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Department of Industrial Engineering
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ABSTRACT

In this thesis study, we concentrate on an inventory routing problem with a fleet of

multi-compartment vehicles which enables the distribution of different products to

customers on a delivery route. Using separate compartments on a vehicle increases

profitability and customer satisfaction when customer demands vary over product

and period basis. We assume that the compartment that each product can be loaded

is known and the capacities of the compartments are fixed. Customers have preset

storage capacities and distribution plans should be made in a way that no customers

would face stock-outs for any product on any day. We observe the practices of this

variant in the distribution of foods with different temperature needs to groceries, feed

distribution to livestock farms, and collection of different types of recyclable wastes.

We examine this problem separately for three assumptions considering different cases

of allowing/disallowing split delivery to customers. We propose a matheuristic ap-

proach to solve the addressed problem where we systematically integrate an Adaptive

Large Neighborhood Search algorithm with mathematical programming models. We

generate a set of instances and test the performance of our algorithm by comparing

it with the results obtained by a flow formulation adapted from the literature. We

observe that the best results we find for each instance are only %11.7 worse than the

solutions found by the flow formulation on average.
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ÖZETÇE

Bu tez çalışmasında, farklı ürünlerin müşterilere aynı rotada dağıtımına olanak sağlayan

çok bölmeli araçlardan faydalandığımız bir envanter rotalama problemini ele almak-

tayız. Müşteri taleplerinin gün ve ürün bazında farklılık gösterdiği bir durumda

araç içerisinde ayrı bölmeler kullanmak hem karlılığı hem de müşteri memnuniyetini

arttırmaktadır. Araçlarda her bölmede hangi ürünün taşınacağının belirli olduğu

ve bölme kapasitelerinin sabit olduğu bir yapıyı benimsiyoruz. Müşterilerin belirli

stoklama kapasiteleri olduğunu ve dağıtım planlarının hiçbir müşterinin hiçbir günde

hiçbir üründen stok-dışı kalmayacağı şekilde yapılması gerektiğini varsayıyoruz. Bu

bölme yapısının kullanıldığı çok bölmeli rotalama problemlerinin uygulamalarına mar-

ketlere farklı sıcaklıkta taşınması gereken gıdaların dağıtımı, hayvan çiftliklerine yem

dağıtımı, ve çeşitli geri dönüştürülebilir atıkların toplanması alanlarında rastlanmak-

tadır. Bu problemi müşterilere bölünmüş dağıtımın izin verildiği/verilmediği farklı

durumları göz önünde bulundurarak üç farklı varsayım için ayrı ayrı inceliyoruz.

Problemin çözümü için Uygulanabilir Geniş Komşuluk Araması algoritmasını matem-

atiksel modeller ile sistematik bir şekilde kullandığımız mat-sezgisel bir yöntem sunuy-

oruz. Algoritmamızın performansını literatürden uyarladığımız bir akış formülasyon-

undan elde ettiğimiz sonuçlar ile oluşturduğumuz bir dizi veri kümesi üzerinde karşılaş-

tırarak değerlendiriyoruz. Her bir veri kümesinde algoritmamızın bulduğu en iyi

sonucun akış formülasyonu ile bulunan sonuçtan ortalamada sadece %11.7 daha kötü

olduğu gözlemlenmektedir.
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CHAPTER I

INTRODUCTION

Theoretical studies and practical applications show that cooperation and coordination

in supply chain networks provide significant benefits for all stakeholders. In the pro-

posed study, the supplier manages customers’ inventories, hence plans the distribution

to different customers in coordination. Thus, the supplier can reduce transportation

and inventory costs by determining distribution routes, frequency of visits, and dis-

tribution amounts simultaneously. From the customer point of view, the advantages

are: (i) customers are exempted from dealing with inventory management, (ii) it is

less likely to have stock-outs, (iii) the bull-whip effect tends to decrease.

This application, studied as the Inventory Routing Problem (IRP) in the liter-

ature, brings along difficult decision-making processes. Technically, IRP arises as a

generalization of the capacitated version of the VRP, which is known to be NP-hard

[1]. Hence, IRP is classified as NP-hard as well. While Vehicle Routing Problems

(VRP) usually deal with a single-period problem, where inventory-related decisions

are not considered, IRP considers a multi-period planning horizon, where customers

can keep inventory. Determining vehicle routes and inventory levels simultaneously

in the IRP while ensuring that customers’ demands are satisfied on time, storage

capacities, and vehicle capacities are not exceeded make the problem challenging. In

the IRP, the decisions made within one period critically affect the following periods.

For example, a low amount of product delivered to a customer, necessitates an urgent

visit to that customer in the following periods. Similarly, such a trade-off that the

customers regularly being served of low amount of products need to be visited more

frequently, is an important point in determining the distribution plans. In the light
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of all these, making the routing and inventory decisions simultaneously for a multi-

period planning horizon brings a lot of complexity and causes the solution space to

be quite large. When we consider different periods and different distribution strate-

gies together, a vast number of feasible solutions arise even when the numbers of

customers and periods in the planning horizon are low, so it can be very difficult to

find the optimal solution even for small-sized instances of IRP [2].

To cope with these difficulties, various simplifying assumptions are applied in the

literature. First of all, the problem is assumed to deal with single product distribution

and the interaction between different products is ignored. For example, studies that

focus on industrial gas distribution [3, 4], formulate the problem over a single product

and develop solution methods accordingly, whereas indeed, the supplier distributes

more than one industrial gas (oxygen, hydrogen, nitrogen, and argon) to customers.

Similarly, in [5], the authors assume that there is only one product in the distribution

of different products to supermarket chains. Secondly, in some studies, a very short

planning horizon is used for the problem (see 3 and 6 periods) and at the same time,

vehicle capacities are assumed to be too high compared to customer storage capacities.

Therefore, the problem is very similar to the Traveling Salesman Problem (TSP)

and exact solution methods can be developed owing to this assumption [6, 7, 8, 9].

Finally, to simplify the problem (i) order-up-to-level [7, 10] and (ii) zero-inventory

ordering strategy [11, 12], are assumed as the replenishment strategy. Despite these

assumptions make it easier to solve the problem, they reduce the effectiveness of

coordination as they significantly reduce the supplier’s distribution options.

Unlike most of the distribution systems, we consider that a single supplier dis-

tributes multiple products to customers, rather than the one supplier, one product

assumption. Product distribution to food markets, distribution of petroleum products

to gas stations by tankers, industrial gas distribution, and collection of different types
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of recyclable wastes are examples of using the vehicle capacity effectively among differ-

ent products, thus increasing the utilization rate. In such cases where the products to

be delivered to customers from a warehouse/distributor are not homogeneous, multi-

compartment vehicles are used to transport different products in the same vehicle, in

separate compartments, in order to reduce transportation costs. In this context, it is

possible to achieve higher operational efficiency compared to single product distribu-

tion models, however on the other hand, distribution of multiple products makes this

distribution problem even more complex.

In the IRP variant examined in this study, we develop a solution method to de-

termine the distribution plans in order for the supplier to meet the demands of many

customers for different products in a timely and cost-effective manner. Customers

request each product type from the supplier with different periodic demand quan-

tities along the planning horizon, and there is a prespecified storage capacity for

each product. The aim of the supplier is to develop and implement the least costly

distribution strategy in a way that customer demands are fully satisfied on time by

using the available vehicle fleet. Vehicles with multiple compartments are used for

distribution and only one type of product can be carried in one compartment. Since

mixing of different products is not allowed, they must be transported in separate

compartments. This problem is named the Multi-Compartment - Inventory Routing

Problem (MC-IRP).

The fact that there are multiple products to distribute in the MC-IRP and the

demands for these products are different makes the problem more difficult compared

to IRP, which is already a very difficult problem. Since customers consume the

products at different rates, distribution needs may arise for different products at

different times and the supplier may need to visit the same customer at different

times for different products. At this point, instead of a simple approach, such as

dispatching the vehicle with a high payload as in classical IRP, a complex decision
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process requiring determining the amount loaded for each product in each tour and

delivery volume to each customer arises.

We assume that vehicles have fixed and dedicated compartments, meaning that

compartment sizes are not configurable and the compartment in which each prod-

uct to be loaded is predetermined. This assumption is employed in various real-life

applications of the multi-compartment routing studies in the literature; collection of

different types of recyclable wastes (colored glass, normal glass, plastic, paper, etc.)

[13, 14], feed distribution to livestock farms [15], distribution of foods that need to

be transported under different storage conditions to markets [16]. Although similar

multi-compartment routing problems are studied in the literature, studies address the

problem in a single-period manner and solve the Multi-Compartment Vehicle Rout-

ing Problem (MC-VRP) [13, 14, 15, 16, 17, 18, 19, 20]. In this sense, an MC-IRP in

which distribution is planned with dedicated and fixed compartments is thoroughly

examined for the first time in this study. In line with relevant studies in the literature,

we examine the MC-IRP under three different assumptions considering different cases

of allowing/disallowing split delivery to customers; (i) a customer can be visited by

only one vehicle on a day [13, 21, 22, 23],(ii) a customer can be visited by multiple

vehicles on a day, as long as once for each product (i.e., delivery of one product to a

customer on a day can be made by a single vehicle) [15, 17, 18, 19], (iii) delivery of

one product to a customer on a day can be made by more than one vehicle [24].

To address the complex decision processes of the MC-IRP, we develop an effec-

tive and efficient Adaptive Large Neighborhood Search (ALNS) based matheuristic.

Using a matheuristic approach enables us to tackle some decisions (e.g., distribution

amounts to customers) by solving them to optimality in a reasonable time with the

use of mathematical models. Another benefit is that when the decision-maker wants

to change any assumptions, since it will be easy to update the mathematical models,

the algorithm is likely to be modified easily as well.
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CHAPTER II

LITERATURE REVIEW

Despite there is vast literature regarding the Multi-Compartment - Vehicle Routing

Problem (MC-VRP), in which the distribution is planned for only one period/day,

MC-IRP studies that examine the problem by considering a planning horizon of multi-

ple periods/days are relatively limited. Therefore, we review the studies on MC-VRP,

which are thought to be related to our problem, in addition to the restricted MC-IRP

literature.

There exist many applications of MC-IRP and MC-VRP in various industries.

While the distribution of petroleum products by trucks to tankers located under-

ground at gas stations [25, 26, 27, 28, 29, 30, 31, 32], domestic waste collection for

recycling purposes [14, 19, 33, 34], fresh, frozen and/or ready-made food transporta-

tion [35, 36, 37, 38, 39], are the most common applications of this variant among

routing problems, the studies on MC-IRP are mostly concentrated in the maritime

transportation industry [13, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50]. These studies

are named as the Maritime Inventory Routing Problem (MIRP) in the literature.

Routing and scheduling problems in maritime transportation show many differences

compared to the problems in land transportation. These operational differences are

discussed in detail by the authors in [42] and [49]. The most prominent features that

distinguish the MIRP from the MC-IRP can be explained as follows:

• There are multiple supply points in maritime transportation and it is important

not to exceed the storage capacities at these supply points in order to maintain

production.

• In maritime transportation, vessels unload their loads completely at one or more
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nodes and travel times between demand nodes take very long (i.e., days), while

the amount of products delivered to customers in land transportation is much

less than the capacity of the vehicles and therefore many more demand nodes

are visited in one tour.

• While in land transportation, the vehicle fleet usually consists of homogenous

trucks, it is common to use vessels that differ from each other in terms of size,

compartment structure and cost in maritime transportation.

Due to these differences, we cover the studies on the applications of multi-compartment

routing problems in land transportation. We first discuss different compartment struc-

tures, and delivery strategies in these studies.

2.1 Classification of the multi-compartment routing studies

In some applications of the multi-compartment routing problems, there is a specific

compartment in the vehicle dedicated to each product shipped, and each product can

only be transported in the compartment dedicated to that product [15, 14, 17, 18, 19,

51, 52]. In food transportation, where we observe this feature most frequently in daily

life, when distributing fresh and frozen products to the markets, multi-compartment

vehicles are used to provide separate temperature conditions in a vehicle [35, 39, 53].

In [15], authors provide another example in animal feed distribution, where each

compartment is dedicated to transport a specific animal feed due to hygiene rules.

This requirement arises from the fact that rabbits have low immunity against viruses,

hence the potential threat that compartments used to carry bovine feed pose to

rabbits.

While the number and capacity of compartments in a vehicle can be constant

[13, 37, 54, 55, 56, 57, 58], they can also be configurable in the presence of separators

[34, 53, 59, 60, 61]. In [59], the authors study an MC-VRP in a waste glass collec-

tion framework, where glasses are assorted by color. Here, waste glasses of various
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colors are transported in separate compartments, whose capacities can be adjusted

discretely. On the other hand, in [34] and [36], authors consider the compartment

capacities as continuous variables. In [34], the authors compare the case in which

compartment capacities are determined among a variety of scenarios (i.e., discretely)

with the case where compartment capacities are defined as continuous variables, by

using exact methods. They conclude that with a high number of products, the second

option generates better objective function values, but there is no significant difference

between these two options when the product variety is low.

In [24], the authors thoroughly discuss the splitability feature of the compartments

in a fuel delivery context. When there are split compartments in a vehicle, it means

that the amount of product loaded in compartments can be shared among the visited

demand nodes (i.e., an unsplit compartment has to discharge all its load at any

visited demand node). In the transportation of liquids such as petroleum and its

derivatives, debit meters are frequently used to split the load in the compartment

between customers [24, 41, 62]. Compartments without debit meters have to discharge

all the load in them when the unloading begins, therefore the transported product

cannot be split between multiple stations [25, 26, 27, 28, 29, 30, 63, 64].

The splitability of customer demands, on the other hand, determines if a customer

can be visited by multiple vehicles on a day/period. Here, we consider three different

cases: (i) each customer can only be visited by one vehicle/tour per day [13, 21, 22, 23],

(ii) a customer can be visited once for each product on a day [15, 17, 18, 19], (iii) A

product can be delivered to a customer by more than one vehicle/tour on a day [24].

In this study, we concentrate on the proposed MC-IRP under these three assumptions.

2.2 Multi-compartment inventory routing studies

There is very limited literature on the MC-IRP [24, 25, 29, 30, 58, 64, 65] and

all of these studies assume that the compartment capacities are fixed and there is
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no product-compartment match. In [65], the authors examine an MC-IRP where

livestocks are collected from farms and transported to slaughterhouses by multi-

compartment vehicles. Due to health/hygiene conditions, one of the breeding farms

may be required to be the first destination on a tour, likewise, one of the diseased

farms, if any, may be needed to be visited last. Finally, the animals can only stay one

night in the slaughterhouse prior to slaughter, so there is not much inventory held.

They develop a column generation based exact solution method. Since vehicles have

a low number of compartments, the number of feasible tours is considerably reduced

and 3-day test instances can be solved by the exact solution method.

In [25, 29, 30, 64], the authors study the problem of fuel distribution to gas

stations on a multi-period basis and as a simplifying assumption, they assume that

compartments are not equipped with debit meters which implies that when a customer

is visited to be delivered a product, all the content in the respective compartment

must be emptied. This way, they also limit the number of customers to be visited on

a route by the number of compartments in the vehicles. In [25] the authors limit the

feasible region assuming that at most two stations are visited in each tour. They solve

the problem with an exact decomposition method to deal with the truck loading and

routing problems separately. In [29], the authors examine an MC-IRP in which they

assume a homogenous fleet of vehicles and compartments with equivalent capacities.

Similar to [25], they do not allow more than three customers to be visited in a route.

Finally, they assume that each customer’s demand for each product does not change

from one period to another. Under all these very restrictive assumptions, they develop

a Variable Neighborhood Search (VNS) method to solve the problem. In [30], the

authors analyze the same problem under the same assumptions, except for the vehicle

fleet. Distribution is performed by vehicles with two or four compartments each

of which has equivalent capacities. They develop a Variable Neighborhood Descent

algorithm to solve the addressed problem. In [64], authors first use an inventory model
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to determine the optimal order quantities and time windows for each customer. Then,

based on the output of the inventory models, they determine distribution routes by

solving a sequence of mixed-integer programming models, which are further improved

by a VNS procedure. In [24], the authors approach the MC-IRP for two cases in

terms of whether there is a debit meter or not. They consider different split delivery

assumptions with a heterogeneous distribution fleet. They develop a branch-and-cut

exact solution method to solve the problem, by which they can obtain the optimal

solution for only very limited data sets (10 customers and 3 periods).

Finally, the authors in [58] examine the optimal planning of production, inventory,

and distribution of chemical fluids. Due to the challenging nature of the problem,

they decompose the problem, wherein the first stage they use a column generation

approach to generate a set of multi-period routes, and in the second stage they feed

these routes to a mixed integer-linear programming model to solve the periodic IRP.

The contribution of this study can be summarized as follows; (i) We are the first

to examine the multi-compartment inventory routing problem (MC-IRP) with fixed

and dedicated compartments. We ignore the simplifying assumptions that are com-

monly applied for restricting the feasible region/problem size in solving inventory

routing problems so that our study has higher applicability in real-world operations.

In this regard, we assume that the customer demands vary on the product and pe-

riod basis, hence instead of a static problem structure, we address a dynamic and

challenging problem. (ii) In recent years, for various optimization problems (espe-

cially for the routing problems) many matheuristic approaches have been successfully

developed, in which metaheuristic approaches and mathematical models are used in

an integrated manner [8, 66, 67, 68, 69, 70, 71]. However, there is no matheuristic

approach developed to solve the MC-IRP in the literature. Therefore, the Adap-

tive Large Neighborhood Search (ALNS) algorithm we propose in this study is the

first matheuristic in the literature to solve the MC-IRP. The problem addressed in
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this study takes the special conditions and constraints of the real-world distribution

systems into account, hence it is expected to be quite beneficial in increasing the

profitability and customer satisfaction of companies in their supply chain operations.
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CHAPTER III

PROBLEM DEFINITION AND FORMULATION

We define the problem on a Euclidean graph G = (V0, E), where V0 = {0, 1, . . . , n}

is the set of customer locations (V = {1, . . . , n}), and the depot (0), E is the set of

edges connecting the nodes in V0. The cost of traveling along an edge (i, j) is denoted

by bij. Customers consume/demand m different products along T days, where the set

of products is denoted by P = {1, . . . ,m}, the planning horizon is denoted by T =

{1, . . . , T} and the demand of customer i from product p on day t is denoted by dipt.

The storage capacity of customer i for product p is denoted by Cip. Each customer i

has an initial inventory level of J 0
ip from product p. We do not allow any customer to

be out of stock in any product at any time, therefore we do not consider backordering.

A homogenous fleet of multi-compartment vehicles is dispatched from the depot and

perform the distribution of products. Vehicle compartments are dedicated to carrying

specific products and have fixed capacities. Qp denotes the capacity allocated for

product p in a vehicle. As in similar MC-VRP studies in the literature, the length

of each route is restricted by L [13, 15, 17, 18, 21, 51, 72]. The objective is to

construct the least costly distribution plan along the planning horizon, in a way that

no customer will have stock-outs from any product. The cost is considered to be

directly proportionate to the length of the distribution routes used.

We examine the MC-IRP under three different assumptions; (i) a customer can

be visited by only one vehicle on a day, (ii) a customer can be visited once for each

product on a day, (iii) delivery of one product to a customer on a day can be made

by more than one vehicle. We modify our approach for each of these assumptions.

11



We formulate the problem as a mixed-integer programming model. Here, K rep-

resents the set of possible routes and can be identified as setting an upper bound for

the maximum number of routes.

We use the following decision variables in our formulation:

qiptk = Amount of product p delivered to customer i on day t by vehicle k

∀i ∈ V, p ∈ P, t ∈ T , k ∈ K

xijtk =


1, if vehicle k travels from node i to node j on day t

0, otherwise

∀i, j ∈ V0, t ∈ T , k ∈ K

Iipt = Amount of product p in the inventory at customer i on day t

∀i ∈ V, p ∈ P, t ∈ T

yiptk =


1, if vehicle k delivers product p to customer i on day t

0, otherwise

∀i ∈ V, p ∈ P, t ∈ T , k ∈ K

We present below the model where we assume the delivery of a product to a

customer on a day can be made by more than one vehicle.

min
∑
i∈V0

∑
j∈V0

∑
t∈T

∑
k∈K

bijxijtk (1)

st. J 0
ip +

∑
k∈K

qip1k = Iip1 + dip1 ∀i ∈ V, p ∈ P (2)

Iip,t−1 +
∑
k∈K

qiptk = Iipt + dipt ∀i ∈ V, p ∈ P, t ∈ T \{1} (3)

∑
i∈V

qiptk ≤ Qp ∀p ∈ P, t ∈ T , k ∈ K (4)

∑
i∈V0

∑
j∈V0

bijxijtk ≤ L ∀t ∈ T , k ∈ K (5)

Iip,t−1 +
∑
k∈K

qiptk ≤ Cip ∀i ∈ V, p ∈ P, t ∈ T \{1} (6)
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J 0
ip +

∑
k∈K

qip1k ≤ Cip ∀i ∈ V, p ∈ P (7)

∑
i,j∈S

xijtk ≤ |S| − 1 ∀t ∈ T , k ∈ K,S ⊆ V, |S| ≥ 2 (8)

qiptk ≤ Cipyiptk ∀i ∈ V, p ∈ P, t ∈ T , k ∈ K (9)

yiptk ≤
∑
j∈V0

xjitk ∀i ∈ V, p ∈ P, t ∈ T , k ∈ K (10)

∑
i∈V0

xijtk =
∑
i∈V0

xjitk ∀j ∈ V0, t ∈ T , k ∈ K (11)

qiptk ≥ 0 ∀i ∈ V, p ∈ P, t ∈ T , k ∈ K (12)

xijtk ∈ {0, 1} ∀i, j ∈ V0, t ∈ T , k ∈ K (13)

Iipt ≥ 0 ∀i ∈ V, p ∈ P, t ∈ T (14)

yiptk ∈ {0, 1} ∀i ∈ V, p ∈ P, t ∈ T , k ∈ K (15)

The objective function (1) aims to minimize the total transportation cost. Con-

straints (2-3) are the inventory flow balance constraints at the customer locations.

Constraints (4) do not allow compartments to be loaded with more than their ca-

pacities. Constraints (5) restrain the length of the routes by L. Customers’ storage

capacity for each product is ensured by constraints (6-7). Constraints (8) are the

subtour elimination constraints. Constraints (9-10) determine whether a delivery is

made to a customer on a route. Constraints (11) ensure that each vehicle visiting

a customer should leave that customer. The remaining constraints are the domain

constraints specifying the values that decision variables can take.

If we assume that each customer can be visited once for each product on a day,

the following constraints should be added to the model.

∑
k∈K

yiptk ≤ 1 ∀i ∈ V, p ∈ P, t ∈ T (16)

If we assume that each customer can only be visited by one vehicle on a day, the
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following decision variable and constraints need to be added to the model.

zitk =


1, if customer i is visited by vehicle k on day t

0, otherwise

∀i ∈ V, t ∈ T , k ∈ K

qiptk ≤ Cipzitk ∀i ∈ V, p ∈ P, t ∈ T , k ∈ K (17)∑
k∈K

zitk ≤ 1 ∀i ∈ V, t ∈ T (18)

∑
j∈V0

(xijtk + xjitk) ≤ 2zitk ∀i ∈ V, t ∈ T , k ∈ K (19)

zitk ∈ {0, 1} ∀i ∈ V, t ∈ T , k ∈ K (20)

Constraints (17) determine whether a delivery is made to a customer on a route.

Constraints (18) ensure that each customer can only be visited by one vehicle on a

day. Constraints (19) determine whether a customer is visited by a vehicle on a day.
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CHAPTER IV

SOLUTION APPROACH

To obtain high quality and efficient solutions to the proposed MC-IRP, we develop a

matheuristic approach in which we integrate an Adaptive Large Neighborhood Search

metaheuristic with mathematical programming models.

4.1 Finding an initial solution

To find a good initial solution for our matheuristic, we first generate a large number of

routes regardless of distribution amounts. Then by using a route-based mathematical

model, we determine which distribution routes to be used on each day as well as the

distribution amounts of each product to customers in each selected route. Here, if all

possible routes are generated and the route-based mathematical model can be solved,

the problem can be solved to optimality. However, generating all possible routes is

an exponential time operation depending on the number of customers, therefore it

is not possible. For this reason, while finding an initial solution, all feasible routes

(i.e. routes that are no longer than L) with single and two customers, together with

the feasible routes with three to seven customers among 1000 randomly generated

routes are included in the route set. When the customers to be visited in each route

are known, the most cost-effective route is found by solving a Travelling Salesman

Problem (TSP) visiting the depot and the customers in the route. To solve TSP, we

use the Lin-Kernighan algorithm that is widely applied in the literature [73].
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We use the following notation for the route-based mathematical model (MIP-RB).

R = Set of routes generated

Ri = Set of routes that visit customer i ∀i ∈ V

Lr = Length of the route r ∀r ∈ R

αir =


1, if customer i is visited by route r

0, otherwise

∀i ∈ V, r ∈ R

We present below the decision variables and the formulation of the MIP-RB assuming

that each customer can only be visited by one vehicle on a day.

xrt =


1, if route r is used on day t

0, otherwise

qiprt = Amount of product p delivered to customer i on route r on day t

Iipt = Amount of product p in the inventory at customer i on day t

MIP-RB: min
∑
t∈T

∑
r∈R

Lrxrt (21)

st.
∑
r∈Ri

xrt ≤ 1 ∀i ∈ V, t ∈ T (22)

Iip,t−1 +
∑
r∈R

qiprt = Iipt + dipt ∀i ∈ V, p ∈ P, t ∈ T \{1} (23)

J 0
ip +

∑
r∈R

qipr1 = Iip1 + dip1 ∀i ∈ V, p ∈ P (24)

Iip,t−1 +
∑
r∈R

qiprt ≤ Cip ∀i ∈ V, p ∈ P, t ∈ T \{1} (25)

J 0
ip +

∑
r∈R

qipr1 ≤ Cip ∀i ∈ V, p ∈ P (26)

∑
i∈V

qiprt ≤ Qpxrt ∀p ∈ P, r ∈ R, t ∈ T (27)

∑
i∈V

∑
p∈P

∑
t∈T

qiprt(1− αir) = 0 ∀r ∈ R (28)
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qiprt ≥ 0 ∀i ∈ V, p ∈ P, r ∈ R, t ∈ T (29)

xrt ∈ {0, 1} ∀r ∈ R, t ∈ T (30)

Iipt ≥ 0 ∀i ∈ V, p ∈ P, t ∈ T (31)

The objective function of the MIP-RB (21) aims to minimize the total length/cost

of the routes performed. Constraints (22) ensure that each customer can be visited

at most once on each day. Constraints (23-24) are the inventory flow balance con-

straints for each product at the customer locations. Constraints (25-26) ensure that

customers’ storage capacities are not exceeded. Constraints (27) ensure that the ca-

pacities of compartments dedicated to each product are not exceeded. Constraints

(28) guarantee that only visited customers on a tour can be served. The remaining

constraints are the domain constraints specifying the values that decision variables

can take.

If we assume that each customer can be visited once for each product on a day,

we should introduce the yiprt decision variable and add the following constraints to

the model. And we also need to remove the constraints (22).

yiprt =


1, if customer i is visited on day t on route r for product p

0, otherwise

qiprt ≤ Qpyiprt ∀i ∈ V, p ∈ P, r ∈ R, r ∈ T (32)∑
r∈R

yiprt ≤ 1 ∀i ∈ V, p ∈ P, t ∈ T (33)

To adapt the problem so that each customer can be visited by more than one

vehicle for any product on a day, we have to remove constraints (22).

4.2 Adaptive Large Neighborhood Search

Within the framework of our matheuristic, we use an Adaptive Large Neighborhood

Search (ALNS) as the metaheuristic method. This matheuristic uses the solution
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obtained by the MIP-RB as an initial solution. ALNS is first described in [74] and is

a metaheuristic that employs several destroy, repair/improvement operators within

a search. Each destroy operator has a weight assigned to them which affects their

probability of being selected by using a roulette-wheel mechanism. These weights

are updated at each segment depending on the operators’ performance in the search

process. In some ALNS applications in the literature [75], as in destroy operators,

repair/improvement operators are also selected by using a roulette-wheel mechanism.

However, similar to [67] and [76], we apply repair/improvement operators in a given

order for every iteration.

4.2.1 Destroy operators

We adopt several neighborhoods that are used to destroy the current solution as solv-

ing different IRP variants in the literature [67, 76], which are (i) Randomly remove ρ

visits: This operator removes a randomly selected customer from a randomly selected

route on a randomly selected period. It is repeated ρ times; (ii) Randomly insert ρ

visits: This operator randomly selects a period, a route performed during that period,

and a customer that is not visited on that period. It inserts that customer into the

selected route with the minimum cost increase. It is repeated ρ times; (iii) Remove

worst ρ visits: The customer who will reduce the cost the most when removed from a

route is removed from the route it belongs to. It is repeated ρ times; (iv) Insert best

ρ visits: This operator calculates the cost increase that occurs as a result of inserting

each customer to the routes on the periods they are not visited and the customer who

causes the least cost increase among them is inserted to that route. It is repeated ρ

times; (v) Shaw removal: Taking its name from [77], this operator randomly selects a

period and a customer from a random route. The distance between the selected cus-

tomer and the nearest customer that belongs to the same route is calculated. Then,

the selected customer is taken as the center and all customers who are in an area
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twice the diameter of this distance are removed from the route; (vi) Shaw insertion:

Following the idea in (v), this operator selects the customers to be inserted based on

proximity. It first selects a random route on a random period and a random customer

that is not visited on that period by any vehicle. The distance between the selected

customer and the nearest customer to it is calculated. Then, the selected customer

is taken as the center and the customers who are not visited on that period and lie

within an area twice the diameter of this distance are inserted into the selected route,

by following the cheapest insertion rule; (vii) Remove ρ customers: This operator

removes a randomly selected customer from all the periods it exists. It is repeated ρ

times; (viii) Insert ρ customers: This operator inserts a randomly selected customer

to all periods that it was not present before by using cheapest insertion. It is repeated

ρ times; (ix) Empty one period: This operator randomly selects a period and removes

all the routes performed during that period; (x) Swap routes: This operator randomly

selects two periods and the routes employed during these periods are exchanged with

each other; (xi) Randomly move ρ visits: This operator randomly selects a period,

a route performed during that period, and a customer visited on that route. It re-

moves the customer from that route and inserts it to another route performed on a

different period with the minimum cost increase. It is repeated ρ times. Additionally,

we employ (xii) Remove ρ routes: This operator randomly removes a route and is

repeated ρ times; (xiii) Insert ρ routes: This operator randomly selects a route among

the randomly generated route set which is used in MIP-RB. It randomly inserts the

selected route to one of the periods that the customer/s in the selected route is/are

not visited. It is repeated ρ times; (xiv): Divide ρ routes: This operator randomly

selects a route and randomly divides it into two. It is repeated ρ times; (xv): Merge

2ρ routes: This operator randomly selects ρ route pairs. The selected route pairs

are merged in the most cost-effective way by solving TSP. For the respective destroy

operators, ρ takes a random integer value between [1,3].
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The destroy operators above are explained under the assumption of each customer

can only be visited by one vehicle on a day. To adapt the problem so that each

customer can be visited once for each product on a day, we need to modify the

application of the insertion operators (ii, iv, vi, viii, xi, xiii). Here, to be able to insert

a customer to a route, rather than being sure about the customer to be inserted is

not visited on that day, we need to be sure that the customer is visited less than the

number of products on that day. Also to adapt the problem so that each customer

can be visited by more than one vehicle for any product on a day, as in the previous

assumption, we need to modify the application of the insertion operators. For this,

while inserting a customer into a route, we need to check whether the customer is

already visited on that route.

4.2.2 Repair operators

If the feasibility of the solution is ruined after it is destroyed by one of the operators

above, we first apply the (i) Minimum ratio insert operator on the new solution to

repair it. If it cannot make the solution feasible, upon we apply the (ii) Break routes

operator.

The Minimum ratio insert operator tries to insert customers into the existing

routes to make the solution feasible. For each customer with stock-out product(s)

and for each route on the days it is not visited we calculate a ratio by dividing the

cost increase of inserting the customer to that route, by the decrease in the stock-

out amount. Within this operation we also consider inserting a customer to a new

route with direct delivery to it. For each product that a customer is out of stock,

the decrease in the stock-out amount is equal to the minimum of the following two;

(i) the unused capacity in the compartment dedicated for that product and (ii) the

stock-out amount in that product. The customer-route pair with the lowest ratio is

detected and that customer is inserted into that route. To calculate the distribution
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quantities of the solution obtained after this process, we solve a linear programming

model (LP-SO) that aims to minimize the total stock-out amount of the customers.

If the objective value of this model is zero, it means that the solution is feasible and

the operator is terminated; if it takes a value different than zero, the solution is still

not feasible, and one of the customers with stock-out product(s) is tried to be inserted

to a route by using the same method described above. The operator is terminated

when the solution is feasible or if there is no route that we can insert the customer(s)

with stock-out product(s) to.

We present below the LP-SO, whereRt denotes the set of routes that are performed

on day t, βirt is a binary parameter indicating whether customer i is visited by route

r on day t, and Sipt is a decision variable denoting the amount of stock-out customer

i has in product p at the end of day t.

LP-SO: min
∑
i∈V

∑
p∈P

∑
t∈T

Sipt (34)

Iip,t−1 +
∑
r∈Rt

qiprt + Sipt = Iipt + dipt ∀i ∈ V, p ∈ P, t ∈ T \{1}

(35)

J 0
ip +

∑
r∈R1

qipr1 + Sipt = Iip1 + dip1 ∀i ∈ V, p ∈ P

(36)

Iip,t−1 +
∑
r∈Rt

qiprt ≤ Cip ∀i ∈ V, p ∈ P, t ∈ T \{1}

(37)

J 0
ip +

∑
r∈R1

qipr1 ≤ Cip ∀i ∈ V, p ∈ P

(38)∑
i∈V

qiprt ≤ Qp ∀p ∈ P, r ∈ Rt, t ∈ T

(39)
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∑
i∈V

∑
p∈P

qiprt(1− βirt) = 0 ∀r ∈ Rt, t ∈ T

(40)

Sipt ≥ 0 ∀i ∈ V, p ∈ P, t ∈ T

(41)

Iipt ≥ 0 ∀i ∈ V, p ∈ P, t ∈ T

(42)

qiprt ≥ 0 ∀i ∈ V, p ∈ P, r ∈ Rt, t ∈ T

(43)

The objective function of the LP-SO (34) aims to minimize the total amount

of stock-out. Constraints (35-36) are the inventory flow balance constraints for each

product at the customer locations. Constraints (37-38) ensure that customers’ storage

capacities are not exceeded. Constraints (39) ensure that the capacities of compart-

ments dedicated to each product are not exceeded. Constraints (40) guarantee that

only visited customers on a route can be served. The remaining constraints are the

domain constraints specifying the values that decision variables can take. Since the

routes to be performed for each day are known in this model, the problem turns into

a simple linear programming model.

If we assume that each customer can be visited once for each product on a day,

while applying the Minimum ratio insert operator, we consider inserting a customer

to a day only if that customer is visited less than the number of products on that

day. On the other hand, if we assume that customers can be visited by multiple

vehicles for any product on a day, while applying the Minimum ratio insert operator,

we consider inserting customers with stock-out product(s) to any day. For these two

assumptions, there is no need to modify the LP-SO.

The Break routes operator tries to find a feasible solution by removing customers

from the existing routes and making direct delivery to the removed customer on the
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same day. Similar to the Minimum ratio insert operator, for each customer with

stock-out product(s) and for each route it is visited we calculate a ratio by dividing

the cost increase occurred by removing the customer from the route and inserting it

to a direct delivery route, by the decrease in the amount of stock-out. We solve the

LP-SO to calculate the decrease in the amount of stock-out and to see whether the

solution is feasible. Among all the customer-route pairs for which the aforementioned

rate is calculated, if there are pairs that make the solution feasible, the pair with

the lowest ratio is selected and the customer is removed from the route, and direct

delivery is made to it. If there is no feasible solution among the customer-route pairs,

the pair with the lowest ratio is selected and the customer is removed from the route,

and direct delivery is made to it. This process is repeated until a feasible solution is

obtained. There is no need to make any changes on this operator while tailoring the

problem for the second and the third delivery assumptions.

4.2.3 Improvement operators

When we obtain a feasible solution, either right after implementing a destroy oper-

ator or repairing the solution, we apply (i) Remove route and (ii) Remove customer

operators respectively to improve the solution.

Remove route operator solves the MIP-RB by using a route set consisting of only

the existing routes in the current solution. Considering that the model minimizes

the total length of the routes used, it determines which routes to be employed among

the current ones, and which routes to be removed without ruining the feasibility of

the solution. To adapt this operator to be used for the second and the third delivery

assumptions, we only need to make the essential modifications to the MIP-RB model

(see §4.1).

Remove customer operator tries to remove customer(s) from the existing routes,

thus decrease the transportation cost. Solving the LP-SO for each customer-route
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pair to see whether any customer can be removed, would be too costly in terms of

the computation time. Therefore, to obtain a list of promising customer-route pairs,

we make a calculation for each pair to predict whether the solution will be feasible if

the customer is removed from the route. To make this prediction, for each customer-

route pair, in case the customer is removed from the route, we calculate the maximum

inventory amount that can stem from the days before the route is performed. Besides,

we calculate the minimum inventory amount required for the days after the route is

performed. We calculate these maximum and minimum inventory amounts over the

unused capacities in the compartments. We subtract the minimum inventory amount

and the customer’s demand on the day it is removed from the maximum inventory

amount. If this calculation is non-negative, we add this customer-route pair to the list

of promising pairs. After we make this calculation for all the customer-route pairs,

we solve the LP-SO for all the promising pairs. If there are any feasible solutions,

we select the pair that provides the highest cost decrease and terminate the operator

after removing that customer from that route. If there isn’t any feasible solution,

the operator is terminated without any improvements. There is no need to make any

changes on this operator while tailoring the problem for the second and the third

delivery assumptions.

4.2.4 Algorithm structure

Within the algorithm, we use the LP-SO model after every destroy operator, within

the repair operators, and within an improvement operator (i.e., Remove customer).

LP-SO model is a linear programming model, hence using this model frequently does

not create a significant computational burden on the algorithm. However, for the

second delivery assumption where each customer can be visited once for each product

on a day, the LP-SO model may fail to ensure this constraint. In other words, even

when a product is distributed to a customer by more than one vehicle on a day, the
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objective value of the LP-SO may occur as zero. In LP-SO, to ensure feasibility for

the second assumption, we have to add a binary variable to this model which converts

it to a mixed-integer programming (MIP) model. We prefer to avoid this conversion,

since it is a frequently used model and using a MIP model too often would create a

significant burden on the algorithm. Instead, for the second delivery assumption, we

create a fixing procedure to use right after the LP-SO model. When the objective

value of the LP-SO model occurs as zero, we examine the solution and see whether

there exists any delivery that violates the feasibility for the second assumption and if

it does, we apply the fixing procedure. This procedure aims to combine all deliveries

of a product to a customer in a single vehicle. We first try to combine the deliveries

in an occupied vehicle. For all the vehicles visiting that customer, we look at the

amount of unused space in the capacity dedicated to the respective product; and if

there is enough space in a vehicle, we combine the deliveries in there. If fixing the

solution with this method is not possible, we then try to combine the deliveries in

a new vehicle (i.e., making direct delivery to the customer). If adding a new route

to the solution does not cause the customer to be visited by more than the number

of products, we add that route and combine the deliveries in there; however if it

does, then we remove that customer from its route and insert it to a new route and

combine the deliveries in there. This fixing procedure may not guarantee feasibility

in all cases. If we cannot fix the solution with this procedure, we assume that the

solution is infeasible and continue to our algorithm.

At each iteration, we use roulette wheel selection to determine which destroy

operator to apply. In roulette wheel selection, the probability of destroy operator i

being selected in segment j (pij) is directly proportional to its weight (wij) and is

determined by using the formula (44). Here, I denotes the set of destroy operators.

pij =
wij∑

i∈I
wij

(44)
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In each segment consisting of a certain number of iterations, the weight of any

destroy operator is updated with the formula (45), depending on the status of the

solution reached.

wij+1 = wij(1− r) + r
πi
θi

(45)

Here, πi denotes the score that the destroy operator i has collected in a segment.

At the end of each iteration, if the new solution has a lower objective value than

the best solution found, then σ is added to the π value of the destroy operator used.

θi denotes the number of times the destroy operator i is used in a segment. r is

the reaction factor and indicates in what portion the previous weight of the destroy

operator i will participate in the new weight (0 ≤ r ≤ 1). All πi values are set to

zero at the start of each segment. Based on the well-performing ALNS applications

in the literature [67, 76], we set r to 0.7.

After calculating the weights of all destroy operators at the end of each segment,

the probability of operators being selected is calculated based on these weights. Ini-

tially, the weights are taken as zero and probabilities are equal for all operators. As

the algorithm proceeds, the probability of operators being selected may converge to

zero, and in this case they are very unlikely to be used again. We use a second

roulette wheel to give these operators another chance. While the first roulette wheel

described above is used to select one of all the destroy operators with 90% probability,

the second roulette wheel is used with 10% probability to select a destroy operator

among the ones whose probability of being selected has dropped below 0.1%.

The steps of our ALNS algorithm are presented in Algorithm 1. It uses the solution

obtained by the MIP-RB as an initial solution. Here, z(·) represents the objective

function value of a given solution, while R and I represent repair and improvement

operators.

Some ALNS studies in the literature use the Simulated Annealing (SA) algorithm

to specify the acceptance and stopping criterion [66, 67, 74, 76]. It is usually preferred
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Algorithm 1: Our ALNS algorithm for the MC-IRP
1: All weights are set to 1 and all scores are set to 0.
2: sbest = Initial solution
3: iterations = 0
4: time = 0
5: while iterations ≤ 5000 and time ≤ 7200 do
6: k = 1
7: while k ≤ K do
8: Select a destroy operator (d ∈ D) using the roulette-wheel mechanism based on the

current weights.
9: θ(d) = θ(d) + 1
10: s′ = d(sbest)
11: s′ = LP-SO(s′)
12: if s′ is not feasible then
13: s′′ = R(s′)
14: s′′′ = I(s′′)
15: else
16: s′′′ = I(s′)
17: end if
18: if z(s′′′) ≤ z(sbest) then
19: sbest = s′′′

20: π(d) = π(d) + σ
21: end if
22: k = k + 1
23: iteration = iteration+ 1
24: end while
25: update the weights of all operators and reset their scores.
26: end while
27: return sbest

since the use of SA provides an additional diversification effect. Depending on the

initial temperature and cooling coefficient parameters in the SA, the probability of

accepting the current solution in any iteration is known. The stopping criterion can be

determined as a certain minimum temperature when using SA, as well as a maximum

number of iterations or a time limit. Initial temperature is reduced by the cooling

coefficient in each iteration, so the time passed to reach the minimum temperature

depends on these parameters. We make experiments in which the acceptance and

stopping criterion are applied as in the SA algorithm and examine the results in §5.3.

Since the algorithm performs better without the use of SA, we avoid using SA in the

ALNS and accept only the solutions which improve the best solution.

27



CHAPTER V

COMPUTATIONAL STUDY

5.1 Generating test instances

We generate our test instances by adapting from [29]. We create our instances on

a 100x100 map, where the center of the map (origin point) represents the depot.

In every two instances, the number of customers is increased by five up until 50

customers, afterwards it is increased by ten up until 100 customers. We use Euclidean

distance to calculate the distance between any nodes. We consider three different

product types and different from [29], a planning horizon of 3, 5, 7 days. We generate

the demands (dipt) randomly for each customer, product, and day, so that with 40%

probability it falls within the [1,2] range, with 40% probability it falls within [2,3],

and with 20% probability it falls within [3,6]. We set the storage capacity (Cip) of

the customers as 40 tons for each customer-product pair. In a dataset, the initial

inventories meeting the majority of customer demands can simplify the problem. To

prevent this, different than the range used in [29], we generate the initial inventories

(J0
ip) randomly within the [0,3] range for each customer-product pair. [29] limits the

number of customers that can be visited on a route by three. In our problem, such

a restriction corresponds to the maximum route length (L), which is set to 300, so

that a vehicle dispatched from the depot can at most visit the perimeter of half of

the map area. Since more than three customers can be visited within a distance of

300 units, we set a higher value for the capacities of each compartment (Qp), which

is 12. We run the proposed ALNS algorithm in the data sets described above and

perform numerical analysis on a system with a 2.80 GHz i7-7700HQ processor and

16GB RAM. We code our algorithm in Python and use CPLEX 12.8 with default
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parameter settings.

5.2 Experiments with using Simulated Annealing

As mentioned in §4.2.4, before we bring our ALNS to its final form (Algorithm 1),

to comply with the ALNS applications in the literature, we try integrating the SA

method, which allows accepting worse solutions to some extent and thus diversifying

the searching process. We specifically compare three versions of our algorithm to

determine whether to use SA in ALNS, and how. In the following, we first explain

the details about these versions and then present the results of this comparison.

Remember that in our ALNS application, πi denotes the score that the destroy

operator i has collected in a segment and each time the best solution is improved after

applying a destroy operator, the relevant πi is increased by σ. When using SA in the

algorithm, the acceptance criterion is not just whether the best solution is improved,

but also whether the current solution is improved and whether the SA acceptance

criterion is met given the current temperature even when no improvement is present.

When using SA in the ALNS, at the end of each iteration, by looking at the

quality of the solution, one of the values σ1 > σ2 > σ3 can be added to the π value of

the destroy operator used. If the new solution at the end of the iteration has a lower

objective value than the best solution found, then σ1; if it has an objective value

less than the objective value of the current solution, then σ2; if it cannot improve

the solution in any way but it meets the SA acceptance criterion given the current

temperature, then σ3 is added to the π value. If none of these three conditions are

met, no point is added in that iteration. Based on the well-performing ALNS studies

in the literature [67, 76], we set the σ1, σ2, σ3 values to 10, 5, 2 respectively.

SA employs several parameters such as initial temperature, cooling coefficient,

and maximum iteration number. To determine the parameter values to be used in

our algorithm, we make a preliminary experiment where we test various parameter
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combinations, starting with the values used in [66]. With this parameter setting,

we observe that the number of iterations completed falls behind the maximum iter-

ation number within a tolerable run time and this situation affects the performance

of the algorithm negatively. Based on our observations, it is due to the trade-off

between reaching a better solution and the time required to reach a better solution

in a matheuristic method. As a result of our preliminary experiment, we set the

maximum iteration number to 5000, segment size to 100, initial temperature to 2726,

minimum temperature to 0.01, and cooling coefficient to 0.9975. We take all the runs

within a two-hour time limit. During our analysis with the large-scale instances, we

observe that in some cases 5000 iterations cannot be completed, therefore the cur-

rent temperature falls significantly far from the minimum temperature towards the

end of the algorithm. This situation yields the algorithm to continue accepting the

worse solutions with a high probability towards the end. To prevent this, one method

could be increasing the time limit, but in that case we had to increase it more for the

larger scale instances and the time required could reach some unreasonable amount.

Alternatively, we come up with a method which we name as the Adaptive Cooling

Schedule (ACS). In ACS, depending on how fast the algorithm can complete a seg-

ment, the value of the cooling coefficient is tuned. At the end of each segment, we

average the time passed in all previous iterations. With the average iteration time,

we try to predict how long the remaining iterations will take, and accordingly when

the algorithm will end. If the estimated time is less than or equal to the remaining

time, no change is necessary, if it is greater, a faster cooling is tried to be achieved in

the SA by changing the current cooling coefficient.

The first version of our algorithm (ALNS-1) uses SA to determine which solutions

to be accepted at each iteration and uses the parameter settings and the ACS method

explained above. The psuedocode for the ALNS-1 is provided as Algorithm 2 in

Appendix A. The second version (ALNS-2) is created by forcing the ALNS-1 to start
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each segment with the best solution found so far. The psuedocode for the ALNS-

2 is provided as Algorithm 3 in Appendix A. Finally, the third version (ALNS-3)

does not use SA at all, meaning that it only accepts solutions that improve the best

solution. We compare these three versions for the 3-day planning horizon and for

the first delivery assumption by using seven different instances which vary in size

from 20 to 50 customers. Table 1 presents the percentage deviation of the solutions

found by each ALNS version from the best solution found for each instance. ALNS-3

finds the best solution among all versions for the six of the instances, and it is the

least (only 0.05%) deviant from the best solution on average. Therefore, we conclude

that allowing to accept worse solutions with the use of SA does not help us explore

valuable neighborhoods, therefore we decide not to use SA within our algorithm.

Instance ALNS

# n ALNS-1 ALNS-2 ALNS-3

1 20 1.96 0.00 0.00
2 25 1.06 0.00 0.32
3 30 1.60 4.46 0.00
4 35 3.76 2.11 0.00
5 40 8.11 1.88 0.00
6 45 9.31 1.84 0.00
7 50 2.95 2.54 0.00

Average 4.11 1.83 0.05

Table 1: Percentage deviation of each result from the best solution found for each
instance

5.3 Finding lower bounds

To find effective lower bounds that we can compare against our solutions obtained in

the large-scale instances, we use the flow formulation proposed by [78]. We modify the

proposed formulation based on our three assumptions in terms of to what extent split

delivery is allowed. There is no vehicle/route index in this formulation. Therefore,

the solution found by the flow formulation may not be feasible for our problem as
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it cannot cope with the following two situations: (i) Failure to ensure the maximum

route length (L) constraint, (ii) Under the second and the third delivery assumption,

the amount of product carried on the incoming edge of a customer may be more

than the amount of product carried on the outgoing edge of that customer. Such

an incident infers that the customer is loading some product on the vehicle and it is

not possible within the scope of our problem. We use the following sets and decision

variables within the flow formulation we refer to find tight lower bounds.

E = {(i, j) : i < j; i, j ∈ V0}

A = {(i, j), (j, i) : (i, j) ∈ E}

xijt =


1, if edge (i, j) is used to travel from node i to node j on day t

0, otherwise

∀(i, j) ∈ A, t ∈ T

yijt = Number of times the (i, j) edge is used on day t ∀(i, j) ∈ E, t ∈ T

zit =


1, if node i is visited on day t

0, otherwise

∀i ∈ V, t ∈ T

lijpt = The amount of product p loaded on the vehicle that traverses from node i

to node j on day t ∀(i, j) ∈ V0, p ∈ P, t ∈ T

qipt = The amount of product p delivered to customer i on day t

∀i ∈ V, p ∈ P, t ∈ T

Iipt = The amount of inventory at customer i in product p at the end of day t

∀i ∈ V, p ∈ P, t ∈ T

We model the flow formulation as follows under the first delivery assumption,

where each customer can only be visited by one vehicle on a day.
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MIP-F: min
∑

(i,j)∈E

∑
t∈T

bijxijt (46)

J 0
ip + qip1 = Iip1 + dip1 ∀i ∈ V, p ∈ P

(47)

Iip,t−1 + qipt = Iipt + dipt ∀i ∈ V, p ∈ P, t ∈ T \{1}

(48)

qip1 ≤ Cip − J 0
ip ∀i ∈ V, p ∈ P

(49)

qipt ≤ Cip − Iip,t−1 ∀i ∈ V, p ∈ P, t ∈ T \{1}

(50)

qipt ≤ Cipzit ∀i ∈ V, p ∈ P, t ∈ T

(51)∑
j:(i,j)∈E

yijt +
∑

j:(j,i)∈E

yjit = 2zit ∀i ∈ V, t ∈ T

(52)

∑
j|(i,j)∈A

lijpt −
∑

j|(j,i)∈A

ljipt =


−qipt if i ∈ V∑
i∈V

qipt if i = 0

∀i ∈ V0, p ∈ P, t ∈ T

(53)

lijpt ≤ Qpxijt ∀(i, j) ∈ A, p ∈ P, t ∈ T

(54)∑
j|(j,i)∈A

xjit −
∑

j|(i,j)∈A

xijt = 0 ∀i ∈ V0, t ∈ T

(55)

xijt + xjit = yijt ∀(i, j) ∈ E, t ∈ T

(56)
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yijt ∈ {0, 1} ∀(i, j) ∈ E\{i, j = 0}, t ∈ T

(57)

y0jt ∈ {0, 1, 2} ∀j ∈ V, t ∈ T

(58)

xijt ∈ {0, 1} ∀(i, j) ∈ A, t ∈ T

(59)

zit ∈ {0, 1} ∀i ∈ V, t ∈ T

(60)

lijpt ≥ 0 ∀i, j ∈ V0, p ∈ P, t ∈ T

(61)

qipt ≥ 0 ∀i ∈ V0, p ∈ P, t ∈ T

(62)

Iipt ≥ 0 ∀i ∈ V0, p ∈ P, t ∈ T

(63)

The objective function (46) minimizes the total cost of the edges used. Constraints

(47- 48) are the inventory flow balance constraints at customers for all products. Con-

straints (49- 50) ensure that storage capacities at customers for each product are not

exceeded. Constraints (51) determine whether a distribution is made to a customer.

In the first assumption, since a customer can be visited once a day, constraints (52)

and (55-56) ensure that when a customer is visited, there must be a total of two edges

(inbound and outbound) that pass through that node. Constraints (53) ensure that

each product carried in a vehicle within a day is reduced by the amount distributed

as customers are visited. Constraints (54) ensure that if a customer is visited, the

amount of each product carried in the vehicle visiting that customer can at most be

as much as the capacity dedicated to those products. Constraints (57-63) determine

the values that decision variables can take.
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For the second delivery assumption, where each customer can be visited once for

each product on a day, the domains of the variables zit, yijt, xijt are modified so

that they can take any integer value between 0 and m. And, the domain of the y0jt

variables is modified so that they can take any integer value between 0 and 2m.

For the third delivery assumption, where a product is allowed to be distributed

to a customer by more than one vehicle on a day, the domains of the variables zit,

yijt, xijt and y0jt in the model are modified so that they can take any non-negative

integer value.

5.4 Numerical results

We evaluate the performance of our matheuristic approach by comparing it with the

lower bounds obtained by the MIP-F. We run both our algorithm and the MIP-

F model for two hours for every instance. Besides the time limit, we also set a

maximum iteration number as our termination criteria, which is 5000. We compare

the objective values found by our matheuristic against the lower bounds reported in

CPLEX after solving the MIP-F model. We report the percentage deviations from the

lower bounds found by solving MIP-F with CPLEX in separate tables (Tables 2, 3,

4) for each delivery assumption. We run each test instance within a 3-, 5-, and 7-day

planning horizon for each delivery assumption. In Tables 2, 3 and 4, n represents the

number of customers in an instance. The first of the two results under each planning

horizon is the average of the runs taken with two different seeds (Avg.), whereas the

second means the best of these two runs (Best).

While the average of the “Avg.” columns is 13%, the average of the “Best”

columns is 11.7%. In other words, our algorithm finds solutions that are 13% higher in

cost on average in respect to the lower bound found by solving MIP-F using CPLEX.

If we calculate the best performances among the different seeds, this difference drops

off to 11.7%.
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ALNS

First Delivery Assumption

Instance T = 3 T = 5 T = 7

# n Avg. Best Avg. Best Avg. Best

1 20 7.51 7.51 2.29 2.29 7.14 6.88
2 20 11.55 10.02 6.98 6.98 7.67 7.04
3 25 10.10 9.26 8.87 8.07 7.13 6.94
4 25 12.41 12.21 4.55 4.54 7.04 6.23
5 30 9.64 9.11 8.94 8.12 7.57 7.26
6 30 14.27 13.41 6.54 5.89 5.03 4.21
7 35 11.20 10.69 8.29 7.94 6.94 6.39
8 35 13.90 13.86 8.19 7.54 8.75 8.24
9 40 11.68 11.08 10.49 8.99 7.91 7.57
10 40 16.51 16.24 7.61 7.54 8.56 7.89
11 45 12.20 11.71 6.82 6.78 11.49 11.46
12 45 11.60 9.49 7.36 7.17 8.48 7.12
13 50 11.44 9.10 10.26 8.79 7.66 7.36
14 50 19.03 17.73 10.15 10.03 7.97 7.74
15 60 20.48 19.86 15.62 15.54 9.84 9.41
16 60 16.87 16.76 13.22 11.69 11.19 10.76
17 70 21.01 20.83 14.66 14.61 12.79 11.69
18 70 20.03 19.83 16.45 15.44 13.61 12.94
19 80 21.89 19.07 15.92 15.46 13.71 13.07
20 80 24.30 24.24 13.49 12.31 16.00 14.16
21 90 26.73 23.55 20.30 19.15 17.75 17.60
22 90 23.82 19.71 19.33 17.99 15.97 15.82
23 100 27.78 25.31 19.36 15.36 14.56 14.11
24 100 29.50 28.12 17.96 16.66 18.94 15.51

Avg. 16.89 15.78 11.40 10.62 10.57 9.89

Table 2: Under the first delivery assumption, percentage deviation of the solutions
found by our algorithm from the lower bound found by MIP-F using CPLEX
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ALNS

Second Delivery Assumption

Instance T = 3 T = 5 T = 7

# n Avg. Best Avg. Best Avg. Best

1 20 14.15 14.15 4.21 3.72 7.20 7.10
2 20 11.50 10.13 9.60 8.99 6.37 6.18
3 25 22.12 21.41 10.00 9.83 7.21 6.69
4 25 16.10 11.14 7.34 6.80 7.08 6.40
5 30 12.44 10.61 11.49 11.45 7.88 7.14
6 30 18.20 17.73 7.75 7.22 6.66 6.29
7 35 15.55 12.51 11.73 9.70 7.03 6.85
8 35 20.37 18.82 10.33 8.89 11.35 7.74
9 40 12.61 10.89 11.10 10.33 9.25 8.10
10 40 20.59 16.28 9.32 8.55 9.50 8.46
11 45 13.78 12.33 8.96 8.11 12.56 10.19
12 45 11.40 9.96 10.20 7.99 9.39 7.46
13 50 15.23 14.52 11.96 11.05 9.92 8.52
14 50 19.55 19.13 13.41 12.38 14.46 10.94
15 60 24.26 22.28 15.49 13.94 15.04 11.73
16 60 20.29 15.74 15.97 12.36 12.97 10.16
17 70 26.81 24.02 17.57 15.27 18.95 16.85
18 70 25.29 24.60 18.49 15.18 18.55 13.43
19 80 32.35 29.19 16.24 14.72 26.79 19.72
20 80 27.67 21.38 19.33 12.69 18.07 15.94
21 90 35.71 30.90 20.64 20.21 19.94 16.46
22 90 26.79 22.76 27.45 26.52 19.70 18.73
23 100 36.75 30.17 18.81 17.04 21.56 15.38
24 100 33.34 27.95 26.45 18.66 23.78 18.23

Avg. 21.37 18.69 13.91 12.15 13.39 11.03

Table 3: Under the second delivery assumption, percentage deviation of the solutions
found by our algorithm from the lower bound found by MIP-F using CPLEX
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ALNS

Third Delivery Assumption

Instance T = 3 T = 5 T = 7

# n Avg. Best Avg. Best Avg. Best

1 20 5.65 5.65 2.16 2.16 6.10 6.10
2 20 6.43 5.81 4.26 4.02 6.21 5.89
3 25 8.08 7.35 7.28 7.10 5.92 5.90
4 25 5.85 5.79 5.98 5.82 5.75 4.79
5 30 6.09 5.62 6.92 5.92 5.40 5.35
6 30 6.22 6.01 6.52 5.76 4.46 4.15
7 35 8.10 7.19 8.95 8.84 5.87 5.44
8 35 10.81 9.64 8.41 7.63 6.38 6.27
9 40 6.15 5.60 6.96 6.53 7.52 7.48
10 40 8.94 7.17 4.75 4.60 6.12 5.35
11 45 9.91 6.71 7.64 7.63 8.66 8.39
12 45 10.31 8.02 7.27 7.18 6.45 6.14
13 50 7.89 7.51 8.00 7.81 6.90 6.42
14 50 10.15 9.17 9.13 9.08 7.61 7.16
15 60 16.67 13.44 10.31 9.65 13.88 13.26
16 60 12.07 11.93 9.17 8.48 10.03 9.01
17 70 15.79 13.78 12.43 11.33 12.95 11.85
18 70 18.35 16.87 11.39 11.18 11.52 10.69
19 80 16.03 15.89 12.68 11.60 9.30 8.58
20 80 16.77 13.56 13.88 12.20 12.23 10.35
21 90 15.53 13.49 15.12 14.05 13.57 12.89
22 90 16.43 15.82 11.99 11.48 13.93 13.66
23 100 18.81 14.19 14.70 12.89 16.22 11.37
24 100 15.80 15.07 12.98 11.22 9.68 9.35

Avg. 11.37 10.05 9.12 8.51 8.86 8.16

Table 4: Under the third delivery assumption, percentage deviation of the solutions
found by our algorithm from the lower bound found by MIP-F using CPLEX
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As for computation times, for the instances with up to 30 customers our algorithm

can terminate before the two-hour time limit. For the first delivery assumption, our

algorithm terminates in 4,304 seconds at the earliest (with 20 customers). For the

second delivery assumption, our algorithm terminates in 6,718 seconds at the earliest

(with 20 customers). And for the third delivery assumption, our algorithm terminates

in 3,910 seconds at the earliest (with 25 customers).

We observe that for all the delivery assumptions, as the size of the instance in-

creases, the deviation of the results obtained by ALNS from the lower bounds found

by solving MIP-F increases as well. However, it should be noted that the reason for

these high values is mainly that the lower bounds obtained by MIP-F are rather loose

in large-scale instances. Although the optimal solution of the MIP-F theoretically

gives a lower bound for the MC-IRP, we were able to use the lower bounds obtained

at the end of 2 hours to evaluate the performance of the ALNS, since no optimal

solution could be found for the MIP-F at the end of 2 hours. And this lower bound

gets looser as the size of the instance increases. To express it numerically, for the

first delivery assumption, while the average optimality gap of the MIP-F is 10.4% for

the instances with ≤ 50 customers, for the instances with > 50 customers, the aver-

age optimality gap is 24.6%. For the second delivery assumption, while the average

optimality gap of the MIP-F is 7.2% for the instances with ≤ 50 customers, for the

instances with > 50 customers, the average optimality gap is 48.9%. For the third

delivery assumption, while the average optimality gap of the MIP-F is 9.4% for the

instances with ≤ 50 customers, for the instances with > 50 customers, the average

optimality gap is 44.5%.

We also measure how much we improve our initial solution by using our matheuris-

tic approach. For the first delivery assumption, when we take the average of two seeds

we see that we improve the solution by 5.4% on average; whereas if we consider the
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best of two seeds, we improve the solution by 6.1%. For the second delivery assump-

tion, when we take the average of two seeds we see that we improve the solution

by 10.1% on average; whereas if we consider the best of two seeds, we improve the

solution by 16.1%. And for the third delivery assumption, when we take the average

of two seeds we see that we improve the solution by 4.3% on average; whereas if we

consider the best of two seeds, we improve the solution by 5.4%.
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CHAPTER VI

CONCLUSION

In this study, we analyze the distribution of multiple products to customers on a

multi-period basis by using compartmentalized vehicles. This problem is known as the

Multi-Compartment Inventory Routing Problem (MC-IRP) in the literature. Using

separate compartments for each product type allows the supplier to distribute assorted

products to its customers on a delivery route. Thus, the supplier can better coordinate

the distribution and inventory management to avoid additional routes and achieve

lower transportation costs. On the other hand, supplier’s distribution options vary

considerably, hence a high number of feasible solutions emerge and it makes the

problem more difficult than the classical inventory routing problem.

We assume that compartments are dedicated to products and the capacities of

compartments are fixed, as in real-life operations such as transportation of foods

under different storage conditions, collection of recyclable goods, and feed distribution

to livestock farms. Customers have certain storage capacities for each product. We

limit the maximum route length by a certain distance to mimic the restriction on

the working times of the drivers. Our aim is to determine the delivery amounts of

each product to each customer per route per day, the amount of inventory to be

held at each customer for each product per day, and the vehicle routes navigating

between customers and the depot to minimize the total transportation cost of the

routes performed over the planning horizon.

We develop a matheuristic approach to address the difficulties of the problem in

an effective and efficient way. Here we use an Adaptive Large Neighborhood Search

algorithm that systematically incorporates mathematical programming models. To
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find an initial feasible solution to our algorithm we formulate a mathematical model

which determines the routes to be performed on each day among a set of routes that

we generate. We create test instances with up to 100 customers and a 7-day planning

horizon and run our algorithm under three assumptions in terms of to what extent

split delivery to customers is allowed. To measure the performance of our algorithm,

we adapt a mathematical model (MIP-F) that uses flow formulation for routing and

distribution purposes. We solve MIP-F using the CPLEX solver and report the lower

bound found by the solver. If we compare the lower bound found by solving MIP-F

with our algorithm, we observe that our algorithm finds solutions with 13% higher

cost on average; and only with 11.7% higher cost if we compare the best solutions

found in different runs.

This problem can be further elaborated by considering different compartment

structures, such as allowing to configure the capacity of each compartment discretely

(e.g. using separators to increase/decrease the capacities in terms of unit capacity).

To the best of our knowledge there exists no study in the literature that studies

MC-IRP with this assumption. Moreover, one can also examine this problem by in-

corporating the assignment decision of products to compartments, which have fixed

capacities. Although there exist such studies in the literature, the performance of the

solution approach may be tested on more compelling test instances and the assump-

tions/constraints that reduce the difficulty of the problem may be avoided.
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APPENDIX A

PSEUDOCODES OF ALNS-1 AND ALNS-2

Algorithm 2: ALNS-1
1: All weights are set to 1 and all scores are set to 0.
2: s, sbest = Initial solution
3: iterations = 0
4: time = 0
5: while iterations ≤ 5000 and time ≤ 7200 do
6: k = 1
7: while k ≤ K do
8: Select a destroy operator (d ∈ D) using the roulette-wheel mechanism based on the

current weights.
9: θ(d) = θ(d) + 1
10: s′ = d(s)
11: s′ = LP-SO(s′)
12: if s′ is not feasible then
13: s′′ = R(s′)
14: s′′′ = I(s′′)
15: else
16: s′′′ = I(s′)
17: end if
18: if z(s′′′) ≤ z(sbest) then
19: sbest = s′′′

20: π(d) = π(d) + σ1
21: else if z(s′′′) ≤ z(s) then
22: s = s′′′

23: π(d) = π(d) + σ2
24: else if s′′′ is accepted by the SA criterion then
25: s = s′′′

26: π(d) = π(d) + σ3
27: end if
28: k = k + 1
29: iteration = iteration+ 1
30: end while
31: update the weights of all operators and reset their scores.
32: end while
33: return sbest
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Algorithm 3: ALNS-2
1: All weights are set to 1 and all scores are set to 0.
2: s, sbest = Initial solution
3: iterations = 0
4: time = 0
5: while iterations ≤ 5000 and time ≤ 7200 do
6: k = 1
7: while k ≤ K do
8: Select a destroy operator (d ∈ D) using the roulette-wheel mechanism based on the

current weights.
9: θ(d) = θ(d) + 1
10: s′ = d(s)
11: s′ = LP-SO(s′)
12: if s′ is not feasible then
13: s′′ = R(s′)
14: s′′′ = I(s′′)
15: else
16: s′′′ = I(s′)
17: end if
18: if z(s′′′) ≤ z(sbest) then
19: sbest = s′′′

20: π(d) = π(d) + σ1
21: else if z(s′′′) ≤ z(s) then
22: s = s′′′

23: π(d) = π(d) + σ2
24: else if s′′′ is accepted by the SA criterion then
25: s = s′′′

26: π(d) = π(d) + σ3
27: end if
28: k = k + 1
29: iteration = iteration+ 1
30: end while
31: s = s∗
32: update the weights of all operators and reset their scores.
33: end while
34: return sbest
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