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ABSTRACT

EFFICIENT LEARNING STRATEGIES OVER
DISTRIBUTED NETWORKS FOR BIG DATA

Osman Fatih KILIC
M.S. in Electrical and Electronics Engineering
Advisor: Stileyman Serdar Kozat
July, 2017

We study the problem of online learning over a distributed network, where agents
in the network collaboratively estimate an underlying parameter of interest using
noisy observations. For the applicability of such systems, sustaining a commu-
nication and computation efficiency while providing a comparable performance
plays a crucial role. To this end, in this work, we propose computation and com-
munication wise highly efficient distributed online learning methods that present
superior performance compared to the state-of-the-art. In the first part of the the-
sis, we study distributed centralized estimation schemes, where such approaches
require high communication bandwidth and high computational load. We intro-
duce a novel approach based on set-membership filtering to reduce such burdens
of the system. In the second part of our work, we study distributed decentralized
estimation schemes, where nodes in the network individually and collaboratively
estimate a dynamically evolving parameter using noisy observations. We present
an optimal decentralized learning algorithm through disclosure of local estimates
and prove that optimal estimation in such systems is possible only over certain
network topologies. We then derive an iterative algorithm to recursively construct
the optimal combination weights and the estimation. Through series of simula-
tions over generated and real-life benchmark data, we demonstrate the superior
performance of the proposed methods compared to state-of-the-art distributed
learning methods. We show that the introduced algorithms provide improved
learning rates and lower steady-state error levels while requiring much less com-
munication and computation load on the system.

Keywords: Distributed estimation, adaptive networks, efficient learning, central-

ized estimation, decentralized estimation.
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OZET

BUYUK VERILER ICIN DAGINIK AGLARDA ETKILI
OGRENME TEKNIKLERI

Osman Fatih KILIC
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Siilleyman Serdar Kozat
Temmuz 2017

Daginik aglarda ¢evrimici 6grenme teknikleri tizerinde ¢aligmaktayiz. Daginik
aglarda iletigim ve igleme kapasitesine sahip ajanlar ag iizerinde birlikte caligarak
gurultili gozlemler iizerinden altta yatan bir parametreyi kestirmeye caligirlar.
Bu sistemlerin uygulanabilirligi i¢in yiiksek kestirim performansi saglanirken,
etkili iletigim ve igleme kabiliyetlerine sahip olmak da esastir. Bu baglamda,
tezimizde diigiik iletigim ve igleme agirligi ile literatiire gore yiiksek performans
saglayan daginik cevrimici ogrenme metodlar: sunmaktayiz. Tezin ilk kisminda
yiiksek iletigsim agirligi gerektiren merkezi daginik aglar i¢in kiime tiyeligi tabanlh
yeni bir yontem sunarak, bu tarz aglarin gerektirdigi iletisim ve iglem agirhigim
azaltarak, literatiirde bulunan benzer algoritmalara gore cok daha iistiin bir
performans elde etmekteyiz. Tezin ikinci kisminda ise dinamik parametre ke-
stirimi i¢in merkezi olmayan daginik ogrenme teknikleri iizerinde caligmaktayiz.
Bu aglarda her ajan kendi kestirimini gozlemlerine ve etraftan aldiklar1 bil-
gilere gore olugturmaktadir. Bu baglamda biz merkezi olmayan aglarda optimum
ogrenmenin gerceklesmesi icin gerekli sartlari ortaya koymakta ve sadece kestir-
imlerin paylagilmasi ile optimum 6grenim performansina ulagmanin sadece belirli
ag topolojilerinde miimkiin oldugunu gostermekteyiz. Daha sonra bu ¢ikarimlar
tizerinden optimum 6grenme performansina erigecek yinelemeli algoritmay ortaya
koyarak gerekli birlesim agirliklarini ve kestirimi gergeklestirecek ¢ikarimlar: yap-
maktayiz. Tez sirasinda, yaratilmig ve reel datalar iizerinde gergeklestirdigimiz
simiilasyonlar ile ortaya koydugumuz bu yontemlerin hem 6grenme hizi olarak
hem de nihai hata seviyeleri olarak literatiirde bulunan yontemlere gore ¢ok daha

iistlin bir performans gosterdiklerini sergilemekteyiz.

Anahtar sozciikler: Dagitik kestirim, uyarlanmir aglar, etkili 6grenme, merkezi

kestirim, merkezi olmayan kestirim.
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Chapter 1

Introduction

Recently, due to the advancements in information technologies, distributed learn-
ing and estimation has attracted significant attention thanks to their high con-
vergence and robustness behaviors over fast streaming data [1, 2, 3, 4, 5]. In
a distributed learning framework, we consider a network of agents observing a
temporal signal about an underlying state, possibly coming from different spatial
sources with different statistics. Each agent in the network is equipped with com-
munication and processing capabilities. The aim of each agent is to estimate the
underlying parameter of interest using its observations by solving an optimization
problem of minimizing the expected Euclidean distance between the estimation
and the true value of the state, i.e. minimum mean-square estimation (MMSE).
However, agents in the network are connected to a set of neighboring nodes and
can exchange information, i.e. observations and/or estimations, to augment the
learning process. As an example, assume a network of emission sensors distributed
over a greenhouse to monitor the COy levels for precision agriculture applications
[6]. Since the agents would collect different observations from different parts of
the area, they can cooperate in the network to promptly learn the true C'O; levels

for an enhanced intervention.

There exists an extensive research on distributed learning for estimating a fixed

or a dynamic underlying parameter, which mainly goes under centralized and



decentralized distributed learning frameworks [7, 8, 9, 10, 11, 12, 13, 14, 15, 16].
In the centralized framework, all the agents in the network are connected to a
fusion center and each agent sends their information to this center for constructing
a final estimate[7]. Distributed agents may have internal processing unit and send
their local estimations along with their observations to fusion center or they can
just send the peripheral observations if they are not equipped with processing
power. After collecting all the information, fusion center then construct the final

estimate of the system.

For certain learning and adaptive filtering scenarios, we can select an appropri-
ate adaptation algorithm with its parameters, e.g., the length of the filter or the
learning rate, based on the a priori knowledge about the structure and statistics
of the data model [17, 18]. However, the performance of the algorithm might
degrade severely due to the improper design in the lack of a priori information.
As an example, conventional learning algorithms, e.g., the least mean square
(LMS) algorithm, in general demonstrate degraded performance in the impulsive
noise environment while the algorithms robust against impulsive interferences,
e.g., the sign algorithm (SA), achieve inferior performance over the conventional
algorithms in the impulse-free noise environments [19]. On the other hand, in the
centralized distributed estimation framework, combining various adaptive filters
with different configurations running on distributed nodes through a fusion center
achieve better performance than any of the single filters on the peripheral nodes
(17, 20, 21, 22, 23, 24, 25]. Particularly, through this approach, we can achieve

enhanced performance in a wider range of learning and estimation applications.

In the centralized distributed estimation method, the fusion center combines
the various information coming from the distributed nodes such that the final
output of the system better estimates the underlying parameter [7]. As the com-
bination weights on the fusion center could be fixed with hindsight about the
temporal data, we can also adapt those combination weights sequentially based
on the observed data and the information coming from the individual nodes.
Since all the information is collected on a single node, solving the global opti-
mization problem regarding MSE performance is therefore trivial in centralized

systems. However, it has serious disadvantages regarding communication and
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computation load on the network [7, 11]. Especially the fusion center requires
a high communication bandwidth and processing power if the network becomes
too large. Hence, these approaches cannot be used for applications involving big

data due to their impractical computational and communication need.

To this end, in the first part of this thesis, we introduce a centralized learning
approach using the SMF in order to reduce communication and computational
load and achieve improved performance. In the conventional least squares algo-
rithms, e.g., the LMS algorithm (or the stochastic gradient descent algorithm),
we minimize a cost function of the error term defined as the difference between
the desired and the estimated signals. On the contrary, the set membership fil-
tering approach seeks to find any parameter yielding smaller error terms than
a predefined bound. SMF approach achieves relatively fast convergence perfor-
mance in addition to the reduced communication and computation load since we
do not update the parameter unless we obtain larger error than the bound and
nodes do not need to send information to fusion center unless an update occurs
26, 27]. Later in the thesis, through series of simulations over generated and real-
life benchmark data, we show the superior performance of the proposed method
over state-of-the-art filtering algorithms in the centralized estimation framework
regarding both convergence and steady-state performance. We also show that
the proposed algorithm significantly reduces computation and communication

load compared to the conventional estimation schemes.

In the alternative decentralized framework, each agent in the network has
a different set of neighboring nodes consisting of spatially close ones and ex-
change information only with them to overcome the former problems with the
centralized framework [15, 16, 14, 8 9, 10, 11, 12]. In these approaches, agents
only disclose their local estimations about the underlying event and combine the
received information to produce final estimates. This way, the information effi-
ciently propagates through the network to improve the overall performance. In
consensus decentralized framework, after processing and collecting information,
nodes reach to a consensus about their estimate either immediately or iteratively
through time [15, 16].



In the original implementation of consensus algorithms two time scale is being
used among nodes; one time scale is for collecting the measurements and the
other one is to iterate over the collected data sufficiently enough to reach an
agreement among nodes [28, 29, 30]. Nonetheless, the use of two time scale
prevents such system from working in real-time over online-streaming data [12].
In the implementation of iterative consensus algorithms, the learning rate on the
individual nodes reduces with time as the nodes in the network reaches to a
consensus about the data, which enables such systems to use only one time scale
and iteratively reach to a consensus over time [31, 2, 32]. However, due to this
decay in the learning rate, as the system reaches to a consensus, the network

stops adapting and becomes inefficient against estimation of dynamic events [12].

In [8, 11] and [14], authors present different solutions to the decentralized dis-
tributed estimation problem by introducing the diffusion strategy to the frame-
work. The motivation behind the strategy is to develop a distributed estimation
scheme that is able to promptly respond to the online-streaming data in real-time.
The nodes in diffusion strategy combine their local estimate with the information
coming from the neighboring agent within the same time scale so that the overall
network can rapidly adapt itself to the temporal and spatial variations in the
data statistics. However, these methods do not consider the network topology,
information path, and disclosure to obtain a globally optimal solution. In [33, 34],
distributed incremental solutions are presented to reach the optimal estimate by
defining a certain path through the network,i.e. cyclic path among nodes, which

may not be practical against fast streaming data or dynamic configurations.

In [35], authors presented a novel approach to obtain an optimal estimation
of a fixed underlying parameter by exploiting the network structure and optimal
information disclosure and combination without any incremental and path re-
quirements. We note that it is more realistic to model the underlying parameter
as it is subject to change over time, i.e. non-stationary sources. Although there
exists a literature on distributed dynamic parameter estimation, these algorithms

again do not consider reaching a globally optimal solution [3, 36, 37].

To this end, in the second part of our study, we extend the work of [35]
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for optimal estimation of dynamic parameters over distributed networks. Since
the underlying event is evolving with time and information is only propagating
through disclosure of local estimates, it requires a different approach than the ex-
isting methods. We first use the framework of [35] to establish the model and the
problem. Then, we introduce efficient and optimal distributed learning (EODL)
algorithm for dynamic parameters and prove that it is only applicable over certain
network topologies. Later in the thesis, we also show the superior performance

of the proposed method compared to the literature through numerical examples.

We organize the rest of the thesis as follows. In Chapter 2, we introduce com-
munication and computation wise highly efficient distributed estimation frame-
work. We introduce efficient learning algorithms for centralized estimation over
distributed networks. In Chapter 3, we propose efficient and optimal learning
algorithm for dynamic parameters over distributed networks. We present con-

cluding remarks in Chapter 4.

Notation: Through this paper, bold lower case letters denote column vectors
and bold upper case letter denote matrices. For a vector a (or matrix A), a’
(or AT) is its ordinary transpose. The operator col{-} produces a column vector
or a matrix in which the arguments of col{-} are stacked one under the other.
For a given vector w, w denotes the ith individual entry of w. Similarly for a
given matrix G, G is the ith row of G. For a vector argument, diag{-} creates
a diagonal matrix whose diagonal entries are elements of the associated vector.
In addition, all random variables are presented as uppercase calligraphic letters,
i,e. X and all realizations of these variables are presented as their lowercase

characters, i.e. x.



Chapter 2

Communication and
Computation wise Highly
Efficient Distributed Learning

In this part of the thesis, we study distributed estimation over centralized net-
works. We introduce communication and computation wise highly efficient dis-
tributed learning algorithm based on set-membership filtering. We deploy set-
membership filters on peripheral nodes to reduce the communication load and
also we construct adaptive combination weights on the fusion center again based
on set-membership filtering to reduce the computational load on the network.
Through series of simulation, we demonstrate the superior performance of the in-
troduced algorithm over the state-of-the-art regarding transient and steady-state

performance.



2.1 Centralized Distributed Estimation Frame-

work

Considering an on-line setting where only the current feature vector x(¢) at time
t > 1 is available for corresponding data d(t). Our aim is to sequentially estimate
d(t) that is produced by an underlying parameter w, and corresponding feature

vector x(t) such that

through a function

and for the estimation, in this work we use centralized distributed network. In
the centralized network, the system consist of two parts as presented in Fig.2.1.
The first part have m peripheral nodes running an individual learning algorithm
to estimate their corresponding desired signal d;(t) for i = 1,--- ,m. Each filter
with their parameter vector w;(t), ¢ = 1,--- ,m and input vector x(t) produce an
estimate d;(t) = x7(t)w;(t) and in next step we update their parameter vector

according to their estimation error
ei(t) £ di(t) — d;i(2).

In the second part of the system, nodes then send their estimate regarding the
desired signal to the fusion center, where we combine the information coming

from the peripheral nodes and obtain the final estimate of the system such that

where y(t) = col{dy(t), - ,dm(t)} and w(t) = col{wD(t),--- ,w™(t)} is the
combination weights vector. Linear combination parameters of this stage is up-

dated adaptively according to the final estimation error

e(t) = d(t) —d(t).
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Figure 2.1: Centralized distributed estimation structure.

The use of conventional least squares algorithms such as least mean square al-
gorithm in these centralized systems result in an update of parameter vectors at
each step and sending them to the fusion center. This notion is not advantageous
for most big data applications due to high computation and communication load
that this feature will create. Therefore, as a solution, we employ set member-
ship filters on peripheral nodes and their combination at fusion center for this

structure.

In subsequent sections, we first introduce the structure of the set membership
filters (SMF), then we introduce methods for constructing adaptive combination

weights for the central node.

2.2 Structure of Set-Membership Filters

For the general linear-in-parameter filters whose input is x € R"™ , the desired

output is real scalar d and the output of the filter is d = xTw where w € R" is the



Figure 2.2: Parameter vector update by projection onto constraint set.

parameter vector for the filter, the filter error is defined as e(w) = d — d. In the
general setting, filter estimates the parameter vector to minimize the cost which
is a function of the filter error [18]. However, in the set membership filtering
scheme, we update the parameter vector to satisfy a predefined upper bound ~

on the filter error for all data pairs (d,x) in a model space S such that
le(w)|* <, V(d,z) €S. (2.1)

Therefore any parameter vector satisfying (2.1) is an acceptable solution and the
set of these solutions forms the feasibility set which is defined as

rs () {weR":|d—x"w]> <~} (2.2)

(d,x)eS

If the model space S is known priorly, then it is possible to estimate the feasibility
set or a parameter vector in it. However, there is no closed form solution for an
arbitrary S and in practice the model space is not known completely or it is time-
varying [26, 27]. Therefore we estimate the feasibility set or one of its members

using set-membership adaptive recursive techniques (SMART).

Considering a practical case, where only measured data pair (d(t),x(t)) € S is

available, the constraint set H; containing all parameter vectors satisfying (2.1)

9



is defined as
H(t) = {weR":|d(t) — wa(t)| <~} (2.3)

Here the constraint set is a region enclosed by the parallel hyperplanes defined
with

jd(t) — x(t)" w| =7

and an estimate for the feasibility set at time ¢ is membership set ¢; = (\._, H(7).
We approximate the membership set for tractable and computable results by
projecting current parameter vector w(t) onto constraint set H(t) if it is not

contained in it and assure an error upper bound of v [26] as we present in Fig.2.2.

We express the problem defined above as

t+1) = i —w(t)|] 2.4
w(t+1) argwer;{l%gl)llw w(t)l (2.4)

We solve the optimization problem with constraint in (2.4) with the method of
Lagrange multipliers. The Lagrangian equation to the optimization problem in
(2.4) is

Lw,7) = [lw—w(t)|* + 7(le(t)] — 7). (2.5)

Solution to the Lagrangian in (2.5) is

w(t+1) = w(t) + u(t)% (2.6)

where

M:{ L=y it fe(t)] >,

0 otherwise.

The resulting algorithm in (2.6) is named as set membership normalized least
mean square algorithm (SM-NLMS) and achieves better convergence speed and
steady-state MSE with reduced computational load than NLMS algorithm [26].

We present a detailed explanation of the algorithm in Algorithm 1.

In the next section, we present several methods for adaptively constructing
combination weights at the fusion center based on set-membership filtering in

order to reduce computational load on the central node.
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Algorithm 1 The Set-Membership NLMS Algorithm

Choose
w(0) < Initialize
a < Constant
for all¢t > 0 do
d(t) = xT(t)w(t)
e(t) = d(t) — d(t)
if |e(t)| > v then
ult) =1 - 2
_ x(t)e(t)
wit + 1) = w(t) + pu(t) 20
end if

. end for

—_ =
— O

2.3 Adaptive Combination Weights

We deploy SMF scheme at the fusion center for performing an adaptive combi-
nation of peripheral set-membership filters with different error bounds running
on distributed nodes to estimate their corresponding desired signal d;(t). We em-
phasize that using SMF scheme provides lower computational complexity which
offers a comparable performance suitable for big data applications than standard
LMS algorithms. Also, we get benefits of fast converging and lower steady state

MSE performance obtained by using different bounds on peripheral nodes.

We use a system where m SMF filter running on distributed nodes as in
Fig.2.1, each one updates their parameter vector w;(t) € R™ and produces esti-
mate d;(t) = xT(t)w;(t) with respect to its bound v;. On the fusion center, we
combine information coming from each node linearly through time variant weight
vector w(t)® € R™ which is trained with combination SMF filter with bound 7.

We denote input to the combination stage as
y(t) £ col{d(t), ..., dm(t)}
and the parameter vector of the combination stage is
w(t) £ col{fw(t),...,w™(t)}.

The output of the combination stage is

N

d(t) =y" (t)w(t)

11



and the final estimation error is

In the following subsections, we seek and train parameter vectors for the combi-

nation weights satisfying upper bound 4 within different parameter spaces.

2.3.1 Unconstrained Adaptive Combination Weights

The first parameter space is for the unconstrained linear combination weights and
defined as

Wi = {W € Rm},

which is the Euclidean space. Therefore, within the SMF scheme, for the update

of the combination weights we have

w(t+1) =arg min |[|w —w(t)||*, (2.7)
weH (1)

where
Hi(t) £ {w e Wy [d(t) —wy(t)] <7

is the constraint set for the update and the solution for the (2.7) as we did in
(2.4) yields

Wit +1) = w(t) + p(t) y“)e(? (2.8)

y (O)y(t)

where

M(t):{ L= if fe(t)] > 7,

0 otherwise.

We present a detailed explanation of the algorithm for the unconstrained combi-

nation method in Algorithm 2.
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Algorithm 2 Unconstrained Combination Algorithm for the Fusion Center

Choose 5
w(0) < Initialize
a < Constant
for i =1 to m do
w;(0) < Initialize
Choose 7;
end for
for all¢t > 0 do
for i =1 to m do
di(t) = xT(t)w;(t)
ei(t) = d(t) — di(t)
pi(t) =1 —
wilt + 1) = wi(t) + put) s
end if

end for

y(8) = [di(t)--dm()]"
d(t) = yT(t)w(t

2.3.2 Affine Adaptive Combination Weights

Parameter space for the affine combination weights is defined as
Wy & {weR": 17w =1},

where 1 € R™ denotes a vector of ones such that sum of weights to be one, i.e.

S wl® = 1. Therefore, the constraint set in this case is
Ha(t) = {w € Wyt [d(t) — w'y(t)| < 7}

We remove the affine constraint with the following re-parametrization. Define

parameter vector z(t) € R""!, where
29(t) £ w(t), Vie {1,2,...,m — 1}

13



and
wm™(t)=1-Y z9(). (2.9)

Therefore, the final estimation error is expressed with the use of unconstrained

parameter vector as

zW (1) dy (1)
e(t)=d(t) — Zn- (1) i |
1—17%(t) dn(t)
R— e
[ () !
=d(t) - : 2(t) — (1= 1"2(t))dn (1),
i ()
a(t) ~dut) ]
= d(t) — dn(t) — : z(t). (2.10)
a(t) A1 (t) — don(t)
c(t)

Here in (2.10) we present z(t) as the unconstrained parameter vector, a(t) as the
desired signal and ¢(t) as the input to the unconstrained optimization problem

which is given as

z(t+ 1) = arg min ||z — z(t)|?, (2.11)
zEH ()

where the constraint set is defined as
Ho(t) 2 {z € R™ "+ |a(t) — 27c(t)] < 7).

Since now the optimization problem is same as in unconstrained case, as in (2.7)

the solution yields

2(t+1) = 2(t) + u(t)% (2.12)

14



where

u(t):{ 1— s if le(t)] > 7,

0 otherwise.

The input vector c(t) to the re-parameterized unconstrained version of the

optimization problem can be expressed in terms of initial input vector y(¢) as

(10 0 —1 |
01 -~ 0 —1
0T R 1)
00 - 1 —1
&

Therefore, we can express the each element of unconstrained parameter vector as

i i é(i)y(t)e(t)
20 (¢ 4 1) = 70 ylt)e 2.13
(¢ +1) = #90) + ) LT (213)
which leads to
Ty lz@ 1)=1- Y 1z O ZZ 1 GYy(t)e(t) 2.14
A= T Gy Y
and inserting (2.9) leads to
_ B 7
w(™ — wm : y(t)e(t)
(t+1) (t) + p(t) _1 SOTGTGy (D) (2.15)
m—1
i i
Thus, by (2.13) and (2.15), we have
G y(t)e(t)
w 1)=w — . 2.16
(t+1) = w(t) + u(t) [ p ] i< wn (216)
G

Note that GTG = G, therefore equation (2.15) yields to parameter vector update
of

w(t+1)=w(t)+ u(t)y(;}’(ﬂ (2.17)
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where
G2 I, -1
—17 m-1

mt):{ L=y i le(®)] > 7,

and

0 otherwise.
and —1 € R™! is a vector where all its elements is minus one. Note that,

algorithm for constructing affine combination weights is easily obtained by intro-

S
I |
and replacing the line 22 in Algorithm 2 with the update line w(t + 1) = w(t) +

Gy (D)e(t)
1t ey oraym:

ducing the matrix

2.3.3 Convex Adaptive Combination Weights

Lastly, the parameter space for the convex combination weights is defined as
Wy={weR": 1Tw=1Aw">0,Viec {1,..,m}}.
Therefore, the constraint set in this case is
Hi(t) 2 {w € W5 : |d(t) — wly(t)| < 7).

In order to get unconstrained optimization problem as we did above, we re-
parameterize vector w(t) with the parameter vector z(¢) € R™ by introducing a
softmax layer to the central node such that
—z()(¢)
D)=
which maps the unconstrained combination weight to the probability simplex in

order to obtain the convex combination weight on the fusion center.

Note that SM-NLMS algorithm can also be constructed through gradient de-

scent method with stochastic cost function defined as

2
le(®)|—¥ _

F(e(t)) = < Iy @1l ) le(t)] >~
0 otherwise.

16



Therefore, for the unconstrained parameter vector update, stochastic gradient

algorithm is then given by
1
z(t+1)=z(t) — §VZF(e(t)), (2.19)
which by the chain rule yields to

2t +1) = 2(t) — S[Vuw(O] VuF(e(r). (2.20)

Note that V,w(t) = w(t)w(t)T — diag{w(¢)} [17] and by this we obtain

z2(t + 1) = z(t) + p(t)[w(t)w(t)” — diag{w(t)}]% (2.21)
where .
y 1—@ if le(t)| > 7,
2y { 0 otherwise.
and

—z(t)

e

w(t) = ——7—.
O = ey

Finally, we easily obtain the algorithm for constructing the convex combination

weights by defining unconstrained parameter vector as in (2.18) and by replacing

line 22 in Algorithm 2 with the update line in (2.20).

In the next section, with the algorithms defined above, we evaluate the MSE

performance of the algorithms within different schemes.

2.4 Simulations and Results

In this section, through series of simulations, we demonstrate the performance
of the proposed SMF centralized distributed estimation algorithms and compare
the steady-state and convergence performances with various methods, i.e. NLMS
centralized method and variable step size NLMS, as well as its superior compu-

tation and communication efficiency [18, 38].
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We first considered the performance for the non-stationary data case where
statistics of source data has an abrupt change in the middle of simulations. We
also analyzed how predetermined error bounds on the central node effects the
performance of the overall system. Then we demonstrate simulations with real
and synthetic benchmark data sets such as Elevators, Kinematics, Pumadyn and
California housing data [39]. In the final part, we compare computation and
communication load of the proposed algorithms with respect to NLMS centralized
distributed estimation algorithm and single variable step-size NLMS algorithm

to demonstrate the efficiency of our solutions.

Through this section, we refer set-membership normalized least mean square
algorithm as ”SM-NLMS” and centralized systems that use unconstrained, affine
and convex combination methods on central nodes as ”SM-UNC”, ”SM-AFF” and
"SM-CONV?” respectively. We also introduce variable step size NLMS algorithm
as "VSS-NLMS” and centralized NLMS algorithm as "NLMS”[18, 38].

2.4.1 Non-Stationary Data

In this part, we study our algorithms in a non-stationary environment where
data source statistics have an abrupt change in the middle of time horizon of the
simulations. We use static noise statistics over all distributed nodes and central
node as well, which is all the nodes in the network experience same level of noise
disturbance to their observations. We create a sequence for 7" = 10000 time step

considering a linear-in-parameter model such that
di(t) = wlx(t) + ny(t),

where w, € R” denotes the parameter of interest, x(¢) € R is the input regressor

vector and n;(t) is the corresponding additive white Gaussian noise signal with

2

fixed variance o .

We sample the parameter of interest w, from normal distribution with zero
mean and unit variance and normalize it to ||[w,|| = 1. In the middle of time

horizon, we sample the parameter of interest again to create a non-stationary
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Time Evolution of MSE
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Figure 2.3: Time evolution of MSE performance of the proposed algorithm com-
pared with others over non-stationary data having 20dB SNR and input vector
eigenvalue spread of 1. Note that drastic increase in the middle of figure corre-
sponds to the time re-sample the parameter of interest to create non-stationary
environment and measure the tracking performance of the compared algorithms.

environment. We sample the input vectors from normal distribution so that
eigenvalue spread is 1 and we select the additive white noise so that we have
20dB observation signal. We use 10 distributed nodes, where we deploy SMF
algorithms with different error bounds set varying around \/ﬁ and we select
the final error bound on the central node as \/@. We select the learning rate
for the NLMS algorithms as ;4 = 0.2 and we select the learning rate interval for
the VSS-NLMS algorithm as (fimaz, fimin) = (0.2,0.02). We averaged the results

over 200 trials to obtain the ensemble average of the MSE measure.

In Fig.2.3, we present the performance comparison of the algorithms under
non-stationary data. We observe that the introduced algorithms have better
learning-rate performance while VSS-NLMS algorithm performs the worst in this
measure due to non-collaborative structure of the algorithm. We also note that
SM-CONV and VSS-NLMS algorithms have the best steady-state error perfor-

mance compared to the others. We also emphasize that the proposed algorithms
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Figure 2.4: Cumulative deterministic error performance of algorithms with dif-
ferent central error bounds.

reach the presented performance with much less computation and communication

load than the compared algorithms.

In addition, error bound selection is indeed a problem for set-membership
filtering (SMF), especially when the power of the noise of the environment is
unknown. One of our main motivation for using the centralized distributed esti-
mation approach with SMF is to resolve this problem by collecting information
from distributed nodes with different SMFs with a wide range of representative
error bounds. Hence, on the peripheral nodes, we use diverse range of error

bounds to cover nearly every important realistic case.

However, we emphasize that the selection of the error bound on the central
node is important. The error bound of the fusion center determines the trade-
off between low residual error and low computational complexity. Therefore, it
should be selected based on the application specifications. For instance, if we seek
a low residual error and computational load is not a concern, then we set a tight

bound and system updates itself until reaching the desired bound. For another
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Figure 2.5: Number of updates that each algorithm with different central error
bounds require. Number of updates are presented in a semi-log scale.

case, if we seek for convergence with a low computational complexity, then we

set a loose bound and system stops updating after converging to the bound.

To this end, in this part, we also study the selection of the final stage error
bound in a stationary environment. We use convex algorithm to construct the
combination weights. For comparison, we set the error bound of the central node
as /502, 104/502 and 1004/502 for different cases. We present the evolution of
cumulative deterministic squared error for different selection of final error bound
in Fig.2.4 and evolution of the number of updates they require in Fig.2.5. We
observe that algorithms having tighter final error bounds converge faster com-
pared to loose bounded algorithms. However, we also observe that these tight
bounded algorithms make much more update than other, which results in higher

computational load over the system.
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Figure 2.6: Cumulative deterministic error performance of the proposed algo-
rithms compared to NLMS and VSS-NLMS over Pumadyn dataset.

2.4.2 Benchmark Real Data

Here, we apply our algorithms to the learning of the benchmark real-life problems
[39]. In real-life dataset experiments, we use 10 distributed nodes and since this
time we do not know the power of the additive noise, we set the error bounds of
the SMF filters running on distributed nodes in a wide range spread around 0.15
and again we choose the error bound for the central node as 0.15. For NLMS
algorithm we choose step size puypys = 0.2 and for VSS-NLMS algorithm we set
the step size range as (fmaz, fhmin) = (0.2,0.02).

For the first experiment, we use Pumadyn data with regressor dimension n =
32 which is a dataset obtained from a realistic simulations of the dynamics of
Unimation Puma 560 robot arm [39]. We present the deterministic cumulative
squared error results in Fig.2.6. Note that in Fig.2.6, mixture approaches show
superior performance over other filters. Here, we observe that the introduced
methods present superior performance compared to the others regarding both

transient and steady-state performances. We also note that VSS-NLMS algorithm
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Cumulative Deterministic Error over Elevator Dataset

n
L —g— SM-Conv
180 —s¢— SM-AFF
NLMS
I —4— SM-UNC
16 — P~ VSS-NLMS
1 ~<
0.6 ~
5 148 N
S 2
w 0
o b .
B 12r 4
£ 0.2
s | &
s 1r
o 0
2 0 50 100 150
T 08
g
3 N]  VSS-NLMS
0.6 \
> 7 -
0 ~ . SM-UNC NLMS
~ . SM-CONV SM-AFF
<
o2@a s | 1T T T === - —x- -
—
0 Il Il Il Il Il L Il Il I
0 200 400 600 800 1000 1200 1400 1600 1800

Time

Figure 2.7: Cumulative deterministic error performance of the proposed algo-
rithms compared to NLMS and VSS-NLMS over Elevator dataset.

presents comparable performance in transient state with the proposed algorithm.

However, the proposed algorithms performs better in steady-state error.

For the second benchmark test, we use Elevator dataset, which is obtained
from the task of controlling F16 aircraft and the desired data is related to an
action taken on the elevators of the aircraft [39]. The regressor dimension for
Elevator data is 18. We present the results of the simulations regarding this
dataset in Fig.2.7. We observe in this case that the proposed algorithms perform
superior compared to VSS-NLMS regarding both learning-rate and steady-state
error performance. Although NLMS algorithm reaches a lower steady-state error,

it has a lower learning-rate performance compared to the introduced algorithms.

Besides Pumadyn and Elevator experiments, we also use California Housing
and Kinematics datasets to perform real-life simulations [39]. California hous-
ing dataset is based on house prices in California having different features, e.g.

square-footage. Kinematics dataset is also obtained from forward kinematics of
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Cumlative Deterministic Error over California Housing Dataset
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Figure 2.8: Cumulative deterministic error performance of the proposed algo-
rithms compared to NLMS and VSS-NLMS over California Housing dataset.

an8 link robot arm [39]. We present the simulation results over California hous-
ing and Kinematics datasets in Fig. 2.8 and Fig.2.9 respectively. ~We observe
that over California Housing data, VSS-NLMS algorithm performs inferior com-
pared to the other algorithms. This is mainly because we do not have any prior
information about the dataset and non-collaborative VSS-NLMS algorithm can-
not perform well due to the poor selection of predefined parameters. On the
other hand, distributed algorithms performs better even if we do not have any
prior information about the data since we cover a selection of cases over dis-
tributed nodes running different configuration of learning algorithms. We also
note that SM-CONV algorithm performs superior compared to other algorithms
regarding both learning-rate and steady-state error performance. In simulations
over Kinematics data, we observe that the introduced algorithms perform supe-
rior compared to distributed NLMS algorithm and single VSS-NLMS algorithm

regarding both transient and steady-state error performance.

We note that during simulations over benchmark real-data, the compared al-

gorithms show different performances, due to lack of prior information on the
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Cumulative Deterministic Error over Kinematics Dataset
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Figure 2.9: Cumulative deterministic error performance of the proposed algo-
rithms compared to NLMS and VSS-NLMS over Kinematics dataset.

behavior of the datasets. However, the introduced algorithms managed to per-
form better than the standard LMS based algorithms in every case. We also
emphasize that the proposed algorithms present these performances with signifi-
cantly reduced communication and computation load. We present detailed results

for this aspect of our methods in the following subsection.

2.4.3 Communication and Computation Load

One of the critical aspects of the proposed algorithms is the reduced communica-
tion and computation load regarding lessened update of weights compared to the
standard LMS algorithm and distributed methods. To present that, we calculated
the total number of addition and multiplication operation that each algorithm
required during a simulation over a stationary data for 8000 instances. In Ta-
ble 2.1, we demonstrate results for addition and multiplication operation that
each algorithm made and show that proposed algorithms computationally more

efficient than other conventional LMS algorithms and centralized approaches.
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Table 2.1: Total Number of Addition and Multiplication Operations Each Algo-
rithm Require over 8000 Stationary Data Instances

SM-UNC | SM-AFF | SM-CONV | NLMS | VSS-NLMS

Addition 680 1020 775 240600 | 480000
Multiplication | 680 1020 775 160000 | 400000
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Figure 2.10: Number of updates that each algorithm made on their estimations
and combination weights over stationary data. Only 2500 instances are presented
since SMF based algorithms stop updating after 200 instances.

Although, the computational cost among the proposed algorithms do not differ
much, we emphasize that the unconstrained mixture is the most computation-
ally efficient one. In Fig.2.10, we also presented number of updates that each
algorithm made both on their distributed nodes and on central node. We note
that the set-membership based distributed algorithms stop updating after satis-
fying their error bound requirement, which means also the distributed nodes stop
sending information to the fusion center. On the other hand, the conventional
LMS based algorithms keep updating their estimations and combination weights.
Note that the distributed NLMS algorithm requires more updates than the single
VSS-NLMS algorithm. Therefore, we conclude that the proposed methods reduce

both communication and computation load over the network.
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Chapter 3

Efficient and Optimal
Decentralized Online Learning of

Dynamic Parameters

In this part of the thesis, we study the problem of online learning over a de-
centralized distributed network, where nodes in the network collaboratively esti-
mate a dynamically evolving parameter using noisy observations. Nodes in the
network are equipped with processing and communication capabilities and can
share their observations or local estimates to their connected neighbors. The
conventional distributed estimation algorithms only diffuse their current observa-
tions or estimations and in this regard, these algorithms cannot perform optimal
online learning in mean-square error sense (MSE). To this end, we present an
optimal distributed learning algorithm through disclosure of local estimate for
tracking the underlying dynamic parameter. We first show that optimal esti-
mation can be achieved through diffusion of all the time stamped observations
for any arbitrary network and we prove that optimal estimation through disclo-
sure of local estimates is possible for certain network topologies. We then derive
an iterative algorithm to recursively calculate the combination weights and con-
struct the optimal estimation for each time step. Through series of simulations,

we demonstrate the superior performance of the proposed algorithm compared
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to state-of-the-art diffusion distributed estimation algorithms regarding conver-
gence rate and steady-state error levels. We also show that while conventional
distributed estimation schemes cannot track highly dynamic parameters, through
optimal weight and estimation construction, the proposed algorithm presents sta-
ble MMSE performance.

3.1 Optimal Distributed Estimation Framework

In this framework, we consider a distributed network with m agents equipped
with processing and communication capabilities. In Fig. 3.1, we illustrate such a
network as an undirected graph, where vertices and edges represents the agents
and communication links respectively. For each agent i, we denote the set of
other agents, whose information is available to the agent ¢ after k-hops over

communication links as N We define Ngk) as

%

where 7% = |N™)| is the cardinality of N'* and N!” = {i} and N = ¢ for
k < 0. Each agent observes a noisy version of an underlying dynamic state. The

underlying state z; € R evolves according to a random walk model such that !
Ti41 = YTt + Wy, (3.2)

where v € R is the expected rate of change. The term w; € R is the state noise
and driven by a white Gaussian random process {W;} with variance 02. The

initial state is sampled from a Gaussian random variable such that X, ~ N(0, o3).

Observation of the agent ¢ at time ¢ is then given by
Yig = Tt + Ny (3.3)

for i = 1,--- ,m and n;; € R is also driven by a white Gaussian process {N;,}

with variance 072%. We assume that the observation noise is spatially independent

'In this paper, all random variables are presented as uppercase calligraphic letters, i.e. X
and all realizations of these variables are presented as their lowercase characters, i.e. z. All
vectors are column vectors and denoted by boldface letters.
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Figure 3.1: Neighborhoods of agent ¢ over a distributed network.

and the variance of the noise signals are known to each agent. Note that even if
we do not use this assumption, the noise variance can be estimated from data as
well [40]. Correspondingly, y;; becomes a realization of a random process {V;;},
where )i, = X, + N;;. At each instant, an agent receives a local observation and
diffused information from neighboring agents, while it diffuses information to its

neighboring agent as well, as we illustrate in Fig.3.1.

Obviously, the agents can track the underlying state in MMSE sense under
certain regulatory conditions[41]. However, with distributed cooperation, our
intention is to enhance the learning rate of the system [40]. To this end, we aim
to find an optimal learning strategy regarding MSE performance for distributed

networks.

We first consider a simple case to achieve the optimal learning strategy. For
this case, we restrict the agents in the network to diffuse time and agent stamped
versions of their observations and the received information. Thus, each agent
has access to the observations of the other agents. However, we note that the

observations from non-neighboring agents can only be accessed after certain hops
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(2)

over communication links, i.e. information of an agent 7 € N, can be accessed

by agent i after 2 hops as seen in Fig.3.1.

We also emphasize that due to the connected structure of the network, each
agent will have access to all the observations in the network, although with delay
of certain hops. Therefore, we denote the information aggregated at agent i at

time t as
T 7<t—1 T<t—2
zt — {{yz 7'} <t {yj T}]eNi ) {yjﬂ' je_NEQ), N {ijT}jENgﬂi) }, (34)

where k; denotes the communication link delay for the furthest node. Note that
{y]T}ZGS;_(fZ> is the set of observations received from ¢; hop away neighborhood of
agent ¢, which is explicitly defined as

{ j T};:;] f) {yjhtftia s 7yj1,07 T 7yjﬂ(ti),t7ti7 oo 7yj (%‘)’O}' (35)
i i

With this aggregated information, we construct the optimization problem for

distributed framework in MSE sense as

T<t

Tiy —argmm]E{HXt i = Yir}

{yjﬂ' Yjr ;élil 17 o J{yjﬂ' Yjr ;2;1 I:Z . (36)

We find the solution to optimization problem in (3.6) as MMSE estimate for the
agent 7, which is given by the expectation of x conditioned on all the accessed

information such that

Zi“z',t =E |:Xt {yi,‘l' = yi,T}T§t7

(3.7)
7<t—1 T<t—kK;
{yj,r = yj,r}jéiri LA {yj,r = yj,r}jg;;%

Therefore, estimate in (3.7) is found to be optimal in MSE sense for the case

where agents diffuse time stamped observations.

Remark 3.1.1 Although the presented case can achieve the optimal estimation
i MSE sense through the disclosure of time stamped observations, this scheme

requires excessive amount of storage on nodes and communication load for the
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network, especially for larger networks. Note that reduced storage and communi-
cation load are essential for the applicability of the distributed networks [42, 43].
Therefore, we develop optimal learning strategies for distributed networks, where
nodes only store and diffuse their current local estimations. However, in the next
section, we show that optimal estimation with disclosure of local estimates can

only be achieved over certain network topologies.

3.2 Optimal Estimation with Disclosure of Lo-

cal Estimates

In this section, we show whether optimal estimation can be achieved through
disclosure of local estimations for certain network topologies. We first prove that
disclosure of local estimates is not enough to achieve optimal estimation over
cyclic networks. Then we study the case on tree-networks to prove that optimal

estimation is achievable over such networks.

3.2.1 Estimation over Cyclic Networks

In this part, we show that optimal estimation cannot be constructed through
disclosure of local estimates over cyclic networks with a basic counter example
[35]. For the sake of simplicity, we assume that the underlying state is static, i.e.
r; = x, € R for all t and is sampled from a Gaussian distribution with mean z
and variance o2. We also assume that the noise levels are the same for all agents,

2 2

ie. o, = o0, For this case, we consider a cyclic network with 5 agents as in

Fig.3.2.

In Section.3.1, we proved that the optimal estimation is achievable with full
disclosure of information over arbitrary networks. Using the results in (3.7), we

calculate the optimal estimates on agents 2, 3 and 5 at time ¢ = 2 with an abuse
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Figure 3.2: Cyclic network of 5 agents.

of notation as

Too =1 {?Q Y1.1,Y2.2,Y2.1, y4,1}
2
= ——— (Y11 + Y22 + Yo + Y1),
4(0926 T a%) (yl,l Y22 T Y21 y4,1)
T30 =1 [Xz Y1,1, Y32, Y31, y4,1}

2
m(ym + Y32+ Y31+ Yai),

.@572 - ]E |:X2

Y1,1, Y52, Ys,1, y4,1}
o;
= m(yl,l + Y52+ Ys,1 + Yan)-
Again in the same scheme, we calculate the optimal estimate on agent 1 at time

t=23 as

C(A7173 =E |:X3

Y1,3,Y1,2, Y1,1, Y2,2, Y2,1, Y3,2, Y3,1, Y5,2, Y51, 94,1}

(3.8)

2
10(02 3_—02) (Y13 + Y12 T Y11+ Y22+ Y21+ Ys2 +Yan

+ys2+ Ys1 + Yan).

32



However, with the disclosure of the local estimates only, we construct our estimate

for agent 1 at time t = 3 as

T13=IE {X:z Y1.3,Y1,2,Y1.1, L22, T21, 32, L31,T52, T51 |- (3.9)

Note that all the parameters in calculation of the expectation in (3.9) are jointly

Gaussian. Thus, the estimate Z; 3 is linear in 59, 239 and 5, such that

52'173 = ...+ a/j:272 aF bi’g}g + Ci’5’2

=--+a (Y110 + Y22+ Y21+ Ya1)

o;
402 +07)
2

T (y11 + Yaz + Y31 + Y1)
4(0926—1—02) Y11 T Y32 T Y31 T Ya1
2

+c (yig+ys2+ys1+Ya1),

X
403 + 07)
where - -- represents the other terms in the calculation. We point out that the
optimal estimation 2 3 in (3.8) implies a+b+c¢ = 4/10 due to terms ys 5, y32 and
y52. However, at the same time it implies a + b+ ¢ = 4/20 due to term y,; that
exists in Z99, T32 and 25 5. Therefore, this contradiction proves that the optimal

estimation 2 3 cannot be constructed through the disclosure of local estimations.

3.2.2 Estimation over Tree Networks

In this part, we study optimal learning strategies over tree-based networks. We
define the tree-networks as a graph structures that the vertices are connected
with undirected edges without any cycles. We also note that for any arbitrary
network topology, a minimum spanning tree of the network can be constructed
for eliminating the cycles [44, 45, 46, 47]. In the following, we show that the
optimal estimation can be constructed through the disclosure of local estimates

over tree-based networks.

At any time ¢, we defined the information aggregated on agent i as D;; in (3.4)
provided a time stamped full information disclosure. Using D;;, we partition the

set coming from a particular neighborhood using the tree structure of the network.

33



Note that for the tree networks, a neighboring set for agent ¢ can be expressed as

k k k—1
N = [ (N AN
JEN;

and again due to the network structure, the intersecting sets are disjoint such
that

(NP ANE) NE ANE) = ¢

for all 71,jo € N; and j; # jo. Therefore, we can partition the information

received at agent ¢ after k-hops as

{yjﬂ—}jGNEk) = {{yj’T}jGNEMON;T*U’ B {yjﬁ}jENz(.k)ﬂNEv:fl)}'
7

Using this partitioning method, we define the set of new measurements coming

from agent j to i at time t = 2 as

Zj—i,2 £ { {yk,‘r}keNEl)mNg_O) ) {yk,T}keNEZ)mNgl) } . (3- 10)

Note that the expression in (3.10) can also be written as

Zj—i2 = Dj,2/{yj,1a yz‘,l}a

where y;1 = D;; and ;1 = D;1 = zi;1. Thus we can generalize the new

information expression for any time ¢ as
Zjsip = Dji/{Djt—1U zisja—1}, (3.11)
Using (3.11), we write all the information aggregated at agent i as
Di,t = {yi,t, Rj1—it—1s """ 5 Bjp, —it—1s Di,tfl}; (3-12)

where z;_,;, is constructible from D, and D;, for 7 <t as we show in (3.11).
Therefore, using (3.12), we construct the optimal estimation again with an abuse

of notation as

Yits Zjn—it—15 """ s Zjm,—it—1, Dig—1 | - (3.13)

i’m - E |:Xt

34



Considering z;_,; is constructible from D; . and D;; for 7 < ¢, we can write the

optimal estimation in (3.13) such that

:i'i,t - ]E |:Xt

{yi7 T}T§t7 {Dj,T ;€<1i1_11‘|

- E|:Xt

Yit, Di,tfla {Dj,tl}jeNi:|
and since ;41 = E[X;_1]|D, 1], then we obtain

HAZ'Z"t - ]E |:Xt

oo E[X| Di_1]. {E[Xle,tﬂ}jENi]
(3.14)
= E |:Xt

Yity Tit—1, {Ij,tl}jENi:| )

which concludes our proof of obtaining optimal estimation through disclosure of

local estimates over tree-networks.

Note that we made the derivations in this section for a generalized case such
that we proved all the information to be aggregated in an agent can be re-

constructed from disclosure of local estimations over tree-networks.

In the following, we introduce efficient and optimal distributed online learning
algorithm for dynamic state estimation. We propose a method that iteratively
calculates the underlying state at each time instant and achieves MMSE perfor-

mance.

3.3 Efficient and Optimal Distributed Online

Learning

In Section 3.2, we proved that over a tree network, the optimal estimation can

be achieved using the disclosure of local estimates as

Yint, fi"z‘,t—h {fj,t—l}jeNi :

i'i,t - E |:Xt

Note that each local estimate Z;, is linear in old estimates &, , and {Z;;_1}jen;-

Therefore, instead of disclosing the local estimates, we constraint each agent to
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disclose the information that do not included in old estimations. Then each re-
ceiving agent extracts the innovation terms, new information in the disclosed data
that agent does not have. Although, this operation imposes more computational
load on agents, it reduces the communication load on the network, which is more

essential in distributed systems [42].

We denote these innovations extracted from data disclosed by agent j for
agent ¢ at time ¢ as z;_,;;—1. Therefore, we define the random vector containing

the previous estimate and the aggregated information on agent 7 at time ¢

T
di; = [yz‘,t Xito1 Zjisip—1 o Zj,ri—>i,t—1:| ) (3.15)

so that we find the optimal estimation for the state with realizations of the

elements in d;; is

Zi'@t = ]E [Xt

yi,t = Ui, Xi,tq = Tit—1, {Zjﬁi,tfl = Zjﬁi,tl}jeNl} .

Due to the state-space model defined in (3.2) and (3.3), all the parameters in
(3.15) are jointly Gaussian. Hence, for the estimation of next state at agent i we

have
Tip = Qiiliv—1 + BirYie + Z Cg,jj)zj—n,t—l- (3.16)
JEN;
Using estimation model in (3.16), the information disclosed by agent j at time ¢

is given by

Zjt = Tjt — QL e—1

= Bjuyje + Z Cg‘i)zkaj,tﬂ- (3.17)

kENj
Then we extract the innovation from the disclosed information on agent ¢ as

— (@)
Rj—it = Zjt = CjtRijt—1

_ (4) (@) (9)
= Zjt — CjpZit—1 T Cj Gy 1%jit—2-

(3.18)

Remark 3.3.1 Note that there are diffused information that are received after

certain delays over the network. Therefore, some of the received information will
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be the noisy versions of the previous instances of the underlying state. Due to the
random walk model in (3.2), the state noise of these previous instances becomes
correlated with the conditioned parameters, which requires a different approach

from the existing methods [35].

In order to calculate the parameters in the estimation recursion (3.16), first
we need to calculate the auto-correlation matrix of the information collecting
random vector d;; and the cross-correlation vector with the underlying state X},

where we define them as 344, ; and X4, ; respectively.

We first calculate the terms of ¥4, ; starting with

E[XY;4] = E[X(X, + Niy)] = B[]

(3.19)

= VE[X2,] + op.

Then we calculate
E[Xt/‘?i,tfl] = E[Xt<ai,t71/%i,t72 + Bii—1Vii—1
+ ) )1 Zjis))
JEN;
= ai,tflE[Xt-XA'i,th + Bit 1 E[X Y 1-1]]

(3.20)

+ > ) EX 2 i4m0)]

JEN;
= ’72ai,t71E[th2)ei,t72] + ’Yﬁi,tflE[Xtal]
+ Z Cz(,];f)fl]E[Xth—)i,t—ﬂ

JEN;
In order to complete (3.20), we need to calculate the term E[X,Z;,;; o|. For

that, we first introduce

B]i,o
hio=v| : |E[X;]
Bjni 0
Then, with this initialization, for any time ¢ we find
ﬂjl,tE[XtZ] + C]Tl,thjht—l Cﬁ),t hg‘?,t—l
hiw =~ : it ISR RO IR I
By sEIXZ + by o & B
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where
(k1) (kmj qT
Cj ¢t = [le,ll . ..cjl,f1 } ., keN,.

Note that h;, can also be expressed as

E[Z; i1
h;, 1 = :
EZ; it 1]

Using this introduced notation, we obtain

E[thj—n',t—Q] = VE[Xt—lzjﬁivt—ﬂ
= ’7h§,{t)—1'

Therefore, we can finalize the calculation of term ]E[tht_l] as

E[Xt)%t—l] — '7205i,t—1E[Xt—2)%t—2]
+ fyﬁi,tfl]E[thfl] + ”VCZt,lhi,tﬂ

Additionally, we define the cross correlation term between the state and the

estimation as

52, 2 E[X,X,]
_ ~2 2 T
= Y0541 + BiE[X7] + Cz‘,thi,t

and the variance for the underlying state as
2 A 2
o, = E[A}]
— o,
which concludes our calculation for the terms in 3,4, ; such that

Yot = [E[Xtyz-,t] E[X,X; ;1]
T
B2, ] E[xtzjﬁﬁi,u]]

T
_ |22 2 ~9 T
= {7 Op 1+ 0y V0ii hi,t—1:| .
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Next, we calculate the terms of 344, ;. First we have

EV;] = E[(X, + Niy)’]

_ 2 2
=0y +0,,-

(3.21)

then, for the term ]E[ -1 )it] we get

E[X;—1Yi4] = B[X; -1 X

= 70i,t-1

(3.22)

and note that we already found that E[Y;:Z;i+—1] = hg) 1

We then calculate the terms that includes the estimation variable. We begin

with defining
U — L ]E[Xm 1]

= |:<ai,t)ei,t2 + Bit—2Vit—1

. 2
+ Z Cgft)_lzj%,tfz) ]

JEN;
=aj,, ]E[)Eftfz] +2041 8542 Bl —ayis-1]
—— —
&ft 5 “/&1'2,75—2
+ 205“5 1 Z Cz Jt— 1 “‘/ 2Z">ivt72] (323)
JEN;

+th L B[V} 1)
~——

2
Ot—1 +0nl

+26i,t—2 Z zt 1 [yzt 1Zj—>zt 2]

JEN;
A

'

T
'Ycz‘,tflhi,t—2

+IE[( &)z )2]
zt 1<7—i,t—2

JEN;

and 67 = (7o(03+07,). Note that we need to calculate the term IE[/'\A’Lt_ng_)i’t_Q]

in order to Complete (3.23). For that, we first introduce a more compact form of
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the term Z;_,;, such that

Zjip = Bjadie + Z Cﬁ’? <6’f’t—1y’f¢—1 + Z Cl(cl,)t—1 (Bl,t—le,t—2 + Z e ))

kEN]',k‘yéi leNk,lij
gz(Jt)
= | Bji+ — Z Cjf Brt—1+ — Z Crt—1 (ﬁlﬁt_2 + = Z .. ) X,
L v keEN; k#i v 1ENy I#£] Y
_ ' ! 1
TN Z ('? <ﬁk,t—1 F Z C;(gl,)tfl <5l,t—2 + — Z e ))] Wi
L7 keNy ki T eNpi£i v
1 .
N Z Z Jtcl, 1(5“ 9+ — Z ) Wig— o= [ Wi + (int),
7 e €N ki lE N I#]
(3.24)

where k; is the number of hops from the furthest agent and i.n.t. is the abbre-
(4 )

viation of independent noise terms. Note that, in (3.24) we define the term g;;

which can be calculated in a recursive form. Using (3.24), we can write the term

Zjiyp as
Zisit = gz(t)‘)(t (gzt Bie) W1 — (glt Bje = = Z Cgi)ﬁk’t_l>wt_2
kEN; k#i
— o= (I Wi + (int)
(3.25)
and we obtain
E[X; 2] = gz'(?]EPei,tXt] - (91(]15) — B E[XaWha] — -+ — (- )]E[‘/ﬁ’vtwt—"“i“]'

We note that state noise W, is independent from previous states and we can

express the term &;; as

A?i,t = B Wi + <Oéi,t5i,t—1 + Z Cz(’it)ﬁj,t—l>wt—2

JEN;
(4) () (k)
+ <ai,t05i,tflﬁi,t72 + E Cit Bjt—2 + E E Ci Cj7t_16k,t72 Wi_s
JEN; JEN: kEN; ki

S ("')Wtfli,r#l + in.t..
(3.26)
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Therefore, we conclude that
]E[.)eiﬂgzj'*)i’t] = gz(ft)E[A?z’tXt] + AO'?U,

where the term A is calculated according to recursions in (3.25) and (3.26). Fi-

nally, we calculate the term remaining terms of ¥44, ; as

]E{(Zm,t_lﬂ =(g%) )0, + {((gm = Biam)?

1 (k) 2 2 2 2 2
(9” 1= Bit-1— = Z Cj,tﬂﬁk,t—?)) - Bj,4 - Bj,5 T Bj,m- Ow
keNj,k;éi
(ﬁ]t 1 Un]“‘ Z ]t 15kt 2) 2
kEN],k;éz

+ Z Z ]t 101” 2Bk, t—2B1— 3)2072”‘4“"

kEN; k#i leNy l#]

D IEDIIEED DD DD DR S

kEN; k#i leNy I#] TeNi(w_s) SeNi(ﬁi—Q) mENi(Mil),m;ér

X 6k,t—26l,t—3 e Bm,t—l{i)20-72n

(3.27)
and

E|Zj,—it1Zj—ii-1| = 9151 90h 1071 + {(gft 1= Bjort- 1)(927: 1= Bjpi-1)

1
(gt 1= Bjot—1— = Z gft 1Bki— 2)

kEN;, ki
(p) 1 (k)
X (gi,t_1 - 6jp,t71 - = E ij7t_1ﬁk,t—2)
T ken;, ki
- Bj074ij74 BJOv’%B Ips ’iz:| w’

(3.28)

where o,p € {1,...,m},0 # p and B;; for t = 4,...,k — i, represents the

remaining recursive terms derived in (3.25).

Next, we find the optimal information combination weights in (3.16). We

define the vector containing the parameters such that
P = [azt 5115 C(jl) te CE,]:Z)]T
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Algorithm 3 The Efficient and Optimal Distributed Online Learning Algorithm

(EODL)

1: for i =1 to m do

2: i‘i,o =Z

3: 620 = 03

4: end for

5 for t > 1 do

6: fori=1tomdo

7 Receive {z;;-1}jen;,

8: Extract Innovation

9: Zji—1 = Zjt—1 — C(z 1 +C§2 101(]15) 9%j—i,t—3
10: Calculate X4, 1,244, +

11: Find Parameters: ‘

19: pa (s Bi 0(31) 4 Cz(,Jtﬂi)]T
13: P Eddi’tilwi’t

14: iy = = Vit — Djen, C Ejt)gz(]t)
15: Update:

16: Ty = Oéi,ti"i,t—; + Bi Vi

17: + ZjGNi Cgft)Zj_ﬂ"t_l

18: 5-1'2,15 = 7261'2,t—1 + ‘712;1 - Egdi,tzgdli,tzwdm
19: end for

20: end for

Note that in (3.13), all the conditioned parameters are jointly Gaussian with the
state. Therefore, we calculate the parameter vector as P = E;dli +2zd;,¢ and the

estimation and variance recursions are then given by
N ; () OF
Tiy = YTig—1 + Bis (yi,t — P)/xi,tfl) + E Cit \ Zj—it—1 — Gi¥ Tit—1 ),
JEN;
62, =~ | +o2-xl ¥ %
it T ’7 it—1 xd; t = dd; t —wdit
Hence, for the parameter «;; in (3.16), we have

iy =7 — Vﬁlt_zcztgmﬂ

JEN;

which finalizes the efficient and optimal distributed online learning algorithm.

We give the detailed explanation of the overall algorithm in Algorithm 3.
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In the sequel, we provide numerical examples to evaluate the performance of
our algorithm against several other distributed learning algorithms under different

schemes.

3.4 Simulations

In this section, we study the performance of the proposed algorithm under dif-
ferent scenarios. For the network structure, we consider a depth 2 tree-network.
Each agent 7 observes a noise corrupted version y; € R of an underlying state
x; € R, where it evolves according to the random walk model in (3.2) with
v = 0.98. The state noise w; is driven by a Gaussian process, with zero mean
and variance o2 = 0.025. The observation noise is also zero-mean white Gaussian

random process. We define MSE performance measure for the overall network as
MSE =Y MSE(i), where MSE(i) = S, E[(X; — #:,)?.

We use ensemble average over 200 experiments in order to approximate the
global MSE measure and select time horizon 1" = 4000 for the all experiments.
We compare the performance of the proposed algorithm with diffusion least mean
squares (D-LMS) and diffusion recursive least squares (D-RLS) algorithm and
diffusion implementation of the Kalman filtering algorithm (D-Kalman) under
different settings. We also use consensus distributed algorithm in our compari-
son framework [14, 13]. We implement the diffusion distributed algorithms with
adapt-then-combine (ATC) technique, where each agent first makes an estimate
based on their local observation and discloses this estimates [13]. Then, agents
decides on their final estimate by combining the local and received estimations.
For the combination step, we use the Metropolis rule, where the combination

weight ); ; for the estimate coming to agent ¢ from agent j is calculated as

1 if © £ j are linked,

max(N;,N,)
Aij =14 0 for ¢ and j not linked,

1-— ZJEM\Z )\z’,j for 1 = j
We set the learning rates of diffusion LMS and consensus algorithm to y = 0.2 and
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Time Evolution of Global MSE (Static Noise)
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Figure 3.3: Comparison of global MSE of algorithms under space-invariant noise
with v = 0.98.

also we set the memory parameter of diffusion RLS algorithm to n = 0.3. Note
that we set the memory parameter of RLS algorithm low in order to put more
emphasis on the recent observations and estimations. We choose this parameter
so that the diffusion RLS algorithm converges fast, but still be able to track the

underlying dynamic parameter.

In Fig.3.3, we compare the algorithms under space-invariant noise over the
network, where each agent experiences the same level of disturbance. We select
the standard deviation of the observation noise o,, = 0.0467 for all 2 =1,...,m.
We observe that the proposed algorithm (EODL) achieves a superior performance
regarding the global MSE measure and the convergence rate compared to other
distributed estimation algorithms. Note that the consensus algorithm performs
the worst since it has a decaying learning rate as the nodes reach to consensus
with time and the network loses its adaptation capabilities against a dynamic

parameter.

In other scenario, we evaluate the MSE performance of the algorithms under
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Time Evolution of Global MSE (Dynamic Noise)
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Figure 3.4: Comparison of global MSE of algorithms under space-variant noise
with v = 0.98.

space-variant noise statistics over the network. For this case, we generate the
the observation noise of different agents randomly from a normal distribution
with 0.01 mean and 0.02 variance. In Fig.3.4, we compare the algorithms for
the space-variant noise case. Note that the algorithms perform better than the
space-invariant noise statistics case. This is because, in this case some of the
agents may experience smaller noise levels while some may experience higher,
but through the communication between agents, they all can benefit from the
estimations of the agents having better observation channels. We also emphasize
that EODL algorithm even performs better in this case since it can utilize the
information disclosure and estimation construction better than the other algo-
rithms. Furthermore, we observe a similar performance between the compared
algorithms, where EODL algorithm achieves a superior performance regarding
the global MSE measure and the convergence rate compared to other distributed

estimation schemes.

We also investigate the effect of the random walk parameter v with a simula-

tion under the space-variant noise framework. In this case, we select v = 1. In
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Time Evolution of Global MSE (Dynamic Noise)
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Figure 3.5: Comparison of global MSE of algorithms under space-variant noise
with v = 1. Even if D-LMS and D-RLS are stable when there is no cooperation
among nodes, the networks are diverging.

Fig.3.5, we presented both the behavior of individual nodes and the network itself
for RLS and LMS algorithms. We observe that D-LMS, D-RLS and consensus
networks become unstable, even if individual nodes are stable and able to track
the underlying parameter. Note that only D-Kalman and EODL networks are
able to achieve good convergence and steady-state performance for v = 1 case.
We also emphasize that, with EODL algorithm, we produce the optimal param-
eters and the combination weights for the network in contrast to D-LMS, D-RLS
and consensus algorithms, where we need to select their parameters beforehand.
Therefore, the proposed algorithm overcomes the issue of parameter selection and

provides more stable solution for the problem presented here.
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Chapter 4

Conclusion

In this thesis, we study online learning over distributed networks. In this frame-
work, we consider a network agents that collaboratively try to estimate an un-
derlying parameter or event. However, the cooperation among the nodes can
inflict high communication load on the network and processing a high amount of
fast streaming data over the agent may require high computational power, where
these resources are scarce on such systems. Therefore, for the applicability of
these systems, both computation and communication wise efficient structures are
required while maintaining a comparable performance. To this end, in this thesis,
we introduced powerful distributed online learning algorithms that performs su-
perior compared to the state-of-the-art distributed structures while efficient using

the resources of the network.

In the first part of the thesis, we introduce a novel distributed learning algo-
rithm for centralized networks in order to reduce the communication and com-
putation demand of such approaches. Since the ordinary centralized learning
systems send significant amount of information about their estimation from pe-
ripheral nodes to the central node, they are impractical in applications involving
big data due to complexity issues. To this end, by using the SMF, we significantly
reduce the communication and computation complexity of these approaches while

providing superior performance. We provide unconstrained, affine and convex
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combination weight configurations at the central node using set membership fil-

tering framework.

Through numerical experiments in stationary and non-stationary environments
and through regression of a benchmark real life problem, we investigate the
steady-state mean square error and convergence rate performance of these algo-
rithms compared with other centralized methods and ordinary learning systems.
In these experiments we demonstrate that proposed algorithms can reach faster
convergence rate and lower steady state error. Finally, we show that our set
membership filtering based approaches require less update operations both on
the peripheral nodes and the central node hence less communication and compu-

tation load on the network than the compared algorithms.

In the second part of the thesis, we introduce a novel approach for distributed
estimation framework to produce optimal and efficient estimation schemes. Al-
though the distributed learning algorithms have extensively studied and ap-
plied from modeling of highly complex structures to effectively processing of fast
streaming big data, there are still unresolved issues for disclosure and utilization

of the information among agents in the network.

To this end, we introduce a distributed online learning algorithm that achieves
MMSE performance in the estimation of dynamic parameters by exploiting opti-
mal information disclosure and estimation construction. We prove that achieving
MMSE performance via aggregation of information is possible over an arbitrary
network topology. Also, we show that using the aggregation of information im-
poses huge communication load on the network and requires excessive storage on
agents. Therefore, we propose an efficient method, where agents only disclose
the new information and construct estimations using innovation sequences. We
derive an iterative algorithm to extract innovations from disclosed information
and construct new estimates based on accessed information for each agent. We
also prove that such method is only applicable over certain network topologies,

l.e. tree-networks.

Finally, through series of simulations, we show that the proposed method
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achieves superior performance compared to other state-of-the-art distributed esti-
mation algorithms in terms of convergence rate and global MSE. We observe that
under spatially variant noise statistics, the proposed method performs better due
to efficient information disclosing and utilization capabilities of the algorithm.
We also show that while the most of the distributed estimation networks di-
verge in case of tracking highly non-stationary parameter, the EODL algorithm
can still achieve stable solutions and superior performance regarding global MSE
and convergence rate compared to other state-of-the-art distributed estimation

schemes.
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