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Abstract

The e-pseudospectral radius of a square matrix A is the maximal modulus attained
among the points that belong to its e-pseudospectrum, the set consisting of the eigen-
values of all matrices within the ¢ neighborhood of A with respect to the matrix 2-norm.
We present a numerical algorithm to estimate this quantity for a large scale matrix, and
provide some analysis of it. We tackle the problem by viewing it as a nonsmooth eigen-
value optimization problem, and constructing piecewise quadratic overestimators for the
eigenvalue functions. Overall algorithm is an extension of a recent work by Meerber-
gen, Mengi, Michiels and Van Beeumen, which concerns the e-pseudospectral abscissa
in the more general nonlinear eigenvalue problem setting. The approach presented ben-
efits from a subspace and a restart idea introduced by Kressner and Vandereycken, and
Meerbergen et al. in other contexts. We observe convergence to a point with largest

modulus locally at a superlinear rate.

Keywords: Optimization, overestimator, pseudospectral radius, piecewise quadratic,

restart, subspace methods, singular value, local convergence.



v
OZET

Bir kare matris A igin € yaklagik spektal yaricapi, € yaklagik spektrumundaki noktalar
arasinda erigilen en biiylik moduliis olarak tanimlh. Burada e yaklasik spektrumu, A
matrisinin matris 2-normuna gore € komsulugunda bulunan matrislerin 6zdegerlerinden
olusan kiime. Bu galigmada e yaklagik yarigapinin hesabi icin sayisal bir yontem sunuy-
oruz, ve yontemi bir miktar analiz ediyoruz. Problemi her yerde tiirevlenemeyen bir
Ozdeger optimizasyonu problemi olarak ele aliyoruz, ¢oztimii i¢in 6zdeger fonksiyonlarinin
iizerinde yatan kuadratik fonksiyonlar olusturuyoruz. Yoéntem yakin zamanda Meerber-
gen, Mengi, Michiels ve Van Beeumen tarafindan ¢ yaklagik spektral absisa hesabi igin
onerilen yaklagimin adapte edilmig hali. Kressner ve Vandereycken tarafindan ortaya
stiriilen bir alt uzay fikrinden, ve Meerbergen vd. tarafindan onerilen alt uzay: yeniden
baglatma fikrinden faydalaniyoruz. Yerel olarak en biiyiik moduliise sahip bir noktaya

stiper lineer bir hizla yakinsama gozlemliyoruz.
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Chapter 1

INTRODUCTION

This thesis work concerns the computation of an outermost point in the subset of the
complex plane commonly referred as the e-pseudospectrum for a given square matrix
and for a given real number € > 0. Formally, the e-pseudospectrum of a square matrix
A is the set consisting of the eigenvalues of all matrices within the € neighborhood of the
matrix A with respect to the matrix 2-norm, and the main theme of this thesis is the e-
pseudospectral radius of A, the modulus of an outermost point in the e-pseudospectrum
of A. This set and its outermost points are computationally difficult objects because
of their nonconvex and nonsmooth nature. In this chapter, we first summarize the
background, and give basic definitions. This is followed by a motivation for why this set
has drawn considerable attention for the last twenty years, a discussion of what is the
significance of their outermost points, and a literature survey. The outline of this thesis

work is provided at the end of the chapter.

1.1 Background

1.1.1 Eigenvalue problem

Eigenvalues are precious tools in mathematics and various engineering disciplines. For
instance they play a prominent role in the analysis of vibrations, and when analyzing the

stability of certain dynamical systems. For a given matrix A € C™"*" we call a scalar
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A € C an eigenvalue of A if

Az = M (1.1.1)

holds for some nonzero x € C™, which is referred as an eigenvector associated with
A. Eigenvalues of A correspond to the roots of the characteristic polynomial p4(\) =
det (A — AI). In other words, A is an eigenvalue of A if and only if det (A — AI) = 0.

Therefore, there are exactly n eigenvalue of A counting the multiplicities.

Definition 1.1.1 (Spectrum [26]). The set of eigenvalues of A € M, is called the

spectrum of A, and is denoted by A(A), that is

A(A) :={A e C: det(A - \I)=0}. (1.1.2)

Definition 1.1.2 (Eigenspace [26]). The set of all vectors satisfying Ax = A\x is called
the eigenspace of A corresponding to the eigenvalue A. Every nonzero element of this

eigenspace is an eigenvector of A corresponding to .

Definition 1.1.3 (Geometric and Algebraic Multiplicities [10]). The dimension of the
eigenspace of A € C"*™ corresponding to the eigenvalue X is called the geometric mul-
tiplicity of the eigenvalue X. On the other hand, the multiplicity of A as a zero of the

characteristic polynomial ps(\) is called the algebraic multiplicity of the eigenvalue X.

1.1.2 Asymptotic stability of linear autonomous systems

Various engineering applications, for instance mechanical vibrations, electrical networks,
lead to eigenvalue problems. Eigenvalues are also closely to related to the stability of dy-
namical systems. Our work here specifically concerns the stability of linear time-invariant
dynamical systems., which arise in fields such as signal processing and communications.
In a broad sense, they are classified into continuous time and discrete time linear time-

invariant dynamical systems.
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A continuous linear time-invariant dynamical system has the form

#(t) = Az(t) + Bu(t)
(1.1.3)

y(t) = Cx(t) + Du(t),
where t € R denotes the time, z : R — R” is the state function, u: R - R™, ¢y : R — RP
are the input and output functions, respectively. The matrices A € R™*", B € R"*™,
C € RP*"™ and D € RP*™ are given and do not vary in time. The dynamical system above
with no input and output, that is 2/(¢t) = Az(t), is called autonomous. The autonomous
dynamical system & = Az is asymptotically stable, if solutions x(¢) tend to zero as ¢
approaches infinity for any initial condition z(0). It is well known that this definition
of asymptotic stability is equivalent to the inclusion of all eigenvalues of A on the left
half of the complex plane. For an asymptotically stable system, the rate at which the

solution decays to zero depends the spectral abscissa of A defined by

a(A) :=max{RA: A € A(4)}. (1.1.4)

Thus the system is asymptotically stable if and only if a(A) < 0. Moreover, for a stable
system, the smaller values of a(A) gives rise to systems decaying to zero more rapidly.

On the other side, a discrete-time linear dynamical system has the form

(1.1.5)

y B = Cz®) 4 Dy,
The matrices A, B,C, D are as before with real entires, and of size n x n, n x m, p x
n and p x m, respectively. Above, {z(*} {u®}, {y*)} denote the state, input and
output sequences in R™, R™, RP, respectively. This system without any input and output
simplifies to the autonomous discrete system 21 = Az(*)_ Tt is called stable if z(¥) — 0
as k — oo for all (9, and this is equivalent to the strict inclusion of all eigenvalues of

A inside the unit circle. For an asymptotically stable system, the decay rate to zero is
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determined by the spectral radius of A given by

p(A) == max{|\|: A € A(A)}. (1.1.6)

Clearly, a system is asymptotically stable if and only if p(A) < 1, and the smaller p(A)

is, the faster the system decays to zero.

1.1.3 Polar and singular value decomposition

A fundamental matrix decomposition that plays a key role throughout this thesis work
is the singular value decomposition. Recall that an orthogonal eigenvalue decomposition
exists only for normal matrices. An eigenvalue decomposition exists only for matrices
with a complete set of linearly independent eigenvectors spanning the whole space. A
Jordan factorization always exists, but cannot be computed accurately in the presence
of the rounding errors. In contrast to all these decompositions that reveal eigenvalues,
the singular value decomposition always exists and can be computed reliably even in
the presence of rounding errors. It is closely related to the polar decomposition, which
enjoys the same nice properties.

Recall that a Hermitian matrix A is called positive semidefinite if and only if v*Av > 0

for all v € C"™.

Theorem 1.1.4 ([I5]). A Hermitian matriz A € C"*" is positive semidefinite if and only
if it has a positive semidefinite square root Ay such that A = A3. Moreover rank(Ag) =
rank(A).

Any complex number z € C has the polar representation z = re®” where r is a nonnegative
real number and e for some 6 € [0, 27) has unit modulus. Polar decomposition, whose
existence is asserted by the next theorem proven in [I5], is a generalization of this polar

representation for matrices.

Theorem 1.1.5 ([15]). Any matriz A € C"*™ can be represented of the form

A=HU (1.1.7)
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where H is positive semidefinite and U is unitary. Moreover, the matriz H in FEquation

is unique and given by H = (AA*)%

The existence of the singular value decomposition stated below is immediate from the
polar decomposition by exploiting the orthogonal eigenvalue decomposition H = QXQ*
where H is as in , that is as in the polar decomposition of A. We remark that the
middle diagonal factor X consists of nonnegative eigenvalues along its diagonal, since H

is positive semidefinite.

Theorem 1.1.6 ([31]). A matriz A € C"™*" can be represented of the form
A=UxXV*
where U € C™*™ and V € C™™*™ are unitary and ¥ € R™*™ is diagonal with nonnegative

entries along its diagonal.

The theorem above also establishes the existence of the singular values and singular

vectors of A defined below.

Definition 1.1.7 ([31]). For a matriz A € C"™™, a nonnegative scalar o is called a

singular value of A, if there exist vectors u € C™ and v € C" such that ||ul|2 = ||v]|2 and

Av =ou and u*A = ov* (1.1.8)

The vectors u,v are called the left and right singular vector corresponding to o respec-

tively.

Let us consider the singular value decomposition A = UX.V*. This can be rearranged

as follows:

AV =UY and UA =3XV".

Moreover, let us denote the diagonal entry of ¥ at position (j, j) by o}, the jth columns

of U and V by u; and vy, respectively. It follows that, for each j =1,...,min(m,n), we
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have

Avj = oju; and ujA = 0;v;.

Thus, o is a singular value of A, and u;, v; consist of a pair of unit left, unit right
singular vectors corresponding to this singular value.

Since U,V are unitary matrices, the matrices A and ¥ have the same rank. In
particular, the rank of A is given by the number of nonzero singular values of A. Thus
for a rank k matrix A, we have ¥ = diag(oy, ..., 0%, 0, ...,0), where o1,...,0, > 0. The

matrix A can be decomposed into a sum of k£ rank one matrices:

k
A= E O U Vj .
j=1

Now, for any r such that 0 < r < k, we have
k
AA, = Z —0ju;v; (1.1.9)
j=r+1
satisfying the properties
e rank(A+ AA,)=r

o |AAl = 0ory1(4)

In the next result and throughout the rest of this text, 0;(A) denotes the jth largest
singular value of A. The following theorem has various applications in control theory,
signal processing, image processing, and will also be frequently used throughout this

work.

Theorem 1.1.8 (Eckart-Young [31]). / Let A = UXV* = Udiag(o1, ..., 0,0, ...,0)V* €

C™*™ be a singular value decomposition. Then for any integer r with 0 < r < k, we have

Bo(A) = min{[|AA|]z | rank(A+ AA) <7} = [AAz = or1(A),

where AA, 1s as in .
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For an n x n non-singular matrix A, the distance (3,,—1(A) corresponds to the distance
to a nearest singular matrix from A with respect to the matrix 2-norm. An application
of the Eckart-Young theorem above leads to f,—1(A) = opmin(A). This will be exploited
in the next section.

Next we remind the relation between the singular values of a rectangular m xn matrix
A and the eigenvalues of certain square matrices. First, let us suppose that m > n. Since
the matrix A*A is positive semidefinite, by Theorem [I.1.4] it has a positive semidefinite

square root Ap such that (A*A)% = Ap. It is straightforward to verify that
« 1
7j(4) = X;((474)7)

for j = 1,...,n, where \;(-) denotes the jth largest eigenvalue of its matrix argument.

Similarly, when m < n, we have
w1
aj(A) = A;((AA47)?)

for j = 1,...,m. Alternatively, given the singular value decomposition A = UXV™,

observe that

0 A* vV Vv ¥ 0 vV v
A 0 v -U| |0 =X |U U

—_——
H

which is an orthogonal eigenvalue decomposition of H. Hence, the largest min(m,n)
eigenvalues of ‘H are the singular values of A. The next result is immediate from the
definition of the singular value decomposition, and an important tool in the computation

of the singular values.

Proposition 1.1.9 ([I0]). The singular values of a square matriz are invariant under

unitary transformation.

Our work heavily relies on the analyticity of the singular values of a matrix-valued
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functions depending on one parameter analytically. The classical results in this direction

are presented next.

Theorem 1.1.10 (Rellich [25]). An analytical Hermitian matriz-valued function A(t) :

R — C™"™ has a decomposition of the form

where Q(t) : R — C™™ is a unitary analytical matriz-valued function and A(t) : R —

C™*™ 4s a diagonal analytical matriz-valued function.

0 At
An applications of the theorem above to ®) , where A(t) : R — C™*"
A 0

depends on its parameter analytically, yields the following result.

Theorem 1.1.11 ([31]). Consider an analytical matriz-valued function A(t) : R —

C™*™. There exists a decompostion

A(t) = UDSB)V ()" (1.1.10)

where U(t),V(t) : R — C™*™ are unitary analytical matriz-valued functions, and X(t) :

R — C™*™ js a diagonal analytical matriz-valued function.

Referring to the last theorem, we denote the diagonal entries of 3(t) by o;(t) for
j = 1,...,min(m,n) and call these analytical singular value functions of A(t). The

following expressions for their derivatives are derived in [14]:

doy(t) dA()
A (w000

Here w;(t),vj(t) denote the jth columns of U(t) and V(t) as in (1.1.10) satisfying

At)uy(t) = o3(t )y (1) and w}()A() = o5(t)v} (1)

forj=1,...,n.
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1.1.4 Pseudospectra

The e-pseudospectrum of a matrix A is the subset of the complex plane consisting of the
eigenvalues of all matrices that are at a distance of ¢ or closer to A. This set is related to
the sensitivity of the eigenvalues of A. One measure for the sensitivity of an eigenvalue

is its (absolute) condition number whose definition is given below.

Definition 1.1.12 ([34]). Let A be a simple eigenvalue of A € C"*™. The relative

condition Kk of this eigenvalue is defined by

. IA(A 4 64) — )|
Kk = lim sup
50T ||5.Al|2 <6 [6A]2

where A\(A + §A) denotes the eigenvalue of A+ §A corresponding to the eigenvalue A of
A (i.e., N(A+ §A) = X(1), where X(t) is the continuous function corresponding to an
eigenvalue of A+ tdA such that A(0) = \).

The condition number defined above solely depends on the angle between the unit
left and unit right eigenvectors corresponding to the simple eigenvalue. This is formally

stated below.

Theorem 1.1.13 ([34]). Let A be a simple eigenvalue of A € C™*™, and z, y be unit

right and unit left eigenvectors, respectively, corresponding to A. We have

Unlike a condition number which measures only the worst case sensitivity in a par-
ticular direction, the e-pseudospectrum reveals the sensitivity in all directions. But it
comes with the disadvantage of being computationally expensive. Its popularity since
1990s has been driven by its connection with the transient behavior of the autonomous
systems 2/(t) = Az(t) and 241 = Axy, as well as its usefulness to ensure stability in
a robust sense. The comprehensive literature about the subject is available in [32]. A

formal definition of this set is given next.
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Definition 1.1.14 ([9]). Let A € C"*". For e > 0 the e-pseudospectrum of A is the set
A:(A):={2€ A(B) : BeC™" such that ||A— Bl2<c¢}
This set can be characterized in terms of the singular values due to the following obser-

vation.

Lemma 1.1.15 ([35, B82]). Let A € C™*™ be a given matriz, z € C be a given complex
number, and let € = opin(A — zI). Furthermore, let us denote a consistent pair of unit
left and right singular vectors associated with cpin (A —2I) by u and v. The perturbation

0A := —euv™* satisfies

(A+0A —zI)v =0, u (A+0A—2I)=0. (1.1.11)

Thus, z is an eigenvalue of A+ A with the corresponding left and right eigenvectors u

and v, respectively.

An implication of the theorem above is that if opin(A — 2I) < e, then z € A (A).
The converse also holds due to the Eckart-Young theorem, that is z € A.(A) means
(A+0A — zI) is singular for some JA such that [[§A|2 < e thus we have g,,in (A — 2I) <

|0Alj2 < e by the Eckart Young theorem. This leads us to the following result.

Theorem 1.1.16 ([22]). Let A € C"*" and ¢ > 0. We have

A(A)={z€C : opmin(A—2zI) <e}, (1.1.12)

or equivalently

A(A)={z€C : |(A=zD7Y >t

The second characterization in the theorem above is in terms of ||(A— zI)~!{|2, which

is commonly referred as the residual norm. It clearly blows up as z € C approaches an
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Figure 1.1: The e-pseudospectrum for various € for the ‘airy’ matrix on the left, and for
a ‘random’ matrix on the right.

eigenvalue of a matrix A, so choosing smaller values of ¢ limits the set to points closer

to these points of singularity. We denote the boundary of A.(A) by dA-(A). Thus

ON(A)={z2€C : opin(A—2zI)=c}.

The e-pseudospectrum of two particular matrices are illustrated in Figure for
e =107,5 = —10,—9,.... — 1. This figure is generated by the Matlab toolbox Eigtool
[37]. The solid dots correspond to the eigenvalues of the matrices. The color bars on the
right-hand side represent the values of ¢ in logarithmic scale. On the left-hand side, the
imaginary axis is marked with a gray line. Perturbations on the order of 10~! causes the
associated continuous time autonomous system to be unstable, even though the original
system is stable. This left-hand plot corresponds to the pseudospectra of the airy matrix
with dimension n = 200, for which the 2-norm of the smallest perturbation that makes
the system unstable is ¢ = 10713, On the left-hand figure the ¢ pseudospectrum is
connected for each value of £, however this is not the general case as can be observed on
the right-hand figure. This right-hand figure represents the pseudospectra of a random

matrix of size 150.



CHAPTER 1. INTRODUCTION 12

1.2 History and motivation

According to [30], the e-pseudospectrum is first mentioned by Landau in [I7]. Kostin
and Razzakov has provided a hand-drawn plot of a pseudospectrum in [I2]. A computer-
generated plot of a pseudospectrum has first appeared in [7]. Progresses in computer
technology has eventually made plots of pseudospectra for large scale matrices possible.
In [28], Nick Trefethen has given the illustrations of the pseudopectra of thirteen non-
normal matrices. Various researchers has contributed to the topic of pseudospectra since
then.

It is well known that eigenvalues are fundamental in natural phenomena such as reso-
nance and stability. For instance, eigenvalues play a large role in whether an automobile’s
break system is too noisy or not, in whether a building collapses or stands in an earth-
quake [30]. But the eigenvalues of a matrix A by themselves often do not address issues
such as what happens to the autonomous systems z’(t) = Axz(t) or z*+1) = Az(*) inj-
tially, excluding the special family of normal matrices. The theorem below demonstrates

the well-behaved nature of normal matrices.

Theorem 1.2.1 (Spectral theorem for normal matrices [10]). Let A € C™*" have the

eigenvalues A1, ..., \p. The following statements are equivalent:
(a) A is normal;
(b) A is unitarily diagonalizable;
(c) 22 20 laifl™ = 22 A%
i=14=1 j=1

(d) There is an orthonormal set consisting of n eigenvectors of A.

We give the definition of the spectral radius of a discrete-time dynamical system
in Section verbally. We redefine spectral radius in the usual form, Denoting the

eigenvalues of the matrix A by Aj, ..., A, its spectral radius p(A) is defined by

p(A) =max{|\;| | j=1,...,n}
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The spectral radius of A is closely related to the convergence of the power sequence
{AF} ] equivalently the asymptotic stability of the dynamical system z*HD) = Ag (k)

The following theorems are remarkable in this direction.

Theorem 1.2.2 ([26]). Let A € C"*". We have p(A) < 1 if and only if

lim A* =0.
k—ro00
Theorem 1.2.3 (Gelfand’s Formula, 1941 [26]). For any matriz norm ||.||, we have

p(A) = lim || A¥|.
k—o0

An extension of Theorem is that if p(4) > 1, ||A¥|| is not bounded as k — oo.
For a normal matrix, more can be said beyond these asymptotic stability results, in
particular what happens to || A¥|| initially for small k. For instance, by the orthogonality
of the eigenvectors of a matrix A that is normal, it can be deduced that ||A*|| < p(A)¥.
Unfortunately, such results concerning the transient behavior does not extend to non-
normal matrices. This remarkable difference between normal and nonnormal matrices is

also apparent from pseudospectra. If A is normal A.(A) is just the € perturbation of the

spectrum A(A), it can indeed be shown that as in [9]

This is no more true, if A is far from being normal. In the nonnormal case, when
we perturb the nonnormal matrix by an amount of nor ¢, the eigenvalues may exhibit
changes much larger than e.

The e-pseudospectral abscissa and pseudospectral radius are defined by
a:(A) == max{R(z) : z€ Ac(A)} and p.(A4) :=max{|z| : z€ A (A)},

respectively, and are indicators of the transient behaviors of the autonomous systems
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2'(t) = Az(t) and 21 = Az(®) respectively. In other words, the norms ||z(t)|| and
2| can be bounded for small ¢ and k by means of the quantities a(A) and p.(A),
respectively, thanks to the Kreiss matrix theorem (see for instance Chapter 18 of [32]).
Beyond the transient behavior interpretation, these quantities also measure robust sta-
bility. For instance p.(A) < 1 ensures that not only the system c* ) = Az(®) jtself is

stable, but it remains stable under all perturbations of A of 2-norm bounded by «.

1.2.1 Literature

The algorithms for the computation of these pseudospectral measures are inspired by the
Byers’ algorithm [6] for the distance to instability from a given square matrix, and its
quadratically convergent variant by Boyd and Balakrishnan [2] as well as Bruinsma and
Steinbuch [3]. These are all level-set approaches tailored around the idea of determining
the level sets of the singular value function by solving eigenvalue problems of size twice
the size of the original matrix. Burke-Lewis-Owerton has provided the first globally
convergent algorithm for the computation of the e-pseudospectral abscissa of a matrix [5].
This is based on determining the intersection points of the e-pseudospectrum with given
horizontal lines and vertical lines repeatedly, hence called the “criss-cross” algorithm.
This algorithm is later extended for the computation of the e-pseudospectral radius by
Mengi and Overton ([19]). It performs radial and circular searches instead of vertical
and horizontal searches.

The algorithms [5, [19] are not meant for matrices beyond medium scale. In [9] an
algorithm is presented for the computation of the pseduspectral abscissa and radius of
large-scale matrices. The suggested approach is a fixed-point iteration based on deter-
mining the rightmost eigenvalues of certain rank one perturbations of the large scale
matrix repeatedly. More recently an approach for the computation of the pseudospectral
abscissa of a large scale nonlinear eigenvalue problem is suggested in [18]. This approach
benefits from global overestimators and underestimators introduced in [20), [33] for eigen-
value functions. Additionally, it reduces the sizes of the matrix-valued functions by

restricting their domain to small subspaces, gradually expanding these subspaces, and



CHAPTER 1. INTRODUCTION 15

occasionally restarting subspaces from scratch. The subspace idea in [I8] is inherited

from [13].

1.3 Outline

The algorithm proposed in this thesis work is modified from the framework in [I8] for
the computation of the pseudospectral radius of a large scale matrix. We present it in
the following order. In Section we start with a technique that is based on global

overestimators and that solves the following constrained problem locally.

max c'w  subject to A(w) := Apin(A(w)) <0
we

Above, ¢ = (1,0) and A(w) := A — w1e™2I. The approach replaces the eigenvalue
function Apin (A(w)) with a quadratic function ¢(w) that bounds Ay (A(w)) from above
globally, and solves the resulting convex and smooth optimization problem. It uses
the optimal solution of this convex problem to refine the quadratic function ¢(w), and
repeats the procedure. The use of global overestimators or underestimators dates back
to Piyavskii [24] and Shubert [27] for the optimization of Lipschitz continuous functions.
More efficient and sophisticated variants are later proposed by Breiman and Cutler [I].
This suggested approach converges to a locally outermost point z, only, i.e., a point z,
which has a neighborhood N such that z, has the largest modulus among all points
inA, NN

We perform angular searches to check whether the converged z, is indeed a globally
outermost point. Letting r, := |z.|, we solve the unconstrained optimization problem

min o (A — T*ew)
0€[0,2m)

by constructing global underestimators for the singular value function o(6) = opin(A —
r*ew) repeatedly and minimizing the underestimator function instead of the singular

value function. The global minimizer of this problem is then used to refine the under-
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estimator. The ideas here are borrowed from [20]. If the globally smallest value of this
optimization problem is €, then z, corresponds to a point in the e-pseudospectral radius
that is globally outermost. Thus its modulus yields the e-pseudospectral radius. Oth-
erwise, the global minimizer z,, of the unconstrained minimization problem is a point
strictly inside the e-pseudospectral radius. We repeat the algorithm in the previous para-
graph yielding a locally rightmost point starting from z... The details of the angular
search are described in Section 2.2

To deal with large scale matrices we also incorporate a subspace idea into our ap-
proach. Instead of computing a locally outermost point of the e-pseudospectrum of the
n X n matrix A, we compute a locally outermost point of e-pseudospectrum of AW where
W is a n X k rectangular matrix with orthonormal columns such that n > k. In other
words, we restrict the domain of the linear map v — Av to Col(W). This results in
substantial efficiency in singular value computation, hence in the computation of the
outermost point in the e-pseudospectrum. The subspace Col(WW) is gradually expanded
benefitting from the locally outermost point in the e-pseudospectrum of AW. Some
details of this subspace approach are spelled out in Section When the subspace
dimension reaches a prescribed amount, we restart keeping only the recently added di-
rections and erasing old directions. This restart strategy is described, and the overall
algorithm is presented in Section [2.4

Finally, in Chapter [3] we provide numerical experiment results on dense and large
sparse matrices taken from EigTool [37]. The results of the algorithm discussed here are
compared with the results of the algorithm due to Guglielmi and Overton [9], as well as

the algorithm due to Mengi and Overton [19].



Chapter 2

COMPUTATION OF THE PSEUDOSPECTRAL
RADIUS

The e-pseudospectral radius of a matrix A is defined as the modulus of the outermost
point in its e-pseudospectrum for a given value of €. This quantity is motivated by its
relevance to the transient behavior of x;, = Axp_1. In particular, it is possible to deduce

tight lower and upper bounds for sup,cz+ ||zx||2 using this quantity.

2.1 Local convergence by radial search

The e-pseudospectral radius of the matrix A can be posed as the optimization problem

maximize |z

subject to  omin(F(2)) <e

where F (z) := zI — A. Using the fact that the singular values of a matrix A is the

positive square roots of the eigenvalues of A* A, this problem is equivalent to

maximize |z
- (2.1.1)
subject to  Apin(F(2)*F(2) —e%I) <0

The problem above is nonconvex and, due to the eigenvalue constraint, it is also nons-

mooth. We use polar coordinates, so we represent the optimization problems in terms

17
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of w = (r,6) € R? such that z = re’®. Then the problem turned

maximize clw
(2.1.2)
subject to  A(w) 1= Apin (F(w)*F(w) — e%I) <0
where F(w := (r,0)) = re®®] — A and ¢ = [1 0]”. To overcome the nonconvexity and

nonsmoothness of the eigenvalue function, we use global overestimators. Algorithmic use
of global overestimators or underestimators dates back to Piyavskii-Shubert, but more
recently Breiman and Cutler have proposed an efficient approach [I]. The overestimator

functions are constructed based on the following classical results [14} 25].

Lemma 2.1.1. Let A(w) := F(w)*F(w) — %I where F(w) is as in , and ¢ : R —
C™™™ be defined by ®(«) :== A(w + ap) for given w,p € D. Then the following hold:

(1) There is an ordering ¢1(av), .., ¢n(a) of the eigenvalues of ®(a) so that each eigen-

value ¢j(a) for j =1,...,n is analytic on R;

(ii) Suppose that ¢p(a) := AN(P(«v)) is simple for all a on an open interval I in R. Then

() is analytic on I;

(iii) The left-hand ¢ _(a) and the right-hand qﬁ:r(a) derivatives of ¢p(a) := Apin(P())

exist everywhere. Furthermore, ¢’ (a) > qﬁ;r(a) at all « € R;

(iv) The eigenvalue function Apin(A(w)) is twice continuously differentiable at all w €

R? where it is simple. Furthermore, at all such w, we have

Mmin(A(w))  Omin (F(w0)* F(w) — 21

or or
. 0A(w
= w22,
82)\min<A(w)) X 0 Amm(A(w))
“ron =T 0

where xj(w) denotes a unit eigenvector of A(w) corresponding to its jth largest
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etgenvalue.

Theorem below exploits Lemma and Taylor’s theorem to construct quadratic

support functions for the eigenvalue function A, (A(w)).

Theorem 2.1.2. Suppose wy = (13, 0)) € R? is such that o [F(wy)] is simple. Let v
be a scalar satisfying

Amaz{VAmin(A(w))} < 7. (2.1.3)

We have
Mw) < () i= M+ VAT (0 = wi) + 2w — wp) P (21.4)

where A, := Mwg) and Vg := VA(wy).
Proof. See the proof of Theorem 2.2 in [20)]. O

By replacing the eigenvalue constraint in our optimization problem with the support

function in ([2.1.4]), we obtain the following convex and smooth optimization problem.

maximize cTw

(2.1.5)
subject to  gr(w) = A + VAL (w — wi) + 3w —wg)|[? < 0
Let wg = rpe’ be an eigenvalue of A with the largest modulus. Clearly, \yin(A(wo)) =
0 < ¢, so the initial point wy is feasible with respect to (2.1.1). The algorithm generates a

sequence of feasible points {wy, = (74, 0;)} in R? such that wy 1 is defined as the unique

maximizer of (2.1.5). The maximizer w1 must be feasible with respect to the original
problem (2.1.1)), because

Fri={weR? | qu(w) <0} C F:={wecR®| \un(Aw)) < 0}.

By applying the Karush-Kuhn-Tucker conditions, the maximizer w1 of (2.1.5) must
satisfy

¢ = pVay(we41) and gg(wi1) = 0. (2.1.6)
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for some scalar ;1 € RT, where

Vai(w) = Vg 4+ v(w — wy)

R (v 2EWk) o Yop, + v F (wy,)* 2E00k),
o = | R (B F v o () )

S (o7 LG P (wi o + v F () L))
By explicitly solving ([2.1.6)), we deduce the update rule

1
VIVXEE =29\,

(2.1.7)

1[1
Wg41 = Wi + — [C — V)\k} , where py =
T LA+

Next we discuss how an upper bound ~ for the second derivatives of the eigenvalue

function satisfying (2.1.3]) can be obtained analytically. By Theorem 6.1 in [20], we have
Mnaz{ VA min (A(w)} < Mnaz{VEA(w)}, (2.1.8)
where

2A(w)  9?*A(w)

VQA(’UJ) - 0272 or 00
T 92Aw)  92A(w)
a0 Or 9202
Explicit calculations yield
) 21 i(e7A* — e A)
VZA(w) = (2.1.9)

i(e™WA —efA*) r(ePA* + e A)

Moreover the e-pseudospectral radius of A is bounded above by || All2 + &, so in (2.1.9))
above r < ||Al|2 + . Now an application of Gersgorin’s Theorem ([I0],Theorem 6.1.1)

to the eigenvalues of V?A(w) combined with (2.1.8)) gives rise to
Amaa[VZAmin (A(w))] < v :=max(2 + 2/|All, 2| A + 2| A + 2| A])).  (2.1.10)

In practice, we let the + value be prescribed by the user. Table lists numerical results
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for four different choices of 7. We first compute pc(A) the e-psedospectral radius of A
by means of the algorithm in [I9]. These values are given in the second column of the
table. The columns of Error;, Errore, Errors and Errory list the relative errors

‘Tk _Ps‘

i (2.1.11)

at termination for four different choices of v after a fixed number of iterations. For the
columns of Errory, Errorg, Errorz and Errory, we set v to max(2-+2|| A||, 2¢|| A|| +2|| Al|? +
2||Al]), min(2+2|| A}, 2¢|| A]| +2||A]|2 +2]|A])), /| A] and e1/]| A]], respectively. The test
matrices are created by Eigtool [37]. In Table [2.1] the smaller relative errors are observed
for smaller values of v. We also perform numerical experiments for smaller matrices with
the same choices of v values. The results are listed in Table Here we usually retrieve
the e-pseudospectral radius with about the same relative error for four different choices
of v. However, on some examples the choice of sm still yields more accurate values.

Next we discuss the convergence of the feasible sequence {wy} defined by the recur-

rence (2.1.7) to a point w, that satisfies the first order optimality conditions
¢ = puVnmin(A(wy)) 3 >0, and Apin(A(ws)) = 0.

Lemma 2.1.3 ([20]). The sequence {cTwy} is monotone increasing and convergent.

The monotonicity of the sequence {cIwy} follows from

Wk4+1 = arg max w
qr(w)<0

and the fact that gi(wy) = 0 meaning wy, is feasible with respect to this problem. This
leads us to conclude that ¢’wyyq > c¢’wy. Additionally, denoting the global minimizer
of the original problem (2.1.1)) by w,s, we have ¢l wy. > c¢fwy, for all k. Hence, by the

monotone convergence theorem, the sequence {cka} is convergent.

Theorem 2.1.4 (Convergence [I8]). Suppose that Apmin(A(wy)) is simple for each k.
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(1) If VAmin(A(wg)) # 0 for all k sufficiently large, then \pin(A(wg)) = 0 as k — 0.

(ii) If there exists a real scalar L > 0 such that || Amin(A(wg))||2 > L for all k sufficiently
large, then
(1,0).V\nin(A(wg))
IV Amin (A(wg) )

—1 as k — oo.

The first part of the theorem shows that wy, is approaching the boundary of A;(A) in
the limit as k — oo. The second part means that Vi, (A(wg)) points in the direction
of (1,0) as k — oo. The proofs of part (i) and (ii) are similar to the proofs of Lemma 3.5

and Theorem 3.6 in [20]. Algorithm 1 summarizes this locally convergent approach.

2.2 Global convergence by angular search

For a general constrained maximization problem, if the objective function is continuous
and concave, and the feasible region is a convex and closed set, then a local maximizer
is also a global maximizer. We call such problems convex programs. Unfortunately, the
problem concerning the computation of p.(A) for a given matrix A is not a convex
program excluding very special A. Furthermore, the sequence generated {wy} in R? in
the previous section typically converges to a point w, is on the boundary of A.(A) with
a vertical tangent line in the polar coordinates. Equivalently, w, = (r«,0,) is a point on
the boundary of A.(A), and this boundary is tangent at w, to the circle centered at the
origin of radius r, in the Cartesian coordinates. These conclusions follow from Theorem
This convergence property holds under the assumption VA, (A(wg)) # 0, and
the simplicity of i (F (rk,0x)) for each k, where wy, = (1%, 0)) and F(r,0) := re®l — A.

The converged point w, may or may not have the largest moduli among the points in
A (A). We check whether w, = (74, 0y) is indeed a point with greatest moduli by solving

the unconstrained minimization problem

minimizege[o,%) Omin(F(rs,0))
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globally. This global minimization is achieved by means of the algorithm in [33]. The al-
gorithm generates a sequence {6} of real numbers, and constructs a piecewise quadratic
function Qx(0) := maxy—q . qe(f) such that

Qr(00) = omin(F(ry,00)) £ =0,...,k and Qg(0) < omin(F(r«, 0)) V0.

It solves the problem

minimizerge(o 2r) @k (0),

and lets 01 be a global minimizer of this problem. The piecewise quadratic function is

then refined as

Qui1(0) = max { Qu(0), oxs1 + 0fis (0 = Os1) + (0 — Ori)? |

where 011 := Omin(F(r«, 0k11)), U;c—‘,—l := 00 min(F (s, 0k41))/00 and 7 is a global lower

bound on 920 (F (74, 0))/06? over 6 € [0,27). Here we also benefit from the expression

80min(F(r*79k+l)) - *8F(T*79k+1)
90 = Ru a6 )

where u, v represent a consistent pair of unit left and right singular vectors associated
with opin(F(7%,0)).

Algorithm 2 below describes how the local search of the previous section can be
combined with this angular search idea. Note that it is essential to start from wg =
(ro,00) such that roet? is the eigenvalue of A with the largest modulus. In this case if
the angular search determines that the smallest value of o,,in (F(r4, 6)) over 0 is €, then
it can be concluded that w, is a point in A.(A) that is furthest away from the origin.
Otherwise, there is a point 6., such that op,in(F(7«,0x)) < €. This point lies strictly

inside A;(A), so we repeat the local search starting from (ry, 6..).
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2.3 Pseudospectra of matrices restricted to subspaces

Large matrices are computationally difficult. We encounter large scale matrices in eigen-
value computations and when solving linear systems of equations. Projections onto suit-
able small subspaces, which allows us to approximate large matrices by small matrices,
is an effective approach to handle large scale matrices. One subspace that is commonly

employed is the Krylov subspace defined, for a given A € C"*"™ and x € C", by

K, = span{z, Az, ..., A"z}

Here, we adopt the subspace idea for the computation of the pseudospectral abscissa
proposed in [I3]. The main idea is to restrict the domain of the map v — (A — zI)v to
small subspaces, to gradually expand these subspaces, and to occasionally restart them.

Let S be an isometry with more rows than columns and satisfying S*S = I, let us
also denote the column space of S by S. A linear map whose domain is restricted to S
is defined below along with the definition of its e-pseudospectrum, and e-pseudospectral

radius.

Fs(z):=F(2)S=(A—zI)S (2.3.1)
A (Fs) :={z2€C : omin(F(2)S) <e} (2.3.2)
pe(Fs) == max{|z| : z € A:(Fs)}. (2.3.3)

Lemma 2.3.1 (Monotonicity [18]). Two isometries S1,Se such that Col(S1) C Col(S2)

satisfy the following:
(1) A€(F5'1) gAé(FSQ);
(2) ps(FS1) §p€(FSQ)‘

Proof. (1) Let us use the notation S; := Col(S;) for j = 1,2. By the variational charac-
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terization of the minimum singular value,

Omin(Fs,(2)) = min  [[F(z)olz = min [[F(2)v]l2 = omin(Fs,(2)),
vESL[lvfl2=1 vESy,[|vfl2=1

where the inequality is due to & C Sy. Now, if z € A (Fs,), then 0., (Fs, (2)) < e.

Consequently, omin(Fs,(z)) <€, so z € A;(Fg,). (2) This is immediate from (1). O

Theorem 2.3.2 ([18]). Let z € A.(F') and let v be a unit right singular vector associated
with omin[F(2)]. Then z € A (Fy).

Proof. By the singular value characterization of A¢(F), we must have

Grin(F(2)) = | F(2)oll2 = oin (F(2)0).

Hence, if z € A.(F), then 0p,in(F(2)v) = omin(F(z)) < e. This shows z € A (F,). O

Corollary 2.3.3 (Low Dimensionality [18]). Let z. be a globally rightmost point of

A(F) and vy be a unit right singular vector associated with omyin(F(24)). We have

pe(F) = pe(Fy,).

Proof. By Theorem we have z, € A(F,,). This implies that p.(F) = |z <
pe(Fy,). We also have p.(F) > p.(F,,) by monotonicity (Lemma [2.3.1)), hence the

desired equality. O

For the next result V(z) denotes the set of right singular vectors corresponding to

Omin(F(2)).

Corollary 2.3.4 ([18]). Let z. be a globally rightmost point of Ac(F'). Then p.(F) =
p=(Fs) if and only if V(z.) N Col(S) # 0.

Proof. First let us suppose V(z,) N Col(S) # 0. In this case, there exists a unit right

singular vector v, € Col(S) associated with F(z,). By Lemma we deduce

pe(Fo,) < pe(Fs) < pe(F).
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But Corollary implies p.(Fy,) = pe(F'), which yields p.(Fs) = ps(F).

As for the converse, suppose p-(F') = p:(Fs). Let zg be an outermost point of A¢(Fys).
By monotonicity zs € A:(F) and |zg| = p:(Fs) = p(F), so zg is also an outermost
point of A.(F'). Denoting a right singular vector associated with o, (Fs(zs)) by vs, we

observe

1E(25)S0s]l2 = Omin(Fs(25)) = Omin(F(25))-

This means that Sv, is a right singular vector associated with o (F(zg)), hence V(zg)N

Col(S) # () completing the proof. O

The last corollary shows that there exist small subspaces S such that p.(F') = p:(Fs)
where S is an isometry satisfying & = Col(S). This motivates the computation of
pe(Fs) instead of pc(F) for an n x p isometry S with p < n for efficiency reasons. A
reasonable choice for the subspace is the span of right singular vectors corresponding
t0 Omin(F(z)) for various z close to an outermost point in A-(F'). This leads us to the

following framework to adaptively expand the subspaces.

Subspace Selection:

(1) Sj := span{vy, ..., vy } where v; is a right singular vector corresponding to
Omin[F(z;)] for j =1,... k.

(2) zk41 is an outermost point of A.(Fg, ) for k € N for an isometry Sy, such that

Sk = COZ(Sk)

We use this subspace idea only together with the local search. In particular, the angular
searches are still performed on the full matrix A to ensure convergence to a globally
outermost point. A description of the proposed subspace approach together with the
local search is given in Algorithm 3. In this description, we use the notation o, (w :=
(7,0)) = Tmin(A — re?), and 0o i (w) represents the generalized gradient of &, (w)
defined by

8amm(w) = CO {khm Vamm(z}?k) | ﬁ?k — Wy, ﬁ)/lc ¢ Q} .
—00
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Above, co(H) denotes the convex hull of a set H, and €2 is the subset of R? of measure

zero on which o (w) is not differentiable. The conditions

Omin(wiy1) = and ¢.(1,0) € Oopin(wpy1) 3c € RT

on line 6 of Algorithm 3 in terms of this generalized gradient constitute the first order
optimality conditions to have wy.1 on the boundary of A.(A) and tangential to a circle
centered at the origin.

Tableillustrates applications of Algorithm 3 to the matrices ‘landau(100)’ and
‘airy(300)’ starting from the eigenvalues of these matrices with the largest moduli. In
both of the examples, our numerical implementation terminates with seven dimensional
subspaces, because the relative errors are close to the machine precision. An angular
search confirm convergence to an outermost point globally in both cases. We observe
superlinear convergence on the left-hand side for the Landau matrix. This is the typical

rate of convergence behavior we observe in various examples.

2.4 Restarts and the overall algorithm

The subspace idea becomes rather inefficient when the subspace dimension gets closer to
the size of the matrix A. Consequently, we incorporate a restart strategy that helps us to
get rid of the right singular vectors of o,,,;n[F'(2x)] at points zj that are far away from out-
ermost points of A¢(A). We disregard the earlier vectors and favor only the lastly added
few vectors. The restarted subspace is for instance can be given by span{vy_j,...,v;}. In
practice, we only keep the right singular vector that is added latest, so we restart with
the one dimensional subspace S = span{vi}. The angular search idea in Section
facilitates this restart strategy further. If the local search results in a point z, = rye
that is not outermost globally, the angular search detects this and provides also a point

Zew = 159 that lies strictly inside A.(A). Then the algorithm restarts with the one

dimensional subspace spanned by the right singular vector corresponding to oyin[F (s )]-
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Algorithm 4 summarizes the overall approach. The algorithm starts from an
eigenvalue zp with the largest modulus. It finds the outermost point zj41 in A.(Fs,)
locally by an application of the algorithm in Section [2.1| repeatedly. If this point is
also on the boundary of A.(A), and is tangent to a circle centered at the origin, an
angular search is performed. An angular search either confirms that the converged
point is globally outermost, or otherwise restarts a local search with a one dimensional
subspace. If the point z;y; converged by the local search is not on the boundary of
A:(A), or is not tangent to a circle centered at the origin, then the subspace dimension
is checked. If the subspace dimension has not reached the prescribed dimension k4,
it expands the subspace with the addition of the right singular vector corresponding
t0 Omin(F(2x)). Otherwise, the local search is again restarted with a one dimensional
subspace as discussed in the previous paragraph.

Table illustrates the progress of Algorithm 4 on the 400 x 400 Grcar matrix.
This example is taken from eigtool [37]. Angular search occurs three times in this
example. But the subspace dimension never exceeds 11. Eventually, before the final
angular search, we observe superlinear convergence.

Figure [2.I] is a visualization of the Grcar example of Table 2.4l The figure on the
upper left-hand side is the e-pseudospectrum of this matrix for ¢ = 1072, The upper
right figure displays the iterates of the subspace framework before the first angular search
by marking them with red asterisks, whereas the bottom left figure displays the iterates
before the final angular search similarly. The bottom right figure is a zoom of the bottom
left figure. In this figure, it is possible to observe that the A.(Fyg,) grows monotonically
as k increases.

Finally, we investigate the dependence of the convergence of Algorithm 4 on the
starting point. For global convergence, it is essential to start from the eigenvalue with
the largest modulus. This is illustrated in Table 2.5 and [2.6] which depict the results of
Algorithm 4 when it is initiated from the largest modulus and the smallest modulus
eigenvalues of the input matrix. The algorithm produces different results depending on

the choice of the initial point.
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Figure 2.1: The upper left figure illustrates the e-pseudospectrum of the 400 x 400 Grcar
matrix for ¢ = 1072. When Algorithm 4 is applied to this example, three angular
searches deemed to be necessary. The upper right figure is the progress of the algorithm
before the first angular search, which is performed when the subspace dimensions reaches
to 11. After the angular search, the algorithm starts with a one dimensional subspace.
The bottom left figures depict the progress of the algorithm before the second and the
third angular search, respectively. In this case, the subspace dimension reaches to 7
before the angular search. The bottom right figure is a zoom of the bottom left figure.
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Call Pe Error; Errors Errorg Errory

airy(100) 1.4215e 4+ 003 | 2.8e — 006 | 1.6e — 007 | 1.6e — 013 | 1.6e — 013
basor(100) 6.1350e + 000 | 6.5e — 008 | 6.5e — 008 | 6.5e — 008 | 6.5e — 008
boeing(’0’) 1.1495e 4+ 003 | 9.3e — 006 | 9.3e — 006 | 7.5e — 007 | 1.0e — 016
boeing(’S’) 1.1501e 4+ 003 | 8.9¢ — 006 | 8.9¢ — 006 | 7.5e — 007 | 4.3e — 017
chebspec(100) 8.6935e + 002 | 1.7e — 006 | 3.2e — 007 | 2.5e — 016 | 2.7e — 016
convdiff(100) 1.5860e + 005 | 6.3e — 013 | 6.2e — 013 | 6.9e — 021 | 6.9¢ — 021
davies(100) 5.850le + 004 | 1.7e — 011 | 1.7e — 011 | 9.8 — 019 | 9.8¢ — 019
demmel(10) 5.5544e + 001 | 9.3e — 004 | 9.3e — 004 | 1.1e — 008 | 1.0e — 009
frank(100) 5.3195e¢ + 002 | 6.6e — 002 | 2.0e — 004 | 1.3e — 006 | 4.3e — 008
gallery3(100)* 4.7965e + 000 | 1.7e — 005 | 4.7e — 006 | 4.7e — 006 | 4.7e — 006
gallery5(100) 3.3693e + 001 | 3.3e — 004 | 3.2e — 004 | 2.5e — 014 | 6.9¢e — 015
gaussseidel(100,’C’) | 1.0090e 4 000 | 8.9¢ — 016 | 8.9¢ — 016 | 8.9¢e — 016 | 8.9¢ — 016
gaussseidel(100,’D’) | 8.4370e — 001 | 6.1e — 015 | 6.1e — 015 | 6.1e — 015 | 6.1e — 015
gaussseidel(100,’U’) | 9.9430e — 001 | 8.8¢ — 012 | 8.8¢ — 012 | 8.8¢ — 012 | 8.8¢ — 012
godunov(100) 2.8276e + 002 | 6.3e — 002 | 9.0e — 004 | 3.1e — 013 | 3.1e — 013
grcar(100) 2.8522¢ 4000 | 1.7e — 001 | 1.7e — 001 | 3.6e — 004 | 6.1e — 008
hatano(100) 2.8651e + 000 | 6.3e — 010 | 6.3e — 010 | 6.3e — 010 | 6.3e — 010
kahan(100) 1.1380e 4+ 000 | 1.5e — 005 | 9.7e — 016 | 9.7e — 016 | 9.7e — 016
landau(100) 9.9760e — 001 | 1.2e — 016 | 1.2e — 016 | 1.2e — 016 | 1.2e — 016
orrsommerfeld(100) | 2.9600e + 000 | 3.6e — 008 | 3.5e — 008 | 3.0e — 008 | 2.5e — 016
random(100) 1.0494e + 000 | 1.6e — 007 | 1.7e — 013 | 1.6e — 013 | 1.6e — 013
randomtri(100) 3.2500e — 001 | 5.4e — 005 | 7.1e — 005 | 7.6e — 005 | 1.2e — 015
riffle(100) 5.1000e — 001 | 7.8e — 005 | 7.6e — 005 | 3.7e — 005 | 6.9¢ — 016
transient(100) 1.2332e 4+ 000 | 3.9¢ — 007 | 3.9¢ — 007 | 3.9¢e — 007 | 3.9e — 007
twisted(100) 2.7777e +000 | 2.4e — 012 | 2.4e — 012 | 2.4e — 012 | 2.4e — 012

Table 2.1: Results of Algorithm 4 on various 100 x 100 matrices taken from EigTool

for e = 1072,

The first column shows the e-pseudospectral radius computed by the

routine in EigTool, which is an implementation of the algorithm introduced in [19]. The
other columns demonstrate the relative errors after a fixed number of iterations for four
different choices of v values.
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Call Pe Error; Errors Errors Errory
airy(10) 2.8224e + 000 | 2.6e — 007 | 2.6e — 007 | 2.6e — 007 | 2.6e — 007
basor(10) 5.9305e + 000 | 3.6e — 007 | 3.6e — 007 | 3.6e — 007 | 3.6e — 007
boeing(’0’)* 2.8370e + 003 | 1.1e—004 | 1.1e —004 | 6.1e —018 | 7.5e — 015
boeing(’S’)* 2.8647¢ + 003 | 1.1e—004 | 1.1e —004 | 2.5e —017 | 1.3e — 015
chebspec(10) 3.9204e + 001 | 5.4e —010 | 2.9¢—010 | 2.9¢e—010 | 2.9¢ — 010
companion(10) 2.3860e + 002 | 5.4e — 016 | 4.3e — 016 | 6.1e — 016 | 3.6e — 016
convdiff(10) 3.6733e + 009 | 2.9¢e — 010 | 2.9.2e — 010 | 2.9e — 010 | 2.9¢ — 010
davies(10) 1.2538¢ 4002 | 2.1e — 011 | 2.1e — 011 | 2.1e — 011 | 2.1e — 011
frank(10) 3.47298e + 001 0 0 0 0
gallery3(10) 1.7874e + 001 | 1.5e — 016 | 8.3e — 017 | 2.0e — 016 | 9.6e — 017
gallery5(10)* 1.8073e + 002 | 7.1e — 003 | 8.6e — 015 | 2.2e — 015 | 2.0e — 015
gaussseidel(10,’C’) | 1.2436e + 000 0 0 0 0
gaussseidel(10,’D”) 8.09¢ — 001 l.4e —012 | 1.4e—012 | 1.4e—012 | 1.4e — 012
gaussseidel(10,’U’) | 1.2242e 400 | 8.9e — 016 0 0 0
godunov(10)* 5.0242e + 002 | 2.4e — 004 | 7.5e — 015 | 8.8e — 015 | 7.5e — 015
grcar(10) 2.7654e + 000 | 1.7¢e — 008 | 1.7e — 008 | 1.7e — 008 | 1.7e — 008
hatano(10) 2.8524e + 000 | 2.4e — 015 | 2.4e —015 | 2.4e — 015 | 2.4e — 015
kahan(10)* 1.4580e + 000 | 1.1e — 005 | 1.1le—015 | 1.1e—015 | 1.1e — 015
landau(10) 4.4232e + 000 | 2.7e — 008 | 2.7e — 008 | 2.7e — 008 | 2.7e — 008
orrsommerfeld(10) | 1.3141e 4000 | 3.0e — 007 | 3.0e — 007 | 3.0e — 007 | 3.0e — 007
random(10) 1.5001e + 000 0 0 0 0
randomtri(10) 8.6210e — 001 | 3.4e —012 | 3.4e—012 | 3.4e —012 | 3.4e — 012
riffle(10) 1.0466e + 000 | 1.4e — 015 | 1.4e —015 | 1.4e —015 | 1.4e — 015
transient(10) 1.4321e + 000 | 4.9e — 015 | 4.9e — 015 | 4.9¢ — 015 | 4.9¢ — 015
twisted(10) 2.6022e + 000 | 8.8 — 016 | 8.8 —016 | 8.8¢ —016 | 8.8e — 016

Table 2.2: Results of Algorithm 4 on various 10 x 10 matrices matrices for four different
choices of y values. Here ¢ is chosen as 10705,

Algorithm 1 Local Algorithm

Require: A square matrix A and a positive real scalar ¢

Increment k.
end while
0: Output:wy

0) Vee RT) do

Let zp = rpe’ be any point in A.(F) and consider wy = (rg,0p) with k < 0
Calculate o( := opin|[F(wo)] and an associated unit right singular vector vg.
Calculate Ao, Vg using g, v, wo.
while (A\; # 0) or (VA # c.(1,
Apply the recurrence to find wy41 given wg, Ak, VAg.
Calculate oj41 := Omin|F (wit1)]and an associated unit right singular vector v 1.
Calculate A\gt1, VAgy1 using 041, Vgt1, Wet1-
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Algorithm 2 Globally Convergent Algorithm

Require: A square matrix A and a positive real scalar

1: wg + (7o, 0p), where rge? is the eigenvalue of F' that is furthest away from the origin.

2: Convergence <+ False.

3: while = Convergence do

4:  Local Search: Apply Algorithm 1 starting from wy yielding a point w, = (7, 6)
such that w, € OA.(F) with a vertical tangent line.

5:  Angular Search: w, < argminge(o,2r) Omin(F (74, 0)) and o« < opmin(F (14, 0)).

6 if 0, = ¢ then

7 Convergence < True.

8: else

9 wp 4 (74, 0x).

10: end if

11: end while

12: Output: w,.

Algorithm 3 Local Search with Subspace Restrictions

Require: A square matrix A and a positive real scalar
1: zp < an outermost eigenvalue of A, and k < 0.
2: Sp < span{vg}, where vy is a right singular vector associated with o, [F(20)]-
3: Convergence <— False.
4:  while # Convergence do
5: Local Search: Apply Algorithm 1 to determine maximizer w11 = (74, 0x) such that
kg1 = reet?* € OA, (Fs,) is tangent to the circle centered at the origin of radius r,.
if (omin(wi+1) =€) and (c.(1,0) € Oopmin(wiy1) Ic € RT) then
Convergence < True.
else

Sk+1 < span(Si U {vg41}), where vg4q is a right singular vector associated with
Umin[F(wk+1)]-

10: Increment k.

11: end if

12:  end while

13: Output: wyy.
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landau(100) with ¢ = 10~ ? airy(300) with ¢ = 10~ 7
dimension  p.(Fs,) Rel. Error | dimension p.(Fs,) Rel. Error
k=1 1.008573182746177 4.8e — 005 | k =1 115102.27780548498503 2.1e — 011
k=2 1.008622026675976 1.7e — 007 | k =2 115102.277803100136225 1.9e — 013
k=3 1.008621908490280 6.9¢ —013 | k=3 115102.277803077900899 0
k=4 1.008621908489588 0 k=4 115102.277803077900899 0
k=5 1.008621908489588 0 k=5 115102.277803077886347 0
k=6 1.008621908489588 0 k=6 115102.277803077886347 0
k=7 1.008621908489588 0 k=4 115102.277803077900899 0

Table 2.3: Iterations of Algorithm 3 are listed for the 100 x 100 Landau matrix and
300 x 300 airy matrix. Both of the matrices are taken from Eigtool. For the Landau
matrix on the left, we observe superlinear convergence with respect to the subspace
dimension. For the airy matrix on the right, the convergence occurs too quickly, so it is
not possible to draw a rate of convergence conclusion.

Algorithm 4 Computation of e-pseudospectral Radius of a Large-Scale Matrix

Require: A square matrix A, a positive real scalar €, and a positive integer Kz
1: 2o — an eigenvalue of A with the largest modulus, and &k < 0.
2: Sy + span{vg}, where vy is a right singular vector associated with i, [F'(20)].
3: Convergence — False.
4: while = Convergence do
5:  Local Search: Apply Algorith 1 to find wg+1 = (74, 6x) such that

Zps1 = €% € DN (Fs,) with a vetical tangent line.

6:  if (omin(wrs1) =€) and (c.(1,0) € O min(wir1) Jc € RT) then

7: Angular Search: 0, < argminge(gox) Tmin(T«, 0) and ox < Tmin (7, 04 ).

8: if opmin(r«, 04) = € then

9: Convergence < True.

10: else

11: 20 r.e and k < 0.

12: Sp < span{vg }, where vy is a right singular vector associated with o [F(20)].
13: end if

14: else

15: if k = k42 then

16: 20 ¢ 2p+1 and k <+ 0.

17: Sp < span{vg}, where vy is a right singular vector associated with opn[F'(20)].
18: else

19: Sk+1 < span(Si U {vg41}), where vg4q is a right singular related to omin[F(2k+1)]-
20: Increment k.

21: end if

22:  end if

23: end while
24: Output: wi1.
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Before First Angular Search | Before Second Angular Search | Before Third Angular Search
dimension  Rel. Error dimension Rel. Error dimension Rel. Error
k=1 2.9¢ — 001 k =1 4.3e — 002 k=1 1.0e — 004
k=2 2.6e — 001 k=2 2.7¢ — 002 k=2 3.2e — 010
k=3 2.1e — 001 k=3 1.1e — 002 k=3 0

k=4 1.6e — 001 k=4 1.5e — 003 k=4 0

k=5 1.2e — 001 k=5 8.0e — 004 k =5 0

k=6 9.3e — 002 k=6 7.1e — 004 k=6 0

k=7 7.1e — 002 k=7 7.1e — 004 k=7 0

k=38 5.6e — 002

k=9 4.7e — 002

k=10 4.6e — 002

k=11 4.6e — 002

Table 2.4: The progress of Algorithm 4 on the 400 x 400 Grecar matrix with ¢ = 1072
is illustrated. Three angular searches turn out to be necessary for global convergence.
Subspace dimensions grow to 11, 7 and 7 before the applications of the angular searches.

Call Largest Modulus Smallest Modulus

convdiff(100) | 1.585983432465092¢ + 005 | 5.141502626179558¢ + 002
riffle(100) 6.684391491757834e — 001 | 6.684391491757830e — 001
gallery5(100) | 3.369301264903174e + 001 | 3.009873713611608¢ + 001

Table 2.5: The results returned by Algorithm 4 are listed for three matrices and for
e = 107* when it is started from the eigenvalue with the largest modulus and from the
eigenvalue with the smallest modulus.

Call Largest Modulus Smallest Modulus
convdiff(100) | 1.585983331052690e + 005 | 5.961714828990463¢ + 001
riffle(100) 5.099537791428121e — 001 | 3.658741062905901e — 001
gallery5(100) | 4.650261694825272¢ + 000 | 1.296145179556653¢ + 00

Table 2.6: The results are listed as in Table but for e = 1072,



Chapter 3

NUMERICAL RESULTS AND CONCLUDING
REMARKS

In this chapter we present numerical results on some dense and sparse matrices taken
from EigTool. Comparisons are performed with the algorithms introduced in [19] and
[9], whose Matlab implementations are available on the web E], ﬂ The running times are

measured in seconds, and using the ‘tic toc’ commands in Matlab.

3.1 Dense and large sparse matrices

Running times of the algorithms in [19], [9] and Algorithm 4 are listed for various matrices
and for e = 107* and & = 1072 in Table and Table respectively. For Algorithm 4
and the Guglielmi-Overton algorithm, the relative errors defined as in are also
listed. When calculating these relative errros, p:(A) is set equal to the values returned by
the algorithm in [19], as this algorithm is extremely reliably and guaranteed to converge
globally. We observe Algorithm 4 running faster than the Guglielmi-Overton algorithm
on certain examples, and the opposite on other examples. Thus, superiority of one over
the other is not clear. The results are also mixed for the relative errors

Table and for e = 107* and ¢ = 1072 provide additional results on some
matrices with sensitive eigenvalues again taken from EigTool. In these examples, Algo-

rithm 4 outperforms the algorithm in [9]. The latter even fails to return any result in

"home .ku.edu.tr/~emengi/software/robuststability.html
2http://www.cs.nyu.edu/overton/software/psapsr/index.html
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Call Radial-Circular [19] GO 9] Algorithm 4
pe(A) Time R.Error Time R.Error Time

airy(100) 1.421530343095846e + 03 | 0.128686 | 1.4e — 015 | 0.112700 | 2.8e — 015 | 0.278038
airy(200) 2.273729388837051e + 04 | 1.239163 | 3.5e — 015 | 0.299156 | 4.4e — 015 | 0.24392
airy(300) 1.151022778030781e + 05 | 2.071003 | 8.7e — 016 | 0.751727 | 1.7e — 015 | 0.59140
grcar(100) 2.852156096323250e 4+ 00 | 0.563856 | 7.1e — 007 | 2.917595 | 6.1e-008 7.700043
grcar(200) 3.044111942833691e - 00 | 3.111310 | 4.5e — 005 | 13.23464 | 2.3e-007 | 22.41166
grecar(300) 3.112886972929427e + 00 | 10.35882 | 2.2e — 004 | 32.33104 | 2.1e-007 | 54.86054
landau(100) | 9.987369366174040e — 01 | 0.205141 | 1.7e — 015 | 0.070803 | 1.4e-015 0.199973
landau(200) | 9.986738414723663¢ — 01 | 0.497259 | 5.6e — 016 | 0.290836 | 3.1e — 015 | 0.482470
landau(300) | 9.997634683202712¢ — 01 | 1.708333 | 9.9e — 012 | 0.644866 | 9.9¢ — 012 | 1.225988

Table 3.1: A comparison of the running times of the three algorithms, [19] on the left,
[9] in the middle, and Algorithm 4 on the right are provided. Running times are listed
for all three algorithms. Relative errors are also listed but only for [9] and Algorithm 4
setting p.(A) equal to the results returned by [19]. In all examples in this table ¢ = 1074,

Call Radial-Circular [I9] GO [9] Algorithm 4
pe(A) Time R.Error Time R.Error Time

airy(100) 1.421540716466253e + 03 | 0.431686 | 1.3e — 015 | 0.106321 | 1.6e — 013 | 0.286386
airy(200) 2.273731037526303e + 04 | 0.301536 | 1.6e — 014 | 0.301536 | 2.5e — 011 | 0.232880
airy(300) 1.151022901107116e + 05 | 0.750562 | 8.7e — 016 | 0.750562 | O 0.602322
grcar(100) | 3.073508959045583¢ + 00 | 2.845931 | 2.0e — 004 | 2.845931 | 1.4e — 007 | 1.895643
grecar(200) 3.176681601813824e 4- 00 | 13.05483 | 3.3e — 004 | 2.23464 2.3e-007 | 7.148907
grecar(300) | 3.112886972929427e 4+ 00 | 32.16144 | 1.6e — 004 | 32.33104 | 6.3¢ — 008 | 24.28514
landau(100) | 9.987369366174040e — 01 | 0.123417 | 2.1e — 011 | 0.070803 | 9.8¢ — 010 | 0.207350
landau(200) | 9.986738414723663¢ — 01 | 0.36554 2.1e — 011 | 0.290836 | 9.8e — 010 | 0.507489
landau(300) | 9.997634683202712¢ — 01 | 1.001046 | 6.8¢ — 011 | 0.644866 | 8.3¢ — 010 | 1.395247

Table 3.2: A comparison of the three algorithms as in Table but for ¢ = 1072
Call Radial-Circular [19] GO [9] Algorithm 4

pe(A) Time R.Error Time | R.Error Time

convdifffd(10) | 1.20777567716643¢ + 02 12.0824 eigs failed | - 6.6e — 011 | 11.84696
dwave(2048) 9.789022820577140e — 01 | 2023.06 eigs failed | - 5.4e — 002 | 80.2456
olmstead(500) | 2.544018078191012e + 03 | 8.30617 eigs failed | - 2.7e — 010 | 1.60091
supg(20) 8.389519537007646e — 02 | 8.306173 | eigs failed | - 3.4e — 006 | 22.7190

Table 3.3: A comparison of the running times of the three algorithms on matrices with
sensitive eigenvalues: [19] on the left, [9] in the middle, and Algorithm 4 on the right.

The columns should be interpreted as in Table Here ¢ = 1074

some cases, because it calls the implicitly restarted Arnoldi package eigs, which cannot

compute the desired singular value to desired accuracy.
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Call Radial-Circular [19] GO 9] Algorithm 4

pe(A) Time R.Error Time R.Error Time
convdifffd(10) | 1.290869591712596e + 02 | 11.4223 | eigs failed | - 6.6e — 011 | 11.84696
dwave(2048) 9.888025406495821e — 01 | 1511.66 | 1.8e — 010 | 84.26052 | 7.1le — 015 | 299.408
olmstead(500) | 2.544108221698483e + 03 | 8.50491 | 8.7¢ — 016 | 0.979768 | 0 1.60854
supg(20) 1.027485979694405e — 01 | 8.93065 | eigs failed | - 3.0e — 009 | 20.0901

Table 3.4: A comparison of the three algorithms on sensitive matrices as in Table
but with e = 1072

3.2 Concluding remarks

In this thesis work, we have extended the algorithm in [I8] for the computation of the pseudospec-
tral radius of a matrix. Our approach benefits from the global overestimator and underestimator
functions for eigenvalue functions in [20] and [33] to overcome the nonsmooth nature of the prob-
lem. Additionally, the subspace approach in [I3] combined with a restart strategy is adopted to
deal with large matrices. The algorithm based on radial circular searches in [19] is still the most
reliable choice, however the framework here is applicable to large matrices unlike that algorithm,
which is suitable for only small and medium scale matrices. The numerical experiments indicate
that the proposed framework and the algorithm in [9] exhibit similar running time behavior,
however the algorithm here appears to be more reliable on matrices with sensitive eigenvalues.
The algorithm introduced should be improved in certain directions. In particular, it should be

supplied with better stopping criteria, and it can be generalized for nonlinear eigenvalue problems.
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