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ABSTRACT

ALGORITHMS FOR ON-LINE VERTEX
ENUMERATION PROBLEM

Irfan Caner KAYA
M.S. in Industrial Engineering
Advisor: Firdevs ULUS
September 2017

Vertex enumeration problem is to enumerate all vertices of a polyhedron P
which is given by intersection of finitely many halfspaces. It is a basis for many
algorithms designed to solve problems from various application areas and there are
many algorithms to solve these problems in the literature. On the one hand, there
are iterative algorithms which solve the so called 'on-line' vertex enumeration
problem in each iteration. In other words, in each iteration of these algorithms,
the current polyhedron is intersected with an additional halfspace that defines P.
On the other hand, there are simplex-type algorithms which takes the set off all

halfspaces as its input from the beginning.

One of the usages of the vertex enumeration problem is the 'Benson-type' mul-
tiobjective optimization algorithms. The aim of these algorithms is to generate or
approximate the Pareto frontier (the set of nondominated points in the objective
space). In each iteration of the Benson’s algorithm, a polyhedron which contains
the Pareto frontier is intersected with an additional halfspace in order to find a
finer outer approximation. The vertex enumeration problem to be used within
this algorithm has a special structure. Namely, the polyhedron to be generated
is known to be unbounded with a recession cone which is equal to the positive

orthant.

In this thesis, we consider the 'double description method' which is a method
to solve an on-line vertex enumeration problem where the starting polyhedron
is bounded. (1) We generate an iterative algorithm to solve the vertex enumer-
ation problem from the scratch where polyhedron P is allowed to be bounded
or unbounded. (2) Then, we slightly modify this algorithm to be more efficient
while it only works for problems where the recession cone of P is known to be
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the positive orthant. (3) Finally, we generate an additional algorithm for these
problems. For this one, we modify the double description method such that it
uses the extreme directions of the recession cone more effectively. We provide an
illustrative example to explain the algorithms in detail.

We implement the algorithms using MATLAB; employ each of them as a func-
tion of a 'Benson-type' multiobjective optimization algorithm; and test the per-
formances of the algorithms for randomly generated linear multiobjective opti-
mization problems. Accordingly, for two dimensional problems, there is no clear
distinction between the run-time performances of these algorithms. However, as
the dimension of the vertex enumeration problem increases, the last algorithm
(Algorithm 3) gets more efficient than the others.

Keywords: vertex enumeration, on-line vertex enumeration, algorithms, multiob-

jective optimization.



OZET

CEVRIMICT KOSE NOKTASI PROBLEMI ICIN
ALGORITMALAR

Irfan Caner KAYA
Endistri Mihendisligi, Yiiksek Lisans
Tez Danigmani: Firdevs ULUS
Eylul 2017

Kose noktasi sayma problemi, sonlu sayida yari uzaymm kesigimi olarak ver-
ilmig bir ¢okytizlii P'nin biitiin koge noktalarini bulmaktir. Bu problem, cesitli
uygulama alanlarinda karsilagilan problemleri ¢6zmek i¢in tasarlanmig bir¢ok al-
goritmanin temelini olugturmaktadir ve bu problemleri ¢6zmek igin literatiirde
¢ok sayida algoritma mevcuttur. Bir yanda, her yinelemede, ¢evrimici kose nok-
tasi sayma problemi adi verilen problemleri ¢ozen yinelemeli algoritmalar vardir.
Bagka bir deyisle, bu algoritmalarin her yinelemesinde, su anki cokytzli, P’yi
tanimlayan bagka bir yar1 uzayla kesigtirilir. Diger yanda ise, biitiin yar1 uzaylar
baglangictan itibaren girdi olarak alan simpleks tiirti algoritmalar vardir.

Kose noktast sayma probleminin kullanimlarindan biri 'Benson'-tiirii ¢ok
amacli optimizasyon algoritmalaridir. Bu algoritmalarin amaci Pareto sinirina
(amag uzayinda baskin olmayan noktalar kiimesine) ulagmak veya yaklagmaktir.
Benson Algoritmasi’nin her yinelemesinde, daha iyi bir dig yaklasim bulmak igin,
Pareto simirini iceren bir ¢okyiizli ek bir yar1 uzay ile kesigtirilir. Bu algoritma
icinde kullanilan kose noktasi sayma probleminin 6zel bir yapisi vardir. Soyle
ki, bulunmak istenen gokyiizliiniin, resesyon konisi pozitif ortant (orthant) olan
sinirsiz bir ¢okytzli oldugu bilinmektedir.

Bu tezde, baslangic ¢okyiizlisii sinirh olan bir ¢evrimici koge noktasi sayma
problemini ¢6zmek i¢in kullanilan '¢ift betimleme (double description)' metodunu
g6z oniinde bulundurduk. (1) Sinirh ya da sinirsiz olmasi miimkiin gokytizli P
i¢in koge noktasi sayma problemini en bagtan baglayarak ¢ozen yinelemeli bir algo-
ritma olugturduk. (2) Daha sonra, bu algoritmay1, sadece resesyon konisi pozitif
ortant olan P i¢in ve daha etkin caligacak bir gekilde modifiye ettik. (3) Son
olarak, bu problemlere yonelik ek bir algoritma olusturduk. Bu algoritma igin,
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¢ift betimleme yontemini resesyon konisinin agir1 yonlerini daha etkin olarak kul-
lanacak gekilde modifiye ettik. Bu algoritmalari detayl bir sekilde anlatabilmek
icin aciklayict bir ornek sunduk.

Bu algoritmalart MATLAB kullanarak uygulamaya gecirdik; her bir algorit-
may1 'Benson'-tiirii ¢cok amach bir optimizasyon algoritmasinin i¢inde fonksiyon
olarak kullandik ve rasgele olusturulan dogrusal ¢ok amaclh optimizasyon prob-
lemleri i¢in algoritmalarin performanslarini test ettik. Bu dogrultuda, iki boyutlu
problemler ic¢in algoritmalarin ¢aligma stiresi performanslarinda bir fark yoktur.
Ancak, problemlerin boyutu biiyiidiikge son algoritma (Algoritma 3) digerlerine

gore daha verimli hale gelir.

Anahtar sézcikler: kogse noktasi sayma, cevrimici koge noktasi sayma, algorit-

malar, cok amaclh optimizasyon.
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Chapter 1

Introduction

A polyhedron P can be represented as intersection of finitely many halfspaces
or as convex hull of its vertices added to the conic hull of its extreme directions.
The problem of computing the vertex representation of P from its halfspace
representation is called the wvertex enumeration problem. On the other hand,
computing the halfspace representation of P from its vertex representation is
called the face enumeration problem. The vertex enumeration problem has been
studied for many years, starting from the 1930s. The main focus of many early
algorithms was to find the respective representations correctly and accurately, see
for instance [1, 2, 3, 4]. However, enumerating vertices/faces of a polyhedron in
general is a computationally difficult task (][5, 6]) and since 1980s the main focus
has been to improve the computational efficiency of the existing algorithms or to

propose new competitive ones, see [7, 8, 9, 10].

The problem of computing the vertices of a polyhedron that is given as the
intersection of finitely many halfspaces is sometimes called the off-line vertex
enumeration problem. On the other hand, finding the vertices of a polyhedron
P" given as intersection of a single halfspace H and another polyhedron P* whose

vertex representation is known is called the on-line vertex enumeration problem.



Note that an on-line vertex enumeration algorithm can be called repetitively in
order to solve an off-line vertex enumeration problem. However, there are also
algorithms that solve the off-line vertex enumeration problems directly. These

are mainly (simplex-type) pivoting algorithms, see for instance [11, 12].

The problem of finding vertices of a polyhedron is fundamental and it is the
base of many other algorithms including the simplex algorithm to solve linear
programs. Recently, it has also been an important part of many algorithms de-
signed to solve multiobjective optimization problems, [13, 14, 15, 16]. In general,
these 'Benson-type' multiobjective optimization algorithms aim to find a poly-
hedral approximation to the Pareto frontier in the objective space. In order to
obtain this, an on-line vertex enumeration problem has to be solved in each iter-
ation of these algorithms. Indeed, the most time consuming subroutine of these

algorithms is the vertex enumeration part [15].

Many non-pivoting on-line vertex enumeration algorithms in the literature are
designed to find the vertices of 'bounded' polyhedrons, that is, polyhedrons with
no recession directions, see for instance [17]. However, for Benson-type multi-
objective optimization algorithms, one needs to find the vertices of 'unbounded'
polyhedrons since (the approximation of) the Pareto frontier is the boundary of

an unbounded polyhedron whose recession cone is the positive orthant.

In this thesis, the aim is to come up with efficient vertex enumeration al-
gorithms in order to employ it as a subroutine in Benson-type multiobjective

optimization algorithms.

We first consider the 'double description' method, which is designed to solve
the on-line vertex enumeration problem, as it is described in [16]. This method
takes a polyhedron P and a halfspace H as its inputs; assumes that the vertices

of P’ is given; and returns the vertices of the polyhedron P” = P' N H.

Then, we propose Algorithm 1, which solves the 'off-line' vertex enumeration
problem by using the double description method in each iteration. This algorithm

starts with the halfspace representation of a polyhedron and returns the set of



all vertices and, if the polyhedron is unbounded, the set of all extreme directions
of it. The main idea is to start with a sufficiently large bounded polyhedron
which contains the set of all vertices and to iterate until all the halfspaces are
intersected. Algorithm 1 works for general problems and it does not utilize the
recession cone information of the unbounded polyhedron that is given in Benson-
type multiobjective optimization algorithms. Hence, we slightly modify this and

propose Algorithm 2.

Algorithm 2 assumes that the recession cone of polyhedron P is the positive
orthant and it also assumes that an initial vertex v° such that v° + R% O Pis
known. The idea of it is very similar to Algorithm 1 and the main difference is

the initialization part.

Next, in order to come up with an algorithm which uses the extreme direction
information even more directly and efficiently, we modify the 'double description'
method such that it works with unbounded polyhedrons whose recession cone is
the positive orthant. Then, we propose Algorithm 3 which starts with an initial
vertex v’

method.

as in Algorithm 2; and iterates using this modified double description

We use MATLAB software to implement the algorithms. In order to compare
the efficiencies, we call them within a MATLAB implementation of a Benson-type
convex multiobjective optimization solver, called c-bensolve. Note that bensolve
is a linear multi-objective optimization solver, see [18] and c-bensolve is a MAT-

LAB implementation of an extension of it to the convex programs [19].

Chapter 2 provides a literature review of vertex enumeration problems. The
literature on pivoting and non-pivoting (or iterative) algorithms are discussed
separately. In Chapter 3, we provide preliminaries on basic convex analysis and on
multiobjective optimization problems. The algorithms are described in Chapter
4. We provide the pseudo-codes of all the algorithms and necessary subroutines.
Moreover, an illustrative example to explain the algorithms in detail is provided.
Chapter 5 presents the computational results of the algorithms. We conclude and

discuss the future work of our study in Chapter 6.



Chapter 2

Literature Review

Over the years, there have been several methods proposed to solve the vertex
enumeration problem. In 1980, Mattheiss and Rubin [20] and in 1983, Dyer [21]
conduct surveys regarding these algorithms. As both of these surveys assert, there
are two classes of vertex enumeration algorithms. On the one hand, some of the
algorithms are based on pivoting methods and they use the Dantzig’s simplex
tableau [22]. On the other hand, there are non-pivoting algorithms which are
based on the double description method developed by Motzkin et al [23]. These
methods, in general, are based on the geometrical features of the problem. These

are also known as 'constructive-inductive' or 'iterative' methods.

2.1 Pivoting Algorithms

There are many pivoting vertex enumeration algorithms which are based on the

Dantzig’s simplex tableau.

In 1961, Balinski [11] proposes a variant of simplex method that finds all

vertices of a given convex polyhedral set. Indeed, it finds all basic solutions of a

4



linear program rather than finding a single optimal solution as Dantzig’s simplex
method does. Another simplex-type algorithm is proposed by Manas and Nedoma
in 1968 [24]. It finds the set of all vertices of a polyhedron and it is based on
the theory of graphs. In 1975, Altherr [12] develops an algorithm that is based
on [24].

Another pivoting vertex enumeration algorithm is proposed by Mattheiss [25]
in 1973. Different from the previous methods, this algorithm detects the redun-
dant constraints in an efficient way. It embeds the given bounded convex polyhe-
dron to one-higher dimensional Euclidean space and constructs a connected graph
which is used to eliminate the redundant constraints. Then, the simplex tableau
is used to generate the set of vertices. In 1980, Mattheiss and Schmidt [8] analyse
the computational efficiency of Mattheiss’s Algorithm [25] and compare it to the
algorithm proposed by Klee in 1974 [26]. Accordingly, Mattheiss’s Algorithm
outperforms the algorithm by Klee.

In 1977, Dyer and Proll [27] develop an algorithm based on the simplex tableau
which works for bounded convex polyhedral sets. Rather than employing the
simplex tableau and pivoting 'unnecessary' elements, this algorithm creates a
spanning tree in the graph induced by the given polyhedron and make some
comparisons in order to check adjacency. In 1982, Dyer and Proll [7] improve

this algorithm to make it computationally more efficient.

Avis and Fukuda [28] propose a new pivot-based algorithm in 1992. This
algorithm does not need to use data structures for its implementation and it
also works better if there is degeneracy. This algorithm is utilized to solve three
different problems related to computational geometry: (1) enumeration of facets
of a polytope given as the convex hull of a finite set of points, (2) enumeration of
vertices of a convex polyhedron given as intersection of finitely many halfspaces
and (3) enumeration of intersection points of a finite set of hyperplanes. Avis [9]
improves the computational efficiency of this algorithm by employing the reverse

search technique.



In 1994, Provan [29] develops an algorithm to enumerate all vertices of a con-
vex polyhedron which does not have to be bounded. It has been shown that
the running time of the algorithm is polynomial with respect to the number of
extreme points. In 1995, Ottmann, Schuierer and Soundaralakshmi [30] propose
an algorithm that enumerates the vertices of polyhedrons that are given in higher

dimensions, d > 4.

Fukuda, Liebling and Margot [31] propose a backtracking algorithm for solv-
ing vertex and face enumeration problems in 1997. In this paper, it is underlined
that the backtracking algorithm is efficient in the sense of time complexity and
requiring less data storage. In 1998, Bremner, Fukuda and Marzetta [32] de-
velop primal and dual algorithms that solve the vertex enumeration and the face

enumeration problems using the duality relation between the two.

2.2 Non-Pivoting Algorithms

Different from pivoting algorithms, there are methods which utilize the geomet-
rical features of the vertex enumeration problem. In general, these algorithms
use the double description method developed by Motzkin et al. [23] and solve the

problem iteratively.

In 1960’s Chernikova [3, 4, 33] proposes algorithms for calculating the non-
negative solutions of a system of linear equations and inequalities. These algo-
rithms firstly find the extreme directions of the solution set and then calculate
the extreme points. Much later, in 1994, H. Le Verge [34] extends Chernikova’s
algorithms and discusses the issues regarding the implementation of these algo-
rithms. It also points out that Chernikova’s Algorithm can be applied to the dual

problem which is finding non-redundant set of facet supporting hyperplanes.

In 1975, Greenberg [1] proposes an algorithm to find the set of all vertices of
a given convex polyhedral set. The algorithm is based on the theoretical results
provided by Uzawa [35] and Stoke [36]. In 1976, Sherman [37] demonstrates that



Greenberg’s algorithm can find extraneous solutions in case of degeneracy. Later,
Dyer and Proll [38] develop a different variant of Greenberg’s Algorithm which

works better for degenerate problems.

In 1991, Chen, Hansen and Jaumard [17] propose on-line and off-line vertex
enumeration algorithms by using adjacency lists of the vertices. The algorithms
work for bounded polyhedrons but the extensions to the unbounded cases are

also explained.

Note that the face enumeration problem is equivalent to the vertex enumeration
problem as they are dual to each other. There are also methods that are designed

to solve the face enumeration problem directly, see for instance [39, 40, 41].

We exploit the double description method [10] that is used by Czirmaz[16]
to solve vertex enumeration problem within Benson’s algorithm for developing
Algorithm 1, Algorithm 2 and Algorithm 3. In addition, we directly use extreme

directions information to solve vertex enumeration problem for Algorithm 3.



Chapter 3

Preliminaries

A hyperplane H C R" is given by
H={recR"|a'z=0b}

for some a € R™\ {0} and b € R. A halfspace is one of the two regions into which
a hyperplane divides R™. In particular we denote the two halfspaces given by H

as follows:
H ={zcR"|a’zr<b}and H" = {x € R" | a’2 > b}.

A subset S C R" is called convex if Az + (1 — Ay € S, for all z,y € S and
0<A<1 Letz,y € R". If 2 € R" can be written as z = Az + (1 — \)y for some
A € [0, 1], then it is called a conver combination of x and y. Moreover, if A is not

equal to 0 or 1, then it is called a strict convexr combination of x and y.

The smallest convex set that contains S is called the convex hull of S and it
is denoted by convS. For a finite set F', namely, F' := {x1,29,...,2,} where

m € N, we have
COI]VF:{ZAZ'ZEZ‘| Z)\Zzl,/\lZ(),Z:]_,,m}
i=1 =1

8



For a convex set S C R", x € S is said to be an extreme point or a vertex of
Sifx=Ay+ (1 —MNzfory,ze€ S and XA € (0,1) implies that x = y = z. Let
F C S be a convex subset of S and z,y € S be arbitrary. If Az + (1 — Ny € F
for some 0 < A < 1 holds only if both x and y are elements of F', then F'is a face
of S. A line segment between two extreme points is said to be an edge of S if it

in on a face of S.

A subset C' C R"” is called cone, if yx € C , Vo € C'and v > 0. If C is also a
convex set, then it is called a convex cone. A convex cone C'is called pointed if it
does not possess any line, or equivalently, if the origin is the only extreme point

of C. If C' can be represented as:
C={zeR"| Az > 0}

for some matrix A € R"*™, then it is called polyhedral cone. Note that C' can
also be defined as the intersection of finitely many halfspaces that support the

origin in R".

The conic hull of set S C R™ is the smallest cone that contains S, and it
is denoted by coneS. For a finite set F' given by F := {xy,xs,...,2,,} where

m € N, we have

coneF:{Z/\ixi | A >0,i=1,...,m}.

i=1

For a subset S of R", d € R™\ {0} is a recession direction (or simply direction)
of S, if x +~d € S for all v > 0 and = € S. The set of all recession directions

constitute the recession cone of S which is denoted by recc S. Note that we have
reccS ={deR" |z+~yde S foral v>0, xze€ S}

A recession direction d € recc S \ {0} of convex set S is said to be an extreme
direction of S if d = A\dy 4+ Aady for some dy,dy € recc S \ {0} and A, Ay > 0

implies that ﬁ = — &g CR"is called bounded if recc S = {0}.

d = ldill — lldell”
If a convex set P can be written as
P={zcR"| Az > b}, (3.1)

9



where A € R™™ and b € R™, then it is called a polyhedral convex set or a convex

polyhedron. A bounded polyhedron is sometimes called a polytope.

Note that P given by (3.1) is intersection of finitely many half-spaces, namely,

P= ﬂ{x ER™ | alz > b;}, (3.2)
i=1

where a; € R" is the i*" column of matrix A and b; is the ¥ component of b. The
representation given in (3.2) is called H-representation or halfspace representa-
tion of P. On the other hand, if P given by (3.1) is non-empty, it can also be
represented as the convex hull of all its extreme points added to the conic hull
of all its extreme directions. To be more precise, let V. = {vy, v, ..., v} be the
set of all extreme points of P and D = {d,ds, ...,d;} be the set of all extreme

directions of P, where k,l € N. Then, P can be written as

k l k
P={zeR"|z=> A\vi + > %d,\i>0,7%>0> \=1}  (33)
i=1 j=1 i=1

Clearly, £ = 0 means that P has no vertex, for instance it can be a halfspace; and
[ = 0 means that P is bounded. The representation given by (3.3) of P is called
the V-representation or the vertex representation of the polyhedral convex set P.
The problem of finding the V-representation of a set given its H-representation
is called the wvertex enumeration problem. On the other hand, the problem of
finding the V-representation of a set given its H-representation is called the face

enumeration problem.

3.1 Convex Multiobjective Optimization and

Benson-type Algorithms

A convex multiobjective optimization problem (MOP) is given by

minimize F'(x) subject to z € X, (P)

10



where F(z) = [fi(z),..., fa(z)]? with f; : RY — Rforalli=1,...,n are convex
functions and the feasible set X C R¥ is a convex set. The image of the feasible
set is given by F(X) = {F(z) € R" | z € X} and the set

P =cl(F(X)+RY) (3.4)

is called the upper image of (P). It is known that P is convex and closed.

The ideal point of problem P can be found by minimizing f;, fori =1,...,n
over feasible set X. More specifically, let z; := min{f;(x) | * € X}. Then,
= 1[z1,..., 2,]7 is the ideal point of (P).

For MOPs, there are different solution concepts as there is not necessarily a
unique 'solution' that minimizes all the objective functions simultaneously. Some
of the solution concepts can be described as follows: A point y € F(X) in the

image set is said to be a minimal or a non-dominated point if

({y} =R N FX) = {y},

where the minus sign stands for the Minkowski (point-wise) subtraction. Similarly

y € F(X) is said to be a weakly minimal or a weakly non-dominated point if
({y} —intR}) N F(X) =0,

where int R} is the interior of the positive orthant in R". A feasible point z € X
is said to be a (weak) minimizer or a (weakly) efficient solution if F(x) is a

(weakly) non-dominated point in F'(X).

In some applications of multiobjective optimization it may be enough to gen-
erate some non-dominated points of F'(X), respectively some efficient solutions.
In order to find a single (weakly) efficient solution, one generally solves a single
objective optimization problem, which is called a scalarization. There are many
different scalarization techniques in the literature. In some other applications of
MOP, it is important to generate the set of all (weakly) non-dominated points of

F(X), respectively the set of all efficient solutions.

If the problem is linear, P is a polyhedral set and it is possible to 'solve' the

problem in the sense that it is possible to generate the set of all efficient solutions.
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There are different approaches to 'solve' linear MOPs in the literature. On the one
hand, there are simplex-type algorithms which work in the variable space, see for
instance [42, 43, 44]. On the other hand, there are Benson-type algorithms which
work in the objective space, [13, 14, 16]. If the problem is nonlinear convex, it is
not possible to generate the set of all (weakly) non-dominated points in general.
Instead, 'Benson-type' objective space algorithms can generate approximations

to the set of all weakly non-dominated points [15, 45].

As mentioned above, Benson-type MOP algorithms work in the objective space
and aim to find or approximate the upper image P since the boundary of the
upper image, bd P, contains the set of all weakly non-dominated points in the

image of the feasible set.

The general idea of the algorithm can be described as follows. It starts with
a point v? in the objective space which satisfies v” + R D P. Clearly, the ideal
point z! of problem (P) can be taken as v°. Then, the initial outer approximation
of P is P? := v"+R’. For the first iteration, a Benson-type scalarization is solved

0

depending on v°. The idea is to find point ¢ on bd P that is closest (in some

O The dual solution of the scalarization also yields the supporting

sense) to v
hyperplane of P at y°. Then, P! is the intersection of P° and the halfspace that

supports PV at 1°.

At k™ iteration of the algorithm, the first step is to find the vertices of the cur-
rent outer approximation P¥. Then, for a vertex v, of P*, a Benson-type scalar-
ization is solved in order to find a (weakly) efficient solution zy, the corresponding
(weakly) non-dominated point y; € bd P and a supporting hyperplane Hj, of P

at y;. Then the current outer approximation is updated as P**! = P* N H,.

The algorithm stops when all the vertices of the current outer approximation
are in e-distance to the upper image, where € is the approximation error given by

the user.

Remark 3.1.1. Note that in each iteration of these algorithms a vertex enumera-
tion problem is solved. Indeed, these vertex enumeration problems are in a special

form, namely, the polyhedron to be found is known to be unbounded since P is an
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unbounded set. Moreover, the recession cone of the polyhedron is known and it
is R%. Hence the extreme directions of the recession cone is nothing but the unit

directions, ey, ..., en.
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Chapter 4

Algorithms

In this chapter, we describe some vertex enumeration algorithms in the literature
and the modified algorithms that we propose in order to use in Benson-type MOP
algorithms. We assume that an H-representation of polyhedron P is known and

the aim is to find a V-representation of it.

In order to explain the algorithms, first the double description method as given
in [16] is described. This method finds the vertices of polyhedron P” := P' N H,
where H is an halfspace and P’ is a bounded polyhedron whose V-representation
is given. This is also known as an on-line vertex enumeration procedure and it can

be used iteratively in order to solve a vertex enumeration problem from scratch.

Next, we describe different algorithms that use the double description method
in order to solve the vertex enumeration problem. The first algorithm (Algo-
rithm 1) works for the problems where polyhedron P is allowed to be bounded or
unbounded. The algorithm starts with a 'sufficiently large' artificial initial poly-
hedron and iterates by intersecting the current polyhedron with an additional
halfspace until all the halfspaces that define polyhedron P are intersected. Note
that if P is unbounded and the extreme directions of the recession cone of P
are not known, they can also be computed by the algorithm. However, since for

many applications, the only concern is to find the vertices and since finding the
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extreme directions would require some additional computational time, we keep

this as an optional step.

The second and the third algorithms are modifications of the first one where we
assume that P is unbounded and the extreme directions of its recession cone are
known from the beginning. The motivation for this assumption is that we aim to
use these algorithms as a subroutine in Benson-type multiobjective optimization

algorithms, see Remark 3.1.1.

The only difference between the second algorithm (Algortihm 2) and the first
one is in their initialization steps. The third algorithm (Algorithm 3) is also sim-
ilar to the first two but instead of starting with an artificial bounded polyhedron
we initialize it by an unbounded one and directly use extreme directions in the

computations of the updated polyhedrons.

In the last section of this Chapter, we provide an illustrative example to explain

the algorithms in detail.

4.1 The Double Description Method

Let P’ be a bounded convex polyhedron, that is recc P = {0}, and let H be a
halfspace given by H := {z € R" | a’z > b} for some a € R"\ {0} and b € R.
For simplicity, the hyperplane given by the boundary of H is denoted by h.

In order to compute a V- representation of the polyhedron P* = P' N H, we
use the double description method from [16].

Let V' be the set of vertices and F be the set of faces of P'. The following is

a useful definition in order to describe the method.

Definition 4.1.1. If vertez v € V' is on face f € F'; then v is said to be an

adjacent vertex of face f and f is said to be an adjacent face of vertex v.

For a vertex v, let F, denote the set of all adjacent faces of v, and for a face
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f, let V denote the set of all adjacent vertices of f. We call these the adjacency
lists. It is assumed that the sets V', F" as well as Vi, F, for all v € V'iand f € F'

are known.

As it is an important subroutine in the double description method, we first
describe a procedure to check if there is an edge between given two vertices of

polyhedron P'. Let v+, v~ € V' be two vertices. In order to check if there is
an edge between them, we consider the set of faces which are both adjacent to
vt and v~. Then, for each face in this set, we consider the adjacent vertices of
it. If the intersection of the set of vertices over all these faces consists of only
vt and v~ then, there is an edge between the two; otherwise, there is no edge
between them. One can check [16] for the details of the method. Procedure 1 is
the pseudo-code for the isedge function, which takes polyhedron P’ and vertices
vt, v~ as its input; and returns the set of faces that contains the edge between
them if there is any or returns empty set otherwise. Note that with P’ as an
input we mean that isedge has the access to V', F' as well as Vi and F, for all

feF andveV'.

Procedure 1 isedge(P', v, v™)
Let F* .= F.nN F,—;

Let VE :=V":

fori=1:|F*| do
Let f? be the " face in F'*;
VE S VEAV

end for

if V= {v" v~} then
return F*

else

return ()

. end if

—_ =
— O

The idea of the double description method is as follows: First, it checks if each
vertex v in V' is in the interior of H, on the boundary h of H, or not included
in H. Clearly, the ones that are not in H will not be a vertex of the updated
polyhedron anymore. As long as there exist at least one vertex that is included in
H and there exists at least one vertex that is not included in it then, the algorithm

considers each couple of vertices v+ and v~ in V', where v+ € int H and v~ ¢ H,
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and checks if there is an edge between v+ and v~ using isedge subroutine. For
the couples that form an edge, a new vertex is found by intersecting the edge
with hyperplane h. This new vertex is a vertex of the updated polyhedron P”
and h is a face of P”. Each time a new vertex is found, the adjacency lists are

updated accordingly.

The pseudo-code for the double description method is given by Procedure 2.
The function onlinevert takes polyhedron P (V' ', Vi, F, for all f,v) and half-
space H as its input. The first step is to determine if each vertex of the given
polyhedron is in the interior of H; on the boundary of H or not included in H.
Accordingly, three respective subsets V', V? and V~ are formed, see Procedure 2
(Part 1). On the one extreme, if none of the vertices are included in H, then P”
is empty set; and on the other extreme if all the vertices are in H, then H is a
redundant halfspace in defining P”, hence, P* = P, see Procedure 2 (Part 2)

lines 1-4.

Procedure 2 (Part 1) onlinevert(P', H)

1: Initialize VO, V*, V= = {;
2: for allv e V' do
3. if a’v > b (i.e. v € int H) then

4: VT« V+tu {v};

5. elseif a’v="> (i.e. v € h) then
6: VO VOu{v}

7. elseif a’v < b (i.e. v ¢ H) then
8: V-« V- u{v};

9: end if

10: end for

In case there exists at least one vertex within H and one vertex out of it; then
hyperplane h would be a face of the updated polyhedron, so h is added to F',
see Procedure 2 (Part 2) line 6. The algorithm continues by checking the vertices
that are on hyperplane h, that is, the vertices in V9. Note that v € V? is still
a vertex of the updated polyhedron. Moreover, by definition, each v € V? is an
adjacent vertex of this new face h and similarly, h is an adjacent face of each of

these vertices (line 8).

The next step is to find the new vertices that are formed by the intersection of
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Procedure 2 (Part 2) onlinevert(P', H)
1 if VTUV? =V’ then

2. return P’ =P

3: else if V— =V’ then

4  return P’ =;

5: else

6: F « F'U{h}, Vj =0

7. for allv e V% do

8: Vi < VU {v} and F, < F, U {h};

9: end for

10: for allvt € V* do

11: for all v~ € V~ do

12: if F* .= isedge(P',v*,v™) # () then

13: Find v := [v*, 0] Nh

14: if v' ¢ V' then

15: V<V U{'}, Vi« Vau{v'}and Fy = FEU{h} ;
16: else

17: F,« F,UFfuU{h}and V}, + V, U {v'};
18: end if

19: for all f € FL do

20: Vf — Vf U {7)/}

21: end for

22: end if

23: end for

24:  end for

25: end if

26: V' =V' \V~and F" = U, F;

27: Vf<—Vf\V_ fOl"fEF”;

28: return P" with vertices V", faces F and respective adjacency lists.

H and P'. Note that by construction, for each vertex v+ € V* and v~ € V—, the
intersection of h and the line segment between v and v~, namely [v™,v7], is a
singleton and it is on the boundary of polyhedron P” = P’ N H. Clearly, not all
these intersection points are vertices of the updated polyhedron P”. Indeed, only
the ones for which [v*,v~] is an edge of polyhedron P’ yield a vertex. Hence, for
all couples (vt,v7) € V* x V~, we check if there is an edge of P’ between the

two, using isedge subroutine (line 12).

If there exists an edge between v and v™~, we compute the intersection point of
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h and [v*,v7], namely " (line 13). As stated above, v" is a vertex of the updated
polyhedron P”. Moreover, as v" is on hyperplane h, v’ is added as an adjacent
vertex of h and symmetrically, & is added as an adjacent face of v. Recall that
isedge(P',v",v™) returns the set of faces F* of P’ for which both v* and v~ is
adjacent to as long as there is an edge between them. That is, it returns the set
of faces for which the edge between vt and v~ lays on. Since v’ is also on the line
segment between v and v~ these set of faces are also adjacent to v'. Hence, F*
is also added as adjacent faces of vertex v'. Note that it is also possible to obtain
an existing vertex by intersecting h and [v",v~]. In order to avoid duplications,
first v’ is checked if it is included in V'. Only if v’ is a new vertex, it is added to
the set of vertices V. See, lines 14-18 of Procedure 2 (Part 2).

As a final step, the vertices which are not included in H, namely v € V™, are
eliminated from V' in order to obtain the vertices V" of the updated polyhedron
P”. Similarly, the faces which are adjacent to some vertex in V" form the set of
faces I of P" (line 26). F, for v € V" remain as they are, and Vi for f € F"
becomes V; \ V= (line 27). Then, the updated polyhedron P is returned (line
28).

4.2 A Vertex Enumeration Algorithm for
Bounded and Unbounded Polyhedrons

The double description method is used in order to solve the on-line vertex enu-
meration problem where the initial polyhedron is bounded. In order to solve an
off-line vertex enumeration problem, one method is to call onlinevert iteratively.
Of course, the initialization is non-trivial as one needs to start with a bounded

initial polyhedron.

Throughout this section, we assume that an H-representation of a polyhedron
P, which can be bounded or unbounded, is given as
P={zeR"| ATz > b} = (| H,
k=1
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where Hy, = {z € R" | afz > by}

Note that even if the polyhedron is unbounded, that is recc P # {0}, the
vertice set V' of the polyhedron is included in a sufficiently large bounded set as
there are only finitely many vertices. We assume that this initial bounded set,
which contains the set of all vertices of P, is known. Indeed, we take a ’diamond
shape’ bounded region in R™. In order to generate initial polyhedron P° we follow

the steps described below.

Initialization:

Step 1. We take 2n vertices (V°) to be the positive and negative standard
unit vectors multiplied by a large number M, that is v; = Me; and

Vnyi = —Me; where e; is the unit vector with ¥ component being 1.

Step 2. We consider the set T of all possible n-tuples consisting of —1 and 1’s,
that is, t € T'is t = (ty,....,t,) where t; € {—1,1} forall i = 1,...,n.
Clearly, there are 2™ elements in 1" and each ¢ € T' corresponds to an
orthant given by cone {tje1,...,t,e,} in R”. We assume that there is

exactly one face in each orthant. In particular, we consider 2™ faces
(F°) given by f; := conv{Mtyey,..., Mt,e,} fort € T.

Step 3. We form the adjacency lists. Clearly, if v € f;, then v € V}, and
ft € Fv-

Then, the algorithm iterates, by calling onlinevert iteratively. Algorithm 1,
namely vertenum, takes A € R™™ b € R™ as its input, and returns a V-
representation to P, that is, it returns the set of vertices V' and the set of extreme

directions D satisfying P = conv {V'} 4 cone {D}.

As seen in the pseudo-code of Algorithm 1, it starts with the initial polyhedron
P (line 1) and at iteration k, using onlinevert function it intersects the current
polyhedron P*~! with the k' halfspace Hj in order to obtain P* (lines 3-6).
After finding P™, one needs to check if there is any vertex which lays on the

boundary of initial polyhedron P?. In case there is no such vertex, then P is
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bounded and we have P = P™. On the other hand, any vertex of P™ which is on
the boundary of P is not a vertex of polyhedron P; hence, it is excluded from
the list of the vertices (line 9). Clearly, a vertex on bd P° demonstrates that P is
not bounded. Indeed, any edge of P™ that is formed by a vertex on bd P° and a
vertex that is not on bd P yields an extreme direction of P. Hence, in order to
find the extreme directions of P, isedge function is called for all v € V™ Nbd P°
and v € V™ \ bd PY. If there exists an edge between them, d := HZ::ZH is an
extreme direction of the recession cone of P and it is added to set D (lines 10-14).
The algorithm returns V' = V™ and D (lines 17-18).

Algorithm 1 vertenum(A,b)

1: Initialize P° as described in Steps 1-3 (with vertices V? and faces F°);
2: Initialize D = () (the set of extreme directions);

3: for k=1:mdo

4. Hp={z eR"|a]lz>b};

5. P* = onlinevert(P*=t, Hy) (with vertices V* and faces F¥);
6: end for

7. for allv € V™ do

8: if v € bd P° then

9: Vm o VmA {v};

10: for all v’ € V™ \ bd P° do

11: if isedge(v,v’, P™) # ) then
12: D+ DU ||Z::Z||;

13: end if

14: end for

15:  end if

16: end for

17: V=V

18: return P with vertices V' and extreme directions D.

Remark 4.2.1. Note that for some applications of the vertexr enumeration prob-
lem, the main task might be to find only the vertices of the polyhedron but not
necessarily the extreme directions of its recession cone. For such applications it

1s possible not to perform lines 10-14 of Algorithm 1 and to return V' only.
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4.3 Vertex Enumeration Algorithms for Un-
bounded Polyhedrons with Given Recession

Cones

In this section, we discuss modifications of Algorithm 1 which work more effi-
ciently whenever polyhedron P is unbounded and its recession cone is the positive
orthant, R’ . The motivation behind is that in Benson-type MOP algorithms the
upper image is known to be unbounded and its recession cone is the ordering

cone of the multiobjective optimization problem, namely, R}, see Remark 3.1.1.

Recall that Benson’s algorithm starts by finding the 'ideal point' v°; P? =
{v°} + R” is the initial outer approximation of the upper image P; and in each
iteration, the current outer approximation is updated by intersecting it with a
halfspace. For the algorithms described here we assume that polyhedron P is

given.

The first algorithm to be described is almost the same as Algorithm 1. The
only difference is the initialization part. For the second one, we modify onlinevert

function to be called within the algorithm.

4.3.1 Algorithm 2

We explain the initialization of the algorithm and the rest follows almost the

same as in Algorithm 1.

Note that as there are finitely many vertices of P, there exists a bounded
polyhedron which contains the set of all vertices V of P. Moreover, V C {v°}+R'}.
Then, it is known that there exists a sufficiently large number M > 0 such that
YV C PY:= {v°} + conv {0, Mey, ..., Me,}, where e; are the unit vectors with i

component being 1.

Initialization: Clearly, the initial polyhedron has n + 1 vertices, namely,
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VO = {90, ... v}, where v* = v° + Me; for i = 1,...,n. Moreover, the
convex hull of any n vertices forms a face of it. Then, any n-combination of
these n 4+ 1 vertices correspond to a face, that is, there are (”:1) =n + 1 faces.
More specifically, FO = {f° f1,..., f"} where f' = conv{V?\ {v'}}. Clearly,
the adjacent vertices of face f*is Vi = VO\ {v'} and the adjacent faces of vertex
iis By = FO\ {f'}.

Lines 1-6 of Algorithm 1 is the same for Algortihm 2, where P is formed as
described above. After the main for loop, Algorithm 2 has a slight modification.
Recall that for Algorithm 1, the vertices of polyhedron P™ which are on the
boundary of initial polyhedron P° are 'artificial', that is, they are not vertices
of polyhedron P and using these artificial vertices it is possible to construct the

extreme directions of recc P.

For Algorithm 2, only the vertices on face fO are 'artificial' by the construction
of the initial polyhedron. Then, only the vertices on face f° of P are eliminated
from the set of vertices of the current (last) polyhedron. Hence, on line 8 of
Algorithm 2 we check if v € f9 instead of checking v € bd P°. Moreover, as the
extreme directions are already known, one does not need to compute them as it

is done in Algorithm 1.

Algorithm 2 vertenum?2(A,b)

Initialize P° as described (with vertices V° and faces F°);
Initialize D = ) (the set of extreme directions);
for k=1:mdo

Hy={x € R" | alx > by};

P* = onlinevert(P*=1, Hy,) (with vertices V* and faces F*);
end for
for all v € V™ do

if v € f° then

VM= VA {v};

end if
: end for
V= Vm;
: return P with vertices V' and extreme directions D.

— = =
WY = O
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4.3.2 Algorithm 3

For this algorithm, it is also known that recc P = R, that is, the extreme
directions are D = {ey,...,e,}. The main difference of this algorithm from the
others is that instead of starting with a sufficiently large bounded polyhedron,

we use the extreme directions directly in computing the updated polyhedrons.

For the algorithm, we define 'adjacent faces of extreme directions' and
'adjacent directions of faces' as below. Note that the notation v + R d stands

for the ray emanating from vertex v in direction d, {v + kd | k > 0}.

Definition 4.3.1. Let P be an unbounded polyhedron. An extreme direction d # 0
of recc P is said to be adjacent to a face f of P if there exists a vertex v of P
such that v+ Ryd forms an edge of P and is on face f. Symmetrically, extreme

direction d 1s said to be an adjacent direction of face f.

Remark 4.3.2. As before, F, denotes the set of all adjacent faces of vertexr v.
Different from the previous ones, for this algorithm, Vy denotes the set of adjacent
vertices together with the set of adjacent directions of face f. Moreover, Fy is
the set of adjacent faces of extreme direction d. In a way, we treat the extreme
directions as vertices. Hence, from now on whenever we mention adjacent vertices

of a face, we mean the union of adjacent vertices and adjacent directions of it.

For this algorithm, we modify onlinevert function such that it utilizes these
modified adjacency structures. The structure of the main algorithm is then similar
to the previous ones. The initialization and the pseudo-code for Algorithm 3 are

as follows.

Initialization: Note that initial vertex v° is given and P° = v° + cone D
is the initial polyhedron, where D = {ej,...,e,}. Then, the set of vertices
of the initial polyhedron is V% = {v°}. Moreover, there are n faces given by
fi = v + cone(D \ ¢;). Hence F° = {f',..., f"}. The adjacency lists are
initialized as follows: F,o = {f',..., f"}, F., = F\{f'} and Vi = {0°}UD\ {e;}

fori=1,...,n.
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Algorithm 3 vertenum3(A,b)

1: Initialize P° as described (with vertices V| faces F° and directions D);

2: for k=1:mdo

33 Hy={z€R"|alz>b};

4:  P* = onlinevert2(P*=1, Hy) (with vertices V¥, faces F'* and directions D);
)

6

7

. end for
: V = Vm;
. return P with vertices V and extreme directions D.

As partially explained in Remark 4.3.2, for Algorithm 3, we treat the extreme
directions (almost) as vertices. Note that isedge function, as given by Proce-
dure 1, for given two vertices of polyhedron P does not use the coordinates of
the vertices but only the adjacency lists. Then, by definition of an adjacent face
of an extreme direction d and by the usage of notation V; as the union of adjacent
vertices and adjacent directions of face f, isedge(P', d,v) returns the set of faces
on which v + R, d lays if this is an edge of P’; and returns empty set if v + R,.d

is not an edge of it.

When treating the extreme directions as vertices, one needs to be careful when-
ever hyperplane h is parallel to some of these extreme directions. Note that if
v~ is not in H, h is not parallel to d and (v~ + R,d) is an edge of P’ then, h
intersects with this edge at a singleton, namely at v' := (v~ + R, v*)NA. Clearly,
v’ is a vertex of the updated polyhedron.

Whenever h is parallel to a direction d, it does not intersect any edge of the
form v + R, d. Instead, as long as it is not redundant, it cuts polyhedron P in
parallel to direction d. Hence, h is an adjacent face of direction d. Indeed, there
must be a vertex v of P” such that v + R d is an edge of P’ and lays on h.

Similarly, d is an adjacent direction of face h.

Now, let us describe the modified onlinevert function, namely, onlinevert2.
Note that onlinevert2 takes polyhedron P’ (with its vertices V', faces F', di-
rections D and adjacency lists) and halfspace H = {z € R" | a2 > b} as its
inputs. It returns P’ := P N H (with its vertices V", faces F", directions D and

adjacency lists).
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The general structure of the procedure is similar to onlinevert. It starts with
creating the three subsets V1, VO V= of vertices of P’ according to their positions
with respect to H. See lines 1-10 of Procedure 3. Then, as in Procedure 2, it
checks if all the vertices are in H; and it returns P = P’ if this is the case (lines
11-12). Note that as P is unbounded, we cannot conclude that P* = @ if V= =V’

as it is done in Algorithms 1 and 2.

Procedure 3 onlinevert2(P', H)
Initialize VO,V V~ = ();
for allv € V' do
if a’v > b (i.e. v € int H) then
Vt«— Vtu{v};
else if a’v =0 (i.e. v € h) then
VO VOU {v};
else if a’v < b (i.e. v ¢ H) then
Vo« V-u{v};
end if
end for
if VT UV? =V then
return P’ = P’;
. else
Do Procedure 3 (Part 2);
. end if
"=V \V-and F' = U, Fy;
Vi Vp\ V™ for feF";
. return P with vertices V", faces F” and respective adjacency lists.

e e o T e T e T s T e S =Y

In case there exists at least one vertex out of H, the algorithm continues with
Procedure 3 (Part 2). First, h is added as a new face and its adjacent vertices are
introduced as empty set (line 1). As long as there are vertices that are already
on the boundary of halfspace H, h is added as an adjacent face of these vertices

and the vertices are added as adjacent vertices of h (line 3).

Then, the main loop goes over all vertices that are in int H and over all direc-
tions D (line 5). If v is one of the directions, say d € D, and if d is parallel to
h, then d is added as an 'adjacent vertex' of h and h is added as an adjacent face
of d (lines 6-7). Otherwise, i.e. when v™ € V™ or when v™ is a direction which is

not parallel to h; the algorithm goes over all vertices v~ that are not included in
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H and checks if there is an edge formed by v and v~ using isedge function (line
10). If there exists an edge and if v+ is a vertex, then vertex v" of the updated
polyhedron is found as it was done also in Algorithms 1 and 2 (line 12). If v™
is a direction and together with v~ it forms an edge then, it is known that edge
given by v~ + R vt intersects h at a single point, say v" (line 14). In both cases,

v’ is a vertex of the updated polyhedron.

Procedure 3 (Part 2) onlinevert2(P', H)
1. F' <« F'u{h}, Vi =0,
2: for all v € V° do
33 Vi< VaU{v}and F, < F, U{h};
4: end for

5. for all v € VT U D do

6: if v € D and a’vt =0 (h is parallel to v") then
7 Vh — VhU{d},Fd:FdU{h};

8 else

9: for allv= € V™ do

10: if F* .= isedge(P',v*,v™) # () then

11: if v© € VT then

12: Find v := [v*,v7] N A,

13: else

14: Find v' := (v~ +Ryvt) Nk

15: end if

16: if v' ¢ V' then

17: Vi« V' U{'}, Vi « Vau{v'} and Fy = FEU {h};
18: else

19: F, < F,UF*uU{h}and V}, + V, U {v'};
20: end if

21: for all f € F do

22: Vi<V U {U/};

23: end for

24: end if

25: end for

26:  end if

27: end for

If v is a vertex which is not already in V', then it is added to V' and to the
adjacent vertices Vj, of h. Moreover, the set of faces F'* containing the edge that
is formed by v* and v~, as well as the new face h are added as adjacent faces

of vertex v' (line 17). If v is an already existing vertex, similar updates of the

27



adjacency lists are performed (line 19). Note that as v’ is on faces in F'*, it is

added as an adjacent vertex of each of them as well (lines 21-23).

4.4 An Illustrative Example

In order to illustrate Algorithms 1, 2 and 3, we solve a simple example using each
of them separately. Since the second and the third algorithms assume that the
recession cone of the polyhedron is the positive orthant, P is chosen accordingly.

Moreover, we assume that v which satisfies v° + R” D P is known.

For the first algorithm, v° is not taken as an input; while for the others we

initialize using v". Consider the following simple example.

Example 4.4.1. Let n = 2 and polyhedron P is given by P = {x € R? | ATz >
b}, where

-1
1 011 -1
A= and b=
0110 0
—0.5
For the second and the third algorithms we assume that v° = [—1, —1]7 is
given and one needs to intersect initial polyhedron P° := 1% + R2% with {z €

R? | alz > b3, alxz > by}, where a; is the i column of A and b; is the i™"

component of b.

4.4.1 Solution Using Algorithm 1

As n = 2, there are 4 vertices of the initial polyhedron P°. Let’s take M = 5 for
illustrative purposes. Then, VO = {v! v? 03 v*} where v! =[5, 0|7, v* = [0, 5]7,

v} = [=5, 0]T, v* = [0, —5]T.
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Similarly, there are four faces. Note that we have
T = {(17 1)7 (_17 1)7 (17 _1)7 (_17 _1>}
and each element of T" defines a face. Hence F° = {f!, f2, f3, f*} where
f=conv{[5, 0], [0, 5]"}, f* = conv {[-5, 0]", [0, 5]"},

f3 = conv {[5, 0]7,[0, =5]"}, f*=conv{[-5, 0]7,[0, —5]"}.

The adjacency lists for P° is clearly Fu = {f!, f3}, Fe = {fL, f?}, Fps =
{72, f*} and F,« = {f?, f*}. Similarly, Vi = {v},0*}, Ve = {030*}, Vs =
{v',v*} and Vya={v? v*}, see Figure 4.1.

At iteration 1 of Algorithm 1 PP is intersected with H; = {x |z, > —1}, see
Figure 4.2. P! is computed by calling onlinevert(P°, H;). Note that, we obtain
V™ = {3} VO =0, VT = {v! v? 01}, see Procedure 2. As there are vertices
both in V= and V¥, i' N P® = {z |z € P° x; = —1} is a new face, namely f°
(Procedure 2 Part 2 line 6).

For vt = o!, v~ = 03, F* := isedge(P°,v*,v") = 0. As there is no edge
between v! and v3; the algorithm continues by checking v+ = v2, v~ = v3. Then,
F* :=isedge(P°,vt,v™) = {f?}. As vertex v := [vt, 07| Nh' = [-1, 47 ¢ VO,
v® = ' is a new vertex and added to V. Moreover, Vys={v}, F,s={f?, f°} (line
15), and Vy2 = {v? v*,v°} (line 20).

Similarly, for v™ = v*, v = v3, isedge(P°,v*,v™) = {f*}. Then, since

v o= vt Nkt = [=1, 4T ¢ VO we add v% := v to V°. Moreover,
Vis={v®, 0%}, Fe={f* f°} (line 15), and Vya={v* v* ,v°} (line 20).

At the end, we have V! = {v' v? 0" 0v° 0}, Fn = {f',f3}, F. =

{fl’fQ}’Fv4 - {f3’f4}’ FU5 = {f27f5}7 Fv6 = {f4,f5}- Hence, Fl =
{4, 72 3, f4 7} (line 26). Moreover, Vi={v?,v°}, Via={v*, 0%}, Vis={v", 05}

and V}i remains the same for ¢ = 1,3 (line 27).

At iteration 2, P! is intersected with Hy = {x |zo > —1}, see Figure 4.3.
P? is computed by calling onlinevert(P', Hy). Clearly, V= = {v*v%} VO =0,
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VT ={v',v*,v°} and h* N P! = {& |z € P', x5, = —1} is a new face, namely f°.

(Procedure 2 Part 2 line 6).

For vt = o', v~ = v!, F* = isedge(P',v*,v7) = {f°}. As vertex v :=
[vt,v7]NA% = [4, —1]7 ¢ V' 0" = v is a new vertex and added to V. Moreover,
Vie={v"}; Fr={f*, f°} (line 15), and Vjs = {v',v*,v"} (line 20). For vt = v,

v™ =8 F* :=isedge(P',v",v™) = (), that is, there is no edge between v! and

v,

The algorithm continues by checking v™ = v?, v~ = v* and v+ = 02, v~ = 15.

For both cases there are no edges in between v and v~.

5 v~ =% Then we check v+ = %,

Similarly, there is no edge between v™ = v
v~ = 0% and find F* := isedge(P,vt,v7) = {f°}. As vertex v := [v*, 0] N
h? = [~1, —1]7 ¢ V! % = v’ is a new vertex and added to V'. Moreover,

Vie={v",v®}; Fs={f", f°} (line 15), and Vs = {v°, 0%, v®} (line 20).

At the end of second iteration, we have VZ = {v!,v? v° v v}, Fu = {f1, f3},
Fp = {fY 2}, Fps = {f% f°), FE,r = {f% [}, F,s = {f° f°}. Hence, F? =
17 2) 37 57 6 llne 26 . MOI‘GOVGL VSZ U]',”U? , V5: fUS’fUS , V6: U7’U8

f f f

and V}i remains the same for ¢ = 1,2 (line 27).

At iteration 3, we add half-space H® = {x |, + x5 > 0} where the correspond-
ing hyperplane is h® = {z |r; + 2o = 0}. See Figure 4.4. We obtain V~ = {18},

VO =0, Vt = {vt,v2 05,07} and hence h3 N P? is a new face, namely f7.

There are no edges between, v! and v® as well as v? and v®. For v* = 0%,

v~ =08, isedge(P?, v, v™) = {f°}. Then, since v' := [v* v ]NA% =[-1, 1]T ¢
V2 we add v? = v’ to the set of vertices. Moreover, Vir={v"}; Fo={f°, f7}
(line 15), and Vjs = {v°, 0%, v} (line 20). Similarly, for v* = 07, v= = ¥,
isedge(P?, vt v™) = {f}. Then, v' := t v ]Nh® =[1, —1]7 ¢ V? we
add v!* = v’ to the set of vertices; Vyr={v? v'%}; Fo={f° f7} (line 15), and
Vie = {v”,v®, 0%} (line 20).

At the end of third iteration, we have V3 = {v! 0% 05 07, 0% 00}, Fu =
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Figure 4.1: Initial polyhedron P° of Algorithm 1 for Example 4.4.1
5

T2
o

ES - 5

Figure 4.2: Iteration 1 of Algorithm 1 for Example 4.4.1

T2
L

Figure 4.3: Iteration 2 of Algorithm 1 for Example 4.4.1
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Figure 4.4: Iteration 3 of Algorithm 1 for Example 4.4.1
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Figure 4.6: The end of iteration 4 of Algortithm 1 for Example 4.4.1
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Figure 4.7: V-representation for P of Example 4.4.1

{f17f3}7 Fv2 = {f17f2}7Fv5 = {f2af5}7 Fv7 = {f3af6}7 Fv9 = {f5af7}a Fvlo =
{7%, f7}. Hence, F? = {f', f2, f2, f°, f% f7} (line 26). Moreover, V;s={v°, v},
Vie={v", 01}, Vir={v?,0'%} and V}s remains the same for i = 1,2, 3 (line 27).

At the last iteration P? is intersected with H* = {x |z; > —0.5} and we obtain
V™= {0’02} VO =0, VT = {v! v} 0" 0%}, see Figure 4.5. Following the same
steps as before we obtain, V* = {v!,v? 07 010 v 012} where v!* = [-0.5, 4.5]7
and v'? = [-0.5, 0.5]7. Fu = {fY, f3}, Fe = {fY, f?},Fyr = {f3, ¢}, Foo =
{f5 17}, Fon = {f% f%}, Fpe = {7, f°}. Hence, F* = {f', f* >, f°, /", f*}
(line 26). Moreover, Vyi={v' v}, Vie={v? oM}, Vis={o', 0"} Vis={0", 0"},
Vir={v1? v'?}, Vis={v" v} (line 27). See Figure 4.6.

Going back to lines 7-17 of Algorithm 1, we check if v € V* is on the bound-

2 »" and v!!' are not vertices of the

0

ary of the initial polyhedron. Then, v, v
unbounded polyhedron P (line 9). Moreover, as there is an edge between v!

and o7, d' = % = [1, 0]7 = ¢ is an extreme direction of P. Simi-
larly, d? := ﬁ = [0, 1]7 = e, is an extreme direction (line 12). Hence,

P = conv {v', v'?} + cone {d', d*}. See Figure 4.7.

Remark 4.4.2. Note that at the end of iteration 2, the first vertex which is
not on the boundary of P°, namely v® = [—1, —1]T, is found. If the extreme

directions are known to be ey and ey then, it is clear that v®+cone {e1,e2} contains
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polyhedron P.

This situation is not a coincidence. Indeed it is guaranteed by the structure of
the example that we consider. Recall that we aim to use these vertex enumeration
algorithms within Benson-type MOP algorithms, where the initial step is to find
the ideal point. The ideal point can be found by intersecting n halfspaces whose
normal directions are the unit vectors e;,1 = 1,...,n. In this example, in order to
illustrate the structure of Benson-type MOP algorithms, the first two halfspaces

are written such that their normal directions are es and ey, respectively.

For Algorithms 2 and 3 we assume that [—1, —1]T is given as v°. The
wnitial polyhedrons are constructed accordingly and in order to compute the V-

representation of P, the initial polyhedron is intersected with H® and H* only.

4.4.2 Solution Using Algorithm 2

As explained in Remark 4.4.2, the initial vertex v° = [—1, —1]7 is given. As in
the previous case, we take M value as 5. Then, there are three vertices of the
initial polyhedron, namely V0 = {v° o', v?}, where v! = v +5¢; = [4, —1]7 and
v2 =1 4+ 5ey = [—1, 4]T and PY = conv {v°,v!,v?}. Moreover, there are three
faces, that is FO = {f° f1, f?}, where f° := conv {v!,v?}, f! := conv {v°,v?}

and f? := conv {v°,v'}. Clearly,
Fpo = {flan}v Fp = {f07f2}7 Fpe = {foafl}v

Vfo = {Ulavz}7 va1 = {UO,UQ}a VfQ = {UO,Ul}.

See Figure 4.8.

At iteration 1, P° is intersected with half-space H® = {z |z; + x5 > 0}, see
Figure 4.9. Similar to Algorithm 1, onlinevert(P°, H?) is called. As a result,
f2:=nNPYis added to F° and v* = [1, —1]7 and v* = [~1, 1|7 are added to

VY. Since V— = {v'}, at the end of iteration 1 we have V! = {v! v2 v3 01}, F,i =
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Figure 4.8: Initial polyhedron P° of Algorithm 2 for Example 4.4.1
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Figure 4.9: Iteration 1 of Algorithm 2 for Example 4.4.1

(£ 17} Foe = {f° 11 Fos = {f%, P} Foo = {f. fPYand F* = {f°, f1, 2, f°},

Vio = {01, 0?}, Vp = {0, v}, Viz = {01, 03}, Vs = {07, 04},

At iteration 2, P! is intersected with half-space H* = {z |z; > —0.5}, see
Figure 4.10. As a result of onlinevert(P, H), f*:= h*N P! is added to F! and
v® = [-0.5, 3.5]7 and v® = [-0.5, 0.5]7 are added to V. Since V— = {v? v*}, at
the end of iteration 2 we have V2 = {v! 03,05 08}, Fo = {f°, f2}, Bs = {f?, 3},
Fos = {f° [}, Foo = {f?, f*} and F? = {f°, f2, f°, [}, Vjo = {v',0°}, V2 =

{v!, 0}, Vs = {v°,0%}, Vi = {v°,0%}.
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Figure 4.10: Tteration 2 of Algorithm 2 for Example 4.4.1

Then, we check if v € V2 is on fY, see lines 7-11 of Algorithm 2. Accordingly,
v! and v® are not vertices of the unbounded polyhedron P (line 9). Hence,
the only vertices are v® and v°®. Since the extreme directions are known, the V-

representation for P is given by P = conv {v?, v%} +cone {ey, €5}, as in Figure 4.7.

4.4.3 Solution Using Algorithm 3

The initial vertex v° is given as [—1, 1]7 as explained in Remark 4.4.2. Moreover,
it is given that D = {e;, e2}. Then, the initial polyhedron has a single vertex, that
is VO = {1°}, and it has two faces, that is F'* = {f1, f2} where f* = v"+cone {e,}
and f2 = v + cone{e,}. Clearly, F,o = {f', f*}, F., = {f*},F., = {f'} and
Vi = {0 ea}, Vie = {0° €1 }. See Figure 4.11.

At iteration 1, P is intersected with H® = {z |x; + 2o > 0}, see Figure 4.12.
Algorithm 3 calls onlinevert2(P°, H®) and we obtain V= = {v°}, V? = {), and
VT = (), see Procedure 3 lines 1-10. Since there are vertices out of H® (see

lines 11-13), the corresponding hyperplane h? defines a new face, hence we have
FO = {f' f2 f3} where f3 = h3n P° see Procedure 3 Part 2 line 1.

Then, we check each v € VTUD. Let v™ = e;. Note that e; € D but it is not
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Figure 4.11: Initial polyhedron P° of Algorithm 3 for Example 4.4.1
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Figure 4.12: Iteration 1 of Algorithm 3 for Example 4.4.1
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Figure 4.13: Tteration 2 of Algorithm 3 for Example 4.4.1

parallel to h?, hence we consider v~ = v? and obtain isedge(P°, v+, v™) = {f?},
lines 5-10 of Procedure 3 Part 2. Then, we find v :=v* + R e; N k% = [0, —1]7,
line 14. Since, v" ¢ VO we add v' = v" to the set of vertices. In particular,
we have VY = {0%,v'}, Vis={v'} and Fi={f?, f*} (line 17) and Vy2={0°, e;,v'}
(lines 21-23).

Similarly, v" := e, is also not parallel to h* (line 6). Hence we let v~ = v° and
obtain isedge(P°,v*,v™) = {f'} (line 10). Then, since v" := (v* + R ey) N A% =
[0, 117 ¢ VO we add v? = v to the set of vertices and obtain V° = {v°, v!, v?}.

Moreover, Vis={v',v?}, F2={f', f3} and Vj1={0°, es, v}, see lines 17 and 22.

At the end of iteration 1, we obtain P! with vertices V! = {v!,v?}. Note that
Fo = {f% Y, Fe = {fY 3}, F., = {f?} and F., = {f'}. Hence, the set of
faces is F'' = {f', f2, f*}, see line 16 of Procedure 3. Moreover, Vi1 = {eq,v?}
and Vp2={ey,v'}and Vys = {v', v?}, line 17.

At iteration 2, P! is intersected with H* = {x |r; > —0.5}, see Figure 4.13.
Clearly, onlinevert2(P', H*) is called, line 4 of Algorithm 3. Then, we obtain
Vo = {v*} VO =0, VT = {v'}, see lines 1-10 of Procedure 3. As there are

vertices in V', the algorithm continues with Procedure 3 Part 2 line 1 and F'! =
{5 2 F3 1) where f4 = htn Pl
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Let vt = v'. Note that v; ¢ D. Hence we let v~ = v* (lines 5-9). Then,
isedge(PY, vt v7) = {f?} is found (line 10). As v™ = v! is a vertex but not a
direction, we find v" as [v*,v? N h* = [-0.5, —0.5]7, line 12. Then, v* := v is
added as a new vertex, V! = {v!,v?,v*}, and Vju = {v*}, Fs = {f?, f*} (line

17). Moreover, we have Vs = {v', v? 0%},

The algorithm continues by checking v™ = e;. Note that this is a direction but
not parallel to h*. Hence, we let v~ = v? and find out that there is no edge starting

from v? and goes through the direction e; since we have isedge(v',v™) = (.

Then, we let v = ey. Note that e, is parallel to h* as we have [1, 0]e; = 0.
Then, Vi = {03, e} and F., = {f*, f*}, see line 7 of Procedure 3 Part 2. Next,
we update the vertices and the faces after the second iteration as in lines 16-
17 of Procedure 3 (Part 1). Accordingly, V? = {v',v*} and we have F, =
{2 3, Fs = {f3 4}, F., = {f*} and F,, = {f*}. Hence, the set of faces is
F2={f2 f3 f*}. Moreover, Vy2 = {e1,v'} and Vys={v',v*}and Vs = {03, es}.

At the end of the second iteration, Algorithm 3 returns V = V? = {v! 03}

and the extreme directions D. Hence, we obtain P as given in Figure 4.7.
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Chapter 5

Computational Results

The algorithms that are described in Chapter 4 are implemented using MATLAB.
Note that there is also a MATLAB implementation, namely 'c-bensolve', of a
Benson-type convex multiobjective optimization algorithm [19]. As explained in
Remark 3.1.1, an on-line vertex enumeration problem is solved in each iteration of
c-bensolve. Indeed, c-bensolve generates outer approximations to the boundary
of the upper image (or the set of weakly nondominated points in the objective
space), by intersecting the current approximation with another halfspace in each

iteration until the approximation is tight.

As a matter of fact, for a single multiobjective optimization problem, Benson’s
algorithm iteratively solves a single off-line vertex enumeration problem. The
main point is that in each iteration of this algorithm halfspace Hj, to be intersected
with the current polyhedron is not given as an input but it is found by solving a

scalarization problem for the corresponding multiobjective optimization problem.

In the current implementation of c-bensolve, these vertex enumeration prob-
lems are solved using a MATLAB function (vert) written for MATLAB imple-
mentation of Benson-type linear multiobjective optimization algorithm, namely

'bensolve’ [46]. Even though an on-line vertex enumeration problem is solved at
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each iteration of Benson-type algorithms, vert solves an off-line vertex enumer-
ation problem. Hence, at each iteration, it computes all the vertices from an
H-representation of the current outer approximation even though many vertices

are already found in earlier iterations.

Instead of solving an off-line vertex enumeration problem at each iteration, we
solve an on-line vertex enumeration problem by employing the MATLAB imple-
mentations of the procedures that are described in Chapter 4, within c-bensolve.
In order to compare the performances of Algorithms 1-3, we randomly generate
linear multiobjective optimization problems; we treat each problem as a vertex
enumeration problem where H*’s are not direct inputs of the vertex enumera-
tion problem but they are generated as they are done (by solving scalarizations)
in Benson-type algorithms. We measure the CPU times that is spent only dur-
ing onlinevert or onlinevert2 procedures. Note that both Algorithm 1 and 2 use
onlinevert procedure but as the initializations of the two algorithms are different,

the number of vertices of the current polyhedrons differs.

For the first algorithm, initial vertex v° is found by calling onlinevert n times,
where n is the dimension (of the objective space). For the other algorithms, vV is
given as the ideal point, see also Remark 4.4.2. In order to have a fair comparison,
we treat the first n iterations of Algorithm 1 as part of the initialization step of
Benson’s algorithm. Hence, the (n+1)* iteration is counted as the first iteration.
Note that the reason behind is also clear if one considers the illustrative example
given in Section 4.4. When we solve Example 4.4.1 by Algorithms 2 and 3, we
only consider H3 and H*, whereas when we solve it by Algorithm 1, we consider

two more halfspaces, namely H' and H?, in order to find 2°.
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5.1 Creating Random Problems

In order to test the performances of the algorithms, we randomly generate linear

multiobjective optimization problems in the following form:
minimize PTz subject to Az < b, x>0,

where P € R™ and A € R™¥ are matrices of respective sizes and b € R™
is an m-dimensional vector. Clearly, the number of objectives is n, the number
of variables is N and the number of constraints is m. As the objective space is

n-dimensional, the vertex enumeration problem to be solved is also n-dimensional.

In order to generate random linear MOPs of this form, it is enough to generate
matrices P and A as well as vector b, randomly. For our tests, each component of
A and P is generated using independent normal distributions with mean p = 0
and variance o2 = 100, whereas each component of vector b is generated using
independent uniform distributions on range [0, 10]. Note that we use a uniform
distribution on this range in order to guarantee that we generate feasible linear
programs. Moreover, in order to avoid numerical complications, we round each

component of A, P and b to its closest integer.

When we generate a problem, we first check the feasibility and boundedness of
it and add it to our sample only if the problem is solvable, that is, if it is bounded

and feasible. Otherwise, we continue generating another set of P, A and b.

5.2 Results and Discussion

We consider different set of problems where the number of objectives (n) ranges
from 2 to 5; the number of variables (N) ranges from 5 to 50; and the number
of constraints (m) is taken as 2N. For the problems with two objectives, for
each choice of N and m, we generate 100 feasible and bounded linear MOPs.
Similarly, for n = 3 and n = 4 we generate 50; and for n = 5, we generate 30

solvable problems for each choice of N, m.
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These problems are solved using c-bensolve for a given error level €, where ¢
is taken as 0.005 for biobjective problems and as 0.05 for problems with more
than two objectives. The initialization step of c-bensolve, where the initial outer
approximation PY of the upper image P is formed, is done in three different
ways for each algorithm, as described in Chapter 4. Then, in each iteration of
c-bensolve, the current outer approximation is updated by intersecting it with
halfspace Hy. In this step, we use three different procedures for the three al-
gorithms and report the required CPU times in order to solve the same on-line
vertex enumeration problem with each procedure. Note that for Algorithms 1
and 2, we call onlinevert for possibly different representations of the current
outer approximation depending on the different initial polyhedrons, whereas for
Algorithm 3 we call onlinevert2. In order to check the accuracy of Algorithms 1-3
we also employ vert from [46] for the same problem and confirm that the vertices

of the updated polyhedron are found correctly.

Clearly, even the optimization problems of the same size may require different
number of iterations of c-bensolve in order to be solved for a given error level
€. However, the number of iterations of c-bensolve is nothing but the number
of halfspaces that define the polyhedral set to be generated. In other words,
the ’size’ of the induced vertex enumeration problem may be different for each
multiobjective optimization problem of the same size. For our numerical tests,
the aim is to compare the CPU times required to solve the vertex enumeration

problem rather than the CPU times to solve the MOP.

In order to compare the average times that are spent for solving the vertex
enumeration problem in each iteration, we consider a sub-sample of problems
which require at least a certain number of iterations of c-bensolve. For example,
forn =2, N =5 and m = 10, we generate hundred problems and solve them
using c-bensolve where we employ three different vertex enumeration procedures
within the iterations. Among hundred MOPs, the minimum number of iterations
required is 3. Then, if we want to have a sample of hundred vertex enumeration
problems of the same size, with the dimension being 2 and the number of defining

halfspaces being 3, we need to consider only the first 3 iterations of these problems.
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Figure 5.1: Run time performances of Algorithms 1-3 for problems with n = 2,
N =5, m = 10. The total number of iterations is 6 and the sample size is 45.

However, instead of considering hundred rather small-sized problems, we re-
duce the sample size such that it is at least forty and we increase the size of the
vertex enumeration problem accordingly. The procedure is as follows. We list
hundred problems according to the number of iterations that they require, in a
non-increasing order. We check the number of iterations that the 40" problem
requires, say M. Then, we consider the sub-sample of problems which requires
at least M iterations to be solved. Clearly, the sample size is at least forty. This
way, we obtain a sample of vertex enumeration problems with dimension 2 and
number of halfspaces to be intersected M. For n = 2, N = 5 and m = 10,
we obtain M = 6 and the sample size is 45. Figure 5.1 show the average CPU
time that is spent at each iteration of the vertex enumeration problem by each

algorithm.

According to Figure 5.1, there is no clear distinction between the run times of
the three algorithms. However, we observe that the first iteration of Algorithm 2

requires less time than the others.

For the rest of the numerical tests, we follow a similar procedure in order to
determine the sample size and the size of the vertex enumeration problem. For
two dimensional problems, we let the sample size to be at least 40, for three, four

and five dimensional problems, we let the sample size to be at least 20.
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Figure 5.2: Run time performances of Algorithms 1-3 for problems with n = 2,
N =30, m = 60. The total number of iterations is 24 and the sample size is 41.

For n = 2, that is, for biobjective problems, we consider six set of parameters,
where we take the number of variables N as 5, 10, 20, 30, 40, 50 and the number of
constraints m as 2N. For each set, we generate hundred problems and consider the
sub-samples as explained above. The graph for N = 30 can be seen in Figure 5.2

and the graphs for the rest can be seen in Appendix, see Figures A.1-A 4.

Note that for 2-dimensional vertex enumeration problems, there is no clear
distinction regarding the performances (CPU times) of the three algorithms. We
observe that Algorithms 2 and 3 are better at the first few iterations. Note that
this is expected as the initial polyhedron for Algorithm 1 has more ’artificial’

vertices than the initial polyhedrons generated for the other two algorithms.

For n = 3, we consider five set of parameters, where we take the number of
variables NV as 5, 10, 20, 30, 40 and the number of constraints m as 2N. For each
set, we generate forty problems and consider the sub-samples of sizes at least 20.
The graphs for N = 10 and N = 30 can be seen in Figures 5.3 and 5.4; and the
graphs for the rest can be seen in Appendix, see Figures A.5-A.7.

As it can be seen from the figures, Algorithm 3 works better for three dimen-
sional problems. Indeed, the average CPU times for each iteration that is spent

by Algorithms 1 and 2 are around twice as the average run times that is spent by
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Figure 5.3: Run time performances of Algorithms 1-3 for problems with n = 3,
N =10, m = 20. The total number of iterations is 29 and the sample size is 21.
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Figure 5.4: Run time performances of Algorithms 1-3 for problems with n = 3,
N = 30, m = 60. The total number of iterations is 159 and the sample size is 21.
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Figure 5.5: Run time performances of Algorithms 1-3 for problems with n = 4,
N =10, m = 20. The total number of iterations is 84 and the sample size is 20.

Algorithm 3. As before, the first couple of iterations of Algorithm 2 is faster than
that of Algorithm 1; but for the rest of the iterations there is no clear distinction

between the two.

For n = 4, we consider two sets of parameters, where we take the number of
variables N as 5, 10 and the number of constraints m as 2/N. Again, we generate
forty problems for each set and consider the sub-samples of sizes that are at least
20. The graphs for N = 10 can be seen in Figure 5.5. The graph for NV =5 can
be seen in Appendix, Figure A.8.

Clearly, Algorithm 3 works better also for four dimensional vertex enumeration
problems, whereas the performances of the other algorithms seem to be similar.
Note that according to Figure 5.5, the average CPU times for each iteration that
is spent by Algorithms 1 and 2 are even more than twice as the average run times
that is spent by Algorithm 3, especially as the number of iterations increase. Note
that this trend can also be observed by checking the graph for N = 5, m = 10,
see Appendix, Figure A.8.

For n = 5, generate a set of problems where N = 5 and m = 10. The run time

performances are shown in Figure 5.6.
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Figure 5.6: Run time performances of Algorithms 1-3 for problems with n = 5,
N =5, m = 10. The total number of iterations is 40 and the sample size is 20.

A similar trend is also observed for five dimensional problems. Algorithm
3 works much better than the other two algorithms. Indeed, by observing the
graph, we see that CPU times for each iteration that is spent by Algorithms 1 and
2 are more than three times as the average run times that is spent by Algorithm

3. This can be observed clearly as the number of iterations increase.

By considering all the graphs that are generated, we also have some general
observations regarding iterative vertex enumeration algorithms. First of all, we
see that the CPU time spent for each iteration increases as the iteration number
increases. This is expected since in general, the number of vertices to be checked
in each iteration increases. Note that this is a trend which holds in general.
Clearly, if a halfspace excludes many vertices of the previous polyhedron, the
number of vertices may decrease in the next iteration and this explains why these

graphs are not strictly increasing.

Secondly, we see that the CPU time increases as the dimension of the prob-
lems increases. This can be seen for instance by observing run time perfor-
mances of problems with N = 5, m = 10 for different dimensions, see Fig-
ures 5.1, A.5, A.8, 5.6. Consider for instance the average times spent for the fifth
iteration by Algorithm 3: for n = 2, it is around 2.5 x 1073; for n = 3, it is around
3 x 1073; for n = 4, it is around 0.01; and for n = 5 it is around 0.02. Clearly, the
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same trend holds true for Algorithms 1 and 2. For larger problems, that is for the
problems with higher number of iterations, this trend gets even more obvious. For
instance the average times spent for the 30" iteration by Algorithm 2 is around
0.04 for n = 3, around 0.08 for n = 4, and around 0.75 for n = 5. Clearly, the
vertex enumeration problem gets more difficult to solve as the dimension of the
problem increases, indeed it seems to be true that the difficulty gets accelerated

by the dimension.

In addition to the average CPU times, we also keep the minimum and maxi-
mum CPU times that each algorithm spends in each iteration. Below, one can
see Table 5.1 which shows this data for n = 5, N = 5 and m = 10. Note that
the first column shows the iteration number; columns 2-4 show the average CPU
time spent by Algorithms 1-3; columns 5-6 (7-8 / 9-10) show the minimum and
the maximum CPU time of Algorithm 1 (2 / 3).

Similarly, the data for n = 3, N = 40, m = 80 can be seen in Appendix,
Table A.1.

The tests are conducted on the same computer with system features Intel(R)
Core(TM) i5 CPU- M 480-2.67 Ghz, 6.00 GB RAM, X64 Windows 10 and we
utilize MATLAB R2013a.
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Table 5.1: Run time performances for Algorithms 1-3 for problems with n=>5,
N =5, m = 10. The total number of iterations is 40 and the sample size is 20.

‘AV—Al Av-A2 Av-A3 Mn-Al Mx-Al Mn-A2 Mx-A2 Mn-A3 Mx-A3

0.1218 0.0026 0.0025 0.0219 0.4179 0.0017 0.0081 0.0015 0.0057

0.0101 0.0103 0.0057 0.0059 0.0287 0.0057 0.0241 0.0035 0.0103

0.0151 0.0163 0.0067 0.0069 0.0283 0.0072 0.0450 0.0039 0.0134

0.0252 0.0258 0.0116 0.0105 0.0542 0.0105 0.0497 0.0048 0.0349

0.0372 0.0374 0.0156 0.0111 0.0772 0.0109 0.1081 0.0043 0.0387

0.0456 0.0502 0.0162 0.0103 0.1145 0.0098 0.1446 0.0048 0.0428

0.0599 0.0586 0.0219 0.0182 0.1747 0.0179 0.1534 0.0069 0.0530

O || T = WD || =

0.0763 0.0745 0.0263 0.0247 0.1687 0.0255 0.1731 0.0085 0.0551

9 |0.1101 0.0981 0.0316 0.0230 0.6590 0.0219 0.3916 0.0078 0.1590

10 ] 0.1067 0.1091 0.0333 0.0269 0.3387 0.0274 0.4518 0.0091 0.1025

121 0.1953 0.2185 0.0636 0.0234 1.0153 0.0234 1.2790 0.0078 0.3847

151 0.2928 0.2765 0.0775 0.0210 2.4094 0.0199 2.0212 0.0094 0.5583

20 | 0.3514 0.3397 0.0936 0.0846 0.7139 0.0859 0.75633 0.0206 0.2518

25104898 04749 0.1074 0.0305 2.5995 0.0317 2.4744 0.0108 0.4802

30 | 0.5712 0.5750 0.1531 0.1223 2.1153 0.1107 2.1876 0.0237  0.6199

40 | 0.7989 0.7581 0.1711 0.0743 3.0036 0.0713 2.7754 0.0177 0.6616
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Chapter 6

Conclusion

In this thesis, the vertex enumeration problem which has an important usage espe-
cially in continuous multiobjective optimization algorithms is considered. There
are different approaches to solve the vertex enumeration problems and we focus
on iterative algorithms which solve an on-line vertex enumeration problem in each
iteration. The reason behind is that an on-line vertex enumeration is solved in

each iteration of Benson-type linear and convex MOP algorithms.

We use the well known 'double description method' in order to solve the on-
line vertex enumeration problem. Note that this method works where the given
polyhedron is bounded. For Benson-type MOP algorithms however, we deal with
unbounded polyhedrons. Hence, the first approach is to use sufficiently large
bounded initial polyhedrons which is assumed to include the set of all vertices
of the polyhedron whose H-representation is provided. Accordingly, we propose
Algorithms 1 and 2.

Algorithm 1 is a general vertex enumeration algorithm which works for
bounded and unbounded polyhedrons and returns the V-representation of a given

polyhedron, that is, the vertices and the extreme directions that generate it.

We modify Algorithm 1 and propose Algorithm 2 for unbounded polyhedrons

whose recession cone is known. Note that for Benson-type MOP algorithms, the
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polyhedron that is to be generated is (the approximation of) the upper image of
the problem and the upper image of a convex MOP is known to be unbounded.
Indeed, its recession cone is the positive orthant. Algorithm 2 uses that infor-
mation and starts with a smaller initial polyhedron. Then, it uses the double

description method to iterate.

Next, we propose a variant (Algorithm 3) of Algorithm 2 where we again
assume that the extreme directions of the given polyhedron are known. Different
from the previous ones, the initial polyhedron for Algorithm 3 is not assumed
to be bounded. Instead, it is an unbounded polyhedron with given extreme

directions which are used directly in the computations.

The three algorithms are implemented using MATLAB software and perfor-
mance tests are conducted for randomly generated linear MOPs. Note that the
dimension of the vertex enumeration problem is the number of the objective func-
tion in the respective MOP. It has been shown that as the dimension increases,
the vertex enumeration problem gets more difficult and requires more CPU time

to be solved.

We also show that Algorithm 3 works more efficient than Algorithms 1 and 2
for problems in higher dimensions. For two dimensional ones, there is no clear
distinction between the performances of the algorithms. For three dimensional
problems, Algorithm 3 works much better that the others. To be more specific,
the average CPU time spent by the other algorithms are around twice as the
average CPU time spent by Algorithm 3. As the dimension increases, the effi-
ciency of Algorithm 3 compared to Algorithms 1 and 2 improves even more. For
five dimensional problems the average CPU time spent by Algorithm 1 and 2 are
more than three times of the average CPU time that is spent by Algorithm 3.

When we compare the test results for Algorithms 1 and 2, we see that the
performances are almost the same except a few iteration at the very beginning
of the algorithms. That is expected as the initial polyhedron for Algorithm 2 has

less number of vertices and faces than the one that is generated for Algorithm 1.
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We see that using the extreme direction information directly in solving the
vertex enumeration problem iteratively increases the efficiency significantly. A
future work is to focus on the implementation of Algorithm 3 and make it even
more efficient by using convenient data structures. We believe that implement-
ing it using C or C++ instead of MATLAB would also improve the run-time
performances. As the vertex enumeration problem is the bottleneck of solving
linear and convex MOPs using Benson-type algorithms, this will also improve the

efficiency of those.
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Appendix A

Additional Graphs and Tables for
the Computational Performances
of the Algorithms
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Figure A.1: Run time performances of Algorithms 1-3 for problems with n = 2,
N =10, m = 20. The total number of iteration is 9 and the sample size is 44.
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Figure A.2: Run time performances of Algorithms 1-3 for problems with n = 2,
N =20, m = 40. The total number of iterations is 16 and the sample size is 46.
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Figure A.3: Run time performances of Algorithms 1-3 for problems with n = 2,
N =40, m = 80. The total number of iteration is 31 and the sample size is 42.
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Figure A.4: Run time performances of Algorithms 1-3 for problems with n = 2,
N =50, m = 100. The total number of iterations is 39 and the sample size is 44.
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Figure A.5: Run time performances of Algorithms 1-3 for problems with n = 3,
N =5, m = 10. The total number of iterations is 13 and the sample size is 23.

0.14 -

0.12

©
=

o
(@]
o]

©
(@)
for}

CPU Time (sec)

o
R

0.02

0 10 20 30 40 50 60 70 80
Number of Iteration

Figure A.6: Run time performances of Algorithms 1-3 for problems with n = 3,
N =20, m = 40. The total number of iterations is 72 and the sample size is 20.
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Figure A.7: Run time performances of Algorithms 1-3 for problems with n = 3,
N =40, m = 80. The total number of iterations is 94 and the sample size is 20.

Table A.1: Run time performances for Algorithms 1-3 for problems with n=3,
N =40, m = 80. The total number of iterations is 94 and the sample size is 20.

‘Mn—Al Mx-Al Mn-A2 Mx-A2 Mn-A3 Mx-A3

0.0021  0.0096 0.0008 0.0023 0.0008 0.0019
0.0017 0.0061 0.0016 0.0121 0.0017 0.0137
0.0025 0.0055 0.0024 0.0062 0.0019 0.0037
0.0025 0.0105 0.0024 0.0130 0.0022 0.0152
0.0027  0.0131 0.0027 0.0316 0.0025 0.0116
0.0041  0.0275 0.0042 0.0179 0.0036 0.0218
0.0055 0.0254 0.0056 0.0284 0.0049 0.0303
0.0094 0.0184 0.0091 0.0179 0.0061 0.0179
0.0116 0.0429 0.0115 0.0287 0.0094 0.0219
0.0191  0.0652 0.0189 0.0905 0.0158 0.0717
0.0291 0.0822 0.0262 0.0837 0.0221  0.2022
0.0379 0.1586 0.0461 0.1414 0.0297 0.1251
0.0743  0.2217 0.0757 0.2803  0.0577  0.2413
0.1207  0.4402 0.1058 0.5500 0.0992  0.3490
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Figure A.8: Run time performances of Algorithms 1-3 for problems with n = 4,
N =5, m = 10. The total number of iterations is 30 and the sample size is 20.
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