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ABSTRACT
FUZZY NUMBERS AND FUZZY LINEAR EQUATION

Maher KHAZAAL
Master’s Thesis, Department of Mathematics
Supervisor: Prof. Dr. Naim CAGMAN

25/03/2025, v + 90 pages

In this thesis, we will first give detailed information about fuzzy sets and their properties.
Then, after introducing fuzzy numbers, we will focus on the triangular fuzzy numbers,
trapezoidal fuzzy numbers and Gaussian-type bell shape fuzzy numbers. We also used
the alpha-cut method for each fuzzy number type. The alpha-cuts method is a technique
used in fuzzy set theory to handle and analyze fuzzy sets. The alpha-cuts method allows
for the conversion of a fuzzy set into a series of crisp sets, making it easier to perform
various mathematical operations and analyses. Then, we will give the solution of first
order fuzzy linear equations on each type of fuzzy number. A fuzzy set is an extension of
the classical concept of a set, introduced by Zadeh in 1965 as a way to deal with
uncertainty and ambiguity. Unlike classical sets, where an element either belongs to the
set or does not (binary membership), fuzzy sets allow for degrees of membership. This
means that an element can partially belong to a fuzzy set with a membership value
between 0 and 1. A fuzzy number is a special type of fuzzy set that represents a quantity
with uncertain boundaries. Unlike crisp numbers, fuzzy numbers allow for a range of
possible values, each with a degree of membership. This concept is useful in situations
where data is imprecise, uncertain, or ambiguous. Fuzzy linear equations are an extension
of classical linear equations that incorporate the concept of fuzziness to deal with
uncertainty and imprecision. In a fuzzy linear equation, the coefficients, variables, and
constants can all be represented as fuzzy numbers or fuzzy sets. This allows solving linear
equations where some or all of the data is not known with certainty but is instead

represented by fuzzy values.

Keywords: Fuzzy Sets, Fuzzy Numbers, Trapezoidal Fuzzy Numbers, Gaussian-Type
Bell Shape Fuzzy Numbers, Alpha-Cuts Method, Fuzzy Linear Equations.



OZET
BULANIK SAYILAR VE BULANIK DOGRUSAL DENKLEMLER

Maher KHAZAAL
Yuksek Lisans, Matematik Anabilim Dali
Tez Danismant: Prof. Dr. Naim CAGMAN
25/03/2025, v + 90 sayfa

Bu tezde, once bulanik kiimeler ve ozellikleri hakkinda detayli bilgi verecegiz. Daha sonra,
bulanik sayilari tanittiktan sonra, iiggen bulanik sayilara, yamuk bulanik sayilara ve Gauss tipi
can seklindeki bulanik sayilara odaklanacagiz. Ayrica her bulanik sayi tiiri igin alfa-kesim
yontemini kullandik. Alfa-kesim yontemi, bulanik kiime teorisinde bulanik kiimeleri ele almak
ve analiz etmek icin kullanilan bir tekniktir. Alfa-kesim yontemi, bulanik bir kiimenin bir dizi net
kiimeye doniistiiriilmesini saglayarak ¢esitli matematiksel islemleri ve analizleri gerceklestirmeyi
kolaylastirir. Daha sonra, her bulanik sayi tiirii i¢in birinci dereceden bulanik dogrusal
denklemlerin ¢oziimiinii verecegiz. Bulanik kiime, 1965 yilinda Zadeh tarafindan belirsizlik ve
muglaklikla basa ¢ikmanin bir yolu olarak ortaya atilan klasik kiime kavraminin bir uzantisidir.
Bir elemanin kiimeye ait oldugu veya olmadig: (ikili iiyelik) klasik kiimelerin aksine, bulanik
kiimeler tiyelik derecelerine izin verir. Bu, bir elemanin 0 ile 1 arasinda bir tiyelik degerine sahip
bulanik kiimeye kismen ait olabilecegi anlamina gelir. Bulanik say1, belirsiz sinirlart olan bir
niceligi temsil eden 6zel bir bulanik kiime tiiriidiir. Kesin sayilardan farkli olarak, bulanik sayilar
her biri bir liyelik derecesine sahip bir dizi olasi degere izin verir. Bu kavram, verilerin kesin
olmayan, belirsiz veya muglak oldugu durumlarda yararlidir. Bulanik dogrusal denklemler,
belirsizlik ve kararsizlikla basa c¢ikmak icin bulaniklik kavramini igeren klasik dogrusal
denklemlerin bir uzantisidir. Bulanik dogrusal bir denklemde, katsayilar, degiskenler ve sabitlerin
hepsi bulanik sayilar veya bulanik kiimeler olarak temsil edilebilir. Bu, verilerin bir kisminin veya
tamaminin kesin olarak bilinmedigi, bunun yerine bulanik degerlerle temsil edildigi dogrusal

denklemlerin ¢oziilmesine olanak tanir.

Anahtar Kelimeler: Bulanik Kiimeler, Bulanik Sayilar, Yamuk Bulanik Sayilar, Gauss Tipi Can
Seklindeki Bulanik Sayilar, Alpha-Kesim Ydntemi, Bulanik Dogrusal Denklemler.
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1. INTRODUCTION

When it comes to mathematics, the first thing that comes to mind is certainty. However,
in our daily conversations, many words that contain uncertainty, such as middle-aged
person, long time, expensive car, tall building, are used, the meanings of which vary from
person to person and situation to situation. Although such uncertainties that classical logic
cannot define are generally accepted as unscientific, many philosophers thought about
such uncertainties in the early 19th century. Einstein expressed this situation as follows:
“As long as the concepts of mathematics are certain, they do not reflect the truth, and as
long as they reflect the truth, they are not certain.” In the 1920s, Heisenberg first
introduced the concept of uncertainty, forcing science to be multi-valued. In the early
1930s, Lukasiewicz defined the first three-valued logic system, and in the same period,
quantum philosopher Black defined logic with continuous values. Although few Western
philosophers adopted multi-valuedness, Lukasiewicz, Godel and Black continued their
theoretical work on the first multi-valued logic and sets, but could not find an application
area for themselves. An important turning point in the modern mathematical modeling of
uncertainty began in 1965 when Azeri-American Mathematician Lutfi Askerzade Zadeh
(1965) from the University of California Berkeley defined fuzzy logic and therefore fuzzy
set theory (Zadeh, 1975), (Zadeh, 1965).

Although Zadeh showed in this theory that mathematics, language and human intelligence
could be related and that fuzzy logic created a better model of real life, it did not receive
much attention from the scientific community and was met with criticism and was even
shown as an example of waste of resources by the US National Science Foundation. In
1972, when Ebrahim Mamdani of Iranian origin designed a controller for a steam engine
using fuzzy logic theory in England, the world's attention was focused on this subject.
After the first commercial application of fuzzy logic was used in the control of a cement
factory in Denmark in 1980, most countries in the world, especially Japan, made great
progress in this field with research and engineering applications. Today, fuzzy logic is
primarily preferred in most decision-making mechanisms. For more detailed information
on fuzzy logic, fuzzy sets and their applications, it can be referred to references (Dubois
and Prade, 1980), (Klir and Folger, 1988) and (Zimmermann, 1991) from which we obtain

this information.



A fuzzy number is a special type of fuzzy set that represents a quantity with uncertain
boundaries. Unlike crisp numbers, fuzzy numbers allow for a range of possible values,
each with a degree of membership. This concept is useful in situations where the data is

imprecise, ambiguous, or vague.

Fuzzy numbers are used in various fields to deal with uncertainty and imprecision. In
decision making; in multi-criteria decision analysis, fuzzy numbers represent uncertain
criterion weights. In control systems, fuzzy logic controllers use fuzzy numbers to handle
uncertain input data. In risk assessment, fuzzy numbers quantify uncertain risks in finance
and project management. Th e references we use for fuzzy numbers are; (Shang, G., at al,
2015), (Rezvani and Molani, 2014), (Ocampo and Sarmiento, 2015), (Ban, 2009).

Fuzzy linear equations extend traditional linear equations by allowing coefficients and
variables to take on fuzzy values, reflecting real-world situations where parameters are
not precisely known. The concept of fuzzy linear equations was further developed by
authors such as Dubois and Prade, who introduced various methods to solve these
equations by utilizing fuzzy arithmetic and extension principles (Dubois & Prade, 1988),
(Dubois & Prade ,1980)

Fuzzy linear equations are used in various fields to model and solve problems with
imprecise or uncertain data. In engineering, they are used to design systems with uncertain
parameters. In economics, they are used to model market behavior with imprecise data.
In decision making, they are used to solve problems with uncertain criteria and
constraints. The references we use for fuzzy linear equations are; (Zhao and Li, 2017),
(Wang, and Zhang, 2007), (Tanaka and Guo, 2000), (Li and Wang, 2016).

In this thesis, we will first give detailed information about fuzzy sets and their properties.
Then, after introducing fuzzy numbers, we will focus on triangular fuzzy numbers,
trapezoidal fuzzy numbers and Gaussian bell-shaped fuzzy numbers. We also used the
alpha-cut method for each fuzzy number type. The alpha-cuts method is a technique used
in fuzzy set theory to handle and analyze fuzzy sets. The alpha-cuts method allows for
the conversion of a fuzzy set into a series of crisp sets, making it easier to perform various
mathematical operations and analyses. Then, we will give the solution of first-order fuzzy

linear equations for each type of fuzzy numbers.



2. BASIC DEFINITIONS AND THEOREMS

2.1 Classical Sets

Information about set theory was compiled from the classic books, (Halmos, 1974),
(Jech, 2003) and (Enderton, 1977).

Definition 2.1.1. A set is a collection of distinct objects. The objects can be real, physical
things, or abstract, mathematical things. The number of such objects can be finite or

infinite. The only important thing is that the objects be distinct, i.e., uniquely identifiable.
From now on the universel set is denoted by U, and the sets are denoted by A, B, C, ...
Each of these elements is called a member, or an element, of A.

X € A means X is an element of A. x € A means X is not an element of A.

Definition 2.1.2. An object U is an element or member of a set A, written x € A, if x
satisfies the rule defining membership is A. We can write x & A if x is not an element
of A.

Definition 2.1.3. Let U be a nonempty set, called the universe set, consisting of all the

possible elements of concern in a particular context.

Definition 2.1.4. The empty set or null set, denoted @, is the set containing no elements.

An important property of a set is the number of elements it contains.

Definition 2.1.5. Two sets A and B are equal, written A = B, if Aand B contain exactly

the same elements.
Theorem 2.2.1. Properties If C, A, and B are any sets, the following properties hold:

1) A = A (reflexive)
i) If A =B, then B = A (symmetric).
iii) If A=Band B = C then A = C (transitive).

Definition 2.1.6. A set A is a subset of another set B, written A < B if every element of

A is also an element of B.

Note that, by this definition, A < B does not exclude the possibility that every element

of B is also an element of A.



Definition 2.1.7. A set A is a proper subset of Bif A ¢ Band A # B. Thatis, if

every element of A isalsoin B, but some element of B isnotin A.
There are two cases of subset:
1. Proper subset (A c U) means 3x € U but x ¢ A.
2. Subset(Ac U)meansAc UorU c A.
Theorem 2.1.2. Properties If C, A, and B are any sets, the following properties hold:

i) O0cA

i) A c A (reflexive)
ii) If A< B,A+ B,then B £ A (antisymetrics)
iv) IfC c AandA c B, then C c B (transitive).
V) Ac BandBc A & A = B.

Theorem 2.1.3. Two sets A and B are equal if A € B and B € A. Thus, Subset (A
cU)meansAcUorA=U

Definition2.1.8. The intersection of two sets A and B, written 4 N B is the set of

elements common to both A and B, i.e.,
ANB ={x:x € Aand x € B}.

Example 211 If A={x:1<x<8} and B = {x: 4<x< 9}, then
ANB ={x:.4<x < 8}

Definition 2.1.9. Two subsets A and B are said to be disjointif A N B = Q.
Theorem 2.1.4.

) ANA=A

i AnQ=20.

iii) IfANB # Q,thenA # @and B # Q.

iv) Cn(AnB)=(Cn A n B (associative)
V) A N B = B N A (commutative)

Definition 2.1.10. The union of two sets A and B, written A U B, is the set of elements

that are in either A or B or both, i.e.,



AUB = {x: x € Aorx € B}

Example 2.12. if A ={x:1<x <8} and B= {x: 4 <x< 9}, then

AUB =

{x: 1< x < 9}

Definition 2.1.11. The Union of two subsets:

AU B:= {x|x € Aorx € B} = AU B.

Theorem 2.1.5. (Wei & Zhang, 2011)

AU U= A

AU @ = A

A U B= B U A (commutative)

CU (AU B)=(C U A) U B (associative)
AUB + @0 © A+ QorB # 0.

Theorem 2.1.6. Properties If C, A, and B are any sets, the following properties hold:

Xi)

xii)

ANA=AUA=A

CUANB)=(CU A)n (C v B)(distributive—U over N)
CN(AUuB)=(Cn AU (C n B)(distributive—nN over U)
AU U =Uand AN U = A

A= B AUBcCc ANB
AUMANB)=An(AUuB)=A

If C €c Band A c B,thenC U A c B

If C c Aand C c B,thenC < ANB

IfAc BthenC UA c CUBandC N Ac C n B.
AcBs AUB =B

ANBcA

Ac AUB

Definition 2.1.12. Relative to a universe U, the complement of A, written A’ is the set

of all elements of the universe not contained in S, i.e.,

A'={x:x € Uandx ¢ A}



Theorem 2.1.7. (A")' =

Example 2.13. If U = {x: xisarealnumber}andA = {x: 1 < x < 2}, then
A ={x:x < lorx > 2}.
Theorem 2.1.8. The following are important properties of complements and differences.
i) AUuA =U
i) ANA =9
i) A=B o B =A
v) AcA o A=0
V) Ac Be B c A
Vi) (AuB) =A"n B’
vi) (AN B) = A"UB’
Definition 2.1.13. Let U be the universe. Membership in a crisp subset A of U is often

viewed as a characteristic function, x,: U — {0, 1}.

defined as

)

(S
Xa(x) = {0, );Cc ¢ A

Theorem 2.1.9. The union intersection of two sets A and B will be defined using the

membership function as follows.. Forall x € U

i) Xaus(X) = max{y, (x), xg(x)}
i) xans(¥) = min{), (%), xs(x)}
i)  xo®=1—-x1x)

Definition 2.1.14. The cardinality of a set A, written |A|, is the number of elements in

the set. By using the membership function, the cardinality of a set A is definede as.

A=) 1)

x€eU
The cardinality of the empty set is zero (|@| = 0).

6



Example 2.1.4 Let U = Z and A = {x: |x| < 2}, Then

pa(=3) = 0,4 (=2) = Lpa(=1) = L,pg(0) = L, ug(1) = 1, uy(2) = L, uy(3) =0

Hence

|Al = ZHA(X) = pua(=3) + pa(=2) + pa(=1) + pa(0) + ps (1) + s (2) + 14 (3)

XEZ

|A|=Z,uA(x)=O+1+1+1+1+1+0=5

X€EZ

Theorem 2.1.10. Properties If C, A, and B are any sets, the following properties hold:
If A c B, then |A|I<|B|, and if A # B, then |A| < |B].

Theorem 2.1.11. (Wu, 2023) Properties If S and T are any sets, the following properties
hold:

i) AU B| = |A| + |B|—|A n B
i) 1A’ = |U| - |4]

Example 2.1.5. If A= {aq a3 a4,a4a;}and B= {a,a,, a4,as ag a9} then
AUB ={ay,a4,a;3,a3,a4,as,06,a7,ag,a9} and ANB = {a,}. So |A| =5 and
|[B| = 6.But |JANn B| = 1, since there are three elements on both lists. When we form
the union, we combine the two lists of elements, but each duplicate element is only listed
once. Thus,|A U B| =5+6 — 1 = 10.

Definition 2.1.15. Two sets A and B are mutually exclusive if AnB = @. If A and B
are mutually exclusive, then |JAN B| = 0,s0 |AU B| = |A| + |B|.

Example 2.1.6. If A = {ay,a5,as} and B = {aq,a, a4, a4 a3} then AUB =
{ag,aq,a,,a3,a4,a5,a6,a5} and AN B = @. So |A|l = 3 and |B| = 5. But
|ANn B| = 0, since no element appears on both lists. When we form the union, we
combine the two lists of elements, and there are no duplicates. Thus,
|JAUB| = 3 + 5 = 8.

Definition 2.1.16. Let 1={1,2,3,...}, A be a set, a partition of A which is denoted by m(A)

is:



satisfied by:

a. A; # @foralli € I.
b. A;nA; = @foralli,j € Iwithi # j.
C. UiEIAi = A.

If condition (b) does not satisfy, then n(A) becomes a cover or covering of the set A.
Example 2.1.7. Let A = Z (the set of all integers). A parition of Z can be:

m(A) = {even integers, odd integers}.
The subsets are:
A =1{.,—4,-2024,...} (even integers).
A, ={..,—-3,-1,1,3,5,...} (odd integers).
These subsets are non-empty, disjoint, and their union equals Z.
Definition 2.1.17. The Multiplication of a real number r and a subset A of R:

rd:= {ra|a € A}
r+A:={r+ala € A}.

rA+s:= {ra+s|a € A}.

Example 2.1.8. Let A={1,2,3,4}, r=2 and s=3. Then:

1) rA={2ala€A}={2.1,2.2,2.3,2.4}={2,4,6,8}

2) r+A={r+ala€A}={2+12+22+32+4}={3,4,5,6}

3) rA+s={ra+slaeA}={2x1)+3,2%x2)+3,(2%x3)+3,(2x4) +
3} = {5,7,9,11}

Definition 2.1.18. The difference between A and B, written A\ B, is the set of elements

in A but not also in B:
A\B = {x: x € Aandx & B}

8



Example 219. If A ={x:1<x<2} and B = {x: 8<x< 3}, then
A\B = {x: 1< x <8}andB\A4 = {x: 2 < x < 3}.

We can see that, in general, A\ B # A\ B (set difference is not commutative).

Theorem 2.1.12. (Song & Liu, 2010) Properties If A and B are any sets, the following
properties hold:

i) A\B = A\(4 N B)

i) |A\B| = |A| —|A n B|

i) A\B=A4NB

iv) (AUB)\ (AN B) = (A\B) U (B\A)

Definition 2.1.19. The symmetric difference between Aand Bis (AU B) \ (A N B),
i.e., the set of elements in A or B, but not both. The cardinality of a symmetric

difference satisfies:
[AUB)\(ANnB)| = |A| + |B| — 2]AnNB|

Example 2.1.10. If A = {ay,a3,a4,0as,a4,a;} and B = {ay, a,, asz, a4, as} then
(A V) B)\(A N B) = {ao,al, a,, a5, a7}, and |(A V) B)\(A N B)l = 6 + 5 - 3 X 2= |5|

Definition 2.1.20. (Zadeh, 1975) A power set P(A) is a family set containing the subsets
of set A. Therefore, the number of elements in the power set P(A) is represented by:

|P(4)| = 24l
Example 2.1.11. If A = {m, a, h}, then:
|A] = 3
P(A) = {®, {m}, {a}, {h}, {m, a}, {m, h}, {a, h}{m, a, h}}

|IP(A)| = 23 = 8.



2.2 Fuzzy Sets

We have seen that belonging or membership of an object to a set is a precise concept; the
object is either a member to a set or it is not, hence the membership function can take
only two values, 1 or 0. The set tall men in Example 1.5 illustrates the need to increase
the describing capabilities of classical sets while dealing with words. To describe gradual
transitions Zadeh (1965), the founder of fuzzy sets, introduced grades between 0 and 1

and the concept of graded membership. (Zadeh, 1965)

Let us refer to Example 1.4. Each of the six elements of the universal set
U = {xq1,x3,X3,X4,%Xs5,%¢} either belongs to or does not belong to the set
S = {x,, x5, x5}. According to this, the characteristic function ps(x) takes only the values
1 or 0. Assume now that a characteristic function may take values in the interval [0, 1].
In this way the concept of membership is not any more crisp (either 1 or 0), but becomes
fuzzy in the sense of representing partial belonging or degree of membership.

Consider a classical set S of the universe U. S fuzzy set S is defined by a set or ordered

pairs, a binary relation

Definition 2.2.1. (Zadeh, 1965) Associates with each element U in S a real number ug(x)
in the interval [0,1] which is assigned to U. Larger values of ug(x) indicate higher degrees

of membership.

S= {(x, ,us(x))lx €S, ,us(x)e[O,l]I} (2.2.1)

where ug(x) is a function called membership function ug(x) specifies the grade or degree

to which any element x in S belongs to the fuzzy set S

Let us express the meaning of (2.2.1) in a slightly modified way. The first elements x in
the pair (x, us(x)) are given numbers or objects of the classical set S; they satisfy some
property (P) under consideration partly (to various degrees). The second elements pg(x)
belong to the interval (classical set) [0, 1]; they indicate to what extent (degree) the

elements x satisfy the property P.

It is assumed here that the membership function ug(x)is either piecewise continuous or
discrete. The fuzzy set S according to definition (2.2.1) is formally equal to its

membership function ug(x). We will identify any fuzzy set with its membership function
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and use these two concepts as interchangeable. Also we may look at a fuzzy set over a

domain S as a function mapping S into [0, 1].

Fuzzy sets are denoted by italic letters S, T, R, .... and the corresponding membership

functions by ug(x), ur(x), ug(x), . . ..

Elements with zero degree of membership in a fuzzy set are usually not listed.

Classical sets can be considered as a special case of fuzzy sets with all membership grades
equal to 1. A fuzzy set is called normalized when at least one x € S attains the maximum
membership grade 1; otherwise the set is called nonnormalized. Assume the set S is

nonnormalized; then max ug(x) <1 To normalize the set S means to normalize its

membership function ug(x), i.e. to divide it by max us(x), which gives —5%
max ps(x)

S is called empty set labeled ¢ if ug(x) = 0 foreach x € S.

The fuzzy set S = {(xq, us(x1))}, where xz is the only value in § < Uand p,(x;) €

[0,1], is called fuzzy singleton.
While the set S is a subset of the universal set U which is crisp, the fuzzy set S is not.

Instead of (1.6), some authors use the notation

S = {#S(X) | x €S, us(x) € [0'1]}'

X

where the symbol / is not a division sign but indicates that the top number pg(x)is the

membership value of the element x in the bottom.
Example 2.2.1. Consider the fuzzy set
S = {(x1,0.2),(x2,0.7), (x3,0.5), (x4,0.1), (x5, 0.4), (x4, 0.9) (x7,0.3), (x5, 0.8)}
which also can be represented as
S=02/x; + 0.7/x, + 0.5/x3 + 0.1/x, + 0.4/x5 + 0.9/x, + 0.3/x, + 0.8/x4

It is a discrete fuzzy set consisting of six ordered pairs. The elements U; ,i=1, ..., 8,

are not necessary numbers; they belong to the classical  set

11



S = {x1, x5, X3, X4, X5, X6, X7, Xg} Which is a subset of a certain universal set U. The

membership function pg(x) of S takes the following values on [0, 1]:
ps(x;) = 0.2, ps(xz) = 0.7, ps(x3) = 0.5, pg(xy) = 0.1

ps(xs) = 0.4, us(xe) = 0.9, ps(x7) = 0.3, ps(xg) =0.8

The following interpretation could be given to ug(x;),i=1, - - -, 8. The element xs is a
full member of the fuzzy set S, while the element x: is a member of S a little
(ug(x,) = 0.1 is near 0); Xs and x3 are a little more members of S; the element x4 is

almost a full member of S, while x2 is more or less a member of S.
The fuzzy set S can be given also by the table

S 2 {(x1,0.2), (x5,0.7), (x3,0.5), (x4,0.1), (x5,0.4), (x4,0.9), (x7,0.3), (x5, 0.8)}

where the symbol £ means “is defined by.”

F Y
u
1L
*
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1| | :
055 | . | ’.
': i ’ ! !
| H \ . . |
™ | 1 1 1 1 1
| i I . l | : |
| | 1 1 1 1 1 !
! : ! ! ' : ! ! .
0 1 2 3 4 5 6 7 g X

Fig. 2.2.1. Fuzzy set
Now we specify in two different ways the elements xi in S:

Assume that x; ,i=1, - - -, 8, are integers, namely, x; = 1,x, = 2,x3 = 3,x, =
4,xs = 5,x, = 6,x; = 7,xg = 8; they belong to the set S = {1, 2, 3, 4, 5, 6,7,8}, a

subset of the universe U = N, the set of all integers. The fuzzy set S becomes
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S =1{(1,0.2),(2,0.7),(3,0.5),(4,0.1), (5,0.4),(6,0.9),(7,0.3),(8,0.8) };
its membership function ug(x) shown in Fig. 2.2.1 by dots is a discrete one.
Example 2.2.2. Let us describe numbers close to 15.

First consider the fuzzy set

1
Sl = {(x,ﬂsl(x)) |x € [10120]’HS1(x) = 1+ (x — 15)2}’
where ug (x) (X) shown in Fig. 2.2.2 is a continuous function.
The fuzzy set S; represents real numbers close to 10.
u '
o 7T\
x"f : \\
.'II’ \.I."\
Hs, 00
/
;"‘l \\
/ N
7 /——— : —
0 10 15 20 x

Fig. 2.2.2. Real numbers close to 10.
2.3 Normal Fuzzy Sets

Definition 2.3.1. (Zadeh, 1965) A fuzzy set is normal if its core is non-empty. In other
words, there exists at least one point x in S in a universe U such that ug(x) = 1,Vx € U,

and
dx € U such that ug(x) =1

Normal fuzzy sets are a specific type of fuzzy set in which the membership function takes
values in the interval [0, 1]. A fuzzy set is defined by its membership function, which
assigns to each element in the universe of discourse a degree of membership between 0

(not a member) and 1 (full membership).
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For a fuzzy set to be classified as normal, it must satisfy the condition of normality,
meaning that there exists at least one element in the set that has a membership degree of
1. In other words, normal fuzzy sets must have at least one full member. This
characteristic distinguishes them from non-normal fuzzy sets, where all membership

degrees can be less than 1

Normal fuzzy sets are widely used in various fields, such as control systems, decision-
making processes, and pattern recognition, as they allow for a more flexible
representation of uncertainty and vagueness compared to traditional binary sets.

Example 2.3.1.

Of a normal fuzzy set (solid) and a sub-normal fuzzy set (dashed). If the two fuzzy sets
represent qualities, then the sub-normal fuzzy sets expresses a quality that is never

completely met by any element of the domain

membersh value

Fig. 2.2.3 Normal fuzzy set and non-normal fuzzy set.
2.4 a-level Sets

Definition 2.4.1. (Buckley & Eslami, 2002) Further we define a-level interval or a-cut,

denoted by S,, as the crisp set of elements x which belong to S at least to the degree a:

Se = {x|x € R, us(x) = a},a € [0,1] (2.4.1)
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It gives a threshold which provides a level of confidence a in a decision or concept
modeled by a fuzzy set. We may use the threshold to discard from consideration those
element x in S with grades of membership us(x) < a.

Example 2.4.1. Now we employ for the same purpose the fuzzy set S = {(x, us (x))},
where x measured in cm belongs to the interval [160, 200] and ug (x) is defined by (see
Fig 2.4.1)
1
——— (x — 140)? for 160 < x < 170,

us () = | 2B0°

~2@0) (x —200)2+1 for 170 < x < 200.

The membership function ug (x) is a continuous piecewise-quadratic function. The
numbers on the horizontal axis x give height in cm and the vertical axis p shows the
degree to which a man can be labeled tall. According to the graph in Fig. 2.4.1, if a
person’s height is 160 cm, the person is a little tall (degree 0.22), 180 cm stands for almost
tall (degree 0.78), 200 cm for tall (degree 1). The segment [0.22, 1] of the vertical axis p
expresses the quantification of the degree of vagueness of the word tall.

u
L b oo
X .| S — '
Hs(x) So.78
5v[.'l.5
0.5} <o >
/ So.z2
0.22f e = :
! X
7/
0 160 170 180 190 200

Fig. 2.4.1. Description of tall men by fuzzy set.

Consider Example 2.2.3, the set S, tall men. It has an infinite number of a-level intervals
(0o-cuts) denoted by Sa where a varies between 0.25 and 1. Some a-cuts shown in Fig.

2.4.1 are given below:
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So25 = {x|x € R,165 < x < 200}, s (x) = 0.25,
Sosz = {x|x € R, 175 < x < 200}, us (x) = 0.53,
Sos = {x|]x € R,185 < x < 200}, us (x) = 0.8

For instance we may choose as a threshold the a-cut S,s; thus discarding from

consideration men whose height is below 175 cm

A fuzzy set S, where the universe U = R, is convex if and only if the a-level intervals
S, (see (2.2.2)) are convex for all o in the interval (0, 1]. In such a case all a-level intervals
S, consist of one segment (see Fig. 2.3.2(a)). Otherwise the set is nonconvex (see Fig.
2.3.2(b)).

2.5. Convex and Nonconvex Fuzzy Sets

Definition 2.5.1. (Klir & Yuan, 1995) A fuzzy set in a vector space R" is convex if, for

any two elements x, y € R™ and for any A € [0,1], the membership function pg satisfies:
us(Ax + (1 = Ay = min{us(x), us(y)

Explanation:

* The convexity of a fuzzy set depends on the behavior of its membership function .

* For a convex fuzzy set, any point along the line segment connecting x and y has a

membership value that is at least the minimum membership value of x and y.

Example 2.5.1. A convex fuzzy set satisfies the condition that any point on the line
segment connecting two points in the set has a membership value greater than or equal to

the minimum membership values of the two endpoints.

Description:

Let be a fuzzy set representing “numbers close to 5.”

 The membership function reaches its maximum value ug(x) = 1 at x = 5.

» The membership decreases linearly as you move away from x = 5 in both directions.
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* The membership function is symmetric and does not exhibit any dips or valleys,

ensuring convexity.
The triangular membership function can be defined as:
x—3

2
ps(x) =47 —x

if 3<x<5,

> if 5<x<7,
k 0 otherwise

Explanation:

* At x = 5, the membership value is ug(5) = 1 (the peak).

* Between x = 3 and x = 5, the membership value increases linearly from 0 to 1.
* Between x = 5 and x = 7, the membership value decreases linearly from 1 to 0.

* Outside the range [3,7], the membership value is 0.

Convex Fuzzy (Triangular Membership Funcction)
1.04

0.8

0.6

Membership Funcction u(x)

\J

Fig. 2.3.2 (a) Convex fuzzy sets
Graph Representation:
The graph of this function is a symmetric triangle:

e Base: Fromx =3tox = 7.
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* Peak: At x = 5, where the membership value is 1.
* The membership values decrease symmetrically as you move away from the peak.

This ensures the fuzzy set is convex because the membership function has no valleys or
dips

Definition 2.5.2. (Klir & Yuan, 1995) A fuzzy set is nonconvex if it does not satisfy the

convexity condition, i.e., there exists at least one pair x,y € R" and A € [0,1] such that:

ps(Ax + (1 — Dy) < min{ug(x), us(y)}.

Explanation: A nonconvex fuzzy set has membership functions that exhibit “dips” or
“irregularities,” causing points along a line segment to have lower membership values

than expected for convexity.

Example 2.5.2. A fuzzy set representing ‘“numbers that are approximately either 2 or 10”
might be nonconvex. The membership function peaks around 2 and 10 but drops
significantly in between, violating the convexity condition.

A\ 4

Fig 2.3.2 (b) Nonconvex fuzzy sets.

Summary: Convex Fuzzy Set: Membership values along any line segment between two

points are at least the minimum membership value of the endpoints.
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Nonconvex Fuzzy Set: Membership values along some line segment fall below the

minimum membership value of the endpoints.
This distinction is crucial in optimization, fuzzy logic, and decision-making processes.
2.6 Basic Operations on Fuzzy Sets
In this section we consider the fuzzy sets S and T in the universe U,
S = {(x,us(x)}us(x) € [0,1],
T = {(x,ur(x))}, ur(x) € [0,1].

The operations with S and T are introduced via operations on their membership

functions ug(x) and pr(x).

Definition 2.6.1. (Hsu & Huang, 2012) The fuzzy sets S and T are equal denoted by S =
T if and only if for every x € U,

ts(x) = pr(x)

Definition 2.6.2. (Yang & Wu, 2019) The fuzzy set S is included in the fuzzy set T
denoted by S < T if for every x € U,

ps(x) < pur(x).
Then S is called a subset of T.

Definition 2.6.3. (Zadeh, 1965) The fuzzy set S is called a proper subset of the fuzzy set
T denoted S c T when Sisasubsetof Band S # T, that is for every x € U,

pus(x) < pr(x)
For instance the nonnormalized sets in Fig. 2.4.1 (a) and (b) are proper.

Example 2.6.1. Consider the universe U = {xq, x5, X3, X4, X5, X } and the fuzzy sets S
and T defined by

S = {(x41,0.1), (x3,0.3), (x3,0.5), (x4, 0.7), (xs5,0.8), (x4, 1)}
T = {(x4,0.5), (x5, 0.1), (x3,0.7)(x4,0.9), (x5, 0.3), (x4,0.6)}

S ST ={(x1,0.1),(x3,0.5), (x4,0.7)}
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Tes= {(xZI 01)) (XSI 03)! (x6l 06)}
Definition 2.6.4. (Dubois & Prade, 1988) The fuzzy sets S and S are complementary if
ps () = 1 — pus(x) or pus(x) + pus(x) = 1. (2.6.4)

The membership function us (x) is symmetrical to pg(x) with respect to the line
u = 0.5.

Then the complementary of S and T are written by

Example 2.6.2. Consider the universe U = {xy, x5, X3, X4, X5, X¢} and the fuzzy sets S
and T defined by the table

S = {(x1,0.1), (x3,0.3), (3,0.5), (x4, 0.7), (x5, 0.8), (x¢, 1)}
T = {(xy,0.5), (x5, 0.1), (x3,0.7) (x4, 0.9), (x5, 0.3), (xs, 0.6)}
Then ugr (x) = 1 — pg(x)
S" = {(x1,0.9), (x3,0.7), (x3,0.5), (x4,0.3), (x35,0.2)}
T" = {(x4,0.5), (x5,0.9), (x3,0.3)(x4,0.1), (x5, 0.7), (x, 0.4)}

Theorem 2.6.1. (Wang & Zhang, 2007)

) (5 =
i) U =¢
i) 9 =U

Theorem 2.6.2. (Wang & Zhang, 2007) The following are important properties of

complements and differences.
) S=T"eT-=¢5

i) ScSeSs=9

i) ScTe T cfs
iv) (SuT) =S8nT

v) SnNnT)Y=SUuUT

Note 2.6.1. (Zadeh, 1965) S U S’ = Uand SN S = 0.
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Example 2.6.3. Consider the universe U = {x;, x5, X3, X4, X5, X¢} and the fuzzy sets S
and T defined by the table

S = {(x1,0.1), (x5, 0.3), (x3,0.5), (x4, 0.7), (x5, 0.8), (x4, 1)}
S’ = {(xy,0.9), (x5, 0.7), (x3,0.5), (x4, 0.3), (xs,0.2)}
and
SUS" =max{(x1,0.9), (x3,0.7), (x3,0.5), (x4,0.7), (x5,0.8), (x5, 1)} # U
SNS" =min{(x;,0.1), (xy, 0.3), (x3,0.5), (x4, 0.3), (xs,0.2)} # &

Definition 2.6.5. (Wang & Zhang, 2007) The operation intersection of Sand T
denoted as S N T is defined by

Usar(x) = min(us(x), ur(x)),  x € X. (2.6.5)
If a;, < a,,min(ay,a;) = a, For instance min(0.2,0.9) = 0.2.
Theorem 2.6.3. (Wang & Zhang, 2007)

) ANA=A

i) ANnQ=0.

iii) IfANB # Q,thenA # @and B # Q.

iv) Cn(AnB)=(Cn A n B (associative)
V) A N B = B N A(commutative)

Example 2.6.4. Consider the universe U = {xq, x5, X3, X4, X5, X¢ } and the fuzzy sets S
and T defined by the table
S = {(xl, 01), (XZ, 03), (X3, 05), (X4, 07), (XS, 08), (X6, 1)}

T = {(x4,0.5), (x5, 0.1), (x3,0.7)(x4,0.9), (x5, 0.3), (x4,0.6)}
Then

SNT ={(x1,0.1), (x3,0.1), (x3,0.5), (x4,0.7), (x5, 0.3), (x6,0.6) }

Definition 2.6.4. (Zhuang & Chen, 2014) The operation union of S and T denoted as
S U T is defined by
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usur(0) = max(us(0), ur(x)),  x € U. (2.6.4)
If a;, < a,,max(a;,a;) = a,. For instance max (0.2,0.9) = 0.9
Theorem 2.6.5. (Zhuang & Chen, 2014)

i) SuUU=S.

i) Sugp =S

i) SUT=T U S (commutative)

iv) RU (S UT)=(RUS) UT (associative)

V) SUT 0 o S+ @orT + Q.
Example 2.6.5. Consider the universe U = {xy, x5, X3, X4, X5, X¢} and the fuzzy sets S
and T defined by the table

S = {(x1,0.1), (x3,0.3), (x3,0.5), (x4, 0.7), (x5, 1), (x6,0.2)}

T = {(x1,0.2), (x5, 0.5), (x3,0.7)(x4,0.9), (x5, 1), (x4,0.1)}
Using (2.3.5) and (2.3.6) gives
SUT = {(xq,0.2), (x5, 0.5), (x3,0.7), (x4,0.9), (x5, 1), (x4,0.2)}

An illustration of how to perform operations on fuzzy sets

(e we [

Fig. 2.4.2 Membership function pg(x), ur(x).

Rectangles are used to symbolically depict fuzzy sets and their membership functions,

which are considered to be continuous. The complements pg (x) and ppr(x) are shown
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in Fig. 2.4.3, the union pug,r(x)and the intersection ugnr(x).are shown in Fig. 2.4.2,

and pg(x) and pr(x) are presented in Fig. 2.4.2.

Figure 2.4.5showsthatS N T € S U T.

Law of Excluded Middle and Fuzzy Sets

The classical sets exhibit a significant characteristic known as the law of excluded middle,
articulated as S N " = @and S U S’ = U. It is depicted in Fig. 2.4.6 using Venn

diagrams.

The law of excluded middle is inapplicable to fuzzy sets, as SNS # @ and

S U S # U.Thisisseen in Figure 2.4.7.

[

\/

U

Fig. 2.4.3. Membership function pgr (x), pyr (x).

Fig. 2.4.4. Membership function of intersection and union.
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D N
S B s s

SNnS' =9 SusS'=U
Fig. 2.4.6 The principle of excluded middle for classical sets

The law of the excluded middle is inherently invalid for fuzzy collections. In classical
sets, each item either possesses or lacks a specific attribute, represented by 1 or 0. Fuzzy
sets were established to represent the degree to which objects possess a property, ranging

from 0 to 1. Numerous hues of gray exist between black and white.

SNS+0Q SUS+U

Fig. 2.4.7 The law of excluded middle is not valid for fuzzy sets.

The lack of the law of excluded middle in fuzzy set theory makes it less specific than that
of classical set theory. However, at the same time, this lack makes fuzzy sets more general

and flexible than classical sets and very suitable for describing vagueness and processes

with incomplete and imprecise3 information.
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3. FUZZY NUMBERS AND FUZZY LINEAR EQUATIONS
In this section we define fuzzy numbers and therir properties.

Definition 3.1. (Ban & Coroianu & Grzegorzewski, 2015) A fuzzy number S on the real
line R is a fuzzy subset of R that satisfies:

a) Normality: There exists at least one x € R such that ug(x) = 1.
b) Convexity: Forall x,y € R,and A € [0,1] us(Ax + (1 — A)y) = min(ps(x). us(y)).
¢) Upper semicontinuity: The membership function pg is upper semicontinuous.

d) Bounded support: The support of S, defined as {x € R | ug(x) > 0}, is bounded.

Fuzzy numbers will be denoted by bold capital letters S, T, R, . . . , and their membership

functions by ug(x), ur(x), ur(x), . . ..

Here we will only focus on the three types of fuzzy numbers that have the widest usage

area, which we will give below.

1. Triangular Fuzzy Numbers
2. Trapezoidal Fuzzy Numbers

3. Gaussian-type Bell Shape Fuzzy Number

Definition 3.2. (Dehghan & Hashemi, 2006) A fuzzy linear equation is a type of linear
equation in which some or all of the coefficients and/or constants are represented by fuzzy
numbers. These equations are used to model situations where data is imprecise, uncertain,

or vague.
In a traditional linear equation, you might have something like:
a X1+ azx, + -+ apx, =b

In a fuzzy linear equation, the coefficients a; and the constant b could be fuzzy numbers,

denoted by @; and b, respectively. This can be written as:
C~11X1 + dez + -+ dnxn = E

Fuzzy linear equations are particularly useful in fields such as decision-making, control
systems, and operations research, where data may not be precise and there is a need to

account for uncertainty. However, here we will focus only on the three types of first
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degree fuzzy linear equations with one unknown, which we will give below. Let R, S and

T be fuzzy numbers.

1. X+S=R
2. SX=R
3. SX+R=T

After that, we will give examples of solutions of all types of fuzzy linear equations on

triangular fuzzy numbers, trapezoidal fuzzy numbers and Gaussian fuzzy numbers.
3.1. Triangular Fuzzy Numbers and Fuzzy Linear Equations

Definition 3.1.1. (Tanaka & Guo, 2000) A triangular fuzzy number S is a fuzzy subset of
real line R, whose membership function ug satisfies the following conditions:

a) us(x) is acontinuous mapping from R to the closed interval [0,1].
b) us(x) =0, where —c0o < x < a; .

C) ug(x)isstrictlyi ncreasing with constant rateon a; < x < ay.

d) us(x) = 1,where x = ay,

e) ug(x)isstrictly decreasing with costant rate on ay, < x < a,

f) us(x) =0,where.a, <x < o0

s

A J

0 a Ay a;

Fig. 3.1.1. Triangular fuzzy number.
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Triangular fuzzy number is defined as = (a4, ay, a,) , where all a,,ay, a, are real

numbers and its membership function is given below

{ X — a1 f < <
or a;<x<a
Ay — Oy 1 M
= x—a
s () { 2 for ay <x<a, G.1D)
ay — a;
k 0 otherwise,

Example 3.1.1. Estimating project completion time

Imagine a construction project manager wants to estimate the completion time of a
project. Based on previous experience and current circumstances, they provide the

following estimates:

1. Optimistic estimate (a,): 10 weeks (the earliest it could be done).
2. Most likely estimate (a,,): 15 weeks (the most probable duration).

3. Pessimistic estimate (a,): 20 weeks (the latest it might take).

We can represent these estimates as a TFN with parameters (10, 15, 20). Here's what the

membership function looks like:

(x—10
5=10 for 10<x <15

=< x—20
hs(x) 5 for 15<x<20
0 otherwise,

Here’s a simple table that shows the membership values for different completion times:

Completion Time (weeks) Membership Function Value
10 0

12 0.4

15 1

18 0.4

20 0

For time estimates less than 10 weeks or more than 20 weeks, the membership value is

0, indicating they're outside the acceptable range.
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For estimates within 10 to 15 weeks, the membership increases linearly, reflecting

higher confidence levels (up to 1 at 15 weeks).

For estimates from 15 to 20 weeks, the membership decreases linearly, showing a

diminishing level of certainty.

This way, the project manager can better handle the uncertainty and variability in
project completion times. This example is just one of many ways to apply TFNs in real-

world scenarios!

A
1.0 == o
% ()
a ]J."' ey \a,
0 >
10 12 15 18 20

Fig. 3.2.Completion Time (weeks)
3.1.1 Addition of Triangular Fuzzy Numbers

Definition 3.1.2. (Klir & Yuan, 1995) The addition of triangular fuzzy numbers (TFNSs)
involves performing arithmetic operations on fuzzy numbers. A triangular fuzzy number
S can be represented as S = (a4, ay;, a,), where a, is the lower limit, a,, is the peak or

the mode, and a, is the upper limit.

Given two triangular fuzzy numbers S = (a4, ay, a;) and T = (b, by, by), their sum

R =S + T can be calculated as follows:
R = (al + bl' aM + bM' a2 + bz)
This means that:

The lower limit of R is the sum of the lower limits of S and T.
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The peak or mode of R is the sum of the peaks or modes of S and T.
The upper limit of R is the sum of the upper limits of Sand T.
Example 3.1.2. Suppose we have two triangular fuzzy numbers:
S=(@357), T=(1223)

Their sum R = S + T would be:

R=B+15+27+3)

R = (4,7,10)

So, the resulting triangular fuzzy number R is (4, 7, 10).

The example demonstrate how the addition of triangular fuzzy numbers works. Each
component (lower limit, peak, upper limit) of one fuzzy number is added to the
corresponding component of the other fuzzy number to get the resulting triangular fuzzy

number.
3.1.2. Subtraction of Triangular Fuzzy Numbers

Definition 3.1.3. (Klir & Yuan, 1995) The subtraction of triangular fuzzy numbers
(TFNs) involves performing arithmetic operations on fuzzy numbers. A triangular fuzzy
number S can be represented as S = (a,, ay, a,), where a, is the lower limit, a,, is the

peak or the mode, and a, is the upper limit.

Given two triangular fuzzy numbers S = (ay,ay,a,) and T = (by, by, b,), their

difference R = S — T can be calculated as follows:
R = (ay — by, ay — by, a; — by)
This means that:

The lower limit of R is the difference between the lower limit of S and the upper limit of
T.

The peak or mode of R is the difference between the peaks or modes of Sand T.

The upper limit of R is the difference between the upper limit of S and the lower limit of
T.
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Example 3.1.3. Suppose we have two triangular fuzzy numbers:
S =(357), T =(1,2,3)
Their difference R = S — T would be:
R=(3-35-27-1)
R = (0,3,6)
So, the resulting triangular fuzzy number R is (0, 3, 6).

The example demonstrate how the subtraction of triangular fuzzy numbers works. Each
component (lower limit, peak, upper limit) of one fuzzy number is subtracted from the
corresponding component of the other fuzzy number to get the resulting triangular fuzzy

number.

Example3.1.4. S+ X =T
S =(1,3,5), T = (4,6,8)

The membership functions for these fuzzy numbers can be described as follows:
Now we need to find X suchthat S+ X=T.
Given that X is also a triangular fuzzy number (c;, ¢,, ¢3), the solution will be:
X=T-S
Let’s subtract the fuzzy numbers:
X = (b, —as by —az b; —ay)
X=04-56-38-1)
X =(-13,7)
So, X can be represented as:

X=(-137)

3.1.3 Multiplication of Triangular Fuzzy Numbers

Definition 3.1.4. (Hunang & Chen, 2015) The multiplication of triangular fuzzy numbers

(TENS) involves the arithmetic operations of fuzzy numbers. A triangular fuzzy number
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S can be represented as S = (ay, ay, a,), Where a; is the lower limit, a,, is the peak or

the mode, and a, is the upper limit.

Given two triangular fuzzy numbers S = (ay, ay, a,) and T = (bq, by, b,), their product

R = § x T can be calculated as follows:

R = (a, - by,ay - by, a, - by)
This means that:
The lower limit of R is the product of the lower limits of S and T.
The peak or mode of R is the product of the peaks or modes of Sand T.
The upper limit of R is the product of the upper limits of S and T.
Example 3.1.5. Suppose we have two triangular fuzzy numbers:

S =1(123), T = (4,5,6)
Their product R = S x T would be:

R=(1%4,2x%x53x%6)
R = (4,10,18)

So, the resulting triangular fuzzy number R is (4, 10, 18) .
3.1.4 Division of Triangular Fuzzy Numbers

Definition 3.1.5. (Nguyen & Walker, 2006) The division of triangular fuzzy numbers
(TENSs) involves performing arithmetic operations on fuzzy numbers. A triangular fuzzy
number S can be represented as S = (a,, ay, a,), where a, is the lower limit, a,, is the

peak or the mode, and a, is the upper limit.

Given two triangular fuzzy numbers S = (a,, ay, a,) and T = (b4, by, by), their quotient

R = S = T can be calculated as follows:

a, ay a;
R=— —, —
(bz'bM'bl)

If T # 0, This means that:
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The lower limit of R is the result of dividing the lower limit of S by the upper limit of T.
The peak or mode of R is the result of dividing the peaks or modes of Sand T.
The upper limit of R is the result of dividing the upper limit of S by the lower limit of T.
Example 3.1.6. Suppose we have two triangular fuzzy numbers:

S =1(6912), T =(2,3,4)

Their quotient R = S - T would be:

)

£ N o)
w| o

B = ( 12)
= >
R = (1.5,3,6)

So, the resulting triangular fuzzy number R is (1.5, 3, 6).

The example demonstrate how the division of triangular fuzzy numbers works. Each
component (lower limit, peak, upper limit) of one fuzzy number is divided by the
corresponding component of the other fuzzy number to get the resulting triangular fuzzy

number.

Example 3.1.7. S - X =T, If § # 0 A fuzzy linear equation on the set of fuzzy numbers
can be represented as S - X = T where Sand T are fuzzy numbers, and X is the variable
fuzzy number we need to find. Triangular fuzzy numbers are often used because they are

simple yet effective.

Let's construct an example:
Consider the fuzzy numbers S and T with their triangular membership functions:

S is represented by the triangular fuzzy number S = (a;, ay, a,) with a; < x < ay <
a,.

T is represented by the triangular fuzzy number T = (b, by, by) with by < x < by <
b,.

For simplicity, let's use specific values:
S =(1.2.3), T = (4.5.6)
Now, the fuzzy linear equation S - X = T can be written as:

(1.2.3) - X = (4.5.6)
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To solve for X, we use the property of triangular fuzzy numbers. The solution for X is
also a triangular fuzzy number, X = (x;.x5.x3), Where x;.x, and x5 can be found by
dividing the corresponding elements of T by the corresponding elements of S:

d 4
e 5
xZ = E = E = 2'5
f 6
x3 = E = § = 2
Therefore, the solution is:
X = (4.2,5.2)

Example3.1.8.S - X + T = R, If S # 0 Let's consider a fuzzy linear equation of the form
S - X + T = R with triangular fuzzy numbers. Triangular fuzzy numbers are defined by
three parameters,(aq, ay, a,), representing the left endpoint, the peak, and the right

endpoint of the triangle.

Given:
S = (ay,ay, az), T = (by, by, b2), R = (c1,cm,C2)
We want to solve for X = (x;, xy, x,) such that:
S-X+T=R
For simplicity, let's use specific values:
S=1(1,23), T=1(234), R-=(567

Now, the fuzzy linear equation can be written as:

(1,23)- X+ (2,3,4) = (5,6,7)
To solve for X, we need to isolate X:

(1,23)- X =(5,6,7) —(2,3,4)

The subtraction of triangular fuzzy numbers is performed by subtracting the
corresponding parameters:

(5,6,7)—(2,34)=(5-26-3,7—4) =(3,3,3)
Now, we have:

(1,23) - X =(33,3)
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The solution for X can be found by dividing the corresponding parameters of (3,3, 3)
by the parameters of (1, 2, 3):

X1= =3,XM=§=1.5,X2=§=1
Therefore, the solution is:

X =(3,15,1)

3.2. Trapezoidal Fuzzy Numbers and Fuzzy Linear Equations

Definition 3.2.1. (Hunang & Chen, 2015) A trapezoidal fuzzy number S is a fuzzy subset
of real line R, whose membership function ug satisfies the following conditions:

a) us(x) is a continuous mapping from R to the closed interval[0,1].
b) us(x) =0, where —oco < x < a; .

) ug(x)isstrictlyi ncreasing with constant rateon a; < x < b;.

d) us(x) = 1,where by < x < b,

e) us(x)isstrictly decreasing with costant rate on b, < x < a,

f) us(x) =0,where.a, <x <o

A fuzzy set S = (a4, by, by, ay) is said to trapezoidal fuzzy number if its membership

function is given by where a; < b, < b, < a,

( (x —ay)
m fOT' aq <x< bl
1 orb;<x<b
ps(x) =< (@ — %) for by 2 (3.2.1)
- 7 <x<
(@ —b) for b, <x <a,
. 0 otherwise,

It is a particular case of a fuzzy number with a flat.

The supporting interval is S = [aq,a,] and the flat segment on level « = 1 has
projection [b4, b,] on the x-axis. With the four values a4, a,, b; and b,, we can construct

the trapezoidal number (3.2.1). It can be denoted by

S == (al, bl’ bz, az).
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If by = b, = a;, the trapezoidal number reduces to a triangular fuzzy number and is
denoted by (a4, ay, ay, a,). Hence a triangular number (a4, ay, a,) can be written in the

form of a trapezoidal number, i.e. (a,, ay, a;) = (aq, ay, ay, a,).

If [a, b1] = [b,, a;], the trapezoidal number is symmetrical with respect to the line . It is

in central form and represents the interval [b,, b,] and real number close to this interval.

Fig.3.2.1. Trapezoidal fuzzy number.

Example 3.2.1. Estimating delivery time. Imagine you're managing a supply chain and
need to estimate the delivery time for a shipment. Based on your experience and current

circumstances, your estimates are as follows:
Earliest possible delivery time (a): 5 days
Earliest likely delivery time (b): 7 days
Latest likely delivery time (c): 12 days
Latest possible delivery time (d): 15 days

You can represent these estimates as a TrFN with parameters (5, 7, 12, 15). The

membership function would look like this:
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((x —5)

Oy for 5<x<7

_ 1 for7<x<12
:uS(x)_< (15_x)

m fOT' 12 <x <15

\ 0, x<5o0rx =15

Here’s a table to show the membership values for different delivery times:

Delivery Time (days) Membership Function Value
5 0

6 0.5

7 i

9 1

12 1

14 0.33

15 0

To visualize it:

1.0 Tf |

0.5

.
:

Fig. 3.2.2. The membership value remains at 1, indicating the highest level of certainty.

Delivery Time (days)
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For delivery times less than 5 days or more than 15 days, the membership value is O,

indicating they're outside the expected range.

For delivery times between 5 to 7 days, the membership value increases linearly from 0
to 1.

Between 7 to 12 days, the membership value remains at 1, indicating the highest level of

certainty.

From 12 to 15 days, the membership value decreases linearly from 1 to 0.

3.2.1. Addition of Trapezoidal Fuzzy Numbers

Definition 3.2.2. (Dehghan & Hashemi, 2006) The addition of trapezoidal fuzzy numbers
involves combining two trapezoidal fuzzy numbers to produce a new trapezoidal fuzzy
number. A trapezoidal fuzzy number is defined by four real numbers [a,, by, by, a4],
where a; < b; < b; < a,. The membership function of this trapezoidal fuzzy number is:

S =lay, by, cq,d1], T = [ay, by, c3,d5].
R=S+T = [a; +az by + by, c1 +¢y,dy +d,] = [as, bz, c3,d5]
R = [a3, b3, c3,d;]

Example 3.2.2. Let's consider two trapezoidal fuzzy numbers:
S =11,3,5,7], T = [2,4,6,8]
To add these two trapezoidal fuzzy numbers, we add the corresponding endpoints:
S+T=[1+23+45+67+8]=[3711,15]
So, the result of adding S and T is the trapezoidal fuzzy number [3, 7, 11, 15].

3.2.2. Subtraction of Trapezoidal Fuzzy Numbers

Definition 3.2.3. (Fodor & Bede, 2006, January) To subtract two trapezoidal fuzzy
numbers S and T, each represented by their parameters S = [ay,a,,a3,a,], and T =
[b1, by, bs, b,]. you simply subtract their corresponding parameters:

S—T =[a; — by, a; — bz, a3 — by, a, — by]
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Example 3.2.3. Let's consider two trapezoidal fuzzy numbers:
S=1[2356], T=1[124,5]

To subtract T from S, we subtract the corresponding elements:

Lower bound: 2 — 5 = -3

Upper bound: 6 —1 =5

Left peak: 3 —4 = -1

Right peak: 5—-2 =3

So, the result of the subtraction S — T is [—3,5, —1,3].

Example 3.2.4 S+ X =T Let’s define S and T as trapezoidal fuzzy numbers. A
trapezoidal fuzzy number S can be represented by a quadruple (a4, a,, as, a,), where
a, < a, <az < ay.

Suppose:
S =(51,52,53,84), T = (ty, t3, t3,t4), X = (1, X3, X3, X4)
Then the fuzzy linear equation S + X = T translates to:

(51 4+ x4,55 + x3,53 + x3,54 + x1) = (ty,t,t3,t4)
To solve for X, we can find the interval values:
X1 =11 — S, Xp =8y —S3, X3 =83 — 855, X4 =14 — 5
Let S = (1,2,3,4) and T = (5,6,7,8). Then X can be calculated as:
x,=5-4=1,x,=6—-3=3,x3=7—-2=5 x,=8-1=7
Thus, X = (1,3,5,7).

3.2.3. Multiplication of Trapezoidal Fuzzy Numbers

Definition 3.2.4. (Rezvani & Molani, 2014) Multiplication of two trapezoidal fuzzy
numbers involves the interaction of their respective boundaries. A trapezoidal fuzzy
number is represented as (a, b, c, d), where (a, b, ¢, d) are real numbers that define the
shape of the trapezoid. The membership function of a trapezoidal fuzzy number is given
by, Here, us(x) represents the degree of membership of (x) in the fuzzy set S. The values
(@) and (d) are the "feet™ of the trapezoid, while (b) and (c) are the "shoulders."

When multiplying two trapezoidal fuzzy numbers S = (aq,bi,c¢;,d;) and
T = (a,, by, ¢y, d,), the resultant fuzzy number is obtained by considering all possible
products of the boundaries:
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S * T = (min(al * az, al * dz, dl * az, d1 * dz), min(a1 * bz, b1 * az) ,maX(C1 * Cz, dl
“ by, by - dy, a4 - c3),max(cy - dp, dy - ¢3))

Example 3.2.5 Let's consider two trapezoidal fuzzy numbers:
S=(1234), T=(2345)

We calculate the products of all boundaries:

From these products, we determine the minimum and maximum values:

min(2,5,8,20) = 2, min(3,4) = 3, max(12,12,10,4) = 12,
max(15,16) = 16

Thus, the product of the trapezoidal fuzzy numbers S and T is:

S-T =(23,12,16)

3.2.4 Division of Trapezoidal Fuzzy Numbers

Definition 3.14. (Kaur & Kumar, 2012) Division of trapezoidal fuzzy numbers involves
dividing one trapezoidal fuzzy number by another. A trapezoidal fuzzy number is
typically represented as [a4, a,, as, a.], where a, and a5 are the lower and upper bounds,
and a, and a, are the left and right peak points.

S = [al'a2fa3'a4-]' T = (blﬂbZ'b3'b4-)

S a4 a, az; a
R 1234]

= F= b_41b_3ib_2'b_1

a; a; as a4]
b, b3’ b, by

Example 3.16. Let's consider two trapezoidal fuzzy numbers:
S =1024,68], T =11,2,3,4]

To divide S by T, we divide the corresponding elements, but we need to account for the
fuzzy nature by considering all possible combinations. However, division is more
complex than addition or multiplication due to the potential for division by zero. For this
example, assume all values are non-zero.

Lower bound: %
Left peak: g

Right peak: g
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Upper bound: ?
So, the result of the division S/T can be calculated as:
Lower bound: % = 0.5
Left peak: g ~ 1.33
Right peak: g =3
Upper bound: % =8
Thus, the resulting trapezoidal fuzzy number is S/T =[0.5, 1.33, 3, 8].
Example 3.2.6. S - X = T. Suppose we have the following trapezoidal fuzzy numbers:
§$=(01,234)
T = (4,,5,6,7)
We aim to solve for X in the equation S - X =T.
The multiplication of a trapezoidal fuzzy number S by a scalar X is given by:
X-S=WX-a,X b,X ¢, X dy)
Therefore, we want to find X such that:
X-1,X-2,X-3,X-4)=(456,7)
To find the interval for X, we solve the equations for each component:

X-1=4=X=4

5
X2=5=X=-=25

6
X3=6=X=5=2

7
X-4=7=X=,=175

Combining these, the solution for X is the interval:
X =[1.75,2,2.5,4]
Therefore, the fuzzy linear equation S - X = T with trapezoidal fuzzy numbers results in:

X being the trapezoidal fuzzy number [1.75,2,2.5,4]
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Example 3.2.7. A fuzzy linear equation SX + T = R where S, T, and R are trapezoidal
fuzzy numbers represented by intervals.

Suppose we have the following trapezoidal fuzzy numbers:
S =1(1234), T = (2,3,4,5), R =(10,11,12,13)
Here, S, T, and R are written as intervals:
S =(1,2,3,4): Lower bound = 1, First peak = 2, Second peak = 3, Upper bound = 4
T = (2,3,4,5): Lower bound = 2, First peak = 3, Second peak = 4, Upper bound =5

R = (10,11,12,13): Lower bound = 10, First peak = 11, Second peak = 12, Upper
bound =13

We aim to solve for X in the equation S - X + T = R.
For trapezoidal fuzzy numbers, the operations can be approximated as follows:
1. Multiplication of a trapezoidal fuzzy number S by a scalar X:
X-S=X-aX-bX-c,X-d)
2. Addition of two trapezoidal fuzzy numbers:
S+T =(a; +ay by +by,c; +¢3)
The equation S - X + T = R becomes:
X-1,X-2,X-3,X-4)+(2,34,5) = (10,11,12,13)
We need to find X such that:
(X +2,2X +3,3X + 44X +5) = (10,11,12,13)
To find X, we solve each component:

DNX+2=10=X=10—-2=18

2)2X+3=11=2X=11-3=8=x=7=4
3)3X+4=12=3X=12-4=8=X =2~ 267
4)4X+5=13 =>4X=13-5=8=X=-=2
Combining these, the solution for X is the interval:

X = [8,4,2.67,2]

Therefore, the fuzzy linear equation SX + T = R with trapezoidal fuzzy numbers results
in:

X being the trapezoidal fuzzy number [8,4,2.67,2].
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This shows how to solve fuzzy linear equations with trapezoidal fuzzy numbers and
intervals.

3.3. Gaussian-type Bell Shape Fuzzy Number

Definition 3.3.1. (Buckley & Eslami, 2002) A Bell-Shaped Fuzzy Number is a type of
fuzzy number whose membership function is characterized by a symmetric bell curve. It
is commonly expressed using the Gaussian function, though other forms like generalized
bell functions are also used. Bell-shaped fuzzy numbers are particularly useful in

modeling uncertainty with smooth and gradual transitions.

Fig 3.3.1. Gaussian Fuzzy Number

The general form of a Gaussian-type bell-shaped fuzzy number S can be written as:
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us(x) = exp(— (o C)Z)

2-0°
where:
c: the center or peak point of the bell (the most certain value).
o: the spread or width of the bell shape, controlling the degree of fuzziness.

x: the membership value at point (ranges from 0to 1)

Examples 3.3.1. Consider a Gaussian fuzzy number S with the following parameters:
Center c = 5
Standard deviation 0 = 1

The membership function for this fuzzy number is:

(x —5)? (x —5)?
ps(x) = exp <— ﬁ) = exp <— ) >

This function will yield the following degrees of membership for some values of x:

0.1353
0.6065
1.0000
0.6065
0.1353

N O O B~ W

As you can see, the membership degree is highest at the center (x = 5) and decreases

symmetrically as (x) moves away from the center.
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Gaussian Fuzzy Number Example c¢=5,0=1
1.0}

0.8

0.6

04

Membership Degree (u)

0.2

0.0}

Fig 3.3.2. Gaussian fuzzy number (c = 5,06 = 1)
The Gaussian fuzzy number with these parameters and example points is shown below:
3.3.1. Addition of Gaussian-Type Bell Shape Fuzzy Numbers

Definition 3.3.2. (Zhuang & Chen, 2014) Let’s denote two Gaussian fuzzy numbers as S

and T with the following membership functions:

_ 2
ps(x) = exp (— %)
1

_ 2
pr(x) = exp (— %)
2

Where c; and c, are the centers, and o; and o, are the standard deviations of the fuzzy

numbers S and T, respectively.

The result of adding two fuzzy numbers R = S + T is a new Gaussian fuzzy number with
a combined membership function. The parameters of the resultant fuzzy number R can

be obtained as follows:

Combined Center
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The center ¢ of the resulting fuzzy number R is the sum of the centers of S and T:
C3 = C1 + C2
Combined Standard Deviation

The standard deviation o5 of the resulting fuzzy number R can be found using the

03 = /012+022

Example 3.3.2. Let’s consider two Gaussian fuzzy numbers S and T with the following

following formula:

parameters:
S:C1:3, 0'1:2, T:CZZS, 0'2:3
The parameters for the resulting fuzzy number R = S+ T:

Center:c3=3+5=38

Standard Deviation: o3 = V22 + 32 =4 + 9 = /13 ~ 3.61

The membership function for the resulting fuzzy number R is:

—8)2
pr(x) = exp <— 33—632)

0.2912
0.4868
0.7575
1.000

0.7575
10 0.4868
11 0.2912

Ol O N| o o

As you can see, the membership degree is highest at the center x = 8 and symmetrically

decreases as we move away from the center.
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3.3.2. Subtraction of Gaussian-Type Bell Shape Fuzzy Numbers

Definition 3.3.3. (Klir & Yuan, 1995) Given two Gaussian fuzzy numbers S and T, with
their respective membership functions defined as:

_ 2
s (x) = exp (— %)

_ 2
pr(x) = exp <— %)

Where c; and c, are the centers, and o; and o, are the standard deviations.

The result of subtracting these two fuzzy numbers R = S — T is another Gaussian fuzzy

number with the following parameters:
Combined Center

The center c5 of the resulting fuzzy number R is the difference between the centers of S
and T:

Combined Standard Deviation

The standard deviation o5 of the resulting fuzzy number R is calculated similarly to the

o3 = /012+022

Example 3.3.3. Let’s consider two Gaussian fuzzy numbers S and T with the following

addition case:

parameters:
S:C1:8, 0'1:3, T:CZZS, 0'2:2
The parameters for the resulting fuzzy number R =S —T:

Center:c; =8—-5=3

Standard Deviation: o; = V32 + 22 =19 + 4 =13 ~ 3.61
The membership function for the resulting fuzzy number R is:
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—3)2
pr(x) = exp <_ %)

To illustrate the results, you can calculate the membership degrees for some values of

( x) using the new membership function. For example:

0.2912
0.4868
0.7575
1.0000
0.7575
0.4868
0.2912

o O B~ W N | O

As you can see, the membership degree is highest at the center (x = 3) and symmetrically

decreases as we move away from the center.

Example 3.3.4. S+ X =T, of a fuzzy linear equation where S and T are bell-shaped

fuzzy numbers.

Bell-shaped fuzzy numbers are often represented by Gaussian membership functions,
which are commonly used to model uncertainty in fuzzy systems.

A Gaussian fuzzy number S can be characterized by its mean u and standard deviation o.
The membership function for a Gaussian fuzzy number is given by:

(x — Cs)2>

202

ps(x) = exp <_
Let’s define S and T as bell-shaped fuzzy numbers with their respective means and
standard deviations.
Let’s say:
S = (cs,05) = (3,1)
T = (cr,07) = (6,1.5)
The membership functions for these fuzzy numbers are:

For S:

47



-3 2
s () = exp (— %)
For T:
—6 2
e () = exp <— %)

Now we need to find X suchthat S + X =T.

Given that X is also a bell-shaped fuzzy number characterized by (cy, o), the solution
will be:

X=T-S5
Let’s subtract the fuzzy numbers:

CX:CT_CS:6_3:3

o5 = |0 —02=+152-12=+v225-1=v1.25~ 1.12

So,X can be represented as:
X = (cy,0x) = (3,1.12)

The membership function for X would be:

—3)2
px(x) = exp (— ;xl_lgz>

3.3.3. Multiplication of Gaussian-Type Bell Shape Fuzzy Numbers

Definition 3.3.4. (Jain & Biesinger & Linford, 2018) Given two Gaussian fuzzy numbers
S and T, with their respective membership functions defined as:

PRY:

Hs() = exp (— ("2—:2))
_ 2

r(2) = exp (— %)

Where cs and c; are the centers, and o and o are the standard deviations.

The result of multiplying these two fuzzy numbers R = S - T is another Gaussian fuzzy
number with the following parameters:

Combined Center
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The center cy of the resulting fuzzy number R is the product of the centers of S and T:
CR=Cs Cr
Combined standard deviation

The standard deviation oy of the resulting fuzzy number R is found using the following

formula:
Oc\2 o7\ 2
o= 2+
Cs Cr

Example 3.3.5. Let’s consider two Gaussian fuzzy numbers S and T with the following
parameters:

S:CS=3, US=2, T:CT=4‘, O'T=3
The parameters for the resulting fuzzy number R = S - T are:
Center:cp =3-4=12

Standard deviation:

=12 (2)2+(3)2—12 2 1 1M 10 10035 = 12,042
%R = 3 4) T 916 “l14a” ' -

So, the Gaussian fuzzy number R has:
Center cp = 12
Standard deviation o = 12.042

The membership function for the resulting fuzzy number R will be:

) = (x —12)?
HrIX) = EXP\ =5 12,0422
8 0.9385
10 0.9824
12 1.0000
14 0.9824
16 0.9385

As you can see, the membership degree is highest at the center x = 12 and symmetrically
decreases as we move away from the center.
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3.3.4 Division of Gaussain-Type Bell Shape Fuzzy Numbers

Definition 3.3.5. (Mohammadi & Fadavi, 2018) Given two Gaussian fuzzy numbers S
and T, with their respective membership functions defined as:

us(x) = exp (— (x_—”)

. A2
20§

pr(x) = exp <— M)

2
Z'GT

Where ¢ and cy are the centers, and o, and o; are the standard deviations.

The result of dividing these two fuzzy numbers R = S/T is another Gaussian fuzzy
number with the following parameters:

Combined Center

The center cy of the resulting fuzzy number R is the quotient of the centers of Sand T:

Cs

Cp =
Cr

Combined standard deviation

The standard deviation oy of the resulting fuzzy number R is found using the following

formula;
0\ 2 or\?2
on=ea () +(2)
Cs Cr

Example 3.3.5. Let’s consider two Gaussian fuzzy numbers S and T with the following
parameters:

S:CS:8, 0-522, T:CT:4, O'T:].
The parameters for the resulting fuzzy number R = S/T:
Center: cg = % =2

Standard Deviation:

=2 (2)2+(1)2—2 Lo o2 o 2 03536 = 07072
"=2 \3 4) T° 116716 “J16 ‘|8~ " -

So, the Gaussian fuzzy number R has:
Center cp = 2

Standard deviation o = 0.7072
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The membership function for the resulting fuzzy number R will be:

(x —2)? >

He(%) = exp <_ 2-0.70722

To calculate the membership degrees for some values of ( x ) using the new
membership function, you can use the following example values:

1 0.7788
1.5 0.9608
2 1.0000
2.5 0.9608
3 0.7788

As you can see, the membership degree is highest at the center (x =2) and
symmetrically decreases as we move away from the center.

Example 3.3.6. Let's consider the following values:

S: center ¢g = 6, standard deviation o5 = 2

T: center c; = 12, standard deviation o = 3

Using the theorem:

Center of X:

Standard Deviation of X:

_ 2l (3)2+(2>2_2 1,1 _J6+9_ |25 5
o= 12 6/ “J16 9 T 144 " 144 " 12

~ 0.833

Thus, the Gaussian fuzzy number X has:
Center cy = 2
- Standard deviation oy = 0.833

The membership function for the resulting fuzzy number X will be:
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(x—2)2>

Hx(x) = exp (‘ 2-0.833?

To calculate the membership degrees for some values of ( x ) using the new membership

function, you can use the following example values:

1.5 0.8255
1.8 0.9636
2 1.0000
2.2 0.9636
2.5 0.8255

As you can see, the membership degree is highest at the center (x = 2) and symmetrically

decreases as we move away from the center.

Example 3.3.7. Let's consider an example with specific Gaussian-type fuzzy numbers:

Given:
S = (cg =4, os = 1), T=(r=1, or = 0.5),
R =(cg =6, og = 1.5)
Find X:
1) Isolate XS:

XS=R-T= <cR —cp, |of + a%> = (6-1,V/152 +0.52) = (5,v2.25 + 0.25)
= (5,v2.5) = (5,1.58)
2) Inverse of S:
sl = (1,1) = (0.25,1)
41
3) Solve for X:

X = (5,1.58) - (0.25,1) = (5 - 0.25,1.58 - 1) = (1.25,1.58)

Result
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The Gaussian-type bell-shaped fuzzy number X that satisfies the equation XS + T = R

is:
X = (1.25,1.58)
Mean(c) |4 1 6 1.25
Standard 1 0.5 15 1.58
Deviation o

Here is the example in tabular format for better clarity:
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4. FUZZY NUMBERS AND FUZZY LINEAR EQUATIONS USING a-cuts
METHOD

In this section, we used the alpha-cut method for each fuzzy number type. The alpha-cuts
method is a technique used in fuzzy set theory to handle and analyze fuzzy sets. The
alpha-cuts method allows for the conversion of a fuzzy set into a series of crisp sets,
making it easier to perform various mathematical operations and analyses. Then, we will

give the solution of first order fuzzy linear equations on each type of fuzzy number.

Definition 4.1. (Buckley & Eslami, 2002) Further we define a-level interval or a-cut,

denoted by S, as the  crisp set of elements x which belong to S at least to the degree a:
Se = {x|x € Rus(x) = a},a € [0,1]

It establishes a threshold that offers a confidence level a in a choice or notion represented
by a fuzzy set. We may utilize the threshold to exclude from consideration those elements

x in S for which the membership grades pug(x) < a. are less than a.

ps(x)

Fig 4.1. fuzzy numbers whit a-level interval or a-cut
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Example 4.1. Triangular fuzzy number. Consider a triangular fuzzy number S with a
membership function ug(x) defined by three points: (a, 0), (b, 1), and (c, 0). These points
define the shape of the triangle:

a is the left endpoint where ug(x) = 0.
b is the peak where ug(x) = 1.
c is the right endpoint where ug(x) = 0 again.

Let's use specific values: a=2, b =5, and ¢ = 8. The membership function g (x)is defined

as.
(0 if x<a
|x—a fa<x<bh
ifa<x<

usG = b= g
| if b<x<c
c—b
LO if xX=c

Finding a-cuts

To find the a-cut S, for agiven a (0 < a < 1), we need to determine the intervals on the

X-axis where pg(x) is at least a.
1. Identify the a level: Choose a value for a. For this example, let's use o = 0.5.
2. Determine the intervals: Calculate the x-values where us(x) = a (in this case, 0.5).

For the left side of the peak (a to b):

xX—a
b—a

=05-x—a=05(b—-a)>x=a+050b—-a)

x=2+055-2)=2+15=35

For the right side of the peak (b to c):

c—x
c—b

=05-c—x=05(c—-—b)>x=c—05(c—b)

x=8-058-5)=8-15=65

3. Form the a-cut interval: The a-cut S s is the interval [3.5, 6.5].
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u(x)

Fig 4.2. a-cuts for different o Levels

For a = 0.2: Calculate the x-values as before. The interval might be [2.6, 7.4].
For a = 0.8: Calculate the x-values. The interval might be [4.4, 5.6].

These intervals represent the a-cuts of the fuzzy number for different a levels. The
intervals become narrower as o increases, focusing on elements with higher membership

degrees.

4.1 Triangular Fuzzy Numbers with a-cuts

Definition 4.1.1. (Shang, Zaiyue & Cungen, 2015) An a-cut of a triangular fuzzy number
S = (aq,a,,a3) is a precise interval that delineates the range of values for which the
membership function of the fuzzy number meets or exceeds a specified threshold o (0 <
a<1).

Lg denotes the lower limit of the a-cut, which may be articulated as:
Ls=a;+(a;—ay) -«
U§ is the upper bound of the a-cut can be defined as:

U =a3—(az—ay) a
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For a triangular fuzzy number S = (a4, a,, a3), the functions LS and U¢ can be defined
as:

L§=a;+(a; —ay) -«

Us =az —(asa;) -«

Mathematically, the a-cut of S is defined by
Se =lay + (az —ay) - @,a3 — (a3, az) - a]

Example 4.1.1. Let's consider a triangular fuzzy number S = (3,5,7). To find the a-cut
for @ = 0.5, we substitute o into the formula:

Sos =[3+(5-3):057—-(7—-5)-0.5]
Sos = [34+1,7 — 1]
Sos = [4,6]
So, the a-cut of S at « = 0.5 is the interval [4, 6].

4.1.1. Addition Triangular Fuzzy Numbers Using a-cuts Method

Definition 4.1.2. (Ocampo & Sarmiento, 2015) LetS = (a,b,c)and T = (p, q, ) be two

imprecise quantities characterized by their membership functions

P a<x<b
MS(x): C—;Cl
b<x<c
c—>b
x_
P p=x=q
_)p—4q
,U.T(X)— r—X
q<x<r
r—q

Then ag = {(b —a)a + a,c — (c—b)a} and ar = {(q —p)a +p,r — (r — q)a}. The
a-cuts of fuzzy numbers S and T, respectively. To compute the sum of fuzzy numbers S

and T, we initially add the a-cuts of S and T utilizing interval arithmetic.
as+ar=[(b—a)a+a,c—(c—b)a]l+[(q—p)a+pr—(r—q)a]

=[(b-a+q—-plat+a+pc+r—(c—b+r—q)a] (4.1.2)
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To get the membership function pg,r(x), we equal x to both the first and second

components in (4.1.2), resulting in

To find the membership function pg,r(x) we equate to x both the first and second

component in (4.1.2) which gives
x=[(b-a+q—plat+a+plandx=[c+r—(c—b+1r—q)a]

Now, expressing « in terms of x and settinga = 0 and a = 1 in (4.3) we get a together

with the domain of x,

_ x—(a+p)
T+ -(a+p

(b+qg)<x<(a+p)

B (c+r)—x
a_(c+r)—(b+q)

b+g)<x<(c+r)

which gives
(_x—(a+p)
Us+T (1) %

C+ -0+ b+qg)<x<(c+r)

Example 4.1.2 Consider two triangular fuzzy numbers: S = (1, 3,5), T = (2, 4, 6), Let's

calculate the sum R = S + T using the a-cuts method for @ = 0.5:
1) Calculate a-cuts for S:
S =1405B3-1D=1+1=2
Sy°=5-05(5-3)=5-1=4
2) Calculate a-cuts for T:
725 =2+05(4-2)=2+1=3
T3> =6-05(6-4)=6—-1=5
3) Calculate a-cuts for R:

R =8 +T)*=2+3=5
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RG® =S§°+Ty°=4+5=09

Therefore, the a-cut at « = 0.5 for the sum R = S + T is the interval [5, 9].

4.1.2 Subtraction of Triangular Fuzzy Numbers Using a-cuts Method

Definition 4.1.3. (Li & Wang, 2016) Let S = {a,b,c} and T = {p, q,r} be two fuzzy
numbers.Then as={(b—a)a+a,c—(c—b)a} and ar ={(q—p)a+p,r—
(r —q)a}, The a-cuts of fuzzy numbers S and T are as follows. To compute the
subtraction of fuzzy numbers S and T, we initially subtract the a-cuts of S and T utilizing

interval arithmetic.

as+ar=[b-a)a+ac—(c—b)a]l-[(q-pa+pr—(—qal
=[b-a)at+a—-(r—(—-qa)c—(c-ba+(q—pa+p]
=[la-r)+b—-—a+r—qla,(c—p)+(c—b+q—p)a] (4.1.3)

To get the membership function pg,r(x), we equal x to both the first and second

components in (4.1.3), resulting in
x=[a-r)+b—-a+r—q)a, andx =(c—p)+(c—b+q—p)a]

By expressing a in relation to x and substituting o = 0 and o = 1 into (4.1.3), we obtain a

along with the domain of x.

__x—(a=-p) 3 3
Ch-p-@p PTOsr=@D

S Chut OBt b-q)<x<(—71)

c-N-0-q VEr=
which gives

x = (a—p) ) )
oo |O--@-p  CTOsEEETD

Us-T - (c—r)—x - e B
k(c_r)_(b_q) ( q)_x_(c T')

Example 4.1.3. LetS=(2,5,8) and T=(1, 4, 7).
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1) a-cuts calculation:
For S:

Sos = [240.5(5 —2),8 — 0.5(8 — 5)] = [3.5,6.5]
For T:

Tos = [1+0.5(4—1),7 — 0.5(7 — 4)] = [2.5,5.5]
2) Subtract a-cuts: If R=S-T, then

Ros = [3.5—5.5,6.5 — 2.5] = [-2,4]

3) Resulting triangular fuzzy number:
Lower bound: a; =2 -7 = =5
Peak: b3 =5—-4=1
Upper bound: c; =8—-1=7
Thus, the resulting triangular fuzzy number R is (-5, 1, 7).

Example 4.1.4. Let's put some actual numbers to it for clarity:
Assume:
S=01,47), T = (3.6.9)
The a-cuts are:
Sy=[1+a(4-1),7+a(@-7)]=[1+3a7-3a]
T,=[3+a(6—-3),9+a(6—-9)]=][3+3a9—3a]
So, solving for X:

X, =[34+3a,9—-3a] —[1+3a,7 —3a]
=[3-1)+3a—-3a,(9—-7) —3a+ 3a] =[2,2]

Hence, X is:

X =(222)
There you go! We used triangular fuzzy numbers and their a-cuts to solve the fuzzy linear
equationS + X =T.
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4.1.3. Multiplication of Triangular Fuzzy Numbers Using a-cuts Method

Definition 4.1.4. (Li & Wang, 2016) Let S = {a,b,c} and T = {p, q,r} be two positive
fuzzy numbers. Then as={(b—a)a+a,c—(c—b)a} and a; ={(q —p)a +
p,v — (r —q)a} and are the o cuts of fuzzy numbers S and T respectively. To calculate
multiplication of fuzzy We initially multiply the a-cuts of S and T utilizing interval

arithmetic.
asgxar =[(b—a)a+a,c—(c—b)a]*[(q—pla+tpr—(—qal
=[((b—a@)a+a)*((@—pla+p),(c—(c—b)a)* (r — (r — Pa) (4.1.4)

To get the membership function ug.r(x), we equal x to both the first and second

components in (4.1.4), resulting in
x=((b-a)q-p)a’+((b-a)a)p+((q—p)a)a+ap and
x=(c—-b)r—qa?- ((r — q)a)c + ((c — b)a)r +cr

Now, expressing a in terms of x and setting a = 0 and a =1 in (4.1.4) we get a together

with the domain of x,

_ —((b—a)p+(q—p)a+J((b—a)p+(q—p)a)2—4(b—a)(q—p)(ap—x)

= <x<
@ 2(b-a)(@-p) ’ ap < x < bg
Which gives,
—((r—q)c+(c—b)r)—\/((r—q)c+(c—b)r)2—4(c—b)(r—q)(cr—x)
a= , bg<x<cr
2(c-b)(r-q)
—((b—a)p+(q—p)a+J((b—a)p+(q—p)a)2—4-(b—a)(q—p)(ap—x)
20-0) @) o ap=xsbg
Usir(x) = .
—((r—q)c+(c—b)r)—\/((r—q)c+(c—b)r) —4(c-b)(r—q)(cr—x)
) bg<x<cr
2(c-b)(r-q)
Example 4.1.5

Let's take two triangular fuzzy numbers S = (1,3,5) and Y = (2,4,6).

Fora=0.5:
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Calculate the o-cuts:
Sos=[14+053-1),5-0.5(5-3)] =[2,4]
Tos =[2+0.5(4—-2),6—-0.5(6—-4)]=]35]

Multiply the intervals:

Rys = [min(2 X 3,2 X 5,4 X% 3,4x5), max(2 %X 3,2x%x5,4x%3,4X%5)]

Rys = [6,20]

By repeating this process for other a values, you can form the final triangular fuzzy

number.

Fig 4.3. Example 4.6. = 0.5

4.1.4. Division of Triangular Fuzzy Numbers Using a-cuts Method

30

Definition 4.1.5. (Ocampo & Sarmiento, 2015) Let S = {a,b,c} and T = {p,q,r} and

be two positive fuzzy numbers.

Then ag = {(b —a)a +a,c — (c—b)a}and a; = {(q —p)a +p,r — (r — q)a}, The

a-cuts of fuzzy numbers S and T, respectively. To compute the division of fuzzy numbers

Sand T, we initially split the a-cuts of S and T utilizing interval arithmetic.

62



s _ [((b—a)a+a,c—(c—Db)a] _ (b—a)a+a c—(c—b) (4.15)

ar [(@—-pa+pr—(F—-qa] [r-—C-q@a (@—pla+p

To get the membership function p 7 (x), we equal x to both the first and second

components in (4.1.5), resulting in

_(b-—a)a+ta
R P
and

_c—(c—Dba

@b =
(q—pa+p

By expressing a in terms of x and substituting o = 0 and a = 1 into (4.1.5), we obtain o

along with the domain of x.

B Xr—a a< <b
“Th-a+@-nx e
and
c—px b c
a = ) _st_
(c—=b)+(q—p)x q r
which gives
xXr—a a b
, —<x<-
(x)_J(b—aH(q—r)x r g
Hs/riX) = c—px b c
k ) —S<X<-
(c=b)+(q—p)x q r

Example 4.1.6. Let's use the same triangular fuzzy numbers S and T as in the previous

examples:

1. Fuzzy Number S: Lower limit a = 1, Peak b = 3, Upper limitc =5
2. Fuzzy Number T: Lower limit a = 2, Peak b = 5, Upper limitc = 7
Calculating the a-cuts: Fora = 0.5: Sata = 0.5
Ses = [140.5(3—1),5—-0.5(5— 3)]
Sos = [2,4]
Tata=0.5
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Tos =[24+05(5-2),7—-0.5(7—=5)]
Tos = [3.5,6]
Division of a-cuts:
Rata =0.5
il

) (2 2 4
35°6) " 6’

3.5°6’3.5’

ol s
ol s

)

Rys = [min(0.571,0.333,1.143,0.667), max(0.571,0.333,1.143,0.667)]

R _[ ) (2 2
0.5 — mn 3.5)6P

Rys = [0.333,1.143]

So, the 0.5-cut for the quotient of these two fuzzy numbers S and T is the interval
[0.333, 1.143].

Using a-cuts for division of fuzzy numbers allows us to handle the intervals representing
different levels of certainty effectively. This approach ensures the arithmetic operations
remain consistent with the inherent imprecision of fuzzy numbers.

Example 4.1.7. A fuzzy linear equation in the form of SX = T using triangular fuzzy
numbers (TFNs) with a-cuts.

Given the fuzzy linear equation:
SX=T
We'll use some specific values for our triangular fuzzy numbers:
S =(135),T = (2,6,10)
Now let's find the a-cuts for S and T:
Sy=[14+aB3-1),5+a(3-5)]=[1+2a,5— 2a]
T,=[2+a(6—-2),10 + a(6 —10)] = [2 + 4a, 10 — 4a]
Substituting the a-cuts:

¥ _[2+4a,10 — 4da]
" [1+2a,5-2a]

This simplifies to:
For the lower bound:

2+ 4a
“ 142«

For the upper bound:
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_10+4a
542«

U
a

So, the a-cut for X is:

a

_[2+4a 10+4a]
"1+ 2a’ 5+ 2a

Therefore, the solution for X is represented by the a-cuts:

a=0.5

2+4(0.5) 10+ 4(0.5 2+2 10+2
05=[+< ) 10+4( >]=[+ L T

1+ 2(0.5)" 5+ 2(0.5) 1+1°5+1

This gives us an example of solving the fuzzy linear equation SX = T with triangular
fuzzy numbers and their a-cuts.

Example 4.1.8. We'll use some specific values for our triangular fuzzy numbers:
S =1(135), T = (2,4,6), R = (3,9,15)

Now let's find the a-cuts for S, T, and R:
Se=[1+a(B3—-1),5+a(3-5)]=[1+ 2a,5— 2a]
T,=[2+a(4—-2),6+al4—6)]=][2+2a6—2a]

R,=[3+a(9—-3),15+ a(9 — 15)] = [3 + 6a, 15 — 6]

Substituting the a-cuts:

[3+4 6a,15 —6a] — [2 + 2a,6 — 2a]

* [1+ 2a,5 — 2a]

This simplifies to:

[(3—=2)+ 6a—2a,(15—6) — 6a + 2a]
[1+ 2a,5 — 2a]

[1+4a,9 — 4a]

Xy =

“ [1+2a,5-2a]
Now, let's simplify the fraction:

For a in the interval [0,1]:

¥ - 1+4a 9 - 4a]
“ l1+2a’5-2a
This provides us with the a-cut for X.

Therefore, the solution for X is represented by the a-cuts:
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¥ - 1+4a 9 - 4a]
* 11+42a’5-2a
This gives us an example of solving the fuzzy linear equation SX + T = R with triangular

fuzzy numbers and their a-cuts.

4.2. Trapezoidal Fuzzy Numbers and Fuzzy Linear Equations Using a-cuts Method

Definition 4.2.1. (Gowri & Kavitha, 2021) Trapezoidal fuzzy number (TrFN) A
trapezoidal fuzzy number S is defined by four parameters:

a) the lower limit where the membership value starts to increase,

b) the lower boundary of the core where the membership value is 1,

c) the upper boundary of the core where the membership value starts to decrease,
d) the upper limit where the membership value returns to zero.

The membership function ug(x) for a trapezoidal fuzzy number is given by:

r 0 if x < a,
xX—a ] <y <b
T a if a<x<),
us(x) =<1 if b<x<c,
d—x
if c<x<d,
d—c
\ 0 if x> d.
H,
1 .
14 \ l‘.;\"'-.
0 a a b b. ay  a. x

Fig 4.2.1 Trapezoidal fuzzy numbers using a-cuts Method
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An a-cut S, of a trapezoidal fuzzy number S represents the set of elements that have
membership values greater than or equal to a. For a trapezoidal fuzzy number, every a-
cut S, is an interval [ST, S5], where:

Sf=a+alb—a)
S§=d—a(d—rc)

For b < x < ¢ the membership value is 1, so the interval holds for all & within this
range.

Example 4.2.1. Trapezoidal fuzzy number S with a =2, b =4,c =7,and d = 9.
For e = 0.5:
Sos =1[2+0.5(4—2),9—-0.5(9—-7)]
Sos =[24+19—-1]
Sos = [3,8]
So, the 0.5-cut for this trapezoidal fuzzy number S is the interval [3, 8].

By using a-cuts, we can effectively represent and simplify operations on trapezoidal fuzzy
numbers at different levels of certainty. This approach is beneficial for applications that
involve uncertainty and imprecision.

4.2.1. Addition of Trapezoidal Fuzzy Numbers Using a-cuts Method

Definition 4.2.2. (Ocampo & Sarmiento, 2015) LetS = {a,b,c,d}and T = {p,q,r,s} be

two imprecise quantities characterized by their membership functions

Thenag ={(b—a)a+a,d—(d—c)a}and a; = {(q —p)a+p,s — (s —r)a}, The
a-cuts of fuzzy numbers S and T, respectively. To compute the sum of fuzzy numbers S

and T, we initially add the a-cuts of S and T utilizing interval arithmetic ag + ay
=[b-—a)a+ad—-({d-c)a]l+[(g—pla+ps—(s—1)a]
=[(b—a+qg—-p)at+a+pd+s—(d—-—c+s—r)a] (4.2.2)

To get the membership function pg,r(x), we equal x to both the first and second

components in (4.2.2), resulting in

x=[(b—a+q—p)ata+plandx=[d+s—(d—-—c+s—r)a]
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By expressing a in relation to x and substituting o = 0 and o = 1 in (4.2.2), we obtain o

along with the domain of x.

_ x—(a+p)
C(b+q—(atp)

a (b+q)<x<(a+p)

_ (d+s)—x
a_(d+s)—(c+r)

(c+r)<x<(d+5s)

which gives

I{ x— (a+Dp)
b _
tsir(X) = 4 ( ?dq-l)— 5) (f: P)

L(d+s)—(c+r)

b+qg)<x<(a+p

(c+r)<x<(d+ys)

Example 4.2.2. Let's take two trapezoidal fuzzy numbers S = (1,2,4,5) and
T =(2,3,5,6).

For a=0.5:
Calculate the a-cuts:
Sos=[1+05(2-1),5-0.5(5—-4)] =[1.54.5]
Tos =[24+05(3—-2),6—(6—-5)] =[2.5,5.5]
Add the intervals:
Rys = [1.5+ 2.5,4.5 + 5.5] = [4,10]

By repeating this process for other a levels, you can form the final trapezoidal fuzzy
number. R = (3,5,9,11)

4.2.2. Subtraction of Trapezoidal Fuzzy Numbers Using a-cuts Method

Definition 4.2.3. (Ocampo & Sarmiento, 2015) LetS = {a,b,c,d}and T = {p,q,r,s} be

two imprecise integers characterized by their membership functions, Then
as={(b—a)a+a,d—(d—-c)a} and ar={(q@—-p)a+ps—(s—r)a}

The a-cuts of fuzzy numbers S and T, respectively. To compute the subtraction of fuzzy

numbers S and T, we initially sum the a-cuts of S and T utilizing interval arithmetic
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a5 — ar,
=[(b-a)a+ad-(d-c)a]—-[(q-pa+ps—(s—1)a]
=[b-a)a+a-(s—(s—ra)d—(d-c)a+(q—pa+p]
=[(a=s)+(-a+s—r)ad—p)+d—c+q—pal (4.2.3)

To get the membership function pg_r(x), we equal x to both the first and second

components in (4.2.3), resulting in
x=[a=s)+(b—-—a+s—nr)alandx =[(d—p)+(d—c+q—p)a]

By expressing a in relation to x and substituting o = 0 and a = 1 into (4.2.3), we obtain o

along with the corresponding domain of x.

_ x—(a—s)
Co-n-@-9

(a—s)<x<(p-—-71)

__d-p)-x iy b
T  CTOE¥=EY
which gives
x—(a—ys) <
b1 —(a-5) (a=s)sx<(@p-r7)
#S—T(x): (d—p)—x

Example 4.2.3. Let's take two trapezoidal fuzzy numbers S = (1,2,4,5) and
T =(2,3,5,6).

For a=0.5:
Calculate the a-cuts:
Sos=[1+05(2-1),5-0.5(5—-4)] =[1.54.5]
Tos =[24+0.5(3—-2),6 —0.5(6 —5)] =[2.5,5.5]
Subtract the intervals:
Rys =[1..5—-5.54.5 - 2.5] = [—4,2]
R =[-5,-3,1,3]
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Example 4.2.4. Let's put some actual numbers to it for clarity: Assume:
S=(1,245), T=(235,6)

The a-cuts are:

Sy=[1+a(2-1),5+4-5)]=[1+a,5—«a]

T,=[24+a(3-2),6+(5-6)]=[2+a,6—qa]
So, solving for X:

X,=24+a,6—a]-[1+a,5-a]l=[2-1)+a—a,(6—-5 —a+a] =[1,1]
Hence, X is:
X =(1,1,11)

There you go! We used trapezoidal fuzzy numbers and their a-cuts to solve the fuzzy
linear equation S + X =T.

4.2.3. Multiplication of Trapezoidal Fuzzy Numbers Using a-cuts Method

Definition 4.2.4. (Li & Wang, 2016) Let S = {a,b,c,d}and T = {p, q,r, s} Let there be
two positive fuzzy integers. Thus, as={(b—a)a+a,s—(s—c)a} and a; =
{(q—p)a+p,s—(s—r)a}, representing the a-cuts of fuzzy numbers S and T,
respectively. To compute the multiplication of fuzzy integers S and T, we initially

multiply the a-cuts of S and T utilizing interval arithmetic.
asxar =[(b—a)a+ad—-(d—-c)a]*x[(qg—p)a+p,s—(s—r)]
=[(b-a)a+a)*((g—pla+p),(d—(d—c)a)*(s— (s —r)a)(42.4)

To get the membership function ug.r(x), we equal x to both the first and second

components in (4.2.4), resulting in
x=({b-a)g—pa?+ ((b — a)a)p + ((q — p)a)a + ap and
x=({d-c)(s—1ra?—((s—r)a)d+((d—-c)a)s+ds

By expressing a in terms of x and substituting o = 0 and a = 1 into (4.2.3), we obtain o

along with the domain of x.

—((b—a)p+(q—p)a+\/((b—a)p+(q—p)a)2—4(b—a)(q—p)(ap—x)
a= ) ap < x < bq
2(b-a)(q—p)
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Which gives,

—((s—r)d+(d—c)s)—J((s—r)d+(d—c)s)2—4(d—c)(s—r)(ds—x)

® 2(d—0)(s—1) ) cr <x <ds
_((b—a)p+(q—P)Ul+J((b—a)p+(q—p)a)2—4(b—a)(q—p)(ap—x)
2(b-a)(q-p) ’ ap < x < bq
ps.r(x) =
—((s—r)d+(d—c)s)—\/((s—r)d+(d—c)s)2—4(d—c)(s—r)(ds—x)
) cr <x <ds

2(d-c)(s-1)

Example 4.25. Let's take two trapezoidal fuzzy numbers S = (1,2,4,5) and
T =(2,3,5,6).

For a = 0.5:
Calculate the a-cuts:
Ses = [140.5(2 —1),5—0.5(5—4)] = [1.5,4.5]
Tos = [2+0.5(3 —2),6 —0.5(6 — 5) = [2.5,5.5]]
Multiply the intervals:

Ros = [min(15-2.5,1.5 5.5,4.5 - 2.5,4.5 - 5.5),
max(1.5 - 2.5,1.5 - 5.5,4.5 - 2.5,4.5 - 5.5)]

Ros = [3.75,24.75]
R = (2,6,20,30)

4.2.4 Division of Trapezoidal Fuzzy Numbers Using a-cuts Method

Definition 4.2.5. (Ocampo & Sarmiento, 2015) Let S = {a,b,c} and T = {p, q,r} Let
them be two positive fuzzy integers. Thus, ag = {(b —a)a + a,d — (d — c)a}and a; =
{(g—p)a+p,s—(s—r)a} represent the a-cuts of the fuzzy numbers S and T,
respectively. To compute the division of fuzzy numbers S and T, we initially split the a-

cuts of S and T utilizing interval arithmetic.

as [b—a)at+ad—-(d—-c)a] [b—a)at+a d—(d—-c)a

ar  llq-pa+ps—(s—ral [s—(s—na’ (@—pa+p

(4.2.5)

To determine the membership function ug,r(x), we equal X to both the first and second

components in (4.2.5), resulting in:
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_(b-a)a+ta
s—(s—1)a

and

_d—({d—-0a
~(@q-pa+p

By expressing a in relation to x and substituting oo =0 and o = 1 into (4.2.5), we obtain

a along with the corresponding domain of x.

B Xs—a a< <b
a_(b—a)+(r—s)x' s=X=7
and
d — px c d
a= ) —<x<-—
(d—c)+(q—p)x q p
which gives
Xs—a a b
, —<x<-
(x) = b—a)+ (r—s)x s r
Hs/r'X) = d — px c d
) —<X<-—
(d—oc)+(q—p)x q p

Example 4.2.6. Division of Trapezoidal Fuzzy Numbers Using a-cuts Method
S =1[2468],T = [1,3,5,7]

1) Determine the a-cuts for S and T

Let's assume the value of @ = 0.1. Then, we find the a-cuts for S and T:
Soq1=[2+0.1(4—2),6+0.1(8—6)] = [2.2,6.2]
To.=[14013 —1),5+ 0.1(7 — 5)] = [1.2,5.2]

2) Divide the a-cuts

To divide S by T, We divide the corresponding a-cuts:

2.2 6.2

=5 75| = [0423,5.167]

3) Express the Result in Standard Form
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The result is another trapezoidal fuzzy number:
R =1[0.423,5.167]

So, the division of the trapezoidal fuzzy numbers S and T using the a-cuts method with
a = 0.1 results in another trapezoidal fuzzy number R.

Example 4.2.7. We'll use some specific values for our trapezoidal fuzzy numbers:

$=(1245),T=(23,738)

Now let's find the a-cuts for Sand T:
Se=1+a2-1),5+a(4-5)]=[1+a,5—«a]
T,=[2+a(3-2),8+a(7—8)]=[2+a,8—«]

Substituting the a-cuts:

p _[2+a,8-d]
* [14a5-a]

This simplifies to:

For the lower bound:

XL_2+a
 1+4a
For the upper bound:
8—«a
Xy =
“ 5-—q
So, the a-cut for X is:
¥ = 24+ a 8—a]
* " l1+a'5—-a

Therefore, the solution for X is represented by the a-cuts:

a=20.5

N _2+0.5 8—05] [25 7.5
%57 [1+05’'5-0.5 15’45

This gives us an example of solving the fuzzy linear equation SX = T with trapezoidal
fuzzy numbers and their a-cuts.

[1.667.1.667]

Example 4.2.8. We'll use some specific values for our trapezoidal fuzzy numbers:
S=(1,245), T =(23,56), R = (3,510,12)
Now let's find the a-cuts for S, T, and R:
Sy=[14+a(2-1),5+a(4-5)]=[1+a,5—«a]
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T,=[2+aB3-2),6+a(5-6)]=[2+a,6—qa]
Ry=[3+a(5—-3),12 +a(10 — 12)] = [3 + 2a,12 — 24]
Substituting the a-cuts:
SeXeg=[34+2a,12 -2a]—[2+ a,6 — a]
This simplifies to:
S Xe=1B-2)+2a—a,(12—-6)—2a+a]=[1+a,6— ]
Now, solving for X,:

5 [1+a6—a]
* " [1+ab5—a]

This can be simplified for both bounds:

For the lower bound:

X = 1+a =1
For the upper bound:
6—a
KXo = 5—-a
Therefore, the a-cut for X is:
X, = [1’ 6 — a]
5—-a
So, the solution for X is represented by the a-cuts:
X, = [1, 6 — a]
5—a

This gives us an example of solving the fuzzy linear equation SX +T = R with
trapezoidal fuzzy numbers and their a-cuts.

4.3. Gaussian Bell Shape Fuzzy Numbers and Fuzzy Linear Equations Using a-cuts
Method

Definition 4.3.1. (Dutta & Boruah & Ali, 2011) a-Cuts Method. The a-cuts method is a
way to represent fuzzy numbers using crisp (non-fuzzy) intervals at different levels of
membership (o). An a-cut of a fuzzy number S is the set of all elements in the universe
of discourse that have a membership degree greater than or equal to a given threshold o,
where 0 < a < 1.

For a Gaussian fuzzy number S, the a-cut S, is represented as an interval:
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Sq¢ = [51?153]

where S/ and S§ are the left and right endpoints of the interval at level a. These endpoints
can be calculated by solving the membership function equation for (x) at the given a level:

ps(x) = a

x=cs+ ’—Zaszln(a)
Sy = [cs — ’—20’52 In(a), cg + —Zaszln(a)l

This translates to:

So, the a-cut S, is:

4 Gaussian Fuzzy Number

Membership Degree (u)

v

Fig 4.3.1 Fuzzy linaer equaition using a-cuts method

Example 4.3.1 Let's consider a Gaussian fuzzy number with the following parameters:
Center ¢ = 5, Standard deviation g5 = 2
We want to find the a-cut for « = 0.5.

Step-by-Step Calculation:
(x — Cs)z)

o2
2-0g

ps(x) = exp (‘

75



Cs = 5, Os = 2
a-cut Calculation: Find Sf* and Sjf for @ = 0.5:

ps(x) = 0.5

Taking the natural logarithm on both sides:

Y
exp (— (x2—252)> =05

(x—5)%
—T = ln(05)

Solving for (x — 5)2:
(x —5)? = —8In0.5
Calculate In(0.5):
In(0.5) = —0.693
Substitute the value:
(x —5)? = 8 X 0.693
Calculate Sf* and S§:
x =5+5.544
V5.544 ~ 2.354
Therefore:
S5 =5—2.354 ~ 2.646
SY% =5+ 2.354 ~ 7.354
So, the a-cut at « 5 for the Gaussian fuzzy number is:
Sos = [2.646,7.354]

Using the a-cuts method, we represented the Gaussian fuzzy number as an interval at
a = 0.5. This method helps in performing various operations more straightforwardly.

4.3.1. Addition of Gassian Bell Shape Fuzzy Numbers Using a-cuts Method

Definition 4.3.2. (Lin, Cao & Liao, 2018) The addition of two Gaussian bell-shaped fuzzy
numbers using the a-cuts method involves performing the addition operation at different
levels of a to obtain the intervals (a-cuts) for the resulting fuzzy number. The a-cuts
method allows for handling uncertainty and fuzziness by converting the fuzzy arithmetic
operations into interval arithmetic at specified levels of a.
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For Gaussian fuzzy numbers, the a-cuts are determined based on the mean and standard
deviation of the Gaussian distribution, and the addition is carried out on these intervals.

Formula for a-cuts

For Gaussian fuzzy numbers S and T with means cg and ¢y, and standard deviations o
and or

[Sg'sg] = [CS - kaUs; Cs + kaO-S]

[T, T§] = [er — kqor, cr + kqo7]
The a-cuts for the resulting fuzzy number R = S + T are given by:
[RL, RG] = [SL + T, Sg + Syl
Example 4.3.2. Consider two Gaussian fuzzy numbers S and T:
S with mean c¢s = 4 and standard deviation o5 = 1.
T with mean ¢; = 3 and standard deviation o7 = 2.
Fora=0.4, k, = 0.253.
Determine the a-cuts
For S:
S)* =4—-0.253 x1=4—0.253 = 3.747
S)*=4+0.253x1=4+0.253 = 4.253
For T:
T24 =3 -0.253 X2 =3—0.506 = 2.494
T9* =3+0.253 x 2 =3+ 0.506 = 3.506
Add the Intervals
To add S and T using the a-cuts method:
For a = 0.4:
[RP*,RE*] = [T = S§* 7§ — 57
RY* = 3.747 + 2.494 = 6.241
RY* = 4.253 + 3.506 = 7.759
So, the a-cut for R at a = 0.4 is [6.241, 7.759].
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4.3.2. Subtraction of Gaussian Bell Shape Fuzzy Numbers Using a-cuts Method

Definition 4.3.3. (Wei & Zhang, 2011) The subtraction of two Gaussian bell-shaped
fuzzy numbers using the a-cuts method involves performing the subtraction operation at
different levels of a to obtain the intervals (a-cuts) for the resulting fuzzy number. The a-
cuts method allows for handling uncertainty and fuzziness by converting the fuzzy
arithmetic operations into interval arithmetic at specified levels of a.

For Gaussian fuzzy numbers, the a-cuts are determined based on the mean and standard
deviation of the Gaussian distribution, and the subtraction is carried out on these
intervals.

Formula for a-cuts:

For Gaussian fuzzy numbers S and T with means cs and ¢y, and standard deviations o
and oy.

[SE.SG] = [cs — kq0s, cs + kg 05]

[T, Ty = ler — kqor, cr + kqor]
The a-cuts for the resulting fuzzy number R = S — T are given by:
[RL, RG] = [SL = Ty, Sy — SE
Example 4.3.3. Subtraction of Gaussian Bell Shape Fuzzy Numbers Using o-cuts
Method (o= 0.5)

Consider two Gaussian fuzzy numbers Sand T:

S with mean ¢g = 6 and standard deviation g5 = 1.5.

T with mean ¢s = 4 and standard deviation og = 1.

Fora=0.5, k, = 0.674.

Determine the a-cuts

For S:
S5 =6-0.674x15=6—1.011 = 4.989
S5 =64+0.674x15=6+1.011 = 7.011

For T:

T25 =4-0674%x1=4—674=3.326
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T)® =4+0.674X1=4+0.674 = 4.674
Subtract the Intervals
To subtract S and T using the a-cuts method:
Fora = 0.5:
R®> =4.989 — 4.674 = 0.315
R%> =7.011 — 3.326 = 3.685

So, the a-cut for R at @ = 0.5 is [0.315, 3.685].

Example 4.3.4 Consider the fuzzy linear equation:
X+S=T
Given fuzzy numbers S and T:
For S, Mean cg = 4, Standard deviation o5 = 1.
For T, Mean ¢y = 10, Standard deviation o = 2.
Fora=0.5, k, = 0.674.
Determine the a-cuts
For S:
S5 =4-0.674x1=4-0.674 =3.326
S)5=440674x1=4+0.674=4.674
For T:
T2° =10 —0.674 x 2 = 10 — 1.348 = 8.652
T2% =10+ 0.674 x 2 = 10 + 1.348 = 11.348
Formulate the Interval Arithmetic

At a = 0.5, the fuzzy equation can be written as:
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[XD° + XP°] + [Sg° + Sp°] = [T)°, T§®]
Solve for X
To isolate X, subtract the intervals of S from T:
[X2°,X5°) = [T° = $§°,T9° — 5]

Fora = 0.5:

X5 =8.652 — 4.674 = 3.978

X9° =11.348 — 3.326 = 8.022
So, the a-cut for X at a = 0.5 is [3.978, 8.022].

By repeating this process for different values of a (from 0 to 1), you can construct the

fuzzy number X that satisfies the fuzzy linear equation X + S =T.

4.3.3. Multiplication of Gaussian Bell Shape Fuzzy Numbers Using a-cuts Method

Definition 4.3.4. (Zimmermann, 2011) The multiplication of two Gaussian bell-shaped
fuzzy numbers using the a-cuts method involves performing the multiplication operation
at different levels of o to obtain the intervals (a-cuts) for the resulting fuzzy number. The
a-cuts method allows for handling uncertainty and fuzziness by converting the fuzzy
arithmetic operations into interval arithmetic at specified levels of a.

For Gaussian fuzzy numbers, the a-cuts are determined based on the mean and standard
deviation of the Gaussian distribution, and the multiplication is carried out on these
intervals.

Formula for a-cuts:

For Gaussian fuzzy numbers S and T with means cs and ¢y, and standard deviations o
and or.

[SE,SG] = [cs — kqas, ¢s + kq0s]
[T, T§] = [er — kqor, cr + keor]
The a-cuts for the resulting fuzzy number R = S - T are given by:

[RE, Rg] = [min(S7 - T, S¢° - Ty, Sg - 11, Sg - Tf) ,max(Sg - T, St - T, S
T SG - Tl
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Example 4.3.5. Consider two Gaussian fuzzy numbers S and T:
S with mean ¢s = 3 and standard deviation g5 = 1.2.
T with mean ¢; = 2 and standard deviation o7 = 0.8.
Fora=0.5, k, = 0.674.
Determine the a-cuts
For S:
S$)5 =3-0.674x 1.2 =3—0.8088 = 2.1912
S35 =3+0.674 x 1.2 = 3 + 0.8088 = 3.8088
For T:
T25 =2—0.674 x 0.8 = 2 — 0.5392 = 1.4608
TP =24 0.674 x 0.8 = 2 + 0.5392 = 2.5392
Multiply the Intervals
To multiply S and T using the a-cuts method:
Fora = 0.5:

RS = [min(2.1912 - 1.4608,2.1912 - 2.5392,3.8088 - 1.4608,3.8088 - 2.5392)]
= [min(3.2004,5.5668,5.5630,9.6694)] = 3.2004

R%5 = [max(2.1912 - 1.4608,2.1912 - 2.5392,3.8088 - 1.4608,3.8088 - 2.5392)]
= [max(3.2004,5.5668,5.5630,9.6694)] = 9.6694

So, the a-cut for R at @ = 0.5 is [3.2004, 9.6694].

By repeating this process for different values of a (from 0 to 1), you can construct the
Gaussian bell-shaped fuzzy number representing the multiplication of Sand T.

4.3.4 Division of Gaussian Bell Shape Fuzzy Numbers Using a-cuts Method

Definition 4.3.5. (Ban, 2009) The division of two Gaussian bell-shaped fuzzy numbers
using the a-cuts method involves performing the division operation at different levels of
a to obtain the intervals (a-cuts) for the resulting fuzzy number. The a-cuts method allows
for handling uncertainty and fuzziness by converting the fuzzy arithmetic operations into
interval arithmetic at specified levels of a.

For Gaussian fuzzy numbers, the a-cuts are determined based on the mean and standard
deviation of the Gaussian distribution, and the division is carried out on these intervals.
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Formula for a-cuts:

For Gaussian fuzzy numbers S and T with means cs and ¢y, and standard deviations o
and or:

[S, 871 = [cs — ka0, cs + kq0s]
[T, Tg1 = ler — kqor, cr + kqor]
The a-cuts for the resulting fuzzy number R = S/T are given by:

05051 = (5,528 30,00 5551 53

Example 4.3.6. Consider two Gaussian fuzzy numbers S and T:
S with mean ¢g = 6 and standard deviation a5 = 1.5.
T with mean c¢; = 0.3 and standard deviation o = 0.6.
Fora=0.5, k, = 0.674.
Determine the a-cuts
For S:
S5 =6-0.674-1.5=6—11.011 = 4.989
S35 =6+0.674-1.5=6+1.011 = 7.011
For T:
T25 =3—-0.674-0.6 =3 — 0.4044 = 2..5956
T9S5 =34 0.674 - 0.6 = 3 + 0.4044 = 3.4044
Divide the Intervals
To divide S by T using the a-cuts method:
Fora = 0.5:

4989 4989 7.011 7.011
2.5956'3.4044°2.5956° 3.4044
= 1.465

4989 4989 7.011 7.011

2.59563.4044° 2.5956° 3.4044
= 2.701

R?S = min( ) = min(1.922,1.465,2.701,2.058)

RB'S = max( ) = max (1.922,1.465,2.701,2.058)

So, the a-cut for R at « = 0.5 is [1.465, 2.701].

By repeating this process for different values of a (from 0 to 1), you can construct the
Gaussian bell-shaped fuzzy number representing the division of Sand T.
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Example 4.3.7. Consider the fuzzy linear equation:
X-§5=T
Given fuzzy numbers S and T:
For S, Mean cg = 4, Standard deviation o5 = 1.
For T, Mean ¢y = 20, Standard deviation o = 2.
Fora=0.5, k, = 0.674.
Determine the a-cuts
For S:
S)5=4-0674-1=4—0.674 = 3.326
Sy°=4+0674-1=4+0.674 = 4.674
For T:
T25 =20—0.674-2 = 20 — 1.348 = 18.652
T35 =20+ 0.674-2 =20 + 1.348 = 21.348
Formulate the Interval Arithmetic
At a = 0.5, the fuzzy equation can be written as:
(XL, XG1 - [SL, S61 = [T, T
Solve for X
To isolate X, divide the intervals of T by the intervals of S:

For ¢ = 0.5;

18.652 18.652 21.348 21.348)
3.326 ' 4.674 ' 3.326 ' 4.674

= min(5.607, 3.991, 6.417, 4.568) = 3.991

X5 = min(
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18.652 18.652 21.348 21.348)
3.326 ' 4.674 ' 3.326 ' 4.674

= max (5.607, 3.991, 6.417, 4.568) = 6.417

X% = max(

So, the a-cut for X at « = 0.5 is [3.991, 6.417].

By repeating this process for different values of a (from 0 to 1), you can construct the

fuzzy number X that satisfies the fuzzy linear equation X - S = T.

Example 4.3.8. Consider the fuzzy linear equation:
X-S+T=R

Given fuzzy numbers S, T, and R:

For S, Mean cg = 3, Standard deviation g = 0.5

For T, Mean ¢y = 2, Standard deviation o = 0.4

For R, Mean cp = 8, Standard deviation oz = 1

Fora=0.5, k, = 0.674.

Determine the a-cuts

For S:
§9% =3-0.674-0.5=3-0.337 = 2.663
S9%=3+0.674-0.5 =3+ 0.337 = 3.337
For T:
T>5 =2—0.675-0.4=2—0.2696 = 1.7304
T3S =2+0.674-0.4 =2+ 0.2696 = 2.2696
For R:

RY?>=8-0.674-1=8—0.674 = 7.326
RY>=8+40.674-1=8+0.674 = 8.674

Formulate the Interval Arithmetic
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At o = 0.5, the fuzzy equation can be written as:
(X025, X5] - [SP%, S§°1 + [TL5,T95] = [RY®, RG]
Solve for X
To isolate X, first subtract the intervals of T from the intervals of R:
[R5 — T95,R%Y® — T2°] = [7.326 — 2.2696,8.674 — 1.7304] = [5.0564,6.9436]
Then divide the resulting intervals by the intervals of S:

[XE.S'X8.5]
_[ _ (5.0564 5.0564 6.9436 6.9436) (5.0564 5.0564 6.9436 6.9436)]
=™\ 2663 " 3337 > 2.663 " 3337 ) "\ 2663 ' 3337 ' 2.663 * 3.337

For a = 0.5:

5.0564 5.0564 6.9436 6.9436)
2.663 ' 3.337 ' 2.663 ' 3.337

= min(1.515,1.898,2.081,2.607) = 1.515

bts — min(

0.5 (5.0564 5.0564 6.9436 6.9436)
Xy~ = max

2.663 ' 3.337 ' 2.663 ’ 3.337
= max(1.515,1.898,2.081,2.607) = 2.607

So, the a-cut for X at « = 0.5 is [1.515, 2.607].

By repeating this process for different values of a (from 0 to 1), you can construct the
fuzzy number X that satisfies the fuzzy linear equation X - S + T = R.
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5. CONCLUSION

This study reveals the true power of fuzzy mathematics, proving that uncertainty is not a
weakness but a reality that can be understood and controlled. Traditional mathematics
demands precision, but the real world is full of vague, incomplete, and imprecise data.
This research shows that fuzzy equations offer a way to work with uncertainty instead of
against it, making them essential in modern problem-solving. One of the most striking
findings is that fuzzy equations can be solved with accuracy, even when exact values are
unknown. By using a-cuts and membership functions, this study demonstrates that
uncertainty can be measured and processed logically. Methods like quasi linearization
and upper-lower solutions provide structured ways to find answers, proving that even
imprecise data can lead to reliable solutions. The study also highlights how fuzzy
arithmetic addition, subtraction, multiplication, and division allows calculations to
remain meaningful in uncertain conditions. By structuring numbers within fuzzy
intervals, this research shows that mathematics can adapt to the complexity of real-world
problems. Beyond theory, this work emphasizes the huge impact of fuzzy mathematics
on fields like artificial intelligence, engineering, and economics. From decision-making
to predictive modeling, fuzzy systems are shaping the future. In the end, this study
delivers a powerful message: true intelligence is not about avoiding uncertainty but
mastering it. The world is full of unknowns, and fuzzy mathematics is the key to making

sense of them.
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