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This  thesis  consists  of  seven  chapters. 
 

In  chapter 1, it  is  devoted  to  Burgers’  equation  that  is  used  as  a  model  
problem  in  this  study.  
 

In  chapter 2, it  is  briefly  introduced  general  concepts, theorem  and  methods  
concerning  with  the  subject. 
 

In  chapter 3, The  Method  of  Lines  is  explained  and   applied  to  a  problem.   
 

In  chapter 4,  analitic  soOXWÕRQ��RI��%XUJHUV’   equation   is  given. 
 

Chapter 5  is  the  main  part  of   this  study  in  which  numerical  solutions  of  
Burgers’  equation  reduced  by  the  Hopf-Cole  transformation   are  obtained. Also,  
stability  of  the  methods  is  investigated. 
 

Chapter 6   is  also  important  part  of   this  thesis. In  this  chapter, the  
methods  are  directly  applied  to  Burgers’  equation. 
 

In chapter 7, it  is  given  the  comparison  of  the  obtained  numerical  solutions. 
 
 
KEYWORDS: Burgers’  equation,  Method  of  Lines,  Euler  method, 2. order  and  4.  
order  Runge-Kutta  methods, Crank-Nicolson  method, Matrix  method. 
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BÖLÜM 1  
 
������*ø5øù 
 

Bir  boyutlu  Burgers  denklemi,  
 

2

2

x

U
v

x

U
U

t

U

∂

∂

=

∂

∂

+

∂

∂

 

 

úHNOLQGHGLU��%XUDGD�� 0>v �NLQHPDWLN��YLVNRVLWH��NDWVD\ÕVÕGÕU�� 
%XUJHUV� �GHQNOHPL� �JD]� �GLQDPL÷L�� W�UE�ODQV���NDUÕúÕN� �DNÕúNDQ� �DNÕúÕ���YH� �úRN��

dalgalar tHRULVL� � JLEL� oR÷X� IL]LNVHO� ROD\ÕQ� PDWHPDWLNVHO� PRGHOL� RODUDN� J|U�O�U��
7�UE�ODQVÕ� PRGHOOH\HQ� YH� WDP� o|]�P�� DúÕUÕ� GHUHFHGH� ]RU� RODQ� 1DYLHU-Stokes 

GHQNOHPL\OH��%XUJHUV��GHQNOHPL��OLQHHU�ROPD\DQ�WHULPOHULQLQ��úHNOL��YH��N�o�N��NDWVD\ÕOÕ�
yüksek mertebeli türevlHULQ� úHNOL� D\QÕ� � ROGX÷XQGDQ� EHQ]HUGLUOHU�� %X� EHQ]HUOLNWHQ��
GROD\Õ�� %XUJHUV� � GHQNOHPL� VÕN� � VÕN� � W�UE�ODQVÕ� LoHUHQ� � VÕYÕ� � GLQDPLN� � SUREOHPOHULQL��
o|]PHGH��PDWHPDWLNVHO��PRGHO��RODUDN��NXOODQÕOÕU��� 

%DúODQJÕo�YH�VÕQÕU��úDUWODUÕQÕQ��GH÷LúLN��VHoLPL��LoLQ��%XUJers  denklemi, analitik 

olarak çözülebilen  bir kaç  lineer  olmayan  denklemden  birisidir. 1950’ de Cole [1], 

ELU��G|Q�ú�P�\DUGÕPÕ\OD��EX��GHQNOHPL��OLQHHU��GLI�]\RQ��GHQNOHPLQH��G|Q�úW�UG���YH��
NH\IL� �ELU� �EDúODQJÕo�úDUWÕ� LoLQ�WDP��RODUDN��o|]G���$QFDN� v1Re = � �úHNOLQGHNL��E�\�N�
5H\QROG� � VD\ÕODUÕ� � LoLQ� � DQDOLWLN� � o|]�P� � \HWHUVL]� � NDOPDNWDGÕU�� d�QN�� � GHQNOHP��
YLVNRVLWHQLQ� � oHúLWOL� � VHoLPOHUL� � LoLQ� SDUDEROLN� � \D� � GD� � KLSHUEROLN� � |]HOOLNOHU��
gösterebilmektedir. Bu  yüzden  pek  çok  yazar Burgers  denklemini  çözmek  için, 

VRQOX� � IDUNODU�� VRQOX� � HOHPDQODU�� VÕQÕU� � HOHPDQ�PHWRGX��YDU\DV\RQHO� � � \|QWHPOHU� � JLEL��
nümerik  yöntemler  önerdiler. 

(��9DUR÷OX�� �YH��:�'��)LQQ�>�@��D÷ÕUOÕNOÕ��NDODQ��IRUP�ODV\RQXQD��GD\DQDQ��ELU��
sonlu  eleman metodunu, J��&DOGZHOO� � YG�� >�@� KHU� VDIKDGD� |QFHNL� DGÕPODUGDQ�ELOJLOHU�
NXOODQDUDN� HOHPDQODUÕQ� � E�\�NO�NOHULQL� � GH÷LúWLUHQ� � VRQOX� � HOHPDQ� � PHWRGXQX�� +��
1JX\HQ��YH���-��5H\QHQ���>�@��5H\QROG���VD\ÕVÕQÕQ��E�\�N���GH÷HUOHUL��LoLQ���VRQOX���HOHPDQ���
metodunun  en  küçük kaUHOHU� � ]D\ÕI� � IRUP�ODV\RQXQX� � NXOODQGÕODU�� 3�� -DPHW� YH� 5��
Bonnerot [5] Burgers  denklemini isoparametrik  rectangular  konum-zaman  sonlu  

HOHPDQ��PHWRGXQX��NXOODQDUDN�o|]G�OHU��)DNDW��EX��\|QWHP��VÕQÕU��NDWPDQÕ��E|OJHVLQGHNL��
Q�PHULN��o|]�P��LoLQ�� �DúÕUÕ� �VD\ÕGD��NRQXPVDO�JULG�QRNWDVÕQD�LKWL\Do�GX\GX��7�� �g]Lú��
vd. [6], 01.0≥v � � LoLQ� � ELU� VRQOX� � HOHPDQ� PHWRGX� NXOODQDUDN� � EXOGXNODUÕ� � Q�PHULN��
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o|]�POHUL��WDP��o|]�POHUOH��NDUúÕODúWÕUGÕODU��$��'R÷DQ�>�@��YLVNRVLWH��GH÷HUOHULQLQ��E�\�N��
bir cümlHVL��LoLQ��\�NVHN��GR÷UXOXNWD��o|]�PH��VDKLS��*DOHUNLQ��VRQOX��HOHPDQ��PHWRGXQX�
NXOODQGÕ��YH�EX�PHWRGXQ��GDKD��|QFHNL��PHWRWODUÕQ��oR÷XQGDQ��GDKD��L\L���VRQXo��YHUGL÷LQL��
gösterdi. 

K. Kakuda � YH�1�� 7RVDND� >�@� JHQHOOHúWLULOPLú � VÕQÕU� � HOHPDQ� �PHWRGXQX�� '�-� 
(YDQV��YH��$�5��$EGXOODK�>�@���JUXS��DoÕN��VRQOX��IDUN��PHWRGXQX��NXOODQGÕODU��6��.XWOXD\��
YG��>��@��LVH��\�NVHN��GR÷UXOXNWD��Q�PHULN�o|]�POHU��HOGH�HWPHN��LoLQ��%XUJHUV�EHQ]HUL��
denklemlere  tam-DoÕN���VRQOX��IDUN��PHWRGXQX��|QHUGLOHU��$��5��%DKDGÕU��YH�0��6D÷ODP�
>��@��VRQOX��IDUN��YH��VÕQÕU��HOHPDQ��\DNODúÕPODUÕQÕQ��NXOODQÕOGÕ÷Õ��ELU����PHWRWOD��GHQNOHPL��
çözdüler. 

(�%�� /LQ� � YH� � ;�� =KRX� >��@� NÕVPL� � GLIHUDQVL\HO� � GHQNOHPOHULQ� o|]�P�� LoLQ�
Burgers denklemini örnek alarak  Galerkin  metodu  ve  sonlu  fark metodunu  

ELUOHúWLUHQ��\DUÕ-NDSDOÕ� �]DPDQÕ�� �D\UÕúWÕUPD��PHWRGXQX��NXOODQGÕODU��6��$EEDVEDQG\�YH�
M.T. Darvishi [13], Burgers denklemini  Hopf-&ROH� � EHQ]HUL� KHUKDQJL� �ELU� � G|Q�ú�P��
NXOODQPDGDQ���OLQHHUOHúWLUPHGHQ����]DPDQÕ��D\UÕúWÕUPD��PHWRGX���]HULQH��NXUXOan  modife 

HGLOPLú�$GRPLDQ� �D\UÕúÕP�PHWRGX\OD� �GLUHNW� �RODUDN� �o|]G�OHU��7��g]Lú� �YH�$��g]GHú�
>��@�� GHQNOHPLQ� VHUL� IRUPXQGDNL� \DNODúÕN� � o|]�P�Q�� HOGH� HGHELOPHN� LoLQ  bir direkt 

YDU\DV\RQHO� �PHWRG� � NXOODQGÕODU�� (�1�� $NVDQ� � YH� � $�� g]GHú� >��@� ]DPDQÕ� � D\UÕúWÕUma  

metodunu  temel  alan  bir  varyasyonel  metodla denklemi çözdüler. Viskositenin  

IDUNOÕ�GH÷HUOHUL�LoLQ�EX��\ROOD��EXOGXNODUÕ�Q�PHULN�o|]�POHUL�WDP�o|]�POH�NDUúÕODúWÕUGÕODU�
YH� � EXQODUÕQ� � ELUELUL� � LOH� X\XPOX� ROGX÷XQX� J|VWHUGLOHU�� (�1�� $NVDQ� >��@� � GHQNOHme 

]DPDQÕQ��D\UÕúWÕUÕOPDVÕQD��GD\DQDQ��*DOHUNLQ��VRQOX��HOHPDQ��PHWRGXQX��X\JXODGÕ� 
Burgers  denkleminin  çözümünde, nümerik  tekniklerle  beraber  Spline  ve  B-

VSOLQH�IRQNVL\RQODUÕ�GD�NXOODQÕOPDNWDGÕU��gUQH÷LQ��6��.XWOXD\��YG��>��@��X\JXQ�EDúODQJÕo��
ve sÕQÕU� úDUWÕQD� VDKLS� ELU� ER\XWOX� %XUJHUV� EHQ]HUL� GHQNOHPOHULQ� Q�PHULN� o|]�POHULQL��
hesaplamak  için  en  küçük  kareler  kuadratik  B-spline  sonlu eleman metodunu  

WDQÕWWÕODU�� 7�� g]Lú� YG�� >��@�� *DOHUNLQ� � NXDGUDWLN� � � %-spline sonlu  eleman  metodunu 

kullanarak, Hopf-&ROH� G|Q�ú�P�� \DUGÕPÕ\OD� LQGLUJHQHQ� � ELU� ER\XWOX� � %XUJHUV��
GHQNOHPLQLQ� � \DNODúÕN� � o|]�POHULQL� � EXOGXODU�� ,�� 'D÷� YG�� >��@�� GHQNOHPGHNL� OLQHHU�
ROPD\DQ��WHULPL��OLQHHUOHúWLUHQ��ELU��N�ELN��%-VSOLQH��G�]HQOHPH�\|QWHPLQL���NXOODQGÕODU� 
 6RQ� � \ÕOODUGD� � LVH� � oRN� E�\�N� 5H\QROG� VD\ÕODUÕ� LoHUHQ� %XUJHUV� GHQNOHPLQL�
o|]PHGH�\HQL�PHWRWODU�|QHULOGL��7��g]Lú�YH�<��$VODQ�>��@��5H\QROG�VD\ÕVÕQÕQ�P�PN�Q�
RODQ� � E�W�Q� \�NVHN� � GH÷HUOHUL� � LoLQ� � GHQNOHPL� � SHUWXUEDV\RQ� � WHNQL÷LQL� � � � NXOODQDUDN�
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çözdüler. M.B. Abd-el-Malek ve S.M.A. El-0DQVL� >��@�� \DNODúÕN� EDúODQJÕo� YH� VÕQÕU�
úDUWOÕ� Burgers  denklemini  çözmek  için  grup-NXUDPVDO��PHWRWODUÕ��NXOODQGÕODU� 

<R÷XQ� � oDOÕúPDODUD� � UD÷PHQ�� OLQHHU� ROPD\DQ� �
x

UU � WHULPLQLQ� � úRN� GDOJDODUD�
J|W�UG�÷�� E�\�N� 5H\QROG� VD\ÕODUÕQGD� %XUJHUV� GHQNOHPLQLQ� o|]�P�� KDOD� |QHPLQL�
NRUXPDNWDGÕU�� 

%L]� EX� oDOÕúPDGD�� KHP� � %XUJHUV� � GHQNOHPLQH� KHP� GH� +RSI-&ROH� G|Q�ú�P��
\DUGÕPÕ\OD�OLQHHUOHúWLULOPLú��%XUJHUV�GHQNOHPLQH�0HWKRG�RI�/LQHV��02/�¶Õ�X\JXODGÕN��
Bu yolla elde edilen adi türevli denklem sistemini ise  Euler, ikinci  mertebeden  Runge-

Kutta  ve Crank-Nicolsan  yöntemleri gibi  nümerik  yöntemlerle  çözerek  tam  

o|]�POH��NDUúÕODúWÕUGÕN���� 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 



 4 

BÖLÜM  2 
 

%X� � NÕVÕPGD�� � oDOÕúPDPÕ]GD� � NXOODQDFD÷ÕPÕ]� � ED]Õ� � WHPHO� � WDQÕm, teorem  ve  

\|QWHPOHU��NÕVDFD��WDQÕWÕODFDNWÕU�  
 

����� � %ø5� � 0$75ø6ø1� � g='(ö(5/(5ø� � ø/(� � ø/*ø/ø� � 7$1,0� � 9(��
TEOREMLER 
 
2.1.1.  7DQÕP�� n

n
IRA ∈    ve  IR∈λ    olmak  üzere, 

 

( ) ( )
n

IAP λλ −= det   

 

RODUDN��WDQÕPODQDQ��P   polinomuna  A  matrisinin  karakteristik  polinomu  denir [22]. 

 

2.1.2.  7DQÕP� n

n
IRA ∈   matrisinin  karakteristik  polinomu  P   ise  P   polinomunun  

köklerine A  matrisinin  NDUDNWHULVWLN��GH÷HUOHUL��YH\D��|]GH÷HUOHUL  denir [22]. 

 

��������7DQÕP��� n

n
IRA ∈   matrisinin  

i
λ   (i=1,2,3,…,n���|]GH÷HUOHUL��LoLQ� 

 

( ) 0=− xIA
ni

λ   

 

HúLWOL÷LQL� � VD÷OD\DQ� � VÕIÕUGDQ� � IDUNOÕ� � ELU� � n
IRx ∈   vektörüne  A  matrisinin  

i
λ   

|]GH÷HUOHULQH��NDUúÕOÕN��JHOHQ��karakteristik  vektörü  veya  özvektörü  denir [22]. 

 

2.1.4.  Teorem ( 2. Gerschgorin  veya  Brauer  Teoremi) : Bir  [ ]
nnij

aA
×

=   karesel  

matrisinin 
ss

a � N|úHJHQ� HOHPDQÕ� KDULo� � s�� VDWÕUGD� EXOXQDQ� � HOHPDQODUÕQ� � PRG�OOHUL��
WRSODPÕ��

s
P   olsun. Bu  takdirde  A ¶QÕQ��KHU��ELU��|]GH÷HUL� 

 
 

 

çemberlerinin  en  az  birinin  içinde  veya  üzerinde  bulunur [23]. 

 
 
 
 

sss
Pa ≤−λ



 5 

2.2. TÜRE9/(5(��621/8��)$5.��<$./$ù,0/$5, 
 
�������%LULQFL��0HUWHEHGHQ��7�UHYOHU��øoLQ��6RQOX��)DUN��<DNODúÕPODUÕ 
 

( )txU ,   fonksiyonu  GH÷LúNHQOHULQH�J|UH�\HWHULQFH��W�UHYOHQHELOen  bir fonksiyon  

olsun. ( )thxU ,+   ve ( )thxU ,− � � � � IRQNVL\RQODUÕQÕQ� �x  � QRNWDVÕ� �FLYDUÕQGDNL� �7D\ORU���
VHUL��DoÕOÕPODUÕ�� 
 

( ) ( ) ...
!3!2!1

,,
3

33

2

22

+

∂

∂

+

∂

∂

+

∂

∂

+=+

x

Uh

x

Uh

x

Uh
txUthxU                                        (2.1) 

 

( ) ( ) ...
!3!2!1

,,
3

33

2

22

+

∂

∂

−

∂

∂

+

∂

∂

−=−

x

Uh

x

Uh

x

Uh
txUthxU                                        (2.2) 

 

GÕU���������YH�������¶�GHQ�� xU ∂∂ ��W�UHYL��oHNLOLUVH��VÕUDVÕ\OD� 
 

( ) ( )

...
!3!2

,,
3

32

2

2

−

∂

∂

−

∂

∂

−

−+

=

∂

∂

x

Uh

x

Uh

h

txUthxU

x

U
                                           (2.3) 

 

( ) ( )
...

!3!2

,,
3

32

2

2

+

∂

∂

−

∂

∂

+

−−

=

∂

∂

x

Uh

x

Uh

h

thxUtxU

x

U
                                           (2.4)   

 

\D]ÕOÕU�������¶�GHQ���������oÕNDUWÕOÕU��YH�� xU ∂∂ ��W�UHYL��\DOQÕ]��EÕUDNÕOÕUVD�� 
 

( ) ( )

...
62

,,
3

32

−

∂

∂

−

−−+

=

∂

∂

x

Uh

h

thxUthxU

x

U
                                                    (2.5) 

 

bulunur.  Bulunan  bu  (2.3), (2.4)  ve  (2.5)  denklemlerinden  ( )txU ,   fonksiyonunun  

x��FLYDUÕQGDNL��ELULQFL��PHUWHEHGHQ��W�UHY��\DNODúÕPODUÕ�� 
 

( ) ( )
( )hO

h

txUthxU

x

U
+

−+

=

∂

∂ ,, ������������������³�øOHUL��IDUN�´���������������������������������������������� 
 

( ) ( )

)(
,,

hO
h

thxUtxU

x

U
+

−−

=

∂

∂

                  “ Geri  fark ”                                         (2.7) 
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( ) ( )
)(

2

,, 2
hO

h

thxUthxU

x

U
+

−−+

=

∂

∂

         “  Merkezi  fark ”                                   (2.8) 

 

olarak elde  edilir. Burada  “O ”  sonsuz  terimli  bir  ifadenin  sonlu  terimine  kadar  

DOÕQGÕ÷ÕQÕ���O(h)  terimi  ise  0→h ��LNHQ��ROXúDFDN��KDWDQÕQ��h��LOH��RUDQWÕOÕ��ROGX÷XQX��
gösterir [24]. 

 

��������øNLQFL��0HUWHEHGHQ��7�UHYOHU��øoLQ��6RQOX�)DUN��<DNODúÕPODUÕ 
 

22
xU ∂∂ ��LNLQFL��PHUWHEHGHQ��W�UHY��\DNODúÕPÕQÕ��EXOPDN��LoLQ�� ( )thxU ,2+   ve  

( )thxU ,2− � � IRQNVL\RQODUÕQÕQ� � x� � FLYDUÕQGDNL� � 7D\ORU� � VHUL� � DoÕOÕPODUÕQÕ� � J|]� |Q�QH��
DODOÕP���%X��DoÕOÕPODU��VÕUDVÕ\OD�� 

 

( ) ( ) ...
6

8

2

4
2,,2

3

33

2

22

+

∂

∂

+

∂

∂

+

∂

∂

+=+

x

Uh

x

Uh

x

U
htxUthxU                                 (2.9) 

 

( ) ( ) ...
6

8

2

4
2,,2

3

33

2

22

+

∂

∂

−

∂

∂

+

∂

∂

−=−

x

Uh

x

Uh

x

U
htxUthxU                               (2.10) 

 

GÕU����������YH����������GHQNOHPOHULQGHQ��� xU ∂∂    yok  edilip  22
xU ∂∂    çekilirse; 

 

( ) ( ) ( )

...
,2,2,

3

3

22

2

+

∂

∂

−

+++−

=

∂

∂

x

U
h

h

thxUthxUtxU

x

U
 

 

HOGH��HGLOLU��%HQ]HU��úHNLOGH���������YH����������GHQNOHPOHULQGHQ� 
 

( ) ( ) ( )

...
,2,2,

3

3

22

2

+

∂

∂

+

−+−−

=

∂

∂

x

U
h

h

thxUthxUtxU

x

U
 

 

bulunur. (2.1) ve (2.2) denklemlerinden xU ∂∂   yok  edilip  22
xU ∂∂ � \DOQÕ]��

EÕUDNÕOÕUVD� 
 

( ) ( ) ( )

...
12

,,2,
4

42

22

2

+

∂

∂

−

−+−+

=

∂

∂

x

Uh

h

thxUtxUthxU

x

U
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bulunur.  Böylece, 

 

( ) ( ) ( )

)(
,2,2,

22

2

hO
h

thxUthxUtxU

x

U
+

+++−

=

∂

∂ ������³øOHUL��IDUN´���������������������� 
 

           
( ) ( ) ( )

)(
,2,2,

22

2

hO
h

thxUthxUtxU

x

U
+

−+−−

=

∂

∂

        “Geri  fark”               (2.12) 

 

 

    “Merkezi fark”          (2.13) 

 

W�UHY��\DNODúÕPODUÕ��HOGH��HGLOLU���� 
Problemin  çözüm  bölgesinin  ( ){ }sonlu,0,0:, ltlxtxB >≤≤= � ROGX÷XQX��

NDEXO��HGHOLP��6RQOX��IDUN��\DNODúÕPÕ��LoLQ��o|]�m  bölgesi; kt =∆   ve  Nlhx ==∆   

olmak  üzere  ihx
i

= ,  nkt
n

=   ( i=0,1,2,…,N  ,  n=0,1,2,…  , +

Ζ∈N   )   koordinat  

GR÷UXODUÕ� � \DUGÕPÕ\OD� � NDIHVOHUH� � E|O�Q�U�� � |\OH� NL� ( )txU ,   GH÷LúNHQL� � VDGHFH� � JULG��
QRNWDODUÕQGD��GH÷HU��DOÕU� 

Bir  ( )nkihP , ��JULG��QRNWDVÕ���]HULQGH��U ¶�QXQ��GH÷HUL�� 
 

( )
n

inip
UUnkihUU ≅≅= ,,  

 

gösterimlerinden  biri  ile  ifade  edilir. 

%X� � J|VWHULPOHULQ� � NXOODQÕOPDVÕ� � YH� � KDWDODUÕQ� � LKPDO� � HGLOPHVL\OH� � ELULQFL��
PHUWHEHGHQ��W�UHYOHULQ��VRQOX��IDUN��\DNODúÕPODUÕ��RODQ����������������YH���������IRUP�OOHUL��
VÕUDVÕ\OD�� 
 

h

UU

x

U
n

i

n

i
−

≅

∂

∂
+1  

 

h

UU

x

U
n

i

n

i 1−
−

≅

∂

∂

 

 

( ) ( ) ( )
)(

,,2, 2

22

2

hO
h

thxUtxUthxU

x

U
+

−+−+

=

∂

∂
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h

UU

x

U
n

i

n

i

2
11 −+

−

≅

∂

∂

 

 

ikinci  mertebeden  türevlerin  sRQOX��IDUN��\DNODúÕPODUÕ��RODQ��(2.11), (2.12)  ve  (2.13)  

IRUP�OOHUL��LVH��VÕUDVÕ\OD� 
 

2
21

2

2 2

h

UUU

x

U
n

i

n

i

n

i ++
+−

≅

∂

∂

 

 

2
21

2

2 2

h

UUU

x

U
n

i

n

i

n

i −−
+−

≅

∂

∂

 

 

2
11

2

2 2

h

UUU

x

U
n

i

n

i

n

i −+
+−

≅

∂

∂

  

 

RODUDN��\D]ÕOÕU� 
 

����� �%ø5ø1&ø� �0(57(%('(1� �/ø1((5� �'(1./(0/(5� � ødø1� �1h0(5ø.��
YÖNTEMLER 

 
Birinci  mertebeden bir  lineer   adi  türevli  diferansiyel  denklem, 

 

( ) ( )tUtU λ=′                                                                           (2.14)   

 

úHNOLQGH��LIDGH��HGLOHELOLU�� ( ) ( )UftU =λ   denilirse  (2.14)  denklemi, 

 

( ) ( )UftU =′   

 

RODUDN��\D]ÕOÕU� Burada λ , sabitler  matrisidir.   

 

2.3.1.  Euler  Yöntemi 
 

������� � IRUPXQGDNL� �ELU� � OLQHHU� �GHQNOHPH� �(XOHU� �\|QWHPLQLQ� �X\JXODQPDVÕ\OD��
çözümler, 
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( )
nnn

UkfUU +=
+1     ,    n=0,1,2,...     

ya  da  

nnn
UkUU λ+=

+1     

 

IRUP�O�\OH��KHVDSODQÕU�>��@� 
 

��������øNLQFL��0HUWHEHGHQ��5XQJH-Kutta  Yöntemi 
 

(2.14)  denklemi  için  ikinci  mertebeden  Runge-Kutta  yöntemi,  
 

( )
nn

UkfUU
2

1*
+=     

 
olmak  üzere,  

 

( )
*1

UkfUU
nn

+=
+  

 

ile  verilir. 

Yani  çözümler   n=0,1,2,…   için, 

 













++=
+ nnnn

UkUkUU λλ

2

11  

veya 

 

           ( ) ( )
nnnn

UkUkUU
21

2

1
λλ ++=

+  

 

IRUP�O�\OH��KHVDSODQÕU�>��@��� 
 
2.3.3.  Dördüncü  Mertebeden  Runge-Kutta  Yöntemi 

 
Dördüncü  mertebeden   Runge-Kutta  çözümleri  ise,  
 

( )
n

UfF =0  
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











+= 01
2

1
kFUfF

n  

 













+= 12
2

1
kFUfF

n  

 

( )23 kFUfF
n

+=  

 

olmak  üzere,  

 

( )3210
1 22

6
FFFF

k
UU

nn
++++=

+     ,      n=0,1,2,…                      (2.15) 

 

úHNOLQGHGLU�>��@��� 
 

i
F ’ ler  ( i=0,1,2��������GDKD��DoÕN��RODUDN�� 
 

( )
nn

UFUfF λ=⇒= 00  

 

( )
nnnnn

U
k

UFUkUkFUfF
22

1

2

1 2

101

λ

λλλ +=⇒











+=











+=  

 

nnnnnnn
U

k
U

k
UFU

k
UkUkFUfF

4222

1

2

1 322

2

2

12

λλ

λ

λ

λλ ++=⇒






























++=











+=  

 

( )






























+++=+=
nnnnn

U
k

U
k

UkUkFUfF
42

322

23

λλ

λλ  

 

nnnn
U

k
U

k
UkUF

42

4332
2

3

λλ

λλ +++=  

 

úHNOLQGH� � \D]ÕOÕU��%XQODUÕQ� � ������� � HúLWOL÷LQGH� � \HUOHULQH� � \D]ÕOPDVÕ\OD� � ������� � OLQHHU��
denklemi  için  dördüncü  mertebeden  Runge-Kutta  çözümleri, 
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( ) ( ) ( ) nnnnnn
U

k
U

k
U

k
UkUU

2462

432
1 λλλ

λ ++++=
+    ,    n=0,1,2,… 

 

ile  bulunur [25].  

 

2.4.  %ø5ø1&ø��0(57(%('(1  /ø1((5���2/0$<$1��'(1./(0/(5��ødø1��
1h0(5ø.��<g17(0/(5 

 
2.4.1.  Euler  Yöntemi 
 

Genel  olarak, 

 

( )UfU =′                                                                               (2.16) 

  

úHNOLQGHNL��OLQHHU��ROPD\DQ��GHQNOHPOHU��LoLQ��(XOHU��\|QWHPL� 
 

( )
nnn

UkfUU +=
+1      ,     n=0,1,2,... 

 

úHNOLQGH��WDQÕPOÕGÕU�>��@� 
 

��������øNLQFL��0HUWHEHGHn  Runge-Kutta  Yöntemi 
 
(2.16)  lineer  olmayan  denklemi  için  ikinci mertebeden  Runge-Kutta  

yöntemi,  

 

)(
2

1* nn
UkfUU +=                                                                            (2.17)    

 

olmak  üzere,         

           

                       )( *1
UkfUU

nn
+=

+     ,        n=0,1,2,…                                              (2.18)  
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formülü  ile  verilir. Burada,  (2.17)  ile  hesaplanan  *
U � � � GH÷HUOHUL� �

2

1
+n

t    zaman  

DGÕPÕQGD��KHVDSODQDQ�� 2

1
+n

U ��GH÷HUOHULGLU��������¶�GH�� f   fonksiyonu    bu  2

1
+n

U   ara 

QRNWDODUÕQGD��GH÷HU���DODUDN�� 1+n
U ��GH÷HUOHUL  bulunur [25]. 

 

2.4.3. Crank-Nicolson  Yöntemi 
 

 (2.16)  denkleminin  Crank-1LFROVRQ���\|QWHPL��LOH��o|]�POHULQLQ��EXOXQPDVÕQGD                         
 

n=0,1,2,…  için, 
 

 

 

IRUP�O���NXOODQÕOÕU [25]. 

 

2.5.  621/8��)$5.��<g17(0/(5ø���ødø1��*(1(/��.$5$5/,/,.��$1$/ø=ø 
 

.ÕVPL� � GLIHUDQVL\HO� � GHQNOHPH� � NDUúÕOÕN� � JHOHQ� � VRQOX� � IDUN� � GHQNOHPLQLQ��
o|]�P�Q�Q��NÕVPL��GLIHUDQVL\HO��GHQNOHPLQ��WDP��o|]�P�QH��\DNÕQVDPDVÕ��LoLQ��JHUHNOL��
RODQ� � úDUWODUD� � NDUDUOÕOÕN� � úDUWODUÕ�� � NDUDUOÕOÕN� � úDUWODUÕQÕQ� � EXOXQPDVÕ� � LúOHPLQH� � GH  
NDUDUOÕOÕN��DQDOL]L��GHQLU�� 

.DUDUOÕOÕN� � DQDOL]L� � LoLQ� � ELOLQHQ� � LNL� � \|QWHP� � YDUGÕU�� %L]� � EXUDGD� � PDWULV��
\|QWHPLQGHQ��EDKVHGHFH÷L]�� 
 

2.5.1.  Matris  Yöntemi 
 

0DWULV� �\|QWHPL�� � OLQHHU��GHQNOHPOHU�� LoLQ��NXOODQÕODQ��NDUDUOÕOÕN��DQDOL]OHULQGHQ��
biridir. 6RQOX��IDUN��GHQNOHPOHULQLQ��o|]�P�Q�Q��NDUDUOÕOÕ÷ÕQÕQ��LQFHOHQPHVLQGH��\D\JÕQ��
RODUDN��NXOODQÕOÕU� 

%X��\|QWHPOH��NDUDUOÕOÕ÷Õ��LQFHOHPHN��LoLQ��� 
 

2

2

x

U

t

U

∂

∂

=

∂

∂

  ,   lx ≤≤0   ,  0>t    

 

]DPDQ��ED÷ÕPOÕ��ER\XWVX]��ÕVÕ-iletim  problemini, 

 

( )
11

2
++

++=

nnnn

UUf
k

UU
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( ) ( )tgtU 1,0 =     ,     0≥t  

 

( ) ( )tgtlU 2, =      ,     0≥t  

 

VÕQÕU��úDUWODUÕ��YH 
 

( ) ( )xfxU =0,  ,     lx ≤≤0    

 

EDúODQJÕo��úDUWÕ��LOH��G�ú�QHOLP��%urada ( )tg1 , ( )tg2    ve  ( )xf ��IRQNVL\RQODUÕ��ELOLQL\RU��
ROVXQ��.ÕVPL� � GLIHUDQVL\HO� � GHQNOHPH� � NDUúÕOÕN� � JHOHQ� � VRQOX� � IDUN� � \DNODúÕPÕ� � NDSDOÕ��
olarak  matris  notasyonunda, 

 

( ) ( )

bUAU
mm

+=

+1                                                                               (2.19) 

 

úHNOLQGH� �\D]ÕODELOLU�� ( )1+m

U � �GH÷HULQH� �oRN� �\DNÕQ� �ELU� �o|]�P� � ( )
*1+m

U  olsun  ve  bu  

o|]�P��\XYDUODPD��KDWDODUÕQÕ��GD��LoHUVLQ��%X��GXUXPda, 

 

( ) ( )

bUAU
mm

+=

+
**1                                                                            (2.20) 

 

\D]ÕODELOLU��%XUDGDNL��KDWDQÕQ� 
 

*
m

i

m

i

m

i
UUe −=  

 

ROGX÷X��G�ú�Q�O�UVH��KDWD��YHNW|U���� 
 

( )

[ ]
Tm

N

m

N

mmmmm

UUUUUUe
***

112211 −−
−−−= �  

 

olur. (2.19)  ifadesindHQ����������LIDGHVLQLQ��oÕNDUÕOPDVÕ\OD� 
 

( ) ( )mm
eAe =

+1  
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EXOXQXU��%X��HúLWOLNWHQ� 
 

( ) ( ) ( ) ( )0221
eAeAeAe

mmmm

====

−− �                                                (2.21) 

 

\D]ÕODELOLU�� %XUDGD� � ( )

[ ]
T

N
eeee

0
1

0
2

0
1

0

−
= � � � EDúODQJÕo� � KDWDVÕGÕU�� %DúODQJÕo��

KDWDVÕQÕQ��t� ��¶�GD��ELOLQGL÷LQL��NDEXO��HGHOLP��YH�� ( )m

e ��KDWDVÕQÕQ��VÕQÕUOÕ��NDOPD��úDUWÕQÕ��
DUDúWÕUDOÕP� 

A� � UHHO�� � VLPHWULN� � YH� � UDQNÕ� � �N-1)  olan  bir  matris  olsun. Böylece  A   

matrisinin  121 ,...,,
−N

λλλ ��|]GH÷HUOHULQH����N-1����WDQH��OLQHHU��ED÷ÕPVÕ]�� 121 ,...,,
−N

WWW   

|]YHNW|U��NDUúÕOÕN��JHOLU��%|\OHFH���
k

W  ( k=1,2,3,…,N-1)  lar  1−N
IR ����X]D\Õ��LoLQ��ELU��

ED]GÕU��'ROD\ÕVÕ\OD���N-1)   boyutlu  herhangi  bir  vektör  
k

W ¶�ODUÕQ��OLQHHU��ELUOHúLPL��
RODUDN��\D]ÕODELOLU��� ( ) 10 −

∈
N

IRe ��ROGX÷XQGDQ� 
 

( )

∑

−

=

=

1

1

0
N

k

kk
Wae                                                                                    (2.22)  

 

\D]ÕODELOLU��������¶�QLQ���������¶�GH���\D]ÕOPDVÕ\OD� 
 

( )

∑

−

=

=

1

1

N

k

kk

mm

WaAe                                                                               (2.23)                          

 

bulunur.  

g]GH÷HU��YH��|]YHNW|U��WDQÕPÕPGDQ� 
 

 

 

GLU���$\UÕFD� 
 

k

m

kk

m
WWA λ=   

 

GLU��%X��HúLWOLN��������¶�GH��NXOODQÕOÕUVD� 
 

kkk
WWA λ=
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( )

∑∑∑

−

=

−

=

−

=

===

1

1

1

1

1

1

N

k

k

m

kk

N

k

k

m

k

N

k

kk

mm

WaWAaWaAe λ  

 

elde  edilir. 

m  artarken  ( )m

e �QLQ��VÕQÕUOÕ��NDOPDVÕ����\DQL�PXWODN��GH÷HUFH��LVWHQLOGL÷L��NDGDU��
N�o�N��ELU��SR]LWLI��VD\ÕGDQ��N�o�N��NDOPDVÕ���Loin,  

 

1max ≤
k

k

λ  

 

ROPDOÕGÕU�>��@��� 
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BÖLÜM  3 

 
3.1.  METHOD  OF  LINES  (MOL)��<g17(0ø 
 

0HWKRG��RI��OLQHV����02/�����OLQHHU��YH�OLQHHU��ROPD\DQ��GHQNOHPOHULQ��EDúODQJÕo��
VÕQÕU� � GH÷HU� � SUREOHPOHULQLQ� � o|]�P�Q�� � EXOPDNWD � NXOODQÕODQ  bir  yöntemdir [26]. 

<|QWHP�� ELU� � GH÷LúNHQH� �� NRQXP� � GH÷LúNHQLQH�� J|UH� NÕVPL� � GLIHUDQVL\HO� � GHQNOHPL��
D\UÕúWÕUDUDN�� VRQXoWD� GHQNOHPL� � NROD\OÕNOD� o|]�OHELOHQ� � DGL� � GLIHUDQVL\HO� � GHQNOHP��
VLVWHPLQH� G|Q�úW�U�U�� .ÕVPL� � GLIHUDQVL\HO� � GHQNOHP� � E�W�Q� GH÷LúNHQOHULQH� J|UH��
D\UÕúPDGÕ÷ÕQGDQ���02/��ED]HQ��\DUÕ-�D\UÕúWÕUPD��PHWRGX��RODUDN��ELOLQLU�>��@��$\UÕúWÕUPD�
VRQOX�IDUNODU��VRQOX�HOHPDQODU��\D�GD���D÷ÕUOÕNOÕ��NDODQ��\|QWHPOHUL�JLEL��oHúLWOL��\ROODUOD�
\DSÕODELOLU�>��@��� 

02/��\DNODúÕPÕQÕQ��HQ��|QHPOL� �DYDQWDMÕ� �KHP��DoÕN��\|QWHPOHULQ��NROD\OÕ÷ÕQD��
KHP� � GH� DGL� � GLIHUDQVL\HO� � GHQNOHPLQ� � o|]�P�QGH� � ]D\ÕI� � ELU� � Q�PHULN� � \|QWHP��
NXOODQPDGÕNoD�� NDSDOÕ� � \|QWHPOHULQ� � �VW�QO�÷�QH� � �NDUDUOÕOÕN� � DYDQWDMÕQD�� VDKLS�
ROPDVÕGÕU��0HWRGXQ��EXQGDQ��EDúND��oRN��|QHPOL��LNL��DYDQWDMÕ��GDKD��YDUGÕU���%LULQFLVL��
EX� � PHWRGOD�� VD\ÕVDO� � KHVDSODPDODUGD� � |QHPOL� � DUWÕúODU� � YH� � VÕQÕU� � úDUWODUÕ� � LoLQ� � HN��
zorluklar  olmadan �\�NVHN��PHUWHEHGHQ��\DNODúÕPODUÕ� �o|]PHN��P�PN�QG�U��øNLQFLVL��
zaman  integrasyonunda  güvenli  ve  etkili  bir  adi  diferansiyel  denklem çözücüsünün  

NXOODQÕPÕ\OD��oRN��N�o�N��DGÕPODU��NXOODQPDGDQ��GD��L\L��VRQXoODU��DOÕQDELOLU�>��@��� 
 

3.2.  MOL  <g17(0ø1ø1  ISI��'(1./(0ø1(��8<*8/$10$6, 
 

xxt
UU =                                                                                                (3.1) 

 

úHNOLQGHNL���-boyutlu  lineer  parabolik  denklem, 

 

( ) ( )xfxU =0,  

 

EDúODQJÕo��úDUWÕ���YH��� lx ≤≤0     olmak  üzere, 

 

( ) ( )tftU 1,0 =      ,   0>t  

 

( ) ( )tftlU 2, =      ,   0>t  
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VÕQÕU��úDUWODUÕ��LOH��J|]�|Q�QH��DOÕQVÕQ� 
 

ihx
i

= ,        
ii

xxh −=
+1    

  nkt
n

= ,       
ii

ttk −=
+1    

 

olmak  üzere, ( )
ni

tx ,    grid � QRNWDODUÕQÕ� � WHPVLO� � HWVLQ�� n

i
U   de  bu  ( )

ni
tx ,   grid  

QRNWDODUÕQGDNL�Q�PHULN��o|]�POHUL��J|VWHUVLQ��<DQL��� ( )txU , ��YHULOHQ��NÕVPL��GLIHUDQVL\HO��
denklemin  tam  çözümü  olmak  üzere   ( )

n

i
UtxU ≈,   olsun.  

 
[ ]l,0 ��DUDOÕ÷Õ�� N    parçaya  bölünsün. Bu  durumda,  1+N ��WDQH���JULG��QRNWDVÕ��

olup x∆ ,  

N

l
hx ==∆      

dir. 

MOL  yöntemiyle  çözümü  bulmak için, denklemdeki x ’ e göre  türevin  yerine  

sonlu  fark  \DNODúÕPÕ �\D]ÕODUDN  denklem  diskrize  edilir. Yani, 

  

2
11

2

2 2

h

UUU

x

U
iiii −+

+−

≅

∂

∂

          

 

DOÕQÕU��Böylece  kÕVPL�GLIeransiyel  denklem, 

       

2
11 2

h

UUU

dt

dU
iiii +−

+−

=     ,    1,...,3,2,1 −= Ni  

 

úHNOLQGH��NROD\OÕNOD� çözülebilen  lineer  adi  diferansiyel  denklem  sistemine �G|Q�ú�U  
ve  matris  notasyonunda,  

   

( ) ( ) ( )tftAUtU +=′                                                                            (3.2) 

 

úHNOLQGH��\D]ÕODELOLU�� �%XUDGD�� A   üçlü bant  matris   ve  ( )tf � �VÕQÕU� �úDUWODUÕQÕ��LoHUHQ��
V�WXQ��PDWULVL��ROXS�DúD÷ÕGDNL��JLEL��WDQÕPOÕGÕUODU�>��@�  
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





−

−

−

−

−

−

−

=

NN

h
A � ,     ( )

( )

( )
( ) 112

1

2

0

0

0

1

×−





















































=

N
tf

tf

h
tf �  

 

%X��GLIHUDQVL\HO��GHQNOHP��VLVWHPL��oHúLWOL��Q�PHULN��\|QWHPOHU��NXOODQÕODUDN��o|]�OHELOLU�� 
 

%X� � E|O�PGH�� ������ � GLIHUDQVL\HO� � GHQNOHP� VLVWHPLQLQ� � o|]�P�Q�� � DúD÷ÕGDNL��
EDúODQJÕo��YH��VÕQÕU��úDUWODUÕ��LoLQ��(XOHU��\|QWHPL��LNLQFL��PHUWHEHGHQ��5XQge-Kutta  ve  

dördüncü  mertebeden  Runge-.XWWD��\|QWHPOHUL� � LOH� �HOGH��HWWLN��YH��VRQXoODUÕ� �7DEOR�
�����7DEOR������YH��ùHNLO�������ùHNLO�����¶�GH��WDP��o|]�POH��NDUúÕODúWÕUGÕN�� 

 

ùLPGL���������GHQNOHPLQL�� 
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ile �J|VWHULOLUVH�GLIHUDQVL\HO��GHQNOHP��VLVWHPL��NÕVDFD� 
 

AUU =

′

                                                                               (3.3)  

      

úHNOLQGH��LIDGH��HGLOLU� 
 

3.2.1.  Euler  Yöntemi 
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 (XOHU��\|QWHPLQGH��DoÕN��VRQOX��IDUN��WHNQL÷L��NXOODQÕOGÕ÷ÕQGDn, 21≤r ��NDUDUOÕOÕN��
úDUWÕ��VD÷ODQDFDN��úHNLOGH�k  ve  h��GH÷HUOHUL���DOÕQDUDN��o|]�P��\DSÕOGÕ���6RQXoODU�� t ’ nin  

IDUNOÕ��LNL��GH÷HUL��LoLQ��7DEOR�������YH��7DEOR�����¶�GH��YHULOGL� 
 

��������øNLQFL��0ertebeden  Runge-Kutta  Yöntemi 
  

øNLQFL��PHUWHEHGHQ��5XQJH-Kutta  yöntemi  ile   (3.3)  denkleminin  çözümü 
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ROXU��<LQH��DoÕN��VRQOX��IDUN��WHNQLNOHUL��NXOODQÕOGÕ÷ÕQGDQ� 21≤r ��RODFDN��úHNLOGH�� k   ve  

h ��GH÷erleri  seçilerek  bu  algoritmadan  elde  edilen  çözümler  Tablo 3.1  ve  Tablo  

3.2’ de  verildi. 

 
3.2.3.  Dördüncü  Mertebeden  Runge-Kutta  Yöntemi 

 
Dördüncü  mertebeden Runge –.XWWD�\|QWHPLQGH�o|]�POHULQ�KHVDEÕ�LoLQ� 
 

               ( ) ( ) ( )
nnnnnn

UkAUkAUkAkAUUU
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+  ,      n=0,1,2,… 

 

IRUP�O��NXOODQÕOÕU [25]. 

Euler  ve ikinci mertebeden Runge-Kutta  yöntemlerLQGH� \DSÕODQ� LúOHPOHU�� EX�
yöntem  için de  benzer  olarak  \DSÕOÕU� 
 
������,6,��'(1./(0ø1ø1��$1$/ø7ø.��dg=h0h 
 

�������ÕVÕ��GHQNOHPLQLQ������D���YH������E���EDúODQJÕo��YH��VÕQÕU��úDUWODUÕ��LOH��DQDOLWLN��
çözümünü  GH÷LúNHQOHULQH� D\UÕúWÕUPD  yöntemini  kullanarak  EXODOÕP�� X   sadece  x’ in 

ve   T   sadece  t’ nin  birer  fonksiyonu  olmak  üzere  çözüm,  
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ROGX÷XQD��J|UH���������ÕVÕ��GHQNOHPL� 
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ROGX÷XQGDQ ( )xX   çözümü, 1c  ve 2c   iki keyfi sabit olmak üzere, 
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( ) 0sin0,1
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λ � � � GÕU. 01 =c  ROPDVÕ� � GXUXPXQGD� GD� � DúLNDU�  çözüm  elde  

HGLOHFH÷LQGHQ�� 01 ≠c ��ROPDOÕGÕU��O halde, 
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n
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de  çözümdür (Süperpozisyon  ilkesi). Son  olarak �EDúODQJÕo �úDUWÕQÕn  da �VD÷ODnPDVÕ  
JHUHNWL÷LQGHQ� 
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Tablo 3.1   1.0=h    ve   001.0=k    için   01.0=t     zaman    DGÕPÕQGDNL�   nümerik   

o|]�POHUOH��DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ� 
 

x  Euler øNLQFL��
mertebeden  
Runge-Kutta 

Dördüncü  
mertebeden  
Runge-Kutta 

Analitik 
çözüm 

     
0.1 0.07574  0.07597  0.07596  0.07560 
0.2 0.14126   0.14145   0.14145  0.14114 
0.3 0.19021  0.19029  0.19029  0.19016 
0.4 0.22002  0.22005  0.22005  0.22002 
0.5 0.23000  0.23001  0.23002  0.23000 
0.6 0.22002  0.22005  0.22005  0.22002 
0.7 0.19021  0.19029  0.19029  0.19016 
0.8 0.14126  0.14145  0.14145  0.14114 
0.9 0.07574  0.07597  0.07596  0.07560 
     

 

   

 

 

 

Tablo 3.2   h=0.02  ve  k=0.0001  için   t=0.1� � ]DPDQ� � DGÕPÕQGDNL�   nümerik  

çözümlerle  analitik  o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ    
 

x  Euler øNLQFL��
mertebeden  
Runge-Kutta 

Dördüncü  
mertebeden  
Runge-Kutta 

Analitik  
çözüm 

     
0.1 0.02971  0.02973  0.02973  0.02972 
0.2 0.05652  0.05654  0.05654  0.05652 
0.3 0.07778  0.07782  0.07782  0.07780 
0.4 0.09144  0.09148  0.09148  0.09146 
0.5 0.09615  0.09619  0.09619  0.09616 
0.6 0.09144  0.09148  0.09148  0.09146 
0.7 0.07778  0.07782  0.07782  0.07780 
0.8 0.05652  0.05654  0.05654  0.05652 
0.9 0.02971  0.02973  0.02973  0.02972 
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ùHNLO�����   h=0.1  ve  k=0.001  için    t=0.05  ]DPDQ��DGÕPÕQGD��(XOHU��\|QWHPL��LOH��HOGH��
HGLOHQ��o|]�P�Q��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ���� 
 

 
 
 

 

 
ùHNLO� � ���� � �h=0.1  ve k=0.001  için  t ���� � ]DPDQ� �DGÕPÕQGD  elde  edilen  nümerik  

çözümlerle  aQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ���� 
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BÖLÜM  4 
 
%X��E|O�PGH�PRGHO��SUREOHP��RODUDN��NXOODQÕODFDN��RODQ� 
 

 
2

2

x

U
v

x

U
U

t

U

∂

∂

=

∂

∂

+

∂

∂

                                                                             (4.1) 

 

( ) ( ) ( )xxUxU πsin0, 0 ==                                                                                 (4.1a) 

            

( ) ( ) 0,1,0 == tUtU                                                                                         (4.1b) 

 

EDúODQJÕo-VÕQÕU��GH÷HU��SUREOHPLQLQ��DQDOLWLN��o|]�P���\DSÕODFDNWÕU��� 
 

������%85*(56��'(1./(0ø1ø1��$1$/ø7ø.��dg=h0Ü 
 

������ � LOH� � YHULOHQ� � %XUJHUV� � GHQNOHPLQLQ� � GR÷UXGDQ� � DQDOLWLN� � o|]�P�Q�Q��
EXOXQPDVÕ��P�PN�Q��GH÷LOGLU��)DNDW��ELU��G|Q�ú�P��\DUGÕPÕ\OD��OLQHHU��KDOH��JHWLULOHUHN��
o|]�OHELOHQ��oRN�D]��VD\ÕGDNi  non-lineer  denklemlerden  birisidir.   

Burgers  denklemi,  Hopf-&ROH��G|Q�ú�P���RODUDN��ELOLQHQ� 
 

θ

θ
x

vU 2−=                                                                  (4.2) 

 

úHNOLQGH��ELU��G|Q�ú�P��LOH� 
 

2

2

x
v

t ∂

∂

=

∂

∂ θθ

                                                                              (4.3) 

 

OLQHHU� � ÕVÕ� � SUREOHPLQH� � LQGLUJHQLU� >�@�� %DúODQJÕo� � YH� � VÕQÕU� � GH÷HUOHUL� � LVH� � �������
G|Q�ú�P���DOWÕQGD� 
 

( ) ( ) ( ) ( )[ ]{ }xvcxx ππθθ cos12exp0, 1
00 −−==

−

                                    (4.3a) 

 

( ) ( ) 0,1,0 == tt
xx

θθ                                                                             (4.3b) 

 



 29 

haline  gelir. 

ùLPGL� � ������� ����D�� � YH� � ����E�� � úHNOLQGH� � LQGLUJHQPLú� � EDúODQJÕo-VÕQÕU� � GH÷HU��
SUREOHPLQLQ��DQDOLWLN��o|]�P�Q���GH÷LúNHQOHULQH��D\ÕUPD��\|QWHPL\OH��EXODOÕP� 

Bunun  için,  

 

( ) ( ) ( )tTxXtx =,θ   

 

(4.3)   denkleminin  bir  çözümü  olsun. 

 

( ) ( )tTxX
x

′=

∂

∂θ

 

 

( ) ( )tTxX
x

′′=

∂

∂

2

2
θ

 

 

( ) ( )tTxX
t

′=

∂

∂θ

 

 

HúLWOLNOHUL���������GHQNOHPLQGH��\HULQH��\D]ÕOÕUVD�� 
 

( ) ( ) ( ) ( )tTxXvtTxX ′′=′   

 

HOGH��HGLOLU��%XUDGD��JHUHNOL��G�]HQOHPHOHU��\DSÕOÕUVD� 
 

21
λ−=

′

=

′′

T

T

vX

X
   ,   0>λ  (sabit)  

 

olur. Buradan, 

 

02
=+′′ XX λ  

 

02
=+′ vTT λ  
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úHNOLQGH� � LNL� � DGL� � GLIHUDQVL\HO� � GHQNOHP� � HOGH� � HGLOLU�� %X� � GHQNOemlerin  çözümleri  

VÕUDVÕ\OD��� 
 

( ) ( )xBxAX λλ sincos 11 +=  

 

vt
ceT

2
λ−

=   

 

dir. Bu  çözümler,   

 

( ) ( ) ( )tTxXtx =,θ  

 

LIDGHVLQGH��\HULQH��\D]ÕOÕUVD�� 
 

( ) ( ) ( )[ ][ ]
vt

cexBxAtx
2

sincos, 11
λ

λλθ
−

+=  

 

elde  edilir. Burada  AcA =1  , BcB =1  denirse, 

 

( ) ( ) ( )[ ]xBxAetx
vt

λλθ
λ sincos,

2

+=
−                                                     (4.4) 

 

ROXU��6RO��VÕQÕU��úDUWÕQGDQ 

 

( ) ( )[ ]xBxAe
x

vt
λλλλ

θ
λ cossin

2

+−=

∂

∂
−  

 

( ) ( ) 0,0
2

==

∂

∂
−

λ

θ
λ

Bet
x

vt   

 

GÕU�� 0
2

≠
− vt

e
λ �ROGX÷XQGDQ���B ���ROPDOÕGÕU��%|\OHFH���������o|]�mü, 

 

( ) ( )xAetx
vt

λθ
λ cos,

2
−

=   

 

KDOLQH��JHOLU��'L÷HU��VÕQÕU��úDUWÕQÕQ��NXOODQÕOPDVÕ\OD� 
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( )xeA
x

vt
λλ

θ
λ sin

2
−

−=

∂

∂

 

 

( ) ( )λλ

θ
λ sin,1

2
vt

eAt
x

−

−=

∂

∂

  

 

bulunur. Burada  A ���ROXUVD��DúLNDU��o|]�P��EXOXQDFD÷ÕQGDQ��� 
 

0sin =λ   

 

ROPDOÕGÕU��%|\OHFH� 
 

πλ n=    ,   ,...2,1,0 ##=n   

 

dir. λ ��GH÷HULQLQ��\HULQH��\D]ÕOPDVÕ\OD� 
 

( ) ( )xneAtx
tvn

nn
πθ

π cos,
22

−

=                       

 

o|]�P�� � HOGH� � HGLOLU�� 6�SHUSR]LV\RQ� � LONHVL� � JHUH÷LQFH� ������ � GHQNOHPLQLQ� � JHQHO��
çözümü, 

 

( ) ( )∑

∞

=

−

+=

1
0 cos,

22

n

n

vtn
xnAeAtx πθ

π     

 

úHNOLQGH��\D]ÕODELOLU��%X���LVH��ELU��)RXULHU��FRVLQ�V��VHULVLGLU���%XUDGD�� 0A  ,  
n

A   Fourier  

NDWVD\ÕODUÕ�� 
 

( ) ( ) ( )[ ]{ }
∫ ∫

−−==

−

1

0

1

0

1
000 cos12exp dxxvcdxxA ππθ  

 

( ) ( )[ ]{ } ( )dxxnxvcA
n

πππ coscos12exp2
1

0

1
0 ∫

−−=

−
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úHNOLQGH��WDQÕPOÕGÕU��%XUDGDQ��4.1)  ile  verilen  Burgers  denkleminin  analitik  çözümü, 

�������G|Q�ú�P���\DUGÕPÕ\OD 
 

( )

( )

( )∑

∑

∞

=

−

∞

=

−

+

=

1
0

1

cos

sin2

,
22

22

n

n

vtn

n

n

vtn

xnAeA

xnAnev

txU

π

ππ

π

π

  

 

olarak  elde  edilir [1].   
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BÖLÜM  5  
 

%X� � E|O�PGH�� ��� E|O�PGH� � YHULOPLú� � RODQ� � ������ � EDúODQJÕo-VÕQÕU� � GH÷HU��
problHPLQLQ�������������D���YH������E��� �úHNOLQGH��LIDGH��HGLOHQ��OLQHHUOHúWLULOPLú��KDOLQH��
02/��\|QWHPL��X\JXODQGÕ��6RQXoWD��RUWD\D��oÕNDQ��DGL��GLIHUDQVL\HO��GHQNOHPOHUH��oHúLWOL��
nümerik  yöntemler  uygulanarak  çözümler  elde  edildi.   

  

5.1.  /ø1((5/(ù7ø5ø/0øù��%85*(56��'(1./(0ø1(��02/��<g17(0ø1ø1��
UYGULANMASI 

 

θ

θ
x

vU 2−=         (5.1) 

 

Hopf-&ROH��G|Q�ú�P���NXOODQÕODUDN���������EDúODQJÕo�-�VÕQÕU��GH÷HU��SUREOHPLQLQ� 
 

2

2

x
v

t ∂

∂

=

∂

∂ θθ

                                                                                          (5.2) 

 

( ) ( ) ( )[ ]{ }xCosvcx ππθ −−=

− 12exp0, 1
0                                                 (5.2a) 

 

( ) ( ) 0,1,0 == tt
xx

θθ                                                                             (5.2b) 

      

úHNOLQGHNL��OLQHHU��ÕVÕ��SUREOHPLQH��G|Q�úW�÷�Q���ELOL\RUX]�>�@� 
 %XOXQDQ��EX��OLQHHU��ÕVÕ��SUREOHPLQH��0HWKRG��RI��/LQHV��\|QWHPLQL��X\JXODPDN��
için  

t
θ �VDELW��EÕUDNÕOÕS��

xx
θ ��\HULQH��VRQOX��IDUN��\DNODúÕPÕ��\D]ÕOÕU��6ÕQÕU��úDUWODUÕQD��ise  

PHUNH]L��IDUNODU��X\JXODQÕU����%XUDGD�� 10 =c ��DOÕQDFDNWÕU��� 
 

ii
xxh −=

+1   olmak  üzere, [ ]1,0 � � DUDOÕ÷Õ� � � N   parçaya  bölünsün.  (5.2)  

GHQNOHPLQH��02/��X\JXODQÕUVD� 
 

2
11 2

h
v

dt

d
iiii −+

+−

=

θθθθ

         ,      Ni ,...,2,1,0=                                  (5.3)           

 

\D]ÕODELOLU� 
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0=x ¶�GDNL��VRO��VÕQÕU��úDUWÕ��PHUNH]L��IDUN��FLQVLQGHQ�� 
 

0
2

11
=

−
−+

h

ii
θθ

                                                                                    (5.4) 

 

úHNOLQGHGLU�� 0=i    için   (5.4)  denklemi, 

 

11
11 0

2
θθ

θθ

=⇒=

−

−

−

h
                                                                         (5.5) 

 

olur.  i=0   için   (5.3)  denklemi  ise, 

 

2
1010 2

h
v

dt

d
−

+−

=

θθθθ

                                                                          (5.6) 

 

GLU�� � ������ �YH� � ������ � � GHQNOHPOHULQGH� �SUREOHPLQ� � o|]�P� �E|OJHVLQH� �G�úPH\HQ� � 1−
θ   

KD\DOL� �GH÷HUL�EXOXQPDNWDGÕU��%X�GH÷HU� � �����¶� LQ� � � �����¶�GD��NXOODQÕOPDVÕ\OD� �NROD\FD��
yok edilir. Böylece,  

 

2
100 22

h
v

dt

d θθθ +−

=  

 

elde  edilir. 

1=x ¶�GHNL���VD÷��VÕQÕU��úDUWÕ��PHUNH]L��IDUN��FLQVLQGHQ� 
 

0
2

11
=

−
−+

h

ii
θθ

 

 

RODUDN��\D]ÕOÕU�� 1=x ’ de   Ni = ���ROGX÷XQGDQ� 
 

11
11 0

2
−+

−+

=⇒=

−

NN

NN

h
θθ

θθ

                                                             (5.7) 

 

olur. i=N  için  (5.3)  denklemi  ise 
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2
11 2

h
v

dt

d
NNNN −+

+−

=

θθθθ

                                                                   (5.8) 

 

dir. Burada da  1+N
θ � � GH÷HUL� � � KD\DOL� � GH÷HUGLU�� ������� �����¶�GH�\HULQH� � \D]ÕODUDN� � EX��

GH÷HU��GH��\RN��HGLOLU��%XUDGDQ� 
 

2
1 22

h
v

dt

d
NNN

θθθ −

=
−  

 

bulunur. 

O  halde,   
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lineer  adi  diferansiyel  denklem  sistemi  elde  edilir.  Bu  sistem,  
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[ ]
T

NN
θθθθθθ 1210 −

= �  

 

ile  gösterilirse, 

 

θθ A=′                                                                                     (5.9) 

 

úHNOLQGH��\D]ÕODELOLU� 
 

5.1.1.  Euler  Yöntemi     
   

(5.9)   denklem  sisteminin  Euler  yöntemi  ile  çözümünü  bulmak  için,   
 

nnn
kAθθθ +=

+1      ,    ,...2,1,0=n   

 

DOJRULWPDVÕQÕQ��NXOODQÕOGÕ÷ÕQÕ��ELOL\RUX]�>��@��%XQD��J|UH��DOJRULWPDQÕQ��DoÕN��LIDGHVL� 
 

 

 

 

 

 

 

 

 

 

veya    2
hkvr =   olmak  üzere,  
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G|Q�ú�P�QGH���\HULQH��\D]ÕOPDVÕ\OD���������LOH��YHULOHQ��%XUJHUV���GHQNOHPLQLQ�� ( )txU ,   

o|]�POHUL��HOGH��HGLOPLú��ROXU� 
%X� � DOJRULWPD� � NXOODQÕODUDN� � oHúLWOL� � ]DPDQ� � DGÕPODUÕQGD�� IDUNOÕ�    k  ve  h  

GH÷HUOHUL� � LoLQ� � Q�PHULN� � o|]�POHU� � HOGH� � HGLOGL�� 6RQXoODU� �7DEOR� ����� �7DEOR� ���� � YH��
ùHNLO��������ùHNLO�����¶�GH��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOGÕ�� 
 

Tablo 5.1   h=0.1  ve  v =1  için   t = 0.1��]DPDQ��DGÕPÕQGD��IDUNOÕ��k��GH÷HUOHUL��DOÕQDrak  

(XOHU��\|QWHPL��LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x                                 Euler   Analitik çözüm    
 k=0.001 k=0.0001  k=0.00001  
     
0.1          0.11016 0.10868 0.10866       0.10954 
0.2 0.21100 0.20815 0.20811       0.20979 
0.3 0.29364 0.28961 0.28959       0.29190 
0.4          0.35008 0.34519 0.34518       0.34792 
0.5 0.37398 0.36866 0.36860       0.37158 
0.6 0.36147 0.35622 0.35608       0.35905 
0.7 0.31208 0.30746 0.30729       0.30990 
0.8 0.22946 0.22601 0.22589       0.22782 
0.9 0.12158 0.11973 0.11966       0.12069 
     
 
 
 
Tablo 5.2   v =0.1  ve  k =0.00001 için   t = 0.1�]DPDQ��DGÕPÕQGD��IDUNOÕ� h���GH÷HUOHUL�
DOÕQDUDN��(XOHU��\|QWHPL��LOH��HOGH��HGLOHQ�o|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x Euler     Analitik çözüm    
 N=10 N=20 N=50 N=100  
      
0.1         0.21353 0.22100 0.22308 0.22346 0.22345             
0.2 0.41919 0.43169 0.43533 0.43592 0.43580 
0.3 0.60742 0.62068 0.62441 0.62508 0.62512 
0.4         0.76542 0.77458 0.77723 0.77764 0.77772 
0.5 0.87596 0.87692 0.87723 0.87718 0.87728            
0.6 0.91654 0.90741 0.90468 0.90418 0.90425 
0.7 0.86057 0.84294 0.83781 0.83695 0.83692 
0.8 0.68432 0.66424 0.65843 0.65754 0.65731 
0.9 0.38411 0.37045 0.36651 0.36590 0.36575 
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ùHNLO������� h=0.1,  v=1  ve  k=0.001    LoLQ��IDUNOÕ��]DPDQ��DGÕPODUÕQGD��(XOHU��\|QWHPL��
LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO�����   h=0.1,  v=0.1  ve  k=0.0005   için   t �����������]DPDQ��DGÕPODUÕQGD��(XOHU��
\|QWHPL��LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOPDVÕ 
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��������øNLQFL��0HUWHEHGHQ��5XQJH-Kutta  Yöntemi 
 

(5.9)  denklem  sisteminin ikinci  mertebeden  Runge-Kutta  yöntemi  ile  

çözümü  için,  
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úHNOLQGHGLU������D���EDúODQJÕo��úDUWÕQÕQ��NXOODQÕOPDVÕ\OD��EX��VLVWHP��NROD\FD��o|]�OHUHN��
(5.2)  denkleminin  ( )tx,θ    çözümleri  elde� � HGLOLU��%X� � úHNLOGH� �KHVDSODQDQ� � ( )tx,θ   

GH÷HUOHUL���(XOHU��o|]�P�QGH��ROGX÷X��JLEL���������G|Q�ú�P�QGH��\HULQH��\D]ÕODUDN����������
Burgers   denkleminin  çözümleri  bulunur. 

<LQH��\XNDUÕGDNL��DOJRULWPD��NXOODQÕODUDN��oHúLWOL��]DPDQ��DGÕPODUÕQGD��IDUNOÕ��  k  

ve  h  GH÷HUOHUL��LoLQ��Q�PHULN��o|]�POHU��HOGH��HGLOGL��6RQXoODU��7DEOR�������7DEOR������YH��
ùHNLO��������ùHNLO�����¶�GH��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOGÕ�� 
 

 

Tablo 5.3   h=0.1  ve  v =1  için   t = 0.1�]DPDQ��DGÕPÕQGD��IDUNOÕ��k �GH÷HUOHUL��DOÕQDUDN��
ikinci  mertebeden  Runge-Kutta yöntemi  ile  elde  edilen  çözümlerin  analitik  

o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x øNLQFL�PHUWHEHGHQ�5XQJH-Kutta    Analitik çözüm   
 k=0.001 k=0.0001  k=0.00001  
     
0.1          0.11072 0.10874 0.10866 0.10954 
0.2 0.21207 0.20826 0.20812 0.20979 
0.3 0.29510 0.28975 0.28960 0.29190 
0.4          0.35179 0.34536 0.34520 0.34792 
0.5 0.37576 0.36883 0.36861 0.37158 
0.6 0.36315 0.35638 0.35609 0.35905 
0.7 0.31350 0.30760 0.30730 0.30990 
0.8 0.23049 0.22611 0.22589 0.22782 
0.9 0.12212 0.11978 0.11966 0.12069 
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Tablo 5.4   v =0.1  ve  k =0.00001   t = 0.1� �]DPDQ��DGÕPÕQGD�� �IDUNOÕ�  h� � �GH÷HUOHUL�
DOÕQDUDN��LNLQFL� �PHUWHEHGHQ��5XQJH�- Kutta   yöntemi  ile  elde  edilen    çözümlerin  

DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x øNLQFL��PHUWHEHGHQ��5XQJH-Kutta     Analitik çözüm    
 N=10 N=20 N=50 N=100  
      
0.1         0.21353 0.22100 0.22308 0.22346 0.22345             
0.2 0.41919 0.43169 0.43533 0.43593 0.43580 
0.3 0.60742 0.62068 0.62441 0.62509 0.62512 
0.4         0.76542 0.77458 0.77723 0.77764 0.77772 
0.5 0.87596 0.87692 0.87723 0.87718 0.87728            
0.6 0.91654 0.90740 0.90468 0.90417 0.90425 
0.7 0.86057 0.84293 0.83780 0.83695 0.83692 
0.8 0.68431 0.66424 0.65843 0.65754 0.65731 
0.9 0.38411 0.37045 0.36651 0.36590 0.36575 
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ùHNLO  5.3   h=0.1, v=1  ve  k=0.001    LoLQ� � IDUNOÕ� � ]DPDQ� � DGÕPODUÕQGD� � LNLQFL��
mertebeden  Runge-Kutta  yöntemi  ile  elde  edilen  çözümlerin  analitik  çözümlerle 

NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO��������h=0.1,  v=0.1  ve  k=0.0005   için   t �����������]DPDQ��DGÕPODUÕQGD��LNLQFL 
mertebeden  Runge-Kutta   yöntemi  ile  elde  edilen  çözümlerin  analitik  çözümlerle  

NDUúÕODúWÕUÕOPDVÕ 
 

������1h0(5ø.��<g17(0/(5ø1��.$5$5/,/,ö, 
 
%X��NÕVÕPGD��0DWULV��\|QWHPL��NXOODQÕODUDN��NDUDUOÕOÕN��DQDOL]L��\DSÕOPÕúWÕU� 
 

5.2.1   (XOHU��<|QWHPL��øoLQ��.DUDUOÕOÕN��$QDOL]L 
 

/LQHHUOHúWLULOPLú��%XUJHUV��GHQNOHPinin  Euler  Yöntemi  ile  çözümü,  
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           (5.11)                          
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ROPDOÕGÕU�� 11 =λ ��ROGX÷XQGDQ��EX��úDUWÕ��VD÷ODU�� 2λ   içinse 

 

04214112 ≤−≤−⇒≤−⇒≤ rrλ  

 

\D]ÕOÕU��%XUDGDQ��GD��� 21≤r ��HOGH��HGLOLU��2��KDOGH��(XOHU��\|QWHPLQLQ��NDUDUOÕOÕ÷Õ��LoLQ�� 
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úDUWÕ��VD÷ODQPDOÕGÕU��� 
 

��������øNLQFL��0HUtebeden   Runge-.XWWD��<|QWHPL��øoLQ��.DUDUOÕOÕN��$QDOL]L 
 

/LQHHUOHúWLULOPLú� � %XUJHUV� � GHQNOHPLQLQ� � LNLQFL� � PHUWHEHGHQ� 5XQJH-Kutta  

metodu  ile  çözümünün  matris  formunun,    
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���������LIDGHVL��NDSDOÕ��RODUDN�  
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Bθθ =

+1
       ,    ,...2,1,0=n                                                          (5.13)   

 

úHNOLQGH��\D]ÕODELOLU��� 
B  matrisinin  .1   ve   ).1( +N ���VDWÕUODUÕ��LoLQ��� 

 

2321 rra
ss

+−=    ,   2242 rrrP
s

+−=  

  

dir. 
s

P   ifadesinde  02
>r ��GÕU��� 242 rr − ��LoLQVH��LNL��GXUXP��YDUGÕU�� 

 

1) Pozitif  olma  durumu: 

 

 

Bu  durumda  Brauer  teoreminden, 

 
22 32)321( rrrrPa

sss
−=+−−⇒=− λλ  

2222 3242042 rrrrrPrr
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\D]ÕOÕU��%XUDGDQ� 
 

22
1 32321 rrrr −=−+−λ  ⇒    11 =λ     

 

 veya         

 

22
2 32321 rrrr +−=−+−λ   ⇒    2

2 641 rr +−=λ  

 

 elde  edilir.  

 

2) Negatif  olma  durumu: 

 

 

 

olup 

    

   22 52)321( rrrrPa
sss
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HúLWOL÷LQGHQ� 
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Matris  analizine  göre  NDUDUOÕOÕN��LoLQ� 
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          1≤
i

λ    ,    8,...,2,1=i  

 

ROPDOÕGÕU� 
   

151 == λλ ������ROGX÷XQGDQ��EX��úDUW��GLUHNW��RODUDN��VD÷ODQÕU��$\UÕFD�� 73 λλ = ’ dir. 
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�ROPDOÕGÕU�>��@��%XUDGDQ��LNLQFL��PHUWHEHGHQ��5XQJH-.XWWD��\|QWHPLQLQ��NDUDUOÕOÕ÷Õ��LoLQ� 
 

   
2

1
≤r       veya     

2

1
2

≤

h

kv
 

 

úDUWÕ��VD÷ODQPDOÕGÕU���� 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 50 

BÖLÜM  6 
 
6.1.  BURGERS   �'(1./(0ø1ø1���1h0(5ø.���ÇÖZÜMÜ 
 

xxxt
vUUUU =+                                                                                               (6.1)      

 
olarak  verilen  Burgers   denklemi, 

 

( ) ( )xxU πsin0, =                                                                                              (6.1a) 

 

( ) ( ) 0,1,0 == tUtU   ,  0>t                                                                           (6.1b) 

 

EDúODQJÕo��YH��VÕQÕU��úDUWODUÕ��LOH�G�ú�Q�OV�Q��%XUDGD�� [ ]1,0 ��DUDOÕ÷Õ��N  parçaya  bölünsün. 

Yani, 
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)(
i

i
Uf

dt

dU
=         ,          1,...,3,2,1 −= Ni                                           (6.3) 

 

RODUDN��\D]ÕODELOLU� 
 
6.1.1.  Euler  Yöntemi   
 

<XNDUÕGDNL��úHNLOGH��ROXúWXUXODQ���������GHQNOHP��VLVWHPLQH� 
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Euler  algoritPDVÕQÕQ��X\JXODQPDVÕ\OD��DúD÷ÕGDNL��OLQHHU��FHELUVHO��GHQNOHP��VLVWHPL��HOGH��
edilir [25]. 
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GHQNOHP��VLVWHPL��ROXúWXUXOXU��%X���VLVWHPGH������D���EDúODQJÕo��úDUWÕQÕQ��NXOODQÕOPDVÕ\OD��
her  n   için  1+n

i
U   çözümleri   kolayca  bulunur.  

%X��DOJRULWPD��LOH��IDUNOÕ� k  ve  h��GH÷HUOHUL��LoLQ��HOGH��HGLOHQ��Q�PHULN��o|]�POHU��
7DEOR������7DEOR��������YH��ùHNLO�����¶�GH��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOGÕ�� 
 

 

Tablo  6.1   h=0.1, v=1  ve  k=�������LoLQ���IDUNOÕ��]DPDQ��DGÕPODUÕQGD��(XOHU��\|QWHPL��
LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOPDVÕ 
 

x                       t =0.1                                 t =0.2                                  t=0.3       

             Euler            Anl. çöz.         Euler           Anl. çöz.          Euler          Anl. çöz.  
 
0.1       0.10975         0.10954          0.04218         0.04193        0.01598         0.01582 
0.2       0.21024    0.20979       0.08048         0.07999        0.03043        0.03014 
0.3       0.29262  0.29190     0.11131      0.11062       0.04196        0.04155 
0.4   0.34893  0.34792     0.13167      0.13082        0.04945        0.04896 
0.5 0.37284  0.37158     0.13941       0.13847       0.05213        0.05161 
0.6 0.36046  0.35905    0.13352      0.13258      0.04971        0.04921 
0.7 0.31129  0.30990     0.11430       0.11347      0.04239        0.04196 
0.8 0.22893  0.22782        0.08347         0.08284        0.03086        0.03054 
0.9       0.12131  0.12069   0.04402         0.04369        0.01624        0.01607 
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Tablo  6.2   v =1  ve  k =0.00001  için   t = 0.01��]DPDQ��DGÕPÕQGD��IDUNOÕ��h��GH÷HUOHUL��
DOÕQDUDN Euler  yöntemi  ilH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x Euler Analitik çözüm 
   N=10  N=20  N=50  N=100  
      
0.1 0.27352 0.27331 0.27325 0.27324   0.27324 
0.2 0.52209 0.52169 0.52158 0.52156   0.52156 
0.3 0.72255 0.72202 0.72187 0.72185   0.72185 
0.4 0.85536 0.85478 0.85462 0.85459   0.85459 
0.5 0.90646 0.90590 0.90574 0.90572   0.90571 
0.6 0.86898 0.86849 0.86836 0.86834   0.86833 
0.7 0.74459 0.74422 0.74412 0.74410   0.74410 
0.8 0.54414 0.54390 0.54383 0.54382   0.54382 
0.9 0.28716 0.28704 0.28700 0.28700   0.28700 
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ùHNLO��.1   h=0.01, v=0.1  ve k=0.00005  için  IDUNOÕ��]DPDQ��DGÕPODUÕQGD��(XOHU��\|QWHPL��
LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOPDVÕ 
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��������øNinci  Mertebeden  Runge-Kutta  Yöntemi   
   

(6.3)  denklem  sisteminin  ikinci mertebeden  Runge-Kutta  metodu  ile  

çözümü   n=0,1,2,…   için,  
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olmak  üzere, 
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<LQH����IDUNOÕ��k  ve  h��GH÷HUOHUL��LoLQ��EX��DOJRULWPD��LOH��HOGH��HGLOHQ��Q�PHULN��
o|]�POHU��7DEOR������7DEOR������YH��ùHNLO�����¶�GH��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOGÕ�� 
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Tablo  6.3   h=0.1, v=1  ve  k=������LoLQ��IDUNOÕ���]DPDQ��DGÕPODUÕQGD��LNLQFL��PHUWHEHGHQ��
Runge-.XWWD��\|QWHPL��LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOPDVÕ 

 

x                        t =0.1                                 t =0.2                                 t=0.3       

       Runge-Kutta    Anl. çöz.    Runge-Kutta    Anl. çöz.   Runge-Kutta   Anl. çöz.  
 
0.1      0.11030         0.10954        0.04258        0.04193        0.01621        0.01582  
0.2      0.21128         0.20979        0.08125        0.07999        0.03087        0.03014 
0.3      0.29406   0.29190        0.11238     0.11062        0.04257        0.04155 
0.4      0.35065   0.34792        0.13295 0.13082        0.05017        0.04896  
0.5      0.37467   0.37158        0.14077 0.13847        0.05290 0.05161 
0.6      0.36222   0.35905  0.13483 0.13258        0.05044 0.04921  
0.7      0.31279   0.30990 0.11544 0.11347   0.04301 0.04196  
0.8      0.23003   0.22782 0.08430 0.08284  0.03131 0.03054  
0.9      0.12189   0.12069 0.04447 0.04369   0.01648 0.01607 
 

 
 
 
 
 
 
 
 
Tablo  6.4   v =1  ve  k =0.00001  için   t = 0.01��]DPDQ��DGÕPÕQGD��IDUNOÕ��h��GH÷HUOHUL��
DOÕQDUDN�LNLQFL��PHUWHEHGHQ��5XQJH-Kutta yöntemi  ile  elde  edilen  çözümlerin  analitik  

o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x øNLQFL��PHUWHEHGHQ�5XQJH-Kutta Analitik çözüm 
   N=10  N=20  N=50  N=100  
      
0.1 0.27353 0.27331 0.27325 0.27324   0.27324 
0.2 0.52210 0.52170 0.52158 0.52157   0.52156 
0.3 0.72256 0.72203 0.72188 0.72186   0.72185 
0.4 0.85537 0.85478 0.85462 0.85460   0.85459 
0.5 0.90647 0.90590 0.90574 0.90572   0.90571 
0.6 0.86898 0.86850 0.86836 0.86834   0.86833 
0.7 0.74459 0.74422 0.74412 0.74410   0.74410 
0.8 0.54414 0.54390 0.54383 0.54382   0.54382 
0.9 0.28716 0.28704 0.28700 0.28700   0.28700 
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ùHNLO� ���   h=0.01, v=0.1  ve  k=0.00005  için  IDUNOÕ� � ]DPDQ� � DGÕPODUÕQGD� � LNLQFL��
mertebeden  Runge-Kutta  yöntemi  ile  elde  edilen  çözümlerin  analitik  çözümlerle  

NDUúÕODúWÕUÕOPDVÕ 
 

6.1.3.  Crank-Nicolson   Yöntemi   
 

.XOODQÕP��RODUDN�SUDWik  olan  Crank-Nicolsan  metodu,  
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úHNOLQGH��WULGLDJRQDO��GHQNOHP��VLVWHPLQH��G|Q�ú�U��%XOXQDQ��EX���HúLWOLN������E�����VÕQÕU��
úDUWODUÕ��GD��J|]�|Q�QH��DOÕQDUDN��PDWULV�IRUPXQGD� 
 

BAU
n

=
+1                                                                                (6.6) 
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úHNOLQGHGLU�� /LQHHU� � GHQNOHP� � VLVWHPOHULQLQ� � o|]�P�QGH� � NXOODQÕODQ� � Petodlardan  

ELULQLQ�������¶�\D��X\JXODQPDVÕ\OD����������LOH��YHULOHQ��%XUJHUV���GHQNOHPLQLQ��o|]�POHUL��
bulunur.   
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������ � GHQNOHP� � VLVWHPL� LoLQ� � &URXW� � \|QWHPL� � NXOODQÕODUDN�� � IDUNOÕ� � k  ve  h  

GH÷HUOHUL��LoLQ���HOGH��HGLOHQ��Q�PHULN��o|]�POHU��7DEOR������7DEOR�������YH��ùHNLO�����¶�GH��
DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOGÕ�� 

 

Tablo  6.5   h=0.1, v=1  ve  k=������LoLQ��IDUNOÕ� � �]DPDQ��DGÕPODUÕQGD�&UDQN-Nicolson  

\|QWHPL��LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOPDVÕ 
 

x                    t =0.1                                  t =0.2                                 t=0.3       

             C-N             Anl. çöz.        C-N           Anl. çöz.          C-N           Anl. çöz.  
 
0.1      0.11026         0.10954        0.04257        0.04193        0.01621        0.01582  
0.2      0.21123         0.20979        0.08123        0.07999        0.03087        0.03014 
0.3      0.29400   0.29190        0.11236     0.11062        0.04257        0.04155 
0.4      0.35060   0.34792        0.13293 0.13082        0.05016        0.04896  
0.5      0.37464   0.37158        0.14076 0.13847        0.05290 0.05161 
0.6      0.36222   0.35905  0.13483 0.13258        0.05044 0.04921  
0.7      0.31282   0.30990 0.11543 0.11347   0.04301 0.04196 
0.8      0.23007   0.22782 0.08430 0.08284  0.03131 0.03054  
0.9      0.12192   0.12069 0.04447 0.04369   0.01648 0.01607 
 

 
 
 
 
Tablo   6.6  v =1  ve  k =0.00001  için   t = 0.01��]DPDQ��DGÕPÕQGD��IDUNOÕ��h��GH÷HUOHUL��
DOÕQDUDN  Crank-Nicolson yöntemi  ile  elde  edilen  çözümlerin  analitik  çözümle  

NDUúÕODúWÕUÕOPDVÕ 
 

x Crank-Nicolson Analitik çözüm 
   N=10  N=20  N=50  N=100  
      
0.1 0.27353 0.27331 0.27325 0.27324   0.27324 
0.2 0.52210 0.52170 0.52158 0.52157   0.52156 
0.3 0.72256 0.72203 0.72188 0.72186   0.72185 
0.4 0.85537 0.85478 0.85462 0.85460   0.85459 
0.5 0.90647 0.90590 0.90574 0.90572   0.90571 
0.6 0.86898 0.86850 0.86836 0.86834   0.86833 
0.7 0.74459 0.74422 0.74412 0.74410   0.74410 
0.8 0.54415 0.54390 0.54383 0.54382   0.54382 
0.9 0.28716 0.28704 0.28700 0.28700   0.28700 
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ùHNLO� �6.3   h=0.01, v=0.1   ve   k=0.00005  için  IDUNOÕ� �]DPDQ� �DGÕPODUÕQGD� �&UDQN-

1LFROVRQ��\|QWHPL��LOH��HOGH��HGLOHQ��o|]�POHULQ��DQDOLWLN��o|]�POHUOH��NDUúÕODúWÕUÕOPDVÕ 
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BÖLÜM  7 
 
7.1.  SONUÇ-.$5ù,/$ù7,50$   
 

������ �%XUJHUV� �GHQNOHPL� � ����D��� ����E�� �EDúODQJÕo� �YH� � VÕQÕU� � úDUWODUÕ� � LOH� � J|]�
|Q�QH��DOÕQDUDN��LNL��GXUXP��LoLQ��\DNODúÕN��o|]�POHU��HOGH��HGLOGL�� 
 
7.1.1.  LineerlHúWLULOPLú��%XUJHUV���'HQNOHPLQLQ��dözümleri 
 

(4.2)  Hopf-&ROH��G|Q�ú�P���LOH�������������D����YH������E���EDúODQJÕo–VÕQÕU��GH÷HU��
problemine  indirgenen  (4.1)  Burgers  denkleminin  çözümü  için  öncelikle  MOL  

\|QWHPL��NXOODQÕODUDN��SUREOHP���ELULQFL��PHUWHEHGHQ��DGL��GLIHUDQVL\HO��GHQNOem  sistemi  

haline  getirildi  ve  Euler  ile  ikinci  mertebeden  Runge-Kutta  nümerik  yöntemleri  

uygulanarak  çözüldü.  

9LVNRVLWH� � NDWVD\ÕVÕQÕQ� � IDUNOÕ� � LNL� � GH÷HUL� � LoLQ� � k  ve  h� � GH÷LúWLULOHUHN� � HOGH��
HGLOHQ� � o|]�POHU� �%|O�P� � �¶� GH� � � WDEOR� � YH� � úHNillerle  verildi. Çözümlerin  analitik  

o|]�POH��X\XPOX��ROGX÷X��J|U�OG�� 
Her  iki  yöntemde  de  002.0≥v   için  literatüre  uygun  nümerik  çözümler  

HOGH��HGLOGL÷L��J|U�OG���ùHNLO�����-7.5). 

.XOODQÕODQ��\|QWHPOHULQ��HWNLQOL÷LQL��J|]OHPOH\ebilmek  için  yine  v, k  ve  h¶�QÕQ��
oHúLWOL� � GH÷HUOHUL� � LoLQ� � HOGH� �HGLOHQ� � o|]�POHU��ELUELUOHUL� � LOH� �YH� �DQDOLWLN� � o|]�POHUOH��
NDUúÕODúWÕUÕOGÕ� �7DEOR� ���-����� ùHNLO� � ���-7.5). Her  iki  çözümün  de  özellikle h¶� QÕQ��
N�o�N��GH÷HUOHULQGH��oRN��X\XPOX��VRQXoODU��YHUGL÷L��J|U�OG���� 
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Tablo 7.1   h=0.01, v=0.5  ve  k=0.00002  için  t=0. 2  ]DPDQ��DGÕPÕQGD  elde  edilen  

Q�PHULN��o|]�POHU��LOH�DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ� 
 

x Nümerik  çözümler Analitik çözüm 
  Euler øNLQFL�PHUWHEHGHQ� 

Runge-Kutta 
 

    
0.1 0.10394  0.10397   0.10390 
0.2 0.20027   0.20032   0.20021 
0.3 0.28143  0.28153   0.28131 
0.4 0.33980  0.33993   0.33966 
0.5 0.36838  0.36855   0.36824 
0.6 0.36163  0.36177   0.36150 
0.7 0.31685  0.31696   0.31676 
0.8 0.23586  0.23592   0.23579 
0.9 0.12600  0.12603   0.12595 
    
 
 
 
 
 
 
 
Tablo  7.2   h=0.01, v=0.1  ve  k=0.00005  için   t=0.3  ]DPDQ��DGÕPÕQGD  elde  edilen  

Q�PHULN��o|]�POHU��LOH�DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ�� 
 

x Nümerik  çözümler Analitik çözüm 
  Euler øNLQFL�PHUWHEHGHQ� 

Runge-Kutta 
 

    
0.1 0.14670  0.14670   0.14672 
0.2 0.20903  0.29005   0.29004 
0.3 0.42599  0.42602   0.42601 
0.4 0.54925  0.54928   0.54930 
0.5 0.65171  0.65172   0.65173 
0.6 0.71932  0.71932   0.71932 
0.7 0.72672  0.72671   0.72670 
0.8 0.63100  0.63097   0.63100 
0.9 0.38390  0.38388   0.38387 
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Tablo  7.3   h=0.02,  v=0.01  ve  k=0.0001 için   t=0.8  �]DPDQ��DGÕPÕQGD  elde  edilen  

Q�PHULN��o|]�POHU��LOH�DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ�� 
 

x Nümerik  çözümler Analitik çözüm 
  Euler øNLQFL�PHUWHEHGHQ� 

Runge-Kutta 
 

    
0.1 0.08860  0.08860   0.08879 
0.2 0.17718  0.17719   0.17736 
0.3 0.26571  0.26571   0.26546 
0.4 0.35414  0.35409   0.35282 
0.5 0.44233  0.44223   0.43914 
0.6 0.53012  0.52992   0.52401 
0.7 0.61722  0.61690   0.60691 
0.8 0.70320  0.70272   0.68708 
0.9 0.78672  0.78606   0.76295 
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ùHNLO  7.1   h=0.1,  v=0.5  ve  k=0.0001  için   t �����������������]DPDQ��DGÕPODUÕQGDNL��
nümerik  çözümler  ile  anaOLWLN��o|]�POHULQ��NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO� ���� � � h=0.01, v=0.09  ve  k=0.00001  için   t ����� ���� � ]DPDQ� � DGÕPODUÕQGDNL��
Q�PHULN��o|]�POHUOH��DQDOLWLN��o|]�POHULQ��NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO�����  h=0.02, v=0.05   ve  k=0.0001  için    t ��������������]DPDQ��DGÕPODUÕQGDNL��
Q�PHULN��o|]�POHUOH��DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO�������h=0.02, v=0.009   ve  k=0.0001  için    t ����������]DPDQ��DGÕPODUÕQGD��HOde 

HGLOHQ��Q�PHULN��o|]�POHULQ��NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO����� � �h=0.02, v=0.005   ve  k=0.001  için    t ������� �]DPDQ� �DGÕPODUÕQGD��HOGH��
HGLOHQ��Q�PHULN��o|]�POHULQ��NDUúÕODúWÕUÕOPDVÕ 
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7.1.2.  Burgers   Denkleminin  Çözümleri 
 

�����������D���YH������E��� LOH��YHULOHQ��EDúODQJÕo-VÕQÕU��GH÷HU��SUREOHPLQLQ��\DNODúÕN��
o|]�P�Q���HOGH��HWPHN��LoLQ��GHQNOHP��02/��\|QWHPL��LOH��D\UÕúWÕUÕOGÕ��YH��ROXúWXUXODQ��
sisteme  Euler, ikinci mertebeden  Runge-Kutta  ve  Crank-Nicolson  yöntemleri  

X\JXODQGÕ�� 
Bölüm  6’ da   v=1  için  h  ve  k¶�QÕQ��IDUNOÕ��VHoLPOHUL��LOH��HOGH��HGLOHQ��o|]�POHU��

DQDOLWLN� � o|]�POH� � NDUúÕODúWÕUÕOGÕ� �7DEOR� ���-������ 6RQXoODUÕQ�� � YLVNRVLWHQLQ� � EX��
GH÷HULQGH��DOÕQDQ� �GHVLPDO� � LoLQ� �h¶�QÕQ� �N�o�OPHVL\OH� �DQDOLWLk  çözümle  tam  olarak  

oDNÕúWÕ÷Õ��J|U�OG�� 
)DUNOÕ� �v, k, h  ve  t� � GH÷HUOHUL� � LoLQ� � � KHU� ��o� � \|QWHPOH� � HOGH� � HGLOHQ� � o|]�POHU��

ELUELUOHUL� � YH� � DQDOLWLN� � o|]�POH� � NDUúÕODúWÕUÕOGÕ� �7DEOR� ���-7.8). Çözümlerin  uyumlu  

ROGX÷X��J|U�OG��� 
Her  üç  çözümde  de� � oRN� � N�o�N� � YLVNRVLWH� � GH÷HUOHUL� � LoLQ� � t’ nin  küçük  

GH÷HUOHULQGH��GHQNOHPLQ��SDUDEROLN��\DSÕVÕQÕQ��ER]XOPDGÕ÷Õ��J|]OHQGL���7DEOR������ùHNLO�
7.9 ). 

  

Tablo 7.4   h=0.01, v =0.5  ve  k =0.00001  için   t = 0.1 ��]DPDQ��DGÕPÕQGD��HOGH��HGLOHQ��
nümerik  ç|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x Nümerik  çözümler Analitik çözüm 
   Euler øNLQFL 

mertebeden              
Runge-Kutta 

Crank-Nicolson  

     
0.1 0.16807   0.16808   0.16806   0.16806 
0.2 0.32450   0.32450   0.32448   0.32447 
0.3 0.45743   0.45743   0.45739   0.45738 
0.4 0.55481   0.55481   0.55476   0.55474 
0.5 0.60491   0.60492   0.60487   0.60484 
0.6 0.59770   0.59770   0.59766   0.59763 
0.7 0.52720   0.52720   0.52717   0.52714 
0.8 0.39473   0.39473   0.39471   0.39469 
0.9 0.21171   0.21171   0.21170   0.21169 
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Tablo 7.5   h=0.01, v =0.1 ve  k =0.00001  için  t = 0.3 ���]DPDQ��DGÕPÕQGD��HOGH��HGLOHQ��
Q�PHULN��o|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x Nümerik  çözümler Analitik çözüm 
   Euler øNLQFL 

mertebeden              
Runge-Kutta 

Crank-Nicolson  

     
0.1 0.14676   0.14676   0.14672   0.14672 
0.2 0.29012   0.29012   0.29005   0.29004 
0.3 0.42612   0.42612   0.42602   0.42601 
0.4 0.54944   0.54945   0.54932   0.54930 
0.5 0.65189   0.65189   0.65177   0.65173 
0.6 0.71944   0.71944   0.71938   0.71932 
0.7 0.72674   0.72674   0.72679   0.72670 
0.8 0.63098   0.63097   0.63112   0.63100 
0.9 0.38385   0.38385   0.38397   0.38387 
     
 
 
 
 
 
 
Tablo 7.6   h=0.01, v =0.05  ve  k =0.00002  için   t = 0.6 �]DPDQ��DGÕPÕQGD�HOGH��HGLOHQ��
Q�PHULN��o|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x Nümerik  çözümler Analitik çözüm 
   Euler øNLQFL 

mertebeden              
Runge-Kutta 

Crank-Nicolson  

     
0.1 0.10432   0.10432   0.10430   0.10430 
0.2 0.20792   0.20792   0.20788   0.20788 
0.3 0.30999   0.31000   0.30994   0.30993 
0.4 0.40949   0.40949   0.40942   0.40941 
0.5 0.50481   0.50482   0.50472   0.50469 
0.6 0.59276   0.59277   0.59266   0.59260 
0.7 0.66450   0.66450   0.66441   0.66427 
0.8 0.68676   0.68676   0.68674   0.68634 
0.9 0.53276   0.53276   0.53280   0.53203 
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Tablo 7.7   h=0.01, v =0.01  ve  k =0.00005  için   t =1 ��]DPDQ��DGÕPÕQGD��HOGH��HGLOHQ��
Q�PHULN��o|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x Nümerik  çözümler Analitik çözüm 
   Euler øNLQFL 

mertebeden              
Runge-Kutta 

Crank-Nicolson  

     
0.1 0.07538   0.07538   0.07538   0.07538 
0.2 0.15064   0.15065   0.15064   0.15065 
0.3 0.22566   0.22567   0.22566   0.22567   
0.4 0.30030   0.30032   0.30031     0.30031   
0.5 0.37442   0.37443   0.37442   0.37442   
0.6 0.44781   0.44783   0.44782   0.44782 
0.7 0.52027   0.52029   0.52027   0.52027 
0.8 0.59149   0.59151   0.59149     0.59148 
0.9 0.66035   0.66036   0.66034   0.66002 
     
 

 

 

 

 

Tablo 7.8   h=0.01, v =0.005  ve  k =0.00001  için   t =0.8 � ]DPDQ� �DGÕPÕQGD��HOGH��
HGLOHQ��Q�PHULN��o|]�POHULQ��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ 
 

x Nümerik  çözümler Analitik çözüm 
   Euler øNLQFL 

mertebeden              
Runge-Kutta 

Crank-Nicolson  

     
0.1 0.08910   0.08910                    0.08910   0.08909 
0.2 0.17800   0.17800   0.17798   0.17797 
0.3 0.26645   0.26645   0.26641   0.26641 
0.4 0.35420   0.35420   0.35415   0.35415 
0.5 0.44095   0.44095   0.44090   0.44090 
0.6 0.52640   0.52640   0.52630   0.52629 
0.7 0.60996   0.60996   0.60987   0.60985 
0.8 0.69109   0.69110   0.69096   0.69102 
0.9 0.76879   0.76880   0.76859   0.11368 
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Tablo 7.9   h=0.01, k=0.00005  ve  t ���� LoLQ� � IDUNOÕ� � YLVNRVLWH� � GH÷HUOHUL� � LOH� � HOGH��
edilen  nümerik  çözümler     

 

x v  Euler øNLQFL�
mertebeden 
Runge-Kutta 

Crank-Nicolson 

     
0.25 0.001 0.39813   0.39814   0.39814 
 0.0001 0.39843   0.39845   0.39844 
 0.00001 0.39846   0.39848   0.39847 
 0.000001 0.39847   0.39848   0.39847 
 0.0000001 0.39847   0.39848   0.39847 
 0.00000001 0.39847   0.39848   0.39847 
      
0.50 0.001 0.75562   0.75563   0.75562 
 0.0001 0.75639   0.75640   0.75639 
 0.00001 0.75647   0.75648   0.75647 
 0.000001 0.75648   0.75649   0.75647 
 0.0000001 0.75648   0.75649   0.75648 
 0.00000001 0.75648   0.75649   0.75648 
     
0.75 0.001 0.98716   0.98710   0.98710 
 0.0001 0.98920   0.98915   0.98915 
 0.00001 0.98940   0.98935    0.98935 
 0.000001 0.98942   0.98937   0.98937 
 0.0000001 0.98943   0.98937    0.98937 
 0.00000001 0.98943   0.98937   0.98937 
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ùHNLO������ h=0.1, v=0.7  ve  k=0.002  için  t=0.8��]DPDQ��DGÕPÕQGDNL��Q�PHULN��o|]�POHU��
LOH��DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO������h=0.02, v=0.07   ve   k=0.0005  için    t �����]DPDQ��DGÕPÕQGDNL��Q�PHULN��
o|]�POHUOH��DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ 
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ùHNLO� ���� � � h=0.01, v=0.01  ve  k=0.00005   için  t=0.3,� ���� ]DPDQ� � DGÕPODUÕQGDNL��
Q�PHULN��o|]�POHUOH��DQDOLWLN��o|]�P�Q��NDUúÕODúWÕUÕOPDVÕ�� 
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ùHNLO�������h=0.01, 1010−

=v   ve  k=0.00001  için  t=0.���������������]DPDQ��DGÕPODUÕQGDNL��
nümerik  çözümler 
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$\UÕFD� � lLQHHUOHúWLULOPLú� �%XUJHUV� �YH� �%XUJHUV� �GHQNOHPOHUL� � LoLQ� �HOGH� �HGLOHQ��
Q�PHULN��o|]�POHU��D\QÕ��WDEORGD��DQDOLWLN��o|]�POH��NDUúÕODúWÕUÕOGÕ�� 
 

Tablo 7.10   h=0.01, v=0.05  ve k=0.00001 için  t �����]DPDQ��DGÕPÕQGD��HOGH��HGLOHQ��
nümerik  çözümlerin  analLWLN��o|]�POH��NDUúÕODúWÕUÕOPDVÕ�   
 

   

 

Sonuç  olarak,  lineer  ve  non-lineer  problemler  için  uygulanan  bu  yöntemin  

ROGXNoD� EDúDUÕOÕ� ROGX÷X� YH� %XUJHUV� WLSL� GL÷HU� GHQNOHPOHUH� � GH� � NROD\FD��
X\JXODQDELOHFH÷L��DoÕNWÕU������ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

x Euler øNLQFL�PHUWHEHGHQ 
Runge-Kutta 

Analitik 
çözüm 

  Lineer       
Burgers 

 Burgers  Lineer  
Burgers 

 Burgers  

      
0.1  0.23028  0.23042  0.23028  0.23042  0.23041 
0.2   0.44977  0.44999  0.44978  0.44999  0.44996 
0.3  0.64677  0.64698  0.64677  0.64698  0.64692 
0.4  0.80792  0.80782  0.80792  0.80782  0.80776 
0.5  0.91656  0.91601  0.91656  0.91601  0.91602 
0.6  0.95249  0.95132  0.95249  0.95131  0.95133 
0.7  0.89092  0.88946  0.89092  0.88946  0.88949 
0.8  0.70843  0.70708  0.70843  0.70708  0.70714 
0.9  0.39862  0.39788  0.39862  0.39788  0.39788 
      

x Euler øNLQFL�PHUWHEHGHQ 
Runge-Kutta 

Analitik 
çözüm 

  Lineer       
Burgers 

 Burgers  Lineer  
Burgers 

 Burgers  

      
0.1  0.23028  0.23042  0.23028  0.23042  0.23041 
0.2   0.44977  0.44999  0.44978  0.44999  0.44996 
0.3  0.64677  0.64698  0.64677  0.64698  0.64692 
0.4  0.80792  0.80782  0.80792  0.80782  0.80776 
0.5  0.91656  0.91601  0.91656  0.91601  0.91602 
0.6  0.95249  0.95132  0.95249  0.95131  0.95133 
0.7  0.89092  0.88946  0.89092  0.88946  0.88949 
0.8  0.70843  0.70708  0.70843  0.70708  0.70714 
0.9  0.39862  0.39788  0.39862  0.39788  0.39788 
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g=*(d0øù 
 

����������� � WDULKLQGH� � 0DODW\D¶� GD� � GR÷GX�� øON�� 2UWD� � YH� � /LVH� � |÷UHQLPLQL��
EXUDGD� � WDPDPODGÕ�� ����� � \ÕOÕQGD� � øQ|Q�� � hQLYHUVLWHVL� � )HQ-Edebiyat  Fakültesi  

0DWHPDWLN��%|O�P�Q���ND]DQGÕ��������\ÕOÕQGD��EX  bölümden  birincilikle  mezun  oldu. 

$\QÕ� � \ÕO� � øQ|Q�� � hQLYHUVLWHVL� � )HQ-Bilimleri  Enstitüsü  Tezli  Yüksek  Lisans  

Matematik  AnabLOLP��'DOÕQD��ND\ÕW��ROGX��� 
 

 

 

 

 

 
 


