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In this thesis we examine outlier detection methods in multivariate and
regression data and present an extensive literature on them. Since there has been a
fast growing interest in the outlier detection methods for regression data for ten years
we mainly focus on the outlier detection methods in regression data in this thesis. We
conduct an extensive simulation study to assess the performances of the multiple
outlier detection methods for regression data, that are either most recently published
or most frequently cited in the literature. Furthermore in the context of multivariate
data we propose a new outlier detection algorithm in principal component analysis
called BACON robust principle component analysis. We also carry out a simulation
study to assess the performance of the proposed method and use some data sets to

evaluate the applicability of the method.

Key Words: influential observations, detection of outliers, multivariate data,

principle component analysis, regression.
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Bu tezde, ¢ok degiskenli ve regresyon tipi veri kiimelerinde sapan degerlerin
belirlenmesine yOnelik ySntemler genig bir gekilde incelenmistir, Son on yildir
regresyon tipi veri kiimelerinde sapan degerlerin belirlenmesine yonelik yontemler
' {izerinde ¢ok yogun c¢aligmalar oldugundan bu ¢aligmada, sadece regresyon tipi veri
kiimeleri i¢in son yillarda Onerilen veya literatiirde yaygin olarak kullanilan teknikler
{izerine yogunlagilmigtr. Bu yOntemlerin kargilagtirilmas: amaciyla detayli bir
simiilasyon ¢aligmas: yapilmig ve ydntemlerin performanslar1 saptanmistir. Ayrica
cok degiskenli veri kiimeleri analizi icin yeni bir dayantklt BACON temel bilesenler
analiz algoritmas: Onerilerek; bu yontemin performans: hem veri kumeleri hem de

simiilasyon ¢aligmasi lizerinde gdsterilmigtir.

Anahtar Kelimeler: etkili gbzlem, sapan degerlerin saptanmasi, gok degiskenli veri,

temel bilesenler analizi.
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1. INTRODUCTION Giilsen KIRAL

1.INTRODUCTION

In order to extract valuable and accurate information from the available data in
hand one has to assume that the data are homogeneous. However it is well known
fact that in real life data contain outliers or subgroups which means that data are not
homogeneous.

Outliers are minority of observations that do not conform to the pattern (model)
suggested by the homogeneous majority of the observations. All classical statistical
methods such as regression based methods, principal components analysis can be
badly affected by outliers.

If the data are not homogeneous then the conclusions extracted from the data
are likely to be incorrect (Barnett and Lewis, 1994).

There are two approaches concerning outlier problem:

1. Robust estimation methods, and
2. OQutlier detection methods.

Robust methods are constructed specifically to be resistant to outliers. This is
done by down weighting suspected or potential outliers. Robust methods are
generally very effective for the detection of outliers, but unfortunately are
computationally expensive and not useful in practice.

Outlier detection methods are proposed to detect outliers and to leave the
decision to the analyst what to do with outliers. For example data analyst can
continue the analysis on the rest of the observations after omitting outliers. In robust
language this is equivalent to give zero weight to outliers and full weight to the rest
of the observations.

The problem in the methods for the detection of outliers is that these methods
are based on the classical estimators (e.g. arithmetic mean and covariance matrix for
multivariate data, ordinary least square estimator for regression data) which are
severely affected by outliers. Therefore they are not efficient for detecting outliers.

In the last decade, numerous studies have been intensified on a new approach

which is a combination of the two approaches given above. This new approach is
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easy to compute, and at the same time aims at finding reliable methods for detecting
outliers.

In the literature many methods have been proposed for identifying multiple
outliers in data. The performance of these methods has not been investigated in
details. There is a little work done on the detailed investigations and comparisons of
the recent methods concerning outlier detection and obtaining resistant (robust)
estimators in multivariate and regression data (Hadi et al, 1996, Kianifard and
Swallow, 1990, Winsnowski et al., 2001). For last four years the studies on new
methods which aim at eliminating the problems given above increased noticeably.

In this thesis I will examine the recent outlier detection methods in multivariate
and regression data sets. Since there has been a fast growing interest in the outlier
detection methods for regression data for ten years I mainly focus on the outlier
detection methods in regression data in this study. I investigate the performances of
the outlier detection methods in regression data that are either most recently
published or most frequently referred in the literature by constructing an extensive
simulation study.

Chapter 2 introduces the methodology, which 1 come across in this thesis.
Chapter 3 contains previously proposed multiple outlier detection methods with
details in multivariate and regression data. A new proposed method, BACON robust
principle component analysis, which is used for identifying multiple outliers in
multivariate data, is given in Chapter 4. In this chapter I also display the performance
of this method on real and simulated data sets. Chapter 5 consists of an application of
the outlier detection methods proposed for regression data to the well-known data
sets in the statistical literature. An extensive simulation study to assess the
performances of the outlier detection procedures in regression data is given in
Chapter 6.



2. METHODOLOGY Giilsen KIRAL

2. METHODOLOGY

In this chapter I will give a detailed methodology for regression data which I
will be using the most in this thesis.

2.1, Linear Regression

Regression analysis has become one of the most widely used statistical tools
for analyzing data. It is appealing because it provides a conceptually simple method
for investigating functional relationships among variables. The standard approach in
regression analysis is to take data, fit a model, and then evaluate the fit using
statistics such as ¢, F, and R-squared.

Applications of regression analysis exist in almost every field. In economics,
the response variable might be a family's consumption expenditure and the
explanatory variables might be the family's income, number of children in the family,
and other factors that would affect the family's consumption patterns. In political
science, the response variable might be a state's level of welfare spending and the
explanatory variables measures of public opinion and institutional variables that
would cause the state to have higher or lower levels of welfare spending. In
sociology, the response variable might be a measure of the social status of various
occupations and the explanatory variables characteristics of the occupations (pay,
qualifications, etc.). In psychology, the response variable might be individual's racial
tolerance as measured on a standard scale and with indicators of social background
as explanatory variables. In education, the response variable might be a student's
score on an achievement test and the explanatory variables characteristics of the
student’s family, teachers, or school.

The relationship between response and explanatory variables is explained by
a linear regression model. In a linear regression model, the response variable is
assumed to be a linear function of one or more explanatory variables plus an error
introduced to account for all other factors:
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Y, =By +Bx,+..+ Bx, +e, fori=1,2,..,n. 2.1)

In the above regression equation, y; is the response variable, Xy, ..., Xz are the

explanatory variables, and & is the error term. The matrix form of equation (2.1) is

given by
y=Xf+e, 2.2)
» I x, .. x, £,
where y=j...| ,X={.. .. . ..| ande=|..| ,wherep=k+l
Yn nxl 1 Xip w0 Xy nxp &n nxl

The goal of regression analysis is to obtain estimates of the unknown

regression parameters S, f,,...,5, which indicate how a change in one of the

explanatory variables affects the values taken by the response variable.

There are various methods to estimate regression parameters in a linear
regression model. The most commonly used technique to find the best estimates of
B is the method of ordinary least squares (OLS). The least squares estimates vector

of B is the value B, which minimizes £’z . It can be determined by differentiating
&'s with respect to f and setting the resultant matrix equation equal to zero, at the

same time replacing S8 by 2. This provides the normal equations

(Xx)B=Xy.

Solution of the normal equations can be written as
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B=(xx)"xy.

By using this, the vectors of fitted values and residuals are obtained as

y=Xp

and

e‘:y'—ﬁ':(l“'H)y?

respectively, where H = (h,) = X (X X )_l X',
The major assumptions in the study of regression analysis are:

1. Linearity Assumption: For each value of X there is an array of
possible y values which is normally distributed about the regression

line, i.e. each observed response value y; can be written as a linear

function of the ith row of X, x| , that is

y.=x B+g, i=1,2..,n

2. Computational Assumption: In order to find a unique estimator of 8

it is necessary that (X'X)™ exists, or equivalently rank(X) = p.

3. Distributional Assumptions: The statistical analyses based on least
squares (e.g., the t-tests, the F-test, etc.) assume that

a. the error term (&,) does not depend on the explanatory variable
(%), for i=1,2,...,n,

DR

Lyl e
Sl i vt
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b. the values of X columns are assumed fixed and to be linearly
independent of each other and measured without errors,

c. the error terms are assumed to be independently and identically
distributed normal random variables each with 0 mean and

o constant variance, that is 5 ~ N(0,6I).

d. The response variables are assumed to be normal each with Xp

mean and o® constant variance, that is y ~ N(X,B,a’l).

4. The implicit Assumption: All observations are equally reliable and
should have an equal role in determining the least squares results and in

influencing conclusions.
2.2. Outliers

An outlier is an observation that lies outside the overall pattern of the other
observations, If a data point stands apart from the main body of points in a plot, it
should be investigated to see what may have caused this. Perhaps a number has been
incorrectly recorded. Or the experimenter who collected the data may remember
some special circumstance for that data point. So one has to decide what to do with
these outliers. There are two possibilities.

o One possibility is that the outlier was due to chance. In this case, you
should keep the value in your analyses. The value comes from the same
population as the other values, so should be included.

o The other possibility is that the outlier was due to a mistake-bad
pipetting, voltage spike, holes in filters, etc. Since including an erroneous
value will give invalid results, you should remove it. In other words, the
value comes from a different population than the other and is misleading,.
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The problem, of course, is that you can never be sure which of these possibilities
is correct. Clearly, no mathematical calculation will tell you for sure whether the
outlier comes from the same or different population. But statistical calculations can
answer this question: If the values really were all sampled from a Gaussian
distribution, what is the chance that you'd find one value as far from the others as
you observed? If this probability is small, then you will conclude that the outlier is
likely to be an erroneous value, and you have justification to exclude it from your
analyses.

Statisticians have devised several methods for detecting outliers. All the methods
first quantify how far the outlier is from the other values. This can be the difference
between the outlier and the mean of all points, the difference between the outlier and
the mean of the remaining values, or the difference between the outlier and the next
closest value. Next, standardize this value by dividing by some measure of scatter,
such as the standard deviation of all values, the standard deviation of the remaining
values, or the range of the data. Finally, compute a p-value answering this question:
If all the values were really sampled from a Gaussian population, what is the chance
of randomly obtaining an outlier so far from the other values? If the p-value is small,
you conclude that the deviation of the outlier from the other values is statistically
significant,

In regression model, there are three types of outliers:

= outliers in x-space
» outliers in y- space
= Regression or residual outliers

Outliers in the x-space are points lying far away from the rest when examining
the x-values only. This means we do not use knowledge about the relationship
between x and y. These are considered high-leverage points because they are
influential and pull the regression surface toward them. The extreme observation(s)
in the x-space can be measured by using the leverage value (h;) where A; is the

diagonal elements of hat matrix, H = X(XX)™" X",
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Outliers in the y-space are points that are outlying in the response variable
because of distant values from the responses of the clean cases. Detection of outliers
in y is a univariate problem that can be handled with the usual univariate tests.

An observation is called the xy-space outlier if it is outlier in both the x-space
and the y-space.

Regression or residual outliers are those that present a different relationship
between x and y, or in other words, samples that do not fit the model. This type of
observation’s Student residual is large in magnitude compared to other observations
in data set.

16
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Figure 2.1, Illustration of the different types of outliers

We can see an illustration of the different types of outliers in Figure 2.1, In
this figure (*1) is x and regression outlier, (*2) is y and regression outlier, (*3) is a
regression outlier and (*4) is the xy-space outlier.

2.3. Detecting Outliers

The identification of outliers is often thought of as a means to eliminate
observations from a data to avoid disturbance or further analyses. But outliers may as
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well be the interesting observations in themselves, because they can give us hints
about certain structures in the data or about special events during the sampling
period. Therefore, appropriate methods for the detection of outliers are needed.
Numerious influence diagnostics and graphical methods have been developed for the
detection of outliers. I can give some well known influence diagnostics to detect
outliers in a linear regression model. Hat matrix diagonals

h, = x(X%X) " x, i=12,..n,

indicate how outlying observations are in the x-space in the relation to the centroid
(Hoaglin and Welsch, 1978). DFFITS; measures the effect of the ith observation on
the predicted values (Belsley et al., 1980), which is given by

=2o o,
S(i)hii

(Note that the subscript (i) indicates that observation i is omitted from the
calculation. For example; s(z,.) corresponds to the estimated variance dfter
eliminating the ith observation from a data set). COVRATIO; gives information on

the influence of the ith observation on the precision of estimation for the regression
coefficients (Andrews and Pregibon, 1978), which is given by

iy x) st

I(X x)* szl
Cook’s distance (D;) meausures the change in the regression coefficients that would
occur if the ith case was omitted (Cook, 1977), which is given by

COVRATIO,

i=1,2,.,n.

D, = (- B(:))';’s 72( (- 5u) =12, 0.
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All of the above methods known as “single-row diagnostics” because they
measure the effects of the ith observation as if it were deleted from the data set. They
work well when data set contains only a single outlying point. However, they have
been shown to fail in the presence of multiple outliers.

Most of the single-row deletion diagnostics can be extended in order to assess
the changes caused by the deletion of more than one observation at the same time.
These generalizations are called multiple-row diagnostics. Belsley et al. (1980)
generalized many of the common single-row deletion diagnostics for multiple-rows.
But without knowing the reasonable candidate set of cases to assess for joint
influence, using the multiple-row diagnostics is computationally impractical because
one has to analyze all possible combination of cases in the analysis. Because of this,
multiple-row diagnostics are less popular than their single-row counterparts. For
minimizing the computational cost Barnett and Ling (1992) propose a new approach,
which upon developing cut off value on common diagnostics. However, develop
appropriate cut off value seems unsatisfactory because in practice one will never
really know it.

Beside of the computational problem there are some unclear points on
multiple-row diagnostics. For example, do measures provide information that is
similar to their single-row version? Specifically, is their behavior consistent with
their single-row versions and are the interpretations of these diagnostics the same?
Or, do any of these measures work better than others, and if so, in what type of
situations?

To overcome the limitations of these approaches robust and combining
methods have been proposed, which will be given in Chapter 3.

10
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3. PREVIOUSLY PROPOSED MULTIPLE OUTLIER DETECTION METHODS
3.1. Introduction

Numerous classical and robust methods have been proposed in the literature for
outlier detection in multivariate and regression data. Generally, all multiple outlier
detection methods have a similar strategy. First, identify a candidate subset of
observations that contains potential outliers and then test whether they are outlying
significantly or not. Multiple outlier detection methods are examined ‘in two broad
categories, which are defined by Hadi and Simonoff (1993): direct methods and indirect
methods. Direct methods are techniques that use classical estimators in order to obtain
candidate outliers. Most of these methods first eliminate outliers from a data set, and
then the analyst comfortably uses the classical statistical analysis on this clean data.
Alternatively, indirect methods use robust estimators and accommodate outliers in their
analysis. There are also many graphical and informal methods for detecting outliers in
the statistical literature. However, I will not give these in this section since they are not
objectively comparable to more formal procedures. In the following sections some of the
graphical procedures are used as a part of confirmatory analysis for detecting outlying
observations visually. As I go along I will mention these and make use of them.

There is a vast amount of literature on identification of outlying observations in a
data, and many suggestions are given on what to do with these outliers. In this section
only recently proposed outlier detection methods in multivariate and regression data are
given. Detailed summaries of many other multiple outlier detection procedures can be
found in Hawkins (1980), Hadi and Simonoff (1993), Bamett and Lewis (1994), and
Sebert (1996) and Winskowski et al. (2001).

Identification of outliers in a multivariate data attracted many researchers for
years; therefore many direct and indirect methods are developed for this type of data. In
this thesis, although identification of outliers in a multivariate data is considered I will

give more weight to the outlier detection methods in regression data since identification
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of outliers for regression data requires more complicated methods, which should be
capable to detect outliers in x-space, y~-space or xy-space. Therefore using the combined
techniques for the identification of outlying observations in regression data is useful for
identification of outliers. In Chapter 6, the effectiveness and the power of these methods

is compared by conducting an extensive simulation study.

3.2. Direct Methods

The earliest direct methods for univariate and multivariate data are based on a
distance or a metric, which tells the analysts how far away the observations from the
center of the data. For univariate data, there are many procedures to identify or to test
outliers (for detailed information, see Hawkins, 1980 and Barnett and Lewis, 1994).
There is no difficulty on identifying outliers in univariate data. However when we have
multivariate data, then identifying outliers (single or multiple) gets more complicated
because of two serious problems that arise in higher dimensions: swamping and
masking. Masking occurs when the data contains outliers but fail to detect them and

swamping occurs when we wrongly declare some of the non-outlying points as outliers.
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Figure 3.1. Ilustration of masking problem
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For identifying multiple outliers in a multivariate data a suitable metric is chosen
to measure the distances between each observation x; and the center of the observations,

this distance is given by

df{C,V)=f(x:i-C, V), for i=1,...,n,

where C is the center (location parameter) and V is the covariance matrix (scale
parameter). All of the procedures proposed for identification of multiple outliers in a
multivariate data so far are based on this idea.

The earliest direct methods in regression data use the single-case diagnostics
(Prescott 1975, Tietjen, et. al 1973) in a forward or backward stepping manner for
identifying and testing observations. In forward-stepping search, the analysts determine
the observation, which has the most extreme residual (or distance) first and, provided
this observation is declared to be an outlier, next determine the one with the second-
most-extreme residual (or distance), and so on. Backward-stepping search works
similarly. The entire set of observations is initially considered and the outliers are
sequentially removed by using some criteria such as the largest absolute value of
transformed residual. It is well known, however, that in the presence of multiple outliers,
these procedures cannot be effective because of masking and swamping problems, and
combinatorical problems.

In this section I examine direct methods for two types of data: multivariate and
regression data. Since our purpose in this study is to focus on the methods defined in
regression data, [ will give a brief description for the methods defined for multivariate

data.

3.2.1. Direct Methods in Multivariate Data

Outlier detection for univariate data is studied very widely by many researchers

in statistical literature since 1950. Until 1980, there has been a little work on outlier
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detection methods for multivariate data which were mainly on graphical and informal
procedures. Pioneers for these procedures are Healy (1968), Andrews (1972),
Gnanadesikan and Kettenring (1972), and Rohlf (1975). However these methods cannot
be used as outlier-detection tests since they only provide informal information on the
detection of outliers.

Outliers in a multivariate data matrix X, which is assumed to be multivariate
elliptically distributed, can be hard to detect, especially when the dimension p exceeds 2,
because we can no longer rely on visual perception. A classical method for detecting
multivariate outliers is to compute the di(C,V)=f(x-C,V), i=1,...,n distances for each
point x;. The most commonly used form of d;(C, V) is given by

d(CV)=(x, -C)'V* (x,-C), i=L..n, (3.3)

where C is the location and V is the scale parameter.
The classical choices of C and V are the arithmetic mean (¥ ) and the sample
covariance matrix (s) of the data matrix X, respectively. In which case equation (3.3)

becomes

Il

MD=di(%, )= \J(&; ~R)s"(x; -X),  i=L.m (3.4)

which is called the Mahalanobis Distance (MD;). A large value of MD;
(i.e if MD; > Yp-1,4, Where Yp1,0 is square root of the 1-o quantiles of the chi-squared
distribution with p-1 degrees of freedom) may indicate that the corresponding
observation is an outlier. But this measure may fail to detect outliers because it depends
on the sample mean and the covariance matrix, which are known to be sensitive to the
presence of outliers. One way to solve this problem is to replace the mean and

covariance matrix by more robust or resistance estimators of the location and scale.
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There are many robust estimators for C and 7, which will be given in the context of
indirect methods.

Wilks (1963) proposes an outlier test, which is based on the change of the
determinant of the sample scatter matrix after some observations are eliminated from the
sample. Schawager and Margolin (1982) constructed a locally best invariant test for
testing outliers in the multivariate mean-shift model, and the test statistics is found to be
the same as Mardia’s (1970) multivariate sample kurtosis. Note that as most outlier tests
are based on an underlying normality assumption, they have a close relationship with
tests for normality, as they test for a particular type of deviation from a normal
distribution. Although the multivariate sample kurtosis is locally best invariant test for
normality, it does not indicate which observations are outlying.

Bacon-Shone and Fung (1987) suggest a graphical approach based on Wilk’s
(1963) statistics. The method is found to be useful in the detection of outliers in

univariate and multivariate data. In this method the following ratio is calculated by

Ry =lsw|/lsl,

where |s‘ and Is(,)lare the determinants of the sample scatter matrix over »n and n-m

observations, respectively, where s = zn: (x, — %), — .\—')' ) Sy = zn: (x,. - J?(,)Xx,. - If(,))' .

i=1 i=1
Here t=(11,t2,...,t,,,)T is an m-vector of indices of selected cases, where I <#; <n, and (?)
mean that m observations, indexed by ¢, are being omitted. The smaller value of Ry the
greater decrease in the sum of squared volumes generated after elimination of these m

observations, in other words, the more outlying these observations are. If mtin R is very

small compared with the other quantities in the set {Ry, all possible ¢}, it is thought
highly likely that these m observations are outliers. The plot of the observed {Ry)} versus

the expected quantities gives valuable information in the understanding of the nature of
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outliers in the sample. However, the expected quantiles are very difficult to obtain
because {Rg} are correlated. So they instead, calculate the expected quantiles, assuming
a form of conditional independence in {R}, and, use this approximation for the purpose
of plotting.

Simonoff (1991) presents a method based on clustering, which is-defined by using
combination of a robust scaling and backward stepping. In his method, after constructing
the single linkage-clustering tree for a given data, clusters are ordered as most extreme
to least extreme by order -of joining. At each joining identify the cases in the smaller
cluster first. If the cluster being examined splits further, repeat the above steps. Later as
each case is identified, calculate Mahalanobis distances as a measure for the test
statistics. If these Mahalanobis distances are higher than cutoff value then remove these
cases from the data. After that test statistics are re-computed and again the next most
extreme observation is tested. If a test statistic value of an observation is beyond the
cutoff value then this observation and all of the previously removed observations are
declared to be outliers and procedure stops. But important questions left to resolve
include how to determine appropriate cutoff values in gemeral, and whether other
clustering approaches might be more effective in particular situations.

Caroni and Prescott (1992) suggest one outlier test for detecting of outliers in
multivariate data, defined as a generalization of Wilks’s test, and determined appropriate
critical values in their study.

After 1992 a general set up has been emerged for the detection of outliers in
multivariate data. This general method has two stages; the first is to find the basic
subset, which is assumed free from outliers, and the second is to test for the outliers. In
order to determine whether the observations are consistent with the basic subset, several
forms of C and V are defined. Iwill give some forms of C and V in this section, and the
robust versions of C and ¥ will be given in the following section.

Hadi (1992a, 1994) proposes a procedure for detection of multiple outliers in
multivariate data. The maiﬁ idea of this method is to form a basic subset of about half of

the data which is presumably free from multivariate outliers, then to add observations
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that are consistent with the basic subset until it includes all the data values not
nominated as outliers. If all the observations are added to the basic subset, the data is
declared to be free from outliers, otherwise the observations that are not consistent with
the basic subset are declared as multivariate outliers.

To determine whether the observations are consistent with the basic subset, Hadi
(1992a, 1994) suggest using the distances

d(%,, s)=/(x; -X, ) s (X, - %y ) i=1,...,n (3.5)

where X, and s, are the mean and covariance matrix of the basic subset, respectively. If
the basic subset is free from outliers, then X, and s, will be reliable estimates for C and

V in the general form (3.3), and then d,(F,,s, ) would be effective in the detection of the
outliers.

If a data comes from a p-variate normal distribution, then d(%,,s,) follows

approximately a y distribution with p-I degrees of freedom, which is used as a cutoff
value for detecting outliers.

Because the basic subset of “clean” values increases by one at each step Hadi’s
method requires at most #-p covariance matrix computation and inversions.
Furthermore, it needs ordering of the observations at each step of a process that can have
n-p steps. Although n-p represents significant reduction in computing expense when
compared to earlier methods, these methods can be prohibitively expensive to compute
for large data.

Atkinson and Mulira (1993) describe the fast forward algorithm for finding
multivariate outliers. The algorithm starts with a small, randomly selected subset of
observations intended to be outlier free. This is incremented in such a way that outliers
are unlikely to be included as long as the subset remains outlier free. The process is

repeated several times from random starting points. This method can be viewed as a
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search for a global minimum, the chances of success being increased by repeated
random starts. The pattern of multivariate outliers during each search can be exhibited
using stalactite plot. They use Mahalanobis distances, which calculate by sequential
construction of an outlier free subset of the data, starting from a small random subset.
The stalactite plot provides a cogent summary of suspected outliers as the subset size
increases. Combined with probability plots and resampling procedures, the stalactite
plot, particularly in its normalized form, leads to identification of multivariate outliers,
even in the presence of appreciable masking. Starting point of this algorithm is the same
as used by Rousseecuw and van Zomeren’s (1990) random search algorithm.

Most of the above methods suffer from a lack of generality and a computational
cost that escalates rapidly with the sample size. For samples of a sufficient size to
support sophisticated methods, the computation cost often makes outlier detection
unattractive.

Therefore, Billor et al. (2000) propose a general approach called Blocked
Adaptive Computationally Efficient Outlier Nominators (BACON) that is based on
Hadi (1992a, 1994) and Hadi and Simonoff (1993) methods that can be computed
quickly regardless of the sample size. This method first identifies initial clean subset that
can safely be assumed free of outliers. Initial clean subset selected in two different ways:
based on Mahalanobis distances (Version 1) or based on distances from medians
(Version 2). For version 1 one has to compute the Mahalanobis distances, which is
given by equation (3.4), identify m=p.c observations, which constitute basic subset, with

the smallest values of di(¥,s). Here ¢ is a small integer chosen by the data analyst,

generally c=4 or 5 are suggested (Billor et al., 2000).
On the other hand for version 2 potential basic subset is determined by finding

the smallest m=p.c values of |x, - m||, where m is a vector containing the coordinatewise

median, x; is the ith row of X, and ||| is the vector norm.

After selecting initial clean subset, the analysts fit an appropriate model to clean

subset and calculate the discrepancies (d;) for each of the observations by using this
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model. Then a larger basic subset consisting of observations known to be homogeneous
with the basic subsets is determined. This procedure is repeated until the size of clean
subset no longer changes. At the end the observation(s) excluded by the final clean
subset is declared as outliers.

V1 is affine equivariant (i.e. it is not affected by the linear transformations of the
explanatory variables) at the expense of a somewhat lower breakdown point (which
indicates the maximum proportion of gross outliers which the induced estimators can
tolerate), about %20, whereas Version 2 (V2) requires more computations than Version
1 (V1) because of the computational cost of finding medians in all dimensions. In
addition, V2 is nearly affine equivariant and has high breakdown point upwards of 40%.

By an extensive simulation study it has been shown that BACON methods match
the performance of more computationally expensive methods oﬁ standard test problems
and demonstrate their superior performance on large simulated data sets (Billor et al.,
2000).

3.2.2. Direct Methods in Regression Data

Of particular importance to researchers in many fields is the detection of outlying
observations (in x, in y or in xy) in linear regression modeling, because of the widespread
use of regression methodology. The most work has been done in this area in the past
three decades, particularly on the detection of a single outlier. However, as I mentioned
above, in the presence of multiple outliers, these procedures do not reliably detect
outliers because of masking and swamping problems; therefore, are not effective.
Beckman and Cook (1983), Rousseeuw and Leroy (1987), and Hadi and Simonoff
(1993) discuss these problems in details. Therefore, the emphasis has shifted to find
methods, which are effective in the presence of multiple outliers.

Marasinghe (1985) adapted such methods into a multistage approach. In this
method k candidate outliers are determined by using sequential application of a
single-case diagnostic, each candidate outlier is tested for outlyingness until one is

deemed non-significant. For determining candidate outliers, the analysts fit the
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regression model to the complete data and determine the observation with maximum
absolute studentized residual in this model, remove this observation from the data and fit
the model again with the largest absolute studentized residual from this fit. We repeat
this procedure until a subset of size k observations is determined. Once the k&
observations are identified they are sequentially tested by the test statistic
Fi=(S-Q(Dy))/S where S=(n-p)s’ and Q(D,,) is the reduction in the residual sums of
squares resulting from the deletion of the suspect observations. Marasinghe (1985)
provides percentage observations for Fj, which allows formal testing to determine which
potential outliers are outlying observations.

Paul and Fung (1991) propose a generalized extreme studentized residual
(GESR) multiple outlier detection procedure in an attempt to improve the procedure of
Marasinghe (1985). Unfortunately, both of these methods require knowledge of &, which
typically unknown, Also, because both use single-case diagnostics at the first stage, they
are susceptible to masking and swamping effects.

The method proposed by Paul and Fung (1991) as an improved algorithm of
Marasinghe has two phases, therefore called “two-phase procedure”. In phase 1, this
method identifies two sets of suspect observations, one by using the GESR and the other
by using one of the diagnostics, Cook’s distances (D;) or Least Median Squares (LMS,
which is a robust method), sequentially. The potential list of outliers will be the union of
these two sets. In phase 2, the observations from this combined group are then tested
from least to most extreme, using the GESR procedure.

The method of Paul and Fung (1991) uses the Cook’s distance in phase 1 to be
able to identify outliers in x direction as well as in y direction since the Cook’s distance
is a function of residual and leverage values, and needs less computation than LMS.
However, it is well known that the Cook’s distance is subject to masking and swamping,
so the two-phase procedure will be also. Therefore Hadi and Simonoff (1993) show that
how this procedure fails in identifying xy-space outliers that form a cluster.

Kianifard and Swallow (1989, 1990) introduce procedures using recursive

residuals, calculated on adaptively ordered observations, to identify multiple outliers in a
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linear regression model. It involves first ordering the observations by a single-case
diagnostic, and then using recursive residuals (see Brown et al., 1975) based on the k
observations with smallest diagnostic to identify outlying observations. They propose
using Cook’s distance, the studentized residual, or some other single case diagnostic for
ordering observations. Test statistics, which use for determining the initial ordering
observations, suffer from masking. Therefore, this method is not effective in the
existence of multiple outliers. Swallow and Kianifard (1996) define a new version of
this method, which is called recursive residual forward search algorithm to decrease the
drawbacks of the previously proposed method. However this method is computationally
very expensive when the dimension of data matrix increases and still not resistant to
masking and swamping problems in the data matrix (Winskowski et al., 2001).

Hadi and Simonoff (1993) propose two test procedures for detection of multiple
outliers. The first procedure is an adaptation of the method proposed by Hadi (1992,
1994) and is related to the proposal of Hawkins et al. (1984). Atkinson and Mulira
(1993) propose a graphical representation of potential multivariate outliers based on the
similar idea as well. The second procedure is an adaptation of the clustering-based
backward-stepping method proposed by Simonoff (1991).

Both procedures suggested by Hadi and Simonoff (1993) attempt to separate the
data into two groups: set of clean observations and a set of potential outliers and do
analysis in two parts. In the first part potential outliers are determined and in the second
part potential outliers are tested to see how extreme they are relative to the clean subset,

using an appropriately scaled version of the prediction error.
Steps for these two procedures are:

e Step 1: Find the least squares estimate (LSE) for the full data, the n

observations are ordered by appropriate diagnostic measure, like absolute

value of the adjusted residual a, = e, /(1-h,)"*, or Cook’s distance (D).
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For the first procedure: the first p observations form the initial basic
subset. A model is fitted to the basic subset, and the residuals are
standardized and ordered. The basic set is increased one by one, by
ordering the standardized residuals and fitting a model to the basic subset
until the basic subset reaches a size equal to the integer part of
h=(n+p-1)/2.
For the second procedure: we determine the initial clean basic subset
from the single linkage-clustering tree, and then order clusters from most
to least extreme by the order of joining; the later a cluster joins, the more
extreme it is. When the number of identified observation reaches »-4, the
h remaining observations constitute the basic subset.

o Step 2:After determining the basic subset, both of the procedures require

the calculations of the following statistics:

Vi~ X% :éa icB
/= &BJl_x;(X;XB)_lxi
1 yi—x; ﬂB IEB,

Spl+x(X, X, ) %,

where B denotes observations in the basic subset. Then # values are
ordered and the lowest p + I cases form the new subset B. The procedure
continues to add observations until the (# + 1)” ordered residual measure
exceeds t/g2(+1),rp, Where r is the number of observations in the current
subset. Observations » + I to n are the outliers. The key to the success of

the method is to obtain a clean initial subset of data.

These methods are not highly computationally intensive compared to the ones

suggested before, and relatively resistant to both masking and swamping effects. Hadi
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and Simonoff (1997) improve this algorithm by using the robust distance measures in
Hadi’s (1992, 1994) forward selection algorithm to determine the initial clean subset of
size /1 observations.

Pena and Yohai (1995) present influence matrix algorithm, which identifies
influential subsets in a linear regression model. This matrix is known as the uncentered
covariance of a set of vectors, which represents the effect on the fit of the deletion of
each data point. They suggest looking at the eigenvalues of an influence matrix, which is
defined by M = EDHDE/ps’ where E is the diagonal matrix of least squares residuals, D

is the diagonal matrix with elements (1-h;)", k; is the ith diagonal element of the hat
matrix, H=X(XX)" X', and 5 is the usual mean square error estimate of the error

variance. After examining the eigenvalues of M we determine the eigenvectors
corresponding to large eigenvalues, then order the co-ordinates of the eigenvector v,
obtaining v,4) < Viz) S-S Vy,y and compute the ratios a; =vy ) /v,.( sy forj=n...n-c
and b; =vy; [v

iyn) for j=I,...,co. The constants c; and c; are smaller than n/2. Later

find the candidate outlier sets, seta and setb, by determining the observations which

satisfy la j| >2.5 and |b f‘ >2.5, respectively. Then all candidate outliers are removed

and the standard F-and r-statistics to test for groups or individual outliers are used. Pena
and Yohai (1995) claim that large eigenvalues of this matrix will correspond to
‘observations that are good candidates for joint influence however, they suggest that in
instances where outliers form a high leverage cluster, this method may not work.

In the presence of high-leverage points identifying outliers in a regression data
becomes more difficult. Therefore Chatterjee and Michler (1997) propose an iteratively
weighted least squares procedure as a robust fit for linear models. This algorithm gives
low weight to points with high leverage and /or high residual. The weights are a function
of leverage and residuals. Chatterjee- Michler procedure is not very effective when there
is extensive masking because it is based on the standard measure of leverage A, which is

affected by masking problem.
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Sebert, et al. (1998) suggest one clustering-based approach, which is called
clustering algorithm, for multiple outlier identification that utilized the predicted and
residual values obtained from a least squares fit of the data. This approach clusters the
standardized predicted and standardized residual values from a least squares fit and
obtain a cluster tree. Based on Mojena’s stopping rule, they cut the tree and form groups
at a height of A +1.25s, where # is the average of the tree cluster heights for all n-/
clusters, and sy is the unbiased standard deviation of the heights of the n-1 clusters. And
then they identify the group with a majority of the observations in it as the clean base
subset. All other observations are candidate influential observations. For graphical
display I give weights to the observations. If ith observation is a candidate outlier, then I
give 1, otherwise 0 as a weight to that observation. Later by using multiple-row
diagnostics all the candidate influential observations are assessed.

Billor et al. (2000) define the BACON regression method as an alternative to the
method of Hadi and Simonoff (1993, 1997). In BACON regression method initial basic
subset of at least m observations that is free of outliers is determined by applying the
following steps which is different from Hadi and Simonoff (1993 and 1997):

e Step 0: Compute the discrepancies for all observations based on (3.5)
relative to the final basic subset of BACON algorithm and determine the
minimum m observations with the smallest values of the d,(¥,,s,). Let X,
be the subset (that contains m clean observations) of the matrix X and y, is
the response vector of m observations that corresponds to the m rows of the
matrix X,,. If X,, is not of full rank, then increase the basic subset by adding
observations with smallest values of d,(%,,s, ), until it has full rank. Then

compute
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where ﬁm and &,° are the least-squares estimates of Sand o based on the
observations in the subset y, and X,. Later identify the p+1 observations
with the smallest |f,(X,,, ¥, ), and declare them to be the initial basic subset
v and X;.

e Step 1: If this new X, is not full rank, increase the subset by as many
observations as needed for it to become full rank, adding observation with

smallest [t,.(X m ym)l first, and increase m by the number of observations

added to make the subset full-rank. Compute

r ~
Vi _x:{ :Bb

&b\/l“xi'(XI:Xb)—lxi ,
yi—x B,
i+ x (X, )y,

t{X,,7,)=1 for i=1,...,n, (3.6)

where J,and &, are the least-squares estimates of Band o based on the

observations in the basic subset y; and Xj.

e Step 2: If r is the size of current basic subset. Identify the r+1
observation with smallest [t,. (x,, yb] and declare them to be the new basic

subset.

e Step 3: Repeat steps 1 and 2 until the basic subset contains m

observations.
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e Step 4: Find discrepancies, 7,(X,,y,) as in (3.6)
e Step 5: The new basic subset consists of all points with distances less

than #(,,(.1),,)» Where r is the size of the current basic subset.

e Step 6: Iterate steps 4 and 5 until the size of the basic subset no longer
changes.
e Step 7: Nominate the observations excluded by the final basic subset as

outliers.

This algorithm is more computationally efficient than the method of Hadi and
Simonoff (1993). Because, in order to determine the basic subset one needs very few
regression calculations and evaluations of discrepancies. In this method there is no
longer any needs to order the discrepancies, only one needs to check them against a
constant, which requires only # operations.

Billor et al. (2000), propose using a diagnostic plot, which is a useful tool in
analysis. This plot can be obtained by plotting the predicted residuals #;(X;,ys) obtained

at the final iteration of this method versus the distances d, (f,,,sb) obtained in step 1.

Since Chatterjee-Michler procedure is based on the standard measure of leverage
hi;, which is affected by masking problem, it is not effective when there is extensive
masking. So Billor et al. (2001) proposes a procedure, called Re-Weighted Least
Squares (RWLS), which uses a robust distance proposed by Billor et al. (2000) instead of
using A; in the Chatterjee and Méchler algorithm (1997).

The RWLS algorithm consists of the following steps:
Stepl: Obtain the initial weights as follows:
e Find mgy, which is the median of (d,, d,,...,d, where (d,, d,,...,d,) is

the normalized Hadi’s distances obtained in the final step of BACON
algorithm when it is applied to the matrix X.
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e Compute the squared normalized version of the d;=1/max(d, m;) by

2
d_i__

>.d}

i=]

b

e Obtain the initial weighted least squares estimate of the regression
coefficients ( Bo ) by using d; as a weight for the ith observations.

Step 2: Compute the weighted least squares estimate of the regression

coefficients until convergence by using the following steps:

¢ Replace the residuals of the last fit ¢/ by its normalized version,
where &/ = y— pi =y - XB7.

e Compute

1—1

)

where m/™ is the median of (j | l “I, e

e Compute the new weights,

e Compute the jth weighted least squares estimate of the regression

coefficients 3 ; when using w/ as a weight for the ith observation.

The rationale for using the initial weights in step 1 is finding a robust measure of

leverage. Since the leverage points are outliers in the x-space, the distances d; are less
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sensitive to the masking effect than the 4, These distances are normalized so that
0<d<1. This way d, will mimic the property of 4. The same idea applies to the weights.

This measure eliminates the distorting effect of masking by constructing a
measure of location and dispersion for the variables in x, which is free from the effects
of multivariate outliers, and clustering in the x-space. A diagnostic plot is used to
indicate whether an observation is a leverage point, outlier, or a masking point, that is, a
low leverage influential point. This method is resistant against outliers, conceptually

simple, and not computer intensive.
3.2.3. Graphical Methods

Finding an outlier in regression data is important but sometimes methodology
identifies too many outliers. So most of the analysts prefer using graphical methods after
their methodology.

Graphical methods can be examined in two different groups. The graphical
methods in one group are used as detection tools for finding outliers and the others are
used for confirmatory analysis, which help us on deciding whether observations are

really outlying or not.
3.2.3.1. Graphical methods for detecting of outliers

McCulloch and Meeter (1983) and Gray (1983, 1985, 1986) propose contour
pfots of single-case influence measures in terms of the diagonal elements of hat matrix
and studentized residuals. Barnett and Ling (1992) propose the generalizations of the
multiple-case measures. But this method cannot summarize the influence information on
one single graph.

There are other plots such as Leverage-Residual (L-R) plot (Gray 1983, 1986),
and Potential-Residual (P-R) plot (Hadi, 1992), which were proposed mainly for
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detecting single outliers and influential observations. Despite the L-R plot can deal with

single cases, P-R plot can deal with multiple cases.
3.2.3.2. Graphical Methods for confirmatory analysis

Atkinson (1986) suggests a2 method, which has two parts. In the first part outliers
are determined by using LMS and in the second part the diagnostic methods of least-
squares regression are used to confirm the findings of the robust method. In this study he
proposes employing graphical methods for confirmation of outliers and defines adding-
back plot. Later Fung (1993) proposes a confirmatory analysis alternative to the method
of Atkinson (1986). He claimed that Atkinson’s adding back statistics only shows up the
observations for which the residuals is large in magnitude compared to other
observations in the data set, does not show up high-leverage observations and his
measure is not bounded above. Fung’s method is a stepwise method with reference to the
adding-back plots. In the analysis, first, observations are deleted from the reduced
sample if they are outliers, and put back observations if they are not. This is done
repeatedly until all the omitted observations are outliers.

On the other hand, Fung (1995) suggests that it would be informative to study the
interrelationship using, if possible, one single graph for summarizing influence
information of multiple observations. So he proposes two graphical methods with
contours of constant measure values: Adding-back Leverage Outliers (ALO) and
Generalized Leverage-Outlier (GLO) plot by using multiple-deletion and adding-back
approaches, respectively. In these plots —log (I-GL) and —log (I-OUT)) values are

plotted together with contours for —log (1-AP), D; and/or other influence measures,

where GL, =1 —|X S X,

/IX X| (Hoaglin and Welsch, 1978), OUT, =1-s;; /s’

(Barnett and Lewis, 1994), and AP, =1 -|zm'zm l /|Z'z| (Andrews and Pregibon, 1978),

Z is the augmented matrix of X and y.
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ALO and GLO plots are useful as a diagnostic tool for summarizing the
influence information and for determining whether a given set of observations is outliers
or influential relative to the remaining observations.

These graphs are however not used as a detection tool as L-R and P-R plots are
for finding outliers or influential observations. Therefore these graphics are not rivaled
or in contradiction to other outlier detection methods (Gray and Ling, 1984, Simonoff,
1991) and robust methods (Atkinson, 1986, Roussecuw and van Zomeren, 1990), but
they are in fact complementary.

3.3. Indirect (Robust) Methods
3.3.1. Indirect Methods in Multivariate Data

The detection of outliers in multivariate data is recognized to be an important and
difficult problem in physical, chemical, and engineering sciences. Most standard
multivariate analysis methods rely on the assumption of normality and require the use of
estimates for both the location and scale parameters of the distribution in their analysis.

It has been long recognized that classical methods are not effective in detection
of outliers because they are sensitive to outliers. One way out of this problem is to use
robust methods, which produce estimates resistant to the presence of outliers and/or to
violations of distributional assumptions.

There are many robust methods, which work well (see Hawkins, 1980, Huber,
1981, Chatterjee and Hadi, 1988, Barnett and Lewis, 1994, Atkinson and Riani, 2000).
The usual strategy of robust methods is based on the computation of robust distance for

each observation x;€ R?, defined as

RD? = (x, - (X)) (" (X)) (v, - (x)), (3.7
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where C(X) and V(X) correspond to the robust estimators for the center and the
covariance matrix, respectively. Many robust alternatives for these estimators have been
proposed in the literature, such as the estimator based on minimum volume ellipsoid
(MVE) (Rousseeuw, 1985) and its derivations such as the minimum covariance
determinant (MCD) method.

Rousseeuw (1985) proposes the MVE method, which seeks the ellipsoid of
minimum volume containing at least half of the data. The centre and the covariance
matrix of the observations included in the MVE are robust location and covariance
matrix estimators. Its standard algorithm is an approximate one based on the basic
resampling scheme (Rousseeuw, 1984, Marazzi, 1991, Hadi and Simonoff, 1993). This
proceeds by taking a subset of size p+/ of the cases and finding its sample mean vector
and covariance matrix. The concentration ellipsoid is then rescaled until it includes just
n-h cases, where # is the integer portions of (n+p+1)/2 and the volume of this resulting
scaled ellipsoid is computed. Doing this for all possible subsets of size p+1 (or for a
large random sample if the total number of possible subsets is unmanageably large) one
then approximates the MVE by the smallest scaled ellipsoid found in the search. The
advantage of MVE estimators is that they have a breakdown point of approximately 50%
(Lopubai and Rousseeuw, 1991). However it is computationally expensive. To deal
with this problem, several algorithms have been suggested; one of them is the basic
resampling algorithm (Rouseeuw and Leroy, 1987).

The basic resampling algorithm for approximating the MVE, called MINVOL,
considers a trial subset of p+/ observation and calculates its mean and covariance
matrix. The corresponding ellipsoid is then inflated or deflated to contain exactly 4
observations. This procedure is repeated many times, and the ellipsoid with the lowest
volume is retained. For small data it is possible to consider all subsets of size p+1,
whereas for larger datasets the trial subsets are drawn at random.

Several other algorithms have been proposed to approximate the MVE for
example Woodruff and Rocke (1993). Some researchers developed algorithms to
compute the MVE exactly. This work started with the algorithm of Cook et al. (1992),
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which carries out an ingenious but still exhaustive search of all possible subsets of size
h. In practice, this can be done for » up to about 30. Agullo (1996) developed an exact
algorithm for the MVE that is based on a branch and bound procedure that selects the
optimal subset without requiring the inspection of all subsets of size 4. This is
substantially faster and can be applied up to n< 100 and p<35. Because for most data
sets the exact algorithms would take too long, the MVE is typically computed by
versions of MINVOL.

Alternative to MVE, Rousseeuw (1985) suggests MCD estimator, Its objective is
to find A observations (out of n) whose covariance matrix has the lowest determinant.
The MCD estimate of location is then the average of these /4 points and the MCD
estimate of scatter is the covariance matrix of these # observations. This method
suggests the following algorithm: generate all possible elemental sets, finding the mean
vector and covariance matrix of each. Use this to compute cases Mahalanobis distances
and hence to rank the cases from least to most outlying; trim the /2 most outlying cases,
and use the sample mean vector and covariance matrix of the untrimmed cases. Take as
the estimate the covariance matrix if minimum determinant found in this way.

MCD breakdown value equals that of the MVE, but the MCD has several
advantages over the MVE. Its statistical efficiency is better because the MCD is
asymptotically normal (Butler et al., 1993). Robust distances based on the MCD are
more precise than those based on the MVE and hence better suited to expose
multivariate outliers.

In spite of all these advantages, computing these estimators is very expensive, so
approximations based on iterative algorithms are used. One of them is called FAST
minimum covariance determinant (FAST-MCD), defired by Rousseuw and van
Driessen (1999), which is actually much faster than any existing MVE algorithm. The
basic idea begins with the classical estimator computed from an initial randomly
selected subset of p+1 point called a “start,” from which the Mahalanobis distances are

computed for all # points. At the next iteration, the classical estimator is computed on
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the ¢ &~ n/2 cases corresponding to the smallest distances. This iteration continues until
convergence. The final subset of ¢ cases is named the “attractor” of the start. We use K
starts and compute K estimators from the resulting attractors where K>0 is a large
constant. The algorithm estimator is the one, which minimizes the MCD criteria.

For small data FAST-MCD typically finds the exact MCD, whereas for larger
data it gives more accurate results than existing algorithms. Another advantage of

FAST-MCD is its ability to detect exact fit situations.
3.3.2. Indirect Methods in Regression Data

The classical analysis of variance (ANOVA) technique based on the least squares
is safe to use if the underlying experimental errors are normally distributed. However,
data often contain outliers due to recording or other errors. It is important to distinguish
these extreme points and determine whether they are outliers or important extreme cases.
Robust regression is an important tool for analyzing data that are contaminated with
outliers. It can be used to detect outliers and to provide resistant (stable) results in the
presence of outliers. In general these procedures down-weight outlying observations in
order to lessen their influence on the fitted regression.

An indirect approach to outlier identification is through a robust regression
estimate. The main purpose of robust regression is to compute resistant (stable)
estimator of the regression parameters in the presence of outliers. Most of them are

computed by minimizing a symmetric function of the residuals
min}" ple, (3.8)
i Z} ple.)

where B is the trial regression fit and p is the residual weighting function. Several

residual weighting functions are possible. As special cases I note that ple,)= e’ yields
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the ordinary least square estimators, ple;)=|e,|yields the sample median, whilst

p(e,.)= —log f(e;) yields the maximum likelihood estimators, where f is a symmetric

function with a unique minimum at zero. These functions are selected depending on the
assumptions of the model and problems of data. Historically, three classes of problems

have been addressed in robust regression techniques:

* Problems with outliers in the y-space (response direction)
* Problems with multivariate outliers in the covariate space (i.e. outliers in the
x- space, which are also referred to as leverage points)

* Problems with outliers in the xy-space

The multiple outlier detection methods for linear regression selected in this study
are either those most recently published or those most frequently cited in the literature.
These estimators are M-estimator (Huber, 1973), Least Median Squares estimator
(LMS) (Rousseeuw, 1984), S estimator (Rousseeuw and Yohai, 1984), Least Trimmed
Squared estimator (LTS) (Rousseeuw, 1985), Feasible Solution Algorithm for Least
Trimmed Squares estimator (FAST-LTS) (Rousseeuw and van Driessen, 1999).

Huber (1973) presents M-estimation, which is the simplest approach both
computationally and theoretically. This popular method of robust fitting replaces the
sum of squares of the residuals function with a function of the residuals that is less
sensitive to extreme outliers. These estimators are the solutions to min, ;an ple,/s).
where s is the scale estimate to ensure that if the y values are multiplied by a constant c,
and then the estimated regression coefficients will also be multiplied by ¢. Several
residual weighting functions are possible based on the down weighting philosophy.
More detail can be found in Montgomery and Peck (1992) and Rousseeuw and Leroy
(1987). Although it is not robust with respect to leverage points, it is still used

extensively in analyzing data for which it can be assumed that the contamination is
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mainly in the response direction. Krasker and Welsch (1982) presented a generalized-M
estimator (bounded influence estimators), which is less sensitive to leverage points.
Rousseeuw (1984) proposes LMS estimator, as a high-breakdown regression

estimator, defined by

minimize median e’ (ﬁ), (3.9

i=l,...n

where e, (B): Y, —X; ﬁ is the ith residual. After computing ﬁ one also calculates the

corresponding scale estimate, given by

& =k_|mediane®(f), (3.10)

i=l....n

where k is a positive constant. The standardized LMS residuals e, /& can then be used to
indicate regression outliers, that is, points that deviate from the linear pattern of the
majority (Rousseeuw, 1984). The LMS estimator has high breakdown point,
namely ([(n - p)/ 2]+1)/n, and is affine equivariant; however in methods based on LMS,
the distributional properties of the errors are unknown. Therefore, cutoff values for the
magnitude of residuals are unclear. The analyst typically just looks for large values of
the residuals to determine outliers. This can lead to a subjective use of this procedure.

LTS estimator is proposed as an efficient alternative to LMS (Rousseeuw 1985).
Its objective is to minimize

Eh:e,? (), (3.11)

i=1

% are the ordered squared residuals. This corresponds to

where e’ <..<e <..<e

minimizing the sum of the / smallest squared residuals; where  are the integer portions

of (n+p+1)/2. The LTS regression estimate is then the least squares fit to these /4 points.
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The breakdown value of LTS is (n-h)/n. Moreover, LTS regression has several
advantages over LMS. LTS is more sensitive to local effects than LMS and LTS
estimator’s statistical efficiency is better than LMS, because the LTS estimate is
asymptotically normal (Hossjer, 1994) whereas the LMS  estimator has a lower
convergence rate (Rousseuw, 1984). In spite of all these advantages, until now the LTS
estimator has been applied less often because it was harder to compute than the LMS.

Therefore, Rousseeuw and van Driessen (2000) construct a new LTS algorithm,
which is actually faster than all existing LMS algorithms, called FAST-LTS. The basic
ideas of this method are an inequality involving order statistics and sums of squared
residuals, and techniques, which we call selective iteration and nested extensions. For
small data FAST-LTS typically finds the exacts LTS, whereas for larger data it gives
more accurate results then existing algorithms for L7S and is faster by orders of
magnitude.

Atkinson (1994) suggests using a fast robust method for detection of multiple
outliers. The algorithm starts with a small, randomly selected subset of observations
intended to be outlier free. This is incremented in such a way that outliers are unlikely to
be included as long as the subset remains outlier free. As the search progresses forward
through the data, the minimum value of the LMS or MVE is recorded, together with the
pattern of outliers that it indicates. The process is repeated several times from random
starting points. A similar search for the MVE was used by Hadi (1992), who used
robustly estimated starting points for his single search. The pattern of multivariate
outliers found during each search can be exhibited using the stalactite plot of Atkinson
and Mulira (1993). This procedure will not be very effective when the number of
variables p is large.

As mention in Section 3.2.2., Swallow and Kianifard (1996) propose a method
called recursive residual forward search algorithm alternative to the Kianifard and
Swallow (1986). In their study, they consider two familiar robust scale estimators: the
interquartile range (IR) and the median absolute deviation from the median (MAD).
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The algorithm first orders the magnitudes of the studentized residual values from
a least squares fit to form the basis of p clean observations. Recursive residuals, w;, are
scaled by the median absolute deviation from the median (MAD) estimate of scale &.
The w; are defined as

_ Y; "'x'ﬁ 1
wj - (1+x1 (Xl X )—lx )1/2 ’
J i S o J

j=p+l..n (3.12)

where .1 is the parameter estimates computed over j-/ observations, whose residuals
are minimum. The test statistic ‘w , /&| for each observation is compared to a cutoff value

to identify outliers. A correction factor for the MAD estimate of scale and the cutoff
value come from simulation under the null hypothesis of no outliers. In this study they
found that, IR and MAD worked equally well and robustly scaled statistics using
recursive residuals performs as well or better than those using ordinary residuals.

All of the above algorithms require computation time that increases
exponentially with the number of predictor variables, and thus can be applied only when
this number is not too large. Therefore, Pena and Yohai (1999) propose a different type
of approximate solution to the high-breakdown point estimates just mentioned that could
be applied to a data set with a large number of predictor variables. This procedure
succeeds in detecting groups of outliers in many situations where, due to a masking
effect, the usual diagnostic procedures fail and robust estimates require prohibitive
computer time. The main idea of this method is to use a robust scale for evaluating a set
of possible solutions. These solutions are determined by applying LSE to sub samples in
which sets of potentially outlier observations have been deleted. This method has two
stages. The first stage is iterative, in each step, a robust estimate is found using the
criterion of minimizing a robust scale of the residuals and observations with large
residuals according to the current best estimate are deleted then by using the remaining

sample, principal sensitivity components are computed. For each of these components,
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extreme points are deleted, and an element of 4 is obtained as the LSE on the remaining
sample. Elements of 4 are parameter estimates obtained by choosing at random N sub
samples of different data points, where N is an integer number. The iterations continue
until convergence.

In the second stage the efficiency of the robust estimate obtained in the first stage
is improved. The residuals based on the estimate found in the first stage are computed,
all observations with large residuals are eliminated, and the points deleted are tested one
by one by using the studentized residual for outlyingness. The final estimate is computed
by LSE using the cleaned sample. The estimate computed by the procedure is affine
equivariant.

Very Recently, Hawkins and Olive (2002) introduce an algorithm based on
clustering the data, called X-cluster, for large high-dimension multiple regression data
and using L; fits within clusters. The aim of this method is to minimize the LTS
objective function by taking successive concentration steps. Unlike most high
breakdown estimators, it is increasingly successful with increasing sample size.
Unfortunately it has some drawbacks. One of them is that it needs more computations
especially for large » and p. (Rupert, 2002, Hubert et al., 2002, Hawkins et al., 2002).
Because: this method consists of forming the within-cluster mean vector and covariance
matrices of some random starting allocation and obtaining the inverse of the covariance
matrices. Thereafter, one has to compute the impact of moving each case from its
current cluster to each other cluster, and, if an improvement is possible, then the analyst
has to update the two inverse covariance matrices. Moreover the initial setup involves
more computations to get the starting mean vectors, covariance matrices, and their
inverses. Investigating any one case for a possible move to another cluster needs more
computation to get Mahalanobis distances, too. In addition to these, it is not foolproof
and the breakdown value is not clear (Ruppert, 2002).
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3.3.3. Graphical Procedures for Identification of Outliers

High-breakdown estimators are useful for detecting leverage points and masked
observations. But they declare too many observations as extreme because of their high
robustness. Therefore one needs confirmatory analysis, which seems necessary. So
Atkinson (1986) suggests a new method, which is done in two-stages. The first stage of
this method uses LMS and in the second stage the diagnostic methods of least-squares
regression are used to confirm the findings of the robust method (i.e. Cook’s distance).
He proposes employing graphical methods for confirmation of outliers and defined
adding-back plot.

LMS is useful for detecting outliers in y direction. But outliers in x-space are also
of interest. Therefore Rousseeuw and van Zomeren (1990) define the robust version of
the Mahalanobis distances based on minimum volume ellipsoid (MVE), where C(x) and
V(x), defined in equation (3.1), are the robust mean and covariance, obtained from MVE,

respectively. If ith observations robust distance value (RD,) is greater than,[ xf,,mm

then ith observation is regarded as x-space outliers or leverage points and the points
outside the horizontal tolerance band [-2.5, 2.5] are regarded as regression outliers. In
this study LMS residuals versus robust distances graph, which is called Robust Distances
plot (RD), is proposed for identifying outliers easily. This type of plot presents a visual
classification of the data into four categories: the regular observations with small RD;
and small robust residuals, the vertical outliers with small RD; and large robust
residuals, the good leverage points with large RD; and small robust residuals, and the
bad leverage points with large RD; and large robust residuals. But unfortunately it
needs more computational time and finds many outliers even in innocent data.

Alternative to RD plot, Rousseeuw and van Driessen (1999) suggest using DD
plot, which is a plot of classical Mahalanobis distances (MD;) versus robust distances
(RD)). Different forms of RD; are defined. It depends on the choice of the estimators for
example analysts can select MVE or MCD as a robust location estimator in RD;.
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This plot can be used as a diagnostic for determining multivariate normality and
elliptical symmetry and to assess the success of numerical transformation towards
elliptical symmetry. If the data distribution is multivariate normal, then the points in the
DD plot will cluster tightly about the identity line; if the distribution is non-Gaussian but
elliptically countered distribution, the points will still cluster tightly about a line but with
no unit slope. In addition, the DD plot can often detect departures from elliptical
symmetry such as outliers, the presence of two groups, or the presence of a mixture
distribution (Olive 2002).
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4. A NEW PROPOSED METHOD: BACON ROBUST PRINCIPLE
COMPONENT ANALYSIS

4.1, Introduction

Observations, which are grossly outliers in a single component, can ofiten be
detected by applying univariate techniques to each variable. However it is difficult to
cope with outliers in a high dimensional data. First of all, the computational cost to
analyze such data (e.g. by cluster analysis) can be high. Furthermore, many statistical
analyses are sensitive to outliers in the presence of correlated variables, which are
known as multicollinearity problem. To overcome the latter problem, the classic
principle component analysis (PCA) is often used to reduce the dimension of a data
matrix by creating a new set of uncorrelated variables, which corresponds to
eigenvectors of the sample covariance matrix. Because the covariance matrix is based on
the sample mean it is excessively sensitive to outliers. Therefore, using robust or
combining methods of PCA is necessary in the case of possibility of the existence of
outliers.

Robust principal component analysis can easily performed by computing the
eigenvalues and eigenvectors of a robust covariance or correlation matrix. The first
study on robust principal component analysis is introduced by Campbell (1980), which
is called robust principle coinponent analysis (RPCA) method. This method does
provide the usual valuable features of PCA as an aid to the understanding and
interpretation of multivariate data, and also computes weights for the contribution of
each observation to the robust estimation of each component. Low weights indicate
outliers. This method gives a useful way of examining the structure of the data and
testing for outliers at the same time. But since it is based on M-estimation method, it
provides protection against small fraction of outliers (Rousseeuw and van Zomeren,
1990). Campbell (1980) also proposed a useful graphical display to detect outliers in
multivariate data, which is the probability plot of Mahalanobis squared distances using
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robust M-estimates of the mean and the covariance matrix. Later Lie and Chen (1985)
propose a method based on projection pursuit (PP) for finding low dimensional
projections that provide the most revealing views of full dimensional data. The idea of
Lie-Chen method is to search for the directions in which the projected observations that
have the largest robust scale. In subsequent steps, each new direction is then constrained
to be orthogonal to all previous directions. However this method has some drawbacks. It
has been shown (Croux and Ruiz-Gazen, 2000, Croux and Filzmoser, 2001, Pires and
Branco, 2001) that the corresponding influence functions are unbounded, thereby
showing a lack of local robustness. Another drawback of the method is that it is not
obvious how to compute the PP-based estimators. Croux and Ruiz-Gazen (1996, 2000)
introduced computationally much more attractive C-R algorithm than the PP algorithm.
Although the C-R algorithm performs well in low dimension, it lacks numerical stability
in high dimensions. Croux and Ruiz-Gazen (2000) compared the C-R algorithm with the
PP algorithm for the efficiency and robustness of several robust scale estimators. Hubert,
et al. (2001) gave an improvement of C-R algorithm through dimension reduction, called
a faster two-step algorithm denoted by RAPCA, which stands for reflection-based
algorithm for principal components analysis. This method is more stable numerically
than the C-R algorithm and can deal with situations where there are more variables than
observations. Furthermore it combines numerical accuracy with computational speed.
On the other hand, Caroni (2000) made an extensive study on Campbell’s (1980)
method. In this study a simulation study is carried out to determine critical values for the

weights of observations in RPCA under the null hypotheses x, ~ Np(,u, 2} i=1,.,n.By

calculating these critical values, this method can be determined correctly what
constitutes a low weight. Therefore he showed that in this way the RPCA could be
employed as a formal test for outliers.

Unfortunately, neither of these approaches are without problems. There has been
great difficulty developing robust methods that combine all of the desirable properties of

a statistical procedure: efficiency at the assumed model, strong resistance to different
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types of outliers and relative ease of computation and applications. Thus, in recent
years, some of the algorithms are proposed as an alternative to robust methods as given
in Chapter 3, combined methods. Identification of outliers using appropriate combined
methods can be considerably more effective than the direct use of a robust analysis.

In Section 4.2., I propose a new combined method on principle component
analysis by using BACON algorithm (Billor et al., 2000). The performance of the
methodology on some typical data and a simulfation study are given in Sections 4.3. and

4 4., respectively. A final discussion and conclusions are given in Section 4.5.

4.2. BACON Robust Principle Components Analysis (BRPCA)

Proposed methodology is based on using the classical estimators of the mean and
the covariance matrix obtained from BACON algorithm instead of using robust
M-estimators in RPCA (Campbell, 1980) or the estimators obtained by RAPCA (Hubert
et al. 2002) since the estimators obtained from these methods are still sensitive to
outlying observations.

The main idea in this approach is to determine clean data by using a technique
called BACON (Billor et al., 2000), which is proven to be very effective for large data
sets and then is to use the classical principal component analysis. Therefore, the analysts
will be able to find the significant components that are free of outliers and, that contain

most of the information in a data matrix X.
Proposed Algorithm:
Step 1: Determine the initial basic subset of m>p observations by using Version
1 or Version 2 approach of the BACON algorithm, where p is the dimension of

the data and m(=p.c) is an integer chosen by the data analyst. Generally c=4 or 5

are suggested.
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Step 2: Compute the discrepancies

d(5,5,)= 05, ~%,) 5,06, =%,)  i=L,2,.m

X, and s, are the mean and the covariance matrices of the basic subset
respectively.
Step 3: Determine the new basic subset consisting of observations satisfied

d, (Ifb,sb)<Cnpr.;( »o - Cenerally, these are the observations with smallest

discrepancies. ;{fm; is the /-« percentile of the chi-square distribution with p

degrees of freedom. C,, =C,, +C, is a correction factor, r is the size of the

) +1 1
current basic subset, C, =max{0,(h—r)/(h+r)}, C, =1+ rlz)—p T _p

Step 4: Iterate step 2 and 3 until no longer changes on the size of the current

and h:[n+p+1

basic subset.

Step 5: Nominate the observations excluded by the final basic subset as outliers.
Step 6: Determine the reduced data X, by eliminating outliers from the data.
Step 7: Calculate the eigenvalue and eigenvector pairs (A;u;) of variance
covariance of Xy matrix as in the form A;2h;2>.. 24, >0.

Step 8: Determine the principle component matrix of X as
y= X(I)’U = (y;, y; geees y;)

where U=(uj,u,...,u,) is the eigenvectors matrix which corresponds to the

variance-covariance matrix of X;; and y; is the ith column ofy.
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Proposed Graphical Method:

I propose some graphical displays, which will be helpful for identifying outlying

observations visually.
Algorithm:

Stepl: Calculate BACON Robust Principle Component distances (BRPCD) by
using the following step

e Calculate the mean (¥ ) and the covariance matrix (s,) of

principle components of y obtained from BRPCA
e Calculate the principle components of X (original data matrix)
denoted by xi

e Calculate the robust distances by using the following equation
BRPCD, =d, =(x, ~¥).(s,) " (x, =¥) i=12,,0. (4.1)

Step 2: Draw the following graphs

1. Quantile-Quantile (Q-Q) plot of cube root of BRPCD or
2. Classical Mahalanobis distances (MD) versus BRPCD or
3. Index plot of BRPCD

The first graph produces a graphical display to test the distribution of data and

determines the outlying observations. On the other hand the second and third graphs

help only us to find outliers.
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A normal distribution is often a reasonable model for the data. The most useful
tool for assessing normality is a Q-Q plot. Q-Q plot is a scatter plot with the quantiles of
the scores on the horizontal axis and the expected normal scores on the vertical axis.
Generally Mahalanobis distances are used as quantiles. Curvature of the points indicates
departures of normality. This plot is also useful for detecting outliers. The outliers
appear as points that are far away from the overall pattern of points.

The plotting can be done either using the table of appropriate quantiles of the
distribution (Wilk et al., 1962) or by the way of a Normalizing transformation; the later
may be expected to work better as the number of degrees of freedom increases. For a
large number of degrees of freedom, both the square root and cube root are used as
normalizing transformations.

So I prefer to use cube root of distances and propose using BRPCD instead of
classical Mahalanobis distances in the Q-0 plot.

I propose using the second plot, which displays BRPCA-based on robust
distances versus Mahalanobis distances. This plot compares the BRPCA-based on mean
and covariance matrices with the classical mean and covariance matrix. For comparing

these parameter analyst has to draw the lines of x=C,_, .7, ., and y=C_, .z, ., in

this plot. These lines determine a rectangular, observations lie in the rectangle are
regular, whereas the outliers lie outside of the rectangle. This plot becomes more useful
in higher dimensions, where it is not so easy to visualize the data and the ellipsoids. If
data were not contaminated (say, if all the data would come from a single bivariate
normal distribution), then all points in this plot would lie together in the rectangular.

The third plot is also used for finding outliers. For determining outliers one has

to draw horizontal line of y = C observations lie in the upper region of this line

npr X pajn >
are considered as outliers.
Furthermore, if one wishes to know if there is any outlying observation after

eliminating outliers from data, one can also examines Q-Q plots of the components of y.
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4.3. Applications of the Proposed Method

I illustrate the computational efficiency of the proposed method using two data
sets: The Hawkins, Bradu and Kass (HBK) data and the Philips data.
HBK data (Hawkins, et al., 1984) consists of 75 observations on three variables,

which satisfy the linear regression model

Vi =By + Bixy + Boxiy + Bixy + &, foralli=1,2,..,75

where &, corresponds to the error term of ith observation. It is a contaminated data and

known that the first 14 observations are outliers.
The Philips data consist of 677 observations on nine variables (diaphragm parts
for TV sets which are thin metal plates, molded by press), which satisfy the linear

regression model

Vi =Byt Bxy+ PoXn + .+ BoXyy + 8, for all i=1,2,...,699

where &, corresponds to the error term of ith observation. It is a real data and found that

the observations 491-565 are outliers (Rousseeuw and van Driessen, 1999).

4.3.1. Hawkins, Bradu and Kass (HBK) data

Hawkins et al. (1984) constructed this data for examining the extensive masking
effect. It is known that the first ten observations are xy-space and the next four
observations are x-space outliers.

Figure 4.1. shows the scores with respect to the first two components of PCA
applied to all four variables x;, x;, x; and y. If I draw % 97.5 confidence ellipses of

principle components in this plot, I can easily say that PCA methods determine only 4
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R el : -

Figure 4.3. Scatter plot of the first two components of HBK obtained from the
method of BRPCA
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Figure 4.4. Index Plot of BRPCD for HBK data

Normai Distribution

Figure 4.5. Q-Q plot of cube root of BRPCD for HBK data
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Because BRPCA method calculates the principle components after eliminating
the outliers from the data there is a little observation outside the 97.5% confidence
ellipsoid in Figure 4.3. Index and Q-Q plots of BRPCD can separate outliers from the
good data correctly, seen in Figures 4.4. and 4.5. Whereas as seen in Figures 4.6. and
4.7., the index and Q-Q plots of classic Mahalanobis distances of PCA cannot separate
outliers, respectively.

Because PCA is based on classical estimators, it is sensitive to outliers so it will
not provide satisfactory results in the existence of outliers. Index and Q-Q plots of the
cube root of the classical Mahalanobis distances show this problem.

For comparing the performance of classical principle component analysis (PCA),
robust principle component analysis (RAPCA) (Hubert et al., 2002) and BACON robust
principle component analysis (BRPCA), I can also calculate the eigenvalues of variance
covariance matrices of this data after applying these three methods, shown in Table 4.1.

These eigenvalues ( 4,) correspond to the variance of the ith principal component. If all

these values are equal to unity, the original X matrix colamns are orthogonal, while if

one A, is exactly equal to zero, this implies a perfect linear relationship between the
original X matrix columns. One or more of the A, near zero implies that

multicollinearity is present.

Table 4.1. Eigenvalues of the HBK data computed from PCA, RAPCA and BRPCA

PCA | RAPCA | BRPCA
223.12 347 1.326
5.538 263 1.093
1.688 247 0.956
0.914 0.67 0.2957
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Figure 4.6. Index Plot of MD for HBK data
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Because outliers are more dispersed from the majority of data, the eigenvalues
computed from PCA are considerably large, which are seen in Table 4.1. On the other
hand robust algorithms (RAPCA and BRPCA) result in small eigenvalues. But the
BRPCA values are smaller than the values of RAPCA’s. These results show that
BRPCA method gives better results than the others since I work with the principal
components that are free of outliers; therefore it is obvious that the reduction of the

dimension of the data matrix can be accomplished more reliably.
4.3.2. Philips Data

Philips data set helps showing the performance of the proposed method on large data
sets. This data set consists of 677 observations on nine variables.

Index plot and Q-0 plot of cube root of Mahalanobis distances are given in Figures
4.8. and 4.9, respectively. We can straightforwardly see that these plots do not display
all outliers in the data. There are a lot of methods for identifying outliers, but
unfortunately as I mentioned earlier most of they are ineffective in large data because of
the computational problem.

The proposed method (BRPCA) is suitable for large data sets and has less
computational cost. Moreover because of the BACON algorithm (V2) has a high
breakdown point (upwards of %40), I expect this method to have a high breakdown
point as well. Therefore it has more advantages than the other proposed methods.

Index plot and Q-0 plot of cube root of BRPCD are given in Figures 4.10. and 4.11,
respectively. These plots give us different information from Figures 4.8. and 4.9. and

display strongly deviating group of outliers, ranging from index 491 to index 565.
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Figure 4.9. Q-Q plot of cube root of MD for Philips Data
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Variances

Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8 Comp.9

Figure 4.12. Scree plot of Philips data

It is known that the principle component analysis approach combats
multicollinearity by using less than the full set of principal components in the model. To
obtain the principal components of X matrix, columns are arranged in order of

decreasing eigenvalues, 4, >24,2>..24,>0. If we suppose the last s of these

eigenvalues are approximately equal to =zero then the principal components
corresponding to near-zero eigenvalues are removed. That is we use only the first p-s
components in the analysis.

Figure 4.12. shows the scree plot of the components of Philips data. Scree plot helps
us to decide how many principal components should be preserved.

If we examine this plot, we see that the variances decrease nicely. After the third
components there is a small change on the variances. So we conclude that the first three
components are important in our analysis. We can easily find the same information if we

look at the scree plot of the eigenvalues versus index.
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In order to see the effect of outliers in determining significant components one can
also draw the scree plot after eliminating the outliers from the data. For this eliminated
data we obtain the same graph like Figure 4.12. Therefore I conclude that outliers are not

effective on detecting of the important components in this data.
4.4, Simulation Study

In this study performance of the proposed method, BRPC4, is compared with PCA
and RAPCA (Hubert, et al., 2001) by examining six different configurations.

The design of the experiments is as follows. The clean and contaminated data are
generated from p-variate Gaussian distributions, N(0,%) and N(u*,Z"), respectively. In
order to assess the performance of the proposed method, the number of observations n
was set to 100 and the number of variables p was set to 4 (low dimension) and 20 (high
dimension), and two different contamination levels are taken, %0 (for scenario 1 and 4)
and %10 (for scenario 2,3,5, and 6). The variance-covariance matrix of the clean
data are defined 2=diag(4,3,2,1)and 2=diag(5,4,3,2,1,0.15,0.14,...,0.02,0.01), used in
Tables 4.2. and 4.3., respectively and contaminated data in scenarios (simulation) 2, 3, 5

and 6 are generated from N(0, 93), N{(0,0,010),2), N(l0es, 3), and N(10es, (1/20)3),

respectively, where e; is the identity vector, whose ith element is / and the others are 0.

The performance measures used in this study are given as follows:

2

~ 100 A Al
. MSE(A): ——I—Z (A. Y )) values where A, is the eigenvalue and l(,/ ) is the
i 100 p i i

estimated value of 4; at the jzh replication.

e Mean of eigenvalues
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Table 4.2. Simulation Results for p=4

Scenariol Scenario2 Scenario3

PCA | BRPCA | RPCA | PCA | BRPCA | RPCA PCA | BRPCA | RPCA
Mean 1‘1 4190 ) 4187 | 423 | 8.197 | 4.565 543 | 10278 | 4162 | 501

M““iz 2933 | 2917 | 3.18 | 5.104 | 3.116 394 4.115 | 2916 | 4.06

Mean j’s 1915 | 1909 | 211 | 3225 | 2.029 267 2.879 1.867 | 325

- i 0974 | 0967 | 1.04 | 1594 | 1.037 135 1.874 | 0944 | 237
ean A

MSE/’L 0352 1 0356 | 039 | 2038 { 03811 261 39905 | 0327 | 138

MsE A, 0.120 ‘0.128 0.18 | 5.190 | 0.19836 | 1.20 1507 | 0.154 | 136

- /‘1‘3 0072 ; 0071 | 0.13 | 1838 | 0.101 0.62 0895 {0111 | 1.73

MSE i‘ 0017 | 0017 | 003 | 0477 | 0.040 0.19 0.821 0.038 | 2.00

Table 4.3. Simulation Results for p=20

Scenario4 Scenario3 Seenario§

i’CA BRPCA RPCA PCA BRPCA | RPCA PCA BRPCA RPCA
3 5361 5361 5.12 | 9519 | 5532 | 530 | 10.05 | 10.05 5.55
Mean ﬂ'l

2 3963 3.962 383 | 5312 | 4045 | 407 | 4882 | 4.881 4.65
Meanﬂ.z

2 2.887 2.887 287 | 3940 | 2867 | 325 | 3.627 | 3623 3.81
Mean 23

5 1933 | 1.933 192 | 2826 | 1910 | 251 | 2545 | 2542 3.12

0953 | 0952 096 | 1875 | 0952 | 178 | 1695 | 1695 224

0602 | 0.603 053 | 2054 | 0982 | 055 | 2559 | 25.60 0.70

X
j‘z 0.179 | 0.179 025 | 2074 | 0293 | 021 | 1076 { 1070 [ 0.64
j-; 0.134 | 0.134 0.15 | 1.100 | 0200 | 024 | 0599 | 0.398 0.81

>~ 10063 | 0.063 0.12 | 0793 | 0.104 | 041 | 0401 | 0397 143 |

0023 | 0.023 0.03 | 0846 | 0041 | 0.74 | 0548 | 0.548 1.1
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Tables 4.2. and 4.3. contain simulation results for p=4 and 20, respectively. For
the case of p=4 I give the simulation results for all eigenvalues and eigenvectors in
Table 4.2., but for the case of p=20 I only give the simulation results for the first five

largest eigenvalues and corresponding eigenvectors in Table 4.3. for convenience.

Conclusions:

In Table 4.2. and Table 4.3, Meanﬁ,,. and MSEi,, values are displayed for

scenarios 1-6. Ideally I wish to have small Mean 4, and MSE }3,, values.

For the scenario 1 the performance measures of PCA and BRPCA methods are
small and give almost the similar conclusions. On the other hand the numerical measures
for RPCA method are larger than those of PCA and BRPCA for this specific case where
there are no outliers. So I conclude that RAPCA does not perform well when there are
no outliers. However somewhat PCA performs well for this case, but yet yields
unreliable estimates in the presence of contamination (for the scenarios 2 and 3) as
reported in Table 4.2. It is clear from the numerical performance results reported in
Table 4.2. that BRPCA perform well for all levels of contamination for the case of p=4.

It is also known that the method of PCA is ineffective in the existence of outliers,
which is immediately seen from Table 4.3., which contains the results for the scenarios
4,5, and 6. From this table I conclude that the method PCA does not perform well for
most of the cases in Table 4.3. Since I know the method PCA does not perform well in
the presence of contamination I can examine the performance of the methods of RAPCA
and BRPCA in the presence of contamination, corresponds to the scenarios 2, 3, 5, and
6.

In scenaric 2 and 3 the performance measures for BRPCA and RAPCA are
reasonably small, but the values for BRPCA method values are slightly smaller than
those of RAPCA.
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Therefore I conclude that for all scenarios 1, 2, and 3 BRPCA is superior to the
other methods.

On the other hand in scenario 4, PCA and BRPCA methods provide almost the
same results. This means that if there is no contamination and the number of parameters

is high, these two methods produce the same performance. RAPCA values are almost
the same with the others for Mean i,. values. But MSE /i,. values of RAPCA are slightly

bigger than the others. So in this scenario RPCA method does not perform as good as the
other methods.

For the scenario 5, BRPCA performs better than RAPCA for most of the
components. So again in this scenario I conclude tflat BRPCA mostly performs better
than RAPCA.

In scenario 6, the performance measures of BRPCA show that this method is
more sensitive to outliers in the first significant component. But for the other
components the BRPCA performs better than RAPCA.

So I can say confidently that BRPCA performs better than PCA and RAPCA as p

and contamination level increase.
4.5. Discussion and Conclusion

In this study I suggest the BRPCA method to obtain robust principal components.
I show that this method performs well on different configurations designed in a
simulation study. This method requires less computational time than RAPCA and PCA
and has superior performance on large simulated challenges. Furthermore it is not
affected by masking and swamping problems therefore it works better than RAPCA and
PCA.

The codes of BRPCA method were written by S-Plus for Windows, Version 6.0.
The code of BRPCA method is provided in Appendix B.
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5. EXAMPLES FOR REGRESSION DATA

I will use four typical data sets to illustrate the applicability and the performance

of the capability of detecting outliers of some of the methods given in the previous

section
s Hawkins Bradu and Kass (HBK) Data (Hawkins et al., 1984),
e Wood Gravity Data (Rousseeuw and Leroy, 1987),
o Stackloss Data (Brownlee, 1965),
¢ Buxton Data (Buxton, 1920).
Table 5.1. Description of Classic Multiple Outlier Data
No Data Name p n | % of Outlying % of % of % of
Observations | x-space | y-space | xy-space
Outliers | Outliers | Outliers
1 HBK Data 4 |75 18.6 53 0.0 13.3
2 | Wood GravityData | 6 | 20 20.0 0.0 0.0 20.0
3 Stackloss Data 4 |21 24.0 0.0 0.0 240
4 Buxton Data 5 |87 5.74 5.74 0.0 0

5.1. Hawkins, Bradu and Kass Data

Hawkins, Bradu and Kass (1984) generate this data set for illustrating some of
the merits of a robust technique. The data set consists of 75 observations in four
dimensions (one response and three explanatory variables). The first 10 observations are

bad leverage points, and the next four points are good leverage points.
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Figure 5.1. HBX data: Index plot of residuals obtained from the method of Hadi

and Simonoff (1993)
<o
B Fo L e
o =

=

10
= o
<
o
<, o =3
= 5 | o o
=4
< < (]
© - P s ° b @
i=4 o < i=4
0 i %
< <
—— i —~) < ol o o
o hd <
4 <
o L~
<

5 b o - (= - @

— < < P

- © <
< A o =
=
T T T Y
o 20 40 ) ]
Index

Figure 5.2. HBK Data: Index plot of residuals obtained from the method of
BACON Regression
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Figure 5.3. HBK Data: Index plot of residuals obtained from the method of
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Figure 5.4. HBK data: Scatter plot of squared normalized residuals versus squared
normalized robust distances obtained from the method of RWLS
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Figure 5.5. HBK data: Index plot of weights obtained from the method of Sebert
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Figure 5.6. HBK data: Index plot of candidate outliers obtained from the method of
Pena and Yohai
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From the index plots (Figure 5.1. and Figure 5.2.) for the methods of Hadi and
Simonoff (1993) and BACON regression, I can easily say that, observations 1-10 are
outliers. On the other hand Chatterjee and Méchler method detects only observations
11-14 as outliers (Figure 5.3). RWLS and Sebert’s methods detect all the outliers so they
have good performance for this data set, which are seen in Figure 5.4. and Figure 5.5,
respectively. On the other hand, the method of Pena and Yohai identifies all the outliers

except observations 11 and 13 seen in Figure 5.6.

5.2. Stackloss data (Brownlee, 1965)

Stackloss data describe the operation of a plant for oxidation of ammonia to nitric
acid and consist of 21 four-dimensional observations listed in Table A.2. The stackloss
(y) has to be explained by the rate of operation (x;); the nitric oxides produced that are
absorbed in a countercurrent absorption tower; x»; the inlet temperature of cooling water
circulating through coils in this tower and x;; proportional to the concentration of acid in
the tower. Small values of the response correspond to efficient absorption of the nitric
oxides.

Summarizing the findings cited in the literature, it could be said that most of the
researchers concluded that observations 1, 3, 4, and 21 were outliers. According to some
researchers observation 2 is reported as an outlier, too.

It is a real data and has been examined by a great number of statisticians by means
of several methods.

The index plots associated with the methods of Hadi and Simonoff (1993), Sebert,
BACON regression and residual plot associated with the RWLS method (Figure 5.7,
Figure 5.8., Figure 5.11. and Figure 5.9.), respectively show that the observations 1-4,
and 21 are the most outlying. However, Chatterjee and Méchler method is only able to
find observations 1, 3, 4, and 21 as outliers, which is seen in Figure 5.10.
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Figure 5.7. Stackloss data: Index plot of residuals obtained from the method of Hadi and
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Figure 5.8. Stackloss data: Index plot of weights obtained from the method of Sebert
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Figure 5.10. Stackloss data: Index plot of residuals obtained from the method of
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Figure 5.11. Stackloss data: Index Plot of residuals obtained from the method of
BACON Regression
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Figure 5.12. Stackloss data: Scatter plot of observation versus outlier observation
numbers obtained from the method of Pena and Yohai
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On the other hand, the method of Pena and Yohai does not detect any outliers

in this data set, as seen in Figure 5.12. Therefore it does not have good performance for

this data set.

5.3. Modified Woodgravity data

Modified Woodgravity data is a real data, which is rather well behaved and
contaminated by replacing a few observations. This data set consists of 20 points with
six parameters to be estimated. The raw data set was originally from Draper and Smith
(1966, p. 227) and used to determine the influence of anatomical factors on Wood
Specific Gravity, with five explanatory variables and an intercept. (Draper and Smith

conclude that x; could be deleted from the model, but this matter is not considered for

the present purpose).
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Figure 5.13. Woodgravity data: Index plot of residuals obtained from the method of

Hadi and Simonoff

69

Giilsen KIRAL




5. EXAMPLES FOR REGRESSION DATA Giilsen KIRAL
20
7 o
15
= 1'01
2
& 05 ] o
00 ° ’ ° 0 °
0 ; o o © o
os| © ° °
7 o
; 1:) 1; 20

Index

Figure 5.14. Woodgravity data: Index plot of residuals obtained from the method
of Chatterjee and Méchler
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Figure 5.15. Woodgravity data: Index plot of residuals obtained from the method of

BACON Regression
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Figure 5.16. Woodgravity data: Index plot of weights obtained from the method of

Sebert
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Figure 5.17.Woodgravity data: Scatter plot of squared normalized residuals versus
squared normalized robust distance obtained from the method of RWLS
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Figure 5.18. Woodgravity data: Scatter plot of observation versus outlier
observation number obtained from the method of Pena and Yohai

Table A4. lists a contaminated version of these data, in which a few
observations have been replaced by outliers. According to some statisticians,
observations 4, 6, 8, and 19 are reported as outliers.

Hadi and Simonoff, Chatterjee and Méchler, BACON regression methods are not
able to detect correct outliers for this data set, which is seen in Figures 5.13., 5.14., and
5.15., respectively. On the other hand, Sebert’s method finds all the CORRECT outliers.
But as seen from the results of Woodgravity data set, this method is sensitive to
swamping. Because even though the observations 7 and 11 are clean observations, this
method finds these observations as outliers, which is seen from Figure 5.16. Beside of
this RWLS and Pena and Yohai methods are sensitive to masking and swamping
problem for this type of data, which is seen in Figure 5.17. and Figure 5.18.,
respectively. So it is clear that these methods are ineffective on detecting of outliers for
this type of data.
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5.4. Buxton data

Buxton data (Buxton, 1920), which is recently used by Hawkins and Olive
(2002), consist of 88 observations on 20 variables, which satisfy the linear regression
model given by

Vi = By + Bixy + - PayXim + € forall i=1,2,...,88

where ¢&; corresponds to the error term of ith observation.

Because I want to concentrate on the stature of men, I choose only 4 parameters,
which are head length, nasal height, bigonal breadth, and cephalic index as explanatory
variables and height of men as a response variable (#=88).

In this data observation 9 was deleted because it had missing values. Five
individuals, number 61-65, were reported to be about 0.75 inches tall with head lengths

well over 5 feets! So it is known that these observations are outliers.

1.0

0.8

0.6__4

Weights

Figure 5.19. Buxton data: Index plot of weights obtained from the method of Sebert
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Figure 5.20. Buxton Data: Scatter plot of squared normalized residuals versus squared
normalized robust distance obtained from the method of RWLS
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Figure 5.21. Buxton Data: Index plot of residuals obtained from the method of Hadi and

Simonoff
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Figure 5.22. Buxton Data: Scatter plot of observation versus outlier observation number
obtained from the method of Pena and Yohai
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Figure 5.23. Buxton Data: Index plot of residuals obtained from the method of
Chatterjee and Machler
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Figure 5.24, Buxton Data: Index plot of rI;:i‘zlals obtained from the method of BACON
Regression

The residual plot (Figure 5.19.) obtained from the method of Sebert and residual
plot (Figure 5.20.) obtained from the RWLS method display that observations 61-65 are
outliers which influence the regression model the most. These are the observations
which have high leverage and large residuals.

On the other hand, the methods of Hadi and Sinbhoﬁ, Pena and Yohai, Chatterjee
and Michler, and BACON regression do not detect these outliers. They detect many
other observations as outliers as seen in Figure 5.21., Figure 5.22., Figure 523, Figure
5.24., respectively although they are not outliers (swamping problem). Hawkins and
Olive (2002) applied some high breakdown methods such as LMS and LTS to this data
set but these methods also resulted in detecting similar observations as outliers as the
methods of Hadi and Simonoff, Pena and Yohai, Chatterjee and Méchler, and BACON
regression. This is a warning that even using the objective of high breakdown will not

necessarily protect one from extremely aberrant data.
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Conclusions:

The results obtained by examining Figures 5.1-5.24. are summarized in Table

5.2. as in the following:

¢  The methods of Hadi and Simonoff (1993) and BACON regression (2000) give

almost the same performance for all data sets. Both procedures seem to be less
sensitive to multiple outliers, but both of them fail to identify outliers in the data
sets of Woodgravity and Buxton.

¢ The method of Pena and Yohai (1995) does not perform well on the Buxton and
Stackloss data sets and it is sensitive to masking and swamping problems as
seen in the HBK and Woodgravity data sets.

e The Chatterjee and Michler (1997) method is ineffective on detecting outliers
for all of the data sets and it is sensitive to masking,

¢ The method of Sebert is successful on detecting of outliers for all the data sets
but sensitive to swamping as the case in Woodgravity data.

¢ The RWLS method identifies all of the correct outliers for these data sets except
Woodgravity data.

In this section I attempt to illustrate the performances of some of the methods,
which I think that, are practical and used very often in the literature.

From the results I obtained in this section it is clear that the performances of the
methods vary depending on the characteristics of data sets. Unfortunately there is not
one method that works the best for every type of data sets. However what I conclude
from this exploration is that there are some selective methods, which may work well for
the most of the data sets.

In the following section I will give an extensive simulation study by considering
many different types of configurations of the data sets to assess the performances of the

outlier detection methods used in this section.
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6. A COMPARISON OF MULTIPLE OUTLIER DETECTION METHODS
FOR REGRESSION DATA

6.1. Introduction

In this chapter, a comparative analysis of some widely used multiple outlier
detection procedures given in Chapter 3 for regression data is carried out by an
extensive simulation study under a wide variety of situations.

Section 6.2. contains a summary information about the organization of all
situations considered to assess the performances of the recently proposed outlier
detection methods for regression type of data. Sections 6.3. and 6.4. consist of the
detailed information on the performances of the multiple outlier detection procedures

in the presence of interior and exterior x-space regression outliers.

6.2. Simulation Study

There are two broad classes of multiple outlier detection methods: direct
methods and indirect methods. In this study I compare multiple outlier detection
methods for linear regression from these classes that are either most recently
published or most frequently cited in the statistical literature by using an extensive
simulation. The indirect methods considered for the comparison in this simulation

study are

e Least Median of Squares (LMS) by Rousseeuw (1984),
e Least Trimmed Squared (LTS) by Rousseeuw (1984, 1985),
e M-estimator by Huber (1973).

These three estimators are available as the internal functions of S-plus 6.0.

The direct methods considered for the comparison are

e  Sequential point addition algorithm (FHS93) by Hadi and Simonoff
(1993),
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e Influence matrix algorithm (P&Y) by Pena and Yohai (1995),
e  Clustering algorithm (SM&R) by Sebert et al. (1998),

e  Iteratively weighted least squares approach (C&M) by Chatterjee
and Méchler (1997),

s BACON regression method (BR) by Billor et al. (2000),

¢ Robust iteratively reweighted least squares method (RWLS) by
Billor et al. (2001).

The program codes for the aforementioned methods are written in S-plus 6.0
(Given in Appendix B). LMS, LTS, M, HS93, P&Y, SM&R, C&M, BR, and RWLS

correspond to the abbreviations of the methods considered for comparison in this

study and are used for the tables of the results in this simulation study.

In this simulation study I consider the following factors:

L]

The number of observations (n),

The number of explanatory variables (p),

The percentage of outlying observations (contamination
level) and,

The magnitude of outlying distance off the regression plane
(%r)-

The magnitude of outlying distance in x-space (¢r).

The number of multiple point clouds,

The proportion of unusual regressor variables out of the

total & in the outlying observations

Configurations used in this study constitute close resemblance with those of
Kianifard and Swallow (1990), Hadi and Simonoff (1993), Pena and Yohai (1995),
Sebert (1998), Winsnowski et al. (2001) simulation studies.

Different data sets are generated depending on the configuration types. All data

sets have fixed percentage of clean observations and contaminated outliers. The .

clean observations for regressor variable levels are generated according to the model
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y,=x; B+g,, i=12..n

where x; ~N(7.5, 4%), B is the vector of known regression coefficients arbitrarily
selected for the simulations to be 0 for the intercept and 5.0 for each of the %
regressor variables, £, is the random error term distributed N(0,02) with o set to
1. For the\ n, outlying observations (planted outliers) for regressor variable levels, the
ith  regressor  variable value for the jth  observation is

Xy = X, sgom + 40, + Uniform(0,0.25) where %, ,,, is the average of cleap values for

the ith regressor, andd, is the magnitude of the outlying shift distance in x-space in

standard deviation units (i.e. 4). Depending on the itk observation to be regression
outlier the response value is calculated by adding the magnitude of the outlying

distance, Jg, off the regression plane in standard deviation units (i.e. 6.=1)to x| 5.

candidate How many
subset Success » inliersarein X False
contain all of the candidate Alarms
the outliers? subset?
- Swamping
° Failure Occurred
Masking
Dccurred

Figure 6.1. Flowchart summarizing the performance assesment of methodology

In this simulation study; the performance of each method is evaluated on its
ability to detect outliers and for this reason, two performance measures are
computed. One of them is the probability which a clean observation is swamped and
the other is the probability which an outlier is masked. These probabilities are called
false alarm rate (fr) and detection capability (dc), respectively. These values are
reported for 500 replications. A good method should have high values of dc (ie
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close to 1) and a low value of fr (ie. 0). The performance assesment of this

methodology is summarized in Figure 6.1.

Table 6.1. Factors and Levels for the Simulated Data Sets

Factors Levels

Number of Regressor Variables (p) 2,6

Number of Observations (1) 40, 60

Contamination Level (Cont. Level) 10%, 20%,
15% and 30% in
some studies

Outlier Distances (6,,5, ) Between 3 and 5
standard deviation
units

Number of Clouds 1,2

Number of Outlying Variables 1,2,6

Since the performance of the above methods is to be tested in a wide variety
of situations, all the factors considered in this study are summarized in Table 6.1.

Simulation studies are examined in two main categories of regression outliers
in order to evaluate the methods across a wide range of possible regression

configurations in the most appropriate manner. These are

1) Interior x-space outliers

2) Exterior x-space outliers

Figure 6.2. displays the organization of the simulation study the appropriate

table numbers within this chapter for the simulation study results
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Multiple
Qutliers
1
il |
Interior x-space Exterior x-space
regression outliers regression outliers
631 6.32.
I
| | | |
Maltiple Randomly Not umssual Unusual
poirt clouds scattered outliers in y-space i y-5pace
63.11
Table 6.2.
{ [
[ | | |
Challengmy lower High magnitude Chalienging low High magnitude High magnitude
magnitude scenarios | | high comamination § { magnitnde scenarios scenarios sccnarious
63.14. 6321 6322 6323,
Table 6.5. Table 6.6. Table 6.7. Table 6.8.
i
| |
Placed at the Randomly placed
centroid of x-space interior x-space
6312 63.13.
Table 6.3. Table 6.4.

Figure 6.2. Organization Chart for the Simulation Studies
6.3. Analysis and Simulation Study Results

In this section the detailed experiment designs for the interior and exterior x-
space regression outliers for the factors and the levels given in Table 6.1. and the
detection capability (dc) and false alarm rates (f¥) for the assessment of the

performance of each method will be given.
6.3.1. Interior x-space Regression Outliers
In this section the performance of the methods are tested when all explanatory

variable values are not unusual in x-space i.e. when there are no high leverage
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-

observations in data sets. The response variables for the interior x-space outlying
observations are offset a distance &, from the regression plane obtained from the
clean cases.

In this section the performances of the methods are assessed under three

different outlier configurations. These are:

=  Multiple outliers randomly scattered in the interior of x-space
*  Multiple point clouds located near the centroid of x-space
= Multiple point clouds randomly placed in the interior of

X-space

Simulation study results for these configurations are given in Table A.S.,
Table A.6., and Table A.7., respectively. The last rows of the tables display the
average values of the detection and false alarm rates for all the methods considered

in this study.

>x

Figure 6.3. Interior x-space regression outliers with a single cloud

6.3.1.1. Multiple Randomly Scattered Regression Outliers in the Interior

x-space

The purpose of this section is to determine the performance of the methods
when data consist randomly scattered interior x-space regression outliers. The
approach to creating data sets is to randomly generate n observations. Of these »

observations, 7., “clean” observations are generated and represent the non-outlying
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observations. n, observations are also generated which are outliers (n.+n,=n). In this

setting the 7, clean observations are generated according to the model

y,=x; B+e,, i=12,.,n,

where x; ~N(7.5, 4), B =[0,5.....5] is the vector of known regression coefficients, &,

is the random error term distributed as N(0,0?) with o set to 1. The n, outlying

observations are generated according to the model
Y, =x; B+6,, i=12,...,m,

where x; ~N(7.5, 4°), & is N(0,1) and &, is the magnitude of the outlying distance off

the regression plane in standard deviation units, which is equal to 1.

The factors used in this study are the number of observations (72), the number of
regressors (p), regression outlying shift distance (6, ), and contamination level

(Cont. Lev.). The results are given in Table A.S.

The M regression estimators have high detection capability. Especially when
we have high regression outlying magnitude (g = 4, 5) and high contamination level
(20%) M regression estimators’ detection capability stands out. However the false
alarm rates of M estimator are high especially for high contamination level (20%),
which is expected.

The OLS regression estimator has also excellent detection capability, and its
detection capability gets even better as we have high regression outlying magnitude.
However it swamps clean observations as we have large dz and high contamination
level because I get high false alarm rates. This means that the clean data no longer
fits well. Results in this configuration are therefore unsatisfactory for some scenarios.

The LMS and LTS methods which are known to have high breakdown points

do provide good performance for high regression outlying distance especially at 40,
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and above because of high dc and low fr. For high regression outlying distance
scenarios and high contamination level the LMS estimator provides slightly better

results than the LTS in high contamination scenarios especially at 4o ,and the

opposite is true for the low contamination scenarios.

The method of Chatterjee and Maichler (C&M) has the poorest detection
capability at these outlying distances among all the methods considered in this study
although it has the ideal false alarm rates. In the presence of randomly scattered
regression outliers in the interior of x-space the C&M method is not a good method
10 use.

The method of Pena and Yohai (P&Y) has slightly better detection capability
than C&M especially at oz = 5. When I increase Jr to 7 or 8 the P&Y method has
much better detection capability.

The Sebert (SM&R) and BACON regression (BR) methods have high detection
capability but they suffer from large false alarm rates in many scenarios. Especially
the BR estimator has larger false alarm rates than the SM&R method. Therefore the
SM&R method is slightly preferred over the BR estimator.

The Hadi and Simonoff method (FH{S93) has only high detection capability for

high regression outlying distance especially for 5o, and above. For other factors

and levels, the HS93 regression estimator has abnormally low false alarm rates and
the detection capability is low.

The RWLS method has clearly better performance than the methods of P&Y,
HS93, BR and C&M in low contamination level and high regression outlying

distance, particularly for 4o, and above in terms of both measures since I have high

detection capability and low false alarm rates for this method.
6.3.1.2. Regression Outliers in Multiple Point Clouds at the Centroid of x-space
In this section the performance of the methods are examined in the presence

of regression outliers forming one or two clouds at the centroid of x-space.

In this configuration ith clean response value is generated by
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Y, =x P+s,,

where § = [0,5,...,5], x, ~N (7. 5,4.02) and &, ~ N{(0,1). On the other hand the ith

contaminated response value is generated from
Y, =% B+6g,

where x; is the vector of k regressor variables distributed Uniform(7.325, 7.625) and
J, is the outlying distance off the regression plane in standard deviation units. If

there are two clouds then the outliers in the first cloud are generated by
Y, =% B+5g

and the response values for the second cloud are generated by
Y, =% f~0g.

The factors in this configuration are n, contamination levels, dg, and the

number of clouds. The results are given in Table A.6.
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Figure 6.4. Interior x-space regression outliers with multiple point clouds

Results of this section show that the methods are more responsive to detecting
outlying observations in clouds at the centroid of x-space than randomly scattered

regression outliers. As it was the case in Section 6.3.1.1. again, the OLS and M
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methods provide excellent results in terms of the performance measure of the
detection capability for this configuration. But as indicated in the previous section
the OLS method has serious swamping problems when there is a single cloud. When
there are two clouds this problem disappears. Because there will be an equal and
opposite pull on the regression plane from each cloud therefore the parameter
estimates will remain unchanged from those obtained from the clean set of
observations.

The Sebert (SM&R) method has high detection capabilities. But it suffers
from high false alarm rates. The false alarm rates even higher than those obtained in
Section 6.3.1.1. Therefore in the presence of swamping problem when I have two
clouds the SM&R method should be used cautiously.

The LMS method provides perfect results for the most of regression outlying
distances. Therefore it is preferred over the LTS regression estimator for this type of
configuration.

The C&M and P&Y methods do not provide satisfactory results at all
although their false alarm rates are nearly ideal.

The HS93 method has high detection capability in high regression outlying
distances and abnormally low false alarm rates. However in the other scenarios it
does not perform well.

The BR estimator has good performance in high regression outlying distance.
When there is a single cloud I obtain low detection capability and high false alarm
rates in high regression outlying distances and low contamination level, but when
there are two clouds its performance appears to be satisfactory in almost all
scenarios. But the false alarm rates remain high which is undesired situation.

The RWLS method has high detection capability and low false alarm rates in
low contamination level and high regression outlying distances. Therefore this
method is preferred over HS93, P&Y, SM&R, C&M and BR when I have two
clouds, low contamination level (10%) and high regression outlying distances.

Most of the results in Table A.6. are consistent with the results in Table A.5.
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6.3.1.3. Regression Outliers in Multiple Point Clouds: Regressor Variables

Randomly Scattered on the Interior of x-space

This section consists of the results for the performance of the direct and
indirect methods considered in this simulation study in the presence of multiple
outlier clouds placed at different locations in x-space.

In this configuration the ith clean response value is generated by
v =¥ B+,

where £=[05,...5], x, ~ N(7.5,4.02) and &, ~ N(0,1). I determine the location of
the regressors for outlying observations in a single cloud by finding the median of

the first three clean observations for each regressor variable. Then the ith

contaminated response value is generated from
’
Y, =% P+0g,

where the regressor variables for the outlying observations x; vary as
Uniform(0,0.25) around the calculated median value and &,, is the outlying distance
off the regression plane in standard deviation units. Qutliers in a second cloud vary
also around the median value of the Jast three clean observations for each variable.
This way of generating outliers assures us having randomly scattered planting
outliers in two clouds

The factors used in this configuration are n, contamination levels, number of

clouds, and 6, . The simulation results for this configuration are given in Table A.7.

The M and OLS methods have high detection capabilities especially in high
regression outlier scenarios. The detection capability of the M estimator is
moderately higher than the detection capability of the OLS estimator and the false
alarm rates of the M estimator are lower than those of the OLS estimator, although

the false alarm rates are well above nominal levels (0.05) in the high dimension,
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high contamination cases. False alarm rates of these methods are moderately
increased in high regression outlying scenarios. The OLS estimates do not fit the
outlying clouds well as evidenced by the high detection capability, but these
estimates chase these observations enough to swamp some clean observations.

The high breakdown methods (LMS and LTS) have only high detection
capability for high regression outlying distances especially 4 o, and beyond and are

not affected with high false alarm rates. In most of the scenarios the LMS estimator
performs better than the LTS estimator.

The SM&R method fails in this configuration since it has low detection
capability and high false alarm rates except high regression outlying distance for two
clouds scenarios.

The P&Y performs slightly better with the increased leverage for these outlying
clouds, but still not competitive with the other methods. ‘

The C&M estimator performs much better in this configuration than the
previous configurations, but still has considerably low probabilities of detection.
Therefore it is not competitive with any other methods.

The HS93 method has slightly better performance in high outlying distances
than the previous configuration. It has low false alarm rates in all scenarios.

The RWLS method has reasonable good performance for low contamination

level and high outlying distances, especially for 40, and above and has also

considerably low alarm rates. Although the probabilities of the detection capability
for this configuration are lower than those of the previous configuration the RWLS
method is competitive with the methods of HS93, P&Y, SM&R and C&M and BR.
The BR method has higher detection capability than the previous configuration,
but it still has very high false alarm rates which cause serious problems. Therefore
this method is not competitive with any other methods since it has the highest false
alarm rates. The detection capability of this method increases in high regression

outlying distances. As the dimension decreases, its false alarm rates increases.
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6.3.1.4. Additional Runs: Higher Regression Outlying Distances and Higher

Contamination Levels

In this section the effectiveness of the methods are tested in higher regression
outlying distances and in higher contamination levels. I will consider two
contamination levels (%15 and %30) and two regression outlying distances (5 and
10) which I did not consider these cases in the previous configurations. The results
are given in Table A_8.

The first two scenarios in this table are randomly scattered outliers in x-space,
the next four scenarios correspond to the multiple point clouds placed at or near the
centroid and the last eight scenarios are to assess the detection capability of the
methods when the outliers are placed in clouds randomly in the interior of x-space
similar to those of Section 6.3.1.3.

In the presence of high contaminated data and high regression outlying
distances the methods produce some considerable different results. When I set the
contamination higher to 15% or 30% it is now even clearer that the false alarm rates
of the OLS and M estimators are very high whereas the detection capabilities of
these methods are excellent for this configuration except 12" scenario, where the
contamination level is set to 30% and the outlying distance is set to 5. So the
detection capability of the OLS and M estimators break down at high contamination
level and for high outlying distance.

The Hadi and Simonoff (HS93) method has good performance in almost all

scenarios except high regression outlying distance (i.e. 5,) that corresponds the 7%,

10™ and 12™ scenarios. The first two scenarios have moderate values but for 12
scenario where the contamination level 30%, the HS93 method has relatively low
detection capabilities. As a result of this as the contamination level and outlying
distances increase the HS93 method breaks down in terms of detecting capability.
The Pena and Yohai (P&Y) method provides reasonably high detection
capability and also low false alarm rates for low contamination level and high
regression outlying distances. Therefore I can say that the Pena and Yohai procedure

is successful only for low contamination and high regression outlying distance
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scenarios. It provides more satisfactory results in this configuration than the previous
one.

The LMS and LTS estimators perform well except the 12" scenario. Both of
them give perfect results for detection capabilities and false alarm rates at other
times.

Although the Sebert method has high detection capability, especially for high
regression outlying distance, except 12" scenarios this method is vulnarable to
swamping since it produces high false alarm rates.

The Chatterjee and Michler method (C&M) does not perform well, therefore is
not competitive with any other methods for this configuration.

The RWLS method has much better performance than the previous
configuration since it has much higher detection capability for low contamination
(15%) and high regression outlying distances scenarios (dg=10).

The BACON regression (BR) method has high detection capability for low
contamination level and high regression outlying distances, but has very high false
alarm rates. Therefore this method is again not competitive with any other methods
since it produces the third highest false alarm rates after the OLS and M estimators.

As a result of this configuration, all procedures fail when contamination level is

set to 30% and the outlying distance is set to 5¢; and in a single cloud scenarious.
6.3.2. Exterior x-space Regression Outliers

This section investigates the performance of the methods when data consist of
exterior x-space regression outliers that have high leverage and large residual.

Two different configurations are examined in this section. The first one has
multiple point clouds at various leverage locations when the regressor variable values
are remote in all p regressors for the planted outliers. The second one is nearly the
same as the first one except this one ensures that the response values for the outliers

are not unusual with respect to the clean responses.
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The factors for these studies are contamination levels, regression outlying
distances (), leverage outlying distances (J,), the number of multiple point
clouds and outlying parameter numbers.

Simulation results are given in Table A.9., Table A.10., and Table A.11.

y

»
ot

X

Figure 6.5. Exterior x-space regression outliers with a single point cloud

6.3.2.1. Regression Qutliers in Clouds that are Unusual in x-space for All

Regressors

In this study, there are multiple point clouds at various leverage locations. And
the explanatory variables are remote in all p regressors for the planted outliers.

The ith clean response value is generated by

v, =x; B+e,,
where x, ~ N (7 5,4.0% ), [ is the same vector of known regression coefficients, &, is

the random error term distributed N(0, o) with o2 set to 1. And ith contaminated
e -3

response value is generated by

¥, =x; B+35g,
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where &8, is the outlying distance off the regression plane in standard deviation

units. The value of the ith explanatory variable for the jth planted outlier is computed
by

— S *
xij - xi,clean + L +8!‘j’

where x,

. ean 15 the mean of the clean observations for the ith explanatory variable,
&, is the leverage magnitude in standard deviation units, o, and s,;. is distributed
Uniform(0,0.25).

When the leverage magnitude is low, that is §=20,, a multiple point cloud

will be at the boundary of interior x-space. When the leverage magnitude is high, that
is =5 o, the cloud will be considerably far away from the interior x-space. If there
are two clouds, the explanatory variables in the first and second clouds are
determined as in the form given above but the response values are located 2o, above
that of the first cloud i.e. if regression outlying distance is chosen equal to 5o, for
the first cloud than the second cloud regression outlying distance must be chosen
equalto 70,.

I can give an example to explain this configuration. Consider the case for p=2,
i=20,, 0,=30. , the regressor variable values for the ith planted outlying

observation in either cloud are
x;=7.5+ 2 (4) + Uniform(0,0.25) and x, = 7.5 + 2 (4) + Uniform(0,0.25).

The response value for the ith outlying observation in the first and second cloud
is obtained from
yi=5xu+S5xy+3andy;=5x;+ 35 x5+ 3,
respectively.
In this section I examine 32 different scenarios: 16 for one cloud and 16 for

two clouds. The results are given in Table A.9.
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The Hadi and Simonoff method (HS93) has poor detection capability in almost
all scenarios. We know that the logic of this method is based on adding sequentially
one observation that has the smallest OLS residual to the clean set. Since the high
leverage observations have small QLS residual values and therefore, often masked.
On the other hand it has very low false alarm rates.

The Pena and Yohai method (P&Y) has slightly better detection capabilities
than Hadi and Simonoff method and its performance is reasonable when there are
two clouds.

The Sebert method (SM&R) successfully detects the outlying clouds in all
scenarios. Its detection capability is virtually perfect and the false alarm rates are
reasonably low.

The OLS method performs very poorly for this configuration. The false alarm
rates for low leverage and high regression outlier distance are high and detection
capabilities are small almost in all of the scenarios.

The LTS, LMS and M methods have poor detection capabilities as expected.
These methods perform well only for low leverage, high regression outlying
distance, and low contamination scenarios, particularly in small dimension scenarios.

The Chatterjee and Michler procedure is the worst method for this
configuration.

The BACON regression method is troubled in high contamination level but it
has reasonable performance in low contamination, high regression and leverage
outlying distance scenarios. This method has moderately reasonable detection
capability, but very high false alarm rates. Its performance in terms of detection
capability is better for two clouds scenarios.

The RWLS method has moderate performance in high leverage, high
regression outlying distance, and low contamination level. However it has poor
detection capability in high contamination. Since it has reasonably low false alarm
rates the RWLS estimator performs better than the methods of HS93, C&M, BR, and
OLS, therefore this method is competitive with the methdds of HS93, C&M, BR, and
OLS.
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6.3.2.2. Regression Outliers which are Unusual in x-space for All Explanatory

Variables but the Qutlier Responses are not unusual in y-space

This study is similar which is given in Section 6.3.2.1. But here contaminated
response values are not unusual with respect to the clean response values.

In this study ith clean response value is generated by

y,=x f+eg,
where x, ~N (7.5,4.02 ), P is the vector of known regression coefficients as before,
g, is the random error term distributed N(0,c2) with o’ set to 1 and ith

contaminated response variable is generated by
Y = x; B+ 5}2 s

where &, is the outlying distance off the regression plane in standard deviation

units. The jth value of ith explanatory variables for the contaminated data is

determined by

X, ctean + 40, + & fori=1,3,5
X, = ’
v fori=24,6

i

where ¥, .18 the mean of the clean observations for the ith explanatory variable,

5, is the leverage outlying distance in standard deviation units, o, and &, is

distributed Uniform(0,0.25).
If there are two explanatory variables then the first contaminated explanatory

variable is calculated by adding 44, to the original data and the second

contaminated one is calculated by subtracting 45, from the original data. This way
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of defining the contaminated data will prevent the outliers from being y-space
outliers. The results are given in Table A.10. The four scenarios are randomly
selected from those in Section 6.3.2.1. for the outliers generated as described in this
subsection.

Most of the methods have problems because of low detection capability,
particularly for the single cloud scenarios in Table A.10.

In contrast the other configurations, the Sebert method fails in this
configuration since it has low detection capability and high false alarm rates in
almost all scenarios.

The OLS, LTS, LMS, and M estimators do not provide satisfactory results.

The HS93 and P&Y methods have poor detection capability except the first
scenario. The BACON regression algorithm gives the best results in terms of
detection capability; however it is vulnerable to swamping because of very high false
alarm rates. The Chatterjee and Miachler method fails in this configuration like in the
other configurations. )

The RWLS method has the best detection capability and low false alarm rates

for this configuration among all the methods in the class of the direct methods.

6.3.2.3. Outliers are Unusual in the First Column of x-space (Dash and Dot

Configuration)

In this section I investigate the performance of these methods if the outliers are
unusual on the first column of x-space with high leverage outlying distances. This
configuration is a milder version of the Buxton data set which was used in Chapter 5
to assess the performances of the methods on real data sets. I have shown that many
methods fail to detect outliers in the Buxton data set. Therefore it will be useful to
consider this type configuration and to assess the performances of the available
methods. Hawkins et al. (2002) defined this configuration and called Dash and Dot
configuration.

The ith response value for the clean case is generated from
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yi=xp+e,

where the first value of x; vector is generated from uniform U(-3,3) and the others are

generated from N(0,1), B = [0,5,...,5] and g, is the random error term distributed as
N(0,0?) with o setto 1.

On the other hand the ith response value for the contaminated case is generated

from
Y, =X, f+0,,

where the first value of x; vector is generated from Uniform(19,20) and the others are
generated from N(0,1). If there are two clouds, the response value in the first cloud is

generated by
Y, =x,B+5,

and the other is generated by
y i = xilB - 6R 3

where regression outlying distance &, is chosen equal to 6 for one cloud and +6 or —

6 for the second cloud. The sign is determined at random. The factors for this
configuration are n, the number of regressors, contamination levels and the number
of clouds. The results are given in Table A.11.

The P&Y and OLS methods have moderately high performance for two clouds
scenarios. But for the single cloud scenarios both of them have poor detection
capabilities. The Sebert method shows perfect performance in almost all scenarios.

The LMS method has moderate detection capabilities and false alarm rates in
both low contamination level and two clouds scenarios. But in single cloud scenarios

it is not preferred. LTS has poor performance than LMS in this configuration. It is
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expected results because it is known that these methods become ineffective on the

exterior x-space scenarios.
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Figure 6.6. Exterior x-space regression outlier with multiple point clouds

The M method fails in this configuration because of known vulnerabilities in
high leverage situations. Therefore it has poor detection capabilities.

The HS93 method has moderate detection capability for two clouds scenarios
but for single cloud it does not perform well. The Chatterjee and Méchler method has
low detection capability especially in single cloud scenarios.

The RWLS method has reasonable performance in low contamination level.
The detection probabilities are considerably high particularly in two clouds
scenarios.

The BR method has high detection capabilities but it is troubled by high false

alarm rates particularly when dimension of the data set is small.

6.4. Summary of the Comparative Analysis and Discussion of the Results

In this section all of the above results are summarized and the performances

of the methods are discussed.
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6.4.1. Summary of the Performance of the Methods

The Hadi and Simonoff method has good performance in high regression
outlying distance scenarios in Section 6.3.1.1. When there are regression outliers in
the interior of x-space. This method has low false alarm rates in almost all scenarios.
Winskowski et al. (2001) presented that the detection capability is increased by
increasing the value of o (significance level) from 0.05 to 0.20 without severe impact
to false alarm probabilities. Detection capability moderately declines in the high
dimension and high contamination level scenarios. If I compare the results of HS93
results in Section 6.3.1.1. and 6.3.1.2,, it is easily seen that in multiple point cloud
configuration its detection capabilities are low for high regression outlying distances,

opposite is true for high regression outlying distance scenarios, especially for 5o,

and above. Furthermore it has good performance in low contamination level and
detection capability is increased to reliable levels if the regression outlying distance
is sufficiently large relative to the leverage outlying distance in the exterior of x-
space. In high magnitude scenarios it has poor performance except the first scenario.
Its performance gets better in low contamination level. In dash and dot configuration
when there is a single cloud and large regression outlying distance the HS93 method
does not perform well whereas when there are two clouds it has reasonable
performance. So I can confidently say that the Hadi and Simonoff method is
effective for interior x-space regression outlier configurations when regression
outlying distance is large and contamination level is low. It has even better
performance in two clouds scenarios. However overall performance noticeably
decreases in the presence of exterior x-space outlier, i.e. as leverage is added as a
factor.

The Pena and Yohai method detects regression outliers in interior x-space
regression outlier configurations for both high regression outlying distance especially
50, and 70, and low contamination level up to %15. This procedure rarely swamps
clean observations. When the magnitudes of &, and Jr are large enough then this
procedure can be used effectively. In dash and dot configuration it has reasonable

performance in two clouds scenarios.
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The Sebert method has good performance in almost all configurations except
high regression and low leverage outlying distance scenarios when randomly placed
multiple point clouds are located in the interior x-space. As the regression outlying
distance increases its false alarm rates decreases. If the response values are not
unusual in y-space and outlying distance is low than it works well but in high
outlying distance it breaks down. ‘

The Chatterjee and Mdchler method is ineffective in both interior and
exterior x-space regression outlier configurations. Despite the comparable false
alarm rates, it suffers from severe from detection capability in all configurations.

The BACON regression method has good performance in high regression
outlying distance scenarios in Section 6.3.1.1., when the regression outliers are in the
interior of x-space. But it has high false alarm rates. Its detection capability declines
in high contamination level. It has better performance at the existence of randomly
scattered interior x-space regression outlier than multiple point clouds in the interior
x-space regression outlier scenarios. In Tables A.9. and A.10. I can see that the
detection capability of this method increases to reliable levels when the number of
regressors is small and the regression outlying distance is sufficiently large relative
to the leverage outlying distance. Overall performance noticeably degrades as the
contamination level decreases and the magnitude of outlying distance increases. This
method performs well when there are two clouds with low contamination level and
high outlying distance. But it suffers from severe false alarm rates in almost all of the
configurations.

The RWLS method is generally effective in the presence of interior and
exterior x-space regression outliers for low contamination level in terms of
performance measures; detection capability probabilities and false alarm rates. It has
low breakdown point (10%-15%). As the regression outlier distance increases its
detection capability increases. In exterior x-space regression outliers it has high
detection capability and low false alarm rates on low contamination and high
regression outlying distance scenarios. In two clouds scenarios, detection capability
and false alarm rates are slightly better than a single cloud scenarios. In dash and dot

configuration it has moderate detection capability and low false alarm rates.
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Particularly in dash and dot configuration for low contamination level and two
clouds scenarios it performs well.

Both the LMS and LTS procedures detect regression outliers in the interior of
x-space if the regression outlying distance is high. These estimators also have low
false alarm rates across all scenarios for high regression outlying distance. But they
are not effective on exterior x-space regression outlier configurations. In high
regression outlying distance and high contamination level scenarios the LMS method
has slightly better performance than the LTS method. Detection capability decreases
for both estimators as the outliers become more remote in x-space. The LMS and
LTS methods have significant masking and swamping problems in high wleverage
outlying distance scenarios.

The M estimator fails in the high leverage outlying distances scenarios of
Section 6.3.2. In interior x-space configuration it has excellent detection capability
but have moderate false alarm rates. Its performance degrades in exterior x-space
regression outlier configurations. The scenarios where this method has good
performance are: outliers in interior x-space, low leverage magnitude, high
regression outlying distance, and low contamination level. This method is not
competitive with the others in exterior x-space configurations except the scenarios,

which are given above.
6.4.2. Summary of the Results

In general it is expected that the performance of the outlier detection
methods:

e increases in high regression outlying distance (8g)

e increases in low leverage outlying distance (1)

e decreases as the number of regressor variables increases

¢ decreases in high contamination level

e increases in larger number of multiple point clouds
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However, I showed that there are some scenarios that the expected results

given above in the itemized list are not the cases for all methods and all factors.

Some factors behave opposite to the general rule.

From these results, I should point out that small number of studies when the

number of observations (n) is small in a proposed procedure is not sufficient to

speculate on its performance in higher dimension especially if the contamination

level is high.

I conclude that

From the interior x-space studies

The Hadi and Simonoff algorithm can be recommended if the
regression outlying distance is large since the probabilities of
detection capability are large and false alarm rates are low.

The RWLS method can be recommended for low contamination level
and high outlying distances (both dg and 81) scenarios because this
method has moderately high detection capability and low false alarm

rates.

From the exterior x-space studies in Section 6.3.2.

Even though the Sebert method does not perform well for the case of
outliers in interior x-space, it has nearly excellent performance in most
of the scenarios where the outliers are planted in the exterior x-space
since the probabilities of detection capability are very large and false
alarm rates are reasonably low. This method does not perform well
only in high regression outlying distance scenarios when observations
are not unusual in y-space. In these scenarios not only its detection

capabilities are low, but also its false alarm rates are high.
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¢ The RWLS method has good performance for low contamination level
scenarios, high regression outlying distances (both 8z and 8;) because
of high detection capability and low false alarm rates. Furthermore
this method performs the best for high regression outlying distance
scenarios when observations are not unusual in y-space.

e Although the BACON regression method has the Aighest detection
capability among all the direct methods it has the highest false alarm
rates which make this method inefficient in practice.

e While high-breakdown methods perform well for the interior of x-
space scenarios as expected they become ineffective for the exterior x-

space scenarios.

I also conducted a separate simulation study for another challenging

configuration called “Dash and Dot”. As a result of this study I conclude that

e The Sebert method performs the best for all scenarios in this
configuration. The RWLS method performs reasonably well for all the
scenarios in this configuration.

e Among high breakdown methods the LMS method performs relatively
better than the other robust methods.
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APPENDIX A: Data Sets Giilsen KIRAL

Gizlem | x1 x2 x3 y |(Gozlem| x1 | x2 | x3 y
No No
1 10.10 } 19.60 | 28.30 | 9.70 39 2.10 1 0.00 ] 1.20 | -0.70
2 9.50 |20.50]28.90 | 10.10 40 0.50 |2.001.20 | -0.50
3 10.70 | 20.20 | 31.00 | 10.30 41 3.40 | 1.60 | 290 | -0.10
4 9.90 {21.5031.70 | 9.50 42 0.30 {1.00§2.70 | -0.70
5 10.30 | 21.10 | 31.10 | 10.00 43 0.10 {330 090 | 0.60
6 10.80 | 20.40 | 29.20 | 10.00 44 1.80 1 0.50{3.20 |} -0.70
7 10.50 | 20.90 | 29.10 | 10.80 45 1.90 | 0.10 [ 0.60 | -0.50
8 9.90 | 19.60 | 28.80 | 10.30 46 1.80 ) 0.50 ) 3.00 | -0.40
9 9.70 120.70)31.00 | 9.60 47 3.00 10.10{ 0.80 | -0.90
10 9.30 | 19.70 1 30.30 | 9.90 48 3.10 | 1.60 | 3.00 | 0.10
11 11.00 | 24.00 | 35.00 | -0.20 49 3.10 |2.50 | 1.90 ] 0.90
12 12.00 | 23.00 | 37.00 | -0.40 50 2.10 {2.80(2.90 {--0.40
13 12.00 | 26.00 | 34.00 | 0.70 51 230 [ 1501040 0.70
14 11.00 | 34.00 | 34.00 | 0.10 52 3.30 1 0.60 | 1.20 | -0.50
15 3.40 | 2.90 | 2.10 | -0.40 53 0.30 {040 {3.30| 0.70
16 3.10 | 2.20 | 030 | 0.60 54 1.10 13.00 ] 030 | 0.70
17 0.00 | 1.60 | 0.20 } -0.20 55 0.50 12.40 1 0.90 | 0.00
18 2.30 | 1.60 | 2.00 | 0.00 56 1.80 {3.20 (090 | 0.10
19 0.80 | 290 | 1.60 | 0.10 57 1.80 1 0.70 | 0.70 | 0.70
20 3.10 1 340 | 2.20 | 040 58 240 13.40 | 1.50 | -0.10
21 2.60 | 2.20 | 1.90 | 0.90 59 1.60 {2.10 | 3.00 | -0.30
22 0.40 | 320 | 1.90 | 030 60 0.30 1 1.50 | 3.30 | -0.90
23 2.00 | 230 | 0.80 | -0.80 61 0.40 |3.40 | 3.00 | -0.30
24 1.30 | 230 | 0.50 | 0.70 62 0.90 |0.10 | 0.30 | 0.60
25 1.00 | 0.00 | 0.40 | -0.30 63 1.10 12.70 | 0.20 | -0.30
26 0.90 | 3.30 | 2.50 | -0.80 64 2.80 {3.00 [ 2.90 { -0.50
27 330 | 2.50 | 2.90 | -0.70 65 2.00 10.70 | 2.70 | 0.60
28 1.80 | 0.80 | 2.00 | 0.30 66 0.20 | 1.80 | 0.80 | -0.90
29 1.20 | 0.90 | 0.80 | 0.30 67 1.60 12.00 | 1.20 | -0.70
30 1.20 | 0.70 | 3.40 | -0.30 68 0.10 10.00 ] 1.10 | 0.60
31 3.10 | 1.40 | 1.00 | 0.00 69 2.00 060030 | 0.20
32 0.50 | 2.40 | 0.30 | -0.40 70 1.00 ] 2.20 | 2.90 | 0.70
33 1.50 { 3.10 | 1.50 { -0.60 71 220 125012301 0.20
34 0.40 { 0.00 | 0.70 | -0.70 72 0.60 {2.001.50{-0.20
35 3.10 | 2.40 | 3.00 | 0.30 73 030 {1.70 | 2.20 | 0.40
36 1.10 | 2.20 | 2.70 | -1.00 74 0.00 12.20 | 1.60.{ -0.90
37 0.10 | 3.00 | 2.60 | -0.60 75 0.30 10.40 | 2.60 | 0.20
38 1.50 | 1.20 | 0.20 | 0.90

Table A.1. Hawkins Bradu and Kass data
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APPENDIX A: Data Sets

Giilsen KIRAL

GozlemNo| v | x4 | X2 | X3
1 42 | 80 | 27 | 89
2 37 1 80 ) 27 | 88
3 37 | 751 25 | 80
4 28 | 62 | 24 | 87
5 18 | 62 | 22 | 87
6 18 | 62 | 23 | 87
7 19 (62 { 24 | 93
3 20 | 62 | 24 | 93
9 15 | 58 | 23 | 87

10 14 | 58 | 18 | 80
11 14 | 58 | 18 | 89
12 13 | 68 | 17 | 88
13 11 58 | 18 | 82
14 12 { 58 | 19 | 93
15 8 50 { 18 | 89
16 7 50 | 18 | 86
17 8 50 { 19 | 72
18 8 50 ) 19 | 79
19 ] 50 | 20 | 80
20 15 | 566 | 20 | 82
21 15 | 70 | 20 | A1

Table A.2. Stackloss Data
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Giilsen KIRAL

APPENDIX A: Data Sets
Gozlem No y X1 | X2 | X3 | X4 | X5
1 0.53 10.5710.11[0.47]0.54|0.84
2 0.54 10.65{0.14}0.5310.55}0.89
3 0.57 10.6110.13{0.4910.52{0.92
4 0.45 {0.44{0.1610.4510.42]0.99
5 0.55 10.5510.1110.5310.52{0.92
6 0.43 [0.44(0.16{0.43(0.41{0.98
7 0.48 10.4910.1210.5610.46]0.82
8 042 10.4110.17{0.420.43{0.98
9 047 10.5410.1210.59]0.46|0.85
10 0.49 10.6910.1610.630.56|0.91
11 0.55 {0.66(0.16{0.51{0.48|0.87
12 0.52 {0.7010.13]0.5210.48|0.81
13 0.49 10.6510.14{0.63{0.52(0.89
14 0.52 {0.59{0.11{0.51{0.560.89
15 0.50 10.5310.1110.5210.57]0.89
16 0.51 {0.5210.13]0.5110.61{0.92
17 0.52 [0.580.1210.55]0.61]0.95
18 0.51 10.4510.10{0.520.530.92
19 0.40 [0420.17{0.41{0.4110.98
20 0.57 10.53]/0.11]0.42(0.57}0.91

Table A.3. Woodgravity data
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APPENDIX A: Data Sets Gilsen KIRAL
Gozlem | x1 x2 x3 x4 y | Gézlem | xi x2 x3 x4 y
No No
1 168 5t 104 | 8929 | 1720 45 178 49 99 85.39 | 1637
2 176 55 106 | 8352 | 1698 46 186 49 110 | 7849 | 1716
3 179 55 104 } 8380 | 1727 47 173 57 92 80.35 | 1790
4 176 46 114 | 88.64 | 1739 48 168 56 117 | 9048 | 1694
5 177 48 101 | 80.79 | 1622 49 172 52 107 | 87.79 | 1742
6 175 54 102 | 88.57 | 1684 50 185 47 106 | 82.70 | 1712
7 170 48 116 | 90.00 | 1583 51 175 53 103 | 7943 | 1637
8 177 54 110 [ 8588 | 1697 52 196 55 108 | 73.68 | 1645
9 179 | 51 97 | 83.24 | 1711 53 181 54 { 111 { 79.01 | 1715
10 178 50 107 | 83.59 | 1672 54 177 51 108 } 80.79 } 1610
11 171 | 51 108 | 8596 | 1617 55 173 54 93 | 84.39 | 1700
12 189 | 61 114 | 83.07 | 1772 56 171 47 | 100 | 88.89 | 1664
13 183 | 57 | 115 | 80.87 | 1792 57 184 46 | 103 | 83.70 | 1723
14 190 | 51 108 | 82.63 | 1696 58 178 59 | 100 ) 79.78 | 1755
15 180 | 54 | 103 | 87.22 | 16356 59 174 54 | 110 | 8333 | 1697
16 173 55 108 | 83.82 | 1770 60 181 55 106 | 75.69 | 1670
17 180 50 109 | 81.67 | 1617 61 1755 53 102 ) 86.63 18
18 178 | 50 | 110 | 83.15 | 1679 62 1537 { 44 | 124 | 79.01 18
19 179 53 97 8492 | 1631 63 1650 | 55 90 76.09 19
20 178 57 108 | 8371 | 1814 64 1675 | 47 107 | 88.20 19
21 188 45 105 | 77.66 | 1668 65 1610 | 48 104 | 83.63 19
22 173 60 102 } 90.75 | 1796 66 175 44 111 | 86.29 | 1786
23 182 45 105 | 81.32 | 1620 67 183 53 112 | 79.23 | 1685
24 162 45 92 86.42 | 1587 68 180 49 97 8§1.11 | 1750
25 187 63 108 | 79.68 | 1735 69 187 50 115 | 79.68 | 1587
26 189 49 110 | 79.37 | 1670 70 181 59 112 | 85.64 | 1686
27 170 49 118 | 86.47 | 1672 71 176 51 102 | 86.36 | 1663
28 176 50 112 | 8523 | 1660 72 185 58 101 | 79.46 | 1693
29 173 50 103 | 86,71 | 1610 73 191 49 105 | 80.10 | 1750
30 169 47 112 | 91.72 | 1773 74 179 45 103 | 78.21 | 1598
31 172 43 105 | 91.28 | 1571 75 184 49 113 | 84.78 | 1710
32 178 58 109 | 85.39 | 1763 76 172 56 105 | 87.79 | 1590
33 173 55 114 | 89.60 | 1635 77 175 58 105 | 85.14 | 1790
34 185 51 106 | 86.49 | 1613 78 179 53 103 | 87.15 | 1758
35 175 52 108 | 90.86 | 1690 79 177 48 105 | 85.31 | 1835
36 176 52 110 | 86.36 | 1770 80 167 52 107 | 9521 | 1720
37 184 54 104 | 8098 | 1771 81 179 57 114 | 8547 | 1684
38 184 47 106 | 78.80 | 1640 82 170 55 103 | 88.82 | 1631
39 182 56 108 | 8297 | 1770 83 170 56 105 | 87.06 | 1758
40 178 50 108 | 86.52 | 1740 84 182 46 108 | 84.32 | 1661
41 175 51 112 | 85.71 | 1683 85 173 57 92 8035 | 1790
42 189 52 110 | 76.72 | 1696 86 185 55 107 | 8541 | 1704
43 174 50 109 | 8563 | 1730 87 189 50 110 | 7460 | 1590
44 173 | 46 | 103 | 93.06 | 1722

Table A.4. Buxton data
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APPENDIX A2 : Simulation Study Tables
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APPENDIX B: S-PLUS CODES Gilsen KIRAL

#chose

# methodnumber=1 for running scenariol (siml)
# methodnumber=2 for running scenario2 (sim2)
# methodnumber=3 for running scenario3(sim3)

# At the following two lines change the index of the bacon.scc in a suitable form
source("d:/baconnewl/bacon.ssc")
dll.load("d:/baconnewl /bacon.dll",c("@bacon$qpdpit2t1 t11212t1t1t2"))
# distance must be "mahalanobis” or "euclid"
distance <- "mahalanobis”
# alpha must be (O<alpah<1 )
alpha <-.1
# multiplier mustbe>=3
multiplier <- 3
n<-100
p<-4
var <- matrix(0, 4, 4)
ort <- matrix(0,1,4)
colvar <- matrix(0, 4, 1)
radyantop <- matrix(0, 1, 4)
bradyantop <- matrix(0, 1, 4)
bir <- matrix(1, 1, 4)
e<-diag(bir,nrow=100,ncol=4)
ozd<-matrix(0,4,100)
bozd<-matrix(0,4,100)
ortkolvar<-matrix(0,1,4)
a<-t(c(4,3,2,1))
tozd<-t(matrix(a,p,n))
ts<-1
set.seed(999)
methodnumber<-scan()
if (methodnumber==1)

{
HHEHRHHHRHHAAHAH
#HHSCENARIO 1 ###
HHHHHHHHHHHRHEH
repeat{
siml<-rmvnorm(100,mean=c(0,0,0,0),cov=matrix(c(4,0,0,0,0,3,0,0,0,0,2,0,0,0,0,1),4,4))
pesimi<-princomp(siml1)
scoresiml<-pcsim1 [["scores"]]
v<-scoresiml
vxe<-v*e
inorm<-1/sqrt(colSums(v*v))
cvxe<-colSums(vxe)
cosradyan<-cvxe*inorm
radyan<-acos(cosradyan)
radyantop<-radyan-+radyantop
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out <- bacon(siml,distance=distance,alpha=alpha,multiplier=multiplier)
TX <- outf[1]]

a<-dim(TX)

pp<-a[[1]]

vIX<-var(TX)
ozvek<-matrix(c(eigen(vIX,only.values=F)$vectors),ncol=p)
ytb<-TX%*%o0zvek

ee<-diag(bir,nrow=pp,ncol=4)

ytbxe<-ytb*ee

binorm<-1/(sqrt(colSums(ytb*ytb)))

ytbxet<-colSums(ytbxe)

beosradyan<-ytbxet*binorm

bradyan<-acos(bcosradyan)

bradyantop<-bradyantop+bradyan

varsim1<-var(siml)

eigensim] <-matrix(c(eigen(varsiml,only.values=T)$values),ncol=1)
ozd[,ts]<-eigensiml

vytb<-var(ytb)
eigenytb<-matrix(c(eigen(vytb,only.values=T)$values),ncol=1)
bozd[,ts]<-eigenytb

ts<-ts+1

if (ts>100)

break

}

}

else if (methodnumber==2)

{

HEHHHHHHHHHHHHR R

#HHSCENARIO2 #HHHHHEHH

HHHHHHHHHEHREHHHRHAHRRR

repeat{
sim2a<-rmvnorm(10,mean=c(0,0,0,0),cov=matrix(c(36,0,0,0,0,27,0,0,0,0,18,0,0,0,0,9),4,4))
sim2b<-rmvnorm(90,mean=c(0,0,0,0),cov=matrix(c(4,0,0,0,0,3,0,0,0,0,2,0,0,0,0,1),4,4))
sim2<-rbind(sim2af[]],sim2b[[]])

pesim2<-princomp(sim2)

scoresim2<-pcsim2[["scores"]]

v<-scoresim?2

vxe<-v¥e

inorm<-1/sqrt(colSums(v*v))

cvxe<-colSums(vxe)

cosradyan<-cvxe*mnorm

radyan<-acos(cosradyan)

radyantop<-radyan+radyantop

out <- bacon(sim2,distance=distance,alpha=alpha multiplier=multiplier)
TX <- out{[1]]

a<-dim(TX)

pp<-a[[1]]
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vIX<-var(TX)

ozvek<-matrix(c(eigen(vI X,only.values=F)$vectors),ncol=p)
ytb<-TX%*%o0zvek

ee<-diag(bir,nrow=pp,ncol=4)

ytbxe<-ytb*ee

binorm<-1/(sqrt(colSums(ytb*ytb)))

ytbxet<-colSums(ytbxe)

bceosradyan<-ytbxet*binorm

bradyan<-acos(bcosradyan)

bradyantop<-bradyantop+bradyan

varsim2<-var(sim2)
eigensim2<-matrix(c(eigen(varsim2,only.values=T)$values),ncol=1)
ozd[,ts]<-eigensim2

vytb<-var(ytb)
eigenytb<-matrix(c(eigen(vytb,only.values=T)$values),ncol=1)
bozd[,ts]<-eigenytb

ts<-ts+1

if (ts>100)

break

}

}

else if (methodnumber==3)

{

HHHHHHRHH R

HHSCENARIO3#

HHHEHHHRHERHHRHA

repeat{

sim3 a<-rmvnorm(10,mean=c(0,0,0,10),cov=matrix(c(4,0,0,0,0,3,0,0,0,0,2,0,0,0,0,1),4,4))
sim3b<-rmvnorm(90,mean=c(0,0,0,0),cov=matnx(c(4,0,0,0,0,3,0,0,0,0,2,0,0,0,0,1),4,4))
sim3<-rbind(sim3a[[1},sim3b{[1])

pcsim3<-princomp(sim3)

scoresim3<-pcsim3 [["scores"]]

v<-scoresim3

vxe<-v¥e

inorm<-1/sqrt(colSums(v*v))

cvxe<-colSums(vxe)

cosradyan<-cvxe*inorm

radyan<-acos(cosradyan)

radyantop<-radyan-+radyantop

out <- bacon(sim3,distance=distance,alpha=alpha,multiplier=multiplier)
TX <-out[[1]]

a<-dim(TX)

pp<-a[[1]]

vIX<-var(TX)
ozvek<-matrix(c(eigen(vIX,only.values=F)$vectors),ncol=p)
ytb<-TX%*%0zvek

ee<-diag(bir,nrow=pp,ncol=4)
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ytbxe<-ytb*ee

binorm<-1/(sqrt(colSums(ytb*ytb)))

ytbxet<-colSums(ytbxe)

beosradyan<-ytbxet*binorm

bradyan<-acos(bcosradyan)

bradyantop<-bradyantop-+bradyan

varsim3<-var(sim3)

eigensim3 <-matrix(c(eigen(varsim3,only.values=T)$values),ncol=1)
ozd[ ts]<-eigensim3

vytb<-var(ytb)
eigenytb<-matrix(c(eigen(vytb,only.values=T)$values),ncol=1)
bozd[,ts}<-eigenytb

ts<-ts+1

if (ts>100)

break

}

else if (methodnumber>=4)

{
break

ozdo<-rowMeans(ozd)
bozdo<-rowMeans(bozd)
ozdort<-t(matrix(ozdo,4,100))
bozdort<-t(matrix(bozdo,4,100))
ortozd<-(t(ozd)-tozd)*(t(ozd)-tozd)
bortozd<-(t(bozd)-tozd)*(t(bozd)-tozd)
mse<-~colMeans(ortozd)
bmse<-colMeans(bortozd)
radyanort<-radyantop*(1/100)
bradyanort<-bradyantop*(1/100)
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#Hichose

# methodnumber=4 for running Scenario 4 (sim4)
# methodnumber=5 for running Scenario 5 (sim5)
# methodnumber=6 for running Scenario 6 (sim6)

# At the following two lines change the index of the bacon.scc in a suitable form

source("'d:/baconnewl/bacon.ssc")

dll.load("d:/baconnewl /bacon.dll",c("@bacon$Sqpdpit2t1 t1t2t2t1t1t2"))

# distance must be "mahalanobis"” or "euclid”

distance <- "mahalanobis"

# alpha must be (O<alpah<1 )

alpha <-.1

# multiplier mustbe>=3

multiplier <- 3;

n<-100

p<-20

colvar <- matnix(0, 20, 1)

radyantop <- matrix(0, 1, 20)

bradyantop <- matrix(0, 1, 20)

bir <- matrix(1, 1, 20)

e<-diag(bir,nrow=100,ncol=20)

bozd<-matrix(0,20,100)

ortkolvar<-matrix(0,1,20)

ozd<-matrix(0,20,100)

a<-t(c(5,4,3,2,1,0.15,0.14,0.13,0.12,0.11,0.10,0.09,0.08,0.07,0.06,0.05,0.04,0.03,0.02,0.01))

tozd<-t(matrix(a,p,n))

ts<-1

set.seed(999)

methodnumber<-scan()

if (methodnumber==1)
{

HHHHHHHHHHHHHEHEH

#HHSCENARIO 4 ###

HHHHHHHERHHREHEHAR

repeat{

sim4<-rmvnorm(100,mean=c(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),cov=diag(c(5,4,3,2,1,0.15,
0.14,0.13,0.12,0.11,0.10,0.09,0.08,0.07,0.06,0.05,0.04,0.03,0.02,0.01)))

pcsim4<-princomp(sim4)

scoresimd<-pcsim4[["scores"]]

v<-scoresim4

vxe<-v*e

inorm<-1/sqrt(colSums(v*v))

cvxe<-colSums(vxe)

cosradyan<-cvxe*inorm

radyan<-acos(cosradyan)

radyantop<-radyan-+radyantop

out <- bacon(sim4,distance=distance,alpha=alpha,multiplier=multiplier)
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TX <- out[[1]]

a<-dim(TX)

pp<-a[f1]]

vIX<-var(TX)
ozvek<-matrix(c(eigen(vIX,only.values=F)$vectors),ncol=p)
ytb<-TX%*%o0zvek

ee<-diag(bir,nrow=pp,ncol=20)

ytbxe<-ytb*ee

binorm<-1/(sqrt(col Sums(ytb*ytb)))

ytbxet<-colSums(ytbxe)

beosradyan<-ytbxet*binorm

bradyan<-acos(bcosradyan)
bradyantop<-bradyantop+bradyan

varsim4<-var(sim4)

eigensim4<-matrix(c(eigen(varsim4, only values=T)$values),ncol=1)
ozd[,ts}<-eigensim4

vytb<-var(ytb)
eigenytb<-matrix(c(eigen(vytb,only.values=T)$values),ncol=1)
bozd[,ts]<-eigenytb

ts<-ts+1

if (ts>100)

break

}

}

else if (methodnumber==5)

{

HHHHHHHHHRHHHEHEH

HHSCENARIOS ##

HHHHHHHHHHHEHE

repeat{

sim5a<-
rmvnorm(10,mean=c(0,0,0,0,0,10,0,0,0,0,0,0,0,0,0,0,0,0,0,0),cov=diag(c(5,4,3,2,1,0.15,0.14,
0.13,0.12,0.11,0.10,0.09,0.08,0.07,0.06,0.05,0.04,0.03,0.02,0.01)))

simSb<rmvnorm(90,mean=c(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),cov=diag(c(5,4,3,2,1,0.15,

0.14,0.13,0.12,0.11,0.10,0.09,0.08,0.07,0.06,0.05,0.04,0.03,0.02,0.01)))

sim5<-rbind(sim5a[[]],sim5b{[]])

pesimS5<-princomp(simS5)

scoresim5<-pcsim5 {["scores"]]

v<-scoresim$

vxe<-v¥ge

inorm<-1/sqrt(colSums(v*v))

cvxe<-colSums(vxe)

cosradyan<-cvxe*inorm

radyan<-acos(cosradyan)

radyantop<-radyan-+radyantop

out <- bacon(simS5,distance=distance alpha-‘alpha,multlpher-mulnpher)
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TX <- out[[1]]

a<-dim(TX)

pp<-af[1]]

vIX<-var(TX)
ozvek<-matrix(c(eigen(vIX,only.values=F)$vectors),ncol=p)
ytb<-TX%*%o0zvek

ee<-diag(bir,nrow=pp,ncol=20)

ytbxe<-ytb*ee

binorm<-1/(sqrt(col Sums(ytb*ytb)))

ytbxet<-colSums(ytbxe)

bcosradyan<-ytbxet*binorm

bradyan<-acos(bcosradyan)
bradyantop<-bradyantop+bradyan

varsim5<-var(simS5)

eigensimS5 <-matrix(c(eigen(varsim5,only.values=T)$values),ncol=1)
ozd[ ts]<-eigensim5

vytb<-var(ytb)
eigenytb<-matrix(c(eigen(vytb,only.values=T)$values)ncol=1)
bozd[,ts]<-eigenytb

ts<-ts+1

if (ts>100)

break

}

}

else if (methodnumber==6)

{

HHHHHHHHHRHAHHEHHHH

HHSCENARIOQ 6##HHH

HHHHHHHHHHHHHHRHHR

repeat{

sim6a<- .
rmvnorm(10,mean=c(0,0,0,0,10,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),cov=diag(c(5/20,4/20,3/20,2/20,
1/20,(0.15)/20,(0.14)/20,(0.13)/20,(0.12)/20,(0.11)/20,(0.10)/20,(0.09)/20,(0.08)/20,(0.07)/20,
(0.06)/20,(0.05)/20,(0.04)/20,(0.03)/20,(0.02)/20,(0.01)/20)))

sim6b<-rmvnorm(90,mean=c(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),cov=diag(c(5,4,3,2,1,0.15,

0.14,0.13,0.12,0.11,0.10,0.09,0.08,0.07,0.06,0.05,0.04,0.03,0.02,0.01)))

sim6<-rbind(simé6af[1],siméb{{]])

pcsim6<-princomp(sim6)

scoresim6<-pcsimé6([["scores"]]

v<-scoresim6

vxe<-v*e

inorm<-1/sqrt(colSums(v*v))

cvxe<-colSums(vxe)

cosradyan<-cvxe*inorm

radyan<-acos(cosradyan)

radyantop<-radyan-+radyantop
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out <- bacon(sim6,distance=distance,alpha=alpha,multiplier=multiplier)
TX <- outf[1]]

a<-dim(TX)

pp<-a[[1]]

vIX<-var(TX)
ozvek<-matrix(c(eigen(vIX,only.values=F)$vectors),ncol=p)
ytb<-TX%*%o0zvek

ee<-diag(bir,nrow=pp,ncol=20)

ytbxe<-ytb*ee

binorm<-1/(sqrt(colSums(ytb*ytb)))

ytbxet<-colSums(ytbxe)

beosradyan<-ytbxet*binorm

bradyan<-acos(bcosradyan)

bradyantop<-bradyantop+bradyan

varsimé<-var(simé6)
eigensim6<-matrix(c(eigen(varsim6,only.values=T)$values),ncol=1)
ozd[,ts]<-eigensim6

vytb<-var(ytb)
eigenytb<-matrix(c(eigen(vytb,only.values=T)$values),ncol=1)
bozd[,ts]<-eigenytb

ts<-ts+1

if (ts>100)

break

}

}

else if (methodnumber>=7||methodnumber<=3)

{
}

ozdo<-rowMeans(ozd)
bozdo<-rowMeans(bozd)
ozdort<-t(matrix(0zdo,20,100))
bozdort<-t(matrix(bozdo,20,100))
ortozd<-(t(0zd)-tozd)*(t(ozd)-tozd)
bortozd<-(t(bozd)-tozd)*(t(bozd)-tozd)
mse<-colMeans(ortozd)
bmse<-colMeans(bortozd)
radyanort<-radyantop*(1/100)
bradyanort<-bradyantop*(1/100)

break
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gentable6k6<-function(outl,out2 outshftl 1, outshftl 2 outshft13,outshftl 4,outshft15,
outshft16, outshfi21 outshft22, outshfi23 outshfi24,outshfi25, outshft26,yshift1,yshift2,n k x)

{
{

outs<-outl+out2 # the total planted outliers
first<-n-outs+1

last<-n-outs

nn<-n-out2+1

nnn<-n-out2

shift11<-7.5 + outshft11*4

shift12<-7.5 + outshft12*4

shift13<-7.5 + outshft13*4

shift14<-7.5 + outshft14*4

shift1 5<-7.5 + outshft15*4

shift16<-7.5 + outshft16*4

# one<-rep(l,n)
jin<-matnx(morm(last*6,7.5,4.0),ncol=6)
yin<-apply(5*jin,1,sum) + matrix(morm(last),ncol=1)
yin<-matrix(yin,ncol=1)

joutl 1<-matrix(shiftl 1+runif(outs,0.0,0.25),ncol=1)
joutl 2<-matrix(shift] 2+runif(outs,0.0,0.25),ncol=1)
joutl 3<-matrix(shift1 3-+runif(outs,0.0,0.25),ncol=1)
joutl4<-matrix(shiftl 4-+runif(outs,0.0,0.25),ncol=1)
joutl 5<-matrix(shift] 5+runif(outs,0.0,0.25),ncol=1)
joutl 6<-matrix(shift1 6+runif{outs,0.0,0.25),ncol=1)
j1<-cbind(jout11,jout12 joutl3 joutl 4 joutlS,jout16)
x<-rbind(jinj1) # the x values

x<-as.matrix(x)

j11<=x[first:nnn,]

j12<-x[nn:n,]

y1<-apply(5*11,1,sum)+ yshiftl
y1<-matrix(y1,ncol=1)

y2<-apply(5*j12,1,sum)+ yshift2
y2<-matrix(y2,ncol=1)

y<-rbind(yin,y1,y2)

y<-matrix(y,ncol=1)

return(x,y)
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gentable6k2<-furiction(outl,out2 outshft11,outshftl 2, outshfi21,outshfi22,yshift1, yshift2,
n,k x)
{

{

outs<-outl+out2 # the total planted outliers
first<-n-outs+1

last<-n-outs

nn<-n-out2+1

nnn<-n-out2

shift11<-7.5 + outshft11*4

shift12<-7.5 + outshft12*4

# one<-rep(l,n)
jin<-matrix(morm(last*2,7.5,4.0),ncol=2)
yin<-apply(5*jin,1,sum) + matrix(morm(last),ncol=1)
yin<-matrix(yin,ncol=1)

joutl 1<-matrix(shift] 1+runif(outs,0.0,0.25),ncol=1)
joutl2<-matrix(shiftl 2-+runif(outs,0.0,0.25),ncol=1)
jl<-cbind(joutll, joutl2)

x<-rbind(jin,j1) # the x values

x<-as.matrix(x)

jli<=x[first:nnn,]

j12<x[nn:n,]

y1<-apply(5*11,1,sum)+ yshiftl
yl<-matrix(y1,ncol=1)

y2<-apply(5*12,1,sum)+ yshift2
y2<-matrix(y2,ncol=1)

y<-rbind(yin,y1,y2)

y<-matrix(y,ncol=1)

retun(x,y)

}
gentable2a<-function(outl,out2,outshftl ,outshft2, yshiftl,yshift2,n k.x)

{
{

outs<-outl+out2 # the total planted outliers
first<-n-outs+1 # observation number of first planted outlier
last<-n-outs# observation number of the last clean case
kmx<-k-x
x1<-matnx(morm(k*last,7.5,4.0),ncol=k)
x2<-matrix(runif{k*outs,7.375,7.625),ncol=k)
x2<-x2+0.5
x<-rbind(x1,x2)
x<-as.matrix(x)
y1<-apply(5*x[1:last,],1,sum) + matrix(morm(last),ncol=1)
y1<-matrix(y1,ncol=1)
y2<-apply(5*x[(first:(n-out2)),],1,sum)+yshift1 # responses for the
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}

#second cloud
y2<-matrix(y2,ncol=1)
nn<-n-out2-+1
y3<-apply(5*x[nn:n,],1,sum)+yshifi2 # responses for the second cloud
y3<-matnx(y3,ncol=1)
y<-bind(y1,y2,y3)
y<-matrix(y,ncol=1)
xy<-cbind(x,y)

return(x,y,xy)

}

gentable5S<-function(outl,out2,outshft1,outshft2, yshiftl,yshifi2,n k x)

{

}

outs<-outl+out2 # the total planted outliers

first<-n-outs+1 # observation number of first planted outlier
last<-n-outs# observation number of the last clean case

kmx<-k-x

shift1<-7.5 + outshft1 *4 # place cloud 1 at this location

shift2<-7.5 + outshft2*4 # place cloud 2 at this location

# one<-rep(l,n) # some procedures need an intercept
jin<-matrix(morm(last*k,7.5,4.0),ncol=k) # predictors for clean cases
yin<-apply(5%jin,1,sum) + matrix(morm(last),ncol=1)
yin<-matrix(yin,ncol=1) # clean response values
j1<-matrix(shift] +runif(out*k,0.0,0.25),ncol=k) # cloud 1 x values
j2<-matrix(shifi2+runif(out2*k,0.0,0.25),ncol=k) # cloud 2 x values
x<-tbind(jin j1,j2) # the x values

x<-as.matnx(x)

y1l<-apply(5*j1,1,sum)+ yshiftl # responses for the first cloud
y1<-matrix(y1,ncol=1)

y2<-apply(5*2,1,sum)+tyshift2  # responses for the second cloud
y2<-matrix(y2,ncol=1)

y<-rbind(yin,y1,y2)

y<-matrix(y,ncol=1)

retum(x,y)

}

gentable2<-function(outl,out2,outshftl,outshft2 yshiftl yshifi2 n k,x)

{
{

outs<-outl-+out2 # the total planted outliers

first<-n-outs+1 # observation number of first planted outlier
last<-n-outs# observation number of the last clean case
kmx<-k-x

x1<-matrix(morm(k*last,7.5,4.0),ncol=k)
x2<-matrix(runifik*outs,7.375,7.625),ncol=k)
x<-rbind(x1,x2)
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x<-as.matrix(x)
yl<-apply(5*x[1:last,],1,sum) + matrix(morm(last),ncol=1)
yl<-matrix(yl,ncol=1)
y2<-apply(5*x[(first:(n-out2)),],1,sum)+yshift] # responses for the
’ #second cloud
y2<-matrix(y2,ncol=1)
nn<-n-out2+1
y3<-apply(5*x[nn:n,],1,sum)+yshifi2 # responses for the second cloud
y3<-matrix(y3,ncol=1)
y<-tbind(y1,y2,y3)
y<-matrix(y,ncol=1)
xy<-cbind(x.y)
}
return(x,y,xy)

}
gendatamed1<-function(outl out2 outshft1 outshft2 yshiftl,yshift2,n k x)
{
{

outs<-outl+out2
last<-n-outs
first<-n-outs+1
lastm2<-last-2
xin<-matrix(rnom(last*k,7.5 4.0),ncol=k)
xmed<-apply(xin[lastm2:last,],2,median)
temp<-matrix(rnorm(outs*k,0,.05),ncol=k)
xmedm<-xmed-+temp
xmedm<-matrix(xmedm,ncol=k,byrow=T)
x<-rbind(xin,xmedm)
yin<-apply(5*xin,1,sum) + matrix(morm(last),ncol=1)
yout<-apply(5*xmedm,1,sum)+ matrix(morm(outs)+yshift1,ncol=1)
y<-rbind(yin,yout)

retumn(x,y,xmed)

}

gendatamed2<-function{outl ,out2,outshft1,outshft2 yshiftl yshift2 n k x)
{
{

outs<-outl+out2
last<-n-outs
first<-n-outs+1
Jastm2<-last-2
xin<-matrix(rnorm(last*k,7.5,4.0),ncol=k)
xmed1<-apply(xinflastm2:last,],2,median)
temp<-matrix(morm(outl *k,0,.05),ncol=k)
xmedm1<-xmedl-+temp
xmedm]<-matrix(xmedm1 ncol=k byrow=T)
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xmed2<-apply(xin[1:3,],2,median)
temp<-matrix(morm(out2*k,0,.05),ncol=k)

xmedm2<-xmed2-+temp

xmedm2<-matrix(xmedm?2 ncol=k byrow=T)
x<-rbind(xin,xmedm1,xmedm?2)

yin<-apply(5*xin,1,sum) + matrix(rmorm(last),ncol=1)

youtl <-apply(5*xmedm]1,1 sum)+matrix(morm(out1 y+yshiftl,ncol=1)
yout2<-apply(5*xmedm2,1 ,sum)+matrix(rmorm{out2)+yshift2,ncol=1)
y<-tbind(yin,youtl,yout2)

retum(x,y,xmed1,xmed2)
}

genrand<-function(outl out2,outshftl outshft2 yshift1,yshift2,n k x)
{
{

outs<-outl+out2

first<-n-outs+1

last<-n-outs

one<-rep(1,n)
x<-matrix(morm(k*n,7.5,4.0),ncol=k)
yin<-apply(5*x[1last,},1,sum) + matrix(rmorm(last),ncol=1)
yin<-matrix(yin,ncol=1)

x<-as.matrix(x)
yout<-apply(5*x[first:n,],1,sum)+ yshift1
yout<-as.matrix(yout,ncol=1)
y<-rbind(yin,yout)

y<-matrix(y,ncol=1)

retumn(x,y)

dashdatdoubleclouds<-function(n,k,contamination){

{

conobsnumber<-round(n*contamination)
cleanobsnumber<-(n-conobsnumber)
firstoutobsnumber<-n-conobsnumber+1
x11<-matrix(runif{cleanobsnumber,-3,3),cleanobsnumber,1)
x12<-matrix(runif(conobsnumber,19,20),conobsnumber, 1)
x1<-rbind(x11,x12)

x2<-matrix(morm(n*(k-1)),nrow=n)

x<-cbind(x1,x2)

x<-as.matrix(x)

y<-matrix(morm(n*1),nrow=n)

t<-runif(n, min=0, max=1)

for (1 in firstoutobsnumber:n)

{
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}

retum(x,y,yx)

if (1[1]<0.5) {ylil<-y[i]*+6} else {y[i]<-y[i]-6}

yx<-cbind(y,x)

}

dashdatsinglecloud<-function(n,k,contamination){

}
return(x,y,yx)

{

conobsnumber<-round(n*contamination)
cleanobsnumber<-(n-conobsnumber)
firstoutobsnumber<-n-conobsnumber+1
x11<-matrix(runif(cleanobsnumber,-3,3),cleanobsnumber,1)
x12<-matrix(runif(conobsnumber,19,20),conobsnumber,1)
x1<-rbind(x11,x12) «
x2<-matrix(morm(n*(k-1)),nrow=n)

x<-cbind(x1,x2)

x<-as.matrix(x)

y<-matrix(rnorm(n*1),nrow=n)
firstoutobsnumber<-n-conobsnumber+1

for (i in firstoutobsnumber:n)

{yli]<-y[i}+6}

yx<-cbind(y,x)
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# methodnumber=1 for running Chatterjee and Hadi

# methodnumber=2 for running Hadi and Simonoff 1993
# methodnumber=3 for running RWLS

# methodnumber=4 for runnnig BACON regression

methodnumber<-scan()

if (methodnumber==1)

#HHHH Chatterjeee and Machler Prog. Code ##HHHH}

#

pppo<-function(N,outl,out2,xs1,xs2,yshiftl yshift2,n k xx)
{
{

outs<-outl-+out2

first<-n-outs+1

last<-n-outs

" sumfalse<-0

sumdetect<-0

for(i in 1:N)

{
outliers<-matrix(0,n,1)
set.seed(1)
data<-gentable5(outl ,out2,xs1,xs2,yshiftl yshift2 n k,xx)

y<-dataSy

y<-as.matrix(y)

x<-data$x

x<-as.matrix(x)

hi<-hat(x)
hi<-as.matrix(hi)
hii<-hi
x<-cbind(1,x)
x<-as.matrix(x)
n<-nrow(x)
p<-ncol(x)
k<-p-1
B<-solve(t(x)%*%x)%*%(t(x)%*%0y)
el<-y-(x%*%B)
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sse0<-colSums(el*el)
md<-p/n
md<-matrix(md,n,1)
maxx<-matrix(0,n,1)
for(iin 1m)

maxx[i]<-max(hi[i],md[i])

}

wi<-1/maxx

tol<-0.0001

maxiter<-25

iterRwls<-0

arc<-tol+1

ssej<-sse0

while ((iterRwls < maxiter) && (arc >tol) )

iterRwis<-iterRwis+1

wii<-diag(n)# make nxn identity matrix
wii<-as.matrix(wit)
for (i in L:n)

} wiifii}<-wi[fi]]

Bhat<-solve(t(x)%*%wii%*%x)%*%(t(x)%*Yewii%*%y)
yhat<-x%*%Bhat
e<-y-yhat
e<-as.matrix(e)
ee<-e
ssek<-colSums(e*e)
abse<-abs(e)
md<-median(abse)
md<-matrix(md,n,1)
maxx<-matrix(0,n,1)
for (iin 1:n)

| {

maxx[i]<-max(abse[i],md][i])

}
wi<~(1-hii)*(1-hii)*(1/maxx)
arc<-abs((ssek-ssej)/ssej)
ssej<-ssek
}#end while
corfac<-1.38373
mse<-corfac*sqrt((colSums(ee*ee))/(n-k-1))
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ei<-ee*(1/(mse*(sqrt(1-hii))))
outliers<-matrix(0,n,1)
for (m in 1:n)

alpha<-0.05
if (abs(ei[m])>abs(qt(1 - alpha/2, n - k-1)))
{

outliers[m]<-1

}

false<-sum(outliers[1last])
sumfalse<-sumfalse+false
detect<-sum(outliersffirst:n])
sumdetect<-sumdetect+detect

}#end for
}

pp<-sumdetect/(N*outs)
po<-sumfalse/(N*last)
retum(pp,po)

}

else if (methodnumber==2)

{

HHAHHHADI and SIMONOFF prog. Code ###HHHE

hsmethl <- function(X, y, initial="resid", alpha = 0.05)

{

# This S-Plus function computes estimates based on the procedure Method

# 1 of Hadi and Simonoff (1993) and finds the corresponding set of

# outliers.

#

# This code requires the Matrix library of S-Plus; before calling it,

# enter the command

# library(Matrix)

# Input parameters

#y is an nx1 response vector

# X is an nxp matrix of explantatory variables (no column of 1's assumed in input)
# initial determines the diagnostic used to create the initial subset; choices

# are "hat", "cook”, or "resid"

# alpha is the significance level for the test in step 3.a. of the Main Algorithm
# Output parameters

# outliers: the set of outlier observations

# regline: Im object of rejection-plus-least squares regression estimate
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# Reference: A.S. Hadi and J.S. Simonoff, "Procedures for the Identification of
# Multiple Outliers in Linear Models" (1993), Journal of the American
# Statistical Association, 88, 1264-1272.
h <- hat(X)
X <- ¢bind(1, X)
n <- nrow(X)
p <- ncol(X)
beta <- solve((X) %*% X) %*% t(X) %*% y
t1 <- rep(0, length = n)
tt <- rep(0, length =n)
if (initial=="hat") Ind <- order(h) else {
e <-y-X%*% beta
if (initial=="resid") Ind <- order(abs(e)) else {
d<-(e*e*h)/((1-h)"2)
Ind <- order(d)}}
medio <- floor((n +p - 1)/2)
j<-p+1
bdet<-0
while(bdet==0){
Ind <-Ind[13]
Xs <-X[Ind, ]
ddet<-det(t(Xs) %*% Xs,logarithm=F)$modulus
if (abs(ddet<1.e-13)) j<-(j+1) else bdet<-1}
# Beginning of while loop to find initial subset M
while(j <= medio) {
# beginning of while loop for finding subset M
Jnd <-Ind[1;]
Xs <-X[Ind, ]
ys <-y[Ind]
beta <- solve(t(Xs) %*% Xs) %*% t(Xs) %*% ys
e <~y -X%*% beta
sind <- sqri(t(e[Ind]) %*% e[Ind}/(Iength(Jnd) - p))
iXs <- solve(t(Xs) %*% Xs)
h <- diag(X %*% iXs %*% t(X))
t1{Ind[1;]] <- e[Ind[1;j]¥/sqrt(1 - h[Ind[1:j]])
t1[Ind[(j+1)n]}<- e[Ind[G + 1):n]l/sqrt(1 + h{Ind[( + 1):n]])
Ind <- order(abs(t1))
J<-(G+1)
}
# end of while loop for finding subset M
T <- ¢(0)
while((cr==0) & (j <= (n - 1))) {
# The loop for The Main Algorithm
Jnd <- Ind[1;]
Xs <-X[Ind, ]
ys <- y[Jnd]
beta <- solve(t(Xs) %*% Xs) %*% t(Xs) %*% ys
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e <-y - X %*% beta
sind <- sqrt(t(e[Ind]) %*% e[Ind}/(length(Jnd) - p))
1Xs <- solve(t(Xs) %*% Xs)
for(iin j + 1)m) {
hilnd[i]] <- X[Ind[i], ] %*% iXs %*% X[Ind[1], ]
t1[Ind[i]] <- e[Ind[i]}/sqrt(1 + h[Ind[i]])
}

for(i in 13) {
h[Ind[i]] <- X[Ind[i], ] %*% iXs %*% X[Ind[i}, ]
t1[Ind[i]] <- e[Ind[i]}/sqrt(1 - h[Ind(i]])

}

tt[Ind] <- t1[Ind}/sind

Ind <- order(abs(tt))

u <- sort(abs(tt))

if(ufj + 11> qt(1 - alpha/(2 * G + 1)), 5 - p)) {
mr<-1

}

else {
j<-j+1
}

# End of the loop for The Main Algorithm step
K <~ (I:n)[abs(tt) > qt(1 - alpha/(2 * (j + 1)), ] - p)]
jim<-ifelse(abs(tt) > qt(1 - alpha/(2 * (j + 1)), - p),1,0)
y[K] <-NA
X <- X[, 2ncol(X)]
out <- Im(y ~ X, na.action = na.omit)
return(list(outliers = K, jim=jim, regline = out))
}
# Auxiliary function
if{exists("det", mode="function", where=1))
rm{det)# just in case
library(Matrix) #-- defines 'det’
det.default <- function(x,...) det(as.Matrix(x),...)
pppo<-function(N,outl,out2 outshft1 outshft2 yshift1,yshifi2 n k x seedy)
{
{
outs<-outl+out2
first<-n-outs+1
last<-n-outs
i<-1
sumhs93<-0 # total number of planted outliers detected with hs97
sumhs93£<-0 # total number of false alarms
for (rin 1:N){
ii<-seedy-+i
set.seed(i1)
data<-gendatamed1(outl,out2,outshftl outshft2 yshift1,yshift2,n k x)
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j<-hsmeth1(data$x,dataSy)

. hsout<-sum(j$jim[first:n])
sumhs93<-sumhs93 + hsout
hsfalse<-sum(j$jim[1:last])
sumhs93 f<-sumhs93f + hsfalse
1<-i+1

} #end for
pp<-sumhs93/(N*outs)
po<-sumhs93{/(N*(n-outs))
}

return(pp,po)

}
}
else if (methodnumber==3)
{

HHHHHAEHAEHHAHIRWLS  Prog. Code #HHHAHHHHHHH}

# At the following two lines change the index of the bacon.scc in a suitable form
source("'d:/baconnewl /bacon.ssc")
dll.load(""d:/baconnewl bacon.dll”,c("@bacon$qpdpit2t1 t1£2£2t1t112"))
# distance must be "mahalanobis” or "euclid”
distance <- "mahalanobis”
# alpha must be (O<alpah<1 )
alpha<-1
# multiplier mustbe >=3
multiplier <-5
pppo<-function(N,outl out2 xs1,xs2,yshiftl yshift2 n k xx)
{
{

outs<-outl-+out2
first<-n-outs+1
last<-n-outs
sumfalsel1<-0
sumdetectl<-0
sumfalse2<-0
sumdetect2<-0
for(i in 1:N)
{
outliersl1<-matrix(0,n,1)
outliers2<-matrix(0,n,1)
set.seed(i)
cat("iteration "1, " ")
data<-gendatamed1(outl,out2,xs1,xs2,yshiftl,yshift2 n k,xx)
y<-dataSy
y<-as.matrix(y)
x<-data$x
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x<-as.matrix(x)

out <- bacon(x,distance=distance,alpha=alpha,multiplier=multiplier)
di<-out[["distance"}]

di<-as.matrix(di)

di<-di*di

x<-cbind(1,x)
B<-solve(t(x)%*%ox)% * % (t(x)%*%y)
el<-y-(x%*%B)
sse0<-colSums(el*el)
di<-di/colSums(di)

dii<-di #will use at the graph
md<-median(di)

md<-matrix(md,n,1)
maxx<-matrix(0,n,1)

for(i in 1:n)

. maxx[i]<-max(di[i],md[i])
}

di<-1/maxx

colsums<-colSums(di)

di<-di/colsums

wi<-di

tol<-0.0001

maxiter<-25

iterR wis<-0

arc<-tol+1

ssej<-ssel

while ((iterRwls < maxiter) && (arc >tol) )
{

iterRwis<-iterRwls+1

wii<-diag(n)# make nxn identity matrix

-wii<-as.matrix(wii)

for (iin 1:n)

wit[i,i]<-wi[[i]]

Bhat<-solve(t(x)%*%wii%*%x)%*%(t(x)%*%wii%*%y)
yhat<-x%*%Bhat
e<-y-yhat
e<-as.matrix(e)

ee<-e :
e<-(e*e)/colSums(e*e)
ssek<-colSums(e*e)
abse<-abs(e)
md<-median(e)
md<-matrix(md,n,1)
maxx<-matrix(0,n,1)
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for (i in 1:m)

{

maxx[i]<-max(abse[i],md[i])

}
ai<-(1-di)*(1/maxx)
wi<-(ai*ai)/colSums(ai*ai)

arc<-abs((ssek-ssej)/ssej)
ssej<-ssek
}#end while
p<-k+1
cofac1<-2*(n+2*p)/(n-2*p)
msel<-sqri(cofacl)*sqrt((colSums(ee*ee))/(n-p))
hii<-hat(x)
eil<-ee*(1/(msel *(sqrt(1-hii))))
for (m in 1:n)
{
alpha<-0.05
if (abs(eil[m])>abs(qt(1 - alpha/2, n - k-1)))

{

outliersl [m]<-1

}

falsel <-sum(outliers1{1:last])
sumfalsel<-sumfalsel+falsel
detectl <-sum(outliersl [first:n])
sumdetect] <-sumdetectl+detectl

}#end for
}
ppl<-sumdetectl/(N*outs)
pol<-sumfalsel/(N*last)
retum(pp1,pol)
else if (methodnumber==4)

{

HHHB ACON Regression Prog. Code #HHHHHHH

#LINK BACON PROGRAM

# At the following two lines change the index of the bacon.scc in a suitable form
source("d:/baconnewl/bacon.ssc")

dll.load("d:/baconnewl /bacon.dll",c("@bacon$qpdpit2tl t112t2t1t112"))

# distance must be "mahalanobis" or "euclid”
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distance <- "mahalanobis”
# alpha must be (O<alpah<1 )
alpha <-.1
# multiplier must be >=3
multiplier <- 3
#HHtcalculating the BACON distances "di"
hsbmh1 <- function{outl,out2,outshftl outshft2 yshiftl yshift2 n k,x,alpha=0.05,i,seedy)
{
# This S-Plus function computes estimates based on the procedure Method
# 1 of Hadi and Simonoff (1993) and finds the corresponding set of
# outliers.
#
# This code requires the Matrix library of S-Plus; before calling it,
# enter the command
# library(Matrix)
# If you do not have access to the Matrix library, you will need to make a few
# changes. First, create the following determinant function:
# det <- function(M) Re(prod(eigen(M, only.values = T)$values))
# You will need to change one line in the hsbmh1 function:
# ddet <- det(t(Xs) %*% Xs, logarithm = F)$modulus
#to0
# ddet <- det(t(Xs) %*% Xs)
# Input parameters
#y is an nx1 response vector
# X is an nxp matrix of explantatory variables (no column of 1's assumed in input)
# initial determines the diagnostic used to create the initial subset; choices
# are "hat", "cook”, or "resid"
# alpha is the significance level for the test in step 3.a. of the Main Algorithm
#
# Output parameters
# outliers: the set of outlier observations
# regline: Im object of rejection-plus-least squares regression estimate
#
# Reference: A.S. Hadi and J.S. Simonoff, "Procedures for the Identification of
# Multiple Outliers in Linear Models" (1993), Journal of the American
# Statistical Association, 88, 1264-1272.
#
11<-seedy-+i
set.seed(it)
data<-gentable7k2(outl ,out2 outshft1,outshft2,yshift1,yshifi2 n k x)
y<-data$y
y<-as.matrix(y)
x<-data$x
x<-as.matrix(x)
out <- bacon(x,distance=distance,alpha=alpha,multiplier=multiplier)
di<-out[["distance"]]
Xs<-out[["xclean"]]
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di<-as.matrix(d1)
Xs<-as.matrix(Xs)
Ind<-order(di)
X<-cbind(1,x)
n <- nrow(X)
p <- ncol(X)
t1 <-rep(0, length =n)
ti <- rep(0, length =n)
tt <~ rep(0, length =n)
Xs<-cbind(1,Xs)
j<- nrow(Xs)
bdet<-0
while (bdet==0 & j<=n)
{
Ind <- Ind[1;]
Xs <-X[Jnd, ]
ddet<-det(1(Xs) %*% Xs,logarithm=F)$modulus
if (abs(ddet<1.e-13)) {j<-(j+1)} else {bdet<-1}

}
if (bdet==0 && j==n )

i<-i+1
hsbmh11<-hsbmh1(outl,out2, outshftl, outshft2, yshiftl, yshift2,
n,k,x,alpha=0.05,1)
}
ys<-y[Ind[1:j]]
beta <- ginverse(t(Xs) %*% Xs) %*% t(Xs) %*% ys
e <-y - X %*% beta
h<-matrix(0,p,1)
iXs <-ginverse(t(Xs) %*% Xs)
for(iin (j + 1))
{

h[Ind[i]] <- X[Ind[i], ] %*% iXs %*% X[Ind[i], ]
t1[Ind[i]] <- e[Ind[i]}/sqrt(1 + h[Ind[i]])
}

for(iin 13)

h[Ind[i]] <- X[Ind[i], ] %*% iXs %*% X[Ind[i], ]
#1[Ind[i]] <- e[Ind[i]}/sqrt(I - h[Ind[i]])

}
sind <- sqrt(t(e[Ind]) %*% e[Ind]/(length(Ind) - p))
t1[Ind] <- t1[Ind}/sind
Ind<-order(abs(t1))
medio<-p*5
j<-ptl
while(j <= medio)

{
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# beginning of while loop for finding subset M
bdet<-0
while(bdet==0)
{
Jnd <- Ind[1;]
Xs <- X[Jnd, ]
ddet<-det(t(Xs) %*% Xs,logarithm=F)$modulus
if (abs(ddet<1.e-13)) j<~(j+1) else bdet<-1
}

ys <- y[Ind]

beta <- ginverse(t(Xs) %*% Xs) %*% t(Xs) %*% ys

e <-y - X %*% beta

iXs <- ginverse(t(Xs) %*% Xs)

h <- diag(X %*% iXs %*% (X))

t1{Ind[1;j]] <- e[Ind[1:j])/sqrt(1 - h{Ind[1;]])
t1[Ind[(+1)n]]<- e[Ind[(j + 1):n]}/sqrt(1 +h[Ind[( + 1):n]])
sind <- sqrt(t(e[Jnd]) %*% e[Ind}/(length(Jnd) - p))

ti[Ind} <- t1[Ind}/sind

Ind <- order(abs(ti))
j<-G+1)

j<i1

Ind<-Ind[13]
longueur<-as.matrix(rep(c(0,1),n))
ji<-2
while(longueurfjj]!=longueur[jj-1])

bdet<-0
while(bdet=0)

Jnd <- Ind[13]

Xs <-X{Ind, ]

ddet<-det(t(Xs) %*% Xs,logarithm=F)$modulus
if (abs(ddet<1.e-13)) j<-(+1) else bdet<-1

ys <-y[Ind]
beta <- ginverse(t(Xs) %*% Xs) %*% t(Xs) %*% ys
e <-y - X %*% beta

iXs <-ginverse(t(Xs) %*% Xs)
for(iin (j + 1):n)

h[Ind[i]] <- X[Ind[i], ]%*% iXs %*% X[Ind]i], ]
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t1[Ind[i]] <- e[Ind[1]}/sqrt(1 + h[Ind[i]])
}
for(iin 13)

h[Ind[i]] <- X[Ind[i], ] %*% iXs %*% X[Ind[i], ]
t1[Ind[i]] <- e[Ind[i]V/sqrt(1 - h[Ind[i]])

}
sind <- sqrt(t(e[Jnd]) %*% e[Ind)/(length(Ind) - p))
ti[Ind] <- t1[Ind}/sind

obs<-as.matrix(c(1:nrow(X)))
mat<-cbind(y,X,obs, i)
mat.ord<-mat[order(mat{,ncol(mat)]),1 :ncol(mat)]
r<-nrow(Xs)
#alpha<-0.05
critique<-qt(alpha/2*(j+1),j-p)
dif<-sign(critique-mat.ord[,p+3])
if(sum(dif)==n)
{i<n}

else

i<-table(dif,dif){2,2]}

Xs<-mat.ordf1:1,2:p]

ys<-mat.ord[1:1,1]

Ji<ditl

longueur(jj}<-nrow(Xs)

if(sum(difj==n)

{
outliers<-c("BACON detect no outliers")
nbr.out<-0

}

else

i<-table(dif,dif)[nrow(table(dif,dif)),ncol(table(dif,dif))]
outliers<-mat.ord[(i+1):n,p+2]
nbr.out<-length(outliers)
}
}

return(outliers,nbr.out,ti,Xs,ys,it,p)

# Auxiliary function; omit these lines if you do not have access to the Matrix
# library, and create your own det() function
if{exists("det", mode="function", where=1))
rm(det)# just in case
library(Matrix) #-- defines 'det’
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det.default <- function(x,...) det(as.Matrix(x),...)
pppo<-function(N,outl ,out2,outshft1,outshft2 yshiftl yshift2 n k,x seedy)

{

outs<-outl-+out2
first<-n-outs+1
last<-n-outs
sumfalse<-0
sumdetect<-0
i<-1
for(rin 1:N)
{
outliersl<-matrix(0,n,1)
hsbmh11<-hsbmh1(outl,out2,outshftl outshft2 yshift1,yshift2,n k x,alpha=0.05 i,seedy)
ii<-hsbmh11[["ii"]]
ti<-hsbmh11[["ti"]]
ti<-as.matrix(ti)
nbr.out<-hsbmh11{["nbr.out"]]
nbr.out<-as.matrix(nbr.out)
nbr.clean<-n-nbr.out
p<-hsbmh11{["p"]]
for (m in 1:n)
{

alpha<-0.05

if (abs(ti[m])>abs(qt(1 - alpha/(2 * (nbr.clean + 1)), nbr.clean - p)))

{

outliersl [m]<-1
}

}
false<-sum(outliers1[1:last])
sumfalse<-sumfalse+false
detect<-sum(outliers1 [first:n])
sumdetect<-sumdetect+detect
1<-i+1
} #end for

}
pp<-sumdetect/(N*outs)

po<-sumfalse/(N*last)
retum(pp,po)

if (methodnumber>=5)
{break
}
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#configuration of Table 5.4.

##pppol<-pppo(500,2,2,0,0,3,0,40 2,2 Y#gendatamed]
#Hpppo2<-pppo(500,3,3,0,0,3,0,60,6,6) #gendatamed 1
##pppo3<-pppo(500,4,4,0,0,3,0,40,2 2) #gendatamed1
tHpppo4<-pppo(500,6,6,0,0,3,0,60,6,6) #gendatamed1
#H#pppoS5<-pppo(500,2,2,0,0,4,0,40,2,2) #gendatamed1
#Hpppo6<-pppo(500,3,3,0,0,4,0,60,6,6) #gendatamed 1
##pppo7<-pppo(500,4,4,0,0,4,0,40,2,2) #gendatamed1
##pppo8<-pppo(500,6,6,0,0,4,0,60,6,6) #gendatamed 1
#Hipppo9<-pppo(500,2,2,0,0,5,0,40 2,2 y#gendatamed]
##pppo10<-pppo(500,3,3,0,0,5,0,60,6,6) #gendatamed1
##pppo11<-pppo(500,4,4,0,0,5,0,40,2,2) #gendatamed]
##pppol2<-pppo(500,6,6,0,0,5,0,60,6,6) #gendatamed1
#Hipppo13<-pppo(500,2,2,0,0,3,3,40,2,2) #gendatamed2
#Hpppol4<-pppo(500,3,3,0,0,3,3,60,6,6) #gendatamed2
##pppo15<-pppo(500,4,4,0,0,3,3,40,2,2) #gendatamed2
##pppol6<-pppo(500,6,6,0,0,3,3,60,6,6) #gendatamed?2
##pppol7<-pppo(500,2,2,0,0,4,4,40,2 2) #gendatamed2
##pppo18<-pppo(500,3,3,0,0,4,4,60,6,6) #gendatamed2
##pppo19<-pppo(500,4,4,0,0,4,4,40,2,2) #gendatamed2
#H#pppo20<-pppo(500,6,6,0,0,4,4,60,6,6) #gendatamed2
##pppo21<-pppo(500,2,2,0,0,5,5,40,2,2) #gendatamed2
##pppo22<-pppo(500,3,3,0,0,5,5,60,6,6) #gendatamed2
##pppo23<-pppo(500,4,4,0,0,5,5,40,2 2) #gendatamed2
#ipppo24<-pppo(500,6,6,0,0,5,5,60,6,6) #gendatamed2

#Configuration of Table 5.5.

#pppo25<-pppo(500,4,5,0,0,10,0,60,6,6)#genrand
##pppo26<-pppo(500,9,9,0,0,10,0,60,6,6)#genrand
#pppo26a<-pppo(500,5,4,0,0,10,10,60,6,6)#gentable2
#pppo26b<-pppo(500,9,9,0,0,10,10,60,6,6)#gentable2
#pppo26c<-pppo(500,5,4,0,0,10,10,60,6,6 gentable2a
#pppo26d<-pppo(500,9,9,0,0,10,10,60,6,6)#gentable2a
#Hpppo27<-pppo(500,3,3,0,0,5,0,40,2 2)#gendatamed1
#Hipppo28<-pppo(500,4,5,0,0,10,0,60,6,6)#gendatamed1
##pppo29<-pppo(500,3,3,0,0,10,10,40,2 2 }#gendatamed2
##pppo30<-pppo(500,4,5,0,0,5,5,60,6,6 #gendatamed2
#pppo3 1<-pppo(500,6,6,0,0,10,0,40,2,2)#gendatamed1
##pppo32<-pppo(500,9,9,0,0,5,0,60,6,6 #gendatamed 1
##pppo33<-pppo(500,6,6,0,0,5,5,40,2,2 ¥gendatamed2
#Hipppo34<-pppo(500,9,9,0,0,10,10,60,6,6 y#gendatamed2
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#Configuration of Table 5.6.

#Single cloud scenarious
# #pppo35<-pppo(500,2,2,2,2,3,3,40,2 2 Y¥gentable5
# #pppo36<-pppo(500,3,3,2,2,3,3,60,6,6 gentable5
#pppo3 7<-pppo(500,4,4,2.2 3,3 ,40,2,2 #gentable5
# #pppo38<-pppo(500,6,6,2,2,3,3,60,6,6 ¥#gentable5
##pppo39<-pppo(500,2,2,5,5,3,3,40,2,2 f#gentable5
# #pppo40<-pppo(500,3,3,5,5,3,3,60,6,6 }gentableS
# #pppo41<-pppo(500,4,4,5,5,3,3,40,2,2 ¥gentableS
# #pppo42<-pppo(500,6,6,5,5,3,3,60,6,6 y¥gentable5
# pppod3<-pppo(500,2,2,2,2.5,5,40,2,2 ¥#gentableS
# pppo44<-pppo(500,3,3,2,2,5,5,60,6,6)#gentables
# pppod5<-pppo(500,4,4,2,2,5,5,40,2,2)#gentableS
# pppo46<-pppo(500,6,6,2,2,5,5,60,6,6)#gentable5
# #pppodT7<-pppo(500,2,2,5,5,5,5,40,2,2 YgentableS5
# #pppo48<-pppo(500,3,3,5,5,5,5,60,6,6 ¥gentableS
# #pppod9<-pppo(500,4,4,5,5,5,5,40,2,2 f¥gentable5
# #pppoS0<-pppo(500,6,6,5,5,5,5,60,6,6 f¥gentable5

#two clouds scenarious

# #pppoS51<-pppo(500,2,2,2,2.3,5,40,2,2)#gentable5

# #pppo52<-pppo(500,3,3,2,23,5,60,6,6#gentable5

# #pppo53<-pppo(500,4,4,2.2 3.5,40,2 2 y¥#gentable5
# #pppo54<-pppo(500,6,6,2,2,3,5,60,6,6)¥#gentable5

# #pppo55<-pppo(500,2,2,5,5,3,5,40,2,2#gentables
# #pppo56<-pppo(500,3,3,5.5,3,5,60,6,6 f#gentables
##pppoS5S7<-pppo(500,4,4,5,5,3,5,40,2 2 #gentables

# ppo58<-pppo(500,6,6,5,5,3,5,60,6,6)#gentable5

# #pppo59<-pppo(500,2,2,2,2,5,7,40 2,2 f#gentable5
# #pppo60<-pppo(500,3,3,2,2,5,7,60,6,6 #gentables
# #pppo61<-pppo(500,4,4,2,2,5,7,40 2,2 fgentables
# #pppo62<-pppo(500,6,6,2,2,5,7,60,6,6 }¥#gentable5
# #pppo63<-pppo(500,2,2,5,5,5,7,40,2 2))#gentable5
# #pppo64<-pppo(500,3,3,5,5,5,7,60,6,6 }¥gentableS
# #pppo65<-pppo(500,4,4,5,5,5,7,40,2 2 )¥#gentable5
# #pppo66<-pppo(500,6,6,5,5,5,7,60,6,6 #gentableS

#Configuration of Table 5.2.

#Hipppo83<-pppo(500,2,2,0,0,3,0,40,2,2)¥#genrand
#pppo84<-pppo(500,3,3,0,0,3,0,60,6,6)#genrand
#Hipppo85<-pppo(500,4,4,0,0,3,0,40,2,2 ¥genrand
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#H#pppo86<-pppo(500,6,6,0,0,3,0,60,6,6)#genrand
#pppo87<-pppo(500,2,2,0,0,4,0,40,2 2 ¥genrand

#pppo88<-pppo(500,3,3,0,0,4,0,60,6,6 genrand
#pppo89<-pppo(500,4,4,0,0,4,0,40,2,2)#genrand
#Hpppo90<-pppo(500,6,6,0,0,4,0,60,6,6)#genrand
##pppo91<-pppo(500,2,2,0,0,5,0,40,2,2 }genrand
#ipppo92<-pppo(500,3,3,0,0,5,0,60,6,6)#genrand
##pppo93<-pppo(500,4,4,0,0,5,0,40,2,2)#genrand
#pppo94<-ppp0(500,6,6,0,0,5,0,60,6,6 f#genrand

#Configuration of Table 5.3.

#pppo93<-pppo(500,2,2,0,0,3,3,40 2,2 ¥gentable2
#pppo96<-pppo(500,3,3,0,0,3 3,60,6,6 gentable?
#pppo97<-pppo(500,4,4,0,0,3,3,40,2,2)#gentable?
#pppo98<-pppo(500,6,6,0,0,3,3,60,6,6 Y#gentable2
#pppo99<-pppo(500,2,2,0,0,4,4,40,2,2 Jgentable?
#pppo100<-pppo(500,3,3,0,0,4,4,60,6,6)#gentable2
#pppol101<-pppo(500,4,4,0,0,4,4,40,2 2)#gentable?
#pppo102<-pppo(500,6,6,0,0,4,4,60,6.6)gentable2

#pppo103<-pppo(500,2,2,0,0,3,-3,40,2,2 }#gentable?
#pppo104<-pppo(500,3,3,0,0,3,-3,60,6,6 #gentable2
#pppo105<-pppo(500,4,4,0,0,3,-3,40,2,2 f#gentable2
#pppo106<-pppo(500,6,6,0,0,3,-3,60,6,6)#gentable2
#pppo107<-pppo(500,2,2,0,0,4,-4,40,2, 2 #gentable2
#pppo108<-pppo(500,3,3,0,0,4,-4,60,6,6 #gentable2
#pppo109<-pppo(500,4,4,0,0,4,-4,40,2,2)#gentable?
#pppol10<-pppo(500,6,6,0,0,4,-4,60,6,6Y#gentable2

#Configuration of Table 5.7.

#pppo111<-pppo(500,2,2,2,-2,2,-2,5,-5,40 2 2 fgentable6k2

#pppo112<-pppo(500,3,3,2,-2,2,-2,2,-2,2,-2,2,-2,2,-2,5,5 60,6 ,6)#gentable6ké

#pppo113<-pppo(500,4.4,5.-5,5,-5,5,-5,40 2 2 ¥ gentable6k2

#pppo114<-pppo(500,6.6,5,-5,5,-5,5,-5,5,-5,5,-5,5,-5,5,-5,60,6.6 }#gentable6k6
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