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ABSTRACT

TOWARD FOUNDATIONS OF MULTI-TEAM
LEARNING: CONVERGENCE, COORDINATION,
AND EQUILIBRIUM

Ahmed Said Donmez
M.S. in Electrical and Electronics Engineering
Advisor: Muhammed Omer Saym
December 2025

Outcomes in modern socio-technical systems are increasingly shaped not by
isolated individuals, but by teams of intelligent agents that coordinate internally
while competing externally. This thesis focuses on the emerging grand challenge
of how intelligent agents (human or artificial) learn and act as teams in complex
and dynamic environments. We address two strategic environments: inter-team
competition in repeated normal-form games and intra-team cooperation in
dynamic, stochastic environments. We establish a unified framework based on
epoch-based stochastic approximation and differential inclusions to overcome
non-stationarity induced by simultaneous learning. For inter-team competition,
we introduce Zero-Sum Potential Team Games (ZSPTGs), generalizing potential
and zero-sum polymatrix games. We propose Team-Fictitious-Play (Team-FP),
a decentralized dynamic using smoothed best responses to teammate history
and opponent beliefs. We prove empirical averages under Team-FP converge
almost surely to a near Team-Nash Equilibrium (TNE), quantifying error via
exploration parameters. Addressing intra-team cooperation where standard dy-
namics often fail, we develop Logit-Q dynamics. Combining log-linear learning
with Q-learning, this method allows simultaneous learning of value functions
and policies without model knowledge. We prove almost sure convergence to
the efficient stationary equilibrium, validated by coupling the non-stationary
process with a tractable quasi-stationary reference. Finally, numerical experi-
ments validate our theoretical findings and demonstrate effective coordination.

Keywords: Multi-agent learning, stochastic control, game theory.
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OZET

COK TAKIMLI OGRENMENIN TEMELLERINE
DOGRU: YAKINSAMA, IS BIRLIGI VE DENGE

Ahmed Said Donmez
Elektrik Elektronik Miithendisligi, Yiiksek Lisans
Tez Danigmani: Muhammed Omer Sayin
Aralik 2025

Modern sosyo-teknik sistemlerdeki sonuglar, giderek artan bir sekilde izole
bireyler tarafindan degil, disariya karsi rekabet ederken kendi iglerinde ko-
ordine olan akilli etmen takimlari tarafindan sekillenmektedir. Bu tez, akilli
etmenlerin (insan veya yapay) karmasik ve dinamik ortamlarda nasil takimlar
halinde 6grendigi ve hareket ettigine dair ortaya ¢ikan biiytik zorluga odak-
lanmaktadir. Iki stratejik ortami ele aliyoruz: tekrarlanan normal-form oyun-
larda takimlar arasi rekabet ve dinamik, stokastik ortamlarda takim igi isbirligi.
Eszamanli 6grenmenin neden oldugu duragansizligin iistesinden gelmek
icin donem tabanli stokastik yaklasiklama ve diferansiyel icermelere dayal
birlesik bir ¢erceve olusturuyoruz. Takimlar arasi rekabet icin, potansiyel
ve sifir toplamli polimatris oyunlarini genellestiren Sifir Toplamli Potansiyel
Takim Oyunlarini (ZSPTG'ler) tanitiyoruz. Takim arkadas: gegmisine ve rakip
inanglarina kars: yumusatilmis en iyi yanitlar: kullanan merkeziyetsiz bir di-
namik olan Takim-Hayali-Oyun’u (Team-FP) éneriyoruz. Team-FP altindaki
ampirik ortalamalarin, kesif parametreleri araciligiyla hatay1 nicelendirerek, bir
Takim-Nash Dengesi'ne (TNE) yakin bir noktaya neredeyse kesin yakinsadigimi
kanitliyoruz. Standart dinamiklerin siklikla basarisiz oldugu takim ici isbirligini
ele alarak, Logit-Q dinamiklerini gelistiriyoruz. Log-lineer 6grenmeyi Q-
learning ile birlestiren bu yontem, model bilgisi olmadan deger fonksiyon-
larinin ve politikalarin eszamanl 6grenilmesine olanak tanir. Duragan olmayan
siireci izlenebilir bir yari-duragan referansla eslestirerek dogruladigimiz, ver-
imli duragan dengeye neredeyse kesin yakinsamay1 kanithiyoruz. Son olarak,
sayisal deneyler teorik bulgularimizi dogrulamakta ve etkili koordinasyonu
gostermektedir.

Anahtar sozciikler: Cok etmenli 6grenme, stokastik kontrol, oyun teorisi.
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Chapter 1

Introduction

The advancement of autonomous systems in domains ranging from robotics and
resource management to online gaming and financial markets has demonstrate
the importance of understanding how multiple intelligent agents interact [1, 2, 3,
4,5, 6]. A crucial feature of many such systems is the presence of teams—groups
of agents that share common objectives and must coordinate their actions to
succeed. Whether it is a swarm of drones competing against another swarm
for aerial dominance, a group of self-driving vehicles cooperating to optimize
traffic flow, or a team of financial algorithms working to maximize portfolio
returns, the fundamental challenge remains the same: how can collections of

individual, decentralized agents learn to act as a cohesive and effective team?

This thesis addresses this central question by investigating learning dynamics
in two fundamental strategic environments that define team interactions. The
first is the setting of inter-team competition, where multiple teams with opposing
goals interact. In such adversarial scenarios, the desired outcome is a stable
state of play where no team has an incentive to unilaterally deviate from its
strategy. This concept is captured by the Team-Nash Equilibrium (TNE), which
predicts the outcome of coordinated team interactions [7, 8, 9]. Game-theoretical
equilibrium is often justified by its emergence from non-equilibrium adaptation

of self-interested learners (e.g., see [10]). However, the existence of such an



equilibrium does not guarantee that it can be reached by teams of self-interested
agents learning from experience. A foundational question, largely unexplored,
is whether simple, decentralized learning rules can guide teams toward such a

sophisticated, team-level equilibrium.

The second environment is that of intra-team cooperation within a single team
playing a stochastic game, in which the environment is dynamics and changes
based on the actions of players. Here, all agents share a common goal, but the
presence of multiple equilibria may result in reaching a suboptimal solution
in the absence of explicit coordination. The team may learn to coordinate
on a suboptimal outcome, performing poorly despite their shared objective.
The challenge, therefore, is to design learning dynamics that can provably
guide agents to an efficient equilibrium that maximizes their collective utility,

especially when the environment’s transition dynamics are unknown.

This thesis bridges these two domains by developing and analyzing novel,
decentralized learning dynamics tailored for each setting. We establish a unified
framework for “Team Learning in Games”, demonstrating how simple, plau-
sible behavioral rules can empower agents to achieve complex, coordinated,
and desirable team-level outcomes. By tackling both the competitive and coop-
erative sides of team interaction in multi-agent games, and the collaboration
within a single team in a stochastic game, we aim to provide a more complete

theoretical foundation for the design and analysis of multi-agent systems.

Classical game theory provides the language for analyzing strategic inter-
actions, with the Nash Equilibrium (NE) being the most fundamental solution
concept. An equilibrium is often justified by its emergence from the long-run
behavior of agents adapting their strategies over time [10]. A foundational
model for this process is Fictitious Play (FP), where agents play a best response
to the historical frequency of their opponents” actions. While FP and its vari-
ants have shown convergence guarantees in important classes of games, their
applicability is not universal [11]. For instance, FP is known to successfully
reach an equilibrium in two-agent zero-sum games [12] and in potential games

[13]. However, even in these cases, limitations exist. In potential games, which
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are often used to model cooperative scenarios, FP does not guarantee conver-
gence to the most efficient outcome for the team, leaving open the possibility of
suboptimal coordination. An alternative, log-linear learning, has been shown
to achieve efficient outcomes in such settings [14, 15], but its ability to track
efficient equilibria in dynamic environments (induced by the evolving strategies
of opponent teams) remains an open question. Notably, [16] addressed efficient
learning under non-stationarity induced by the decaying exploration in agents’
responses for the repeated play of potential games. However, this approach is

orthogonal to the analysis in this thesis.

The challenge of convergence becomes more pronounced in multi-agent
zero-sum games as we can transform any general-sum game to a multi-agent
zero-sum game by introducing a non-effective auxiliary agent (with a single
action). While several studies have explored this area [17, 18, 19], including in
network games [20] and zero-sum polymatrix games [19, 21, 22], the classical
FP dynamic does not readily apply to the multi-team structures central to this
thesis. Specifically, in Zero-sum Potential Team Games (ZSPTGs), which extend
these concepts, standard FP dynamics are not guaranteed to converge to a

Team-Nash Equilibrium, highlighting the need for new learning models.

When multiple teams compete, as seen in robotics, cybersecurity, and online
gaming, the strategic landscape becomes more complex. The interaction is no
longer between individual agents but between coordinated groups. The appro-
priate solution concept is the Team-Nash Equilibrium (TNE), a generalization
of the team-minimax equilibrium for two-player zero-sum games [7]. In TNE,
each team, acts as a single entity and jointly plays a best response to the other

teams’ strategies [8].

Recent studies on two-team zero-sum games and adversarial team games
have primarily focused on the efficient computation of team-minimax equilib-
rium [23, 8,24, 25]. A key theme in this line of work is the role of communication,
with ex ante (pre-play) communication among team members showing particu-
lar promise [23]. Consequently, many of these studies model a team as a single,

coordinated agent with imperfect recall, effectively embedding this pre-play

3



coordination into the problem structure [8, 24, 25]. A notable example is the
Fictitious Team Play (FTP) algorithm developed for extensive-form two-team
zero-sum games, where FP is applied to a simplified game representation and
best responses are computed using mixed-integer linear programming [8]. Our
work takes a fundamentally different approach. Instead of assuming pre-play
coordination, this thesis investigates how agents can learn to act as a cohesive
team by following simple, decentralized behavioral rules based on self-interest,
much in the spirit of foundational learning dynamics like log-linear learning
and FP.

In cooperative settings, often modeled as identical-interest or potential
games [13], all agents’ incentives are alignhed with a common objective or po-
tential function. While convergence to a Nash Equilibrium is often assured for
dynamics like FP, a significant challenge arises from the existence of multiple
equilibria with vastly different payoffs. Standard dynamics may converge to
an inefficient equilibrium, leading to poor team performance. If we include dy-
namic opponents to the environment, the question of whether agents who uses

behavioral learning rules can reach the TNE becomes even more challenging.

To address the issue of suboptimal equilibria in team games, researchers have
developed learning dynamics that introduce exploration and inertia to escape
the basins of attraction of inefficient outcomes. A prominent example is Log-
Linear Learning (or logit dynamics) [26]. In this model, agents respond to their
beliefs with some randomness (a smoothed best response) and exhibit inertia in
their action updates. It has been shown that in the long run, these dynamics
spend most of their time at the efficient, potential-maximizing equilibrium
[14, 27, 15]. Other approaches to achieving efficiency include aspiration learning

[28] and dynamics based on contentment and discontentment states [29, 30].

The aforementioned learning dynamics were primarily developed for re-
peated normal-form games. Extending these ideas to dynamic environments
requires tools from Multi-Agent Reinforcement Learning (MARL) literature.

The standard model for this is the Stochastic Game, a generalization of Markov



Decision Processes (MDPs) to multiple agents, introduced by [31]. In a stochas-
tic game, agents’ actions affect not only their immediate rewards but also the
transition to subsequent states, creating a complex trade-off between present
and future gains. This framework allows for modeling very complex envi-
ronments in frontier artificial intelligence applications, ranging from complex
board games to planning for intelligent and autonomous systems [9]. Con-
sequently, learning in stochastic games has drawn significant interest in ex-
amining whether non-equilibrium adaptation of self-interested agents con-
verges to equilibrium, particularly in zero-sum or identical-interest settings
[32, 33, 34, 35, 36, 37]. In particular, learning without coordination or with het-
erogeneous learning parameters in such stochastic games is a central challenge
in MARL [38, 39, 40, 41, 42]. These findings enhance the predictive power of
equilibrium analysis [10]. However, for control and optimization, a drawback is
that convergence guarantees apply only to certain equilibria, and agents using
these dynamics may perform arbitrarily poorly even in stochastic teams with
a common goal. For instance, while efficient learning dynamics have been
extensively studied in repeated games [43, 28, 14, 29, 30], results for stochastic

games remain limited [44].

Stochastic teams have drawn significant attention in multi-agent learning,
but early studies often focused on computing Q-function estimates for effi-
cient equilibria through coordinated maximization over joint action profiles
[45, 46, 47, 48]. Such approaches stand in contrast to uncoupled learning dy-
namics, where agents learn to coordinate without explicit knowledge of their
teammates’ objectives, as seen in the repeated play of games [28, 14, 29, 30].
These decentralized dynamics are particularly valuable in non-cooperative set-
tings, as they align with agents’” self-interest while enabling rational responses
to stationary opponents. A prime example is classical log-linear learning, where
agents respond to their belief about others” last actions with some randomness,
a behavior experimentally closer to human learning than fictitious play [49].
The common thread in these efficient learning dynamics for repeated games
is the use of recency, exploration, and friction to guide agents toward opti-

mal outcomes. While recent work has introduced fictitious play and policy



gradient methods to stochastic teams [32, 35, 50], they often do not guarantee

convergence to an efficient equilibrium, leaving a critical gap.

Recent research has begun to explore dynamics that aim to bridge this gap.
For example, [43] examined efficient learning but was limited to stochastic
games with exogenous state transitions, thereby avoiding the core challenge of
balancing immediate and continuation payoffs. Other work by [44] achieved
efficient learning by restricting agents to pure stationary strategies and dividing
learning into phases, which requires a degree of coordination among agents to
pause their strategy updates. Similarly, another study focused on episodic logit-
Q dynamics where Q-functions were held constant within episodes, making
the stage games stationary but again imposing a coordination requirement [51].
Our work departs from these episodic or phased approaches by allowing for

fully concurrent, uncoupled learning.

A common technical hurdle in both the competitive and cooperative settings
investigated in this thesis is non-stationarity. In the team competition setting,
an agent’s learning environment is rendered non-stationary because its strategic
partners and opponents are also learning and adapting their strategies simulta-
neously. In this setting, the beliefs an agent forms about opponent teams are
constantly changing, making the environment non-stationary. In the coopera-
tive, stochastic game setting, an agent’s own estimates of the Q-functions evolve
as it learns more about the environment, changing the payoffs of the effective

"stage game” it plays at each state, which again leads to non-stationarity.

To handle this, some approaches have utilized two-timescale stochastic approx-
imation, where Q-functions (slow timescale) and policies (fast timescale) are
updated at different rates [52, 33, 35]. However, this is not directly applicable
to all learning rules. Our work addresses this unifying challenge by developing
a new epoch-based analysis to prove convergence even when all learning pro-
cesses evolve concurrently. By dividing the horizon into epochs, we are able to
deal with non-stationarity challange. On top of that, we also utilize common
sophisticated tools from stochastic approximation theory such as stochastic

differential inclusion approximation [53, 54].
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This thesis establishes a unified framework for analyzing how decentralized
agents can learn to coordinate and compete effectively in complex multi-agent
environments. By addressing the distinct challenges of inter-team competi-
tion and intra-team cooperation, we provide a comprehensive theory of team

learning in games. The main contributions of this thesis are as follows:

* Novel Learning Dynamics for Strategic Team Environments: We in-
troduce two families of decentralized learning dynamics tailored to the
fundamental settings of team interaction. For inter-team competition, we
formulate the class of Zero-Sum Potential Team Games (ZSPTGs), which
generalizes potential games and zero-sum polymatrix games. Within
this framework, we propose Team-Fictitious-Play (Team-FP), a dynamic
where agents respond to the historical play of teammates and opponents.
For intra-team cooperation in stochastic environments, we develop Logit-Q
dynamics, which integrate log-linear learning with Q-learning. Together,
these models demonstrate that simple, local update rules can lead to the
emergence of sophisticated team behavior without the need for central-

ized control or explicit pre-play coordination.

* A Unified Analytical Framework for Non-Stationary Learning: A central
theoretical contribution of this work is a robust analytical framework
designed to overcome the challenge of non-stationarity, a pervasive issue
in multi-agent learning. Whether arising from the adaptive strategies
of opponent teams or the evolving value estimates within a stochastic
team, non-stationarity typically invalidates standard convergence proofs.
We address this by developing a novel epoch-based analysis combined
with stochastic differential inclusion (SDI) approximation and optimal
coupling techniques. This framework allows us to rigorously analyze
systems where multiple learning processes—such as strategy updates and
Q-value estimation—evolve concurrently. We derive explicit perturbation
bounds to show that, under controlled step sizes and epoch lengths,
the complex non-stationary dynamics can be approximated by tractable

stationary processes, thereby ensuring asymptotic convergence.



* Convergence to Desirable Equilibrium Concepts: We provide rigorous
convergence guarantees to solution concepts that capture both stability
and efficiency. In the competitive setting, we prove that the empirical
averages of play under Team-FP converge almost surely to a Team-Nash
Equilibrium (TNE), demonstrating that teams can learn to coordinate their
strategies effectively even without a central controller or without commu-
nication between agents against learning adversaries. In the cooperative
stochastic setting, we show that Logit-Q dynamics converge not just to
any equilibrium, but specifically to the efficient stationary equilibrium
that maximizes the team’s long-term collective utility. This addresses a
critical limitation in existing multi-agent reinforcement learning litera-
ture, which often fails to distinguish between optimal and suboptimal
equilibria. Furthermore, we quantify the approximation error of these
dynamics, establishing their rationality against stationary opponents and
characterizing the trade-off between exploration levels and equilibrium

precision.

The rest of this thesis is organized as follows. Chapter 2 provides the key
preliminary results and background material used in this thesis for conver-
gence proofs. Chapter 3 focuses on inter-team competition. We introduce
the Zero-Sum Potential Team Game (ZSPTG) model and detailed the Team-
Fictitious-Play (Team-FP) dynamics. We present the analytical results regarding
the convergence to Team-Nash Equilibrium and provide numerical simulations
to validate the theoretical findings. Chapter 4 shifts focus to intra-team co-
operation within stochastic environments. We formally define the stochastic
team problem and present the family of Logit-Q dynamics. We provide the
convergence analysis showing how these dynamics reach efficient equilibria
and discuss the implications of different implementation schemes (coordinated
vs. independent). Finally, Chapter 5 concludes the thesis, summarizing the
main results and discussing potential directions for future research in team

learning dynamics.



Chapter 2
Preliminary Information

This chapter provides preliminary definitions and results that will be used in
the subsequent chapters. We first present the stochastic approximation with
differential inclusion framework for analyzing the convergence of discrete-time
stochastic processes to the solutions of differential inclusions. Then, we provide
useful lemmas related to the solving the challenges in both team fictitious
play and logit-Q learning dynamics, including a coupling lemma between
two discrete-time stochastic processes and a proposition characterizing the
stationary distributions of the action profiles in the classical and independent

learning dynamics.

Definition 1. Lyapunov function We say that a continuous function V : R™ — R
is a Lyapunov function for a subset A of R™ provided that for any trajectory of

the flow ¢, e.g. ¢.(x),

e V(y) <V(x)forallz € R™\ A,y € ¢(x),t >0,
e V(y) <V(x)forallz € A,y € p(x),t >0,

Theorem 1. [54, Theorem 3.1] Consider a sequence {yy. € Y }i>o evolving according

to
Ykt1 — Yk — (e +wi) € apF (yr), (2.1)

9



where

* The step sizes {cy, € [0,1]}3>, decay at a suitable rate such that ;- a, = 00

and Y 72, ai < o0.
* The set valued F(y) is a Marchaud map.
* The error term ||e;|| — 0 almost surely.

* The noise sequence {wy} is Fj+1-measurable with respect to the filtration F,
generated by o-algebra o (yo, wo, . . . ,wk—1). Furthermore, {wy} is a Martingale
difference sequence satisfying El|wy|Fi] = 0 and E[||wy||?|Fr] < W for some
constant W for all k > 0 almost surely.

Then, the linear interpolation of yy, is an asymptotic pseudo-trajectory to the differential

inclusion

y € F(y). (2.2)

Therefore, one can characterize the limit behavior of (2.1) through (2.2) if
there exists a Lyapunov function V" as given in Definition 1. Note that for A C Y
and V : Y — R, V(A) C R has empty interior. Therefore, every internally chain
transitive set of differential inclusion (2.2) and the limit set of discrete update
(2.1) are contained in A [53, Proposition 3.27].

The following lemma provides a coupling result between two discrete-time
stochastic processes that will be the key tool in this thesis to solve the non-
stationarity challenge in both team fictitious play and logit-Q learning dynamics.
This lemma can characterize the long-run behavior of the logit dynamics in
certain non-stationary environments by coupling its evolution with the logit

dynamics in stationary environments.

Lemma 1. Consider two discrete-time processes {Wy, } x>0 and {(wx, zi) } x>0 over a
finite set W and the product space W x Z with some countable space Z. The processes

{wy} and {(wy, z)} evolve, resp., according to wy, ~ P(-|@y_1) and (wy, ;) ~
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P(-|(wr, 21)1<k). Let P(-|(wy, 21)i<k) denote the marginal of P(-|(wy, z;)1<x) over Z
such that wy, ~ P*(-|(wy, 21)1<k). Suppose that these processes satisfy the following

conditions:

Condition (i) There exist €,¢ > 0, a destination w' € W and k € N such
that given any (0, w,z) € W x W x Z, where W # w, the processes {wy} and
{(wg, z)} can follow, resp., r-length paths w = 1, h =, and (w,z) =
(h°,¢%), ..., (k" g%) = (W', 2) for some 2, where hl £ h! for all | < k. Furthermore,

for all k, we have

Pr (/\ Wjops = B | @y, = @> > ¢, Pr (/\ wir = b | (wg, z) = (w,z)> > €.

=1

Condition (it) Forany k =0, ..., K — 1, there exists A € (0, 1] such that

Hw (| (wi, 20)i<x) — B(- | “”“)HTV <1-X Y(wr,2)i<k. (2.4)

Let ji, € A(W) and py, € A(W x Z) denote, resp., the distributions of wy, and
(wg, zx). Furthermore, i € A(W') denotes the marginal of , over Z. Then, there

exists a coupling over {wy } and {(wy, zx)} such that

e
17k — 1Pl < 201 — e8)E 1 4 2(1 = A2 we—0,... K —1.  (25)
ee

We highlight that the first term on the right-hand side of (2.5) goes to zero
as k — oo whereas the second term is a constant depending on the distance
between the transition probabilities. For example, if A = 1 for K — oo, then the
processes {wy} and {wy} are identical Markov chains and the second term is
zero. Correspondingly, the proof of Lemma 1 (Section A.1) has a flavor similar

to the proof of the Ergodicity Theorem for Markov chains [55, Chapter 4].

Remark 1. Existing perturbation bounds for the stationary distribution of
Markov chains focus mainly on homogeneous chains using maximum entry-
wise perturbations [56, 57]. However, these bounds are not tight enough for our

analysis. In Lemma 1, we exploit the structure of these chains to derive sharper
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bounds and address non-homogeneous cases through finite-time analysis, mak-

ing Lemma 1 independently interesting.

Before establishing the next key result, we briefly distinguish between the
two specific implementations of log-linear learning (logit dynamics) consid-
ered in this work: coordinated and independent learning. In both schemes,
agents repeatedly play a finite potential game G = ((A’,u);e(n)) with the
potential function ® : A — R. The action profile at time £ is denoted by
arp = (at,...,ad) € A= Al x ... x AN, The difference between the two schemes
lies in how ageants that will update their strategies are selected at each time

step:

1. Coordinated (Classical) Log-Linear Learning: In this scheme, at each dis-
crete time step, exactly one agent is selected uniformly at random to revise
their strategy, while all other agents repeat their previous actions. This
constraint ensures that the system’s state transitions occur only between

action profiles that differ by a single agent’s strategy.

2. Independent Log-Linear Learning: In this scheme, agents play without
any central coordination. At each time step, every agent independently
decides whether to revise their strategy with a fixed probability § € (0, 1).
Consequently, multiple agents may update their strategies simultaneously,
allowing the joint action profile to transition more freely in the action

space.

While the coordinated dynamic is the standard model for ensuring convergence
to potential maximizers in potential games, the independent dynamic is de-
veloped to make the learning process fully decentralized [15]. The following
Lemma characterizes the proximity of the stationary distributions of joint ac-
tions resulting from the Markov chains induced by these two different revision

processes. A preliminary version of this lemma appeared in [51].

Lemma 2. Consider that agents follow the logit dynamics in the repeated play of a
potential game G = ((A’, u');c(n)) with the potential function ®. Let pu°, ™ €

12



A(A) denote the unique stationary distributions of the Markov chains formed by the
actions profiles for the coordinated and independent revision processes of log-linear
learning. Then, we have ;" = br(®(-)) and

1+A(0) @

I = € AG) =201 = 20) -

(2.6)

For independent-revision schemes, \(5) € (0, 1) is the probability that only one agent
revises actions for N stages conditioned on that at least one agent revises actions and
€ € (0,1) is a uniform lower bound on the probability for any N-length trajectory
where only one agent revises actions in the coordinated scheme, which depends on the

inherent exploration.

As § — 07, we have A(9) — 0 since \(0) — 1. Note the resemblance of (2.6)
to the second term on the right-hand side of (2.5). Correspondingly, the proof
of Lemma 2 (Section A.2) follows from Lemma 1 by quantifying the distance
between the transition matrices of the coordinated and independent-revision

schemes.
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Chapter 3

Team-Fictitious Play for Reaching
Team-Nash Equilibrium in

Multi-Team Games

In this chapter!, we investigate the dynamics of multi-team competition, a set-
ting increasingly relevant in domains ranging from robotics to financial markets
[1,2, 3,4, 5]. To model such interactions, we consider multiple teams with pos-
sibly different number of team members. We introduce a novel class of games
called Zero-Sum Potential Team Games (ZSPTGs). In this game, team members
have networked interconnections, as depicted in Figure 3.1. Teams have pairwise
interactions. For any opponent team strategy, team members effectively play an
underlying potential game, as in distributed optimization applications, e.g., see
[59, 60, 61]. Notably, ZSPTGs reduce to zero-sum polymatrix games [19] if each
team has a single agent, and to potential games [13] if there is a single team.
Additionally, widely studied two-team zero-sum games, e.g., see [8, 9, 25, 62],

are a special case of ZSPTGs.

Within this framework, we propose a simple behavioural learning rule

called the Team-Fictitious-Play (Team-FP) dynamics. In Team-FD, agents adopt a

IThis chapter is dervied from the the author’s paper [58]
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smoothed best response strategy based on the most recent actions of their team-
mates and formed beliefs regarding the strategies of neighboring opponents.
We show that the Team-FP dynamics reach near TNE in ZSPTGs. This means
that the empirical average of team actions converge to the near best response
each team can take against the average actions of other teams. We quantify
the approximation error, showing it decreases with the level of exploration
in the agents’ responses. Similar to the FP dynamics, Team-FP is also rational:
teams can learn (near) optimal strategies if opponent teams play stationary
strategies. These results strengthen the applicability of TNE for predicting team
behavior in multi-team competition and provide a practical rule for teams of

self-interested agents to learn coordination in multi-team settings.

Using this framework, we establish that under Team-Fictitious-Play dynam-
ics, the empirical averages of the teams” action profiles converge almost surely
to a near Team-Nash Equilibrium. We provide an explicit bound on the approxi-
mation error, which decays with the level of exploration in the agents’ responses.
Furthermore, we demonstrate the rationality of these dynamics, showing that
teams learn to play near-optimally against opponent teams utilizing stationary

strategies.

A key challenge in our analysis is handling the non-stationary nature of
learning, as opponent teams’ strategies change over time. We address this by
leveraging the optimal coupling lemma (e.g. see [55, Chapter 4]) and stochastic
differential inclusion approximation methods (e.g., see [53, 54]) to the repeated
play of games. Motivated from the recent interest in multi-agent reinforcement
learning, we can extend Team-FP dynamics to finite horizon multi-team Markov
games for both model-based and model-free cases. We discuss this extension

and analyze its convergence numerically in §3.6.

This chapter is organized as follows. We describe ZSPTGs and the (indepen-
dent) Team-FP dynamics, resp., in §3.1 and in §3.2. We provide analytical and
numerical results, resp., in §3.3 and §3.5. We conclude the chapter with some

remarks in §3.7.
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Figure 3.1: An illustration of
networked interconnections
agents from different teams.
Nodes in bottom and top lay-

A' ers refer, resp., to team mem-
1 .
[ bers and teams. Undirected
Vo N d t the i t of
1os . edges represent the impact o
1 1
1

s g actions on the payoff func-
' . tions. We use different col-
ors and shapes to represent

agents from the same teams,
and they are connected via

dashed edges.

Notation: Given a finite set A, we let A(A) denote the probability simplex
over A. Welet f(u) = E,-,[f(a)] for any probability distribution p € A(A) and
any functional f : A — R. Furthermore, we define the smoothed best response

to any functional ¢ : A — R by

br,(q)(a) = xp (¢(a)/7) Va e A br,(q) = arg max TH ,
(¢)(a) Zexp W@/ €A & (9) rg ma {a(p) +7H(w)}

(3.1)
for some temperature parameter 7 > 0, where H(p) := E,,[—log((a))] for all

p € A(A) is the entropy regularization.

3.1 Game Formulation

Consider a multi-team game, characterized by the tuple (T, (A", u");cz), where T
and 7 denote, resp., the teams’ and agents’ index sets, and A* and v’ : A — R
(with A := [];.; A’) denote, resp., the agent i’s finite action set and payoff

function. Agents take their actions to maximize their payoff functions.

Definition 2 (Zero-sum Potential Team Game). Let Z™ denote the index set of
agents in team m and A™ := []._;.. A* denote the set of joint actions for team

m. We say that a multi-team game is zero-sum potential team game (ZSPTG) if for
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each team m € T, there exists a potential function ¢™ : A — R such that
u'(@', a7 a™™) —u'(a) = oM@ a aT™) — ¢™(a), (3.2)

for all (a',a) € A' x Aand i € ™, where a™* := {a’};ezm\(;y are the actions
of other team members, a~™ = {a‘} ¢+m are the action profiles of other teams,
where af € A’ is team ¢’s action profile. The potential functions sum to zero, i.e.,

we have

> ¢™a)=0 VacA (3.3)
meT
Furthermore, the actions have network separable interactions across teams

such that we can separate the potential functions and correspondingly payoff
functions as
" = Z ™ and = Zuw Viel™, (34)
{£m l#m

for some ¢ : A™ x A® > Rand u¥ : A™ x A* - R.

The following example generalizes the potential game formulation for dis-
tributed optimization (e.g., see [59, 60, 61]) to two-team zero-sum potential

games.

Example 1. Consider two teams of agents interacting over a network. We can
represent their interactions via a graph G = (V, E), where the set of vertices V'
refers to the agents and the set of (undirected) edges refers to their interactions.
Let agent i from team m receive a local payoff r* : A" x [[,; ycp A7 — R
depending on the actions of the neighboring agents only. Agent ¢ adds the
neighboring team members’ local payoffs whereas subtracts the other neighbors’
local payoffs in his/her total payoff. In other words, his/her total payoff is
given by
ut = Z ]I{jezm}rj — Z H{j¢Im}Tj. (3.5)
J:(i5)€kE J:(ij)€E
This yields that the team m has the potential function
P = Z ri — Z ) (3.6)
jeTm jgIm
and therefore, these potential functions sum to zero. However, the potential

function is not generally the sum of the payoffs in potential games.
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Remark 2 (General-sum ZSPTGs). In ZSPTGs, the underlying game can be a
general-sum game although the team-potentials sum to zero, as described in
(3.3). For example, consider two competing teams whose team members have
identical payoffs corresponding to their team potentials. If the teams have
different number of members, then the agents’ payoffs do not sum to zero or a

constant while the team potentials do so.

In the following, we introduce TNE, generalizing team-minimax equilibrium
for two-team zero-sum games, e.g., see [7], to multi-team games. Particularly;,

at TNE, no team has an incentive to change their team strategy.

Definition 3 (Team-Nash Gap). Given the strategy profile of teams {7™ €
A(A™) }mer, we define the team-Nash gap for team m as

TNG™(7) = M, — o™ 3.7

(m) = max A¢" (@ 7"")} — o™ (m), (3.7)

and TNG(7) =%

say that the strategy profile of teams {7 },,c7 is e-TNE if TNG(7) < e.

TNG™(7), where 7™ := {n*},,,. Correspondingly, we

3.2 Team-FP Dynamics

We first present the Team-FP dynamics combining the log-linear learning and
fictitious play for learning in multi-team games played repeatedly, and then
extend Team-FP to multi-team MGs in §3.6.

Let af, € A" denote the agent i’s action at the kth repetition in the repeated
play of the underlying ZSPTG. Correspondingly, a}* = (a},)icr,, denote the team
m’s action profile. Observing the joint actions of team m, agents j ¢ Z™ can
form a belief about the team m’s joint strategy. Let 7" € A(A™) denote the
belief they formed. Consider actions as pure strategy where the associated
action gets played with probability 1. Then, agents j ¢ Z™ can update their

beliefs about team m's strategy according to
T = T +og(ay —m') VE=0,1,... (3.8)
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Algorithm 1 (Independent) Team-FP

initialize: {7§}sz,, and {a’,};czm\ ;) arbitrarily

for each stage £ =0,1,... do
play ai ~ br,(u'(-,a;* |, 7, ™)) or ai, = a}_, in a coordinated way (or inde-
pendently)
update 7, = 7}, + ay(al, — ) forall £ £ m

end for

such that the belief 7}, | also corresponds to the (weighted) empirical average

of the past action profiles {a{’, ..., a]'}.

Agent i € I™ either takes the previous action a},_, (i.e., a, = aj_,), or
takes the action a} ~ br,(u'(-,a;",, 7. ™)) according to the smoothed best
response (as described in (3.1)) to the previous actions of team members
a;', = {a}_,}jerm\ s and the beliefs 7, := {n{}s., formed about other
teams. It is instructive to note that the definition of potential function ¢™(-), as
described in (3.2), yields that

br, (u'(-,a;"y, 7, ™)) = bro (9" (- a7, ™)) VieI™ (3.9)

We introduce Team-FP and independent Team-FP dynamics depending on
how agents update their actions. In the former, a single agent can get chosen
randomly, as in the classical log-linear learning. In the latter, each agent can
update his/her action with probability 6 € (0, 1) independent of others, as in the
independent log-linear learning. The latter addresses the coordination burden
in the update of actions within teams. Algorithm 1 provides descriptions of

these dynamics for the typical agent 7 from team m.

Remark 3 (Scalability). Agents can have networked interactions such that their
payoff functions depend only on the actions of certain agents such as one/two-
hop neighbors. For such cases, agents can form beliefs about these neighbors’
strategies only, as if these neighbors play according to some stationary strategy.
For example, assume that the payoff of agent i ¢ 7™ (outside team m) depends
only on the actions of team-m members from some neighborhood N7, i.e., {; :

j € N'NZ™}. Agent i can form a belief about these agents’ strategies according
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to

= mm 4 (@™ — ) Vk=0,1,... (3.10)

where i = {a]};epinzm- Then, the linearity of the update rule yields that the

local empirical average 7™ corresponds to the marginalization of 7} such that

(@Y jeniez) = Y @’ em) k. (3.11)

{@7}jezm i
Therefore, local observations (within neighborhoods) would still be sufficient to
follow Algorithm 1. We demonstrate the scalability of Team-FP by a large-scale

experiment in §3.5, Figure 3.6.

We focus on the homogeneous cases where agents i ¢ 7™ have a common
belief about team m’s strategy. Homogeneous beliefs are possible if the agents

have common initial beliefs and step sizes.

We moved the extension of (Independent) Team-FP to multi-team Markov

games and its numerical analysis to §3.6.

3.3 Convergence Results

Team-FP and Independent Team-FP dynamics reduce, resp., to the classical
log-linear learning and independent log-linear learning dynamics if there is
only one team. These log-linear learning dynamics are known to reach team-
optimal solution in potential games. For example, consider an n-agent potential
game ((A’,u");cf,) with the potential function ¢(-). In both dynamics, the
action profiles played form irreducible and aperiodic Markov chains. Let
and i denote the unique stationary distributions, resp., for the classical and
independent versions. For the former, we have i = br,(¢(-)) [14, Section 3] and
(3.1) yields that

0 < max{¢(a)} — 6(7) < 7log|A|. (3.12)

On the other hand, the smaller § > 0 implies closer stationary distributions in

the classical and independent versions. Particularly, by utilizing Lemma 2, we
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have

for some function A(-) decaying to zero as § — 0" forany ¢, > 0, and 0 < ¢4 <
br,(¢(-,a™")) for any a~* and i is a lower bound on local actions get played in

the smoothed best response.

Team-FP dynamics have similar convergence guarantees for multi-team

games under the following assumption on the step sizes used.

Assumption 1. The step size oy, € [0, 1] satisfies the stochastic approximation
conditions: o, — 0as k — 00, Y po = o0, and Y o, ai < oo. Additionally,

we have hmk_wo ak/ozkﬂ = 1, and A — Oy Z OOl

The last condition in Assumption 1 ensures that recent observations have
comparable weight in the beliefs formed. The classical choice oy, = 1/(k + 1),

leading to the empirical averages of the actions played, satisfies Assumption 1.

The following theorem shows the convergence of Algorithm 1 to near TNE al-
most surely with the approximation levels (similar to (3.12) and (3.13)) inherited

from the (independent) log-linear learning dynamics.

Theorem 2. Given a ZSPTG characterized by (T, (A*, u");cz), let every agent follow
either Team-FP or Independent Team-FP, as described in Algorithm 1. If Assumption 1
holds, then the team-Nash gap for 71y, == (7" )meT Satisfies

. Tlog |A| for Team-FP
lim sup TNG(my) < B (3.14)
ko0 Tlog|A| + |T)?¢ - A(d,€)  for Independent Team-FP

almost surely, where ¢ == max(m,.q) |¢™ (a)|.

The key challenge in our convergence analysis is the non-stationarity arising
from opponent teams adapting their strategies while the team members learn
to coordinate against them. We address this by constructing a reference scenario
where the team members’ beliefs about opponent strategies are frozen over finite-

length epochs, allowing them to hypothetically “team up” under these fixed
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beliefs. By comparing the dynamics in the actual scenario and the reference
scenario, and exploiting the averaging nature of belief formation, we can bound
the approximation error between the two. The main proof concept, along with
the Team-FP algorithm for a two-team scenario, is illustrated in Figure 3.2. This
approach is similar to the one used in the next chapter to handle non-stationarity
in Markov team problems. However, unlike the next chapter, we cannot directly

show the error bound decay due to the lack of a contraction property in our

dynamics.
Episode
Team1 Team2 -7
- N - <" 12;*—1 12% l aty
_____________________________ 5 Belief Belief Belief
r ) Y T, Update Update Update
i Ft_li : "'}' iy g S
i Joint Belief PR— E Transition
i Update " Kernel (___; .......... > p() — p() Ll p() ......... >
1
1rt2 a; P(n}) 8 l ak l ak,y l&%u
) Actual Scenario
1
f il [£§ i
E}—l SN ﬂtl t} ~ 12;‘71 Reference Scenario
g > Kernel : —3 JointBelief | | | , Belief
P(x}) : [ Update s
| 11 1
:\ Ty g T — 1 )
44444444 » P(:) — P(:) — P() > ~bre(¢?(,7h)
- J - /
_______ le% leh i

7

Figure 3.2: An illustration of Team-FP dynamics for two-team games on the
left-hand side. Team actions change according to a transition kernel depending
on the beliefs formed about the other teams. Dashed lines represent the time
shift. On the right-hand side, we depict the key proof idea that we approximate
the evolution of the team actions with a reference scenario where beliefs are
stationary such that team actions form a homogeneous Markov chain whose
unique stationary distribution corresponds to the best team response.

To overcome this limitation, we view Team-FP as smoothed fictitious play
dynamics in zero-sum polymatrix games with an additive bounded error term.
The additive error captures the fact that team members may not perfectly
achieve team coordination. We then relax the problem by considering any
approximation error within the formulated bounds, rather than the actual
error. To address this relaxation, we leverage stochastic differential inclusion
approximation methods [53, 54]. Finally, by constructing a suitable Lyapunov
function addressing arbitrary bounded errors in continuous-time smoothed best

response dynamics, we establish the convergence of the discrete-time Team-FP
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updates.

3.4 Proof of Theorem 2

We can separate the proof into two main steps: (i) showing that team members
can learn to team up approximately by constructing a reference scenario where
beliefs got frozen, and (ii) addressing the bounded approximation error by

leveraging the stochastic differential inclusion approximations.

3.4.1 Step (i) - Reference Scenario and Error Analysis

We divide the horizon into T-length epochs. Then, we can write the belief
update (3.8) accumulated from k = nT to (n + 1)T as

(n+1)T—1 (n+1)T—1 ko+T—1
Tty = Z (I —ag) | -mpr + Z Qy, ( H (1-— o@) ~apt (3.15)
k=nT k=nT l=k+1

forany n =0, 1,... denoting the epoch index. Let 7(;;, := 7> denote the belief

about team m in epoch n. Furthermore, for notational simplicity, we define

(n+1)T—-1 (n+1)T—1
Br=ar [[ 1-a) and Buy= Y B (3.16)
{=k+1 k=nT

Then, we can simplify (3.15) as

(n+1)T—1

Tty = (1= Bw) - 7y + Bimy -ay (3.17)
k=nT ﬂ(”

Lemma 3. Due to 1, the step size 3, decays to zero monotonically at a certain rate

such that . -
> By =00 and Y B, < oo. (3.18)
n=0 n=0
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Let F, be a filtration generated by the o-algebra o (Ao, ..., A,r_1), where A,
denotes the joint actions taken by each team at stage ¢, i.e., A; = (a7, . . Lalh.
It is instructive to note that 7(;,, is F{,)-measurable. We define the joint action

distributions of team m at time & in epoch n by
fim e = Elag’ | Fil. (3.19)

Then, we can write (3.17) as in the form of stochastic approximation

(n+1)T—1
m m k m m

minrny = (1= By + By | D By M+ Wi | (3.20)

k=nT

where w(} ;) is a Martingale difference sequence defined by
(n+1)T—1 3
m . k m m

Wint+1) = Z . (Qk - M(n),k) . (3.21)

= P

Now, let’s consider a reference scenario for the analysis in which the beliefs
(denoted by 7}") are only updated at the ends of 7T-length epochs. In other
words, we have 7" = m(7) forallnT' < ¢ < (n+1)T — land m € T. Due to the
tixed beliefs about the opponent plays, Team-FP dynamics reduce to the log-
linear learning in the reference scenario. Let af;, , denote the joint action of team
m in the reference scenario. By the nature of the log-linear learning, {a{},) , }72,.+
form a homogeneous Markov chain (MC) even though the actual action profiles
{a7}32,,7 do not necessarily do so. Denote the stationary distribution of the
MC in the reference scenario by ﬁ?l),* and 11, , for Team-FP and Independent
Team-FP, respectively. The former is given by ﬁ’{;),* = br,(¢" (-, 7)) due to
the log-linear learning update [26, 14]. Then, we can write the belief update

(3.20) for team m as

WEZH) =(1- 5(n))7f% + Bw) <b1"7(¢ (-, (n) )+ W(n+1) tEmn )) (3.22)

where we decompose the error e[, = ef + g% as

(n+1)T—-1 5
k 1 m
€y = Z 6_</~L(n),k — Hiny) (3.23)
k=nT (n)
Eny = Hy e = Py o (3.24)
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The update (3.22) corresponds to the SFP dynamics of teams acting as a single

decision-maker with the additive error e%.

The following lemma, based on designing the optimal coupling between the
actual and reference scenarios plays an important role in bounding |[[ef},) || from
above. The proof of this lemma is based on Lemma 1, which is the key Lemma

for the analysis in this thesis.

Lemma 4. For some constants c,d, p > 0, we have

iy = Himy sl < e +dTa,r YmeT. (3.25)

By (3.23), Lemma 4 yields that we can bound the error € from above by

(n+1)T-1

epl<e > 5’“ T L ATy (3.26)

k=nT

Due to the no-recency-bias condition in 1, we have ;1 /8, < 1 by the definition

(3.16). Then, we have monotonically decaying 3, which yields

5]6 < BnT < QT ‘ (327)
By ~ TBumsnr—1 — Tomenr
By the assumption 1, we have
N ] ()71 1
lim —"— = — lim L= 3.28
n—00 Ta(n+l)T T n—00 k:]:‘z[T Ot T ( )
By (3.26), (3.27), (3.28), and the decaying property of a;, we obtain
l L vmert 3.29
1m_)sup He H1 < TlTp meT. (3.29)

On the other hand, &, is non-zero only for Independent Team-FP and corre-
sponds to the difference between the stationary distributions for the classical
and independent log-linear learning. We can bound &, < A(6, €) for some e > 0

based on (3.13). Hence, given any ¢ > 0, there exists N, such that

e, < C(e,T) Vn >N, (3.30)
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where

= for Team-FP

— + A(d,¢) for Independent Team-FP

A

C(e,T) = { (3.31)

Nle No

€+
g+

hS)

Note that C'(e,T") can become arbitrarily close to A(d, €) for sufficiently large T

and small ¢, which are chosen arbitrarily just for the analysis.

3.4.2 Step (ii) - Convergence Analysis with Relaxed Errors

We focus on the convergence analysis of (3.22) based on the bound (3.30). To

this end, we define the set-valued mapping

F(m) = {(brT(gbm(-,w_m)) =5 -+ em)meT ;

le™ ||, < C(e, T) and br, (¢™ (-, 7~™)) + ™ € A(A™) vm} (3.32)

forallm € Il == [], . A(A™). Then, the update (3.22) and (3.30) yield that for

sufficiently large n, the empirical averages {m(,) }n>0 satisfy

Tnt1) — Tn) — Bn) - Wint1) € By + F(T(w)), (3.33)

where the Martingale difference sequence {w,+1)} is as described in (3.21). We
have set inclusion in (3.33) different from the equality in (3.22) since we relax
the update rule by considering any error satisfying the bound (3.30), rather than

the actual error.

The following proposition shows that F'(-) is a peculiar set-valued mapping.
Particularly, given the sets X, Y from some underlying Euclidean space, we say
that a set-valued function F(-) mapping each point x € X toaset F(z) C Yisa
Marchaud map, e.g., see [54, Definition 2.1] and [53, Hypothesis 1.1], if it satisfies

the following conditions:

() is upper semi-continuous, or equivalently, Graph(F) = {(z,y) : y €
(x)} is a closed subset of X x Y.

i) F
F
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(ii) Porall z € X, the set /() is a non-empty, compact, and convex subset of
Y.

(iii) There exists a ¢ > 0 such that sup, 7, [lyl| < c(1 + [|z]|) forall z € X.

Proposition 1. The set-valued function F'(-) is a Marchaud map.

Next, we approximate the relaxation (3.33) by the differential inclusion
7 € F(m). (3.34)

Particularly, due to Proposition 1 and (3.18), a linear interpolation of the iterative
process {7(») }n>0 is a perturbed solution to the differential inclusion (3.34) [53,
Proposition 1.4] and its limit set is internally chain transitive [53, Theorem 3.6].
Furthermore, we can characterize internally chain transitive sets (and therefore,
the limit set of linear interpolations) through a Lyapunov function. Particularly,
let ®,(7) be the set of solutions to (3.34) with initial point 7. We say that a
continuous function V : TI — R is a Lyapunov function of (3.34) for a subset
A C Il provided that

o V(7)< V(n)forallm € I\ A, 7 € ®y(7), t >0,

o V(7)< V(m) forallm € A, 7 € ®y(m),t > 0.

Given such a Lyapunov function for A, every chain internally chain transitive set
L is contained in A if the set {V(7) : 7 € A} has empty interior [53, Proposition

3.27]. Therfore, we propose the candidate Lyapunov function
V(r) = max {0, L(7) — Z(\,e,T)}, (3.35)

where the auxiliary terms are defined by

Z < LeAA™ {&7(u,m™™) + 7H () § (3.36a)
=\ e, T) =T1log|A| + )\|7'|25 .C(e,T) >0 (3.36b)

for some arbitrary A > 1 to characterize the long-run behavior of (3.33) based
on (3.34).
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Proposition 2. The continuous function V(-) is a Lyapunov function of (3.34) for the
set A ={m:V(r) =0}

Proposition 2 yields that there exists some sequence {(; € R};>o such that

|Ce| — 0 as k — oo almost surely and
L(m) <Z(\e,T)+ G k. (3.37)

By (3.3), we can write L(7;) as

L(Wk):Z(maX {o™(p, ™) + TH(p)} — ¢mwk>

meT cAM4™)
> Z (uergafm) {o™(u, 7™} — gzﬁm(wk)) : (3.38)

Since max,, {¢" (u, W_m)} — ¢™(m) > 0 for all 7, the inequalities (3.37) and (3.38)
yield that

03 Z (Mgﬁ?j{m) {7 (. m™)} = ¢m(7fk)) <E(\e,T)+ ¢ VYmandn. (3.39)

Recall that we can select A > 1, > 0 and T' € N arbitrarily. The definitions
(3.31) and (3.36b) yield that =(\,e,7") can be arbitrarily close to 7log |A| for
Team-FP and 7log |A| + | T|%¢ - A(6, €) for Independent Team-FP. Furthermore,
(x decays to zero. Therefore, we can obtain (3.14) based on (3.39) and Definition

3. This completes the proof [.

The following corollary to the main result shows the rationality of the (inde-

pendent) Team-FP dynamics.
Corollary 1. Given a ZSPTG characterized by (T, (A", u');cz), let agents from team

m follow either Team-FP or Independent Team-FP while other teams play according to
some stationary strateqy =~ ". If Assumption 1 holds, then empirical average of the
action profiles played by team m satisfy

7log |A™| for team-FP
Tlog |A™| + ¢ - A(d,€) for Independent Team-FP
(3.40)

k—o0

limsup TNG™ (7', m~™) < {

almost surely.
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Theorem 2 can be generalized to the case where the rewards are random with
bounded support, rather straightforwardly. Therefore, the proof of Corollary
1 follows from Theorem 2 if we view the underlying game as there is a single

team receiving random rewards with bounded support.

3.5 Illustrative Examples

In this section, we present various simulation results demonstrating the coor-
dination speed of Team-FP and compare it to pure FP, no-regret algorithms,
and a stationary opponent. We also observe the effect of parameters on the
convergence speed. In addition, we examine the long-run behavior of team-FP
in games beyond ZSPTG games, where we intuitively expect it to converge. All
simulations are averaged over 10 independent trials to reduce the randomness.
In all figures, the mean is plotted with a thick colorful line, while one standard
deviation below and above the mean is shown with a shaded area of the same
color. Also, for all simulations, temperature parameter 7 is chosen to be 0.1
unless another option is mentioned. We conduct simulations for ZSPTG with
two different setups: one with three teams, each consisting of three agents, and
another with two teams, each consisting of four agents. Unless explicitly stated
otherwise, the default setting consists of two teams, with four agents in each

team. The step size is chosen to be o, = 1/(k + 1) for all simulations.

All the simulations are executed on a computer equipped with an Intel Xeon
W?7-3455 CPU and 128 GB RAM. Run-time for 10 independent trials over 10°

iterations vary between 1-5 hours depending on the experiment.

3.5.0.0.1 Achieving Implicit Coordination in Team-FP In this section, we
compare the performance of Team-FP to the explicit coordination of team mem-
bers. We also compare Team-FP to algorithms such as Multiplicative Weights
Update (MWU) and Smoothed FP (SFP), and show that these algorithms fail to

achieve team coordination. We also show that Team-FP achieves near-optimum
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policy against a stationary opponent as stated in Corollary 1.

Team-FP and Coordination Team-FP vs. MWU and SFP

—— Groups: 1 —— Team-FP
Groups: 2 Independent Team-FP

2,54 — Groups: 4 257  Independent Team-FP Mwu

—— Smoothed FP

No coordination

20 Half coordination 2.0 Team-FP

Full coordination
1.0

10t 102 103 104 10° 10° 10t 102 10° 10% 10° 10°
Number of Iterations Number of Iterations

Team Nash Gap
-
in

Team Nash Gap

(a) Varying group sizes of 1, 2, and (b) Algorithm 1 (Independent)
4, compared to SFP, and MWU

Effect of Competition

—— Competing Opponent
Stationary Opponent

Competing Opponent
Stationary Opponent

10! 102 10° 10 10° 109
Number of Iterations

Team Nash Gap

(c) Competitive vs Stationary Envi-

ronment

Figure 3.3: All the above figures show the variation of TNG over time. (a)
Comparison of different levels of explicit coordination for Team-FP: indepen-
dent agents (group size 1), pairs of cooperating agents (group size 2), and fully
coordinated teams (group size 4). (b) Performance of Team-FP and Indepen-
dent Team-FP compared to MWU and SFP algorithms in a 2-team ZSPTG. (c)
Convergence of Team-FP against stationary and competitive opponents in a
3-team ZSPTG.

Impact of Team Size in Team Coordination: In Team-FP self-interested team
members act together without explicit communication in a coordinated way to
reach TNE. We can measure how this independent cooperation compares to

the explicit coordination of team members. For that, we propose an example
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game with two teams and four agents in each team. For the first scenario, four
agents act separately and use Team-FP. In the second scenario, the agents form
groups of two and act in a coordinated way as if they are a single agent, using
Team-FP. In the final scenario, all agents in a team behave as if they were a single
agent, equivalent to the standard fictitious play (FP) dynamics in a two-person
zero-sum game. This case mimics the ex-ante communication scheme from [8].
The scenarios are described by group sizes. Group sizes are one, two, and four
respectively for these scenarios. The simulation results are presented in Figure
3.3a. As expected, the explicit coordination of all members in a team converges
the fastest, followed by the explicit coordination of groups of two, and finally,

Team-FP converges slowly as the agents do not coordinate explicitly.

Team-FP Compared to MWU and SFP: The strong side of Team-FP is, even
though the agents do not communicate, the average of joint actions of teams can
reach TNE, unlike other algorithms. We compare the equilibrium behavior of
team-FP with a well-known no-regret learning algorithm Multiplicative Weights
Update (MWU), in which the average strategies converge to NE in zero-sum
polymatrix games [19]. We also compare Team-FP with the usual SFP, where
each agent holds beliefs about other agents and uses the smoothed best response
against them. In Figure 3.3b, we see that both Team-FP and Independent Team-

FP dynamics converge to near TNE, while the other algorithms fail to do so.

Rationality Against Stationary Opponent: In this part, we use 3-team setting
where each team has 3 agents. We let a team using Team-FP compete against two
other stationary teams and compared it with the performance of the same team
in the same game when the opponents are also using Team-FP competitively. In
Figure 3.3c, we observe that both algorithms converge, while the convergence

is much faster against stationary opponents.

3.5.0.0.2 Team-FP in Application In this part, we provide an example to

demonstrate that Team-FP has applications in various contexts.

Security Game Example: We model an airport security scenario as a two-team
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game between defender and attacker teams. In our example, a security chief
on the defender team faces three independent intruders on the attacker team,
as shown in Figure 3.4a. The chief can defend a gate at a cost, while intruders
decide whether to attack a gate or remain idle. Intruders gain or lose payoffs
based on whether they attack undefended or defended gates, and the chief’s
payoffs mirror these outcomes. We conducted multiple trials and presented the
evolution of the average Team-Nash Gap with standard deviations on the right
side of Figure 3.4b. From a higher level, this example shows that team-minimax
equilibrium can predict the outcome of games with different uncoordinated
attackers. It also justifies the algorithms developed to compute team-minimax

equilibrium efficiently.

Airport Defence Simulation

I3
o

°
®

ﬁ [E-]

°
Y

Team Nash Gap

0.4

0.2

10* 10? 10° 104 10° 10°
Number of Iterations

(a) (b)

Figure 3.4: (a) The illustration of an airport security game: a security chief
guarding the six gates of an airport against three different intruders making
decisions autonomously. (b) The evolution of Team Nash Gap in airport security

game, showing that Team-FP dynamics reach near team-minimax equilibrium.

3.5.0.0.3 Effect of parameters in Team-FP In this part, we examine how
Team-FP performs for different 7 and ¢ values. Given an example ZSPTG
of three teams where each team has three agents in Figure 3.5a, we examine
the evolution of TNG in the Team-FP dynamics for different values of 7 €
{0.1,0.15,0.2}. We also compare the evolution of NG in the Team-FP and
Independent Team-FP dynamics for 7 = 0.1, § = 0.2, § = 0.5. All simulation

results (see Figure 3.5) show convergence, and we observe lower final values
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of NG(7) for smaller 7 as we predicted (see. Figure 3.5b). The Independent
Team-FP requires more iterations when § = 0.2 for its convergence, while it is
much faster when § = 0.5 (see. Figure 3.5¢). This is expected as updates are
much more frequent as J increases. However, increasing § too much may harm

the coordination behavior of the team.

Team-FP Parameter T

— 1=0.1
T=0.15
— 1=02

10! 102 103 104 10 10°
Number of Iterations

(a) Simulation network for a 3 vs 3 (b) Varying 7 in Team-FP

vs 3 game.

Team-FP Parameter &6

— =01

7=0.1, 6=0.2 T=01,6=02
— 1=01,6=05

Team Nash Gap

10! 102 10° 10* 10° 109
Number of Iterations

(c) Varying ¢ in Independent Team-
FP

Figure 3.5: The 3-team experiments are tested on the randomly generated
network structure (a). The other figures (b), and (c), shows the variation of
TNG over iterations. (a) The simulation network for a multi-team ZSPTG, in
which there are 3-teams with 3 agents in each team. (b) The impact of varying
temperature parameter 7 (0.1, 0.15, 0.2) in Algorithm 1 on the closeness to TNE.
(c) The effect of different J values (0.2, 0.5) in (Independent) Algorithm 1 on the

convergence speed with 7 fixed at 0.1
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3.5.0.0.4 Large-scale Numerical Examples In this section, we give a large-
scale experiment that show the scalability of Team-FP in a networked game
where only 2-hop neighbors of agents affect their payoff function. We simulated
a three-team game with nine agents per team, resulting in a large joint action
space of size 2*". After ten independent trials, we plotted the evolution of
the Team-Nash Gap in Figure 3.6. Despite the problem’s scale, the empirical
averages of team actions converge to the Team-Nash equilibrium at a similar
rate, even with sparse network interconnections, as shown in the top right of

Figure 3.6.

Team-FP

—— Team-FP Large Scale

Number of Iterations

Figure 3.6: The evolution of Team Nash Gap in the large-scale example provided
in the top right, showing that Team-FP dynamics reach near team-minimax

equilibrium.

3.5.0.0.5 Beyond ZSPTG In this part, we try several other games for Team-
FP without proof of convergence. We expect Team-FP to converge in 2xN and
potential games other than zero-sum games as FP converges in these settings.
For the first case, we try a game where one team has a single agent with only
two actions with random rewards, while the other team has three agents with an
underlying potential function. In this case, Team-FP converges (see. Figure 3.7b).
In another setting, we try two teams of four agents. However, the potential
functions for both teams are identical rather than summing to zero, resulting in
a potential function that encompasses the individual potential functions. The
team-FP algorithm converges to TNE in this case as well (see. Figure 3.7c).
However, the equilibrium is not unique in this case. Finally, we create an

extension of the team-FP for Markov games (see. §3.6) in an RL framework and
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try simulations on this setting. In this case, there are two teams each having
two agents, competing against each other in a finite horizon Markov game with
a horizon length of ten. The number of states is two, and the state transition
matrices are generated randomly. We observe that team-Nash Gap for MG’s

defined in (3.43), converges to near-zero.

Markov Game General Sum

—— Model Based —— 2 x N game

Model Free Model Free 0.8

Model Based

T10t 102 10° 10° 10° T10t 102 10 104 10° 108
Number of Iterations Number of lterations

(a) Markov Games (b) 2xN General Sum Game

Team-FP in Potential Games

—— Potential Game

Team Nash Gap
o o - - -
> ® 5 ~ IS

o
S

o
N

o
o

10° 10* 10° 108
Number of Iterations

"
Sy
=
o,

(c) Potential of Potentials Game

Figure 3.7: All the above figures describes the variation of TNG over iterations
for Algorithms that are related to but outside the scope of ZSPTG. (a) The
model-free and model-based Markov games of Algorithm 2, and 3, for a game
of 2-team each with 2 agents, with 2 states and 10 horizon length. (b) The
behavior of Team-FP dynamics in a 2xN general sum game, where a team
competes against a single agent with random rewards. (c) The behavior of

Team-FP dynamics in a potential game over the underlying potential functions.
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3.6 Extension to Multi-team Markov Games

Markov games (MGs), introduced by [31], generalizes Markov decision pro-
cesses (MDPs) to non-cooperative multi-agent environments. We can charac-
terize a multi-team MG by the tuple (H, T, S, (A", 7");cz, p, po), Where H is the
horizon length, 7" and Z again denote the index sets for the teams and agents, S
denotes the finite set of states, and A" and r* : S x A — R denote, resp., the agent
i’s finite action set and immediate reward function, depending on current state
and joint actions.? The state of the underlying game can change according to
the transition kernel p(- | s, a), depending on the current state and joint actions,
and the initial state is determined by the probability distribution p, € A(S).

Let each team m randomize their actions contingent on the current state
s € S and stage h € [H] = {1, ..., H} via a stationary strategy =" : S x [H| —
A(A™). Note that team members do not necessarily randomize their actions
independently. Given the strategy profile of teams © = (7™),.c7, agent ¢’s utility

function is defined by

Ul(x) :=E [Z (S, ah)] , (3.41)

h=1
where the pair (s, a;,) denotes the state and action profile at stage h, the expec-
tation is taken with respect to the randomness on these pairs (s, a;) induced

by the strategy profile = and the underlying transition kernel.

For each state s, let the reward functions {7(s, ) };ez induce a ZSPTG where
team m € 7 has the potential function ¢™(s,-) : A — R satisfying (3.2), (3.3),

and (3.4). Correspondingly, team m’s utility function is given by

U'(r) =E

H
> ¢ (sn, ah)] . (3.42)
h=1

Let I == {z™ | =™ : S x [H] = A(A™)} denote the set of stationary strategy
profiles for team m. Then, the following is the counterpart of Definition 3 for

multi-team MGes.

2The results can be generalized to state-variant action sets rather straightforwardly.
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Definition 4 (Team-Nash Gap for MGs). Given the strategy profile of teams
{z™ € II"},,.e7, we define the team-Nash gap for team m as

TNG™(x) = max {U™(Z,z ™)} — U™ (%), (3.43)

rel™

and TNG(x) ==Y, . TNG™(x), where 7= := {n‘}1.+,,. Correspondingly, we
say that the strategy profile of teams {7 },,c7 is e-TNE if TNG(7) < e.

Next, we describe the stage-game framework, going back to the introduction
of Markov games [31], and also used in multi-agent reinforcement learning
algorithms such as Minimax-Q [63] and Nash-Q [64]. Particularly, at each stage,
the agents’ joint actions determine the immediate rewards they receive and
the next state, and therefore, the future rewards to be received. Given the
strategy profile of teams © = (7™),,c7, let v* : S x [H] — R denote agent i’s
value function such that v’(s) is the game value for the stage game associated
with state s. Similarly, let Q" : S x [H] x A — R be the Q-function such that
Q' (s, -) corresponds to agent i’s payoff function for the stage game associated
with state s. The definition of the utility (3.41) yields that

Qi(sa haa> = Ti(s,a) + H{h<H} Z p(8+ ‘ Saa) ) Ui(s+> h + 1)7 (344&1)

S+€S

v'(s,h) = Q'(s, h,m(s, h, ). (3.44b)
The Q-function and value function implicitly depend on 7.

We can extend Team-FP dynamics to MGs played repeatedly. Based on the
stage game framework, agents play some stage game associated with each state
s € S and stage h € [H] pair repeatedly whenever the underlying MG visits
state s at stage h. Correspondingly, agents form beliefs about the opponent
teams as if the opponent teams play according to some stationary strategies

across these repetitions.

Let i} : S x [H] — A(A") denote the beliefs formed by agents i ¢ Z* about
team ¢, and Q} : S x [H] x A — R denote agent i’s Q-function estimate at
the kth repetition. If the underlying MG visits state s at stage h at the kth
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Algorithm 2 Model-based (Independent) Team-FP for MGs

1: initialize: {7§(-)}rem, {a’,(-)}jezm (i}, and Q}(-) arbitrarily for the typical

agenti € I™

2: for each repetition k = 0,1, ... do

3: foreachstageh =1,...,H do

4 require: {z},(-) term, {@}_1(")}jezm\ (i}, and Q5 ()

5: observe current state s

6 set s = (s, h)

7. play ai(s) ~ br,(Q4(5. - ax’y(5), 77" (5))) or a}(s) = aj,_,(5) in a coor-
dinated way (or independently) simultaneously with other agents
observe a,’, = a;'(5)

: receive 7, = (s, ap )
10:  end for

11:  require: trajectory {s, ,,a, \ }r
12:  set

vi(s:h) = Qi(s, by ail' (s, h), mg ™ (s, 1))
@2(57}% ) =1(s, ) + Lneny Z p(sy|s,) vi(se,h+1)

s+€S
13:  update the beliefs and the Q-functions
mt  (s,h) = 7t (s, h) + Lo, 20 - (aj,(s,h) — @i (s,h)) VL#m
T+ \5, g\, {s=sn,k} ek (s,h) * \&k\o) TE\S,
Q;H-l(sa ha ) = QZ(S, h, ) + H{s:sh,k}ack(s,h) (@2(37 h7 ) - Q’;’{,‘<87 h> ))

forall (s,h) € S x [H]
14: end for

repetition, then agent i follows Team-FP dynamics as if the payoff function is
the Q-function estimate Q) (s, h,-). Agents also recall the previous actions of
their teams specific to each stage game. We denote agent i’s previous action
for the pair of state s and stage h until and including the kth repetition by
ai(s,h) € A, with a slight abuse of notation. Then, at stage k, agenti € 7™
either takes the previous action for that stage game (i.e., ai(s, h) = a},_,(s, h)), or
takes the action ai (s, h) ~ br,(Qi(s,h,-,a;’ (s, h), ;" (s, h))) according to the
smoothed best response to the previous actions of the team members a,* ,(-) :=

{a]_,(-)}jerm (i) and the beliefs 7, = {m} }sm formed about other teams.
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Algorithm 3 Model-free (Independent) Team-FP for MGs

1: initialize: {7§(-)}rem, {a’,(-)}jezm (i}, and Q}(-) arbitrarily for the typical

agenti € I™

2: for each repetition k = 0,1, ... do

3: foreachstageh =1,...,H do

4 require: {z},(-) term, {@}_1(")}jezm\ (i}, and Q5 ()

5: observe current state s

6 set s = (s, h)

7. play ai(s) ~ br,(Q4(5. - ax’y(5), 77" (5))) or a}(s) = aj,_,(5) in a coor-
dinated way (or independently) simultaneously with other agents
observe a,’, = a;'(5)

: receive 7, = (s, ap )
10:  end for

11:  require: trajectory {spr, anx, Thr L,
12:  set

vi(s, h) = Qi(s, h,ai’ (s, h), m; ™ (s, h))
@Z(S, h,) = Ti,k + Line myvp(Sngtes b+ 1)
13:  update the beliefs and the Q-functions
Thopa (8, 1) = (8, 1)+ Lo ) Qo - (ai(s, h) = mi(s, b)) VE#m
(5,1, @) = Q4,1 @) + Ty i) @entoa) (Qhls, s @) = Qs b))

forall (s,h,a) € S x [H] x A
14: end for

Let 55, and aj, ,, denote, resp., the state and action profile at stage % at the kth
repetition. Then, given some reference step size {a.}.>o, agents j ¢ 7" update

their beliefs about team m’s strategy according to

(s, h) =1 (s, h) + Me(s, h) - (@ (s, h) — 7 (s, h))  Vk=0,1,..., (3.45a)
)\k(S, h) = H{s:sh’k}ack(s,h)a (345b)

where a7'(+) := {al(-)} jezm and ¢ (s, h) is the number of times state s get visited
at stage h until the kth repetition. Correspondingly, by (3.44), each agent : € 7™

updates their Q-function estimates according to

Q;c—f—l(sv h7 a) = Q;(S, h7 a) + Xk(sv h7 a) <@Z(S’ hv CL) - QZ(Sa h’ a’)) 9 (346)
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where \i(s, h,a) € [0,1] is also some step size. If the agent i knows the model

of the underlying MG, then we have

Q\Z(Sv hva) - ri(sa CL) + ]I{h<H} Z p(8+ | S,CL) ’ Ulic(s-i-a h + 1)7 (347&)

sy€eS

Xk(s, h,a) = Dismsp 1) Qen(s,h)s (3.47b)
foralla € Aand
vh(s,h) = Qils, hoal'(s, h), kg ™(s, ) V(s,h) € S x [H].  (3.48)
If the agent does not know the model, then we have

Qils,h.0) = 7+ Tincrmy i (n1a b+ 1), (3.49a)

Xk<57 h7 CL) . H{(s,a):(shﬁ,ahﬁk)}O‘ck(s,h,a)7 (349b)
where 77, , denotes the reward received at stage % at the kth repetition and we
approximate the expected continuation payoff by looking one stage ahead, as in
the classical Q-learning algorithm, and ¢, (s, h, ) is the number of times the pair
(s,a) gets realized at stage h until the kth repetition. Algorithms 2 and 3 provide
descriptions of the extensions, resp., for the model-based and model-free cases

from the perspective of the typical agent ¢ € Z™ from the typical team m € 7.

Remark 4. Algorithm 2 reduces to Algorithm 1if [S| =1and H = 1.

3.7 Concluding Remarks

In this chapter, we introduced Team-FP, a novel fictitious play variant designed
for multi-team games. We showed that Team-FP provably achieves near-TNE in
ZSPTGs, with a quantifiable error bound. Our convergence analysis addressed
the non-stationarity challenge arising from evolving opponent team strategies,
by leveraging the optimal coupling lemma and stochastic differential inclusion
approximation methods. We also extended Team-FP to multi-team Markov
games, encompassing both model-based and model-free scenarios, with ap-

plications in multi-team reinforcement learning. Furthermore, we conducted
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detailed numerical analysis of the Team-FP dynamics, focusing on the trade-
off in learning to team up and competition in comparison to the classical FP
and no-regret learning dynamics. We further examined the convergence of
Team-FP dynamics to TNE in multi-team games beyond ZSPTGs. These results
strengthen the theoretical foundations for applying TNE to predict decentral-
ized team behavior and provide a framework for team learning in multi-team

settings.

This chapter paves the way to further explore the behavior of decentralized
teams in multi-team interactions. Future work could examine scenarios where
team members follow different types of dynamics for teaming up within teams
(other than log-linear learning) as in [65] to reach pareto efficient outcomes.
Additionally, one could consider different types of dynamics for adapting
to other teams’ play (other than FP). Another extension of this work is on
the analysis of multi-team cooperative games [66]. Numerical examples we
conducted for multi-team games beyond ZSPTGs are also promising to show
the provable convergence of Team-FP dynamics in multi-team (Markov) games
reducing to games with the fictitious play property (e.g., see [67]) if the teams

coordinate in acting as a single player.
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Chapter 4

Logit-Q Dynamics for Efficient

Learning in Stochastic Team Games

In this chapter!, we turn our attention to the dynamics of cooperation within a
single team operating in a stochastic environment. Stochastic games, introduced
by [31], generalize Markov decision processes (MDPs) to multi-agent systems
and serve as robust models for applications ranging from complex board games
to autonomous system planning [9]. While learning in these environments
has drawn significant interest, particularly regarding the convergence of non-
equilibrium adaptation in zero-sum or identical-interest settings [32, 33, 34, 35],
a critical gap remains: standard dynamics often fail to distinguish between
optimal and suboptimal equilibria. Consequently, agents may converge to

outcomes that are arbitrarily poor with respect to the team’s common goal [44].

To address this challenge, we present an affirmative answer to whether effi-
cient learning in stochastic teams can be achieved through the non-equilibrium
adaptation of self-interested agents. We introduce a new family of algorithms
called Logit-Q dynamics. These dynamics synthesize classical log-linear learn-
ing [14, 15] with Q-learning [69] within a stage-game framework. In this approach,

we view the stochastic game as a sequence of repeated stage games associated

IThis chapter is dervied from the the author’s paper [68]
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with the current state. The payoffs in these stage games are determined by
the agents’ evolving estimates of their Q-functions, allowing agents to learn
Q-functions in a model-free manner akin to soft Q-learning without explicit
knowledge of the underlying transition dynamics. We propose variants of this
family based on whether action revisions are coordinated or independent, and
whether agents estimate joint play via empirical averages or based on the most

frequent joint action played.

A fundamental technical hurdle in this setting is the trade-off between im-
mediate and continuation payoffs, which renders the learning environment
non-stationary. Unlike in repeated games where payoffs are fixed, here the
“stage game” payoffs depend on Q-function estimates that evolve as agents
learn. Standard two-timescale approximation methods [33, 35, 34] are often
insufficient for tracking efficient equilibria in such dynamic landscapes. To
overcome this, we develop a novel epoch-based analytical framework. We
divide the time horizon into epochs of growing length, ensuring that, under
vanishing step sizes, Q-function estimates become quasi-stationary within each
epoch. We then approximate the actual dynamics using a fictional scenario
where Q-estimates are fixed, deriving new perturbation bounds to couple the

perturbed (actual) and unperturbed (fictional) processes [56].

4

Using this framework, we establish that under Logit-Q dynamics, agents
Q-function estimates converge almost surely to those associated with the effi-
cient equilibrium, and the estimated play converges to the efficient stationary
policy. Furthermore, we demonstrate the rationality of these dynamics against
opponents using pure stationary strategies and extend our results to single-
controller stochastic games where stage payoffs align with a potential function.
Such single-controller assumptions are common in multi-agent reinforcement

learning applications [70, 71, 72].

The chapter is organized as follows. We describe stochastic games in Section
4.1 and the logit-Q dynamics in Section 4.2. We present the convergence result
and the proofs, resp., in Section 4.3 and Section 4.4. In Section 4.5, we provide

numerical examples, corroborating the convergence results in Section 4.3. We
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conclude the chapter with some remarks in Section 4.6.

4.1 Stochastic Games

Formally, an N-agent stochastic game, introduced by [31], is a multi-stage
game played over infinite horizon that can be characterized by the tuple
(S, (A")ieny, (r")ievy v, 7). At each stage t = 0,1,..., the game visits a state
s from a finite set S and each agent i simultaneously takes an action a’ from a
finite set A" to collect stage-payoffs. The formulation can be extended to state-
variant action sets rather straightforwardly. Agent i’s stage-payoff is denoted
by r* : S x A — [0,1]. Similar to MDPs, stage-payoffs and transition of the
game across states depend only on the current state visited and current action
profile a = {a'};e;n) played. Particularly, p(s’ | s,a) for each (s,a,s’) € S x Ax S
denotes the probability of transition from s to s’ under action profile a, where
A =T, A" Lastly, v € [0, 1) is the discount factor.

Assume that the agents can correlate their randomized actions and consider
joint Markov stationary strategies 7 : S — A(A) determining the probability
of the joint actions to be played by all agents contingent on the current state.?
Given 7 and the initial state s € S, agent ¢’s utility is given by

U'(;8) := Egymn(sy) thri(st,at) | s =s], 4.1)

t=0
where (s¢, a;) denotes the pair of state and action profile realized at stage ¢. The
expectation is taken with respect to the randomness on (s;, a;) induced by the

underlying transition kernel and the joint strategy .

Given a joint Markov stationary strategy 7 : S — A(A), we denote the joint
strategy of all agents except i as 77, where 77/(s) € A(A™") represents the
marginal distribution of 7(s) over A~ := [[,; A’. Additionally, we define

the joint strategy that randomizes actions at each state s using the product

>We let A(A) denote the probability simplex over the finite set A.
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distribution 7(s) x 77(s) € A(A) as ©* x 7 *. Below, we introduce equilibrium

concepts for such joint Markov strategies.

Definition 5. A Markov stationary strategy m : S — A(A) is an e-approximate
perfect Markov coarse correlated equilibrium (abbreviated as e-CCE) if it satis-
fies

Ul(m;s) > U x 1% 8) — ¢ (4.2)

forall 7 : S — A(A"), 7 € [N],and s € S [73, Definition 2.1], where € > 0.

Notice that CCEs are defined for joint Markov stationary strategies. If we
restrict our attention to product strategies, we recover the definition of Nash
equilibria: an e-CCE becomes an e-approximate perfect Markov Nash equi-
librium if the joint strategy is a product strategy, i.e, 7 = X 7' for some
7S — A(AY) and i € [N] [73, Definition 2.2].

In stochastic games, a perfect Markov Nash equilibrium (also known as
Markov perfect equilibrium) always exists [74], implying the existence of CCE
as well. However, multiple equilibria may arise, leading to different outcomes
in terms of performance metrics. In identical-interest stochastic games (also
known as stochastic teams), where all agents share the same reward function,
i.e., r'(s,a) = r(s,a) for all (s,a) and some common r : S x A — R, a natural

performance metric is the common utility, defined as

U(m;s) = BEgyon(s) Zytr(st,at) | s =s] . (4.3)

t=0
Correspondingly, we say that a joint Markov stationary strategy 7 : S — A(A)
is e-efficient for some € > 0if U(m;s) > U(7;s) —eforall 7 : S — A(A) and
s € S. By definition, an e-efficient strategy is also an e-CCE. Moreover, an
efficient joint strategy always exists, as it corresponds to the unique solution of

the Bellman optimality equations for U which are guaranteed to exist [75].

In this chapter, we present learning dynamics reaching such efficient equi-
libria. To this end, we focus on the stage-game framework, going back to the

introduction of stochastic games by [31]. Particularly, given the joint Markov
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stationary strategy m, let v. : S — R be the agent i’s value function such that
v’ (s) is the value of state s for agent i if the game starts at state s and the agents
play according to 7, i.e., v (s) = U'(; s). Correspondingly, let Q% : S x A — R
be the agent i’s Q-function such that Q% (s, a) is the value of state-action pair

(s,a) for agent i. By (4.1), the Bellman operator for a strategy yields that

Qi(s,a) = r'(s,a) +7 D p(s' | 5,0) - vi(s)  V(s,a), (4.42)
s'eS
V2(8) = Ban(s) [Q4(s,a)]  Vs. (4.4b)

Then, we can view stochastic games as the repeated play of stage games whose
payoffs are the Q-functions associated with how they play in these stage games,

whenever the associated state gets visited.

4.2 Logit-Q Dynamics for Stochastic Games

In this section, we introduce the logit-Q dynamics within the stage-game frame-
work. In this framework, agents follow (independent) log-linear learning in each
stage game as if the stage-game payoffs are the Q-functions estimated. They
estimate the Q-functions associated with how they play in these stage games by
solving the fixed-point problem (4.4) iteratively based on the game history. To
this end, each agent i keeps track of

e a](s) € A for each j € [N] denoting agent j’s latest action at state s until

and including stage ¢, with a slight abuse of notation,

* ¢i(s,a)and ¢ (s) € {0,1, ...} denoting, resp., the number of times the pair

(s,a) and s get realized until and including stage ¢,

* Qi(s,a) € R denoting the Q-function estimate of the pair (s, a) at stage .

Recall the friction in the action updates of the log-linear learning, also known

as the lock-in property. To model such friction, we consider an i.i.d. process
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{I; C [N]}i>0 determining the agents updating their actions. For example, agent
i revises his/her action at stage t if and only if i € [;. For the distribution of the
revision process, we consider two schemes. In the classical coordinated scheme,
we have I, ~ P and® only a randomly selected agent can update his/her
action. In the independent scheme, we have [, ~ P and agents update their
actions independently with probability § € (0, 1). The distributions P*°" and

Pind are defined as follows:

1 .
meﬁﬂmﬂﬁ‘ow,Pmm:WuﬂM*leWL@a

Let s, € S be the state at stage t. Each agent ¢ € I, revises his/her action
according to the smoothed best response as if the game payoffs are Q(s;,)
and the other agents are playing the latest actions a;",(s;) = {a]_,(s:)};-
Particularly, given g € R” for some finite set B, we define the smoothed best

response by

_exp(q(b)/7)
br(q)(b) := Swenexp(q(t)/7)

Then, we have ai ~ br(Qi(s;,-,a;",(s;))) and the parameter 7 > 0 balances

Vb € B. (4.6)

exploration vs exploitation. For example, agent i plays best response(s) with
higher probabilities (whose sum goes to 1 as 7 — 0) and can explore any action
with some positive probabilities (going to 1/|A’| as 7 — o0). On the other hand,
each agent j ¢ I;, not revising their actions, plays their latest action at that state,

ie,al =al_|(s).

Agents estimate the joint Markov stationary strategy = : S — A(A) from
the game history in one of two ways. In the averaging approach, the estimated
play is the average of the joint actions, and in the exploration-free approach,
which mitigates exploration effects (due to 7 > 0 in (4.6)), the estimated play

is the most frequently played actions. For both cases, we define "¢, and 7/

3For a finite set I, we denote its number of elements by |1|.
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respectively as follows:

c(s,a ; 1/1A:(s)| ifa € Ai(s),
™ (s)(a) = (5,a) , m(s)(a) = A ) (s, a),
() 0 otherwise,

(4.7)

with A;(s) = argmax,{c(s,a)} C A.
Let m°(s) and 7!™¢(s) be uniform for ¢;(s) = 0, without loss of generality.

To compute the Q-function associated with the estimated play, the agents
can solve (4.4) iteratively and use one-stage look ahead to address the unknown
transition kernel, as in the classical Q-learning. After observing the next state
si+1 at stage ¢ + 1, each agent ¢ updates his/her Q-function estimate for the pair

(st, at) according to

Qi—i—l (Sta at) = Qi(sta at) + Bcz(st,(lt) (T; + ’V'Ui(stJrl) - Qi(stu at)) ) (4'8)

where 7} = r'(s;,q;) is the stage-payoff received and v; denotes the value
function estimate. Here, the agents use the value vi(s¢41) of the next state as an
approximation of the expected continuation payoff > p(s’ | s,a)vi(s’) in (4.4a).

Given the estimated play m,, the value v} is given by

UZ(SH-l) = EaNﬂ‘t(St+1) [Qi(st-i-la CI,)] (49)

due to (4.4b). The reference step size 5. € (0,1) for all ¢ = 0,1,... im-
plies that the agents update their Q-function estimates to convex combina-
tions of the previous estimates @} and the stage-games’ (estimated) payoffs
Tt 4 VEamr(s001) (@4 (St41, a)]. Since agents do not observe the counterfactuals
about the joint actions that are not played and the states that are not visited

in the current stage, they do not update the other Q-function estimates, i.e.,

Qiy1(s,a) = Qi(s,a) forall (s,a) # (s, ar).

Algorithm 4 describes a family of logit-Q dynamics that differ in their revi-
sion processes P and estimated plays 7, as tabulated in Table 4.1. Recall that

agents update their Q-functions after observing the next state and they initialize
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Algorithm 4 Logit-Q Dynamics

Require: each agent can observe (s, a;) and keep track of a;(-) and ¢(-)
1: Input: initializations Q{(s,a) = 0 for all (i, s,a) € [N] x S x A.
2: for each staget =0,1,...do
3: s gets realized
4:  if t = 0 then jump to Step 6
5:  each agent i updates the Q-function estimates for stage ¢ — 1 according to

Qi(s,a) = Qi_1(s,a) + L{(s.0)=(st—r,ae-1)} * Ber_r(s:a) * (Qf — Qi_1(s,a)),

where Q; :=7{_; + VEqur, 1 (s0]Qi_1(st, a)] and m,_1(+) depends on ¢;_1 ()
6: I, ~ P gets realized
7. each agenti € I, plays ai ~ br(Q!(ss, -, a; " (s)))
8: eachagenti ¢ I plays a, = a}_,(s;)
9: end for

Table 4.1: A family of the logit-Q dynamics with the parameters P and 7, as
described in (4.5), and (4.7)

Revision .
Estimated
Logit-Q Dynamics %‘OC@SS Play ,
Averaged Logit-Q (AL-Q) peoet T
Exploration-free Logit-Q (EL-Q) peoor e
Averaged Independent Logit-Q (AIL-Q) pind e
Exploration-free Independent Logit-Q (EIL-Q) pd e

Q-function estimates as Q} (s, a) = 0 for all (i, s, a) rather than arbitrarily. While
such coordination can be challenging for ad hoc team formations, the step
sizes 3. € (0, 1) suppress the impact of the initialization on the estimates at the
future stages and we examine the impact of arbitrary initializations numerically
later in Section 4.5. Moreover, this initialization and . € (0,1) ensure that
0 < Qi(s,a) <1/(1—~)forall (i,s,a) (since r* : S x A — [0,1]). Hence, agents
revising their actions always select any action with a probability uniformly

bounded away from zero by (4.6).
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4.3 Convergence Results

In this section, we characterize the convergence properties of Algorithm 4 based

on the following assumption on the step size f3..

Assumption 2. The reference step size 3. € (0, 1) satisfies

(i) Monotonic decay: 5. — 0 as ¢ — oo and . > - forall ¢ < ¢/,
(¢7) Sufficiently slow decay: ) .3, = oo,

(444) Sufficiently fast decay: ¢f3|;me — 0 as ¢ — oo for any m € (0, 1].*

Assumption 2-(7) and Assumption 2-(i¢) are standard in stochastic approx-
imation, and Assumption 2-(ii¢) is standard for asynchronous two-timescale
stochastic approximation if we view 1/(c + 1) as the step size for the dy-
namics evolving at the fast timescale [76, Section 4.2]. For example, 3. =
1/((c+1)log(c + 1)) satisties Assumption 2. We also note that Assumption 2-
(¢ii) implies Y, 82 < oo, playing an important role in addressing the stochastic

approximation noise.

The following theorem characterizes the convergence properties of the logit-

Q dynamics for stochastic teams.

Table 4.2: Error bounds in Theorem 3, where A(6) and =(0) as described later in
(4.53) and (4.60), respectively. Both A(¢) and =(0) decay to zero as § — 07.

AL-Q AIL-Q EL-Q | EIL-Q
eq (4.10a) | 1% - (Tlog|A]) | 125 - (Tlog|A] + ﬁ - A\(0)) 0 - Z(0)

1—

Theorem 3. Given a stochastic team (S, (A");e(ny, 7, p, 7y) With the common objective
U(-), consider that every agent follow Algorithm 4 with the same revision-process and
estimated-play schemes, as in Table 4.1. Suppose that Assumption 2 holds and the

underlying stochastic game is

“Let |r| ;= max{z € Z: z < r} for any r € R denote the floor function.
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irreducible in the sense that there exist at least one Markov stationary strategy, for

which the states visited form an irreducible Markov chain.® Then, foreach i € [N], we

have
limsup | Qi(s,a) — Qs(s,a) | <eq V(s,a) (4.10a)
t—o00
: 1+
lim sup {max{U(7; s)} — U(m; s) ‘ <——-eq Vs (4.10b)
t—00 T (1 =)

almost surely, where the team-optimal Q-function Q. : S x A — R is the unique fixed

point of the following Q-function variant of the Bellman optimality operator:

Qu(s,a) =r(s,0) +7 Y _p(s' | 5,0) max {Qu(s',a)} V(s,a) (4.11)

s/

and the error bound e > 0 is as tabulated in Table 4.2 for different revision-process

and estimated-play schemes.

Theorem 3 shows that in Algorithm 4, the Q-function estimates and the esti-
mated plays almost surely converge, resp., to the team-optimal Q-functions and
efficient stationary equilibrium approximately, with quantifiable error bounds
(see Table 4.2). The proof is moved to Section 4.4.

The following corollary to Theorem 3 shows the rationality of Algorithm 4

against others playing according to pure stationary strategies.

Corollary 2. Given a general-sum stochastic game (S, (A*, r")ic(n, p, ), consider that
agent i follows AIL-Q or EIL-Q while the other agents j # i play according to pure
Markov stationary strategy, e.g., 7" : S — A~". Suppose that Assumption 2 holds
and the states visited under the strategy @ x 7" form an irreducible Markov chain for
any pure Markov stationary strateqy 7 : S — A". Then, we have

lim sup @ (s, ', 7 (s)) — qi(s,a)| < eq V(s a) (4.12a)

t—o00

Aty
(1 —7)

>Such irreducibility assumptions are widely used for stochastic games, e.g., see [77, 34].

limsup | max{U" (7" x 77" 8)} — U'(m; s)| <
t—o0 wt

ceq Vs (4.12b)
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almost surely, where ¢’ : S x A" — R is the local Q-function associated with the best

response to w~"* and is the unique fixed point of the Bellman operator variant

q.(s,a’) =1'(s,a’, 77 (s +vzp Is,a’, 77 (s)) max{q.(s', )} ¥(s,a).

ateAr
(4.13)
The error bound eq > 0 is as in Table 4.2 for A = A"

Proof. Pure Markov stationary strategy 7' yields that the underlying stochastic
game reduces to a single-agent stochastic team characterized by (S, A", 7, p, )
where 7'(s,a’) = ri(s,a',77%(s)) and p(s'|s,a’) = p(s'|s,a’,77(s)). Then,
the convergence of logit-Q dynamics in the single-agent stochastic team
(S, A 7 p,~) follows from Theorem 3. O

4.3.1 Beyond Stochastic Teams

Next, consider an N-agent game characterized by G = (A", u");cn), where A’ is
the finite action set of agent i, A := [,y A’ is the set of action profiles, and
u' : A — R is the payoff function of agent i. We say that G is a potential game if
there exists a potential function ® : A — R satisfying

®(a’,a™) — ®(@',a™") =u'(a',a™") —u'(@',a™") (4.14)

for all (a’,a™",a") and ¢ € [N] [67]. Note that identical-interest games are

potential games with the common payoff as the potential function.

For potential games, if agents follow (independent) log-linear learning dy-
namics, then by (4.6) and (4.14), the smoothed best response can be written

as

esp(u(a,a=)/r) _ exp(®laa~)/7) W
2aiear (U@, a™) /) D ic i exp(® ( hat)/T)

This implies that we can view the (independent) log-linear learning dynamics

as if the agents have the potential function as their objective without loss of

generality. Therefore, the convergence of the (independent) log-linear learning
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dynamics to near efficient equilibrium with respect to the potential function
follows from the near efficient equilibrium convergence of the dynamics in

identical-interest games.

However, the convergence of Algorithm 4 to near efficient stationary equilib-
rium in stochastic teams, as shown in Theorem 3, does not imply the conver-
gence in cases where the stage-payoffs induce a potential game in general. We

can list the challenges as follows:

Challenge (i). The stage games may not be potential games even though the
stage payoffs induce potential games. By (4.14), for each state s, stage payoffs
(s, -)’s induce a potential game if there exists a potential function ®(s, -) such
that

ri(s,a',a”") —ri(s,d',a”") = ®(s,a’,a”") — (s,d',a"), (4.16)
for all (a’,a’,a™") in joint action spaces, and for all i € [N]. However, this
does not imply that the auxiliary stage game with the payoffs (Q%(s, -))icin] is a
potential game since there may not exist a potential function ¥,(s, a) such that

for all (a’,a’,a™") and i € [N], we have
Q-(s,a',a™") — QL(s,a',a™") = VU(s,a’",a") — Wa(s,a',a™"). (4.17)
More explicitly, by (4.4a) and (4.16), we have
Q. (s,a',a™") — QL (s,a',a”") =r'(s,a',a”") —r'(s,a',a”")

+ VZP(& | s,a',a™" vl (sy)
s+

-7 ZP(S+ | S, dia a_i)U;_(S_i_)
s

= ®(s,a',a”") — ®(s,d",a")
+ ’YZP(S+ | s,a',a™" vl (sy)

S+
-7 Zp(3+ | S, div a_i)vjr<3+>
S+

=W.(s,a',a”") — U, (s,a",a"), (4.18)

forall (a*,a’,a™") and i € [N]. Due to the continuation payoffs v'’s, the existence

of a potential function ® in the game induced by stage payoffs r’s is not a
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sufficient condition for the existence of a potential function ¥ for the auxiliary

stage game with payoffs Q' ’s.

Challenge (ii). Even when stage games are potential games, reaching the
efficient equilibrium in the stage games with respect to the potential function
does not imply the maximization of the local stage-game payoffs. Observe
that maximization of the potential function ¥, (s, -) does not necessarily imply
the maximization of the stage game payoffs @’ (s, -)’s since there is no general

guarantee that

argmax U, (s,a’,a™) = argmax Q’ (s,a’, a™7). (4.19)
al al

The following corollary to Theorem 3 (similar to [35, Corollary 4]) shows that

we can address these challenges for a certain class of stochastic games.

Corollary 3. Consider a general-sum stochastic game (S, (A7, 17) ey, p, ) where for

some specific agent i, the stage-payoffs of agents j # i satisfy
r'(s,al,a”)—r'(s,a’,a7) = r(s,a’,a” ) —rI(s,al,a?) V(s,a’,a?,d) (4.20)
similar to (4.14), and the underlying transition kernel satisfies
p(s'| s,a' a7 =p(s'| s,a",a™") V(s,a',a" @t s) (4.21)
such that only agent i controls the state transitions.
Suppose that every agent follow Algorithm 4, Assumption 2 holds and the underlying

stochastic game is irreducible, as described in Theorem 3. Then, for the single-controller

agent i, we have

limsup | Qi(s,a) — QL(s,a) | <eq V(s a) (4.22a)
t—00

: i i L+

limsup | max{U'(m;s)} — U'(m;8) | < ————-eg Vs (4.22b)
t—00 K 7(1 - ’7)

almost surely, where the Q-function Q. : S x A — R is the unique fixed point of the

following Bellman operator variant:

Quls,a) =r'(s,0) +7)_p(s' | s,0)max {QL(s',a)} VY(s,a).  (4.23)

s

The error bounds are as described in Table 4.2.
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Proof. By (4.21), we define p(s; | s,a’) := p(sy | s,a',a™") and V. (s,a’,a™") :=
Q. (s,a',a™") for all (s,a’,a™",s;). Note that i refers to the single controller

rather than any agent. Then, (4.4a) yields that

W, (s,a',a”") :==7r'(s,a’,a” —1—7210 s'| s, a') - vl(s). (4.24)

s'esS

By the definition ¥, = Q¢, ¥, is aligned with Q. and (4.18) holds for the single

controller. For agents j # i, we have
Q' (s,a’,a™7) — QL(s,d’,a?) =1'(s,a’,a™) — 1 (s,a’,a™7)

+vzp8 | s,a")vl(s)
—72]7 s"| s,a )l (s") (4.25)

@ r'(s,a?,a”7) —r'(s,a’,a77) (4.26)
2 ri(s,al,a77) = r'(s,a,a~?)

+7 ) b’ | s,a")oi(s)
— 7Y b | s,a" k(s (4.27)

© U.(s,a',a™") — U, (s,a’',a™"), (4.28)
for all (@*,a’,a™") and i € [N], where (a) follows from (4.20). Since the last two
terms on the right-hand side of (4.25) cancel each other, (b) follows from adding
and subtracting v >~ p(s’ | s,a’)vi(s’), and (c) is due to (4.24). Therefore,
(4.18) holds also for agents j # i. This implies that the auxiliary stage games
with the payoffs (QZ);c[n] are potential games with the potential functions V.
Furthermore, the maximization of the potential function V¥ in the stage games
would imply the maximization of the stage game payoffs Q. of the single
controller i since ¥, = Q' Due to (4.15), the logit-Q dynamics for the stochastic
game (S, (A7, 17);cn1, p,7) would lead to the same logit-Q dynamics in the
stochastic team (S, (A7) jeqn], 7", p,7). Then, the proof follows from Theorem
3. O
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4.4 Proof of Theorem 3

The proof follows by showing that the estimated plays , track the (soft) maxi-
mizers of the Q-function estimates @;’s. Then, the Q-update (4.8) approximates
the (soft) Q-learning algorithm in which the entire team coordinates on the (soft)
maximizer, and under standard conditions on step sizes and transition prob-
abilities, Q-learning converges to the Q-function associated with the optimal

team strategy.

In the following, we show this tracking result by focusing on the evolution of
the estimated plays across the repeated play of stage games. Recall that in the
logit-Q dynamics, agents follow the logit dynamics in the stage games specific to
each state whenever the associated state gets visited as if the stage-game payoffs
are their Q-function estimates. Hence, we first characterize the convergence
properties of the logit dynamics for non-stationary environments, which might

be of independent interest.

4.4.1 Convergence Properties of the Logit Dynamics

In the logit dynamics, agents revise their actions according to a revision process,
e.g., either in a coordinated or independent way. The agents revising their
actions play according to the smoothed best response to the others’ previous

actions.

Notably, the action profiles played in the logit dynamics form an irreducible
and aperiodic Markov chain [14]. The following proposition characterizes
the dependence of the (long-run) behavior of this Markov chain on the game

payoffs.

Proposition 3. Consider that agents follow the logit dynamics in the repeated play of a
potential game G = ((A’,u');ein) with the potential function ®. Then, the transition
matrix and the unique stationary distribution for the Markov chain formed by the

action profiles are locally Lipschitz continuous functions of the potential function.
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Proof. In the logit dynamics, the transition probabilities of the Markov chain

formed by the action profiles can be written as

tas [a)= Y PU) - [Jbe(@(a))(@})  [[ Ly V(aas) € Ax A

ICIN] iel ¢l
(4.29)

by noting that br(®(-,a™")) = br(u’(-,a™")) for all i € [N], where P is the dis-
tribution of the revision process, e.g., as described in (4.5). Since br(-) is a
continuously differentiable function, (4.29) yields that the transition matrix is a
locally Lipschitz continuous function of the potential function. Furthermore, in
irreducible and aperiodic Markov chains, the unigue stationary distributions are

Lipschitz continuous functions of their transition matrices [56, Section 3]. [

This proposition plays an important role in the convergence analysis since
the stage-game payoffs, i.e., Q-function estimates, can evolve in time due
to (4.8). Small changes in the Q-function estimates can result in (relatively)
small changes in the transition probabilities and the corresponding stationary

distributions due to the Lipschitz continuity.

In the following, we quantify the impact of these changes on the long-run
behavior of the dynamics in comparison to the cases where the underlying stage
game is stationary. However, the coupling of the dynamics across states poses
a challenge. To address this challenge, we focus on the dynamics specific to a
fixed state s and model the dynamics specific to other states as some external
(possibly coupled) processes. Let wy and z;, denote, resp., the action profile
played at the kth visit to s and the trajectory of the state-action pairs realized in
between the kth and (k + 1)th visit to s, as illustrated in Figure 4.1. Then, we
have w;, € A and z; € Z, where Z represents the countable set of all possible

trajectories in between consecutive visits to s.

Let ¢ be the stage for the kth visit to s. Then, we have o ((s;, a:)r<t,, St,) =
o ((wy, z1)i<k)- The Q-function estimate @), is o ((wy, 2;);<)-measurable since @,
is o ((sr, ar)r<ty, 5t, )-measurable by (4.8). Therefore, the randomness on (wy, 2)
is contingent only on (wy, z;);<; and there exists a transition kernel P such that

(wk,zk) ~ P(' | (wl,Zz)z<k)-
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Figure 4.1: Consider two states s and 5 with action profiles {a, b} and {a, b},
respectively. This is a figurative illustration for the global trajectory of the pairs
(st, at)e>o evolving over the global timescale ¢ = 0, 1, .. ., and the local trajectory
of the pairs (wy, 2x)k>0 specific to s and evolving over the local timescale & =
1,2,... whenever s gets visited. Let ¢, be the time of the kth visit to s. In the
local trajectory, w;, and z, denote, resp., the action profile played at the kth visit
to s and the trajectory of the state-action pairs realized in between the kth and
(k 4+ 1)th visit to s.

In the following, we leverage Proposition 3, Lemma 2 and Lemma 1 to
prove that the estimated plays can track the (soft) maximizers of the Q-function

estimates.

4.4.2 Tracking Result for the Estimated Plays

For the estimated plays, we can focus on 7*° since we can compute 7" based
on 7" according to
m(s)(a) >0 < a€ Ays) = argmax{r™°(s)(a)} V(s,a). (4.30)
aeA
Let p1(u) € A(A) denote the unique stationary distribution of the action profiles
for the logit dynamics followed in the identical-interest game G = ((A");c(n], u).
Then, the following proposition shows that the empirical averages 7;"* can track

the stationary distributions associated with the stage-game payoffs ();’s.
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Proposition 4 (Tracking Result). We have ||75"¢(s) — u(Q(s,-))|l1 = 0ast — oo

almost surely for each s.

Proof. If the stage-game payoffs, i.e., the Q-function estimates, remained fixed
over time, the empirical distribution of action profiles, 7{*¢, would converge to
the stationary distribution of the homogeneous Markov chain governing these

profiles, thanks to the ergodicity of the chain.

In our setting, however, the Q-function estimates evolve as the game is
played. On the other hand, the use of a vanishing step size (as specified in
Assumption 2-(i)) and the boundedness of the iterates by the nature of the
update (4.8) yield that one-step update to the Q-function becomes progressively

smaller over time, decaying to zero.

Because the logit dynamics we employ are designed such that small changes
in the payoffs (Q-functions) induce also (relatively) small changes in the tran-
sition probabilities (as established in Proposition 3), the stage games behave
almost as if they are stationary over short time intervals. In these “quasi-
stationary” periods, the changes accumulated in the transition probabilities
are negligible enough that the system’s short-run behavior mimics that of a

stationary process.

Over longer time periods, even these small changes can add up, leading
to significant shifts in the dynamics. To address this, we partition the overall
time horizon into epochs whose lengths grow at a sufficiently slow rate. More
explicitly, fix some state s and divide the horizon into epochs such that the
state s gets visited only for a certain number of times specific to the epoch and
the first state of every epoch is s. For clear exposition, we use k and (n), resp.,
as subscripts for the parameters associated with the kth visit to s and the nth
epoch for s. For example, ¢, t(,), and k,) denote the stage that s gets visited for
the kth time, the stage that the nth epoch starts, and the number of times s gets

visited until and including stage ¢, respectively.
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For each epoch n, we define the filtration F,y = o({s, at}t<t(n>, St.,y) and
= Elay, | Foyl € A(A) (4.31)

denotes the distribution over the action profiles played at the kth visit to s
conditioned on F{;). We can invoke Lemma 1 to characterize the distribution
p for k = kg, ..., kns1) — 1 within epoch n in comparison to the stationary
distribution of the logit dynamics in a fictional (stationary) scenario. To this end,
we focus on the evolution of the action profiles across consecutive visits to state
s while modeling the state-action trajectories in between the consecutive visits

to s as some external (possibly coupled) processes, as illustrated in Figure 4.1.

Let Quy(-) = Qi (-) and cpy(-) = ¢, (-).° For the fictional scenario,
we consider the logit dynamics followed in the repeated play of G, =
((AM)ien), Qmy (s, +)) at every visit to state s in the main scenario. Correspond-
ingly, 1(Qu(s,-)) € A(A) is the unique stationary distribution of the action
profiles for the logit dynamics followed in G,). On the other hand, by (4.8)
and Assumption 2-(i), we can bound the changes on the Q-function estimates

within epoch n in the main scenario by

Qi(s,a) = Quy(s,a)| £ HKw)Bn)y Va € A, t € [t tins1)), (4.32)

where we define () = maxa{ﬁc(n)(w)}, Ky = kpns1) — kp), and H =
2/(1— 1) is a uniform upper bound on |r; — yvi(s141) — Qi(s, a)| for all (s, a) and
t.

The following lemma characterizes i, in terms of 11(Q (s, -)) by coupling
the evolution of the dynamics in the main and fictional scenarios based on
(4.32).

Lemma 5. For sufficiently large n, we have

i = Qe (5. )l < Cp* ) + DKy By Yk € [kuy, kinrry) — (4.33)

for some constants C, D > 0 and p € (0, 1).

We drop the agent index i in Q! since the agents have common estimates.
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The proof (Section C.1) follows from Proposition 3 and Lemma 1. We high-
light the resemblance of (4.33) to (2.5).

By (4.7), the empirical average 7**(s) evolves according to

1
T (s) = 1(s) + Ls,=s} - o) (a; — (). (4.34)

Henceforth, we view actions a C A(A) as pure strategies, or probability vectors,
in which the associated action gets played with probability 1. By (4.34), 73¢(s)
gets updated only when s gets visited, i.e., 7}"(s) = 7¥(s) for all ¢ € [ty, txy1).
Then, we can write (4.34) as

e (8) =m0 (8) + ai - (ay, — m3°(s)), (4.35)

71-15164-1

where oy, == 1/k.

The following lemma shows that accumulated changes can still form a

stochastic approximation recursion for certain (growing) epoch lengths.

Lemma 6. Consider the iterative update rule (4.35) with some step sizes {ay, € [0,1]}
satisfying the standard conditions that oy, — 0 monotonically, Y, o, = oo and
Yo ai < oo. Then, (4.35) yields that we can write the accumulated changes in

T (s) = ﬂ;jf)(s) across epochs n =1,2,...as

n)

k(n#—l)*l _
ave ave - ak ave
Ty (8) = iy () + Q) - Z o ay, — T () |, (4.36)
=k n

where the auxiliary step sizes are defined by

k(ny1)—1 k(ny1)—1
Ay = Y o and =0 [[ (1—a) k€ [k, k@) (437)

Furthermore, there exist epoch lengths K ) := k(n11) — k(n) growing at a sufficiently
slow rate that K,y — oo and K, /k) — 0as n — oo while the step sizes {a(,) €
[0, 1]} satisfy the standard conditions that &,y — 0, Y, @y = 00, and ), aﬁn) < 00.
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As an illustrative example for Lemma 6, consider L,, := [log,(n)]| and a step
size sequence given by a;, = 1/k. Define the epoch lengths as K,y = 1 + L,,.
Then, we have k(,+1) = nL, + L, + n — 2l»*t + 2 > n(L, — 1), which leads
to the accumulated step size estimate &@(,) = K(»)/(kn+1) — 1). From this, we
derive the bounds L,/(n(L, + 1)) < @) < Lyn/(n(L, — 1)). Taking the limit
as n — oo, we obtain lim, . K)/kmn) = 0, and lim,_,o @,y = 0. Moreover,
the accumulated step size a(,) behaves asymptotically like 1/n, ensuring that
>,y = 00,and ) @,y < 0o. Lemma 6 is a general result asserting that for
any step size sequence o, satisfying the lemma’s conditions, we can always
determine an appropriate epoch length K ;). The proof of Lemma 6 is provided

in Section C.2.

For oy, = 1/k, the accumulated update (4.36) can be written as

iy (8) = 708 (8) + Ay - (1(Qy(5,7)) + i) + Wity = Ty (5)) s (4:38)
where @,y = K()/(k(n41)—1) by (4.37) and the auxiliary error terms are defined

by

1 k(nJﬁl)*l 1 k(n+1)71
€(n+1) -= K Z (= 1@y (8:))), W) = m Z (ay, — k). (4.39)
™) =k M k=k(n)

Both e(,41) and w(,+1) depend on s implicitly for notational simplicity. The

bound on ||, — p(Q ) (s, -))|| in Lemma 5 yields that the error e(,) is bounded

by
C 1
He(n+1)H1 < 1—_p m + D - KB (4.40)

for sufficiently large n, due to the triangle inequality. On the other hand, w1
forms a square-integrable Martingale difference sequence by the definition
(4.31).

At the same timescale with (4.38), we can write the accumulated changes for
the Q-update (4.8) as
Qns1)(8:°) = Qy(8,°) + ) * €@ms1) (4.41)
for some error term €(,, 1) € R, bounded by

letminlloo < HBmkmin) (4.42)
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due to (4.32).

The following lemma shows that the error terms are asymptotically negligi-
ble.

Lemma 7. We have 3, k1) — 0, and therefore, |lei,|| — 0 and |[e@y|| — 0 as

n — oo almost surely.

Proof. Recall that each agent revising their action chooses any available action
with a positive probability that is uniformly bounded away from zero, and
every agent revises their action with some fixed positive probability. Since there
are finitely many states, at least one state is visited infinitely often; call this
state s. Because logit dynamics allow one action change per agent at a time
(as is also possible in the independent case), any action profile can be realized
with positive probability after s is visited N times. Therefore, for any a € A,
the state-action pair (s, a) is realized infinitely often, and the frequencies of
played actions are comparable. Moreover, by the irreducibility assumption
stated in Theorem 3, there is at least one action profile a that leads from s to
some reachable state s'. Since (s, a) is visited infinitely often, it follows that s’
is also visited infinitely often. By induction, and given that agents can play
any action profile at comparable frequencies, the irreducibility assumption in
the statement of Theorem 3 implies that every state s is visited infinitely often
ie., ¢;(s) = oo ast — oo almost surely. Correspondingly, any pair (s, a) gets
realized infinitely often, i.e., ¢;(s,a) — 0o as t — oo almost surely. Therefore, if
we follow similar lines with the proof of [35, Lemma 6.1], Assumption 2-(ii7)
yields that

tlim ct(5)Bey(s,0) =0 V(s,a), (4.43)

with probability 1.
Recall also that k(,,) = c()(s) and ¢(,)(s, a) denote, resp., the number of times
sand (s, a) get realized in the first stage of epoch n. By (4.43), k() 6%) (s,a) decays

to zero for all (s, a), and therefore, &, 3(,) decays to zero since there are finitely

many pairs and () = maxa{ﬁc(n)(s,a)}-
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Let K,y be chosen according to Lemma 6. Then, such a choice of K,
satisfies k() > n > K, as {K(,)} grows at a sub-linear rate and K,y > 1 for all
n. Therefore, K, 5 and kEn+1)Bn) = Kwn)Bwm) + k@) Bw) decay to zero almost
surely. By (4.40) and (4.42), the error terms also decay to zero almost surely. [

Lemma 7 yields that we can rewrite the accumulated changes (4.38) and
(4.41), resp., on (¥ (s) and Q(,)(s, -) across epochs as

Tini1)(8) = Ty (8) + Ay - ((Qmy (8, 7)) — Ty (8) + Wingry +ame.)  (4.44a)
Qns1)(8,7) = Q) (8, ) + @) - an.e., (4.44Db)
where a.n.e. refers to asymptotically negligible error terms. Since step sizes
Q(n) satisfies the stochastic approximation conditions by Lemma 6, the function
(+) is locally Lipschitz continuous by Proposition 3, w,+1) forms a square-
integrable Martingale difference sequence, and the iterates (7(,}(s), Qn)(s, -))

are bounded, we can approximate the discrete-time accumulated updates (4.44)

with the following continuous-time flow
T=uQ)—n and Q=0 (4.45)

such that (4.44) converges to an internally chain-recurrent set of (4.45) [78].
Furthermore, we can characterize its internally chain-recurrent set by for-

mulating a Lyapunov function [78]. For example, the Lyapunov function
V(r, Q) =|(Q) — 7|3 yields that

tim (|73 (5) — 4(Qu(s. ) | = 0 (4.46)

almost surely as norms are comparable in finite-dimensional spaces.

We have the tracking result (4.46) for the first stages ¢,y of each epoch n. We

can also show the tracking result for each ¢ since
177 (s) = p(Qels, Nlv < I (s) = 7y ($)a + 1@y (s, 7)) = 1(Qels, )
7y (s) = @y ()

forallt € [t(,), t(n+1)), by the triangle inequality. The first term on the right-hand
side is bounded by

[7e(s) — Ty ()1 < 2Ky /kny Yt € [ty tnsn)) (4.47)
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by (4.34) and decays to zero by Lemma 6. The second one is bounded by

11(Qu(s-)) = Qe (5, DIl < LHE RSy Yt € [ty Lintny) (4.48)

for some constant L, by Proposition 3 and (4.32), and decays to zero by Lemma
7. The last one decays to zero by (4.46). This completes the proof of Proposition

4 since the fixed state s is arbitrary. O

4.4.3 Convergence of the Q-function Estimates

The convergence of the Q-function estimates to ()., as described in (4.11), fol-
lows from showing that the value function estimates track the joint maximizer
of the Q-function estimates approximately, as shown in the following corollary

to Proposition 4.

Corollary 4. We have lim sup,_, . |v:(s) — max,{Q:(s,a)}| < eq - (1 —~)/v almost
surely, where e > 0 is as described in Table 4.2.

Proof. For AL-Q, we have m = 7 and ||m(s) — p(Q:(s, )1 = ||me(s) —
br(Q:(s,-))|li — 0ast — oo by Lemma 2 and Proposition 4. This implies that

lim sup |vy(s) — max{Q(s,a)}| < 7log|A| (4.49)

t—o00

since | max,{Q:(s, @)} — Equbr(0i(s,)) [@t(5,a)] | < Tlog |A|.

For AIL-Q, we have m; = 7 and ||m,(s) — u™(Qu(s,-))|1 — 0 as t — oo by

Proposition 4. By the triangle inequality, we have

[0:(5) — max{Qi(s, ) }| < [Banmy(s)[@i(s, @)] = Epina(5) [Qu(s, a)]] (4.50)
’Euind(s) [Qt(s, a)] — E#coor(s) [Qt(s, CL)H
|E coor() [Q1 (8, @)] — mgx{Qt(s, a)}- (4.51)

The first term on the right-hand side decays to zero while the last is bounded by

7 log | A]. Since the Q-function estimates are bounded by 1/(1 — ~), if we invoke
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Lemma 2 for the second term, we obtain

limsup u(s) — max{Qu(s, )} < 7hog |4l + 0 @s2)
where A(6) is defined as follows:
A(S) = 2(1 = A(8)) - % (4.53)
a6 = T
o= (5)
For EIL-Q, we have 7, = 7 and
J72°(5) = Br(@u(s, DI < [7275(5) — 1™ (s 459

H " (Qu(s, ) = 1 (Quls, )

for any norm by the triangle inequality. Then, Proposition 4 and Lemma 2 yield

lim sup [|w7%(s) = br(Qe(s, -))l[ee < A(D). (4.55)

t—o0

as ||*[|oc < |I-]l1- Leta! € argmax, {br(Q;(s,-))(a)} and a® € argmax, {7"*(s)(a)}.

Then, we can bound the difference of the probabilities of these action profiles in

m(@xsa )) by

Qu(s,))(a') = br(Qi(s, ))(a?) (4.56)
Qu(s,))(a') — 7™ (s)(a’) + m;*(s)(a”) — br(Qu(s, ) (a”)

where the first and second inequalities follow since a' and a? are, resp., the
maximizers of the distributions br(Q:(s, -)) and 7**(s), and the last inequality
follows from (4.55).

The boundedness of the Q-iterates by 1/(1 — v) and the smoothed best

response (4.6) guarantee that

1 1
br(Qu(s,-))(a) = €:= Ta] P (—m) V(s,a). (4.57)
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Therefore, we can bound the difference of these action profiles in Q;(s, -) by

1 2y _ br(Q:(s, -))(a")
Qi(s,a”) — Qy(s,a”) = 7 -log (@(Qt(& -))(a2)> (4.58)
< 7-log (14 2A(d)/e + an.e.), (4.59)

where the first line follows from (4.6), and the second from (4.56) and (4.57).

Since log(-) is monotonically increasing and continuous, (4.59) yields that

limsup{Q(s,a’) — Qs(s,a*)} < E(6) =7 -log (1 4 2A(5)/e) . (4.60)

t—o00

The inequality (4.60) holds for any a®> € A,(s) since Ay(s), as described in
(4.30), is the set of maximizers of 7}¥¢(s). Moreover, by the definition (4.6),
Qi(s,a') = max,{Q:(s,a)}. Since any convex combination of Q(s,a*) over

a? € Ay, including 7¢(s) € A(A), also satisfies the inequality (4.60), we obtain

lim sup |v(s) — mgx{Qt(s, a)}] < E(9) (4.61)

t—o00

almost surely, as v;(s) = E,_ e (5)[Q1(s, a)].

For EL-Q, the right-hand side of (4.55) is 0 by Proposition 4. Hence, (4.61)
yields that |v;(s) — max,{Q:(s,a)} — v:(s)| decay to zero almost surely. O

We can write the Q-update (4.8) as

Qt+1(s7 CL) = Qt<87 CL) + ]l{(s,a):(st,at)}ﬁct(s,a) (462)
X (T(S, a)+ Zp(s' | 5,a) mgx{Qt(s', a)} — Qq(s,a)

+ Et(sa CL) + (Dt—l-l(sa (l)),

where the error term and the stochastic approximation noise are, resp., defined

by

e(s,a) =7 p(s' | 5,a) (v(s)) — max{Qu(s', a)}) (4.63a)
Wir1(s,a) = (vt St41) Zp s | s,a)ve(s ) ) (4.63b)
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Corollary 4 and (4.63a) yield that the error term €, satisfies

limsup |&(s,a)] < (1 —7v)eq VY(s,a) (4.64)

t—r00

almost surely. On the other hand, since s;1 ~ p(- | s¢, a;), the stochastic approx-
imation noise w;; forms a square-integrable Martingale difference sequence.
Due to the exploration inherent to the logit-Q dynamics, the irreducibility as-
sumption in the statement of Theorem 3 yields that each (s, a) pair gets realized
infinitely often. Based on the contraction property of the Bellman optimality

operator, Theorem 5.1 in the extended version of [35] yields (4.10).”

4.4.4 Convergence of the Estimated Plays to Equilibrium

Recall that v, : § =+ Rand @, : S x A — R, as described in (4.4), resp., denote
the value and Q-function of the Markov stationary policy 7 : S — A(A). For
example, we have v, (s) = E,r(5)[@= (s, a)]. Based on (Q,, as described in (4.11),

we define v, (s) = max,{Q.(s,a)} for all s. Then, given the strategy m;, we have

0 < vu(8) — v () (4.65)

= U*(S) - anm(s) [Q*<S, a)] + anﬂt(s) [Q*(Sv a) - Qﬂ't (37 CL)] (466)

Since (v,, Q.) and (v, Qr,) pairs satisfy the one-step Bellman equation, we also

have

EaNWt(S) [Q*(Sva) - Qﬂ't(s a - ’YECLNM Zp s’ ’ S, CL U* ) - Uﬂt(s ))

s'esS

(4.67)
< Ylvs = vl (4.68)

for both 7, = 72 and 7; = 7**. On the other hand, we can bound the first two
terms v,(s) — Equr,(s)[@Q+(5, a)] on the right-hand side of (4.66) by

[04(8) =Eanm(5)[@(s, )| < [max{Q.(s,a)} — max{Qi(s,a)}| (4.69)
+ | mfx{Qt(S’ a)} —wve(s)| + |Ea~m(8) [Q.(s,a)] — Eom(s [Qt(s a)ll

"The extended version of [35] is available at https://arxiv.org/abs/2010.04223.
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Then, we can bound the first and third terms on the right-hand side by (4.10)
and bound the second term by Corollary 4, and obtain

lim sup |U* (3) - EaNﬂ't(S) [Q* (Sa CL)] | <

t—o0 ’7

ceg (4.70)

due to the sub-additivity of the limit superior. Since the upper bound in (4.70)
does not depend on (s, a), (4.66), (4.68), and (4.70) yields that

. I+~
lim sup ||vy — v, <
t—>oop|| e (1 =)

eo. (4.71)

This completes the proof of Theorem 3.

4.5 Illustrative Examples

In this section, we examine the long-run behavior of Algorithm 4 numerically.
Consider a stochastic team with three states and three agents. Each agent can
take two actions in each state (i.e., |A’| = 2 for each i and |A| = 8). The stage-
payoffs are randomly selected so that Q-function estimates remain bounded
within [0, 1]. We set v = 0.6 and 7 = 0.05 (and § = 0.2 for the independent-
revision schemes). For all agents, the initial Q-function values are assigned
differently, e.g., Qi(s,a) = 1 + 0.1 - for all (s,a), to examine the impact of
different initializations. We run the experiments for 10° time steps over 10
independent trials. Figure 4.2 depicts both the mean error and standard de-
viation for these trials for the AL-Q, EL-Q, AIL-Q, and EIL-Q algorithms. We
use a logarithmic scale for time to illustrate both the transient and steady-state

behavior of the dynamics more explicitly.

Figure 4.2a shows the decay of Q-gap (defined by ||Q; — Q.|| to (near) zero,
implying the convergence of the Q-function estimates (), to the (near) optimal
ones (.. Furthermore, Figure 4.2b shows the decay of the U-gap (defined by
max,{U(m)} — U(m)) to (near) zero, implying the convergence to the (near)
efficient equilibrium. Recall the averaging and exploration-free approaches for
the estimated play, as described in (4.7). In the AL-Q, and AIL-Q dynamics,
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using the averaging scheme, the Q-function estimates ; and the estimated
plays ;"¢ reach near efficient equilibrium with an offset error induced by the
exploration inherent to the logit dynamics to avoid convergence to inefficient
equilibrium. On the other hand, in the EL-Q and EIL-Q dynamics, using the
exploration-free scheme, the Q-function estimates (); and the estimated plays

mie reach the exact efficient equilibrium, mitigating the offset error.

We further examine whether different initializations of Q-function estimates
cause non-diminishing differences in their estimates in Figure 4.2c. We observe
that the Q-difference (defined by 3=, . [|Q} — Q}||2) decays to zero for arbitrary

initialization of Q) (s,a) =1+ 0.1 - i for all (s, a).

— ALQ — ALQ
0.6 — ELQ — EL-Q
05 — AIL-Q 0.3 — AILQ
— EILQ — EIL-Q
0.4 o
& £0.2
0.3 o
0.2 0.1
0.1
10T 102 10 10% 10° 108 107 10 103 104 10° 100
Time Time
(a) Q-gap vs Time (b) U-gap vs Time
— ALQ
L7 — EL-Q
14 — AIL-Q
— EILQ

Q-difference

10 10 10 10 10 106

Time

(c) Q-difference vs Time

Figure 4.2: From top to bottom, the solid curves represent the AL-Q, EL-Q,
AIL-Q, and EIL-Q dynamics, respectively. The shaded areas show the standard
deviation across independent runs. In Figure 4.2a and 4.2b, the gap for Q-
functions and game values converge to the (near) optimal ones for all dynamics,
corroborating Theorem 3. In Figure 4.2¢, the impact of different initializations
on the dynamics’ long-run behavior diminishes in time, showing robustness to

arbitrary initializations.
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4.6 Concluding Remarks

This chapter introduced a new family of logit-Q dynamics for efficient learning
in unknown stochastic teams by combining log-linear learning with Q-learning
within the stage-game framework. We proposed four new dynamics: Aver-
aged Logit-Q (AL-Q), Exploration-free Logit-Q (EL-Q), Averaged Independent
Logit-Q (AIL-Q), and Exploration-free Independent Logit-Q (EIL-Q). These
dynamics differ in terms of how agents revise their actions and model their
joint play, offering flexibility for different learning scenarios. We showed that
these dynamics converge to a (near) efficient equilibrium in stochastic teams,
with quantifiable approximation errors. We also demonstrated the rationality of
the dynamics against agents following pure stationary strategies and stochastic
games with a single controller where the stage-payoffs specific to each state
induces a potential game. We conducted various simulations to illustrate the

convergence numerically.
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Chapter 5

Conclusion

In this thesis we examined the problem of learning and decision-making in
multi-agent systems where the basic unit of strategic interaction is not an indi-
vidual, but a team. Teams coordinate internally while adapting to other learning
teams, which makes the environment intrinsically non-stationary. Classical
dynamics that treat players independently miss this intra-team coordination
layer, and standard equilibrium analyses can fail to predict what learning
teams actually do. Motivated by these gaps, we adopted a team-centric lens
and developed algorithms and analysis that remain simple, interpretable, and
communication-lean while still admitting rigorous guarantees under realistic

information constraints.

We first studied learning in multi-team (near) zero-sum settings and net-
worked games, and introduced a novel class of games termed Zero-Sum Po-
tential Team Games (ZSPTGs). This framework serves as a crucial bridge
between potential games (typically applicable to single teams) and zero-sum
polymatrix games (applicable to individual agents), thereby expanding the
scope of Fictitious Play (FP) to complex multi-team interactions. Within this
setting, we proposed Team-Fictitious-Play (Team-FP), a dynamic where agents
follow a straightforward behavioral rule: responding to the actions of neigh-

bors while incorporating inertia and exploration. We established that under
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standard step-size conditions, the empirical averages of team action profiles
converge almost surely to a near Team-Nash Equilibrium (TNE). Furthermore,
we derived an explicit bound on the approximation error, demonstrating that it

diminishes as the exploration in agents’ responses decreases.

Secondly, we addressed the problem of efficient learning in unknown stochas-
tic teams (Markov games). We introduced the Logit-Q family of dynamics,
which synthesizes log-linear learning with Q-learning within a stage-game
framework. To provide flexibility for different learning scenarios, we proposed
four distinct variants: Averaged Logit-Q (AL-Q), Exploration-free Logit-Q (EL-
Q), Averaged Independent Logit-Q (AIL-Q), and Exploration-free Independent
Logit-Q (EIL-Q). A key contribution here was proving that these dynamics
converge to a (near) efficient equilibrium—maximizing the team’s collective
utility rather than getting stuck at suboptimal points—even when the envi-
ronment dynamics are unknown. We further demonstrated the rationality of
these dynamics against opponents employing pure stationary strategies and
extended our results to single-controller settings where stage-wise potentials

persist.

A unifying technical challenge across both parts is non-stationarity: beliefs
about opponents evolve in competitive team games, and Q-values themselves
reshape the stage game in stochastic environments. To solve this problem, we
developed an epoch-based analysis, tracking the difference between a fictional

stationary case and the actual non-stationary dynamics.

Taken together, the thesis advances a practical theory of team learning in games.
It shows that simple modifications of classical, interpretable behavioral learning
rules such as fictitious play or logit updates can yield reliable coordination
and competitive performance in team games with minimal or no communica-
tion. The algorithms also works in simulated experiments, demonstrating their

potential for real-world multi-agent systems.

Building on the results presented in this thesis, future research can expand in
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several directions to enhance the applicability of the proposed learning frame-
works. First, computational challenges in larger environments arising from
tabular settings may be solved through function approximation techniques.
Second, bridging the gap between competitive but static games and stochastic
and cooperative settings by exploring competitive team games in stochastically
evolving environments would provide a more comprehensive understanding
of team learning dynamics. Additionally, investigating the robustness of these
algorithms against more sophisticated opponents and allowing limited commu-
nication among agents could further enhance their practical utility in real-world

multi-agent systems.
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Appendix A

Proofs of Technical Results in
Chapter 2

The followings are the proofs of Lemma 1, and Lemma 2 described in Chapter 2.
These lemmas are independently interesting and form the basis of the analysis

in this thesis.

A.1 Proof of Lemmal

By the coupling lemma [55, Proposition 4.2, 4.7], we have:
[ — Hiklli < 2 Pr(wy, # wy).

We construct a coupling of the processes {w; } and {(wy, z)} to bound Pr(wj, #

wy). Let us describe the coupling in two cases:

Case (i): wy # wg. The two processes evolve independently under their

respective transition kernels P and P.

Case (ii): w; = wj. They again evolve under P and I/PS, but now in a coupled

84



manner so that

Pr(wpin # Bt | B = whs {un, 2Ho) = [P2C | {un, 2hiar) =BG )|

(A1)

By Condition (ii), the total variation above is at most 1 — A\. Summing over any

possible history {z;};<; then yields, for all &,

Pr(wk+1 # Wiy | Wy, = Wy, {wl}fzo) < 1-A (A.2)

Bounding the mismatch probability. Condition (i) states that if wy, # Wy, then
with probability at least ¢ € (over « steps) both processes “meet” in the same
state. Formally, there exist paths {h!}%, {h'}%_, such that h! # k' for | < r and
R = b, Hence,

Pr(wiix = Weyn | Wi # Wx) > €6, (A.3)
where independence (Case (i)) ensures that probabilities ¢ and, £ can be multi-
plied for these two paths.

We now partition time in blocks of length . From (A.3) we have, whenever
W(m—-1)k 7& @(mfl)/-w
Pr(wmli = /&]\m/{ | W(m—-1)k 7& @(m—l)rf) > ga (A4)
while from (A.2) and Case (ii), if w(mn—1)x = Wim—1)x then
PII(w’rrm = ﬁ}mn | W(im-1)s = {U\(m—l)n) > A" (AS)

Combining (A .4), (A.5), and using induction, one obtains for all m > 0:
1— A"
eg

Plr(wm,.g + @m,{) < (1—eg)™ + (A.6)

Lastly, for any k£ € [mk, (m + 1)k) and m = 0,1, .. ., the mismatch probability

is bounded from above by

Pr(wk # @k) = Pr(wk # {l}k ’ Wik 7é ﬁ)\mn) X Pl"(’wm,.g 75 Q/U\m,.g)
+ (1 — Pr(wg = W, | Wik = Wini)) X Pr(wWime = Wink)

< Pr(wmn 7é {ﬁmfi) +1-A" (A7)
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since Pr(wy = Wk | Wik = Wpni) > AF7™ > A" as in (A.5). Combining (A.6) and
(A.7), we obtain

L e
Pr (wy, # @) < (1 — €8)™ + (1 — A%) ;55 Vk € [mk, (m+ k). (A8)
forany m = 0,1,.... Since 1 — ¢z € (0,1), we have (1 — &)™ < (1 — &)/~ for

all £ € [mk, (m + 1)k). This completes the proof.

A.2 Proof of Lemma 2

Let a; € A and g, € A denote the action profiles, resp., in the classical and
independent log-linear dynamics. Both {a;}:>o and {g,}:+>¢ form irreducible
Markov chains with unique stationary distributions ;°°°" and 9

and it is known that " = br(®(-)).

, respectively,

Let P and P denote the transition matrices in the Markov chains, resp.,
associated with the classical and independent log-linear learning dynamics.
The ways agents update their actions in both dynamics yield that the transition
matrices P and P satisfy P = pol + p1P + (1 — po — p1)E, where py := (1 —
§)" € (0,1) and p; :=nd(1 — §)"! € (0,1) correspond, resp., to the probability
that none and one of the agents update their actions, and FE is the transition
matrix corresponding to the case at least two (randomly picked) agents updates
their actions. The transition matrix corresponding to the case that at least one

(randomly picked) agent updates their actions is given by

1 — pn —
b1 j= 3 Po— D1
1 —po 1 —po

P= E. (A.9)

Since P and P share the same unique stationary distribution, we focus on @;
evolving by P rather than P, and couple its evolution with a; based on Lemma
1

To apply Lemma 1, we verify two conditions. First, note that for any two
states a, @ € A, both dynamics allow transitions in which only one agent updates

at a time. Thus, there exist N-length paths from a and from @ to a common state
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(say, a’) with consecutive profiles differing in at most one coordinate while both
process differ until they reach o’ at step /NV. Since each one-agent update occurs
with probability uniformly bounded below by a constant € > 0, the probability
of following any such N-step path is at least (%)N for the process {a;} and

\N
<%> for the process {a;}, establishing the required path connectivity.

On the other hand, (A.9) yields that

[PCIR) = PRy = 2B PGB = BC Dy (A10)

for any h € A. Note that | P(- | h) — E(- | h)||py < 1.

Therefore, Condition (ii) in Lemma 1 holds for A = 1— (1 —py—p1)/(1—po) =
AN

p1/(1 = py) < 1. Also, Condition (i) holds for e = ()" and 2 = (U250 )
Since Conditions (i) and (i¢) hold, we can invoke Lemma 1 as let t — co. Let’s

define the following variables:

_NS(1— )N
MO ==

()"

Then, by Lemma 1, we obtain (2.6), completing the proof.
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Appendix B

Proofs of Technical Results in
Chapter 3

The followings are the proofs of Lemma 3, Lemma 4, and Propositions 1 and 2
used in §3.4.

B.1 Proof of Lemma 3

We first observe that by some algebraic manipulation of the definition of 3, in
(3.16), we have

(n+1)T—-1

By =1— H (1 — o). (B.1)

k=nT

Using the inequality 1 — 2 < e™* for > 0, we bound the product term:

(n+1)T—1 (n+1)T—1
H (1 —ag) <exp|— Z a | - (B.2)
k=nT k=nT
Let S, = ,S;:T)T*l ay. Then B,y > 1 — e *". Since o, — 0 and 7T is finite,

S, — 0asn — oo. Using the bound 1 — e~ > 1z valid for x € [0, 1], there exists
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an N such that for all n > N:

(n+1)T—-1
k=nT

DO | —

Summing over n, the divergence of ) _,° ; o, implies Y ° | B,y = 0.

For proving the convergence of the square sum, we use the definition of 3,

in (3.16) again:
(n+1)T—1 (n+1)T—1
Bmy = anr H (1—ay)+- - +ampnr-1 < Z Qs (B.4)
l=nT+1 k=nT

because of the fact that 0 < a;, < 1. Squaring both sides and applying the
Cauchy-Schwarz inequality (Y1, ;) < T Y., 22):

i=1"i/*

2

(n+1)T—1 (n+1)T—1
o<l Y a| =T > o (B.5)
k=nT k=nT

Summing over n, we obtain 37 57, < T'3> 27 af. Since 3~ af < oo, it follows
that 3° 82, < cc.

B.2 Proof of Lemma 4

We define two discrete-time processes from the beginning of epoch n. One
of them is the joint actions of teams in the reference scenario, defined as
{Gr}rznr = {(@}" )me7|Fm) tr=nr, and the other one is the joint actions of teams

in the actual scenario, with {wi }k>nr = {(@}")meT|F(n) trznr-

The transition probabilities between states depend only on the beliefs on
the other teams. Therefore, for the reference scenario, during an epoch, this
process is a homogeneous MC. Let, P, ;. be the transition probabilities between
the states, i.e., joint action profiles of all teams, of the original discrete-time
process at step k, and let ﬁ(n) be the transition probabilities between the states

for the reference scenario. Let i) be the distribution of &y, and let /() x be
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the distribution of wy. In this case, the expected joint actions of a team at step k
within an epoch in real and fictional scenarios can be expressed in terms of the

distributions as:

pim (@) = > prw),  Ag@)= > fmi@).  (B.6)

w:{am=a} w:{am=a}

Step 1. In classical log-linear learning, at each step, only one agent can
change their action and due to the soft-max nature of this action change, any
action has positive probability which is bounded from below. This bound
only depends on the minimum and maximum values of any agents’ reward,
which are defined by the game and bounded by definition, and the temperature
parameter. If we divide that bound by the number of agents in the team (|Z"),
we can obtain a lower bound on the probability of changing to any joint action
which can be reached within a single step. Let’s call that bound &. Then, for any

state w or &, there is a £ > 0 such that

Py r(wlwr) > €T = Py p(wlwr) > 0, (B.7)

Py r@[@r) > €71 <= Py a(@[@1) > 0. (B.8)

Then, we can find a path with positive probability for both of these scenarios,

where their state does not match until they reach x = max,, |Z™|. In other words,

WnTan = Wnrir and wy, # Wy forall k =nT, ..., nT 4+ k — 1 with
nT+k nT+k
Pr ( /\ Wy, | @J’) > ¢ and Pr < /\ Wy | wnT> > &". (B.9)
k=nT+1 k=nT+1

Hence, (B.9) satisfies the first condition for Lemma 1.

Step 2. For this part, we introduce a notation /™ € A’™, where jm represents
the j agent from team m. For example, if all teams have identical agent
numbers and agent indexes are ordered for teams, jm = (m—1)|7,,,|+j. Also, let
T(n) e = (71'(2)7 meT, and T i = (ﬁ% . )JmeT- Now, consider the total variation
distance between two transition probabilities. Transition probabilities between

state w = {(a",a ") }er and @ = {(@"™, a""™)};ner, Where im can be any
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random agent from team m with a slight abuse of notation, can be written as a

function of the belief as

Pw—)w T(n), k: H w—>w (BlO)
meT
where P - is defined to be
P ) = 1 €Xp <(¢m (a’im7 a=im 7T(_n7)7?k>> /T) (B.11)
w—w 7T(n) k m - - ) :
- |z Z exp (qu (a’, a”"™m, 7'('(:;;1,?) /7'>
a’e Aim
and 7", (an), )ezm- Remember that due to the separable structure of the
network in ZSPTG we have
O™ (@™, (™), ) = D Batent | @™ (0™, a7, a") (B.12a)
l#m
= (a™) O™l k (B.12b)
l#m

where ™ is the matrix form of the potential function whose rows are the joint

actions of team m and columns are the joint actions of team /.

Now, for all w1, which is reachable in one step from the state wy, i.e., at

most a single agent changes action in each team, the relation between state

transition probabilities and P, -(-) can be expressed as
P(")vk<wk+1’wk7 s 7wnT H wk_)wk+l ),k), (BlBa)
meT
P(n) (wk-‘rl ’wk) = H P:JZ*WI@-H (ﬁ_(n),k) (Bl3b)
meT

Note that 7(,) ;. is a function of history of actions and the initial 7(,). Therefore,

it can be computed given the past states (wy, . . ., wnr).
We know that P, - (7, ) is bounded as it is a probability. Now, using the

Lipschitz property of the soft-max function, and since ¢™ (-, Ty, ") is a linear
function of 7(,) x, we can say that P}, (7) is a Lipschitz continuous function
with respect to the input 7. Also, using the fact that the product of bounded

Lipschitz continuous functions is also Lipschitz continuous, and (B.13), we can
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say that there exists an £ < oo such that the total variation distance between

two transition probabilities is bounded as

HP . - ﬁ(n)(-|wk>HTv <3 |y~ 7w, - (B14)

meT

The distance between the belief of the original scenario and the reference
scenario can also be bounded thanks to the small step size. If we bound

lat, — 7]y < |laglli + ||7E|l1 = 2. Then using triangle inequality
¢ ¢
[y = Tl )y = I Ty = 7y, < D 20 (B.15a)

< > 20 (B.15b)

S 2TOénT. (B15C)

Let’s consider late epochs where a1 <

with 0 < A\, < 1. Then,

1
— OTLIT —1—
STLIT] and set 27 L|T |ar AnT

Pusss () Pw%(%(;gfjk)HTv <1— A (B.16)

Hence, the second condition of Lemma 1 is met, and we can invoke Lemma
1 such that given the distributions of the original and reference scenarios,

following inequality holds for all £ > nT,

~ —nT _ 1+
I = fiooall, <20 =) k2= M) =, (B17)

1_ 1
where ¢ = £2%. If we define constants, ¢ := 2 (1 — s)flc Lp=(1-¢e)x,d=4 i 8,

and assume that the reference scenario initial distribution is the stat1onary

distribution of the MC, [i(,,) .., we can rewrite the inequality (B.17) as follows
-~ k—nT
1 = By ][, S - 0+ d- Tavur, (B.18)
for all £ > nT'. Then, by (B.6), and triangle inequality, we can conclude
[ty e = Ayl < i = Bayelly < ¢ 0+ d- T, (B.19)

forall k > nT.
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B.3 Proof of Proposition 1

The set 11 is compact set by definition as it is a Cartesian product of probability
simplexes. Let’s consider a convergent sequence (7Tn, W — T + en)nzl,gr,_
set {(m,,y): y € F(m)}, and let (7*, u* — 7 + €*) be the point that the sequence
converges to. Given r,, any u, is a fixed and unique value, and it is an element
of the compact set that is generated by mapping probability simplex with
the continuous soft-max function. Then, for any 7* € II, y* — 7* is a fixed
value within another compact set. Furthermore, the error term must remain
within the compact set e* € e. As a result, (7*, u* — 7* + €*) is also within the
set {(mn,y): y € F(m)}, and F : I — AXwmer 14"l is a closed-set valued map.
Therefore, the condition (i) is satisfied. Given a 7 € II, u, € Il is a fixed value
corresponding to the smoothed best responses to 7/« -, . Hence, i, — is a fixed
value for a given 7. Note that each €™ € e is a non-empty, bounded, closed and
convex subset of RZme7 14"l Therefore, for any given 7 € II, F(7) = p, — 7+ e
is a non-empty, compact, convex subset of RXme7 4™l As a result, (ii) is also
satistfied. The function F' is bounded such that
sup [yl < sup s+ sup el + sup e < 2+ 01 (7 5 57 ).
yeF(z) reA peA T1-p

(B.20)
Hence, it satisfies the condition (iii). Since all three conditions are satisfied, F' is
a Marchaud Map.

B.4 Proof of Proposition 2

The smoothness of the entropy regularization in (3.1) yields that we can invoke

the envelope theorem to compute the time derivative of L() as

d
ZL(m) =D ") (B.21)
meT
DN, 1), (B.22)
meT {#m
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where 4" :== br.(¢™ (-, 7)) and (a) follows from (3.4). By (3.34) and (3.32), we

have 7 = p — 7° + ¢f. Therefore, we can write (B.22) as

=> > (qﬁme(ui”, o) — o (7)Y (a1l a )> (B.23)
meT {#m ate Al
For the first two terms on the right-hand side, we have

> (cb’”g(ul”,uﬁ) — " (" > QST g, (B.24)

meT {#m meT

INE

—L(m) + 7log |A], (B.25)

where (a) is due to (3.3) and (3.4), and (b) follows from the definition (3.36a) as
H(p) <log|A™|. On the other hand, we have

D> D )™ a) < Y0 Y Nl 9 < [TP6-C(e.T),  (B26)
mET L#m qle AL meT L#m
due to the bound on the errors. By the bounds (B.25) and (B.26), we can bound

the time derivative of L(w) as

d

d — _
o (L(r) =2\ e, T)) < —L(m) + Z(\, e,T),

—L(r) < =L(m) + E(\, e, T) & p

(B.27)
where the constant Z(\,¢,7) > 0 is as described in (3.36b). Since we have
V(m) = min(0, L(7) — E()\ e, T)), the strict inequality in (B.27), yields that V()

is a Lyapunov function.
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Appendix C

Proof of Technical Results in
Chapter 4

The followings are the proofs of Lemma 5 and Lemma 6 used in §4.4.

C.1 Proof of Lemma 5

We focus on the timesteps at which the state s is visited. Let ¢;, be the time
index of the k-th visit to s, and define wy, = (s,a;,) and Wy = (s,a;,). Let

wy, i € A(W) be their distributions at stage ¢;, conditioned on F,).

The probability of transition from the action @ to @' depends on @ and
Qn)- Since Q) is Fn)-measurable, {w; }, form a time homogeneous Markov
chain conditioned on F,. Let P denote the transition matrix of this time
homogeneous Markov chain. In contrast, {wy}; is not time-homogeneous
since wy41 depends on wy and on @, (s,-), which is not F,)-measurable.
Recall that 2z, € Z denotes the trajectory of state-action pairs realized between
the k-th and (k + 1)-th visits to state s, where Z is the countable set of all
possible such trajectories. By the Q-update (4.8), each estimate Q;, (s, a) is
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o({wy, z1}1<k)-measurable. Hence, the estimate Q(,,) (which is F{,-measurable)
and the history {wy, z }1<), from the (k(,) — 1)-th visitation to state s together
determine the transition probability from wy_, = (s, ar,_,) to wy, = (s, ay, ). We
denote these transition probabilities by IP’(« | {wy, 21} lgk). This implies that the
discrete-time processes {w;} and {(wy, z)} are in the framework of Lemma
1. Correspondingly, in the following, we prove the claims that the conditions
listed in Lemma 1 hold so that we can invoke the lemma to address the distance

between ' and fiy.

Claim 1. The processes {wy} and {(wy, zx)} satisfy Condition (i) in Lemma 1 for
k=1Al,e = (e6(1 =0)""1)?*, and any v’ € W.

Proof. Due to the update rule of log-linear learning w = (s,a) € W can transit

tow = (s,a’) € W only if a,and @' are

e arbitrarily different at most for one agent’s action in coordinated scheme,

* arbitrarily different for every agent’s actions in independent scheme.

This yields that the Markov chain {w} K>k, 1S irreducible in both cases. The

Markov chain also has self-loops for every extended state.

Since the Markov chain {w}} is irreducible and has self loops at every state,
there exists a x-length path W = /ﬁo, . ,/i;ﬁ = @' for any (w,w') € W x W in
the fictional scenario, where x = |A|. Even though {(wy, z;)} do not form a
homogeneous Markov chain, P and P have the same pattern. In other words,
given any trajectory {wy, 2 }i<x, we have PV (w' |, {wy, z:}1<) > 0 if and only if
P(w' | wg) > 0 since agents updating their actions can take any action with
some positive probability irrespective of the Q-function estimate due to the
logit response (4.6) and the main and fictional scenarios differ only in terms
of the Q-function estimates used. Therefore, there also exists a x-length path

w=~h" ... b = forany (w,w') € W x W in the main scenario.

In the coordinated scheme, every feasible transition (in both main and fic-

tional scenarios) has probability at least = because exactly one agent updates
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with probability X and then chooses an action with probability at least € (see
(4.57)). These transitions are also valid in the independent scheme, where
each such update occurs with probability at least €5 (1 — §)"~!. Note that
6 (1 —6)"' < L. Hence, in both settings, any x-length path has probability at
least (ed (1 — 6)"!)". Therefore,

Pr ( N @ = | @y, = ﬁ0> > (ed(1 — 8)" 1), (C.1a)
=1

Pr (/\ Wi = hy | (wg, zx) = (ho, z)) > (e6(1—0)" 1) VzeZ.  (Clb)
I=1

Given any w' € W and any pair (@, w) with @ # w, there exist shortest paths
of length at most ~ from @ to w" and from w to w’, each changing at most one
agent’s action at a time. If these paths share a common state, we align them
from that point onward, inserting self-loops to ensure both paths have total
length x. If one path is shorter (¢ < /), we let {w;} follow its /-step path and
then do self-loops at v’ for x — ¢ steps, while {w;, } waits in self-loops at w for
K—1 steps and then follows its Z—step path (and vice versa). If ¢ = 7, each path
still remains of length less than «, so we add self-loops at w’ after traversing
the path and add self-loops at @ before traversing the path. In all cases, the
two processes avoid occupying the same state simultaneously for the first «
steps, thanks to the artificially inserted delays, and each path has probability at
least (€6 (1 —6)"~!)" by (C.1). This establishes Condition (i) of Lemma 1 and

completes the proof of Claim 1.

]

Claim 2. The processes {w;} and {(wy, 2x)} meet Condition (4i) in Lemma 1

with A,y = 1 - CHK,) X B(»), for some constant C' > 0, and sufficiently large n.

Proof. The transition kernels PV (- | {wy, z1}1<x) and P(- | @) both depend on
agents’ softmax responses to the Q-function estimates (), ., and Q). Since the

softmax map (4.6) is 1 /7-Lipschitz with respect to || - ||2 [79, Proposition 4], there
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exists C' > 0 such that

[BC 1 we) = P2 |, mhas) | < ClQus = Qe € CHE By, (€2)

for all k£ € [k(n), k(nt1)), Where () = maxa{ﬁc(m(s,a)}. Hence we set A,y :=
1 — C H K () B, which stays in (0, 1] for sufficiently large n since K,y x ) is
decaying to zero as n — oo by Lemma 7 whereas C, and H are time-invariant.
Hence, Condition (i7) in Lemma 1 also holds for sufficiently large n. This

completes the proof of Claim 2. O

Claims 1, 2, and Lemma 1 yields that

k—k<n))

14+¢
)_

(
Iy — Felly < 2(1 - ¢) L 42(1- g, (C.3)

for all & > k(). Recall that {@}} is irreducible and aperiodic, so it has a unique
stationary distribution fi(,). if we had ﬁk(n)—1 = [, i.e., ak(n) ~ [i(n), then we

would have iy, = i), i.e., Wy ~ [i(n), for all k > k. Therefore, (C.3) yields that

SO

wo k) K 1+e¢
i = filh <21 —e) 7= 1+ 2(1 = Af,) — (C4)
for all £ > k(,) which completes the proof of Lemma 5.
C.2 Proof of Lemma 6
The proof is by construction. First of all, by (4.37), we have
k(n+1)71
Oék<n+1),1 § a(n) = ak(n) H (1 — Oél) + ...+ Oék(n+1>,1 S K(n)ak(n) (CS)
l=k(n)+1

since ay’s are monotonically non-increasing and take values in [0, 1]. As oy
decays to zero, the bounds in (C.5) would imply that @, also decays to zero if
we had lim,,_,~, K (n) Ok(y = 0 which is true if K (n) grows at a sub-linear rate, and
k() > n. Some algebra would also show that @,y =1 — H:(:”,j(ln))_l(l — ay), and
therefore, @,y € [0, 1]. Next we show that such a realization of K, is possible

such that @, satisfies standard conditions.
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Define the following:

o0

N
Ay = Zak, Ay = Z . (C.6)
k=1 k=N

By definition and the assumptions stated in the Lemma 6, limy_,oc Ay = o0,

and limy_,. Ay = 0. Then, for any m € N,

v(m) = min{N : Ay > 2" N € N}, y(m):=min{N:Ay <27 N €N}
(C.7)

are well defined functions. 7(m) and v(m) are monotonically non-decreasing

by definition. Also, define the following:

K () = max(1,max{m : A, > 2", m € N}), (C.8)
~",m € N}). (C.9)

Note that, K ,,) = mif and only if 7(m) < n < v(m+1), and K, = mifand only

if v(m) < n < y(m+1). Based on these definitons, we let K,y = min(K ), K,))-

Notice that, by this definition K,y grows at a sub-linear rate.

Due to the epoch length having a minimum length of 1, i.e. K,y > 1, and
k@) = 1, we have k() > n. Morever, since oy, € [0, 1), we have 7(m) > m for all

m.
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By the left inequality in (C.5), we have

o0 [e'¢] k(n+2) 1

Za >Zak<”+1) =Y Kfék (C.10)

= n=1 k= k(n+1) 1 )

oo

> KO"“ (C.11)
k=kggy—1 B

> Z — (C12)
k:k(2>—1 K(’f“)
0 m+1)

> Z Z F (C.13)
:k‘ (k+1

(2) :um

00 v(m+1) v(m)—1

_m1+1 Z a8 Z aw—1] (€14

m=k(2)

> L(zm“ —om 1) (C.15)
m+ 1

m=k(2)

i -1 (C.16)

m+ 1
m=k(2)

By the right inequality in (C.5), we have

y(
<Y (m)? a2 (C.18)
m=1 n=y(m)
<> (m)? > a? (C.19)
m=1 n=y(m)
— (m)?
< < . .
_mZ:l S S0 (C.20)

For the claim that K(,)/k,) decaying to zero, we can simply use the definition
of K(,. Since a;, < 1 for all k, we can say that Ay» < 2™. Then, K @gm) < m.

Since {K (n) }n>1 is @ monotonically non-decreasing sequence, K ,,) < [log,(n)].
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Also, we know that k(,,) > n. Then, the following is true
K n F n
0< Tim B0 o gy Ko g, TogaM] (C.21)

n—oo (n) n—oo n — 00 n

This completes the proof.
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