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ABSTRACT

HIGH LEVEL SYNTHESIS BASED FPGA
IMPLEMENTATION OF MATRICIZED TENSOR

TIMES KHATRI-RAO PRODUCT TO ACCELERATE
CANONICAL POLYADIC DECOMPOSITION

Z. Saygın Doğu
M.S. in Computer Engineering

Advisor: Cevdet Aykanat
Co-Advisor: M. Mustafa Özdal

October 2019

Tensor factorization has many applications such as network anomaly detection,
structural damage detection and music genre classification. Most time consuming
part of the CPD-ALS based tensor factorization is the Matricized Tensor Times
Khatri-Rao Product (MTTKRP). In this thesis, the goal was to show that an
FPGA implementation of the MTTKRP kernel can be comparable with the state
of the art software implementations. To achieve this goal, a flat design consisting
of a single loop is developed using Vivado HLS. In order to process the large ten-
sors with the limited BRAM capacity of the FPGA board, a tiling methodology
with optimized processing order is introduced. It has been shown that tiling has a
negative impact on the general performance because of increasing DRAM access
per subtensor. On the other hand, with the minimum tiling possible to process
the tensors, the FPGA implementation achieves up to 3.40 speedup against the
single threaded software.

Keywords: fpga, hls, mttrkp, tensor factorization, cp decomposition.

iii



ÖZET

CANONICAL POLYADIC DECOMPOSITION’LARI
HIZLANDIRMAK IÇIN MATRISLEŞTIRILMIŞ

TENSÖR İLE KHATRI-RAO ÇARPIMI’NIN YÜKSEK
DÜZEYLI SENTEZLEME TABANLI FPGA

IMPLEMENTASYONU

Z. Saygın Doğu
Bilgisayar Mühendisliği, Yüksek Lisans

Tez Danışmanı: Cevdet Aykanat
İkinci Tez Danışmanı: M. Mustafa Özdal

Ekim 2019

Tensör ayrıştırımının yapısal hasar algılama, ağlarda anormallik saptanması gibi
bir çok uygulaması vardır. Tensör ayrıştırımının en çok zaman alan parçası ma-
trisleştirilmiş tensör ile Khatri-Rao çarpımı (MTTKRP) adı verilen çekirdek kod
parçasıdır. Bu tezde, FPGA kullanarak MTTKRP kod parçasının çalıştırılması
üzerine güncel uygulamalarla karşılaştırılabilir bir uygulama yapılabileceği göster-
ilmiştir. Bu hedefe ulaşmak için Vivado HLS kullanılarak tek bir döngüden oluşan
düz bir tasarım geliştirilmiştir. Büyük tensörlerin kısıtlı BRAM kapasitesi ile
işlenebilmesi için parçalara bölme yöntemi kullanılmıştır. Parçalara bölme işlem-
inin performansı olumsuz etkilediğinin gösterilmesine rağmen, tensörleri işlemek
için yeterli en az bölme kullanıldığında 3.40’a kadar hızlanma gözlemlenmiştir.

Anahtar sözcükler : fpga, hls, MTTKRP, tensor faktorizasyonu, cp dekompozisy-
onu.
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Chapter 1

Introduction

Tensor factorization has many applications in data science [1]. It can be used
for anomaly detection in networks [2], structural damage detection [3] etc. Since
it has many applications and it is a computationally intensive algorithm [4], it
is essential to accelerate the tensor factorization. The CP decomposition is one
of the most common methods for tensor factorization. In the CP decomposition
(PARAFAC ), the most time-consuming part of the algorithm is the matricized
tensor times Khatri-Rao product (MTTKRP) kernel [5].

Field programmable gate arrays (FPGA) can be used to accelerate many algo-
rithms such as convolutional neural networks [6], graph algorithms [7] etc. It is
possible to accelerate the applications since FPGA implementations are special-
ized hardware versions of those projects and it is possible to have a big advantage
over general-purpose processing units (CPU) if the application is implemented
efficiently [8]. There are many ways to program an FPGA. It is possible to write
register transfer level (RTL) code such as Verilog and VHDL. However, it is too
low level and code gets hard to manage too easily [9]. That’s why we have used
the High Level Synthesis (HLS) tool of Xilinx Vivado [10]. Another challenge of
writing code for FPGAs is to communicate with the FPGA board from the CPU
code. To accomplish this we have used the SDAccel tool suite of Xilinx [11].

1



CHAPTER 1. INTRODUCTION 2

We have shown that the FPGA implementation of MTTKRP kernel can be com-
parable with state of the art shared memory parallel software version on large
tensors with speedup varying from 0.7 to 3.40. Additionally with the improve-
ments mentioned in Chapter 6.7 it is possible for our FPGA implementation to
be 16× faster than its current performance.
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The rest of this thesis includes preliminaries on Chapter 2, related work on Chap-
ter 3, HLS techniques that are used for implementation on Chapter 4, tiling
methodology for large tensors on Chapter 5, the general methodology that is
used for the implementation on Chapter 6, experimental results on Chapter 7
and finally the conclusion on Chapter 8.



Chapter 2

Preliminaries

2.1 Tensors

2.1.1 Definition of Tensor

Tensors are multidimensional arrays of numbers. A one-dimensional tensor is
called a vector, two-dimensional tensor is called a matrix and three or more
dimensional tensors are called higher-order tensors. [12] In many applications,
the input data can be represented as tensors as they give a convenient way of
representing the data. The dimensions of the tensors are called modes, and an N-
dimensional tensor has N modes. For a three dimensional tensor, a slice of a tensor
is the matrix that is obtained by fixing one index in one mode and varying the
other indices [13]. The slice of a tensor Y ∈ IRI×J×K is represented as Yi = Yi,:,:.
The vector that is obtained by fixing all mode indices except for one mode is called
tube or fiber [13]. We can also represent any tensor as a matrix by a process called
matricization. Matricization can be denoted as Y(1) = [Y1Y2Y3..YK ] ∈ IRI×(JK)

4
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2.1.2 Tensor Factorization

Factorization of a tensor is to decompose the tensor to factor matrices so that
the tensor product of the vectors in the matrices add up to the original tensor.
An analogous of tensor factorization process is the Singular Value Decomposition
(SVD) of matrices where the input matrix is tried to be represented as multi-
plication of three matrices. In SVD there are two thin matrices U and V and a
diagonal matrix Σ. Here, we would like to obtain U , V and Σ such that the input
matrix M can be represented as close as possible to UΣV . This process enables
us to determine the hidden relations of the matrix elements and also provides a
smaller representation of the data which can be used for further analysis. Similar
to SVD, tensor factorization seeks a way to represent the large input tensor in a
compact form. There are several tensor factorization methods and PARAFAC is
one of them. Aim of PARAFAC is to represent the tensor as shown in Equation
2.1 [13]. In the rest of the thesis the symbol A(1) represents the first factor ma-
trix for the factorization. If the factorization is done for third order tensors we
represent the three factor matrices with A, B and C respectively.

Y(n) = A(n)(A(N) �A(N−1) � . . .A(n+1) �A(n−1) · · · �A(2) �A(1))T (2.1)

In Equation 2.1, � symbol represents the Khatri-Rao product. To define Khatri-
Rao product, Kronecker product needs to be defined first. Kronecker product is
denoted by ⊗. It can be defined as in Equation 2.2, where A ∈ Rm×n B ∈ Rp×q

A ⊗ B ∈ Rmp×nq. Then Khatri-Rao product can be defined as in Equation 2.3
[14].

A⊗B =

 a11B a12B ... a1nB
a21B a22B ... a2nB
...

...
...

a1mB a2mB ... amnB

 (2.2)

A�B = [a1 ⊗ b1a1 ⊗ b1 . . . an ⊗ bn] (2.3)
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2.1.3 ALS Algorithm for PARAFAC

The problem of calculating A(n) for each mode, is then an optimization problem
where we would like to minimize the reconstruction error. The ALS algorithm
is used for PARAFAC to approximate the factor matrices A(n). ALS algorithm
works as follows, in a multivariable environment we would like to optimize an
objective function. So, we take one variable and keep others fixed and take the
partial derivative of the selected variable and then set the derivative equal to
zero. This way we approach the global optimum. We apply this procedure for
every variable and then we completed one iteration. The ALS algorithm performs
many iterations until a stopping criterion is met. Stopping criteria may be the
convergence or a limit to the number of iterations. The CPD-ALS algorithm can
be seen in Algorithm 1 [15].

Algorithm 1: CPD-ALS(χ)
Initialize matrices A, B and C randomly;
while not converged do

A ←− X(1)(C�B)(CTC ∗BTB)−1;

Normalize columns of A into λ;
B ←− X(2)(C�A)(CTC ∗ATA)−1;

Normalize columns of B into λ;
C ←− X(3)(B�A)(BTB ∗ATA)−1;

Normalize columns of C into λ
end

return‖λ; A,B,C‖

Where � and * symbols represent the Khatri-Rao and Hammard products re-
spectively.
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2.1.4 MTTKRP

Matricised tensor times Khatri Rao product (MTTKRP) is the core operation
for Parallel Factor Analysis (PARAFAC ). As described in [13] MTTKRP is de-
fined as in Equation 2.4. PARAFAC is generally solved using Alternating Least
Squares (ALS) [13] For each iteration of the ALS algorithm there will be N
MTTKRP operations to be computed. Therefore for tensor factorization, accel-
erating MTTKRP kernel is crucial. The MTTKRP operation can be computed
as in Equation 2.5 [15].

Y(n)(A(N) �A(N−1) � . . .A(n+1) �A(n−1) · · · �A(2) �A(1)) (2.4)

Â(i, :) =
∑

χ(i,j,k)6=0

χ(i, j, k)(B(j, :) ∗C(k, :)) (2.5)

2.2 Hardware Accelerators

2.2.1 ASICs

One way of accelerating an application is to go to the bare hardware and im-
plement the logic blocks in pure silicon. That kind of application is called
Application-Specific Integrated Circuits (ASICs). Although ASICs are very
promising on accelerating applications, since it is the bare hardware; it is very
hard to design an ASIC solution and it is very expensive [16].

2.2.2 FPGAs

Field Programmable Gate Arrays are specialized hardware that can be pro-
grammed [17]. FPGA mainly consists of Look Up Tables (LUTs). LUTSs work
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like some pre-determined logic blocks. Many LUTs are used even for the sim-
plest applications. Those LUTs are connected to create a meaningful application
via the routing matrix. In many FPGA chips, there are also pre-prepared logic
blocks called digital signal processing blocks (DSPs). This way the FPGAs can
be programmed in the field.

2.2.3 HLS

There are two ways to program the FPGAs. One of them is to use register transfer
level (RTL) languages such as Verilog or VHDL. Another way is to write high
level language code with certain pragmas and limitations and a tool first converts
it to an RTL and then synthesizes the solution. This way of programming FPGAs
is called High Level Synthesis (HLS). There are many HLS tools. In this thesis
Xilinx’s Vivado HLS [10] is used with OpenCL integration called SDAccel [11].
Thanks to SDAccel Host to Kernel communication is governed by the OpenCL
runtime which is used to program graphical processing units (GPUs).

2.3 Tensor Representations on Computers

2.3.1 Coordinate Representation

Tensors can be simply stored in an array using a data structure that represents
the points where there are N index variables and one value variable. One can
only store the nonzeros of the tensor to get the full representation. In this thesis
we call this data structure CoordinatePoint and we call the tensor data structure
which is just an array of CoordinatePoints, CoordinateTensor.
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2.3.2 CSR-Like Storage

For matrices, Compressed Sparse Row is a data structure that stores only the
nonzeros of a matrix in an array and the indices of the nonzero values [14]. [18]
introduces a more efficient format which is a variant of CSR. In this format,
only the nonzeros are stored as a floating-point array. A parallel array stores the
column indices and one other array whose indices correspond to the row indices
which stores only the pointers of the beginning of the columns. When we refer
to CSR in this thesis we will be referring to this format.

In [19], Smith et al. developed a novel data structure for three-dimensional tensors
by extending CSR. In this data structure, the tensor is first split into its slices.
Then the tensor is further split into its fibers. Similar to CSR only the nonzeros
of the tensor are stored. As we store column indexes together with nonzeros in
CSR, in this format third mode index is stored. We call the third mode index
k. Fiber indexes are also stored together with the second mode index. We call
second mode index j. Empty fibers are not stored and hence similar to CSR, only
the pointers to the nonzeros at the beginning of the fiber are stored. Finally, slice
indexes are stored as pointers to the fiber index entries.

2.3.3 CSF

Smith et al. [20] developed a data structure called Compressed Sparse Fibers
(CSF) to store sparse tensors efficiently. It uses a tree data structure to store
and represent the nonzero’s indices. It is a highly efficient data structure and
it works for arbitrary dimensional tensors. Since in this thesis we only work on
three-dimensional tensors, we preferred to use the other format.



Chapter 3

Related Work

3.1 Applications of Tensor Factorization

Tensor factorization is a very useful tool that can be used in many applications
such as structural damage detection [3], face recognition [21] [22] [23], anomaly
detection [2] [24] [25] [26] [27], moving object detection [28], signal processing
[29], brain data research [30] [31] [32] [33].

In [2], the tensor factorization methods for anomaly detection is surveyed. Sun
et. al [24] introduces incremental tensor analysis on streaming data for computer
networks. They use source × destination × port tensor in order to find the
anomalies in the network.

Mao et. al [25] uses source × destination × timestamp tensor. They used the
Mapreduce algorithm [34] to generate the tensor from the raw data and then
applied GigaTensor [35] for factorization. After the factorization, they applied
the K-Means algorithm to detect the anomalies in the tensor.

Similar works on anomalies on computer networks are done by [26] and [27].

10
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3.2 Acceleration on Tensor Factorization

Since tensor decomposition is computationally expensive, it is essential to accel-
erate the tensor decomposition. There are many works in this area of research.

Ravindran et. al [36] implemented a fast tensor factorization algorithm for third
order tensors. Smith et. al implemented famous open source Splatt tool [19]. Choi
et. al [37] and Kaya et. al [38] also has done reseach in order to accelerate the
tensor factorization algorithms on distributed memory systems. There are also
acceleration works done in [39] and [13] on streaming tensor data. Smith et. al [19]
[40] [5] also implemented tensor factorization methods in shared memory. Among
these [19] and [40] are hybrid approaches for both shared and distributed memory.

Zhou et. al [39], introduced an algorithm to factorize growing tensors through
time. They have proposed a way that if the previous factorization is computed
the next factorization in the stream can be computed very fast. For the fourth-
order and higher-order tensors, the algorithm is generalized by storing Khatri-Rao
products which are computed by dynamic programming.

HuyPhan et. al [13], introduces a parallel algorithm for streaming tensor decom-
position by tiling.

There are also works for accelerating tensor factorization on GPGPUs such as [41]
and [42]. However, to our best knowledge, this work is the first on the acceleration
of tensor factorization on FPGAs.

3.3 FPGA Accelerators

Many works are related to FPGA acceleration. Many recent applications are for
accelerating deep learning since it is suitable for parallelism [43] and it is a com-
putationally demanding application [44]. Mittal et. al [6], surveyed convolutional
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neural networks and FPGA acceleration. Andraka et. al [45], surveyed accelerat-
ing CORDIC algorithms. And Yeşil et. al [7], made a general survey on hardware
acceleration on data centers.



Chapter 4

HLS Techniques

4.1 HLS Design

The compile and debug cycle is complicated. There are three modes of running
and compiling. The first stage is the Software Emulation. In this mode, the
functional problems can be found and debugged. However, it has its problems.
For example, the stack size is limited and there can be some undefined behaviors
instead of a run-time error if the stack size is exceeded. This makes the debugging
process very hard.

The second stage is the Hardware Emulation. This emulation mode is most
reliable in terms of analyzing the actual behavior of the System target, so if the
emulation is successful then the hardware target will most probably run without
a problem. However, compiling for Hardware Emulation requires the HLS design
to be converted to the RTL code and then hardware accelerator integration is run.
Therefore it takes a lot of time and it is not practical to use it as the main debug
tool. However, in some cases, the problems that do not occur in the Software
Emulation can occur in the Hardware Emulation. In such cases, the Hardware
Emulation becomes very important. In the Hardware Emulation, the waveform
is generated and it is also a very useful tool for debugging. However it takes too

13
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long to emulate the run-time of the system, therefore the data needs to be small
when the Hardware Emulation is run.

The final step is the System target. This target generates the actual bitstream to
be flashed into the FPGA. Depending on the FPGA’s size and the complication
of the kernel implemented the synthesis can take hours to finish. The synthesis
also required too many resources such as memory and CPU, so the workstation
becomes unusable during the synthesis.

Another problem with HLS is the need of thinking for hardware while writing
high-level software code. There are some limitations while writing HLS code, for
example, the most obvious limitation is that one cannot create a variable-sized
array. Most of the limitations can be overcome by defining some constants or
changing the style of coding. However, there are some peculiar limitations also.
One needs to think of what kind of hardware the code will be converted while
writing the code. For example, the arrays need to be partitioned and assigned to
separate BRAM blocks for loop unrolling to work properly on a BRAM array.

Sometimes a simple task like reading from DRAM efficiently can also be very
challenging in HLS. The design that seems to be working on the Software Em-
ulation might not work as expected in the Hardware Emulation and the actual
System target. RCW pipeline and the ping pong buffers is the example of this
behavior. Although the values of the ping pong buffers tell the compiler that the
code can be executed concurrently, the tool does not understand that there is
no dependency and it schedules the tasks sequentially. There are some ways of
giving hints to the compiler, such as dependence pragma, but that doesn’t seem
to work either in our case.

4.2 Loop Pipelining

One major way of parallelism in FPGA programming is to use loop pipelining.
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Instead of using a large unit of hardware that performs a huge task in one cycle,
the hardware can be split into stages by storing stage outputs to the registers.
This way one stage’s output can be used as the next stage’s input. This process
is called pipelining. By pipelining the clock frequency can be preserved since the
datapath is not very large in individual stages.

The loops can also be pipelined. In the software code for CPUs, loop iterations
are performed one after another. However, in hardware, it is possible to imple-
ment the loop iterations concurrently. Although it might be possible to generate
hardware for full concurrent execution on constant number of cycles for loops
that have fixed number of iteration, the datapath becomes huge and the clock
frequency cannot be preserved. Besides, this will only work for fixed-sized loops.
Instead, the loop iterations can be pipelined so that the next iteration can begin
while the other operation is in progress [46].

4.2.1 Latency

In a pipeline, the number of stages is called latency. Latency determines how
many cycles it takes to get the first result from the pipeline. In loop pipelining
latency means that how many cycles it takes for a single iteration of the loop
finishes.

4.2.2 Initiation Interval (II)

In a pipeline, the number of cycles it takes for the pipeline to be ready to accept
the next input is called the initiation interval. In loops there might be some data
dependency across the iterations, hence the input for the next iteration can only
be ready after some number of cycles. The initiation interval is very critical on
the performance since it directly determines the throughput of the pipeline.
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4.3 Techniques Related to Memory

In FPGA applications, the main bottleneck is usually the memory accesses. Since
the clock frequency of the memory is much lower than the clock frequency of the
synthesized hardware the compute unit must wait for some clock cycles to access
data. Although memory accesses can be pipelined it is mostly the bottleneck of
the application.

4.3.1 Burst Access

One major way of improving memory accesses is to sequentially access the data
from the memory in a contiguous way. Making a burst access in HLS is not
trivial. To utilize the full bandwidth the data must be accessed in a struct that
is with the same size of the memory port and one needs to access the data in a
contiguous manner. Additionally, for the tool to understand that the burst read
is intended, the technique is to pipeline the loop that reads from the DRAM.

4.3.2 Memory Banks

The usage of different memory banks is crucial to performance. Since mostly the
bottlenecks are memory operations, if the designer can exploit the memory banks
and read/write in parallel, the application can have a performance boost.

4.4 Dataflow Design

One can design a system with many sub kernels. Unlike software, many kernels
can run at the same time in FPGA. For some kernels, there might be com-
munication requirements across different kernels. This might result in sequential
execution, however, if the communication is handled by the usage of FIFO queues
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it can still be possible to run the kernels concurrently. This approach is called
dataflow parallelism and it is another important aspect to improve the perfor-
mance of the main kernel. Of course, there are many limitations to dataflow
parallelism. However, if it is possible to program the kernels by obeying the
constraints of dataflow programming, the overall performance of the main kernel
might increase substantially.

Xilinx HLS tool provides a FIFO library called hls::stream. It can only be used
in a dataflow region where subkernels can communicate with each other using
this framework. hls::stream is a FIFO implementation where it can only be
inputted in one kernel and outputted on another one. There are limitations on
the hls::stream such as the output side can only be one kernel. But if the system is
designed properly hls::stream can be a very powerful tool for the kernel to kernel
communication. It removes the need for BRAM buffers and it allows the kernels
to run concurrently which makes it another important tool for high-performance
FPGA programming.

4.5 Loop Unrolling

Analogous to what software compilers do in the background, it can be possible
to unroll a loop to get rid of the computation of the loop variables and the
conditions. In hardware, it is more useful since if there are no dependencies
between iterations, the whole loop can be computed in one clock cycle which
makes loop unrolling a very powerful tool. However, this feature should be used
in caution since the loop unrolling might result in huge datapaths which may
result in reduced clock frequency.[46]
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4.6 Read Compute Write Pipeline(RCW)

Because of the limitations on BRAM capacity, it might be very important to read
write and compute at the same time. Memory banks can be utilized for simulta-
neous read and write and if implemented properly the kernel can read the next
batch to be computed while computing the current batch and writing the previ-
ous batch at the same time. This enables the high-performance computations on
large data where the constraint of BRAM capacity is eliminated.



Chapter 5

Tiling

5.1 Problem Statement for Large Tensors

The board used for this thesis, does not contain enough BRAM resources to
make computation on the real tensors. This is due to the storage requirement for
factor matrices, namely, A, B and C matrices on BRAM. Performance-wise, it
is too expensive to store the value on DRAM since the access pattern is random
for the matrices. Therefore a solution is needed to make computation on the
large tensors. The solution is to split the tensor into cuboids and process them
separately so that the A, B and C matrices of the cuboids can be stored on
BRAM for efficient random access.

5.2 Cache Blocking in Software

Cache blocking is used to increase the cache hit rate to improve performance
significantly [47]. In cache blocking the operations are done in a chunk or block
of the input to work on smaller memory space, in turn, this will dramatically
increase the cache hit rates.

19
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5.3 Tiling for MTTKRP Kernel

BRAM can be considered as a cache in FPGA since it is much faster than DRAM.
A random access to the BRAM block can be done in one cycle whereas the
memory access to DRAM can take several cycles. To achieve fast computation,
i.e, process approximately one nonzero per one FPGA clock cycle, BRAM blocks
must be utilized.

However, for most of the real tensor data, the A, B and C matrix sizes which
depend directly on the dimensions of the tensor are so large that they won’t fit
into the BRAM memory. Therefore either DRAM must be utilized with a huge
performance loss or another technique is required.

Tiling can be used to split the tensor into cuboids so that the dimensions of
the cuboids are small enough for A, B and C matrices can be stored in BRAM
efficiently. Tiling is demonstrated in Figure 5.1.

5.3.1 Matrix Chunk sharing between iterations

In the cache blocked tensor MTTKRP kernel operates on the chunks of A, B and
C matrices. If the tensors are in arbitrary order in each MTTKRP operation on
a cuboid all factor matrices must be loaded and A must be written cumulatively
from and to DRAM. However, this is also highly inefficient and the bottleneck
becomes the memory accesses instead of the computation. Luckily the tensors
are in order after the Tiling in the host so that consecutive tensors will share
dimensions if they are not on the corners.

One simple way of exploiting this is to share A and B matrices and to alternate
the C matrix across the subtensors. When the processed tensor is in the edge of
the tensor, for the next iteration B value can also be read and when the tensor
is in the corner, A value can be read for the next iteration together with B and
C. This processing scheme is illustrated in Figure 5.2.
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5.3.2 Space Filling Curves

To minimize the DRAM communication and maximize the concurrent processing
and accessing to DRAM, the order of processing the tensor is important. To
maximize the performance a processing order scheme similar to the space-filling
curves that have been utilized in [48] is used. In this scheme instead of processing
the tensors in a triple for loop order, the processing order is implemented such
that the next subtensor will always be the neighboring subtensor.

In this way, only one matrix chunk is needed to be brought to the BRAM while
doing the computation. If the processing tensor is in the edge of the tensor, then
B is read, if the processing tensor is in the corner of the tensor then A is read
and in the next iteration, A is written to the DRAM. Otherwise, C is read. This
order of processing is illustrated in Figure 5.3.
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Figure 5.1: Tiling
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(a) step 1 (b) step 2 (c) step 3

(d) step 4 (e) step 5 (f) step 6

(g) step 7 (h) step 8 (i) step 9

(j) step 10 (k) step 11 (l) step 12

Figure 5.2: Tiling Algorithm 1
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(a) step 1 (b) step 2 (c) step 3

(d) step 4 (e) step 5 (f) step 6

(g) step 7 (h) step 8 (i) step 9

(j) step 10 (k) step 11 (l) step 12

Figure 5.3: Tiling Snake Algorithm
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Methodology

6.1 Assumptions and Constraints

The kernel is implemented for integer value type. Therefore the tensors containing
decimal values can only be approximated. Also, the tensors are required to be
three dimensional. Higher-order tensors are not supported. The sub tensors
which are the result of the tiling operation must be at most the size of 32768 ×
32768× 32768 and there can only be 2048 sub tensors due to the limitations on
BRAM space on the board. Therefore very large dimensional tensors are not
supported. There is no limitation on the number of nonzeros or sparsity.

6.2 Optimization Techniques

We have used the full bandwidth using memory banks. We have used loop pipelin-
ing in every module and optimized the hardware so that the initiation interval
(II) is 1 for the main computation loop. The writeOutput module was the most
problematic since it requires a cumulative write operation on BRAM. Without
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optimization, the II was 32 for this module. We have implemented pipeline for-
warding so that the II can be reduced to 2. This means that in the computation
part of the kernel, theoretically one nonzero can be processed in every 2 cycles
if there is no contention on DRAM memory for the nonzero values that we are
streaming from. Some other modules had problems with the II and they are also
optimized by separating the memory access from the computation of the output
values by utilizing either a BRAM buffer or an hls::stream.

6.3 The Kernel Structure

In software implementation, there is a triple loop. Outer loop goes through the
slice indices, the second loop goes through the fiber indices and the inner one goes
through the nonzero values. In HLS, since C code is written, it seems it is easy to
ship the existing algorithm design to the FPGA, however, the performance of the
kernel might be 100 times slower than the sequential baseline. Therefore instead
of writing the code directly in HLS, a new design is proposed. This design exploits
the distinct characteristics of the different arrays in the CSR-like storage scheme.
Thanks to dataflow parallelism and hls::streams, it was possible to redesign the
algorithm such that there is a single loop in the main computation. This design
is explained in detail in chapter 6.3.1.

6.3.1 Kernel Modules

Tensor Computation

The tensor computation module is the core computation module of the kernel.
In this module, the separate characteristics of the CSR-like format’s arrays are
exploited. Each array is read separately by a simple extractor function that only
reads the array and extracts the required value from the array and then sends it
to the process_tensor module by an hls::stream. This way the design is simplified,



CHAPTER 6. METHODOLOGY 27

process_tensor has the data it needs to process the tensor and performance is
maximized. The block diagram of the tensor computation module can be seen in
Figure 6.1.

Process Tensor Process tensor is the main computation module of the ker-
nel. It gets the required values from the hls::streams and then goes through the
nonzeros instead of CSF data structures. In each iteration of the main loop, a
nonzero is processed. It is assumed that there won’t be any empty fibers and
there won’t be any fiber in the slice if the slice is empty. After the computation
for a slice is finished in the process tensor, the computed value is passed to the
write_output function via an hls::stream.

Read B Values Read B values module is responsible for fetching the B matrix’s
rows in the correct order. It goes through the Fiber Indexes array’s js sub-parallel
array and reads the corresponding B value of the j value that has been read from
the DRAM.

Read C Values Read C values module is responsible for fetching the C matrix’s
rows in the correct order. It goes through the Fiber Entries array’s ks sub-parallel
array and reads the corresponding C value of the k value that has been read from
the DRAM.

Read Fiber Sizes Read Fiber Sizes module is responsible for reading the fiber
sizes of the existing fibers. It goes through the Fiber Indices array’s ptrs sub-
parallel array and calculates the size of the fiber using the next value from the
ptrs array then sends it to the process_tensor.

Read A ids and Fiber Cnts This module is responsible for both reading the
slice index of the existing slices and reporting the count of fibers in that slice. To
achieve this purpose it goes through the slice_indices array and determines if the
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slice exists by examining consecutive values. If the values are different, then it
means that the slice exists and the number of fibers can be calculated by getting
the difference between the values.

Read Nonzero Values This module is only responsible for reading all of the
nonzeros from Fiber Entries array’s vals sub-parallel array and push it into a
hls::stream.

Inner Multiply The inner multiply module has a misleading name. It is the
module that is in the innermost part of the algorithm and does a multiplication
task. It gets the C value and corresponding nonzero value from the hls::streams
and performs a multiplication operation. Then it sends the result to another
hls::stream to be consumed by process_tensor.

Figure 6.1: Tensor Computation Block Diagram
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RCW Pipeline

RCW (read-compute-write) pipeline module is the top-level module of the kernel.
This module uses ping pong buffers to achieve concurrent read-compute and read-
compute-write operations. When a tensor’s tile is being processed, the next tile’s
data is concurrently getting fetched by the read module of the RCW pipeline.
When a slice has been fully computed, the write operation is also concurrent
with the computation operations.

6.4 Baselines

To understand the performance of the kernel, a variation of the the popular open-
source tensor factorization tool Splatt [19] which is implemented by us.

6.5 Host Side Operations

To run the application on the FPGA some pre-processing steps need to be per-
formed on the host computer. In the host, first, the input data is read from the
file and loaded to the memory. After some statistical information such as dimen-
sion counts and the nonzero counts are extracted to be used as parameters to the
kernel. Then since the MTTKRP will be run only for one mode in the kernel and
empty slices doesn’t matter the empty slices are removed. Tensors are normally
stored with indices starting from one, however, this adds extra complication to
the kernel, therefore it is decided to convert tensor indices to start from zero by
subtracting one from each index in all of the nonzeros. This step is also done in
the host.

After the first pre-processing steps, tiling is performed. After performing tiling
operation the subtensors are converted into the Splatt format separately. All of
the data including the meta-data of the tensors must be aligned to the 512-bit
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memory scheme for the FPGA for efficient burst access from DRAM. Aligning is
also performed in the host. Perhaps this was one of the most challenging parts
of the implementation.

After the data is ready, SDAccel run-time is used to send data to the FPGA’s
DRAM and execute the kernel. After kernel execution is done, the sequential
baseline is run on the host as well. To run the baseline the Splatt format conver-
sion must be done for the whole tensor too.

When the data is ready from both the kernel and the sequential baseline, the
data is validated using sequential baseline results as the golden result.

6.6 Pitfalls of the design

There are some known pitfalls of the design. One of them is the distribution of
nonzeros. For most of the real tensors, the data is not distributed evenly through
the dimensions of the tensor. This will result in some very dense and some very
sparse subtensors in the tiling operation. This will result in uneven computation
times across the tiles and it will result in performance loss.

Another pitfall is processing of the empty subtensors. When the next subtensor
has no nonzeros, the factor matrix rows for that subtensor is still being fetched
with the current design. Since there is computation being performed concurrently
it might seem harmless, however, when it is the empty subtensor’s turn, the
system still needs to wait for the next subtensor’s data. This data can be fetched
during the previous subtensor’s computation.

6.7 Future Improvements

The known pitfalls of the design can be addressed as follows. First, the uneven
distribution of the data can be overcome by intelligent tiling such as utilizing
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hypergraph partitioning, similar to Acer et. al’s work [15].

The empty subtensor problem can be overcome by more intelligent data loading
during the computation.

The current design’s resource bottleneck is the BRAMs of the FPGA, however,
the kernel still uses about 30% of the BRAM resources of the board, which means
the kernel can be replicated at least 3 times to process chunks of slice dimension
subtensors concurrently. Also, the C and B matrix chunks can be shared between
the copies of the kernels which will further reduce the DRAM access counts and
improve the performance significantly.

The current design utilizes one DRAM requests per cycle. Since 16 integers are
coming in one DRAM request the design can perform almost 1 nonzero/cycle.
However the DRAM interface can handle 4 requests per cycle, therefore if it can
be fully utilized the kernel can be up to 4 times faster.
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Results

7.1 Input Data Description

Six tensors are used for the experiments. The information about the tensors can
be found in Table 7.1

Tensor Name Number of Nonzeros dim1 dim2 dim3
Facebook-rm 738,078 42,390 1,506 39,986
brightkite 2,680,688 51,406 942 772,966
Enron-3 31,312,375 244,268 5,699 6,066
lastfm 186,479 1,892 12,523 9,749

movies-amazon 15,029,290 87,818 4,395 226,522
netflix 100,480,507 17,770 480,189 2,182

Table 7.1: Tensor information

7.2 Experimental Setup

Two computers are used in the experiments. The first one is called the many-core
host. This computer is used to get the single-threaded baseline performance of
our implementation of Splatt [19]. The other one is called the host. This PC is
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the host PC of the hardware accelerator board. The specs of the CPUs can be
found in Table 7.2.

Host Many Core Host FPGA Host
CPU Model E7-8860 [49] i5-7500 [50]

Number of Cores 18 4
Number of Threads 36 4

Frequency 2.20 GHz 3.40GHz
Cache 45 MB 6 MB SmartCache

Table 7.2: CPU information

The FPGA tests are run in hardware acceleration kit Xilinx Virtex ultrascale
vcu1525 board. The detailed information about the board can be found in Table
7.3

Model Virtex UltraScale+ FPGA VCU1525 [51]
System Logic Cells (K) 2,586

DSP Slices 6,840
s Memory (Mb) 345.9

GTY 32.75Gb/s Transceivers 76
I/O 676

Table 7.3: FPGA information

The software baseline is a version of Splatt that is run on a single thread on the
many-core machine with Xeon CPU. It was run for all of the tensors mentioned
above with factor count 16 by varying the dimensions.

FPGA results are taken for factor count 16 for all of the tensors mentioned above
by varying tiling factors and dimensions.

7.3 Kernel Performance

The most useful metric for measuring the kernel performance is to use the average
number of cycles that have been spent for processing one nonzero in the kernel
execution. This metric is calculated by using the throughput and the clock speed
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of the FPGA which is 300Mhz for all of the experiments and it is the main metric
that we will be focusing on except for the actual runtime values where we compare
it with the baseline runtime results.

In Figure 7.1, the average number of cycles needed to process one nonzero is
shown per tensor across multiple experiments.

Figure 7.1: Average Cycle Per Nonzero On Tensors

In Figure 7.2, the effect of tiling is shown in terms of the cycles per nonzero
metric. As can be seen, the tiling has a negative impact on the performance since
the number of DRAM accesses increases which becomes a bottleneck. Therefore
the minimum tiling should be used for acceleration purposes.

The runtime comparisons with baseline are made for the minimum tiling which
is allowed by the resources of the FPGA.
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Tensor Block1 Block2 Block3

0 2 4 6 8 10 12 14 16 18 20 22

Avg.	cycle/nnz

brightkite 1 189 13
13 189

13 1 189
189 1

189 1 13
13 1

enron-3 1 60 2
2 60

2 1 60
2 60
4 60
60 1

2
4

4 2 60
4 60
60 1

2
4

60 1 2
2 1

2
4

4 1
2
4

facebook-rm 1 10 11
11 10

2 10 11
11 10

4 10 11
11 10

10 1 11
2 11
4 11
11 1

2
4

11 1 10
2 10
4 10
10 1

2
4

lastfm 1 1 4
2 4
4 3

4
3 1

2
4

2 1 4
2 4
4 3

4
3 1

2
4

3 1 4
2 4
4 1

2
4 1 3

4
2 3

4
4 3

4
3 1

2
4

movies-amazon 1 56 22
22 56

2 56 22
22 56
2 56

14,57
14,59

15,65
19,98

16,99
20,03

5,60
7,40
7,39
7,41
7,45

6,16
6,49
6,49

7,44
7,55

6,20
6,70

6,50

7,10

6,20
6,24
6,50

6,35
6,11

6,52

5,04
5,14

6,87
7,05

9,92
10,27

5,45
7,52

10,92

12,59
9,40

7,50

5,48
7,53

10,94

12,52
9,41

7,46

7,22
7,36

7,19
7,00

7,16
6,77
6,90

7,22
7,54

7,36
7,18

7,40
6,80
6,82

7,32
7,79

6,90
6,51

6,47
6,78

7,06
7,08

8,08
7,97

8,18
6,41

6,25

7,01
8,52

7,26
8,70

Tiling	Effect	on	Throughput
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Tensor Block1 Block2 Block3

0 2 4 6 8 10 12 14 16 18 20 22

Avg.	cycle/nnz

movies-amazon
2 22 56
22 2 56

56 1
2

56 2 22
22 1

2
netflix 1 5 118

118 5
2 118 5
5 1 118

2 118
4 118
118 1

2
4

8 1 118
2 118
4 118
118 1

2
4

16 118 1
2

118 1 5
5 1

2

8,81

6,73
5,93

7,41

6,79
5,96

4,80
6,28
6,29

4,80
4,81
4,83

3,87
3,85
3,84

4,81
4,82
4,86

3,89
3,85
3,84

3,87
3,85

6,29

3,86
3,84

Tiling	Effect	on	Throughput

Figure 7.2: Tiling Effect on Throughput on Different Tensors
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7.4 Performance Comparison

We have compared the kernel performance with the Splatt with a single thread
on factor count 16. In the results, the labels are written as follows. The tensor
name is written in the label followed by the slice mode. Slice mode is the mode
where the horizontal slices are varying. This is the mode that corresponds to
the output factor matrix. The modes are enumerated starting from 0 to 2 and
the order of the modes is in the order of the dataset. The remaining two modes
are selected by their length where the second mode is the shorter one and the
third mode is the longer one. According to our experiments, this mode selection
doesn’t matter for our FPGA implementation. In the Figure 7.3, the runtime
comparison for Brightkite tensor is given. As can be seen the FPGA results
are comparable with the baseline results, however, the FPGA is slower than the
baseline for this tensor.

Figure 7.3: Brightkite Tensor Runtimes on Modes

In Figure 7.4, FPGA outperforms the baseline in all modes.

In figures 7.5, 7.6, 7.7 and 7.8 the runtime comparisons for Movies-Amazon,
Lastfm, Enron3 and Facebook-rm tensors are given respectively. As it can be
seen in the Figures the FPGA implementation is comparable with baseline and
outperforms the baseline in at least one mode.
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Figure 7.4: Netflix Tensor Runtimes on Modes

Finally, in Figure 7.9, the speedup values are given for each tensor and mode
combination.
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Figure 7.5: Movies-Amazon Tensor Runtimes on Modes

Figure 7.6: Lastfm Tensor Runtimes on Modes
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Figure 7.7: Enron3 Tensor Runtimes on Modes

Figure 7.8: Facebook-rm Tensor Runtimes on Modes
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Figure 7.9: Speedups on Tensor Modes



Chapter 8

Conclusion

Tensor factorization is a very useful tool with many possible application areas.
However, tensor factorization is a computationally expensive application. In this
thesis, we have shown that the FPGA implementation of MTTKRP kernel is
comparable with the current state of the art CPU implementations and it can
be further improved to be even faster. Since MTTKRP kernel is the most time-
consuming part of the PARAFAC algorithm and MTTKRP has many iterations
on a single PARAFAC decomposition, FPGA accelerators can be used to improve
the performance significantly.
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