of each variable. On the
other hand there are seven equations governing the fields, coming from the splitting of
the 4D, mixed and the fifth components when the variation with respect to 5D metric

gap and the 5D connection féc, is performed first in [[19].

Even by taking into account these simple considerations, it can easily be noted that the
two successive procedures, namely reductions and variations, that we used to obtain
the field equations, when their order is reversed do not give the same results. Further

discussions in regard to differences and their origins will be given in the next chapter.
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CHAPTER 5

CONCLUSION

In this thesis, using reduction mechanism on the 5D Lagrangian and variational prin-
ciple for the reduced 4D action, the field equations are obtained for a quadratic cur-
vature model within the framework of the Kaluza-Klein theory. Then, the resulting
field equations are compared with those obtained by the least action principle that are
performed straightaway to the 5D action. The origin of the differences in the equa-

tions are demonstrated clearly.

In Chapter 2] we made a general review of the standard KK theory. We started by in-
troducing Kaluza’s approach, then we explained how Klein elaborated the theory. In
this context, we studied the cylinder condition, the geodesic equation and the mean-
ing of the fifth component of linear momentum. By using the periodicity of the fifth
dimension, we showed how Klein expressed the metric tensor, vector potentials and
scalar fields in terms of Fourier series. Pertinent to those ideas, we discussed the

Kaluza-Klein mass tower and showed how one can obtain the Kaluza-Klein mass.

In Chapter [3] the field equations are derived from the variational principle for 5D
Einstein-Hilbert action. First, this action is reduced into the real 4D spacetime. Then,
we varied the reduced action with respect to g?°, A, and ¢, by the least action princi-

ple, to obtain three field equations.

There is an alternative way to approach the problem, which is to vary the 5D Einstein-

Hilbert action with respect to the 5D metric QAB to obtain G 4 = 0. Then, the
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dimension is reduced in order to obtain field equations from the splitting of the com-
ponents as: G’ab =0, Ga5 =0, (§’55 = 0, again culminating in three equations.
We note that, we end up with the same number of equations. Comparing these two
sets of equations, we see that they give the same results, irrespective of the order of
the usage of the reduction and variation procedures. Thus these two applications are

commutative in regard to the case of Einstein-Hilbert action in 5D.

We have also studied conformal rescaling and obtained the field equations in the Ein-
stein frame. Furthermore, we derived the 5D Einstein tensor from the 5D Bianchi

identities.

Our exploration on the standard KK theory concludes with the Brans-Dicke equations
obtained by using the least action principle. Thus, we have also found the conditions

under which the Kaluza-Klein and Brans-Dicke field equations are equivalent.

Chapter [] is devoted to find an answer to the main question of this thesis, namely
whether the variation and reduction procedures yield the same results when their order
of implementation is interchanged. Earlier, in reference [19], the approach was to take

variation of

L = /—§RyxpyREMN (5.1)

directly with respect to the 5D metric ¢4

Tap = %({;—i} (5.2)
in order to obtain the energy-momentum tensor
Tap = RaxnnRp ™™ — %gABRJKMNRJKMN (5.3)
whose spacetime components are
Ty = Rucaon By "™ = s Ry RVM 54)
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This expression is reduced to become

A

Tab - {(Ranijb nik igamenijmnjk)

_g¢2(%Ranijbn + %Rbnijan - igaijkmnan) ij

+30! (Far By — 19abFig F9) By F™ + 30" (Fam F' b — 19abFj ) F™
+102(1D,FyyDyF + D*F, i Dy Fy; — 19, DFFi Dy Fy) )

(5.5)
where we considered the case with ¢ = constant. This is the optimal amount of
simplification, for comparative purposes. In addition to the pure gravitational part, it
includes non-minimal couplings and non-linear electrodynamics. Besides, we have

the advantage of ignoring the difference between Einstein and Jordan frames.

In this chapter, we have also used the Palatini method; however we first reduced the
action to the actual spacetime as in (4.7]), where the constituent fields of the KK theory
are explicit in the Lagrangian. This being the case, we took variations with respect to

metric, connection, four potentials A and .

We observe that, in our energy-momentum tensor, @), apart from the terms com-
ing from the variation of /—g, there is a factor of 2. Except for that, these two
expressions are formally similar when compared with the results given in [19]. The
factor 2 comes from the fact that, when first reduced, otherwise hidden 4D metrics

come into play to form invariants from the constituent fields.

In Chapter (3| we saw that in the standard KK theory, there are three sets of equa-
tions, irrespective of the order of the successive procedures. They come from the
variations with respect to three fields or from the splitting of G ap into its two pure
and one mixed components. On the other hand the usage of the Palatini method for
the quadratic curvature model in [19], yield seven equations, four coming from the
splitting of D KZ:?K gun = 0 and three from . In our case, we have totally four
equations, one for each field. We have also included the variations with respect to I',

and it’s outcome as a field equations has its restriction on the system. This is another
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point in terms of the differences originating from order switching.

Perhaps, one might have expected that, unlike the standard KK theory, these two ap-
proaches would yield different results due to the fact that, the Lagrangian in (5.1 is
quadratic while the Einstein-Hilbert Lagrangian is linear in terms of the curvature.
Nevertheless, the explicit forms of the expressions and the exact cause of the differ-
ences would not be clear until one carries out the calculations. Finally, we conclude
that although both approaches have some similar results, it cannot be said that these

two successive operations are commutative.

To the best of our knowledge such a comparison has not been investigated elsewhere.

No matter how small it may seem, we believe we have filled a gap in this regard.
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APPENDIX A

DIFFERENTIAL FORMS

Within the scientific areas of differential geometry and tensor calculus, the employ-
ment of differential forms is a versatile tool for multivariable calculus, giving a bound
together approach to characterize coordinates over curves, surfaces, volumes, and
higher-dimensional manifolds. For a full fledged account of the subject one can con-

sult to [47, [48]].

The space of all totally antisymmetric tensors of rank p over the manifold M is de-

noted by A?(M) and its elements are called p-forms.

One simplest example is the object that occurs under the integral sign
/de+Qdy+Rdz (A.1)

which is a 1-form.

A p-form A in a coordinate chart z* is expanded as

A:lA

R (x)dx" A ... Adxtr (A.2)

For a p-form A ¢ AP(M) a and g-form B ¢ A9(M) a wedge product (A-product) is
defined as

A/\B:LA

B
plq!

dxP A oA dxtP A detrrtA LA dafrte (AL3)

H1ee-fop = fpt1---Hptq

to yield a (p + ¢)-form, which is subject to
AANB=(—1)""BA A (A.4)

and is called the exterior algebra. We denote D as the dimension of M and note that

AP(M) = {0}if p > D.
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For instance the wedge product of two 1-forms is

AAB==(A,B, — A,B,) da* N dz” (A.5)

1
2
There are many operators acting on p-forms. These are usually defined by maps
from a form space to another form space. In the sequel we shall introduce the most

common operations.

e The Hodge dual operation * is a linear map from the space of AP(M) to the space
of AP=P(M)
L AP(M) — APP(M) (A.6)

where to a p-form as in (A.2)) it assigns a (D-p)-form as

.
~ pli(D —p)!

and depends on the metric defined on M. Here the relation between antisymmetric

‘A h Ay () dz"™ A LA daP (A7)

P
Hp+1---4D

tensor density € and Levi-civita antisymmetric symbol € is given as

Eprpp = V |g|€u1---up (A.8)

When the Hodge star is applied twice on a p-form, that results in
“(*A) = (=1)PPPFs 4 (A.9)

where s is the number of negative eigenvalues of the metric. Here s = 1, since we

work with the Minkowskian metric 7, =diag(—1,1, ..., 1).

The invariant volume element

* _ 1 1251 1235)
1 = 5€um.pp de' Ao Ndx

= £0123..D—1 dx® Ndzt... A dxPT (A.10)
= ()P gl s

e The exterior derivative d is a linear map

d: AP(M) — APTH(M) (A.11)
such that
1
dA = T 1>!3#(Ammup)dx“ Adx" AN datr (A.12)
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For instance the exterior derivative of a scalar function ¢ is
d¢ = 0,¢ dx" (A.13)
and the exterior derivative of a 1-form A = A, dx* is

dA = (0,4, — 9,A,) da” A da* (A.14)

1
2
When a second exterior derivative of (A.12) is taken and taking account of the conti-
nuity of the partial derivatives (i.e.,d,0, = 0,0, it is seen that

d(dA) =0 (A.15)
which is called the Poincaré lemma

=0 (A.16)

The exterior derivative operator is an anti-derivation in the sense that for AeA” (M)

and BeA?(M) we have
d(ANB)=d(A)ANB+ (-1)?ANdB (A.17)
e The interior derivative operator ix on the elements of AP(A/), with respect to a
vector field X = X* 0, is a map
ix : AP(M) — AP~ (M) (A.18)

such that iy, dz” = 6" ,. It is defined by
1

ixA= ( 1)X“1Ammup(x) dx"* A ... N dzt? (A.19)
p J—
with the anti-derivative property
ix(ANB)=ix(A)AB+ (-1)PANixB (A.20)

It can easily be shown that 1% = 0.

e The Laplace-Beltrami operator is a map

A:ANP(M) — AP(M) (A.21)
whose operation on a p-form A is defined as

AA="d"dA+d*d" A (A.22)
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A.1 Electromagnetic Theory
By using electromagnetic four potential A which is the 1 form A = A, dxz", we can
write electromagnetic field
F,=0,A,-0A, (A.23)
The F},, can be written as a two form
1

F = 3(0,A, = 0,A,) de’ A de” (A.24)

In exact form, F is expressed as

F=dA (A.25)

The exterior derivative of F becomes
dF =ddA =0 (A.26)

The expression above gives the homogenous part of the Maxwell’s equation in tensor

notation
0L + 0, F,,+ 0,F,, =0 (A.27)
The Hodge dual of F is
* 1 af v
F = ZsaﬁwF dz" A dx (A.28)

and is responsible for the non-homogenous part of the Maxwell’s equation expressed
in differential forms

d*F ="*] (A.29)

where J = J, dz* is defined as a electromagnetic source 1-form.

A.2 Cartan Structure Equations

We define metric as a symmetric second rank tensor

— g, dot @ da
J T G AT 0T (A.30)

= Tab e’ ® e’
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such that
e’ = h", da" (A.31)

Here, 14, = diag(—1,1, 1, 1) is the Minkowskian metric, and h® , are the vier-beins.

With respect to e there is a natural vector field X = X* 0,, such that

Xp(e®) =6 (A.32)
Cartan’s structure equations are
T =De” =de” +w . Ne° (A.33)
and
Ry = dw®, +w® . ANw,y, (A.34)

where w? . is the connection 1-form, 7 is the torsion 2-form, and R® ; is the curvature

2-form.
The following expressions

D1 =dr*+w* . AT¢ (A.35)

DRy =dRy+w* . ARy —wy NR*. =0 (A.36)

are the first and the second Bianchi identities, respectively. The definition of the
covariant exterior derivative D acting on tensor valued forms is clear from the above

equations.

The connection 1-form w® . is antisymmetric with respect to its two indices, which
can be seen from

D,r]a,b — dn(lb _|_ wa c an + wb ¢ T]CLC — 0 (A37)

The spin coefficients can be read off from

why = wy . €° (A.38)

In order to show the second Bianchi identity, we substitute (A.34) in (A.36)

dw” . ANw®y — w” o A dw®y +w® . A (dwsy 4+ w g Aw"y)

—wy A (dw® . +w p Aw* ) =0 (A.39)
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where we have also rearranged and used the following
wéy A dw® . = —dw® . ANwy,
W AW APy = w g AwF o Awey = wy Aw®y AwP

One can read off the orthonormal components of the Riemann tensor from

1
Ry = §Rabcd€c A et

A.3 Electromagnetic Theory in Curved Space

In terms of the potentials the electromagnetic field tensor F' is expressed as
Foy = Do Ay — DyA, = 0, A, — A,
with D = e*D,.
In terms of orthonormal basis 1-forms e®, F' is represented as a 2-form
F= % el A el
It can be seen that exterior covariant derivative of F'is
DF =0

and when expressed in terms of the conventional tensor notation becomes

Danc+Dcha+DcFab =0

(A.40)

(A41)

(A.42)

(A.43)

(A.44)

(A.45)

giving the homogenous Maxwell equations. The non-homogenous Maxwell’s equa-

tion can be written as

D*F ="7J

(A.46)

where J = J, e” is the source one-form. In terms of tensor notation, above equation

is expressed as
D F™ = J°

80

(A47)



APPENDIX B

CALCULATION OF THE RIEMANN TENSOR

We have given the components of the Riemann tensor in Chapter 2] This appendix
provides the explicit calculations of the components of the Riemann tensor in the

fiinf-bein basis, using Cartan’s structure equations.
The five dimensional coordinate system is
4 = (2, 2°) (B.1)

where the indices with capital Latin letters take values A = 0, 1,2, 3,5, whereas all
the indices with lowercase Latin letters take values a = 0, 1, 2, 3. The Kaluza-Klein

metric in five dimensions can conveniently be written as
Ga!,2%) = G(2?) + p(a?)[A(2?) + da’] @ p(a?)[A(2?) + da”] (B.2)

where

G(2?) =g e @ (B.3)
With the following choice of the orthogonal basis 1-forms
Ea?,2%) = e*(?) and  E° = p(a?)(A(2) + dz) (B.4)
one can write the Kaluza-Klein metric succinctly

G(a?,2°) = napE* @ EP (B.5)

where E4 = (Ea, E5) satisfying ¢ XB(EA) = 67 . In terms of the coordinate basis,

fiinf-beins can be expressed as K4 = h* ,dz*, where = 0,1,2,3,5 .
The electromagnetic potential A(z7) is a 1-form, such that
A7) = Ag(z7) e (B.6)
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and the electromagnetic field
F(2?) = dA(2?) B.7)
is a 2-form with
F(z7) = %Fab e Ael (B.3)
Also note that p(z7) is a scalar field.
Cartan structure equations are
T4 =dE* + Q4 y A EP (B.9)
and
RAg=d0 5+ Q2 A OM 5 (B.10)

Above T4 are the torsion 2-forms, 24 ,; are the connection 1-forms and R* ; are the

curvature 2-forms. Here we shall work in a tortion-free space, thus take TA = 0.

Curvature 2-forms can be written

~

1~ ~ ~
RAg = 53*‘ sunEM A EN (B.11)

in terms of Riemann curvature tensors and basis 1-forms. Furthermore, one can show
that
dﬁfAB—l-QAc/\RCB—QCB/\ﬁfAC:O (B.12)

which is in fact an equivalent of the Bianchi identity D4 R o] = 0.

In order to find the curvature 2-forms, first we have to find the connection 1-forms,
where they can be calculated using the first of Cartan’s equations (B.9) . So we
consider

dEP + Py NeF + s AE> =0 (B.13)
where the last term vanishes, since 2 5 = 0. Tackling the remaining terms we have
A5 R de e
— P pNe" =T NE°+ p(dA) (B.14)
2
The right hand side can be rearranged in terms of the basis forms

A

1 . 1 .
—P L Nnel = —gokek A E° + §<ijkeJ A eF (B.15)
'
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Therefore, combining all the necessary terms, we obtain one of the connection 1-form
as

A 1 ;
QS k= ('D_l(pkEB + §@Fk]€] (B16)

The remaining connection 1-form can be found easily again by using Cartan’s equa-

tion (B.9). This time we consider
dE" = —Q A e+ QP N EP (B.17)

where we used the property that Qg,a = —Qa5 . We also have

de® = —w" Ae* (B.18)
since B = ¢°. Equating 1) and 1| give us
—wakAek:—Q“kAek+Q5aAE5 (B.19)

Substituting into the

. 1 A
— W AP QAR — (T BP E@F“ ke®) A EP =0 (B.20)

Therefore, we obtain the remaining connection 1-form as

~

1 A
Q% =wy — §¢F“ o (B.21)

Now we can calculate the components of the Riemann tensor from curvature 2-forms,

using the second Cartan structure equation (B.10). To this end we consider

Ry =dO%, + Q% AQF, + Q25 A QP (B.22)
First we need the derivative of the connection one form
~ 1 ~
dQ® b — d(w“ b — 590Fa bE5) (B23)
which becomes
anb = dw® b — %(kaa bek VAN ES
(B.24)
—2oF (=30 Fime™ A e* + o7 ppe® A ES — 2odF*y, A EP)
For the other terms we need to calculate: ) 5 A\ Ok , and Qo 5 A Q05 p, resulting in

. A 1 ~ 1 ~
Qe k N Qk b — (w“ k VAN wk b) — 5@&)& ka bE5 + Egowk bFa kE5 (B25)
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and
. . 1 1 1 o
QUoNQ, = —ZgozFa pEyiet A el — §¢bFa we® N EP + Egpanjeﬂ A ES  (B.26)

Substituting (B.24)), (B.23)) and (B.26) to the (B.22), and making some simple organ-

isation gives the following equation

~

Rab = Rab — %QOQFG bF — %lQOQFakajek A ej + [—%(,ODFG(, — Fabdgo
(B.27)

+L (@ Fo — o F )" A EP

Manipulating the indices, the above equation can be rearranged

Ry = LR ™ A" = JEPF F)e™ A€ — P F® B e

10D, Fope™ — FOypme™ + 30" Fom — 9o F )€™ A EP

(B.28)
Now from (B.T1)) we have
R, = % (}A%a €™ A €™ + ROy < e™ A BB + Ry B A em>
A X g (B.29)
= LR pun€™ A €" + R® 5e™ A EP
The coefficient of %em A e" gives the Riemann curvature tensor Re b
. 1, 1,
Rabmn = Rabmn - 580 Famen - 590 Faman (B30)

The last term of the above equation should be antisymmetrised eventually to become
~ 1
Rabmn = Rabmn - Z¢2<2Famen + Faman - Faanm) (B31)

Also, the coefficient of €™ A ES gives Re »ms- Lherefore, this component can be read

off from (B.28]) easily

A

1 1
RabE)m = §¢DmFab + 5(2(meab + (PbFam - SOanm> (B32)

To obtain the remaining components again we rewrite (B.10) as
R, =d .+ QA O, (B.33)

since 25 5 = 0. To calculate the first term on the right hand side we take the exterior
derivative

~ 1 . ~ ~
dy’ , = §d(chaje]) + d((p_ltpa) ANES + o o dEP (B.34)
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which becomes

A5 1 j —1 A5 1 1 m 1 Bk
Ao = Sd(pFue!)+dl¢ ™ pa) NE°+ 07 gl =5 pFime™ — o7 or P Ae” (B.35)
Also we need to find 5, A QF . So

A5 Ak Ly ;i 1oy k j A B 1k A5

DL AQ a:—§g0w o N\ Fyje —Zgo Fij I 0 NE° — o7 W qop B (B.36)

Substituting (B.35]) and (B.36) into (B.33)) and through some rearrangements we have

. 1 | 1 L
R0 = 5D(¢Fuie) + puF + (97 Dpu + ;lsOQFakF'“jej) NEP (B.37)

to be compared with the relevant components of (B.11])
1 . .
R, = 51 amn € A €” + R a5 E° N " (B.38)

finally to obtain
" 1 )
R5a5m = _90_1Dm‘;0a - ZSOQFajF] m (B39)

Therefore, thanks to Cartan’s structure equations, we have obtained the components

of the Riemann curvature tensor easily.

B.0.1 The Reduced Forms of the Riemann, Ricci Tensors and Ricci Scalar

Let us list for convenience the expressions of the reduced 5D Riemann curvature

tensors to the actual 4D spacetime that are obtained previously. They are

. 1
Rabmn = Rabmn - ZQDQ(ZFamen + Faman - Faanm) (B40)
. 1 1
Rab5m = ingmFab + 5(290mFab + QDbFam - SDanm) (B41)
> -1 L, j
R5a5m = —¢ Dmgoa - 190 FajF m (B42)

From the above Riemann tensors we evaluate the Ricci tensors. From
. A R
Ray = RY appy + R asp (B.43)
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and using (B.40) and (B.42) we have

Rus = Ry — 5 Fu By — o™ Dy (B.44)
and from
Rso = R 510 + R° 554 (B.45)
we have
Rou = — 30D — S4B, (B.46)
and finally for
1%55 = R* 5k5 B.47)
we have
Rss =~ Digh — 0¥ ™ (B.43)

where, here and above, we have particularly distinguished the fifth components. Again
taking into account the five dimensional Riemann curvature tensors, the SD Ricci
scalar

R=§"™gPNRapun = R+ 2Rs" 5 (B.49)

is reduced to take the form
. 1
R=R- ng?F“bFab — 201D, (B.50)

where R is the Ricci scalar in 4D.
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APPENDIX C

EINSTEIN-HILBERT ACTION

C.1 Einstein-Hilbert Action in 4D

Hilbert suggested that the simplest possible choice for a Lagrangian can be con-
structed from the contractions of the Riemann tensor, that is the Ricci scalar, where it
includes only the first and second derivatives of the metric. Referring to formulations
given in Appendix [A] one can write the action in terms of orthonormal basis 1-forms

ea

1
F— é/Rab/\*(e“ Aeb) = /L’d4x (C.1)
The above equation can be written as

I =1 [ Rapmn(€™ Ne™) A (e Ne)

(C.2)
— if Rabmn(_gmagnb + gmbgna)*l
Then we obtain the Eintein-Hilbert action
1 1
I= —5/3*1 = é/R\/—gd‘Lx (C.3)
where in view of (A.10) , we used
1= —y/—gd'z (C.4)

C.2 Einstein-Hilbert Action in 5D

In a similar manner as is done in the previous section, the Einstein-Hilbert action in

5D can be expressed in the form
1 . . .
IT=—— [ RapAN*(E*ANEP C5
167G / an AT ) (€

87



where the integrand can be decomposed as
L=Rag N*(EANEP) = Ryy N#(E® A E®) + 2Ros N#(E* AN E®)  (C.6)
This can be rewritten in terms of the 5D Riemann tensor

Rap N#(EANEP) = {1 Rypmn(e™ A e™) A*(e* N eb) A B}
(C.7)

~

+(R5 gn€™ A €™+ 2R5 15, BB A ) A e

Now we recall that

E° = p(A + dz®) (C.8)

where A = A, ¥, is one-form. We use

(6m A en) A *(ea A eb) — (_1)(gmagnb _ gmbgna)*l _ (gmagnb — gmbgna) /_gd4aj

(C.9
and
(e" A*e®) A B = (—1)g"*1 A E® = g"py/—g d'x da (C.10)
to rewite (C.7)) as
}?AB A #(EA A EB) _ {éRabmn(gmagnb o gmbgna) + 2R5 a5ngna} © /_g d4.17 dl’5
(C.11)
since terms like
R*y5€™ N\ ES A EP
(C.12)
R® g €™ A €™ A e
vanish.
Now, the contraction of the Rabmn yields
Rabmn (gmagnb . gmbgna)
— Rabmn - i¢2(2Famen + Faman - Faanm)]-<gmagnb - gmbgm)
(C.13)
=2R — igoQ(QFm”an —2F"Fy — F"  F™ y — F™  F™ )
=2R — %(,DQanan
Similarly, we contract R? .5, to obtain
N 1 .
R 150" = =@ ' Dypp™ + ~ @ Fj; I (C.14)

4
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Collecting the terms, £ becomes

4 1 3 . B 1 .
L= {5(2R - §‘P2ijij) +2(—¢ " D" + Z¢2ijF]k)}<p\/—gd4xdx5 (C.15)

Finally, we rearrange the above equation, we obtain the following result

A 1 )
L= {R — ZQOQijij — 290’1Dk<,0k}g0\/—g dz da® (C.16)

to be the used in Chapter 3]
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APPENDIX D

FURTHER PROPERTIES ON THE METRIC

In this Appendix we give some details about calculations involving the metric tensor,
that might be useful for the steps withing the main text. The first subsection deals
with the variation of the Christoffel symbols with respect to the metric. The second
one gives a general procedure to calculate the determinant of 5D metric, even if it is

not diagonal.

D.1 Variation of the Christoffel Symbol With Respect to the Metric

In this section we show how to obtain the variation of the Christoffel symbol in terms

of the metric. We start by the usual expression

1
I = igad(abgdc + OcGba — Oagye) (D.1)

and take its variation with respect to metric
oy, = %5gad(abgdc + OcGba — Oagne) + %gad<ab59dc + 0:00bd — 0adgpe)  (D.2)
We shall make use of the relation
59ad = —gakgdlfsgkl (D.3)
which can be derived as below
0(g%gi) =0(0f) =0
= 09"% g + 9" 0 g
(D.4)
= 09" grig" + g™ dgrig"

= 09" + 9" ogrg"
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Then becomes

org, = =399 691 (Ovgac + Ocgva — Oague) + 59" (040 gac + 0c0gpa — Dadgee)
= —g“%galh, + 59°“(00gac + 0cdga — Oadgnc)

(D.5)

that can be recast in the form

1
oy, = Eg“d(8b5gdc + 0:0gpq — Oq0Gpe — 25gdlff,c) (D.6)
Now, we consider

w0Gdec = Dp0gac + Fldb(sglc + Flcb59dz (D.7)

and other similar terms to be substituted in (D.6). Then all terms with Christoffel
symbols cancelled out, and so we have
1
ol = §gad(Db59dc + Dedgva — Dabgne) (D.8)

which, in view of can be rewritten as
a 1 ad kj kj kj
oL, = 59 [ =Dy (9419¢j09™) — De (9519499"™ ) + Da( gorgej09™)) (D.9)
Rearranging the terms and indices, finally we obtain
1 . . .
oy, = —§(gchb6gaj + 9 Dc09" — grige; D0g") (D.10)

as the desired result.

D.2 Decomposition of the SD Metric Determinant

In this section, we obtain the decomposition of the 5D metric using Schur comple-

ment. We have the five dimensional metric as

N Gab + ()02AaAb (PQAa
JuN = ; ; (D.11)
Ay ‘ @
and its inverse is
ab a
g —A A | Ago
~MN _ = =A (D.12)
—Ab ‘ # + A AF Aoy | Ao



Note that, while g, + ©?A4, A has no inverse, A;; = g? has an inverse. We also have

the property
det(gun) = [det@MN)]_l

We can write det A as

A
detA = det(Aqy) det (—)
Aqy

where

A
e Aggy — Azl(An)_lAm
11

in terms of the Schur complement [26].

Now, by using (D.14) we can easily obtain det(G*") and det(gprn ).

Let us calculate det(gM")
det(gMN) = det(g®®)det (A, Ay + é — gupA?AP)

- det(gab) (7072

Then, det(garn) becomes

det(grn) = [det(™™M)] " = p*det(ga) = ¥7g

Therefore, we obtain

V=3=¢v—g
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