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ABSTRACT

INCOMPLETE PREFERENCES AND ROBUST
SATISFICING IN MULTI-ARMED BANDITS

Yagar Cahit Yildirim
M.S. in Electrical and Electronics Engineering
Advisor: Cem Tekin
September 2025

This thesis studies sequential decision-making in multi-armed bandits (MAB)
in two settings: when there are multiple objectives to consider and preferences
among actions are non-total, and when actions are subject to adversarial pertur-
bations. In the first part, we introduce PaVeBa, a pure-exploration algorithm for
vector-valued rewards under incomplete preferences, using cone-induced compar-
isons instead of scalarizations. We analyze its behavior and validate it empirically
against strong baselines. To support research and reproducibility in this area, we
also develop VOPy, a Python library that implements PaVeBa and a broader suite
of vector-optimization algorithms and tools. In the second part, we investigate ro-
bust satisficing under adversarial attacks. Building on existing robust satisficing
formulations (e.g., stability radius and fragility-based), we design a Thompson-
sampling variant of an algorithm family and demonstrate that it achieves reliable
satisficing performance under targeted perturbations.

Keywords: multi-armed bandits, vector optimization, robust satisficing.
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OZET

COK KOLLU HAYDUTLARDA EKSIK TERCIHLER
VE GURBUZ YETERLILIK

Yagar Cahit Yildirim
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Cem Tekin
Eyliil 2025

Bu tez, ¢ok kollu haydut (MAB) problemlerinde sirali karar vermeyi iki farkl
baglamda incelemektedir: birden fazla amacin bulundugu ve eylemler arasin-
daki tercihlerin tam olmadigi durumlarda ve eylemlerin hasim saldirilarina maruz
kaldigi durumlarda. Ilk boliimde, skalerlestirmeler yerine koniler ile temel-
lendirilen kargilagtirmalar kullanan, eksik tercihler altinda vektor degerli odiiller
icin saf kegif algoritmasi olan PaVeBa’y1 sunuyoruz. Algoritmanin davranigini
analiz ediyor ve gii¢lii temel metotlara karsi deneysel olarak dogruluyoruz. Bu
alandaki aragtirmalari ve tekrar iiretilebilirligi desteklemek i¢in, PaVeBa ve yam
sira daha genis bir vektor optimizasyonu algoritmalar1 ve araclari yelpazesini
iceren VOPYy isimli bir Python kiitiiphanesi de gelistiriyoruz. Ikinci kisimda ise,
hasim saldirilar1 altinda giirbiiz yeterlilik problemini inceliyoruz. Mevcut giir-
biiz yeterlilik formiilasyonlarini (6rnegin, kararlihk yarigap: ve kirilganlik tabanl)
temel alarak, bir algoritma ailesinin Thompson-6rnekleme varyantini tasarliyor
ve hedeflenmis bozucu saldirilar altinda giivenilir bir yeterlilik performansi elde

ettigini gosteriyoruz.

Anahtar sézcikler: ¢ok kollu haydutlar, vektor eniyileme, giirbiiz yeterlilik.
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Chapter 1

Introduction

An important subset of machine learning involves what we refer to as sequential
decision-making under uncertainty. This concept covers the scenarios where a
learner repeatedly interacts with an environment: it acts within it, observes some
uncertain phenomena, and updates its strategy before repeating the process. If
the environment itself does not evolve dependent on the learner’s actions, and
the set of actions the learner can take is fixed, we call this distilled problem a
multi-armed bandit (MAB) problem. The available actions the learner can take

are the arms.

The name “multi-armed bandit” comes from imagining a row of slot machines,
each with its own unknown payout, or reward, distribution. The central challenge
is the exploration—exploitation dilemma: on the one hand, the learner must ex-
plore to reduce uncertainty about the mean rewards of different arms (sampling
arms whose estimates have high variance), while on the other hand, it wants to
exploit what it has learned so far by favoring the arm with the highest estimated
mean. This tension defines the core difficulty of MAB problems, and almost every

algorithm in this space can be seen as a way of balancing these two objectives.

At each round t € N, the learner chooses a single arm z; € X’ (or a batch of arms)



from the action set X', observes reward y(z;) = f(z¢) + n: where 7, is the obser-
vation noise, and gradually learns reward statistics of arms. In MAB literature,
learners aim either for best-arm identification or for regret minimization. Regret

at round t is defined as

re = f(z%) = flz),
i.€., the missed reward between the action taken, x; € X', and the optimal action,
e X.

Many real-world problems, however, involve richer structures than vanilla MABs
with simple noisy scalar rewards. Some settings require vector-valued rewards,
as in multi-objective optimization. In others, those vector-valued outcomes come
with only partial comparability, as in vector optimization. Another line of work
considers settings where the learner has only limited control over which arms can

be played, as in adversarial perturbations.

This thesis focuses on two such extensions to the bandit framework: vector op-
timization with incomplete preferences, and robust satisficing under adversarial
attacks. Both extensions share the core concept of sequential learning, but they

address different complexities that arise during real-world decision-making.

The first part of the thesis will be on vector optimization in MABs, where each
observation yields a reward vector of multiple objectives, and user preferences are
encoded through a polyhedral cone. In this context, we propose Pareto Vector
Bandits (PaVeBa), an adaptive elimination algorithm for pure exploration of
arms with noisy vector-valued rewards. We develop Gaussian process (GP) based
heuristics for this algorithm and include extensive experiments for all versions.
Furthermore, to facilitate the advancement of the vector optimization field by
providing practical solutions to practitioners and easing algorithm development
for researchers, we develop VOPy, an open-source Python framework for black-
box vector optimization. VOpy provides preference comparisons through cones,
various modeling options, and modular implementations of several algorithms,

including PaVeBa and VOGP [I].



The second part of the thesis addresses robust satisficing (RS) in bandits, specifi-
cally in Gaussian process (GP) bandits and in the context of adversarial attacks.
The adversarial setting is concerned with cases where learned policies may fail
due to adversarial perturbations of selected arms, causing input uncertainty. In
this context, we investigated the adversarial perturbations of arms following [2],
and proposed Thompson sampling based family of algorithms. We empirically
compare this algorithm family with robust optimization (RO) methods on both

synthetic and real-world problems.

The remainder of this thesis is organized as follows. Chapter 2 provides the
background and preliminary discussions on vector optimization, Bayesian opti-
mization and Gaussian processes, and robust satisficing. Chapter 3 covers our
contributions to vector optimization in MABs, including the PaVeBa algorithm
and its experimental evaluation. Chapter 4 introduces the VOPy library, de-
signed to foster research in vector optimization. Finally, Chapter 5 focuses on
our contributions to robust satisficing bandits in adversarial settings, presenting

an empirical algorithm family and analyzing its performance.



Chapter 2

Background and Preliminaries

2.1 Vector Optimization

Consider the MAB problems where each arm = € X has a corresponding mean
reward vector f(z) € RP, where D € N := {1,2,...}. Notice that in this setting,
as there are multiple objectives, comparing two arms is not straightforward. One
could scalarize the reward vector, for example, by taking the dot product w” - f(z)
with a weight vector w € R”, which would give a total order, but it’s not an easy

task choosing w.

Propanidid hd Diazepam .

-SAS

Thiamylal g

log OPC

Figure 2.1: Three anesthetics ordered by a polyhedral cone. Among them, Di-
azepam is the only Pareto optimal drug.



Instead, one can use the strict partial order < for comparing arms, an approach
called multi-objective optimization (MOQO). In this case, an arm is said to dom-
inate another if it is at least as good in all objectives and strictly better in one
[3]. However, note that this procedure would not necessarily yield a single arm,
as some vectors are not comparable. To see this, consider two reward vectors
p = [10" and v = [01]" and notice that neither ; < v nor v < p. This
leads to the identification of the Pareto set, where instead of a single best arm,
we obtain a set of best arms. To that end, some work on bandit literature fo-
cused on the identification of the Pareto set of arms. Noteworthy contributions
include algorithms for (¢,)-PAC Pareto set identification [4] defined similar to
its single-objective case, exploration using Gaussian processes in large datasets
[5, 6], feasible arm identification [7], and algorithms using information-theoretic
heuristics [8H10]. Additionally, regret minimization in multi-objective bandits is
explored by [11I] and [12], while multi-objective reinforcement learning has been
delved into by [13] and [I4].

While multi-objective methods address vector-valued rewards, they employ a spe-
cific domination concept, as we mentioned, which we will refer to as the standard
componentwise order hereafter. The field of vector optimization |15l [16] general-
izes this by offering a more flexible dominance notion, a partial order < induced
by a cone C defined as p <¢ v if and only if (iff) v —p € C. The flexibility of the
framework under different cones has led to diverse real-world applications, as the
choice of C' allows users to reflect their incomplete (non-total) preferences, where
choosing C' as the positive orthant yields the MOQO approach outlined above.
To exemplify this flexibility, consider the anesthetic design problem, where both
the octanol-water partition coefficient (OPC) and the synthetic accessibility score
(SAS) are essential metrics. The former has been shown to correlate well with
anesthetic efficacy [17, (18], while the latter predicts the difficulty of synthesizing
a molecule [I9]. To illustrate what’s missing if standard componentwise order
is used, Figure 1 shows the negative of SAS (ease of synthesis) and log OPC of
three different anesthetics [20, 21]. Note that all three drugs are Pareto optimal
in the standard sense. However, Propanidid is at an absolute disadvantage in

practice compared to Diazepam. That’s because ease of synthesis does not mean



much unless the drug is actually useful, and Diazepam is only slightly harder
to synthesize but vastly more effective as an anesthetic. By using a larger cone
than the standard one, as shown in the Figure 2.1, the optimal drug among the
three can be selected as Diazepam, ruling out other drugs that rely on extreme

trade-offs between accessibility and effectiveness.

2.2 Bayesian Optimization

Bayesian optimization (BO) [22], 23] is a sequential approach to optimizing an
objective function f(z) defined over a feasible set X. It is used in cases where
f is expensive to evaluate and its analytic form is unknown. In such cases, one
cannot afford to take a large number of samples as required by evolutionary or
random search methods, nor can one rely on gradient-based algorithms since

derivatives or structural properties like concavity are unavailable.

In most of the BO literature, the domain X is taken to be continuous, but in the
multi-armed bandit setting, we often assume it is finite, corresponding to a fixed
set of arms. The central idea of BO is to build a probabilistic surrogate model
of the unknown function that is updated as new observations are collected, and
to guide decisions through an acquisition function. The surrogate captures both
what is currently known about f and the uncertainty that remains, while the
acquisition function uses this information to balance the exploration of uncertain
regions with the exploitation of regions that already look promising. Among
different surrogate models, Gaussian processes (GPs) are ubiquitous, to the point
where BO became almost synonymous with GPs. While we focus here in this
preliminary chapter on the single-objective case f : X — R, the same principles
extend to the multi-objective setting f : X — R”, where multi-output GPs and

suitably adapted acquisition functions are employed.



2.2.1 Gaussian Processes

A standard surrogate model for the unknown function is to use a Gaussian process
(GP) prior.

Definition 1. [2], Definition 2.1/ A Gaussian process is a collection of random
variables, such that any finite subset of which follows a joint Gaussian distribu-

tion.

Similar to how a Gaussian random variable is completely specified by its mean
and variance, a GP prior is completely specified by its mean function pu(z) and

covariance function k(x, z"), where

plx) =E[f(2)],
k(z,2') = B[(f(z) = (@) (f (&) — p(z)].

When we condition a GP on observed data points {(x;,v;)};_; with Gaussian
noise, the posterior at any new point x remains Gaussian with predictive mean

and variance
—1
Mt(‘r) - kt(I)T (Et + J2I) Yi:t,

. (2.1)
o7 () = k(z,2) — k()T (8 + 0°T) " ky(z),

where ¥, is the covariance matrix on observed points and k;(z) is the covariance
vector between x and the observed points. Notice the 0?1 term in the equations,

which accounts for the observation noise n ~ N (0, 0?) from y(z) = f(x) + 7.

Covariance functions. The choice of covariance function (or kernel) k(z,2")
plays a central role in Gaussian processes, as it encodes prior assumptions about
the smoothness and structure of the unknown function. Different kernels can also
be combined by addition or multiplication to represent more complex behaviors
[25, Chapter 2]. In practice, kernel hyperparameters are usually estimated from

data by maximizing the marginal likelihood of the GP.

The posterior mean and variance allow us to define acquisition functions that
guide the selection of the next query point. Two widely used examples are GP-
UCB [26] and Thompson sampling [27, 28§].

7



GP-UCB. The upper confidence bound (UCB) rule encourages optimism in the
face of uncertainty by augmenting the mean with a scaled standard deviation
[26]:

Ty € argmax fu—1(x) + \/EUtfl(l');

reX

where [; controls the exploration—exploitation trade-off.

Thompson Sampling. Thompson sampling [27, 28] selects the next point by

sampling a function f from the GP posterior and then choosing

r; € argmax f(z).
TeEX

This randomized policy implicitly balances exploration and exploitation by occa-

sionally sampling from regions of high uncertainty.

2.3 Robust Satisficing

Decision making often involves dealing with ambiguity, or uncertainty in the
Knightian sense [29]. Robust optimization (RO) is a widely accepted framework
handling such uncertainty: rather than assuming exact knowledge of model pa-
rameters, the goal is to find solutions that remain effective across a range of
scenarios. In this framework, the agent maximizes utility under the worst case
within a defined uncertainty set, i.e., a set of values that model parameters may
take [30]. So, in RO, the goal is different than the standard formulation of opti-
mization which is

arg max f(x),

and it is instead

arg max min fl(z,2)
where © € X,z € Z refer to different model parameters, x is a decision variable,
z is an uncertain parameter, and A C Z is an uncertainty set. In general,
uncertainty sets are specified around a nominal parameter value 2 € Z. This

nominal does not necessarily represent the “true” parameter, but serves as a



baseline from which the deviations are measured. Formally, we can write an

uncertainty set with radius ¢ as
A2)={z€ Z:d(z2) <e€}

where d is a distance function on Z. We take d to be a pseudometric in this
thesis, though in other settings it may be specialized to a metric (e.g., Euclidean
distance) or generalized to a divergence (e.g., KL divergence). In [31], the un-
certain parameter z is a contextual variable where they only have an uncertain
distribution on it, and they work using expectations. Different from this distri-
butional setting, [2] work in an adversarial setting, where the uncertainty is on z

and z represent the adversarial perturbation on .

Satisficing. Decision theory often assumes that an agent’s goal is to maximize
expected utility. However, satisficing, a concept introduced and a term coined
by Nobel Laureatdl] in Economics Herbert Simon (|32, 33]), offers a more general
perspective: instead of seeking the best possible outcome, an agent may aim
at a solution that is “good enough”, i.e., one that meets or exceeds a specified
threshold 7. This principle reflects decision-making under bounded rationality,
where information and/or computation may be limited. Satisficing has also been

considered in MAB problems and regret minimization ([34-37]).

Then, when considered in the scope of robustness, the satisficing paradigm be-
comes a convenient tool for handling uncertainties. The focus in robust satisficing
(RS) shifts from choosing an action that maximizes a worst-case utility as in RO,
to an action that achieves at least a threshold 7 of utility across a range of possible

model parameters [38§].

2.3.1 Robust Satisficing Formulations

Since RS is a paradigm of decision-making, one can formulate different approaches

to achieve it. Here, we will introduce two known formulations of RS, and a novel

!Trivia: So far, only two people have won both the Nobel Prize and the A.M. Turing Award.
One is Herbert Simon, and other is Geoffrey Hinton.

9



approach proposed in [2] that unifies them, to find the robust satisficing action
e x.

The first formulation we consider stems from the notion of stability radius, and
it is used in RS literature [39] as well as in information-gap decision theory [40].
We try to find a solution that maximizes a stability radius. Stability radius is
defined by the maximal radius for the uncertainty set around a nominal 2 so that
all elements of this set achieve the predefined utility threshold 7, hence the RS

solution is given by solving

2™ = argmaxe, (z, ) (2.2)

where
€-(x,2) =maxe s.t. f(z,2) >7, V2 € A(2), €>0 (2.3)

and where € is denoted the stability radius.

The second formulation we will examine is from [38], which forms RS as a fragility

minimization problem. Concretely, the RS solution is given by solving

2™ = arg min k., (, 2) (2.4)

T

where
ke(z,2) =mink st. f(z,2) > 17— kd(z,2), Vz € Ax(2), k>0, (2.5)

and where the fragility £ of an action is defined as the minimum amount of
suboptimality that can be incurred per unit of shift in the uncertain variable, for
all possible shifts A, (2). Note that A () is quite an unusual notation since it
is precisely equal to Z. We gave the formulation in this notation just to make
the two formulations look similar, and the next couple of paragraphs, as well as
Chapter [5] would clarify why.

We note that, since the stability radius-based formulation in Equation only
guarantees satisficing within a bounded neighborhood of A.(2) if the stability
radius around the RS action is ¢, it can be seen as a local robustness model. In
contrast, the fragility based formulation in Equation considers all possible

values of z € Z, making it a global robustness model.

10



In [2], a new formulation for RS, called RS-G (for RS-General), is proposed to
unify the stability radius and fragility formulations. RS-G is formulated similarly
to the fragility formulation, where instead of fragility, they define a p-fragility.
The RS solution is found by solving

2™ = arg min K, (7, 2) (2.6)

T

where p-fragility s, ,(x, 2) is defined as

Rrp(z,2) = mink s.t. f(x,2) > 71— [kd(2,2)]", V2 € Ax(2), £ >0. (2.7)

It is trivial to see that setting p = 1 gives us the fragility based formulation. In [2]
Proposition 4.1|, they prove that having p = oo also gives the same RS solution
as stability radius formulation. Then, the RS-G formulation provides a family
of formulations that governs previous attempts at formulizing robust satisficing

approach, parameterized with a value p.

11



Chapter 3

Pure Exploration in Vector Bandits

Pure exploration aims to find the optimal arms through repeated interaction
with the environment. In this setting, one typically fixes an error upper bound
for identification and tries to minimize the number of samples required. This
setup is known as the fized confidence setting [41]. Notable methods here include
Exponential Gap Elimination [41] and the Track-and-Stop strategy [42]. A related
concept is the (¢, §)-probably approximately correct (PAC) best-arm identification
proposed by [43], where the goal is to identify an e-optimal arm with confidence

1 — 6. When e = 0, this reduces to the fixed confidence case.

Most existing pure exploration work has concentrated on scalar rewards, but in
practice, many problems involve multiple objectives that must be considered si-
multaneously. This naturally motivates the use of vector optimization. Recently,
[44] examined this idea in a bandit setting with sequential noisy observations.
They provided important insights and lower bounds for (e, §)-PAC exploration
but left open the design of an algorithm that could achieve these bounds effi-

ciently.

To fill this gap, we study bandits with vector-valued rewards under cone-based or-
derings, following the vector optimization approach adopted by [15] and [16]. We
propose the Pareto Vector Bandits (PaVeBa) method. PaVeBa, as shown in [45],

12



nearly matches the lower bounds established by [44] while using a stricter success
condition for (€, §)-PAC Pareto identification. We present convex optimization
formulations to handle certain computations required for Pareto identification
using ellipsoidal confidence regions from multi-objective Gaussian processes with

correlated outputs.

We then compare PaVeBa against the Naive Elimination algorithm of [44] and
state-of-the-art multi-objective optimization methods. Our results show that
PaVeBa and its heuristic variants outperform other methods in vector optimiza-
tion, while delivering a multi-objective optimization performance on par with

established algorithms such as e-PAL [5], MESMO [9], and JES [10].

3.1 Problem Definition

Consider a finite set of arms X C R¥. For each arm x € X, the corresponding
mean reward is given by the vector f(z) € RP, where D € N = {1,2,...}.
We use || - |2 to denote the Euclidean norm on R? and B(u,7) to denote the
closed ball in R? whose center is JURS R? and radius is » > 0 with respect
to || - |lo. For p € RP, the distance to a nonempty set A C R is defined as
d(p, A) = inf,ca |0 — v|2. Let t € N denote some arbitrary index for rounds
of sequential evaluations. Sampling arm x € X at round ¢, gives the random
vector y,(z) = f(x) + n,(z) as observation, where n,(x) is the random noise
vector at round ¢ for arm x. Note that the notation is designed to accommodate
batch observations. We assume that the noise family (1,(x))zcx ten consists of
independent norm-subgaussian random vectors with a common parameter o > 0.
Specifically, .

P{||ny(2)]l> > u} < 26722

for each u > 0 [40], Definition 3|. For each x € X, let N;(x) denote the set of

rounds at which arm x is sampled by round ¢, and let n,(z) = |Ny(x)|.

Since we work with multi-dimensional rewards, we need a notion of ranking be-

tween them. Following [44], we use a convex polyhedral ordering cone C' to

13



partially order the reward vectors. We define C' == {u € R” | W > 0}, where
W is an N x D real matrix for some N € N with rows w/,...,wk. We as-
sume that W has full row rank and ||w,||s = 1 for each n € [N] = {1,...,N}.
For each n € [N], we also define the constant a,, = sup,cp(1)nc Wit € (0,1].
The interior of C' is int(C') = {u € RP? | W > 0} and the boundary of C is
bd(C) ={p € C|In € [N]: wlpu = 0}. We then define a partial order < via
p =cviff v —p € C for each pu,v € RP. In this case, we say that p is weakly
dominated by v. Similarly, we say that p is strongly dominated by v, denoted
using the strict partial order <¢ as pu <¢ v, iff p— v € int(C).

We focus on pure exploration, where the goal is to find the set of “optimal” arms.
In the vector bandits problem, this corresponds to maximizing f over X with
respect to the partial order <o, and we want to do it with as few samples as
possible. In other words, we want to find the set P* of all arms containing the

maximal elements from {f(x) | v € X'} with respect to <¢, i.e.,

Pr={zeX|fyecx\{z}: fx)2¢c fF)},

which is the Pareto set.

To use while identifying the Pareto set P*, we employ two functions defined by
[44], which extend the multi-objective definitions from [4]. We further generalize
the Definitions in [44], where these functions are defined on the set of arms; we
define them on arbitrary vectors pu,v € RP. First, we define M(u,v) as the
minimum step size along an arbitrary direction in C' needed for v to dominate

w, or formally,
M(p,v) =inf{s >0 |Jue B0,1)NC: v+suepu+C}. (3.1)

Second, we define m(p,v) as the minimum step size along an arbitrary direction

in C' needed for p to not be dominated by v, or formally,
m(p,v):=inf{s > 0| Ju € B(0,1)NC: p+su ¢ v —int(C)}. (3.2)

We note that it is sufficient to keep track of these two functions to identify the
Pareto set because their signs reveal the dominance status of any two arms [44]
Propositions 4.2, 4.3; Corollary 4.5].
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Further, in their work, [44] introduced two parameters related with functions
M(-,-) (3.1), m(-,-) (3.2), and the difficulty of comparing arms using the cone C,

given as

g M CN (e +0))
T o)
d(p, (int(C)) N (p — C))

Po= T i (©)) (3:4)

(3.3)

[44, Theorem 2.4| states that both of these constants, i.e., §; and (s, are finite,
and they then define

B = max{f, B2} (3.5)

as the ordering complexity of cone C, which they associate with the difficulty of

the vector optimization problem.

As mentioned at the beginning of this chapter, pure exploration can be studied
under different objectives, such as fixed confidence and (e, §)-PAC identification.

In this work, we use Definition [2 as an objective that governs both.

Definition 2. (Success condition) Let ¢ > 0,0 € (0,1). A random set P C X
is called an (€,8)-PAC Pareto set if the following conditions hold at least with
probability 1 —0: (i) P* C P; (ii) for every x € P\P*, it holds A*(x) < €, where
A*(x) = maxyep m(f(z), f(y)).

Our success condition is a modified version of the one in [44], and is more similar
in spirit to [4, Success condition 1]. Specifically, we allow € = 0, and we changed
the first condition of [44] to a stricter one. Due to the latter modification, every
(€,0)-PAC Pareto set according to Definition [2] is also a one according to their
Definition 4.6.

The sample complexity of any algorithm for (¢,0)-PAC Pareto set identification
depends on the relative state of the reward vectors with respect to each other,
or gaps. To quantify the gaps between arms and the Pareto set, we use the
following definitions in [4, 44]: A*(z) = mingepe () M(f(x), f(y)) for z € P*
and At (z) = maxyep- m(f(x), f(y)) for x € X\ P*. So, as the product of the
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functions M (-, -) and m(-,-) is always zero by [44, Corollary 4.5], we can combine

these together as

A+<x>=max{ min M(F(e), F(5), max m<f<:c>,f<y>>}.

yeP*\{z} yeP*\{z}

3.2 Pareto Vector Bandits

We will now present Pareto Vector Bandits (PaVeBa), an algorithm for (¢, 0)-PAC
Pareto identification problem on vector bandits (see Algorithm [I)).

At each round t € N, the algorithm maintains three sets: the undecided arms S;
(also called “secret”), the identified Pareto arms P;, and the useful Pareto arms
U; C P;. The set of “active” arms is defined as A; := S; UlU;. As long as there are
undecided arms, i.e., S; # (), the algorithm samples each active arm to increase
its confidence in its status. It then computes the set of arms to discard, arms
that are unlikely to satisfy condition (i) in Definition [2] as

Di={x € S|3y € A\{z}: sup M(p,v)=0}, (3.6)

HEE: (LE),
ve&(y)

where &(x) is a high-probability confidence region for arm x at round ¢. The set
D, is then removed from S, and A, to find the intermediate sets S; and A;. Next,
it identifies the set of arms to deem Pareto optimal, arms that appear to satisfy
condition (ii) in Definition [2] as

Pi={r € S;|Vy € A\ {z}: sup m(p,v)<e}. (3.7)

BEE: (Zl‘),
veé(y)

P, is then added to P, to obtain Pi11, and removed from S; to obtain S;1. The

algorithm also computes the set of useful Pareto arms for the next round as

U1 ={y€Pr1 |30 € Spy1: sup m(p,v) >}, (3.8)

pesi(x),
ves(y)

which includes the arms in P;;; that may help decide the optimality of still-

undecided arms S 1.
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To make these decisions, PaVeBa needs confidence regions for the rewards of each
arm. We define By(x) = B(p,(x),r¢(x)), where

_ | 8to? m2(D + 1)| X[t
ri(z) = \/nt(l’)2 log ( % ) (3.9)

and p,(x) is the sample mean of arm =z at round ¢, ie., p(z) =

#(m) > reNu(a) Y- (). Finally, we define &, the confidence region of = at round ¢,

recursively as &(z) = &_1(x) N By(x) where & (z) = By(x).

Algorithm 1 Pareto Vector Bandits (PaVeBa)
1: Input: X, C, ¢, 0
2: Initialize: S; =X, P =0, U, =0, t = 1;
3: while S; # () do
4: At = St U Ut,

for z € A, do
Observe y,(x), calculate & (x) using (3.9);
end for

Compute D; (3.6));

Sy :St\%, Ay :At\Dt;

10: Compute Pt; o
11: Pt+1 :PtUPtu St—i-l :St\Pt;
12: Compute U1 (3.8);

13: t=1t+1;

14: end WhiJe

15: return P = P,

PaVeBa can be seen as a generalization of Algorithm 1 of [4] to arbitrary ordering
cones. However, it still offers some distinct features even under the standard com-
ponentwise order. First, we assume norm-subgaussian noise, which gives spherical
confidence regions. In contrast, [4] assumes subgaussian noise in each objective
dimension, leading to hyperrectangular confidence regions. Because of this and
their restriction to the standard order, their discarding and Pareto identification
operations can be held out by direct numerical comparisons. In PaVeBa, these
checks require comparing all vectors inside spherical confidence regions of arms
using the ordering cone, which involves solving convex optimization problems.
Second, our method avoids some redundant comparisons present in their work.
For instance, they search for arms to discard within A; (the set A in their nota-

tion), whereas we only search within S;. The remaining arms in A; are already
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deemed likely to be Pareto optimal, so they are not considered for discarding.
Third, in their algorithm, Pareto arms are decided as Pareto optimal arms (in
the set P using their notation), not when they are identified as Pareto, but when
they are no longer useful for determining the status of other arms. This might
not seem like a significant difference, but it is using this knowledge that we can
cut down redundant comparisons, as exemplified by not seeking arms to discard

among useful Pareto arms.

3.3 Technical Analysis

Efficient Implementation of PaVeBa via Convex Programming. To com-
pute the sets D;, Py, Uy, we need to check the validity of certain conditions that
involve all possible choices of vectors in the confidence regions. For consistency
with our heuristic and future use of Gaussian processes (in Section, we assume
that the confidence region of an arm z € X at round ¢ € N has the form of the form
Ew) = N._y Be(), where B.(z) = {v € R? | (v — 1, (2)) 787 (2)(v — 1, () <
a.(z)} is an ellipsoid with parameters ¥, (z), a symmetric positive definite ma-
trix, and «a,(z) > 0 for each 7 € [t]. Note that by choosing 3, (x) as the identity

matrix and o, (z) = r.(z), we recover B, (z) = B(p,.(z),r-(x)) as in (3.9).

In the general case, Propositions [I] and [2] proved in Appendix [A.1] show how

these sets can be computed using convex optimization.

Proposition 1. Let z,y € X and t € N. For each n € [N], consider the convex

optimization problem

minimize w)(v —p) subject to: p,v € RP,
(1 — ()T (@) (1 — oo (1)) < (), Vr € 1]
(v = 1) W)W = 1, (y) < axly), Ve [t

Then, the optimal value of this problem is strictly negative for at least one n € [N]

iff SUD eg, (1) wesi(y) M(p,v) > 0.

18



In view of Proposition [I, we can practically compute D;. To that end, for all
x € &, we can iterate over all y € A; \ {z} and solve the convex optimization
problem for each n € [N]. If we cannot detect at least one y and n for which the
solution to this convex optimization problem is strictly negative, then we add z
to D;.

Proposition 2. Let z,y € X, t € N, and € > 0. Consider the convex feasibility

problem

minimize 0  subject to: p,v € RP,

w! (v — p) > ea,, Yn € [N]

n

(b = 1, (2)) 'S (@) (B = () < ar(2), V7 € [t],
(v = 1 ()" Z W)W — p, () < acly), V7€ L],

Then, this problem has at least one feasible solution iff SUp,ce, 2y weg, (y) MM, V) >

€.

Then, in view of Proposition , we can practically compute P;. For all z € Sy,
iterate over y € A, \ {x} and solve the convex feasibility problem. If the problem
is infeasible for all i, then we add z to P,. Similarly, we can also calculate U,
using Proposition [2| In this case, for all y € Pi;q, we iterate over x € Si4q and
solve the convex feasibility problem. If the problem is feasible at least for one x,

then we add y to Uq.

Remark 1. When € = 0, Proposition |4 does not work. In this case, we propose
a slightly modified algorithm with minor adjustments to the definitions of P, and
U 1. We provide another convex optimization formulation to calculate mentioned
sets. For sample complexity bounds for this version, which are similar to those

mentioned here, check [45].

Sample Complexity of PaVeBa. For the sake of completeness, even though
these are not the product of this thesis, we provide upper bounds for the sam-
ple complexity of the PaVeBa algorithm in this part. For further details and

discussions on the sample complexities, see [45].
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Theorem 1 ([45], Theorem 1). When PaVeBa is run on a finite set of arms X,
the mazimum number of samples required for it to output an (€,9)-PAC Pareto

set P 18

|X[5125207 2568202 [72(D + 1)|X]
€2 “log” (—:22 60 Tl

The sample complexity bound in Theorem [1| does not depend on gaps between
arms, and it nearly matches the worst-case lower bound provided in |44, Theo-
rem 5.3|.

For developing a gap-dependent bound on the sample complexity of PaVeBa, [45]
further employs an improved gap definition for Pareto arms, inspired by the multi-
objective framework of [4]. This is required due to the design of our algorithm in
Algorithm [T} To be specific, in some cases, our algorithm will continue to sample
some arms even if they almost surely belong to the Pareto set, i.e., the set U;.
To quantify the contribution of such samplings to the sample complexity of our
algorithm, for each = € P*, [45] define

Ale) = min{ min {(M(£(2), F() M(F(y). F(@))}.

yeP \{z}

min (M(£(y), £(x)) +20%(y) } (3.10)

yg¢P*

Finally, they let Af(z) = max{A*(z),e}, A(z) = max{A(z),e}. These e
dependent gaps enable a tighter sample complexity analysis in cases where €
already dominates the gaps between arms, and we don’t need to improve the
confidence intervals for deciding the (¢, §)-Pareto status. Next, an improved result

based on the individual gaps of arms is presented.

Theorem 2 ([45], Theorem 2). When PaVeBa is run on a finite set of arms X,

the mazximum number of samples required for it to output an (e,§)-PAC Pareto
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set P is

4608520 23048202 [72(D + 1)|X
s 608@alog+< 3050\/7r( +1)| ])

zeP* K?)E(I)Z z36(55)2 6o
3 512(%0* log* (2565202\/#(17“);)(\)
werpe AL (2)? Al (z)? Go

Here, the sample complexity bound nearly matches the gap-dependent lower
bound provided in [44], Theorem 5.1].

It is also worth noting that since our success condition given in Definition [2] is

stricter than that of [44], the bounds it matches are for an even easier problem.

3.4 Experiments

In this section, we evaluate the performance of PaVeBa and compare it with other
algorithms. We also present heuristic variants of PaVeBa that are designed to
reduce sample complexity in problems with correlated arms. For high-probability
correct results, algorithms often use overly conservative confidence parameters.
These can hinder sampling efficiency, leading to higher computational costs. To
address this, we work with scaled-down versions of these parameters and refer to

the scaling term as the contraction factor.

Heuristic Variants of PaVeBa

To improve empirical performance in large, correlated experimental design prob-
lems, we create heuristic variants of PaVeBa that use Gaussian Processes (GPs).
As is standard, each reward dimension is modeled by its own GP. We also consider
correlated GP outputs, which give ellipsoidal confidence regions. The relation be-

tween the significance level of these regions and the confidence term ¢ is given
in the Appendix [A.3] We refer to the two variants as PaVeBa-IH (Independent
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and Hyperrectangular) and PaVeBa-DE (Dependent and Ellipsoidal). The latter

uses an Intrinsic Model of Coregionalization [47].

PaVeBa-IH: Based on the batch-independent multi-output GP implementation
in GPyTorch. Each reward dimension is modeled independently, with indepen-
dent and identically distributed noise. We then use hyperrectangles that encom-
pass the confidence ball in (A.3)), with oy scaled down by a contraction factor of
64.

PaVeBa-DE: Based on the multitask GP in GPyTorch, equivalent to the In-
trinsic Model of Coregionalization with full-rank inter-task covariance. Here, we
directly use the hyperellipsoidal region given by the GP posterior in (A.3), also

scaling down ay by a contraction factor of 64.

For batch selection in both heuristic variants: we pick the arm with the largest
posterior covariance trace, update covariances of active arms with a fantasy update
(treating the picked arm as if we sampled it), and repeat until K arms are selected.
This procedure is valid since GP variance updates do not depend on observed
reward [48].

Real-World Problems

We work in finite-arm settings, with datasets built using Sobol samples (except
SNW, which is already finite). For DB and VC, we use Botorch implementations
[49], and for PK2 and MAR, we use code from [10].

SNW (K =3, D =2, |X| = 206): Based on computational hardware design,
optimizing sorting network configurations. The reward vector trades off the net-

work’s throughput (speed) and the physical area of the hardware [50].

DB (Disc Brake, K = 4, D = 2, |X| = 128): From automotive engineering,
focusing on disc brake design. Rewards balance brake mass (affecting efficiency

and performance) and stopping time (safety). We use two objectives instead of
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the three in [51], where they include constraints as a third objective.

PK2 (K =3, D =2, |X| =500): From organic chemistry, optimizing the Paal-
Knorr synthesis of pyrroles/pyrrolidines. Rewards are the pyrrolidine yield and

the space-time yield [52].

VC (Vehicle Crashworthiness, K = 5, D = 3, |X| = 2000): From automotive
safety, optimizing vehicle structure. Rewards include weight, acceleration mea-
sures, and toe-board intrusion levels (structural deformation) [51], 53]. VC1: A

smaller version with |X'| = 100, used in compute-heavy experiments.

MAR (Marine, K =6, D =4, |X| = 500): From maritime engineering, optimiz-
ing bulk carrier designs. Rewards balance cost, weight, annual cargo capacity,

and regulatory constraints [511, [54].

Compared Methods

NE: Naive elimination, based on the implementation from [44].

PIBF: We implement the [4] since no code is available, and we dub it PIBF. For
fairness in comparisons with PaVeBa, we use the theoretical confidence regions

of PIBF, as given in [4], rather than the empirical ones.

e-PAL: We implement e-PAL [5] in Python using guidance from the original
MATLAB code from [5]. We scale down f3; by 9 for e-PAL, as in their paper.

MESMO and JES: As additional baselines, we include two methods from MOO
literature, which is a special case of vector optimization under the standard
componentwise order. We adapt the information-theoretic acquisition functions
MESMO [9] and JES [I0] into fixed-budget algorithms. Both algorithms are orig-
inally designed for continuous domains, which puts them at a disadvantage in our
finite arm setting. To make the comparison fair, we restrict their acquisition cal-
culations to the available arms and compute the Pareto sets using their posterior

means at the end of the simulation. In addition, we modify the original MESMO
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implementation to handle noise by incorporating a noise parameter.

Cone ordering for other methods: For experiments with cone C' other than
the multi-objective cone C' = RY, we adapt other baselines, i.e., e PAL, MESMO
and JES. We first run the algorithms as usual, then compute the Pareto set from

their final posterior means using the cone ordering.

Performance Metrics

To properly account for the success conditions given in Definition [2] we contribute

the following metric to the literature, which is a loose F1 score.

Definition 3 (e-F1 Score). Given an input space X and parameter €, define the

positive arms set I, such that
[I.={z e X:A"(z) <€},

where A*(x) is defined in Definition 1. Let an algorithm for (e,9)-PAC Pareto
set identification return P as the predicted Pareto set. Further, define the false

negative set of arms He\P as

Myp={yeP": (F(y) ~ C) £ U,p (F(x) + (B(0,)NC) — O)}.

Specifically, I\ p 1s the set of Pareto optimal arms that is not covered by P where
covering is defined in part (i) of [44, Definition 4.6]. Then, the e-F1 Score for
that algorithm is defined as

211, N P|

e-F1= . _ . (3.11)
2/ N P+ [T p| + [P\ TL|

In the e-F1 Score, the Pareto identification problem is treated as a classification
problem where the positive class is the e-accurate Pareto optimal arms. Some

things to note about this metric are:

o P* CII..
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C3rr/4

C11/2
Cn/4

Y1

Figure 3.1: Ordering cones for D = 2 where 6 € {r/4,7/2,37/4} in Definition
and y = [y; yo] € RP.

e If an algorithm satisfy condition (i) in [44, Definition 4.6], meaning all
x € P* are e-covered, then we have He\ p» = 0. Thus, if an algorithm satisfies
success condition (i) in Deﬁnition (i.e., P* C P), we have I.,p=0as

well.

e If an algorithm satisfies success condition (ii) in Definition [2| then we have
P\ I = 0.

e -F'1 = 1 iff an algorithm satisfies [44], Definition 4.6].
We use this as our primary accuracy metric, as it parallels classification measures.

For fairness, all algorithms are scored using the same € used in their (¢, d)-PAC

Pareto identification setup.

Sample Complexity: This is measured simply as the number of evaluations

performed by the algorithm.

Useful Cones

We define a family of cones where D = 2 for convenience.

25



100 Bz - z [A
\3&‘ ... ij 81 .‘\‘ @ PaVeBa
¢ 0.98 1 X e SEt et e 2t IS AN ~%~ PIBF
8 3\ 87{ A —A— NE
= 0.96 - - o AN
L \ g o\
- \ S 6 BN
0.94 A — k- —A——A—A | O [ X NN
o0 =~ e
— 1 | e fee—a—a—e—e— |
22 25 2/1 25 26 27 28 29 210 22 25 24 25 26 27 28 29 210
Contraction factor
(a)
i ———— 28
100 A g - 3 “.\ @ PaVeBa
o \ s, v -%- PIBF
g . £ \
3 0.95 1 \‘\ S A —A— NE
— . < \
[V \ o 6 T ’
* 0.90 \ 5 k'S
' A —k—h—A—A | D _ <
— - | B a—a—a—a—a
22 23 24 25 26 27 28 29 210 22 23 24 25 26 27 28 29 210

Contraction factor

(b)

Figure 3.2: Comparison with NE and PIBF on SNW (a) and DB (b) with o, =
e = 0.01. Figures on the left show e-F1 scores with varying contraction factors,
and figures on the right show the sample complexities.

Definition 4. Given an angle 0, the cone Cy C R? is defined as the convex cone
whose two boundary rays make %0 radians with the identity line. In other words,
Co={xeR* | 7/4—0/2<0, <7m/4+0/2},

where 0, denotes the angle in the polar coordinates of a point € R2.

Remark 2. Cone C/; in Definition |Z| corresponds to standard componentwise

cone with D = 2.

Definition 5. For experiments where D = 3, we define two other cones with the

following W matrices and refer to them as acute and obtuse cones, respectively.

1 -2 4 1 04 16
Acute: W= |4 1 —2|/V21 Obtuse: W = |1.6 1 0.4 /V3.72
-2 4 1 04 16 1
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e-F1 Score w.r.t. 0

€ /4 /3 /2 27/3 3r/4
NE 1071 0.99 £+ .01 0.99 £ .01 0.97 £ .03 0.96 + .04 0.97 £ .04
1072 0.93 £ .02 0.91 £ .03 0.87 £ .04 0.82 + .07 0.78 £ .10
PaVeBa 1071 0.99 + .01 1.00 &+ .00 0.98 .01 0.99 +£.02 0.98 + .02
1072 0.94 +.02 0.93+.03 0.91+ .04 0.88+ .05 0.88 + .08
(a)
NE 10~1 0.98 + .02 0.96 £+ .04 0.94 £+ .06 0.95 + .06 0.97 &+ .06
1072 0.93 + .04 0.89 + .05 0.84 + .09 0.93 + .07 0.78 + .17
PaVeBa 1071 0.98 + .02 0.97 + .03 0.95 + .05 0.95 &+ .07 0.97 £+ .06
1072 0.94 + .03 0.94 4+ .04 0.924 .07 0.944+.08 0.91+ .14

(b)

Table 3.1: eF1 scores of NE and PaVeBa for different values of € and § on SNW
(a) and DB (b) datasets. The best results are in bold.

Sample Complexity w.r.t. 6

€ w/4 w/3 w/2 2m/3 3mw/4
SNW 10— 654.5 £ 50.9 499.1 £+ 424 378.7 £ 28.2 306.9 £ 21.7 272.4 £ 17.2
1072 10100.9 £ 3315.0 6053.9 £+ 1480.0 2594.0 + 982.5 1162.9 £ 684.0 790.0 £ 442.7
DB 107! 304.9 £ 38.7 218.8 £ 21.1 167.6 + 10.4 145.0 &+ 9.7 141.8 £ 7.3
1072 2045.3 £ 1915.3 780.0 £ 561.3 308.8 £ 163.5 473.8 £+ 603.6 196.7 + 67.2

Table 3.2: Sample complexities of PaVeBa with different values of ¢ and 6 on
SNW and DB datasets.

Experimental Setup and Results

Before running the experiments, we min-max scale the inputs to [0,1] and
standardize the outputs. Unless otherwise stated, we add Gaussian noise as
N(0,021p) with 0, = 0.1, set ¢ = 0.1 and ¢ = 0.05. Note that when D = 2, this
noise model is o,-subgaussian and o,-norm-subgaussian. To lower the number of
constraints in PaVeBa’s convex programs from O(t) to O(1), we replace &(-) with
B,(-) inside PaVeBa. For GP-based models, we use RBF kernels with automatic
relevance determination. Kernel parameters are assumed to be known and are

chosen via maximum likelihood estimation on the dataset before optimization.

All reported results are averaged over 50 runs.
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Dataset |X| Algorithm  Sample Complexity e-F1 Score

PK2 500 ePAL 178.4 £ 55.9 1.00 £ .01
JES 57.62 £ 8.12 0.86 + .06
MESMO 57.62 £ 8.12 0.86 + .05
PaVeBa-IH 97.62 £ 8.12 0.95 £ .08
VC 2000 e-PAL 284.0 £ 61.0 1.00 £ .00
JES 123.94 + 14.80 0.87 £ .04
MESMO 123.94 £ 14.80 0.97 £ .02
PaVeBa-IH 123.94 £ 14.80 0.97 £ .03
MAR 500 ePAL 639.04 £+ 152.63 0.98 + .01
JES 224.38 £ 11.76 097 £ .01
MESMO 224.38 £ 11.76 0.95 + .03

PaVeBa-IH 224.38 £ 11.76 0.97 £ .01

Table 3.3: Comparison of PaVeBa with e-PAL, MESMO, and JES under the
multi-objective cone.

Experiment 1. We assess the performance of PaVeBa in multi-objective op-
timization, a special case of vector optimization where the ordering cone is the
positive orthant. PaVeBa is compared with Algorithm 1 in [4], denoted here as
PIBF, and Naive Elimination (NE) proposed in [44]. We scale down the confi-
dence regions given by PaVeBa and PIBF, i.e., r;(z), and the per-arm sampling
budget calculated by NE, i.e.;, L. We use contraction factors chosen as powers of
2 in [22,219. We set 0, = ¢ = 0.01 for this experiment due to high sample com-
plexities. The results (Figure show that PaVeBa remains robust even when
the confidence assumptions are not satisfied. With higher contraction factors, its
sample complexity is similar to PIBF, while both PaVeBa and PIBF outperform
NE.

Experiment 2. We evaluate the sample complexity of PaVeBa under three
different polyhedral ordering cones C' and examine how sample complexity relates
to ordering complexity. Specifically, we take 6 € {n/4,7/2,37/4} in Definition
[l For comparison, we also include NE. NE uses a per-arm sampling budget L.
So, for fairness, we give it the next multiple of |X| samples larger than what
PaVeBa used, i.e., L = [T/|X|] where T is the sampling complexity of PaVeBa
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Cone Algorithm Sample Complexity e-F1 Score
Acute  ePAL 88.08 £ 28.06 0.98 + .02
JES 91.94 + 15.33 0.81 £ .04
MESMO 91.94 + 15.33 0.97 + .02
PaVeBa-DE 91.94 4+ 15.33 0.99 + .02
Obtuse e-PAL 88.08 £+ 28.06 1.00 £ .00
JES 27.58 £ 5.68 0.86 + .07
MESMO 27.58 + 5.68 0.85 £ .11
PaVeBa-DE 27.58 £ 5.68 1.00 £ .03

Table 3.4: Comparison of PaVeBa with e-PAL, MESMO, and JES on the VC1

dataset under acute and obtuse cones.

1.00 1
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o
(=]
L
<
9
t

Sample complexity
i
o
o
e-F1 Score
(=)
ot
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500 256 128 64 32 16 8 4 500 256 128 64 32 16 8 4
Batch size

Figure 3.3: The sample complexities (Left) and e-F1 scores (Right) of PaVeBa-IH

and PaVeBa-DE on PK2.

for that specific experiment. PaVeBa is run with a contraction factor of. The

results in Tables [3.1] and [3.2] indicate that PaVeBa achieves better performance

under similar sample complexity.

Experiment 3. We compare the heuristic variants of PaVeBa against e-PAL [5],
MESMO [9] and JES [10]. Since these baselines sample only one arm per round,
we add a batch size parameter k to PaVeBa-IH and PaVeBa-DE. PaVeBa and e-
PAL work in the fixed confidence setting, while others work with a fixed sampling

budget. To ensure fairness, in each run, we allocate a budget to MESMO and
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Figure 3.4: Least squares fit of the average sample complexity using 32 for differ-
ent cone angles. Angles are sampled with step size 5° from the range [10°,170°].

JES equal to the number of samples taken by PaVeBa. We scale down a.(z)
by 64 for PaVeBa and ; by 9 for e-PAL, following [5]. In addition, to reduce
PaVeBa’s sample complexity without compromising € correctness, we relax (3.6|)

by allowing e-looseness in discarding.

We first set k = 1. In the first simulation (Table , we compare the algorithms
using the multi-objective cone. In the second simulation (Table, we work with
D = 3 and evaluate the algorithms under the so-called acute and obtuse cones
we defined previously in Definition [5] For algorithms other than PaVeBa, cone-
ordered Pareto sets are computed directly from the final posterior means. The
results show PaVeBa matches state-of-the-art methods across several datasets
with different reward dimensions and cones. While e-PAL achieves good e-F1
scores, it generally requires more samples. In the third simulation, we compare
PaVeBa-IH to PaVeBa-DE on different batch sizes. From Figure (Left), we
see that (1) modeling correlations between objectives improves sample efficiency,
and (2) larger batch sizes increase sample complexity. Figure (Right) shows
that the e-F1 scores of two variants of PaVeBa are nearly the same, suggesting

that the main benefit of ellipsoidal confidence regions lies in lowering sample
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complexities rather than improving accuracy.

Experiment 4. To relate the empirical sample complexity with the ordering
complexity 3 (see Equation , we do a regression analysis on the DB dataset.
We use the same cone definition as in Experiment 2. We regress a multiplier
for 3% using the least squares approach to fit the empirical sample complexities
observed. In Figure , it can be seen that 3? matches well with the empirical
observations. This finding consolidates the theoretical findings related to the

sample complexity of PaVeBa [45] Theorems 1 and 2].
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Chapter 4

VOPy: A Framework for Black-box

Vector Optimization

4.1 Introduction

Black-box optimization is a subfield of optimization where the optimal value of
a function is sought without using derivatives, primarily relying on potentially
noisy pointwise evaluations of the function. In many real-life problems, gradients
are not available, making black-box optimization methods invaluable. These ap-
plications include hyperparameter tuning of machine-learning algorithms [55, 56|,
neural architecture search [57], portfolio allocation [58], and synthetic gene de-
sign [59]. Black-box optimization is also widely used in experimental design [60)],
such as thermal conductivity [61] and crystal-structure prediction [62]. Libraries
like COMBO [63], RBFOpt [64], Google Vizier [65], and OpenBox [66] have been

implemented to perform black-box optimization.

Despite the success of single-objective optimization, many applications require
simultaneous optimization of different objectives. Multi-objective optimization
(MOO) typically addresses this issue using the componentwise order for objective

vectors [3]. But one may want to consider a more general order to reflect more and
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Figure 4.1: Left shows a bi-objective Pareto front with respect to MOO, which all
the mentioned state-of-the-art libraries aim to find. Middle and right show Pareto

fronts with respect to two other preferences, which only VOPy can be configured
to find.

less conservative ways in which one arm dominates another through preferences
(see Figure [£.1)). In vector optimization (VO), one defines a vector partial order
=c on R? induced by a closed convex cone C' with C'N —C = {0} via p <¢ v if
and only if v —pu € C. Here, D > 2 is the number of objectives and p, v € R are
arbitrary objective vectors. Then, the goal is to find the Pareto set of a vector-
valued function f with respect to < over a given set of arms through sequential
pointwise observations. See Section [2.1]for more details. In different applications,
there could be observation noise, limited observation budget, partial observations
of f, the ability to accommodate batch observations, and so on. Although there
is recent work on black-box vector optimization algorithms [1I, 44, [45], a unifying
framework for working with these cases is missing for algorithm designers and

practitioners. We introduce VOPy to ease the development and applications of
the field.

Related work. While there are no tools specifically designed for black-box VO,
several libraries have been developed for MOO. An important example is PyMOO
[67], which offers a comprehensive suite of ready-to-use MOO algorithms. But it
does not include Bayesian methods and falls short in facilitating decision-making
processes crucial for end-to-end black-box algorithms. Some tools take advantage
of Bayesian optimization (BO), which is widely used in MOO applications. For
instance, PyePAL [68] implements the e-PAL algorithm [5], providing utilities for
its application across various problems. However, it lacks the flexibility to adapt
to new or varied algorithms. OpenBox [66], a comprehensive platform for black-

box optimization, and Optuna [69], an easy-to-use hyperparameter optimization
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framework, support MOO. However, they lack the accommodation of custom
algorithm development. Lastly, BoTorch [49] is a well-rounded library highly re-
garded for its extensiveness and modularity in Bayesian optimization. It supports
decoupled algorithms, a feature shared with VOPy. While these MOO libraries
offer various capabilities, crucially, they all lack support for the general partial
orders essential for vector optimization—a gap VOPy is designed to address. To
emphasize this point, we include a comparison with Optuna under examples in

our documentation website.

Contributions. (1) We design and implement VOPy, the first library for de-
veloping black-box vector optimization algorithms. (2) We provide solutions to
the convex optimization problems that arise while performing confidence region
comparisons with respect to <¢. (3) We implement some of the existing VO and
MOO algorithms from the literature using the modular design of VOPy. (4) We
provide support for decoupled algorithms, which enable partial evaluations when

objective costs may differ, along with novel example algorithms.

4.2 V0OPy

VOPy is an open-source library where it is possible to use the existing vector op-
timization methods for applications, develop new algorithms using the efficient
framework of VOPy for uncertainty and partial-order modeling, and develop meth-
ods almost from scratch and benchmark them against known methods. VOPy
adopts a modular design philosophy, inspired by the Bayesian optimization li-
brary BoTorch. An overview of VOPy with its dependencies, core modules, and
built-in algorithms can be seen in Figure [£.2] Source code for VOPy resides in
https://github.com/Bilkent-CYBORG/VOPy/.

Design and Implementation. The architecture of VOPy is divided into four
main interfaces: Order, Model, Algorithm, and Problem. The Order interface
is central to defining the partial order used across the library. This can be the

componentwise order in MOO or any other partial order defined by a polyhedral
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Figure 4.2: Overview of the dependencies, core modules, and built-in algorithms
of VOPy.

ordering cone. This interface is critical as it allows all components of the library
to perform solution comparisons. The Model interface facilitates the creation of
various modeling components that can use both frequentist or Bayesian methods.
VOPy comes with some built-in models that should suffice for most quick imple-
mentations: the empirical mean and variance model, multi-output Gaussian pro-
cesses (GP) with independent or coregionalized outputs, and GPs that support
decoupled modeling. The Algorithm interface is designed to foster algorithms.
Implementations of the state-of-the-art VO algorithms, as well as some important
MOO algorithms, are presented together with VOPy. Lastly, with the Problem
interface, the user can connect their optimization problem with the other com-
ponents of VOPy. The necessary tools to generate problems from offline datasets
or link real-world problems are available. Together, these interfaces promote
a flexible yet structured approach for developing and implementing end-to-end
black-box VO algorithms, ensuring that VOPy can be adapted to a wide range
of optimization problems and settings. In noisy black-box optimization, possible
solutions have confidence regions containing the actual function value with high
probability. In MOOQO, hyperrectangles are used, which fit well with component-

wise order for easy comparison between regions. However, this approach does not
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Figure 4.3: An example of an adaptively discretized 2-dimensional domain while
using the VOGP [I] algorithm from VOPy. Pareto points, and thus the focus of
the algorithm may also be seen in the figure.

extend to arbitrary partial orders, nor can it exactly represent models involving
dependent objectives. To address this, we provide a ConfidenceRegion abstract
class with RectangularConfidenceRegion and EllipsoidalConfidenceRegion
derivatives, both supporting solutions to these comparisons using the CVXPY li-

brary.

VOPy is designed with performance in mind and provides significant speed-ups
when possible (see Performance notebook). VOPy follows the coding conventions
of PEP8 [70] and enforces it through Flake8, Black and psort. VOPy has also been
checked for vulnerabilities with the tool Bandit and is secure. These choices align
with most of the frequently used libraries in the Python community, such as the

PyTorch ecosystem.

VOPy is extensively tested with a high code coverage (> 95%). Documentations
for VOPy are accessible at https://vopy.readthedocs.io/en/stable/|
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4.3 How to use VOPy?

VOPy features various VO algorithms, including Naive Elimination [44], PaVeBa
and PaVeBa-GP [45], and VOGP, along with its extension to continuous domains
using adaptive discretization [1] (see Figure[d.3)). From the MOO literature, VOPy
implements Algorithm 1 of [4], which has no official code released, and e-PAL
[5]. VOPy also includes a version of PaVeBa that works with unknown hyperpa-
rameters, a decoupled version of PaVeBa, and a novel entropy-based decoupled

algorithm.

VOPy natively supports componentwise orders, 2D cones, polyhedral approxima-
tions of 3D ice-cream cones, and polyhedral cones defined by a coefficient matrix.
The library includes various GPyTorch models that handle coupled, decoupled,
dependent, and independent objectives. Furthermore, the library includes in-
put/output transformation modules that can be optionally passed to the models
to facilitate data normalization within the models. For real-world datasets with
vector-valued outputs, VOPy provides the SNW dataset [50] and datasets for the
Disk Brake [51], Vehicle Safety [53], and ML Fairness [71] problems, generated

using Sobol sequences.

Using existing methods for new problems. Researchers and practitioners
can define their specific problem instances and integrate their experimental data
to apply VOPy’s black-box vector-optimization tools. These ready-to-use compo-
nents can be directly applied to optimization tasks with minimal setup. Following
the documentation’s examples, users only need to connect their problem through
a dataset or problem structure, set up the appropriate algorithm with an existing

model and order, and let the algorithm run.

Benchmarking. Algorithm developers can create new algorithms by inheriting
from VOPy’s abstract algorithm class, leveraging existing models, orders, and
problems to compare their results with existing algorithms. VOPy’s benchmarking
capabilities include metrics such as e-F1 score [45] and hypervolume discrepancy
[10].
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Custom uses. Any module in VOPy can be replaced with custom methods, for
example, users can incorporate a novel uncertainty model, using it together with
existing algorithms and orders. Alternatively, if an application requires a non-
polyhedral cone, the practitioner can define a custom Order derivative and apply

existing algorithms and models to the problem.
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Chapter 5

Robust Satisficing in Adversarial

Setting with Thompson Sampling

In the preliminary Section we introduced robust optimization and robust
satisficing in a general sense. In this chapter, we will focus on a specific setting,
which is the adversarial setting, and build alongside existing work. Specifically,

we will implement the Thompson sampling version of the algorithm family in [2].

One form of uncertainty that RO and RS aim at addressing is perturbations to
the actions (arms). In many learning systems, even small, targeted changes to
the input can lead to significant deviations in the output, rendering the system
unreliable. This phenomenon is well-studied in deep neural networks under the
name of adversarial examples 72, [73], but it also appears in other areas, such as
control and portfolio optimization [74] [75]. In finance, however, worst-case mod-
els designed to guard against such sensitivity often become overly conservative,
recommending trivial solutions. Handling such cases requires robustness strate-
gies that extend beyond worst-case approaches, especially when the perturbation

model or budget is unknown or only partially known.
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5.1 Problem Formulation

We will work with the same problem formulation studied in [2]. Consider f
to be an unknown function defined on the domain X C R™, endowed with a
pseudometric d(-,-) : X x X — R. At each round ¢ € [T], where T represents the
time horizon, the learner picks an arm z; € X', in response to which the adversary
selects a perturbation d;. The learner then observes the perturbed arm x; = Z;+9;
along with the noisy sample of the arm y; = f(z;) 4+ n;, where 7, are independent
random variables, taken to be Gaussian for experiments in this chapter. Suppose
the adversary is allowed to play any perturbation J; no matter what action z;
the learner chooses. In that case, the adversary can always choose a perturbation
d¢ such that T; + 6, = argmin . f(z), and the optimization problem would be
trivially hopeless. Therefore, at each round ¢, we assume an unknown perturbation
budget €;, that bounds the set of perturbations the adversary can play. We define

for each point x € X', the uncertainty set
Az) ={a' —x:2 € X and d(z,2") <€} . (5.1)

The uncertainty set (5.1) defines the set of all permissible perturbations of the
adversary, when the perturbation budget is €. Hence in response to action z;, the

adversary plays the perturbation §;, € A, (Z;).

5.2 Robust Satisficing Approach

We directly use the RS-G formulation from [2] in the adversarial setting. The
objective of this formulation is to find z75¢ € X that solves the optimization

problem min,cx k. ,(x) where k. ,(x) is the p-fragility of action z € X defined as
Krp(z) =mink st. f(z+0)>7—[kd(x,z+9)], Ve A (). (5.2)
This is computationally equivalent to solving

e A ) A
maxXseA (2)\0 ——s— i f(z) >7
K/T,p(x) — d€A (x)\0 d(z,z+0) ( ) (53)

+00 if f(z) <.
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Algorithm 2 AdveRS-G-TS

1: Input: Kernel function k, X', time horizon T'

2: Initialize: Dy = () (empty dataset), and po(z) =0, og(z) =1 Ve e X
3: fort=1to T do

4: Sample f;(z) ~ GP(—1(x), 074 (2)), Vo € X
Compute &, (x) using (5.5)), Vo € X

Select 7, = argmin, .y Rr4(2)

Adversary selects perturbation ¢; € A, (%)
Sample x; = T; + 0y, observe y; = f(x;) + n;
Dy =Dy U{(Z, 6, 01)}

10: Update GP posterior using

11: end for

When ([5.2)) is feasible, the RS-G action is defined as #%%°C = argmin, v f, ().

Regret Measure. We use lenient regret introduced by [30], as it is a natural

metric for satisficing objectives, defined as

T

Ry =Y (1= f(z)". (5.4)

t=1
It computes the cumulative loss with respect to the satisficing threshold 7. Note
that under unconstrained adversaries, sublinear lenient regret is not attainable,

except for trivial 7 values.

Algorithm for RS-G using Thompson sampling. In order to perform
Bayesian optimization with the objective as RS-G, building on the algorithm
structure in [2], we propose Adversarially Robust Satisficing-General-Thompson
Sampling (AdveRS-G-TS) algorithm (see Algorithm [2).

At the beginning of each round ¢, AdveRS-G-TS samples an f; from the posterior
distribution of GP. Then, replacing the f in (5.2) instead with f, it computes
the Thompson p-fragility defined as:

~ 1/p
7= fiw+9)]
Fr = , 2.5
Frpi () 5 e (1110 d(z,x +6) (5:5)
if f,(x) > 7, and otherwise &,,,(z) = oco. For each action, the Thomp-

son p-fragility %, ,:(x) provides a random sample of the true fragility x.,(z).
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Figure 5.1: Lenient regret on the synthetic problem given in [2], which is originally
from [76].

AdveRS-G-TS then selects the action with the smallest random fragility, 7, =

arg min,. y Rrp+(2), to guide exploration and exploitation.

5.3 Experiments

Following the experimental design of [2], we retain their setup but replace their
algorithms with AdveRS-G-T'S, comparing against the robust optimization (RO)
baseline of [76]. The RO method is evaluated with ambiguity radii r equal to,
smaller than, and larger than the true perturbation budget ¢;, using the Euclidean

metric to measure perturbations.

We test the algorithms under two adversarial strategies:

Random: ¢, ~ Uni(A,, (7)),
Worst Case: §; = argmind € A, (%) f(Z).

We repeat each experiment 50 times, and report results with error bars corre-

sponding to half the standard deviation.

Synthetic experiment. We begin with the illustrative function in [2, Figure
2|, originally adapted from [76]. The threshold is set 7 = —10, and ¢ = 0.5. As
a baseline, we run STABLEOPT [76] with radius parameters r = ¢;, r = 4¢;, and
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Figure 5.2: Lenient regret of the insulin dosage experiment.

r = 0.5¢;. Observations include Gaussian noise 7, ~ N(0,1), and the GP model

uses a polynomial kernel trained on 500 function samples before experimentation.

Figure [5.1] shows that STABLEOPT suffers linear regret when r is misspecified,
while AdveRS-G-TS with p = 2 consistently satisfies 7 with sublinear lenient
regret. STABLEOPT with the correct knowledge of the adversary also achieves

sublinear regret.

Insulin dosage. We next apply adversarial contextual GP optimization, where
at each step the learner selects z; € X after observing a reference context cif € C.
The adversary perturbs this context to ¢, = ¢ + §;, and the learner observes
f(xy,¢;) + m. This setup is instantiated in automated insulin dosing for Type
1 Diabetes Mellitus (T1DM), using the UVA/PADOVA simulator [77|. Bolus
insulin is typically administered before meals [78|, and carbohydrate informa-
tion improves postprandial blood glucose (PBG) prediction [79]. Since pre-meal
announcements often deviate from actual intake, robustness to context shifts is
essential. The goal is to keep PBG within a 7-neighborhood of a clinical target K.

The action space is insulin dosage [0, 15] units, and the context is carbohydrate
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intake perturbed by §; ~ N(0,0,) with o, = 32 (corresponding to roughly two
slices of bread). As shown in Figure , none of the algorithms achieve sublinear
regret, but AdveRS-G-TS outperforms STABLEOPT when r is not tuned to o.
STABLEOPT performs similarly to AdveRS-G-TS if it is run with r = o,.

Conclusion. In these experiments, we painted the general picture that AdveRS-
G-TS performs very well without knowing the adversary’s budget, while STA-
BLEOPT’s performance is good when the adversarial budget is known and poorly
otherwise. Moreover, we argue that this parameter is difficult to specify in prac-
tice. In contrast, 7 can be naturally chosen by domain experts, as in the insulin

dosage example.
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Chapter 6

Conclusion

This thesis has explored two directions for extending the classical multi-armed
bandit (MAB) framework: vector optimization (VO), i.e., vector-valued rewards
under incomplete preferences, and robust satisficing (RS) under adversarial per-
turbations. While distinct in their problem settings and formulations, both di-
rections share a central motivation: in realistic environments, decision-makers
must go beyond conventional settings and instead embrace richer structures of

preference and uncertainty.

In the first part, we developed Pareto Vector Bandits (PaVeBa). This pure-
exploration algorithm addresses the challenge of identifying optimal arms when
rewards are vector-valued and the partial ordering is user-specified through con-
vex polyhedral cones. We also provided two heuristic variants of PaVeBa that
adopt different modeling schemes, both employing Gaussian processes. With good
empirical performance, we showed that, as multi-objective optimization (MOO)
is a special case of vector optimization (VO), there is only a benefit in focusing
on vector optimization. To support future work in this emerging area, we also
introduced VOPy, a Python library that standardizes implementations of vector
optimization algorithms for bandits. VOPy reproduces existing methods and pro-
vides a framework for developing and comparing new ones, lowering the barrier

to entry for researchers in this field.
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In the second part, we shifted focus to the robustness of solutions, specifically
under adversarial perturbations. We argued that worst-case formulations, though
principled, are often hard to configure in practice. By adopting the notion of
robust satisficing and extending it with an empirical algorithm that employs
Bayesian optimization using Thompson sampling, we demonstrated that a learner
can achieve reliable performance under targeted perturbations through a simpler
modeling approach. We believe that the satisficing framework should not be
overlooked by optimization scholars, as it provides an alternative perspective on
robust optimization and, in specific formulations, can even emerge as a dual

problem to it.

Taken together, these contributions advance a common message: the boundaries
of the MAB framework can be rethought. Real-world decision problems demand
frameworks that account for multiple objectives, incomplete preferences, and un-
certainty about the models themselves. This thesis demonstrates that such ex-
tensions can be both principled and practical, yielding algorithms better aligned

with the realities of complex decision-making.
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Appendix A

This is the appendix to the chapter related to the works in “Learning the Pareto
Set Under Incomplete Preferences: Pure Exploration in Vector Bandits”, ¢.e.,

Chapter

A.1 Proofs for the Convex Programming Formu-

lations

In this section, we provide the proofs of Propositions [I] and

A.1.1 Proof of Proposition

Note that &(x), &(y) are compact sets and M(-,-) is a continuous func-
tion. Hence, the supremum under consideration is indeed a maximum. Then,
SUD e, () weai(y) M (1, v) > 0 iff there exist p € &(z), v € &(y) such that
v —p € C° by |44, Corollary 4.5]. By the definition of cone C, this is possible iff
w) (v — p) <0 for some n € [N], pu € &(x), and v € &(y). In other words, for

at least one n € [N], we have min,eg, (2)ves () Wy (¥ — p) < 0, which corresponds

precisely to the problem defined in Proposition [I} n
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A.1.2 Proof of Proposition

Note that &(z), &(y) are compact sets and m(-,-) is a continuous func-

tion. Hence, the supremum under consideration is indeed a maximum. Then,

SUDeg, (n)weei(y) MK, V) > € iff there exist p € &(z), v € &(y) such that

m(w,v) > e. By [44, Proposition 4.2(iv)|, we have
T

o (w, (v =)
m(p,v) = min ~

+

Then,
m(p,v) >e < VYne[N]: (w)(v—p)" > e,

n

Since eay, > 0 for each n € [N], we can drop the positive part function and obtain

T

m(p,v) >e < Vne[N|:w,(v—p) > e,

Therefore, SUp,,ce, () ves, ) MM, V) > € iff there exist p € & (), v € &(y) such
that w) (v — p) > e, holds for each n € [N]. These conditions are precisely
the constraints of the feasibility problem in the proposition. Hence, the result
follows. [l

A.2 Implementation of PaVeBa When ¢ = (

The problem with PaVeBa when we have € = 0 is twofold: (i) As pointed out in
Remark [T} Proposition [2] does not work when ¢ = 0 due to the positive part for
the computation of m(-,-) in [44, Proposition 4.2] making all m(-, -) nonnegative,
and (ii) from the definitions in and (3.8), we would have
Pi={z € S;|Vy € A\ {z}: sup m(p,v) <0} =10
neéi(z)veé(y)

— P =P, Si1 =8, =38, \ D, (PaVeBa lines 11 and 9).
Since P; = ), the above iteration will result in P, = () for all ¢t. Therefore,

U ={yEPry1|3x € S sup m(p,v) >0} =0,Vt .
l”’egt(x)v
ve&(y)
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Then, by line 4 of PaveBa, A; = &; for all t.

To conclude, PaVeBa samples all undecided arms in all rounds. PaVeBa can
only discard arms, but it will never declare an arm as Pareto optimal. Since
there are Pareto optimal arms in the undecided set at the beginning, it will never

terminate.

To circumvent these, we offer a slight change in the definitions of P, and U, as

follows:

Pi={r € S;|Vy € A\ {z}: sup m(p,v)<0}, (A.1)
€&t(),
ie&(y)

U1 ={yEPiy1|3x € Sty sup m(p,v)>0}. (A.2)

HEE: (w)’
veéi(y)

Let the new variant of PaVeBa using the sets defined in (A.1l)) and (A.2)) be
PaVeBa-0. Note that all the algorithm steps remain the same with PaVeBa
except these two slight changes in the definitions of P; and U,,,. We now present

the sample complexity analysis for PaVeBa-0.

For the sample complexity of PaVeBa when e = 0, please refer to [45].

A.2.1 Efficient Implementation of PaVeBa-0 via Convex

Programming

We now need to find another convex programming method to compute the up-

dated sets in (A.1)) and (A.2)).

Proposition 3. Given a pair of arms x, y and associated confidence regions

Ei(w), E(Y); SUDPeg, 2y wee,(y) ™K, v) < 0 if and only if the optimal value of the
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following feasibility problem is 400, i.e., it yields infeasibility:
maenimaze 0
subject to w) (u, —p) >0, w)(p— p,) > 0,n € [N],
(11, — () TS () (11, — o, (2)) < a0, V7 € ],
(g = 1) 27 (W) (1 — p-(y)) < V7 € 1],
1y, i, € RP.

Proof. Given two vectors p,, p, € RP, observe that

py—t ¢ C & p,¢p,+C = (n,—C)N(p, +C) =0.

Then, we may write

{Vu, € &(x), Vu, € E(Y): p, — p, ¢ C}
= {Vu, € &(x), Vi, € E(y): (1, —C) N (p, +C) = 0}

_ U w,-O|n| U m+0)| =0

p‘;cegt(x) l"‘yegt (y)

={(&(y) - C) N (&(x) + C) =0} .

Let z,y € X with 2 # y. In order to check if (&(y) —C)N (E(x)+C) = 0, let us
consider the following feasibility problem expressed in the form of a mathematical

program:
minimize 0
subject to p € E(y) —C, p € &(x)+C, peRP.

This problem can be rewritten more explicitly as

minimize 0

subject to u, —pp€C, p—p, €C,
B € E(T),  my € E(Y),
1 ey, p, € RY,
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which is equivalent to

minimize 0

subject to w, (m, — p) >0, w,(uw—p,) >0, Vne|[N]
(1 — g (2)) "7 (@) (p, — p,(2)) <, V7 € 2],
(1, — ()T (W) (11, — 1, (y)) <, V7 € [H],
1 by, p, € RP.

This is a convex optimization (feasibility) problem with affine and quadratic
constraints. We have (&(y) — C) N (&(x) + C) = 0 if and only if the problem
yields +oo as its optimal value, i.e., the problem is infeasible. Otherwise, the
optimal value of the problem is zero, and the empty intersection property does

not hold for z, y. m

A.3 Derivation of Confidence Regions for Gaus-

sian Processes

We include this analysis to make our algorithm compatible with the use of GPs
for improved regression in the experiments. We assume a multi-output GP with
possibly correlated objectives. Then, we take our single-round confidence regions

to be

Bi(z) = {v: (v — p(2)) 'S () (v — py(2)) < au}, (A.3)

where a; = 8D log(12) + 410g(”2§5|)(‘), () is the posterior mean of the GP of
arm x at round ¢, and 3,(z) is the posterior covariance matrix of the GP for arm

x at round t. Further, we define
St(.f) = gt_l(l') N Bt([l')) (A4)

with & (x) := Bj(z) as the confidence region of z at round ¢. (Note that the
intersection of confidence regions is a technical detail for the proofs to work in

the sample complexity analysis. However, it happens rarely in practice for By (z)
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not to be a subset of B;(x); hence, we dropped intersecting regions B, (x) for 7 <t

in the experiments where heuristic variants are used.)

We start with a covering lemma that is a refinement of [80, Lemma 20.1].

Lemma 1. For every e € (0,2), there exists a set C. €SP~ such that |C.| < (£)P
and

Vw e SP Iw e C.: |w—w|, <.

Proof. By [80, Lemma 20.1], for every € > 0, there exists a set C. C RP such that
C.| < (3)P and
Vw €SP 3w e C.: ||w— b, <e.

Moreover, without loss of generality, we assume that
Vi € C. Jw € SP7L: ||lw — @ <e.

as otherwise one can remove from C. the elements w for which there is no w €

SP=! with ||lw — w||, < € and the new set still satisfies the two conditions that

C. satisfies.

We claim that C. C B(0,1+¢) \ int B(0,1 — &) whenever ¢ € (0,1). Let @ € C..
By the assumption above, there exists w € SP~! such that ||w — w||, < e. Then,

by triangle inequality, we have
[@ll, < flo —wll, + flw], <e+1.
Hence, w € B(0,1 + ¢). Moreover, by reverse triangle inequality, we have

[@ly = [[(@ — w) = (-w)ll, > [[|© — wl, = [[-wl],| = [[[@& - wl|, -1

>1—||lw—wl|,>1—c¢
Hence, w ¢ int B(0,1 — ¢), which completes the proof of the claim.

Let us fix € € (0,2) and define




Note that [C.| < |C:| < (£)P. Let w € SP~'. Then, there exists @ € C: such
that

- £
— < Z
fw — ], < 5

Then, we have

- w
w — ——

2

2

‘ w
W —
o]l

€ ~
<)
2
Moreover, since w € B(0,1+ ) \ int B(0,1 — 5), we have

€ y €
—5 < 1-|lwl, <3,
2 2

that is, |1 — [|@][,| < 5. It follows that

Hw w A
lol,ll, =2 2
This completes the proof since ﬁ € C.. O
2

Now, we present a lemma showing our choice of confidence regions indeed gives

at least 1 — 6 confidence.

Lemma 2. Using the definitions in (A.3) and (A.4), we have P{Vx € X,V €
N: f(z) € &(x)} > 1 -6,
t
Proof. Since &(x) = [ Br(x) for each t € [T], we have
T=1

{Ve e XVt e N: f(z) € & ()} = {Vo € X, Vt € N: f(x) € Bi(x)}.

So, instead, we prove P{Vx € X'Vt € N: f(z) € By(z)} > 1.

Let F; be the information at round ¢. The conditional distribution of f(z) given
F: is the Gaussian distribution with mean vector p,(z) and covariance matrix
3;(x). Thus, for each w € RP \ {0}, the conditional distribution of w? f(x)
is the Gaussian distribution with mean w'p,(r) and variance w'%,(z)w. In

particular, applying Gaussian concentration gives for & > 0

P{wa(l‘) > wTUt(x) + &wTEt(:I:)w} _ ]P){wT(f(l’) _ /"'t(x)) > \/5}

w3 (z)w

N1}

<e" (A.5)
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Moreover, the ellipsoid B;(z) is a closed convex set. Hence, an application of

separation theorem in convex analysis yields

Mo €8t ()

IP’{f(x)¢Bt(x)}:IP{EIw€SD_1:wa(x)> sup 'wTux}.

Here, note that

Bi(z) = {p, € RP | (1, — p(2) (B ()" (11, — p,(2)) < 1}
= p,(2) + Va2, (2)B(0,1) .

Hence,
sup w'p, = w' p(x) + VowT S (v)w . (A.6)
1, €8y ()
Using (A.6]) we get
P{f(z) ¢ By(z)} =P {El'w €SPV wT f(a) > wp,(z) + athZt(x)w} .

(A7)

Let ¢ € (0,2) and & > 0. By Lemma [l there exists a set C. € SP~! such that
IC.| < (§)P and
vweSP 3w eC.: |lw—w|, <e. (A.8)

For each w € C., we may take w = Et_l/Q(x)fv in (A.5)), which gives
P{a’s, (@) (f(x) — mle) > Va} <

since |w||, = 1. After applying a union bound, we obtain

P{awecszszﬂ2<w><f<x>—ut<x>>>ﬁ}s(9) et (A9)

3

[t remains to make the connection between (A.9) and (A.7)). To that end, let us
introduce the notation ||p|ls = /"2 p for a D x D symmetric positive definite
matrix 3 and p € RP. Note that ||u|s; = [|Z"?p|l2. Also recall that the (2
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norm has the variational characterization |||, = max,egp—1 w'p. Then, under

the complement of the event in (A.9)), we have

1f (@) = po (@)l g1 0y = Hz;lﬂ(x)(f(l‘) - Nt(SC))H2

= max w'E, A(@)(f(x) - p(x))

weSP-1

— max min [(w —@)"S; (@) (f(x) — () + @5 (@) (f(2) — ()

’LUESD_I ’&7605 L

< sup min [[lw - @, |5 (@) (@) - ()]s + V]

’LUGSD71 '&JGCE

= sup min [fw—@ll, | £(z) — (o) 5 + V]

wesP—1 WECe

<ellf(@) — (@)1 + Va,

where the first inequality follows from Cauchy-Schwarz-Bunyakovski inequality
and the definition of the event, the second inequality follows from the covering
property in (A.8]). Rearranging the terms gives

Va

1—¢’

1 () = po(0) g1 0y <
Note that
f@) € Bi(z) & [If(x) = py(2)l5-1 < o
Hence, for a given probability level 6; € (0,1), in order to ensure that P{f ¢
B.(z)} < 4y, it suffices to choose €, & such that

D =
(9) e 2 =10, 1“_5 < Va.

€

6 D
a = 2log <(55—),> = 2D log (g) + 2log <$> .
t t

Then, choosing € = % imposes the following condition on ay:

1—\/_55 = 2,/2(D1log(12) +log(1/0})) < \/or < 8Dlog(12) + 4log(1/8;) < a.

Hence, we take

for every 0; € (0,1). Let us set J, := %' Then, a union bound gives

65 5
IP{VxGX,VteN:f(x)eBt(m)}Zl—ZZszl—Zm21—5,
reX

reX teN
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where B;(7) = {v : (v—p,(2))"Z; () (v—p,(z)) < oy} where oy = 8D log(12)+
4log(TEI),

This finishes the proof. O
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