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CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS OF THE
INFINITE SYMMETRIC GROUP

ABSTRACT

The characters of the infinite symmetric group were described by E. Thoma in 1964.
E. Thoma’s proof was difficult. Later, A. Okounkov found another proof based on the
works of G. I. Olshanski. In thesis, we work out the details of A. Okounkov’s proof.

Related part of the work of G. 1. Olshanski are either explained or given references.
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SONSUZ SIMETRIK GRUBUN INDIRGENEMEZ TEMSILLERININ
SINIFLANDIRILMASI

0z

Sonsuz simetrik grubun karakterleri E. Thoma tarafindan 1964 yilinda tanimlandi.
E. Thoma’nin kanit1 zordu. Daha sonra, A. Okounkov G. I. Olshanski’nin
caligmalarina dayanan baska bir kanitin1 buldu. Bu tezde, A. Okounkov’un kanitini
detaylariyla birlikte yazdik. G. I. Olshanski’nin ¢alismasiyla baglantili olan kisimlar

ya ac¢iklandi ya da referanslar verildi.

Anahtar kelimeler: Uniter temsiller, sonsuz simetrik grup, Brauer yarigruplari,

spektral teori
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CHAPTER ONE
INTRODUCTION

Representation theory is an important subject for the area of the mathematical
research. It allows us to reduce problems in abstract algebra to the problems in linear
algebra. Firstly, Gauss used characters of finite abelian groups in the begining of 19th
century. Representation theory has deep connections with areas such as number
theory, homological algebra, mathematical physics and algebraic geometry. It still
has unanswered problems and conjuctures. Moreover, the representaion theory of big
groups is a devoloping part of modern mathematics and it has various applications in

probability and mathematical physics (especially, the representations of S(00)).

In representation theory, characters have a prominent place. For a given infinite
discrete group H, a character is a function from H to C which satisfies the folowing

conditions,

(a) ¢ is central, that is, p(gh) = ¢(hg) for all h, g € S(o0),

(b) ¢ is positive definite, that is, for all hy, hg, - - - , h, € S(c0) the matrix go(hihj_l)

is Hermition and non-negatively definite,

(c) ¢ is indecomposable, that is, it can not be written as the sum of two linearly

independent functions satisfying (a) and (b),

(d) ¢ is normalized, that is, p(e) = 1.

Characters contains lots of information about the unitary representation of infinite
discrete groups. If one know the characters of the infinite symmetric group, then it is

possible to construct its unitary representations.

In this thesis, we will work out the characters of irreducible representations of the



infinite symmetric group which is defined by

S(o0) = [ JS(n)
n>1
where S(n) is the symmetric group on n elements. One can observe that, S(n)’s have
the form of an increasing chain of subgroups. There is a natural topology on the group
S(o0) which is induced by the weak operator topology in the representation by

permutations of the standard basis vectors
S(o0) — Ul(ls)

where U(l) is the group of unitary operators in the coordinate Hilbert space l5. A

unitary representation of the group S(c0) is
m:S(o0) — U(H)

where U(H) is the group of unitary operators in the Hilbert space H and 7 is a group
homomorphism. The above representation 7 is said to be tame if it is continuous
according to the above topology on S(oc) and the weak topology on U(H). We can

give more useful definition about the tame representation. Denote by
H, = H() n=12---,

where H,, is the subspace of invariants with respect to the action of the group S,,(c0) in
the above unitary representation and S,,(c0) is the subgroup of S(co) which fixes the
numbers 1,2, --- ,n. The subgroups S, (c0) is a fundamental neighbourhood base of

identity in the topology on S(co) which is defined above. 7 is the tame representation
of S(c0) if and only if
H=|JH,

n>1

E. Thoma found characters of infinite symmetric group and showed them in

Thoma (1964). Thoma’s proof was complicated. A. M. Vershik and S. V. Kerov used



asymptotic methods to prove Thoma’s theorem. A. Okounkov used the ideas and the
method of Olshanski (1990) to give a new simpler proof of Thoma’s theorem. The

characters of the group S(co) are the functions of the form

w(o) =1 ( n(az->af+(—1>k‘12n<—bi>bf>7 (1.1)

where

and

Our main aim is to work out A. Okounkov’s contribution to this theorem and we
give the details for his work. Let us consider the group G = S(00) x S(c0) and its
diagonal subgroup K = diagS(co0). The group G is called the infinite bisymmetric
group. A unitary representation m of the bisymmetric group G in a Hilbert space is
called a spherical representation of the pair (G, K) if it is irreducible and it has K-
invariant vector o with the length 1. This vector is called spherical vector and it is
unique up to a scalar factor. G. I. Olshanski’s ideas for the infinite groups was that it
is necessary to produce a good representation theory. Therefore, if we study unitary
representations of G, we actually need to study the representations of the pair (G, K)

(see Ol’shanskij (1990)).

The spherical function of the spherical representation of the pair (G, K) is
©(g) = (m(g, g)c, ). By virtue of the following theorem, the spherical function can

be considered as a character of the group S(oc0).

Theorem 1. (Ol’shanskij (1990), p. 987) For any discrete group K there exists a
natural bijective correspondence between the spherical representaions of the

Gel fand pair (K x K,diag K) and the finite factor representaitons of K.

In Olshanski (1990) and Ol’shanskij (1990), G. I. Olshanski explained that E.



Thoma’s theorem is equivalent to description of all spherical representations of the

pair (G, K).

In chapter two, we are going to recall what we know about G. I Olshanski work. G.
I. Olshanski introduced a semigroup which has an important role for the theory of
admissible representations of the group G. Firstly, Brauer constructed a semigroup
which is called Brauer semigroup by using ideas of diagrams. A diagram is
constructed by putting the same points on the upper and lower horizontal axis
respectively and connecting each point with a different point by a curve. Moreover,
we assign a nonnegative number for each curve. S. V. Kerov obtained realizations of
representations of a Brauer semigroup (see Kerov (1989)). G. L. Olshanski used these
ideas to construct a semigroup. G. L. Olshanski considered elements of g € G as a
diagram consisting of points ..., —2, —1,1, 2, ... on the upper horizantal axis and the
same points on the lower horizonral axis. All connected points have length 0. He also

defined some elements A;’s, C;’s and P;’s. The semigroup defined by
F = <GD, Al7 Cj, Pk>j21,k’20 /<Cl = ]_>

is called Olshanski’s semigroup . Elements A;’s, C;’s and P;’s have natural involution
which is reflection in the horizontal axis and these elements remains invariant under
this involution. G. I. Olshanski produced a theorem which is related to the semigroup
I' (see Chapter 2). We also give some identities of the elements of the semigroup I'.
These identities 1s very handy for our work. It is sufficint to know the irreducible
representation of the pair (G, K') on the restriction of the subsemigroup I'(n) C P,I'P,.

Because we have
(m(g)e, @) = (m(PogPr)a, ), (1.2)

where « is a spherical vector. The irreducibility of representation 7, on I'(n) due to

following theorem.

Theorem 2. (Olshanskij (1990), p. 991) Let © be an admissible representation of

the pair (G, K). Let T, be the representation of the semigroup 1'(n) on the subspace



H (7). Then if the 7 is irreducible then the representation T, is irreducible.

Finally, we mention about the semigroup structure on the double cosets K2\G/KP
(see Chapter 2). This semigroup I (n) is isomorphic to the subsemigroup I'(n) C
P,I'P, of T.

In chapter three, A. Okounkov’s contribution has a vast effect in the proof of
Thoma’s theorem (see Okounkov (1994)). He used the spectral theory for the
operators A;’s. A;’s are self-adjonit bounded operators with the norm || A4;|| < 1. Let
7 be a spherical representation of the pair (G, K). Let u be a spectral measure which
is supported on the interval [—1, 1]. Then the operator A; has a spectral representation

as follows

| tdn = (afa.0) = (RatRa.) = o, (13)
[_171]

where « is spherical vector and the numbers ¢, are the moments of this measure. For a

given element o € S(co) which has one cycle of length &, we have
(r(o)a, ) = . (1.4)
If o has more than one cycle, we also have

(m(o)a, ) = H Ck- (1.5)

kelo]
Therefore, one can say the moments of measure p give the characters of the group
S(o0). We will give explicit formula for the characters of the group S(oc) by using
atoms of this measure and some auxiliary conclusions. At the end, we will obtain the

Thoma’s theorem which is our main purpose.



CHAPTER TWO
OLSHANSKTI’S SEMIGROUP

In this chapter, we will define the semigroups which are important for our study.
These semigroups were defined by G. Olshanski. Before doing that we will give some

useful facts.

We define some important tools which are necessary to make sense for the semigroup
I". These tools have a relation with G = S(00) X .S(00) and diagS(oc). Letg : Z — 7Z

be a bijection. We call this bijection finite if the following set,

{i € Zlg(v) # i},

is finite. Let us define GP to be the group of all finite bijections Z — Z with the

properties g(0) = 0 and g(N) = N. Namely, our group is

G = {glg(0) = 0,9(N) = N}.

We will introduce the following terminology. Set

G”(n) = {glg(i) = 4,]i| > n}

and
Gy = {9l9(i) = i,li| < n}.
It is easy to see that, G? is actually the union of the increasing chain of its subgroups
GP(n),
{e}=GP0)cGP1)cGP@2)cC---

e ) =a”.

Similary, the subgroups of G is a decreasing chain of subgroups,



(GP = {e}.

It is straightforward to check that the subgroups G (n) and GY commute with each

other. We can define a subgroup of the group G?,
K ={g € G"lg(—i) = —g(i)}.
KP has an increasing and decreasing chain of subgroups,
KP(n) = K”nGP(n)

and

KP =KPnGP,

which are in K. We can consider elements of S(co) on finite permutations of the
set {1,2,...} . By this way and definiton of G , the group G* is isomorphic to G =
S(00) x S(c0) and the group K P is clearly isomorphic to the group S(oo). We also
have GP(n) = S(n) x S(n). Let 7 be a unitary representation of G” in a Hilbert space
H. H, is the subspace of K T? -invariant vectors. It is obvious that, H,, is invariant under

the action of the group G (n). Moreover, the subspaces H,, has the property that
Hy CH CH,C..

The union UH,, is an algebraically invariant subspace in H. The representation 7 is
n

called an admissible representation of the pair (G, KP) if

H:Lﬁu

n

Let us consider two disjoint finite sets P and P". An element of B(P, P') is an

element which satisfies the following conditions:

* A partition of the set P U P’ into pairs with a nonnegative real number given to

each pair, and



+ an unordered finite collection of nonnegative real numbers.

It is useful to consider the element of P and P’ on horizontal line. In order to
understand easily, we will give an example of it. Let |P| = 6 and |P’| = 6. We can
consider the elements of P and P’ on the upper and lower horizontal axis

respectively. Then we can describe an element of B(P, P’) in the following figure:

Figure 2.1 An element of B(P, P’)
It can be easily observed that, there exists a natural map
B(P,P') x B(P',P") — B(P, P")

which connects N; € B(P,P') to Ny € B(P',P”) via P'. The length of two
connected components are added up. Notice that, after connecting two components
we can obtain more cycles than /V; and /V; have. One can see it in the below example.

We will now show how we can connect two components. Let |P| = 6, |P'| = 6 and

|P"| = 6. Let N, € B(P,P')and N, € B(P’, P"). Then

times



is equal to

We can consider an element of B(P, P’) like a wiring diagram which has inputs and
outputs according to pairs of P U P’. We use the terminology a nonnegative resistance
instead of the length. When we multiply two objects, we mean that, two wires are glued

to each other. By a simple observation, one can notice that Aut(P) is the subgroup of

Aut(P) C B(P, P)

which has no cycles and all components of it have the length zero. For a bijection,

g:P— P

every element p € P is connected to the element g~!(p) in the second copy of P.

Our aim is now to study the object B(Z, Z). By using B(Z, Z), we will construct our
important semigroup I" which is defined later. Notice that, the multiplication rule may
fail for infinite diagrams, because we can obtain infinitely many loops which we do not
want to have. Fortunately, we will study on specific set of infinite diagrams. Because of

that, the multiplication will not be failed. Now, we define the elements which generates



our semigroup I'. The diagram A is illustrated in the following figure:

ko k k1

Figure 2.2 The diagram Ay

The diagram A has one segment of length one at k£ € Z and the length of all other
segments is zero. The diagram CY, is illustrated in the following figure:

Figure 2.3 The diagram C},

The diagram C, k = 1,2, 3, ... has the segments which have zero length and it has
one loop of length k. The diagram Py, £k = 0,1,2,... is illustrated in the following

figure:

10
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—k 0 k

Figure 2.4 The diagram Pj

The diagram P, has 2k+ 1 vertical segments of length zero and all other components
are arcs of length 1/2. We want to make sense for the diagram P? by modding out

C) = 1. Namely, P? = P, mod C.

Definition 1. I is the semigroup which is generated by the following diagrams

I?z(GDPAhC%}%%ZMQMK01:1>

modulo the relation C| = 1.

Next, we will give significant properties of the defined diagrams. These diagrams
are crucial for us. They will make easier to show some propositions and theorems later.

We will give the following identities from (Okounkov (1994)) for our work.

Proposition 1.

AA; = AA, (2.1)

gA;g ! = Ay geq@q, (2.2)

A;P, = P, A, li| <n, (2.3)

AP, =A_P, li| > n, (2.4)
P,A;P, = P,(i, k)P, li| <mn, k| > n, (2.5)

11



P AR AP, =P ][ Cryaa n < i im # i, (2.6)

J=1

PooPy =P [ Ci. (2.7)
kelo]

where [o] consists of positive integers which are the length of cycles of o.

Proof. (2.1): When we multiply A; and A;, we obtain A;A; whose i-th and j-th

(2.2):

(2.3):

(2.4):

(2.5):

(2.6):

segment have length 1 and all other segments have length 0. Similarly, A;A;
whose j-th and i-th segment have length 1 and all other segments have length 0.
Therefore A;A; = A A;.

When we multiply gA;, we obtain the element ¢' whose segment which connects
(4 + 1)-th point to i-th point in the bottom has length 1 and ¢ has the same shape

with g. Then gg has the same shape with the identity element of G' except for

1

the segment g(i) has length 1, thatis, g g~* = A,-1(;. Thus g4;g7 ' = g'g~' =

Ag(i)-

Since |i7| < n, the diagram A; P, has the same shape with P,, whose i-th segment
has length 1. Similarly, the diagram P, A; has the same shape with P,, whose i-th
segment has length 1. Therefore A; P, = P, A;.

Since |i| > n, the diagram A;P, has the same shape with P, except for the
length of upper arc which connects ¢-th point to —i-th point . This arc has length
3/2. Similarly, the multiplication of A_; P, gives the same result. Thus A; P, =
A_iP,.

Since || < n, by using (2.3) we have P, A; P, = P?A; = --- C,C, P, A;, for the
other side of equality P,s; ;. P,, when we go from ¢-th point, it passes through
two arcs and again connects with itself. Thus this segment has length 1. Hence
P,s; P, = ---C1C1C1A; P, . Since we work in our group I', we have C; =1
therefore P, A; P, = P,s; 1 P,.

If we consider the simplest case PnAfl1 P, = C}, 41 for n < 7; (One can see this

12



(2.7):

visually by drawing the product PnAfl1 P,). For the case,

P,AL - AfTP, = BASTEP, (2.8)
where the element AEZI %]ir)) is the element whose 7,-th segment has length k; for
j =1,2,--- r. Then, after multiplication, for each ¢;-th segment of Agfll ’;jr)),

we have a loop whose length is &; 4 1 . Therefore

PnAEZl,,,;IiS)Pn = Pn H(ij + 1)0101 e
j=1

Since we work in our group I', we have C'; = 1 thus

PAL P, =P, f[(ckj +1).
j=1

We will prove it by induction on the length of the nontrivial cycles of o. If
o0 = (hyhy - - hy,) has one cycle with the length n. When we multiply Pyo P,
we go from h; to ho, we draw one loop with the length 1. Because we pass two
arcs that have lengths 1/2. Continuing in this manner from b, to itself, we pass
2n arcs, so that we have a loop which has length n. Therefore Pyo Py = FyC,.
If 0 = 7 has two cycles with the lengths n; and n, respectively. Similarly, for
the cycles 7 and o we have two loops which have lengths n; and n,. Namely,
PyoPy = F(C,,C,p,. We now have Py7Py = B)C,,, PooFy = P(C,, and
PyraPRy = PyC,,C,,. Thus,

P()TP()PUOZPO = P()TP()O[PO = POCnl Cn2. (29)

Assume that it is true for n. Let 0 = 775 --- 7, has n cycles with the lengths

k1, ks, ..., k, respectively. Consider the element Poo Py = Py -« - T Trne1 Fo

13



by using the result (2.9)

PooPy = P07'17'2"'7'n+1P0

= P()Ck1 Ck2 O

n+1

thus, we obtain

PooPy =Py [] Ci. (2.11)

kelo]

More generally, one can obtain the following identity by using the same way we use

above.

P,oP, =P, [] C (2.12)
kelo]

We will also use this identity in some cases. When we look into the group I', there
exists a natural involution * in the group I'. This involution is a reflection with respect
to the horizontal axis. It is easy to see that, under this involution the elements A’s, C’s
and P’s are invariant namely, A* = A, C* = C and P* = P. We can consider an
element g of S(oc0) as a diagram. It is a diagram with no cycles, no components of
positive length. Thus, this involution sends a permutation g to its inverse permutation
g~ !. The following theorem shows us how important Olshanski semigroup I' for the

theory of admissible representaion is.

Theorem 3. (Ol’shanskij (1990)) Every admissible representation 7 of a pair (G, K)
extends canonically to a x-representation by contractions (that is, operators of norm
< 1) of the corresponding semigroup U in H (7). In this representation, the idempotent

P, is mapped to the orthogonal projection onto H (),

14



The set of contractions has a structure of a semigroup under operator composition.
A representation of a semigroup I' is a morphism 7 : I' — I'(H) such that
7 (2129) = 7 (21)7 (25) and 7' (z*) = 7' (x)* for all 1, 29,2 € ' where I'(H)

denotes the semigroup of contractions.

Let us explain some facts about the above theorem. 7 denotes the canonical
extension. For a given transposition (i,n) € G where G denotes the group of all
finite bijections from Z to Z. Moreover, all diagrams with no cycles and no
components of positive length form a group isomorphic to G°. Consider the

following operator

/

™ ((2,n)),
has a limit in the weak operator topology. In order to show this, we need to show that
the following limit

lim (7' ((i,n))e, B), (2.13)

n—o0

exists for every o and (3 are in the subspace | JH (7),,,. We may assume that the vectors
m

a and 3 are in H(7),, and we can find numbers ny, ny such that ny,ny > m. By the

definition of K,,, the element (n,ny)(—ny, —ng) is in K,,.

!/

(7'((i,m1))a, B) = (7 ((n1,n2)(—n1, —n2) (4, ng) (n1, n2) (—n1, —n2))e, )

/ /

= (7 ((4,n2))7 ((n1,12)(=n1, —n2)) v,

!

T ((n1,n2)(—n1, —n2))p)

/

= (7 ((i,n2))a, B). (2.14)

Since the element (n1, n2)(—ny, —ng) is in K, and the vectoes «, 5 are K, -invariant
vectors, we have 7 ((n1, n2)(—n1, —ng))(a) = aand ' ((ny, n2)(—ny, —n2))(B) = B.

The above argument shows that, (7' ((i, 7)), 3) is independent from the choice of n if

15



n is greater than m. Therefore

’ ’

(7 ((i,n))a, B) = lim (7 ((i,n))a, B). (2.15)

n—oo

Now, let us investigate the relation between the operator 7 (4;) and the operator

7 ((i,n)).

lim, oo 7 ((,1)) = iMoo (7 (P (i, n) Py))av, )

= (7 (A)a,7 (P3)B) (2.16)

The above argument shows that, the operator 7 (4;) can be defined as follows.

7 (4;) == lim 7 ((i,n)).

n—oo

In a similar way, we will show how to define the operator 7 (Cy). The limit

lim,,, .y soo T (11,19, -+ ;1)) exists if the limit
lim (77'/((77/]_,”2, cong))a, B)
N1, ,Np—>00

exists for arbitrary vectors a and 5 are in H(r),,. We can obtain the following,

lim (7 ((ng,ng,...,nk))a, 5) (2.17)

16



which is equivalent to

odim (7 (B ne, o ) Pa)as, B) 7= (7 (PuCi)ax, B)
= (7 (Cpa,7 (P},)B)
= (7 (Cp)a,m (Py)B)
= (7 (Cp)a, ). (2.18)
By above argument, we have
7 (Cy) = lim 7 ((ny,ng,--- ,np)). (2.19)

N1, ,Mp—>00

Let us consider the following operator

S0

" geKm(n)

where K,,(n) = K,,, N K(n). Let « be any vector in the space of K, (n)—invariants.

Then

1 (2.20)

Since the group K, (n) has n! elements. It is reasonable to write the operator 7 (P,,)

in the following form

7 (P,) = lim E > 7y (2.21)



The groups K,,(n) are in the form of increasing chain of subgroups. Namely

Therefore, the subspaces of K,,,(n)—invariants n = 0, 1, 2, ... has decreasing chain of
subspaces

H(m)mo 2 H(m)my 2 H(T) o 2 -+

and moreover, the subspace H (m),, is the intersection of above subspaces.
H(m)p = [ H(T) -

By (2.19) and previous theorem, we have 7(F,,)a = «, So the projection onto the

subspace H (7),, is the limit of projection operators onto the subspaces H (1), 1.

We now introduce a significant semigroup structure on double cosets K°\G/KP,
where n = 1,2,--- . For n = 0 the set I'(0) is equal to the double coset K\G /K.
We will later show that, the semigroup I'" (0) is isomorphic to A where A denotes the
conjugacy classes of the infinite symmetric group . Let #,, be the natural projection
from G to the double coset KP\G/KP. We also set G(m) = S(m) x S(m) C G
and K (m) = diagS(m) C K, m = 1,2, .... Let us consider the decreasing chain of
subsets

S(co) =WDOW; D---
where W,,, = {s € S(o0)|s(i) > m,i=1,2,--- ,m}.

Lemma 1. The subset W,, is equal to the set S,,(00)w,, Sy, (00) for any m = 1,2, ..

where w,, € S(2m) C S(o0) and

/

i—i_ma l.]FZ.:1727"'7m7
wn(i) =S i—m, ifi=m+1,---,2m, (2.22)

1, ifi > m.

\

Proof. Let s be any element of W,,. Then there exists ¢ € S,,(00) such that

18



g(s(i)) = m+ i, Vi < m. By putting the element g(s(i)) = m + i into w,,, we
obtain w,,(g(s(i)) = 4, Vi < m. Then w,,gs = h € S,,(c0). Since, w_,! = w,, we
have s = gw,h € S, (00)w,,Sn(cx). Conversely, take any element x from
Sy (00) Wy, S (00). Then x = hw,,g where h,g € S, (o0). If i < m, then
z(i) = (hwn)g(i) = h(wy(i)) = h(i + m) > m. Therefore z € W,,. Hence,
Wy =g € Sp(00).

]

Moreover, we consider the endormorphism S(c0) — S,,(00) induced by shifting
i to ¢ + 1. By this endomorphism, the images of the set IW,,, and the element w,,, are

the set W,(n” ) and the element wfﬁ ). It is obvious that

m

In a similar way, the above set can be written as

W = {se S(co)|s(i) =i Vi<n,s(i)>m+n Vien+1, -, m+n},
(
it+m, ifi=n+1,--- ,n+m,

(D) =S i—m. ifi=ntmtl - .n+2m, (2.24)

7, ifi <nori>n-+2m.

\

Next, we will talk about the structure of the subsemigroup I''(n).

Theorem 4. (Ol’shanskij (1990), p. 990) For any n = 0,1, --- the set ' (n) has the

structure of a semigroup uniquely defined as follows:

geGn+m) and he Gn+m)= 0,(9)0,(h) = 0,(quw™h).

Proof. Firstly, we will show that the given semigroup multiplication is well-defined.

Let p be the smallest positive integer such that g and h are in G(n + p). If m > p and
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w € W, Then 0,(gwh) = Qn(gxwﬁ,?)yh) for some z,y € S,,1n(00). Since g, h €
G(n+p)and z,y € S,4n(0), g and h commute with K, .,,. Then Qn(:pgwq(ﬁ)hy) €
KP2zguwihyKP = KPguw’ hKP. 1t shows that, the multiplication does not depend
on the choice of w. Since m > p, the element w' € W,.™. Then Gn(gwgb )h) =
0, (gw,(,")h) Vm > n . Thus the element 6,,(gw]’, h) does not depend on m. If m > p,
one can denote this element (g, h). It is obvious that, v(ug, h) = (g, hu) = (g, h)

for all u € KP. We also show that,
v(gu, ) = v(g,uh) = v(g,h) forall ue KP. (2.25)

It is sufficient to show ulV,"” = W™y = W™, Let us choose m such that u €
KP(n +m). Forany s € W\, we have su € s € W, Thus uW,\" ¢ W,
Converse of this is also clear, thus we have uWi" = Wi Above arguments shows

that, the element (g, k) depends only on 6,,(g) and 6,,(h).

Secondly, we should show that the given multiplication is associative. Let us
consider the elements of symmetric group as a matrices. Let k£ and [ be positive
integers. We can define a map (s,t) — st which is from S(n + k) x S(n + () into
S(n + k + 1). We can write elements ¢ € S(n + [) as matrices of size
(n+1) x (n+ 1) and entries of matrices consist of 0 and 1. We consider this matrices
as block matrices such that the block ¢1; 1s n X n, the block ¢ 1s X [ and the blocks
t12 and to; are n X [ and n X [ respectively. Similarly, one can also construct a matrix
for the element s € S(n + k) such that [s;;] are block matrices where 1 < 7,7 < 2.

For the elements s € (n + k) and t € S(n + (), we have

s11 s12 0 tin 0 ti2
st=| sy S99 0 0 1 0 (2.26)
0 0 1 tor 0 too
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We can write the element w](g") as

w](on) =

a block matrix as follows

1 00
001
010

€ S(n+ 2p)

Now, let us take any element g = (s,¢) € G(n +k)and h = (s',t) € G(n +1).

Then we can embed elements s and s* into G(n -+ 2p) such that a(s) and a(s’) are in

G(n+2p) . Let

a b 0 a b 0
a(s) = ¢c d 0 and «fs) = ¢ d 0
0 0 1 0O 0 1
then by multiplying following matrices, we obtain ss = a(s)a(s/)

Similary, for the elements ¢ and t', we have tt' = tw,g")t/wlg"). Then

Qn@h) =

On the other hand, we also have

O, (ss',tt")

0, (sw,(,n) s/w,()n) , twl(,n)t/wén) )

0, (swi™ s, twlt).

= swén)s/wl(,n).

(2.27)

(2.28)

By using (2.26) and (2.27), we obtain 6,,(gh) = 0,,(¢)0,(h). Since the multiplication

(2.25) is associative, the multiplication in I''(n) is also associative. Therefore, the

structure I (n) is a semigroup. Moreover, there is an involution on this group defined

by 6,(9)* = 0.(97"),9 € G.
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Let us fix any admissible representation 7 of the pair (G, K'). The smallest positive
integer that makes H (7),, # 0. This integer is called the depth of the representation 7.
Assume that the depth of 7 is n. Let P, be the orthogonal projection from H () into
the subspace H(),. The operator P,7(g)P, depends only on #,(g) € I"(n). More
precisely, we denote its restriction onto the subspace H(7),, by m,. m, is a map from

I'(n) into I (H (n),,).

Theorem 5. (Ol shanskij (1990), p. 991) 7, is a representation of the semigroup I (n)
in the space H (), for any n such that H(7),, # 0.

Let 7 be an irreducible admissible representation of the pair (GP, KP) = (G, K).
We know that, it is possible to reconstruct an irreducible representation if we know
the at least one of matrix element ¢.(g) = (g, «) for all « € G. We define a

subsemigroup of I as follows:
I'(n)=P,I'P, CT.

This subsemigroup I'(n) acts on the subspace H(7),. Let o be any vector in H(7),,.

Then

(PnanOé, a) = (Pn(gpna>v a)

= (9P, Pra)
(2.29)
- (anOé, Pna)

= (g, ).

Since (P,gP,a, o) = (go, o) for all « € H(m),, it is enough to know representation
of the subsemigroup I'(n) for one of values of n. Let 7, denotes the representation of
I'(n) on H(7),. By previous theorem 7, is *-representation of the subsemigroup I'(n)
on the subspace H(7),. The irreducibility of the representation m,, follows from the

irreducibility of the representation . Assume n is the depth of the representation. By
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the definition of depth, H(7),, = 0 for all m < n. Then we have 7(P,,) = 0 for all

m < n. Let us consider the subsemigroup I'(n)° of I'(n) defined by the elements

Aipna ‘Z| S n,
C.P, k>2.
gP,, g€ GP(n).

One can easily see that, the elements of I'(n)° only can act on the subspace H (), as
non-zero operators. The subsemigroup I'(n)° is isomorphic to the semigroup (S(n) x
%) x (S(n) x Z7%) x Z%°. In general theory, we have following results. Irreducible
representations of I'(n)° are easy to find. Assume p = (py,---,ps) is a partition of
n and the numbers x1, - - - , z; are the set of distinct points which are in the interval
[—1,1]. Let N be a representation of the semigroup Z’, that sends p; generators into
the multiplication by x; for alli = 1,--- ,s. One can see that, S(p) = [[;_, S(p;) is
the centralizer of the representation N in the symmetric group S(n). Let Ay, -+, A
be a set of Young diagrams such that each |);| equals to p;. The representation of
S(n)x Z7 is induced by the representation (®;_,m»,) @ N of the subsemigroup S(p) x
Zh C S(n) x Z is irreducible. These representations contains all irreducible -
representations of S(n) x Z'y. Moreover, their representaions are contractions. It is
convenient to represent the collection of points x1,--- , x5 and Ay, --- , A\; as a Young
distribution. A young distrubition is a function A which sends to points of the interval
[—1, 1] to Young diagrams. Note that, A(z) = ) for all but infinitely many x. We can

set
Al =D |A(x)|
and

suppA = {z|A(x) # 0}.

We can determine the representation of the semigroup (S(n) x Z1}) x (S(n) x Z1))

by a pair of Young distributions A, M such that the number of elements of A and M
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are equal to n. Since the operators C,,’s are *-stable and central, thus we have
m(Cy) = cp, (2.30)

where the points ¢,,’s belongs to the interval [—1, 1]. Now, the classification problem
for the admissible representation G =2 G becomes the problem of description of all

parameters M, A and {c,,} if this representation exists.

Let 74 (s) denote the number of cycles of the length of the permutation s € S(o0) for
k = 2,3,---. We can characterize class of arbitrary permutation s by the sequence of
nonnegative integers defined by {ry(s)|k = 2,3, --- }. We consider this sequence as a
element of the semigroup &2 ,Z where Z, is the semigroup of nonnegative integers

under addition.

Lemma 2. The semigroup T (0) is isomorphic to the semigroup A.

Proof. Define a map from G to K such that f(s,t) = st~!. Obviously, this map well
defined, homomorphism and onto. Consider the restriction of f on I (0). It is a one
to one map from I''(0) to A. To show this, take any elements st~' and zy~' from the
same conjugacy classes. Then there exists & € K such that kxy k! = st~1. Then
kxy~'k~'t = s and kyy'k~'t = t. It shows that z, y are in the same conjugacy class
and also vy, t are in the same conjugacy class. Therefore, the restriction map is one to

one. Hence , I''(0) is isomorphic to A. O

Observe that, the semigroup I'(0) is constant on the elements which have the same
cycle type because of (2.7). Therefore, I'(0) is isomorphic to A as well. By this

[

observation and previous lemma, we have I (0) = T'(0).
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CHAPTER THREE
THOMA’S THEOREM

In this chapter, we will mention about spectral properties of the operators A; and
what the characters of the group S(co) are. First of all, let 7 be a spherical
representation of the pair (G?, K). It is an irreducible representation of G with the
property H(m)y # 0. By using Olshanski’s theorem which we defined in previous
chapter, 7 can be canonically extended a *-representation of the semigroup I'(0). For
simplicity, we denote the extension of 7 with the same letter. This semigroup

contains the elements of the form

[ckr.

It is easy to see that, the semigroup above is commutative. Thus it has only 1-
dimensional irreducible representations. Namely,
dimH (7)o = 1.

Since H (7)o # 0, there is a unique K ”-invariant vector o up to a scalar with the

norm ||ar|| = 1. v is called the spherical vector. The spherical function

¢r(g) = (7(9)a, @) (3.1)

is independent from the choice of a spherical vector. Because, the spherical vector is

unique up to a scalar. By a simple observation, the spherical function is constant on the
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double cosets KP\GP /KP.

(p,r(kgk‘/)

)

Ya, 7 H(k)a) (3.2)
) )

)

where k and k' are in K. Let o be an element of S(oco) which has only one nontrivial

cycle of length n.

SOW(U)

(m(0)a, @)

(m(PyoPy)a, @)

(m(PyCh)a, @)

(m(C)a, 7(PY)a) (33)

(m(Cn)e, m(Fy)ev)

(m(Cr)er, @)

Cn-
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If o has more than one cycle, then we have

pr(0) = (m(o)a, )

nefo] (3.4)

3.1 Spectral Properties of A;’s in Spherical Representations of (G, K7)

Let 7 be a spherical representation of (G”, KP). For simlicity, we will write g
instead of 7w(g). For the operator A; and the spherical vector «, p denotes the spherical
measure. Since A7 = A; and ||A;|| < 1, the spectrum of A; takes values between —1
and 1. By the properties of the operator A, it has spectral representation by the virtue
of the ninth chapter of Kreyszig (1978),

| tdn=(afa.0) = (RAtRa.) = e, (3.5)
[7171]

where ¢4 is the moment of the measure.

Lemma 3. (Okounkov (1994), Lemma 1) \ = 1.

Proof. In order to show that, it is enough to verify the given equality for the integrals
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of all monomials. It is possible since, || 4;|| < 1 for all 4.

/[ . thrghe L ghgy D) (ak gk kg o)

= (R AR AR AV Py, )

2.6
(:) (POHCkiJrlava)

(3.6)
= (HCki+1Oé,@>
= Hcki-‘rl
r_ k;
= 1:[/[_171]t dp.
Il

The spherical function of the pair (G”, K”) can be uniquely represented by the

measure ;. Let o be an element of S(c0). By above lemma, we have

o) S L= T] [ ¢ wtar G.7)

ke(o] ke(o]

We now show some important properties of the measure .

Theorem 6. (Okounkov (1994), Theorem 1) The measure i is discrete, and its atoms

only accumulated at the point zero.

Proof. Firstly, we will show the first part of the theorem. Let us consider any Borel
subset S of [, 1] where £ > 0 and x5 denotes the characteristic function of the set S.

It is sufficient to show the inequality £44(S) < u(S)?. For this purpose, we will show
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the following two sided inequality

eu(S) < (sxs(An)a, xs(Ar)a) < u(S)? (3.8)

where s = (12) € S(o0) and « is the spherical vector. The expression which is in the

middle is real, because

(sxs(A)a, xs(Ar)a) = (sxs(Ai)a, xs(Ar)a)

= (xs(A)a, s xs(41)a) (3.9)

= (xs(A)a, sxys(Ar)a).

By (3.9) and the property of inner product, we have

(sxs(A)a, xs(A1)a) = (xs(Ar)a, sxs(Ar)a),
(3.10)

= (xs(A)a, sxs(4r)a).
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For the left side of the inequality, we have
(sxs(Ar)a, xs(A)a) = (sxs(A1)Pro, xs(A1) Pio)
= ((xs(A)P1)"sxs(A)Pia, a)
= (xs(A)PisPixs(Ara, o)

2.5)

(i (XS(Al)PlAlplxs(Al)OQOé)

= (Aixs(A)’a, ) (3.11)

=  (Aixs(A)a,a)

= / tdu
S

> /S cdp = =p(S).

For the right side of the inequality, we know A; and A, commutes each other. xs(A4;)
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and ys(A,) are orthogonal projections. Thus,

Xs(A1)sxs(A1) = xs(A1)?sxs(A1)?

= XS(A1)23XS(A1)3_15XS(A1)

Xs(A1)*xs(A2)sxs(Ar)
(3.12)

= xs(A1)*xs(A2)sxs(Ar)s™ s
= xs(A1)*xs(A2)%s

= xs(A1)xs(A2)sxs(A1)xs(Az2)

we now have,

(sxs(An)a, xs(An)a) = (xs(A1)sxs(Ar)a, @)
= (xs(A1)xs(A2)sxs(Ar)xs(Az)a, ) (3.13)

= (sxs(A1)xs(A2)a, xs(A1)xs(Az)a).

Say xs(A1)xs(As)a = 5 and since ||s|| < 1, we have

2
(58, 8) < |Is| 18I < 18I = ( / du) — (S (.14)

Therefore, we obtain eu(S) < u(S)2. Then u(S) is either equal to 0 or greater than
equal to €. In a similar way, this inequality holds for S C [—1,¢]. For any borel set
E C [g,1], if we divide E in the middle we have a new set £, then u(E') > ¢ or

u(E") = 0. Continuing in this way, we see that the measure x consists of singletons

thus p is discrete. Let By, By, ..., B, be Borel subsets of the interval [, 1]. Then

p(BiUByU..UB,)=> u(B) < 1. (3.15)
k=1
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On the other hand, we have

en=Y <Y u(B) <L (3.16)

k=1 k=1

Therefore, we obtain n < 1/e. This shows there are at most 1/ of its atoms in the

interval [, 1]. Hence, its atoms only accumulate at zero. O

Let 7 be an irreducible representaion of the pair (G, K') which has depth n and 7 is
determined by the parameters A, M and ¢;. Its is now convenient to consider that, 7 is
not defined by the numbers c¢;. It is defined by the spectral measure u of the operator

A,+1 and an arbitrary unit vector & which is in the subspace H (7),,. Because
/tkdp = (Appa,0) = (PAY P, a)

(2.6)

= (Crna,a) (3.17)

= Ck41.

This measure corresponds to a spherical representation of the pair
(G,K) = (G,, K,). Therefore, it is a discrete measure. Since the spectrum of the
operators A;’s, for i = 1,2,...,n in the subspace H(7), is supported in the interval
[—1, 1] and by the definition of Young distribution A. The spectrum of A;’s coincides

with suppA. Let V' denote the set suppy: of the measure .

Lemma 4. (Okounkov (1994), Lemma 2) supp\ C V U {0} and suppM C V U {0}.

Proof. Let x be any element of suppA \ {0} and let v be a vector in the subspace H (1),
such that A;jo = za and ||a|| = 1. §, denotes the function which is equal to 1 at the
point z and to 0 except for the point x. Let s = s; ,41. By the sixth chapter of Birman

& Solomjak (2012), we have

0. (A))a = a. (3.18)



Then
0< |z = [(za, )] = [(Aie, )
= |[(PusPa, )|
= |(sa,a)|
(3.19)
= |(s02(A1)e, 05(Ar)a)

= [(02(A1)s0.(Ar)ex, )

=" |(s6:(Ans1)ar, 0u(Ani1) ).

Since ||s|| < 1, we have

(862 (Ant1)a, 0p(Ansr)a)| < |((5I(Ai+1)a,a)|

= [(62(Ant1)a, @) (3.20)

By (3.19) and (3.20), we have 0 < |z| < p(z). If  is not in suppA. Then there is an
open set X containing x such that (X) = 0. Since {z} C X, we have u(z) = 0. But,
it contradicts with the fact (x) > 0. Therefore x € V. Similar argument is valid for

M. [l

3.2 Thoma’s Theorem

Let m be an spherical representation of the pair (G, K). p denotes the spectral

measure we have defined earlier. Let B = {a;} U {b;} where a; and b; are all nonzero
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elements of V. We set v(x) = pu(x)/|z| for |z| # 0. Then we can write
= uai)da, + Y u(=b)ds. (3.21)
=1 1=1

By using (3.5) and (3.21), we have

Cr, = /tk_ld,u = /tk_ld (Z M(ai)éai + ZM(_bi)a—bi)
=1 i=1

/tk_ld (io::u(ai)éai> +/tk_1d (i“(_bi)d_bi>

= > ulaal™t 3 u(=b) (~bi) (3.22)

for every k > 1.

Theorem 7. (Okounkov (1994), Theorem 2) All the numbers v(a;) and v(—b;) are

integers.

Before we give the proof of the above theorem, we need some identities. Let O(0)

denote the set of orbits of ¢ on the set N.

Lemma 5. Let o be an element of S(c0) and for p € O(0), set X(p) = > .. ki. Then

1€Ep

the following identity

Po[[AlP =P [ Cpisw (3.23)
p€O0(0)

holds in the semigroup 1.
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Proof. We will not give the complete proof of the lemma. In order to understand how

above equality works. Let us consider a simple example. Let 0 = (1234) then we

illustrate the product Pyo A; A3A3 A} P, as follows:

_ﬁj g

e Py

e e P NI

Figure 3.1 The product Pyo A1 A3 A3 A% P,

Thus, the product Pyo A; A3A3 AL P, equals to ] Clp45 () Where [p| = [{1,2,3,4}] =
4 and X(p) = 10. Since we work in I, loops whose lengths are one does not appear
in the product. If ¢ had two disjoint cycles then the product would have two disjoint

loops and we would reach the result in a similar way. [



Lemma 6. (Okounkov (1994), Lemma 3) Let f;(t) and g;(t), i =; 1,2, ..., be continuous
functions on the interval [—1,1| such that all of them except for a finite number, be
identically equal to 1. Let o be a spherical vector with the length ||a|| = 1. Then for

any o € S(00), we have
(@)

(UHfi(Ai)aaO‘> = H /tlm_lnfi(t)d/% (3.24)

i=1 peO(o) i€Ep

(b)

<0H fi(Ai)a,Hgi(Ai)a): I1 / T £ dp. (3.25)

peO(o) 1€p

Proof. (a) Let f;(t) be continuous function defined by f;(t) = t*i fori = 1,2, ..., such
that £, = 0. Then

<0ﬁf,~(Ai)a,a) = Pyo H Afina,a

p€O0(o)

= (2 I Cuepaa
pe0(o)

= I Crrswaa
pe0() (3.26)

36) [T /#"=w-au

pe0(o)
= H /tp|_1 H thidy,
peO(0o) 1€Ep

- ] / LT it dp
)

peO(o i€p

36



(b) Let f;(t) ,g:(t) be continious functions on the interval [—1,1] and they have

properties as we define in proposition. Then

(UHfi(Az‘)OQHQz‘(Ai)OJ = (H(gi(Ai))*UHfi(Ai)ava)

=1

1H@mmwnﬁ%mﬂ>

(3.27)

(JH go—1(i) (A ))*Hfi(Ai)Oé,a>

UH g’L ) *Hfz(Az)a7a>

()

= H/p'll_[f 0]

pe0(o 1€Ep

We have used the fact [ [, 9i(t) = []ic, 9o-10)(1)- O
We now are capable of proving the previous theorem.

Proof of theorem 11. Fixing a = a; and setting v = v(a;). Let us consider the

following vector

¢ =T da(Ai)er (3.28)
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where « is a spherical vector with ||«|| = 1. Then for 0 € S(m), we have

(Uc(m)7 C(m)) = (U H 5a(Ai)a> H 5a(Ai)a>
= (‘7 ﬁ(6a<Ai))*5a(Ai)a7 a) (3.29)

(@)II/M1HZ@MWM

peO(o) i€p

Then

[I /o Ta@awa = T [ aera

peO(o) 1€Ep peO(o)

- 11 / £, ()

peO(o)

[ @ (3.30)

p€O0(o)

= am_L(U)M(G/)"(U)

= " (u(a) /Ja])"®) = @™

where ¢(o) denotes the number of cycles (with singletons) in the permutation o €

S(m). Let Alt(m) be antisymmetrization operator for the symmetric group S(c0).
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Then

(3.31)

= my(y—l)---(y%—m—l).

We have used basic relation sgn(c) = (—1)™*4?) and the identity

Sy =yy+1) (y+m—1). (3.32)
)

oceS(m

We know that the operator Alt(m) is a projection, thus the last step of the above
equality is nonnegative for all m. In order to make it nonnegative, it must terminate at
some step. Therefore v = v(a) must be a natural number. On the other hand, v(—b;)
must be a natural number as well. Because, if we multiply the spherical representation
7 by the representation sgn ® sgn, our measure j(x) turns into j(—z) and the same

argument gives the result. ]

We write n(x) instead of v(x) to stress it is an nonnegative integer. By virtue of
(3.22), (3.7) and above result, the characters of the infinite symmetric group S(co)

will be given the following Thoma’s theorem we already proved.

Theorem 8. The characters of the infinite symmetric group are exactly the functions

of the form

o) =11 (ani)a% <—1>“Zn<—b@->bf), (3.33)
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where

and
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CHAPTER FOUR
CONCLUSION

In this thesis, we have worked out A. Okounkov’s paper. We have used Olshanski’s
some theorems and results. Moreover, we have used spectral theory for bounded self-
adjoint operators to reach our purpose. As a consequence we have given details for

Okounkov’s work about Thoma’s theorem.
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