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ABSTRACT

COMPLEX INTERVAL-VALUED T-SPHERICAL FUZZY SETS AND
THEIR APPLICATIONS IN MULTI-CRITERIA DECISION MAKING

Hussein Hammodi Mahmood AL-JAFAR
Master of Science in Mathematics
Advisor: Assoc. Prof. Dr. Faruk KARAASLAN
May 2023

This thesis consists of six chapters. In section 1, literature review, motivation of the thesis
and contributions of the thesis in literature are presented. In section 2, the basic definitions
and theorems that will be used throughout the thesis are given. In section 3, the concept
of complex interval-valued T-spherical fuzzy (CIVT-SF) sets is recalled, and their set-
theoretical operations such as union, intersection and complement and score and accuracy
functions of CIVT-SF numbers are introduced. Also, arithmetic operations between two
CIVT-SF numbers are defined and some results related to these operations are obtained.
In section 4, some novel aggregation operators called complex interval-valued T-spherical
fuzzy weighted arithmetic aggregation (CIVTSFWAA) operator and complex interval-
valued T-spherical fuzzy weighted geometric aggregation (CIVITSFWGA) operator are
introduced and some of their basic properties are investigated. In section 5, a decision-
making method is developed based on defined averaging operators. Also, to show the
progrees of the proposed method an application is given. In section 6, some explanations

related to the results of the thesis are presented.

2023, 45 pages

Keywords: Fuzzy set, Complex fuzzy set, T-spherical fuzzy set, Interval-valued fuzzy
sets, Complex T-spherical fuzzy set, Aggregation operator, Decision-

making



OZET

KOMPLEKS ARALIK DEGERLI T-KURESEL BULANIK KUMELER
VE COK KRITERLI KARAR VERMEDEKI UYGULAMALARI

Hussein Hammodi Mahmood AL-JAFAR
Matematik, Yiksek Lisans
Danigsman: Dog¢. Dr. Faruk KARAASLAN
Mayis 2023

Bu tez alt1 boliimden olugmaktadir. 1. Boliimde, literatiir incelemesi, tezin motivasyonu
ve tezin literatiire katkis1 sunulmustur. 2. Boliimde, tez boyunca kullanilacak temel
tanim ve teoremler verilir. 3. bolimde, kompleks aralik-degerli T-kiiresel bulanik kiime
(KADT-KBK) kavrami hatirlatildi ve birlesim, kesisim, tiimleyen gibi kiime teorik
islemleri ve KADT-KB sayilarin skor ve kesinlik fonksiyonlar1 tanimlanmistir. Ayrica
iki KADT-KB say1 arasindaki aritmetik iglemler tanimlanmig ve bu islemlerle ilgili bazi
sonuglar elde edilmistir. 4. Boliimde, karmasik aralik degerli T-kiiresel bulanik agirlikli
aritmetik birlestirme (KADTKBAAB) operatorii ve karmagik aralik degerli T-kiiresel
bulanik agirlikli geometrik birlestirme (KADTKBAGB) operatorii olarak adlandirilan
baz1 yeni birlestirme operatorleri tanitilmakta ve bazi temel 6zellikleri arastirllmaktadir.
Boliim 5°te tamimlanan birlestirme operatorlerine dayali olarak bir karar verme yontemi
geligtirilmigtir. ~ Ayrica Onerilen yontemin igleyisini gostermek igin bir uygulama

verilmistir. Boliim 6 da, tezin sonuglarina iligkin bazi aciklamalara yer verilmistir.

2023, 45 sayfa

Anahtar Kelimeler: Bulanik kiime, komplex bulanik kiime, T-kiiresel bulanik kiime,
Aralik-degerli bulanik kiime, Kompleks T-kiiresel bulanik kiime,

Birlestime operatorii, Karar verme.
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1. INTRODUCTION

Humans have struggled with dealing with uncertainty for a very long time. A proposition
is either true or false according to traditional reasoning. However, there may be instances
in daily life where an objective method cannot be assessed. In other words, a statement
may not necessarily be wholly truthful or wholly falsity. These circumstances resemble
the grey areas between black and white. To model difficulties involving situations where
it is unclear whether something is true or false, numerous theories have been proposed.
The most well-known of them is the fuzzy set theory, which, as a generalization of
established sets, was put up by Zadeh (1965). In reality, a fuzzy set is a function from a
non-empty universe to a closed interval [0,1]. The membership function is a function
that expresses how much a given element in the universe belongs to a particular
collection. A component’s degree of fuzzy set membership depends on how large its
value is under the membership function. An element, for instance, is said to have a high
degree of belonging to the set if its membership degree is 0.9, and a very low degree of
belonging to the set if it is 0.1. Additionally, a member of the set with a membership
degree of 0.6 does not belong, with the degree of non-belonging being 1 — 0.6 = 0.4. If
you pay attention, you can determine the degree of non-membership by deducting the
degree of membership from 1. However, this might not always be the case in real life. In
other words, there are some circumstances where people might hesitate. Fuzzy set theory
is currently insufficient to model such circumstances. A new set theory was able to
evolve as a result of this. In order to generalize fuzzy sets, Atanassov (1986) developed
the concept of intuitionistic fuzzy sets. From a universe X to the bounding interval [0, 1],
two functions were established: the membership (mu) and the non-membership (nu)
functions, are used to describe an intuitionistic fuzzy set. An element x, for instance, can
belong to a set to a degree of 0.5 but it doesn’t belong to a degree of 0.3. It can be seen
that there is 0.2 degree of hesitation in this situation with reference to the element. In an
intuitionistic fuzzy set, an element’s combined degree of membership and degree of
non-membership cannot exceed 1. The total of an element’s membership and
non-membership degrees may, in some circumstances, exceed 1. Fuzzy intuitionistic sets
cannot adequately represent problems involving such circumstances. Yager (2013)
offered the Pythagorean fuzzy set as a solution to this problem. In Pythagorean fuzzy

sets, the squares of an element’s membership degree and non-membership degree must



not exceed one. The membership degree of an element is 0.6 while the non-membership
degree is 0.7. for instance, it cannot be stated as a number since 0.6 + 0.7 = 1.3.
However, it can be written as a Pythagorean fuzzy value because 0.6% 4 0.7> < 1. Here,
you can wonder: "How should this situation be treated if the square of the sum of the
membership degree and non-membership degree corresponding to an element is more
than 1?". Yager (2016) and Yager et al. (2018) also answered this query by presenting
the idea of a g-rung orthopair fuzzy set. We cannot model such elements using
Pythagorean fuzzy values, for instance, if an element has a non-membership degree of
0.9 and a membership degree of 0.8. But 0.8° +0.9° < 1. The g-rung orthopair fuzzy set
is an extension of the fuzzy set, intuitionistic fuzzy set, and Pythagorean fuzzy sets. It is
a set that is defined from an initial universe into the range [0, 1] under the condition
u?+v4 <1 (g>?2). Itis distinguished by membership (1) and non-membership (V)

functions.

Picture FS (PES), described by Cuong (2013a, 2013b), is another extension of IFS.
Because a PFS may simulate judgments about an object or an idea using degrees of yes,
abstention, no, and rejection, it is a powerful tool for modeling human opinion. Using
the standard 0 < u+ y+ v < 1, a PFS discovered three degrees of an element, referred
to as MD (u), abstinence degree (AD) or neutral degree (), and NMD (v). Despite the
fact that PFS has numerous applications in areas like decision-making (DM), (Cao
2020, Garg 2017, Joshi 2020, Karaaslan and Dawood 2021, Peng and Dai 2017, Tian
et al. 2020, Wei 2017a), similarity measure (Rafiq et al. 2019, Thao 2020, Wei and
Gao 2018b, Wei 2018c), correlation coefficient (Ganie ef al. 2020, Singh 2015), and
clustering (Hao 2016, Son 2016). When u + Y+ v > 1, it is insufficient for modeling
various issues. Because of this, Gungogdu and Kahraman (2019a, 2019b) introduced the
design of the spherical fuzzy set (SFS), an extension of PFS that satisfies the requirement
0 < u?+ 79>+ v? < 1. They also researched SFS operations and how to use this set in
DM issues.

By combining the SFS and TOPSIS methods, Kahraman ez al. (2019a) presented a DM
strategy and gave an example of how to use the technique in selecting a hospital location.
A definition of the T-spherical fuzzy set (T-SFS) as an extension of the SFS with the
constraint may be found in Mahmood et al. (2019) 0 < u?+ y?+ v <1 and several



examples of T-SFS and SFS uses in medical diagnosis and decision-making challenges.
The similarity measurements for T-SFSs were introduced by Ullah et al. (2018a) along
with a pattern recognition application. In Garg ef al. (2018), improved interactive
aggregation operators for T-SFSs were presented, and their operational laws were
examined. Ullah er al (2018b) provided a numerical example involving a
multi-attribute decision-making (MADM) problem and defined certain ordered weighted
geometric (OWG) and hybrid geometric (HG) operators.

The complex FS (CFS) theory was investigated by Ramot ef al. (2002, 2003). It
contains the grade of complex-valued supporting relating to unit disc on a complex plane
in the form of polar coordinates. Alkouri and Salleh (2012) also improved CFS to look
into complex intuitionistic FS (CIFS), which has the supporting grade and the opposing
grade in the form of a complex number in a unit disc with the restriction that the sum of
the real part (also for the opposing grade’s imaginary part) of the supporting grade and
the grade of supporting against is not greater than a unit interval. pertaining to a
multi-attribute decision-making (MADM) problem. The interval-valued complex
intuitionistic fuzzy relation (IVCIFR) was proposed by Garg and Rani (2019). Ullah et
al. (2019) extended CIFS to explore complex Pythagorean fuzzy sets (CPFS) under the
condition that the complex PFS and the sum of the squares of the real parts be positive.
Complex g-ROFs (Cq-ROFS) was defined by Liu et al. (2020). Ali et al. (2020)
defined the concept of complex T-spherica fuzzy (CT-SF) sets (CT-SFSs) and studied on
aggregation opertaions of them. Karaaslan and Dawood (2021) introduced Dombi
aggregation operator under the CT-SF environment. They create a decision-making
process by utilizing the defined operators. Interval-valued complex Spherical and
T-spherical fuzzy sets were defined by Alothaim et al. (2022). They also developed
interval-valued complex T-spherical partial order set and relation to use in cybersecurity

application.

In this thesis, we present the accuracy and scoring functions of the CIVT-SF statistics,
along with instances of their set theoretical and arithmetic operations. Both the complex
interval-valued T-spherical-fuzzy weighted-arithmetic aggregation (CIVTSFWAA)
operator and the complex interval-valued T-spherical-fuzzy weighted-geometric

aggregation (CIVTSFWGA) operator are introduced, and some of their fundamental



properties are examined. In addition, a mechanism for making decisions is created using
predefined averaging operators. Additionally, an application is provided to demonstrate

the progress of the suggested strategy.

Remainin part of the thesis is organized as follows: We went over the fundamental
concepts of FS, IFS, IVIFS, CIFS, CIVIFS, PES, IVPFES, SES, TSFS, and IVTSES in
Section 2. In Section 3, the concept of CIVTSFES and how it functions are proposed. We
constructed the aggregation operators in Section 4, and their well-known results are
given. We created decision-making algorithms in Section 5 to address the issues and
illustrate them with the use of numerical examples. In Section 6, a conclusion is

provided.



2. PRELIMINARIES

This part introduces some fundamental concepts concerning FSs, CFSs, SFSs, T-SFSs,
and CT-SFSs in order to make the paper self-contained. A finite universal set will also be
represented by X. The marks "+" and "-" denote the upper and bottom halves,

respectively, of the intervals for membership, neutrality, and non-membership.

Definition 2.1. (Zadeh 1965) Let X be a non-empty universal set. A fuzzy set % on X
is described by a membership function:
sz :X—]0,1].

A fuzzy set (FS) can be written as a set of pairs as follow:

F ={(t,57@)) :x € X}

non

where the degree of membership of the element "¢" in "X" is represented by s ("2”).

Definition 2.2. (Ramot 2002, 2003) Let X be a set that is not empty. The definition of a
complex fuzzy set (CFS) is:

F ={(,7z (1)) :r € X},

where the membership functions of CFS .%# are denoted by 74(r) and receive any
objects that are inside the complex plane’s unit circle. As a result, it might be said to be
Fz (1) = rz()e? @) and it signifies a complex-valued grade of membership (CMF)
of r € X to CFS .Z. In this instance, i = v/—1and 0 < rz(x) < 1 and 0 < @, (x) < 1.,

respectively.

Definition 2.3. (Atanassov 1986) Let X be a set that is not empty. The following is the

definition of an intuitionistic fuzzy set (IFS) k on X:

K = {(x, ux(r), vi(r) : Vr € X}



Here py : X — [0,1] and v, : X — [0,1] are called membership function and
non-membership function of intuitionistic fuzzy set k, respectively. Also,
0 < wie(x) + vie(r) < 1. R(x) =1 — pi(r) — vi(x) denotes the degree of hesitancy of

¢ € X. The pair for the convenience (L, Vi) is called intuitionistic fuzzy number.

Definition 2.4. (Alkouri and Salleh 2012) Let X be a set that is not empty. A complex

intuitionistic fuzzy-set (CIFS) .% is described as:
F ={(t, 77 ¥),57 () :r € X},

where 7z (r) and §.% (r) are referred to as membership and non-membership functions
for CIFS (%). They all get lying within the complex plane’s unit circle. As a result,
They fit the description of ~Z (r) = r(x)e?™@#®  and 57 (1) = 5.7 (r)e > @),
showing, the complex-valued membership and non-membership grades of the r € X to
CIFS F. .7, respectively. Here i = \/—1, and for all t € X, 0 < r#(z) +s5#(x) < 1, and
0 <@, (r) + @, (r) < 1. Furthermore,

Wr(x) =(1—rz() — szg(;))e(l_w’f )~ Fs5(x) exemplifies the complex hesitation grade
of r.

Definition 2.5. (Cuong 2013a, 2013b) A picture fuzzy set (PFS) .# on a universe X is an

object in the form

F ={(t,nz),nz{),ve () € X}.

Here n#(x) € [0, 1] is called the degree of positive membership of ¢ in .#, n.#(¢) € [0, 1]
is called the degree of neutral membership of ¢ in %, and v4(x) € [0,1] is called the
degree of negative membership of ¢ in .# such that

0<puz()+nz@)+ver) <L (Vr€X). Here

R(r)=(1—(uz(r) +nz(xr) +vz(r))) is referred to ¢ in .%#. The membership degree of
refusal membership degree of ¢ in #. p = (Uz,Nz,Ve) is called a Picture fuzzy

number (PFN).

Definition 2.6. (Cuong 2014) An interval-valued picture fuzzy set (IVPES) F on a

universe X is an object in the form



F=A{x,@r@,nr@,vr@)kex}

where [4f = [uF ,uf], AF = [nF-,nf] and VF = [vF~,vf] with
0 < () + )+ (vf) <1 The term Hy(x) = [1 — (u" + 0 + v}),
1 —(uy +n; + v, )] is seen as the level of hesitation of ¢ in X. The IVPF number is
stated by:f = ([, ,ur ], [y nf ] v, v/

Definition 2.7. (Akram ef al. 2020) Let X be a set that isn’t empty. A complex picture
fuzzy set (CPFS) is described mathematically as:

T ={@ 77 (),57 (x),17 (1)) : x € X},

where . membership, neutral membership, and non-membership functions are denoted
by 7#(x),5#(r) and 7.% (¢) to the CPFS (.%). They are all positioned inside the complex
plane’s unit circle. As a result, they can be described as 7% (r) = rg(r)e?* @z ),
SF@) = sF @)z and 1F () = 1.7 ()™ @>® | where they represent,
respectively, the complex-valued categories of membership, non-membership, and
neutral membership in CPFS .#. In this instance, i = v/—1, and VI € X,
0<rz(xr)+s2()+tz(x) <1,and 0 < @, (v) + @, (r) + @, (r) < 1. Furthermore,
Wan(r) = (1 —rz(t) —sz(t) — Z‘y(x))e(l_wrﬂ(ﬂ_wsﬁ(lc)_wtf(x)) expresses the complex
hesitancy grade of .

Definition 2.8. A complex interval-valued picture fuzzy set (CIVPFS) C is defined as:

C=(x,[r (),rd @], [sc (1), 55 (0)], [tz (x), 65 (@)]le € %)

R2rw

where r; (r) = § (r)e & ® ri(x) = p)e 2R0,+ (r))sg(;) — & (p)e 270, (x )

st = EX@e™™ Y, and 17 (1) = ¢ ()7 Y i) = o (1) ® yith
conditions: 0 < & (¥) + & (1) + ¢ () < 1and 0 < @p+ (r) + g+ (1) + O+ (1) < 1.
The CIVPF number is stated by:

= (&, g% e (e g7 0 [, g0 %),



Example 2.9. Let X be a set that isn’t empty and

C= (5, [r (1), rd @), sz (1), 58 (0)], [tz (x), 15 (@)]|x € X)

where r; (r) = 0.1 rf(r) = 0.2¢7702 57 (r) = 0.2¢?™1 57 (x) = 0.3¢703, and

t7(x) = 0.17703 1+(x) = 0.3¢2™04 with conditions: 0 < 0.2+0.3+0.3 < I and
0<0.2+0.340.4 < 1. According to Definition 2.8, set C is a CIVPFS.

Definition 2.10. (Gundogdu and Kahraman 2019a) Let X be a non-empty set. The
following is the definition of a spherical fuzzy set (SFS) .% over X:

F ={(t,r7(),57(x),t7(x)) : r € X},

where rgz : X —[0,1],52 : X —[0,1],7% : X — [0,1] and
0 < r5(x) + 5% (x) +1%(x) < 1,Vr € X. For ¢ € X, rz(x), s#(r) and t5(x) are the
degree of membership, neutral and non-membership, respectively. When we consider

(r,r#,57,tz) is called a spherical fuzzy number (SFN).

Definition 2.11. (Duleba et al. 2021) An interval-valued spherical fuzzy set (IVSFS) C

is characterized as:

C = {(x,7c(x), 8 (x),fc(r))r € X}

where A = [r.,rf], £ [s0,sf] and £ = [t7,tf] such that

0 < (rH)? + (sH)? + (tH)?> < 1. An IVSF number is stated by:

&

C= ([rg,rg],[sg,sé“],[tc_,tg]).

Definition 2.12. (Akram ef al. 2021) A starting universe that is distinct from the empty

set is X. The definition of a complex spherical fuzzy set (CSES) is as follows:

F ={(,77),57(x),i7(x)) : r € X},



Here 77(t) = rz(1)e?™ @, 52(1) = s7(1)e?™ @+ and 77() = 17 (r)e> >
indicate the degrees of abstinence, truth, and falsehood so that
0<r%(x)+s5%(x) +1%(x) <land 0 < 032 (r) —|—sz (;) + P ~.(¢r) < 1. Furthermore,

7 RV - @7, (1))

= \2/1 —rz(1)?—s52(1)* —tz expresses the

complex hesitancy grade of r.

Definition 2.13. (Alothaim ef al. 2022) As defined by the interval-valued complex
spherical fuzzy set (CIVSES) C :

C= (5, [ry (1), rd @], sz (1), 58 (0)], [tz (x), 15 (@)]]e € X)

where r; () = & ()¢ ™% . rt (1) = € ()™ W s (1) = &0 (1),

@) = & @Y and () = (@ P () = ¢ @7 win
conditions: 0 < (£ (¥))* + (£ (1)) + (6
0 < (g (1)) + (g (1) >+ (0 (1) P < 1.
The IVCSF number is stated by:

(T N e P R e )

Example 2.14. Make X a set that is not empty.

C = (v, [re (1), r (@] [se (0),58 @), [t (0),2 (0)][x € X)

where 7. () = 0.2¢2701 ¥ (1) = 032703 s (1) = 0.3¢2701 s+ () = 0.4¢/270
and £ (1) = 0.2¢2703 11 (1) = 0.5¢7706 with conditions: 0 < 0.324-0.4%> +0.5%> < 1 and
0<0.32+0.57+0.6> < 1.

According to Definition 2.13, set C is an IVCSFS.

Definition 2.15. (Mahmood et al. 2019) Make X a set that is not empty. The definition
of a T-spherical fuzzy set (TSFS) over X is as follows:



p = (Uz,nz,vz) is called a T-spherical fuzzy number (TSFN).

Definition 2.16. Let X be a nonempty set. An interval-valued T-spherical fuzzy set
(IVT-SES) is defined over X as follows: % = {r, (#(r),s:(z),7(z))|xr € X} where
Fe=[ro,rf], e =1[s; st ]and & = [r7, 7] with O < (rD)9+ (s))9+ (1)1 < 1,q€ Z*

The IVT-SF number is stated by: f = ([r},r}“], [s]?,s}“], [tJ?,th]).

Definition 2.17. (Ali ef al. 2020) Assume that X is an alternate starting universe to the

empty set. The following characteristics (CT-SFS) are said to be present in a complex
T-spherical fuzzy (CT-SF) set:

F ={(t,77(¥),57 ), 1z (r)) :r € X}.

2no,

Here 72 (xr) = rz(r)e " 70, §2(r) = sz (r)e
indicate  the degrees of truth, absence, and falsehood so that
0 <r%@)+s50@) +150) <1 and 0 <@ +0! +& < lqeZ"
Furthermore,

Won(t) = T 77— 5707~ rs(eie |

complex hesitation grade of .

i27'[ﬁ)'sgz(x), and 'fgz(x) — ty(g)eﬂﬂﬁftt(‘;(;)

>

1-o; 7 Bz ()
s 1z demonstrates the

rz(x)

10



3. COMPLEX INTERVAL-VALUED T-SPHERICAL FUZZY SETS

The concept of interval-valued complex T-spherical fuzzy sets was defined by Alothaim
et al. (2022). In this section, we define the score and accuracy functions of CIVT-SF
number, set theoretical and arithmetical operations of CIVT-SFSs. We also obtain some

results related to arithmetical operations of CIVT-SFSs

Definition 3.1. (Alothaim et al. 2022) An complex interval-valued T-spherical fuzzy set
(CIVT-SFS) C is defined as:

C= (5, [re ),rd @) sz (1), 58 (0)], [t (1), 15 (©)]|e € X)

where 7z (1) = o ()™ Y (1) = af ()™ W 5o (1) = B (e
sH@) = B @Y and 17 (1) = 1 @Y 0 (1) = 7 Y with

conditions: 0 < (& (£))9+ (B (2)2+ (¥ (x))? < 1 and

0 < (@ (1)) + (@52 (1)) + (0 (1) < 1 € Z*,

The CIVT-SF number is stated by:
e = (oo™ % [p e 1w ),
Example 3.2. Let X be a non-empty set.

C = (&[rc @, rd @) lse ()58 @) e ()27 @)]le € X) where 77 () = 0.3¢2704
rf(x) = 0.4€2™03 57 (1) = 046705 5F(r) = 0.5¢?™7, and 1. (r) = 0.7¢2707,

C

tF(r) = 0.8¢2™9 with conditions: 0 < 04* +05* + 08 < 1 and
0 < 0.5 +0.7*4+0.9% < 1. Note that, here we take g = 4.
According to Definition 3.1, set C is a CIVT-SFS.

Corollary 3.3. Every CIVPFES can be considered as CIVT-SES but not conversely.

Corollary 3.4. Every CIVSES can be considered as CIVT-SFS but not conversely.
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Definition 3.5. Let
- 2 (Woy W - I i2
Al = {[OCAI,(XXI]el e, Al]a[BAlaﬁX—l] P NG 27y YAI]} and
; - + : - + .
Ay = {[aA_y aAz]elZﬂ[WaATWaAz], [ﬁA_z’ ﬁAt]eQ”[WpAz:WﬁAz}y [}/A_y yjz]elZE[WyszwyAZ]}

be two CIVT-SENs and ¢ € Z*. Then,

2r[wy

1) Ay < A, if and only if o < aA_yO‘Xl

< 05,42 ﬁAl > BAzﬂﬁAl > BAz

— — ot + : wt +
Ya, = YayYa, = Ya,» for amplitude terms and wp, < wou  Woa S Wou,

o <wh, wh, <wh o> wo, L wh o >
Wea, SWpa s Wea, S Wpys and Wou, = Wau , Woya, 2 WYAz for phase terms.

; - + i - + ; - +
2) A5 = {1, o, Je il By By 1B o) ey e ey

3)
AIVA, = {[max(a;,a;),max(aj’a;)] i27[max(wey aAz),max(w;rAl,ngz)],
[ (BAI ﬁAz) I’i’lll’l(ﬁAl BAz)] 27y ﬁA ’ EAZ)’min(WEA17WEA2)]7
[min(yy, , }/IL‘_Z),min()/A1 YA )]elzn[mm(w;/ﬂ Wy ) min (Wi, Wi }
4)

. - . R2rjmin(w_, wo, )min(wl, wh, )
AlNAy = {[mln(aAl,OcAz),mln(OtI;?a:)] min(wa, Wan, Waay aAz},

[min(By. . By, )smin(By, By e " b o), )]

[max(y;, . vy,)smax (¥}, 75, )Je e et ;A"W;Az)]}

12



Example 3.6.Let A; = {[0.3,0.4]¢2*0405] [0.4,0.5]¢2%(0-5:0.7] [0.7,0.8]£270-7.0-9}
and Ay = {[0.4,0.6]¢?270-5:06] 0.6 0.7]270-7:09] [0.4,0.5]¢270-205]1  pe  two
CIVT-SENs for g = 4. Then,

1) Ay <Ay ifand only if o < oty for 0.3 <0.4, af <y for 0.4 <0.6,

Bi, < By, for 0.4 <0.6, B:l < B/fz for 0.5 < 0.7 and

}/A_l > yA_2 for 0.7 > 0.4, y;“l > y:z for 0.8 > 0.5,

for amplitude terms and w’A < W(;A for 0.4 <0.5, ng < W&LAZ for 0.5 < 0.6,
for 0.5 < 0.7 ,wi for 0.7 < 0.9 and

Wea, = Vpa, pa, S BA
Wap, = Wy, for0.7>0.2, W;;‘ > W+ for 0.9 > 0.5 for phase terms.
2)
A5 = (w8 B 1P o) o ot e
- {[07, O'g]ei2ﬂ[0.7,0.9} , [04’ 0‘5]6i2ﬂ[0.5,0.7] : [03’ 0.4]61'2717[0.4,0.5]}
3)

. — T+ i2mmax(wy, wo, )max(wl, wih, )]
AIVAy = {[max(ocAl,aAz),max(aAl,ocAz)]e aapVady aapWany )l

min(By. . By,),min(By, By e "B pag) M, ag )

ninp oy )i, 7, e 5 )

= {[max(0.3,0.4), max(0.4,0.6) e 2rne0405)max(05.06))
[min(0.4,0.6),min(0.5,0.7) ™27 min(0:3.0.7).min(0.7.09)]
[min(0.7,0.4), min(0.8,0.5)]/>*min(0-7,02),min(0.9,0.5) }

— { [04’ 0.6]61'271'[0.5,0.6]’ [047 O~5]ei27r[0.5,0.7} , [04, 05)]612ﬂ[02,05)] }

13



4)

. - - . 2x[min(w_, , Ymin(wh, owh )]
AlNAy = {[mm(ocAl,aAz),mm(aXI,ajz)] Wy Wty oA ady/l

min(B, By, min B B e oy o i)
max(ty, i, ). max(, e ) e
_ { (min(0.3,0.4), min(0.4,0.6)] 27 [min(0.4,0.5),min(0.5.,0.6)] 7
[min(0.4,0.6), min(0.5, 0'7)]ei27r[min(0.5,0.7),min(0.7,0.9)] :
[max(0.7,0.4),max(0.8, 0.5)]eizn[max(o'7’0'2)7m“x(0‘9’0’5)] }

— { [037 0.4]61'2717[0.4,0.5]7 [04, 05]61’271:[0.5,0.7} , [07’ O.8)]€i2n[0'7’0'9)] }

Definition 3.7. Let us consider the following CIVT-SF number

A= {[a;,a:]ei'z"[W;A’WgA},[ﬁ;,ﬁ:]ei'zn[wﬁf"w%,[}/A NG 2y VA’W;A]} Score function
denoted by S(A) and accuracy function denoted by ( ) of CIVT-SF number A are
defined as follows:

(@ )+ (B B — (R + 1)) + (wgd +wied) - (W +wid) — (wid +wid)
4

S(A) =

(@ T+ 0y )+ (B + B+ (1 T+ 1)) + (e +we) + (wgd +wed) + (wy, +wp))

H(A) = ]

respectively. Here S(A),H(A) € [—1,1].
Definition 3.8. Two CIVT-SFNs A and B have an order relation that takes the form
1. If S(A) > S(B) then A > B.
2. If S(A) = S(B), then
(a)IfH(A) > H(B), then A > B

(B
(b) If H(A) < H(B), then A < B
(c)IfH(A) =H(B), then A = B.

Using the above definitions, to obtain the following results.
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Example 3.9. Let A = {[0.3,0.4]¢?2710-405] [0.4,0.5]¢?2710-5:07] [0.7,0.8]¢?27(0-7.09]} and
B = {[0.2,0.6]¢2*[0303] 10.3,0.7]¢2%0407] 10.6,0.8]¢>*0708]1 be two CIVI-SFNs
when g = 4. Then,

S(A) :%(((0.34 +0.4%) +(0.4* +0.5*) — (0.7* +0.8%)) + (0.4* +-0.5) + (0.5* +0.7%)

—(0.7* +0.9%)
1

=7((0.0337+0.0881 — 0.6497) + (0.0881 +0.3026 — 0.8962))
1

=4(~0.5279-0.5055)

1
=—(—1.0334
4(-1.0334)

=—0.2584

_ -
4
—(0.7* +0.8%))

S(B) ==(((0.2* +0.6%) + (0.3* +0.7*) — (0.6* +0.8*)) + (0.3* +0.5*) + (0.4* +0.7%)
1
:Z((o.mz +0.2482 — 0.5392) + (0.0706 + 0.2657 — 0.6497))
1
:Z(—O.1598 —0.3134)
1
=—(—0.4732
2 )

=—-0.1183

Since S(B) > S(A) then, B > A.

Theorem 3.10. (Monotonicity of score function)
. — + i2 — -+ . — +
LetA; = {[a{;,aﬁ]elzn[ww‘l’ww‘l], [[3;1,,3;1]6’ ﬂ[wﬁAl’WﬁAl}, [YAyy,I]elzn[WVAVWYM]} and
; - + ; - + ; -t
Ay = {[aA_z’ (X;]elzn[wmz’wmz], [ﬁé,ﬁj‘z]eﬂﬂ[wﬁfiz’wﬁf\z}’ WA—z’ y;‘:]eﬂﬂ[WMz’WyAz]} be two

CIVT-SFNs for g € ZT. If A} < A, then S(A;) < S(A3).
Proof. Assume that A; < A,. Then,

o, !+ ajlq o, !+ oc:z”
- + - + - + - +
(o T+ 0 )+ (B 4+ By < (o + o))+ (B + BT

(ag T+ o )+ (B 4+ B — (v + 77 (o + o) + (B! + B — (v + 7"

ANRVAY

IN
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and

—-q +q —-q +q —-q +q —-q +q —-q +q —q +q
WO(A] +WO{A1 S WO(AZ +WOCA2 and (WOCAl +WOCA1 ) + (WBAl +WﬁA1 ) S (WOlAz +WO£A2) + (WﬁAz +WﬁA2)’
— + - + — + - + - + — +
(Wagl + W(ZZ] ) + (WﬁZ] + WBZI ) - (W’)/Aql + W’)/Xl) S (W(xgz + Wagz) + (Wﬁgz + Wﬁzz) - (W’)/qu + W’)/qu)

Then,

( (o o)+ (B + By — (! +7%) )
)

+(w;;{1 + w;;{l )+ (WEZI + wgzl) —(w !+ wid

A ‘A
(o, + o) + (B! + B) — () + 1),
« +(W(xzz + W(xzz) + (Wﬁzz + Wﬁzz) - (Wyqu + W)/qu)

4

= S(Ay).

Theorem 3.11. (Symmetry of Score Function) Assume

_ Rrlws . wt. _ Rrlwy . wh] o~ Rrlwo . wl .
A= {[Otj ,Otjﬂel ”[Waﬁwa/},[ﬁj ,ﬁjﬂel mWp,; Wﬁj],[yj ,yjﬂe’ m[wy; Ww]}, j=1,2 be two
CIVT-SFNs and ¢ € Z". Then,

— 2wy, Wi - 2rwy Wi - 2w Wi ,
A; _ {h/] 7%_.4_]61 ”[WW’WW],[[B’J. aﬁ]ﬂe mlwg; WBJ],[OCj 7a]7L] o127 Wa waj]}’ i =1,2 be the
complement functions of each. The following is our conclusion: S(A;) < S(A;) if and

only if S(A]) < S(AS).

Proof. Assume that S(A;) < S(A;). Then,

- + — + - +
+(W(le +WOCZI) + (Wﬁzl +Wﬁgl) o (W ¥ +WYAq1

( (o + o)+ (B + B ) — (1, "+ %) )
)
YA,

4
( (o d+ oy )+ (Bl + BT — (il + 79 )
)

- + = + - +
+<WO¢ZZ + W(XZQ) + (WﬁZZ + Wﬁqu) o <W7AqZ + w'yAqZ

<
- 4

if and only if
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(OﬂAf + !+ B+ B - !+ nhH <
(O‘Az ) (BAzq“f’ﬁJ;q) - (}’A;q "‘YAtq)

(a + ) + (B! + By — (! + %) — 20! + o) + 2 + 1) <
(ay, + % ) (B + B — (i + 7 — 2(a 4+ o) + 200 + D (! +

D+ B +Bi) — ( + 7, < (@ + ) + Byt + BT — (o, + o)

(w aAl—i—waAl)—i—( ﬁA1+WBA) (w yA1+WyA1)§< ;ZZ+WZZ2)+(W13§ +WBA2)
(W, + yAz)( A, +WaA])+( ﬁA [sA) (Wya' +WyA]) 2(woa, +WocA1)+
2(w YA1+WYA1)§( ocA2+W(xA2)+( ﬁA2+wﬁA2) (w YA2+WYA2) 2( Won, T Wau,) +
2w, + Wik, + wed) + (gZ +owga) = Ol owd) <
(Wi, T Waa,) + (Wga, + WEXQ (W, + W7Az)

if and only if
% +7Aﬁ) (ﬁ/;q+ﬁ+> <ocA‘f’+<ZA+f’)+
+(w 7A1+W7A1) (w [3A1+w[3A1) (w az?\1+wagl)
4
7 +YA+2) (ﬁ;;’+ﬁ+) (! +al?)
< +( YA2+WYA2>+( BA2+WI3A2) ( (XA2+W(XA2)

4 >

if and only if S(A$) < S(AS)
[

Theorem 3.12. (MonotonicityofAccuracyFunction). Let

27wy, W, 2wy, wi, ] - _ 27| , ]
Aj={loy o Je /) By B e TR [VA,vﬁj]el KO it j=12be

two CIVT—SFNS andgeZ™. Then the accuracy-function

1 _ _ _ _ -
H(A) = 71((o3 "+ 05 ) + (B, "+ B4 ") + (1" + 71 ") + (wged +wgh) + (wpd +wgd) + (v +wy )]
is a monotonic increasing function.
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Proof. Assume that A} < Aj. Then,

—-q +q
o +ay

IN

a;qurajq
(o T+ )+ (B 1+ BT < (a;'+a,;")+<ﬁg+ﬁ+q)
(g T+ o )+ (B 1+ BN + (77 (o + o ) + (B4 B + (v + 70

IN

and

W(;zl +W;z1 < WO{AZ +WO{A2 ( +WOCA1) +( ﬁA] +WﬁA1) S ( aAZ +WaA2) +( ﬁAZ +WﬁA2)
( &Z] + ngl) + ( ﬁAl + ﬁA]) + ( yAl + W;Aql) S
(w aA2+wocA2)+( BA +W.§A) (w YA2+W7A2)
Then,
—q o4 - +q g, tq
(aAlq+ ) (ﬁAlq+B ) (YAI +QA1 )
+(We, +WaA1)+( ﬁAl +WﬁA )+ (Wya, +W7A1>
H(A) = A
- +q —q |
(aA2 +o ) (BA2q+ﬁ )+ (yAz Y, 7)
< +< O{A2+WOZA2)+( ﬁA2+WﬁA2)+< 7A2+WYA2>
= 4
= H(Ay).
O

Theorem 3.13. (Symmetry of Accuracy Function) Let
_ 27wy, W, 2wy, Wi, ] _
A; = {lag o ] g ey e
be two CIVT-SFNs and q E Z*. Then,
_ 2wy, 2rwy, wi, ] _ RuWa, Wiy ]

:{[’}/Ajvr}/,;—j] YA YA [ﬁA 7BA] ﬁAJ éA] J[aAJ»?aIZ—j] A A } ]_1 2be
the complement functions of each. We have the following conclusion: H(A1) < H(A;) if
and only if H(A{) < H(AS).

P27[wy, ,WYA]} i=12
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Proof. Assume that H(A}) < H(A;). Then,

( (0 + 0 )+ (BT + By ) + (1, mﬁ ) )
+ (W, +WEX1)+ (WEXI -I—WEZI) + (W +WYA1)
4
(T + o)+ (Bt + B + (1] +7X2)
<+( aAz—’_WaAz)—'_(W[;Zz—’_W;Zz)—’—( yA2+WyA2) )
4

<

if and only if

(7! +YA+1) (ﬁ,;q+B/Iz) (1434
+( YA1+W'}/A1)+(WﬁZ1+WﬁZ|)+( OCA1+WOCA1)
4
(3" + ) (B! + ')+ (0," + )
+( YAZ +WYA2) + (Wﬁqu + Wﬁzz) + ( (XA2 + WOCA2)
4

<
if and only if H(A{) < H(AS),

3.1 Operational Laws of CIVT-SFSs

The operating rules for CIVT-SFNs that we suggest the following based on Archimedean

t-norm procedures in this paragraph.
Definition 3.14. Let

_ 21w Wy i2nlwg wi] o 2n[w
Aj:{[ocj,oc;r]l SO [ﬁ ﬁ Je " ﬁf,[}’j,yj]l 7/} j = 1,2 be any
two CIVT-SENSs, and choose any real integer A > 0 and g € ZT. Then,
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+1 +q)1/q]
b

[(0‘1 a4 az _ OC az )l/q ( +q +Ot+q _ a+qa+q)]/q] 127[[(w,,1 +wa2 e, ”%) 1/q (w+q+wg,2

ot
27w Mﬁz,wﬁlwﬁz] i

1. A PA = [131 ﬁz ﬁl ﬁJr]

D= W i w
[717 ,y; 7 71+ ,y2+]el27r[wy] Wy, Wy ”72]

2.
[al— az— , al+ a;]eiZIr[w&l w&z ,wgl wotl] ,
_ 2rw, w, w >y
A1®A2_ [Br By, Bi B e B )
(74957 — 795 )V, (7 4yt — ) )20 o)1 9,y v V)
[(1—(1—a; D)4, (1 _(1_a1+4)/1)l/q]eﬂﬂ[(lf(lfw;?)‘)l/q,(lf(lfwzf‘)*)l/q] ,
p —A A
3. A{Al = [ﬁl—l’ﬁﬁ-l]eﬂ”[wﬁl 7W[31 ] ,
7 —A A
(H o e
[al A OC{HL] tZﬂ:[wa wgll]
P —A A
4. A} = B, Bi]e i2mlwg "W,

(1= (1 =3 ), (1= (1= g V)P0 1=

Example 3.15. Let A; = {[0.3,0.4]¢2%04.0-5] [0.4,0.5]¢270-5:0.7] [0.7,0.8]£270-7.0-9}

and Ay = {[0.2,0.6]¢?2710-3:05] [0.3,0.7]¢2710407] [0.6,0.8]¢270-708]} be any two
CIVT-SFNs and let A = 3 and ¢ = 4. Then,

—q 1 +q +q +q ,+q\1 27[(wod +wad —wodw q)l/q wed+wgd— W+qw+q)l/‘/
(o "+ 0" =0 oy )9, (0" + o) — o0 ) V4)e ey e Oy e 1

1. A PA = [ﬁ] Bz 7B1+ﬁ2} i2m| Wﬁl Wy Wﬁl wﬁz] 7

Dalws we wi wit
% s 1l n v )

{]0.314,0.624]¢™2710-428.059] 10 12 0.35]¢/2710-2:049]
[0.42,0.64]27049.0.72]y
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[a;a;’araz+]ei2ﬂ[n'&1 wg,l,wgl wéz] ,
. D= w= wt wt
2.A1QA; = BBy, B By 1™ B e )
q +q V+fl

(O 99 = 719 9)1 9, (4 g )P o et

= {[0.06, 0.24]ei2”[0~ 12,0.25] ,[0.12, 0_35]61'27:[0.2,0.49} ’
(0.763,0.898]¢270-806.0.945]y

)

(1—(1- al‘q)l)l/q, (1—(1— a;rq)/l)1/q]eizn[(1,(1,waf)a)1/q7(17(liwz;,)l)l/q]

= — Rrhwot it
3.0A; = [Bl A’ 1+7L]ez ”[Wﬁl ’Wﬁl] ,

P

[y %, iAo i

= {[0.394, 0.523]ei2n[0.523,0.648], [0.064,0.125] ei27r[0.125,0.343]7 [0.343,0.512] ei2n[0.343,0.729]}

- j =A A
o oMl il

A _ . o
4. Al — [B]*A, i—},]elzﬂ[wﬁl ’WEI ] ,

[(l - (1 — '}/l_q)l)l/q7 (1 _ (l _ }’f”’)l)1/4]ei2”[(1*(lfw;l")*)‘/q,(lf(lfw;rlq)z)1/q]

= {[0'02770‘064]61'27:[0.064,0_125]7 [0.064, 0‘125]61'271[0412570.343]’ [0.866,O.944]ei2n[0'866’0‘99]}
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Theorem 3.16. Consider
A = {[a7, o] e ey B B/ ]e 2w, v AR LR AR IO

J jog 7yj7yj] }] ¢ any
two CIVT-SFNs and let 1,7, > 0 be any real numbers and ¢ € Z". We have

AL DA =Ar) DA
CAITR®Ay =ARA

.n (A1 ®Ay) =nA &nA;
AL DA = (n Bny)A;
LAl @A =AT

AT ©AY = (A @A)"

AN L A W N =

Proof. We consider Definition 3.14

1.
( [(OC;‘IJrOC{‘I ,afqagq)l/q,(afq+a a O‘z )1/4] 27 (wayl +wod —we W) /9, (M;"+w$q—w;qu+q)1/li] ) ’
we wt wt
Al@Az: ( [ﬁ] ﬁz 7Brﬁ2} 22l ﬂl ﬁz‘vﬁlnﬁz] )7
( V0¥ 7 7 e v v )
( (g9 + 07— a5 o )9, (0 + 0, — o ¥ ) /4] Wl twad —wadwa V4, (r bl —wiwh) V) ) ’
- e 27|
- ([ﬁ2ﬁ1 >B2+ﬁ1+]l WA 52 ﬁl]>7
( [ Y7 e R n Wiy Wy ] )
=A, DA,
( [afa;’ara;]eizn[wal W&Z’WEI wDtl] )7
Wy ot ot
2. Al QA = ( B B; aﬁrﬁz] 2wy, wg, wh Wi, | )7

— w. Wod — wa )1/ wid_ytdy,t l/
(10774957 =7 )10, (g 0y P ol o V)

( [a{af,a2+al+]ei2”[”'5*z“’51'Wgzw%] ),
D= we wt wt
- (185 pr.ps prie™ "o "l ).

+4q, +4q

—, W, . —W / W+ —W. W /
( [(yzq_i_,yl _7’2 y )|/q (']/2 +Y1 y+q,y+q)1/q] i27[(wy, » +M71 » WY )1 q,( ‘1+wy % Wy )1 q) )
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=A> QA

I B B N | e e
((Xl +(XZ 7(X1 (X2 )/q7 i271'[(waq+w (I,WaqwaQ)l/q( 11+W w:;qw:i)l/q]
[ he 2 Mg Py, Je 1 Wy oy Ve a Wy Way
A A R

)

mSAz) =m B By By By 1€ 0

2w wE wt
5 e n v v v

(1—(1- ( a ‘17+rx2 ))n| Y/,

—a oy ! } iZn[] 1 “’;;I+W‘;q niy/a —(q M0‘1 +W;2[I nyl/q
Y eI (1= (1- sl d YY1 —(1- +qW+ JEDRAAN
<1—<1—< A ))”1)‘/4 At
— 0

E Wi

[(ﬁfﬁ;)"l ,(ﬁrﬁ;)"l ]eizﬂ(w/;l W)l;Z Y1 (w X5

[(}’fV{ ),,] ~(’y1+,y;)“1 ]eiZH[(wyl Wy Jfl (wy ‘72 Y

Let
(1= (1= 0y, (1= (1 — a4y a1l V11wl ]
mA = B By
[,}/l—m ’ ,}/l—i—m ]eiZﬂ:[w;l"' ,w;lnl]
and
[(1—(1— a5 T)ym)1/a (1= (1 —a)m)1/a)e2Al (1= (1we o))V, (1= (1w ) )]
mifs = R
[,yfnl ’ ,},2+n1] i27r[w;2"l 7w;,rznl]

Then, we have
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(1= (1—a "ym)l/a,
(11— 9y
nA mA; =
B, "B

—ny

V2

(
—(1—ay "y

+q 1
(1—(1—a,9)m)l/a
@ —n +n
—n +n i2717[w 17w I]
[BZ I,ﬁz l]e By B
. —n +n
el
( ((l*(lfw&;’)"l)qu)‘1+ )l/q
(1= (1 =wgdym)1/a)e— i
((lf(lfw&]q)”l)1/6])‘1%(1,(17w;§1)ul)l/q)q
i2n
((lf(lfa 'I)ﬂ])l/‘?)"+ 1/ - l—w;q ny1/q)4
( (gl—(17(1;#)»11)1/4)11i ) q‘ ( 58 El M+'q;n1;1/q; + )1/1,
(1= —ay ) a)T((1—(1—a, 9)m)1/2)? . (1= (1= wgdy )Y 1 (1 = (1 = wgdym ) /2)?
(1= (=g ym)t/aydy Vg
= ( ((l—(l—az"’)"l)l/q 7.4 )
(1= (1= a7y Va)y (1 — (1 - o5 Tym )V /a)?
_ {Mﬁ ”ﬁ ) l(uﬁ wB "]]
{ml By )", (BB )" |e 1
27| (wy, wy, )1 (wi wip )1
[(717727)"“(71*72')"1]2 [ nn) vy vy ]
=ni(A; PAy).

Hence the part(3) have provided.

(4) Obviously

Next we are taking part (5), we have

Anpy i2x[wy " w
) }/1 ]e "n

L= (1w,
(1= (1= wigym)'/a

+ny

"1] 2w nl,wﬁ1

+ng
n

]
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P PR
o™, o5 ™27 ey

. —n +n
A}ill = [ﬁl—nl , ﬁl"rnl]elzn[wﬁl ! 7Wﬁ] ]] s

(1= (1= 37 1Y), (1= (1 gy )00

and
_ . —npy _ +ny
[0‘1 nzjarnz]eﬂﬂ[wal Way ] ,
. — +n
m_ —nz +ny 127t[w "2 W 2]
Al [ﬁl 7ﬁ1 ]6 A A

(1= (1= )) a0, (1 = (1= ) a2 =ity

Then, we have

™ e i
_ 27w, ! ,W+n1]
By B
Al QA =
(1 —wodyn1\1/q
—q\ni\1/q i2n (1 (1 W&q) )1/7
(1—(1—71 ) ) ) (1_(1_W71 )nl) 1
(1= (1 =5 m)Ve |°
—ny +no i2ﬂ[w;"2«,Wszrﬂz]
o ™2, 047 ]e T
—ny p+n i2”[W7n27WH2]
© [ﬁl 7[31 ]e B B Y,

(1= (1 —wytym)/a,
(I= (=7 0) e, ] P (1= (1 —wydym) /e
o—u—ﬁ@ww}e
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. —ny Sy +ny

2n {(w W (w w,

—n —n +n +n o Dt oy o
[al ]a] 2.051 IOtl 2:|e ! 1

i wo L 2 “+n]“ 1
[ﬁf"lﬁf"wr”lﬁr"z]fz”[(” |

(1= (1= wy, Ty Vay a4 1
( (1= (1 - w2 V) )
- (1= (1=wy "M )W) ((1-(1 ,W;lq)nz)l/q)q

(1= (=g )yt 1a (1= (1 —wjdyn) /eyt
( (1= (1—p )yt ) ’ ( E(l—m -wm‘f)m‘/q;q— )]/q
((li(liﬁIﬂI)nl)1/(/)‘1((17(17,y1*4>n2)l/q>‘i N q

(1= (1 =wiphym)Vaya (1= (1 = wiym2)1/9)

(= (1 =n Tym)layay 1/q
( (11— gty i )
(1-(=% (11~ vihym)la)d

= (Al )n1+n2

Hence, AT' QA2 = (A;)m1+™

Example 3.17. Let

Al = {[O.3,O.4]ei2”[0’4’0'5], [0.4,0.5]ei27r[0.570.7], [0.7,0.8]ei2n[0'7’0'9]} and
Ay = {[0.2,0.6]ei2”[0'3’0'5}, [0.3,0.7]ei2”[0'4’0'7], [0.6, 0_8]61'271:[0.7,0.8]}

be any two CIVT-SFNs and ¢ = 4. Then,

[0+ 05— ey )19, (e + 05— s ) )P v ) Ll v vt )]
+ ot
1.A1@A2: [ﬁ] Bz ﬁ|+ + 127l' ﬁlwzwﬁlwﬁz] ,

i ) ) + ot
[ 1 e

{[0.314,0.624] £i27(0.428,0.59] ,[0.12,0.35] ¢1270-2.049]
[0.42,0.64]¢2710-49.0.72]y

and
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—q —q AL +q +q +4 T4\ 1 27 [(wad +wal —wedwy )l/q (W+q+w W+qw+q Ji/a)
(o 1+ oy — oy oy )4, (o) + oy — o) Ty ) /4] 2T e e o P

- 27| w w whowh ]
o= [ﬁz B 7132 ﬁl le BB B,

27 w% le W‘Vz Wy] ]

[ 7. % Y e

{[0.314, 0_624]ei27t[0.428,0.59], [0.12, 0‘35161'2:1[0.2,0.49]’
[().42, 0.64] ei2ﬂ?[0.49,0.72]}

Then, A1 PA, = A, PA,

[(Xf(x{ (X 16127r Wa, Wasza] Wa,] ,
2. Al QRA; = [ﬁfﬁ{ Bz le 2zl 131 WEz'WE] sz] 9
(0777 =97 0, O+ 7 — gy g9y e v e )

{[0-0670-24]ei2ﬂ[0'12’0’25}, [0‘12’ 0_35]61'27:[0.2,0.49}7
[0.763,0.808] 127108060945y

and
— 2T Wy Wa, W W
log o, 0 o e e e e

= P27[wy w w+ w*]
®h= [B2 ﬁl ﬁ;ﬁ1 le BB B B

[(y;q + ’}’1 - YZ )l/q ( +t] y+q/yl+q)I/q]eizn[(w;qur»‘V';lq*W}'z Wi ])]/‘i (w;z”JrWy 7»1* *‘/)]/‘i]

: 241127[0.12,0.25] 19 19 ().35]¢i27(0-2,0-49]
{10-06,0.24 10.12,0.35] |
[0.763,0.898]¢2710-806,0.943]3

Then, A| @A, = A, QA
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4. COMPLEX INTERVAL-VALUED T-SPHERICAL FUZZY AOs

Here @ = (@, ®>, ..., ®;)! shows the weight vectors in a manner that Z];':I @ = 1, where

j=1,2,...,k Moreover

27[0

5205 2[00
PR +]elzn[m7i,myj]}7

_ 27[We. Wi oo _
Aj = {0, o) ? e (g B 51

J 7T

Jj=1,2,....k. have acted as the collective CIVT-SFNs.

Definition 4.1. The following mapping represents the complex interval-valued
T-spherical fuzzy weighted arithmetic aggregation (CIVTSWAA) operator:
CIVTSWAA : Z¥ — 7, and it is defined as follows:

k
CIVTSWAA(Al,Az, ...,Ak) =mA @(D'QAz@ ...@G)'kAk = @ijj
=1

where Z denotes the set of CIVT-SENS.

The following theorem can be found by using the CIVT-SENs’ operating laws.

Theorem 4.2. Let’s think about Definition 4.1, and then we get

(1-TE (120, /7, ]

i A1
[ (111 ) l (1012w
' N
(1fnk:1(1fa.+‘i)m;)1 e

C[VTSFWAA(A],Az,...7Ak): J 1k ou

- +@;
@ o iz”{“ﬁ*lmﬁ- ATj—t ﬁ-]]
L B0 ik j =1 TR
{szlﬁj anjzlﬁj ]‘3 )

ko0 k4O
{szlyj Ly

J

; k 0 1k &)
:| an{Hj:]QIny 2y, :l

Proof. The proof is made by using mathematical Indication.
Case 1: For k=2
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(1= (1= @ )81/, (1 — (1 — )01 ) a] 27l -(1-2060) ) Vo1 (120 )7 )

)

I’A'Il +|’A'I|
WA = [ﬁl o) I3+a71} t27r‘m1 fmﬁl ] , ,

+O
~ wl + @1 2x[0, oy,
v e 2y

and
(1= (1= 0 1)), (1= (1)) VoA POy
A, = [Bz [0 BHDZ] 2720 2 Qn+w2]
[?’_@7 },2+w2] i27(20,, 7 20,7
Then,

CIVTSFWAA(Al,Az) =0A PwA,; =

(1 mDBNG (1 (1 — o T\®1\1/q] pi2m(1=(1 =2 ) 1) 4, (1—(1-205,0) 1) /4]
(1= (1= )PV (1= (1—a, ")) /e

)

[B;wl ;LG)'I ]eiZn[QH HUI ]
)

+oy1 xR, "
2 Je 2R 2 ]

7’}/]

)

[(1—(1— o0y 9)®) 12 (1 _(1_a;q)wz)l/q]eiZE[(l—(1—217&2")”2)1/‘17(1—(1—21732")‘”2)1/‘1]

'
“ B ™, By )

()} +672] 27[20,, 72 Qﬂymz]

% 2%
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(1= (1= 20g)®1)! /07 1/q
( ((1- (1 - w2 /)7 )
(1= (1 =20)™) V07 ((1 = (1 = wg)®2)!/9)?

2

(= (= e o) ayy g 1= (1 20g#)o1) /ey
O D Rl I I (1 (1_apihyes iy )
(1= (= )PV (1 = (1 -y )2 a)? . (1= (1= /a)? (1 - (1~ 2 gg o) )¢
(1= (1= mn) eyt Vg
( (110 )%2) V)7 )
((1—(1—05]4“7)51)l/q)q((l—(l—a;q)@)l/")q

) @) o~ O] 0
in |20, Loy 2 gn Pl oy
. [ B A B B

{B;ml ﬁ;mz_ﬁl*ml ﬁzﬂﬂz

-0 ) +O) +o
@) -0y 4O 1O ’2"[21771 Wy, =Wy~ Wy,
Nn h Sh h e

an| (1= (1= 20 ) O (1= 20g;))®2) e,
{ (1= (1—a; ) (1 -, 1))/, } T = (- 2wgh)m (1 - gtV
(1= (1— o) (1 - af9))Va, |°

)

. —0) 07— 0) O] Ty
:|ez27r|:21'lﬁl ‘ll'lﬁz .iZJJlsl Qﬂﬁz :|

)

|:B;wl ﬁ{ﬁfz , ﬁlerl B2+ﬁ72

: -@) -T) 40 +O,
i2m Wy Wy Ty Wy,
~0y AT, |,

{7{"" %% " n

2 —a\@ 1 i2n (1—[‘[?:](1_%;7)&7/)1/47
{ (1= (1 - o )™)1/9, } (1=, (1= 20g)™) /s,

3

(1=TT, (1 — &} 9@ Ve,

+@;

= [np B, T, B;

i S
:| 2 |:Hj:1w/3j ’Hj:lwﬁj
e ’

L ]
{H/:H’j ALjar; 7 |e

@ ‘o,
P 2 J M2 )
:| 2r |:]_[j:] WYI ,l_[j:] wyj :|

The formula is valid.

Case 2: Assume the equation is true for k = m. Which is
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oa] (1T (1= 2061) %) 14,
(=TI, (- o)) e, | 7| (1, (1— 2wy e,
(=TI (1= oo Ve, | €
CIVTSFWAA(A,A;,....,Ap) = [Hj”lﬁ 7H;nlﬁ+w/} ’“{H'f":‘wﬁ;/ =10, ]
P . zZﬂH”’IH jQI]/:|
{Hfmzl?’jm’ﬂ'}’:ﬁ’jmj}e [ o
We verify that k = m+ 1 so that
CIVTSFWAA(A1,Az,...,Apt1) =
] o] I
[ el L S R
L= T, (1— e 9)®i) 1/, 2
m R0 m g +@; '2”{ =1 ﬁj/’nlfnz //} o) A
[T B; 7 IT B e ) @ 'm+13m+1
{ 7, %I f”’}eiz"{ SRR }
J=11j J=17j
(1= (1 =201 ®) V)4 a
((1_( —wed )m+l)1/q q_
(- 3":1(1—%1] 0))7) '
(1= (1 -2, )Pmr) )
- - i2m
1— 1— o N®)/a 14
(E(l—(l (oz" )ﬁ’m)ﬂ))l/qzl (1= ?:1(17m27)m,)1/q)q+ a
((1-11, (1_ 4)@;)1/4) , (1= (1 =041, )Pyl /a)T -
((1,(1,(, q’)w,,,ﬂ)l/q) (=TT (1 =208 @) /)T
. (- ( ngJrl)merl)l/Q)q
— (1 =TTy (1 — g )@y g \ 1
(1—(1—a1 Y1) 1/a) 1
((1- 7:1(1—+1af‘1)wf)'/q)‘1x
I (1= (1= g, ) me)a) |
(100,78, ™8, | oy o]
(1w ™% o | e |
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(1=TT72 (1 =200, @) /9,
(1_Hm+1( *Q)wj)l/q i2n (1 HT:_]l(l QH;J )wj>]/q
J )
(1—H’”“( a)P)ta e ,

= 7 m+l m+1 +0;
{ m+1ﬁ—w] H’"“ﬁ“ﬂf} i2m | 172 H b |
nr Hm+1 ,HmHQH;wj
+0
[Hm]% 7Hm]'y] ]:|€ !

Hence, the proof is completed.

O

Example 4.3. Suppose
([0.5,0.85]61.2”[0‘770‘9}), ([0'6’0'8]61'271[0.5,0.65})’

T = ([0_6’0_77]ei27c[0.6,0.8])’ T = ([0.66,0.88]ei2”[0'7’0'87]), ,
([0.7,0.88] 270508 ([0.65,0.85]¢i27[0-55.0.90])
([0.45,0.75]¢270-608]), ([0.35,0.85]¢27(0.75.08]),

3= | ([0.7,0.85]e27063088)) | gy — | ([0.6,0.77]¢/270-66.08)
([0.75,0.88]¢/27I0-35:085]) ([0.67,0.88] (065,081

be four CIVTSFNs and the weight vectors (@ = (0.15,0.20,0.25,0.40)7).  The
CIVTSFWAA operator for g = 7 is then found in such a way that

(1711’;:1(17913;7)%)1/‘1,

i ' tavo\ 1/

(I_H,;:](l_a;‘])w’)l/q’ ] ) (l_nl;zl(l_waf)mf) !
e

+o

CIVTSFWAA(Ty, 72,73, 73) = 127{“ . /}
508, ,

o |15 o, ™ Tk
B @ j=1y; = Wy
17] iy 7 e
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CIVTSFWAA(T, 72, T3, T4) = ({[0_5()27().823]61'271[0.692,0.810]7
[0.636,0.81 1]ei27r[0.64870.871]’
[0.690,0.874]ei2”[0~83270~668]})_

Theorem 4.4. (Idempotent) Let

— lZTC[Ql] 207 ]
A=A;={lo;,af e [B; . B;'le
for j=1,2,...,k. Then,

(42, P) 1) [0 RN 7 1) ll) 1 )
ﬂj Bj 7[’}/] ;Yj ]6 1 i } >

CIVTSFWAA(A|,As, ..., A) = A

Theorem 4.5. (Monotonicity) Let

27[Wge . WE ] 1o— 2r(2; W, ] 2720, 20
Aj = {lo o) e W] (g g1 Ty m,m Ty Wy
y, W Q’n;ﬂﬁ 5 i2 [217 ] PRSI Y D)1 iwi) 1
and A; = {[67, &1 )™ e M) (5 fr1e ) g g P ]y

+ < Wt and

— + + g+ 3+ it vt oot +
J=12. .k If o > oc B] gﬁj,yj < yj,ﬂna >QI] Qﬂﬁ 8,

+ i+
Qij < Qﬁyj. Then,

CIVTSFWAA(A1,As,...,Ay) > CIVTSFWAA(A1, Ay, ..., Ay)

Theorem 4.6. (Boundedness) Let consider the collection of CIVT-SFNs

o — 1,27, ,zn zZMﬂ Wy } 4 zzn[m;.m;.] .
Aj = A{laj o le 187 B} e Ly e T T = 1,2,k
if
_ 27 |max| < j<; Wy . ,max < j<x 2.
[maxlgjgk aj ,maXlngk a7i| [ 1<j<k = a; <<k O‘jL
+_ . . 27 {minlgjgkm]/}.,minlgjgkﬂﬂg}
A [mmlgjgkﬁj 7mln1§j§kﬁj} ! 4

. _ . 27 [min1< i<k Qﬂf,minK i<k Qﬂ*]
[mlnlgjgk’yj ,MIN| < j<g }/ﬂ SISKEE SISKEEY
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2m {min 1<j<k Qﬂ&j ,min; <j<k Qﬁgj}
)

. . — . . +
[mlnlgjgkaj ,mlnlgjgk(xj :| e

27 |ming < ;< 20, minj< i< 2075
]e { 1<j<k~g; 1<j<k ﬁj:|

. J— . _|_
[mlnlgjgk ﬁj , N < i<k Bj

_ + i2r [maxlg i<k 2., ;MaxX|<j<k Qﬂ+]
[maxlg_igk}/j ,maxléjgk]/j :| e J ¥j J Yj

then, A; < CIVTSFWAA(A,A;,...,Ar) < AT

Definition

Y

4.7. The following mapping represents the complex interval-valued

T-spherical fuzzy weighted geometric aggregation (CIVTSFWGA) operator:

CIVTSFWGA : Z¥ — 7, and is defined as follows:

CIVTSFWGA(A1,As, ... Ar) = AT QAT R) ... QA

k
_ ®A§U"
=1

The following theorem is obtained using the operating laws of the CIVTSFNSs.

Theorem 4.8. Let’s think about Definition 4.7. Then we get

CIVTSFWGA(A1,As,...,Ar)

@ ia] iZE{H’;_lQB;?j,H’;_IQU;;Uj}
I .o .11 ,a ‘e
Jj=1"7] =1 ’
. 1 i2n n’f_lm/fj,n’;_lm;éj}
Hk_l[s._wj Ik ﬁ.”"" e [ ! ’ ’
joo =R ’
(1—H’;:1(1—Qn;j")
. N1
T IO Bl IR MO RE
Jj= J ’
+ A1
(1_H/;:1(1 —y 1);) /e e
Example 4.9. Suppose
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([0.5,0.85]¢270.7.0]), ([0.6,0.8]¢i270-5:063]
1= | ([0.6,0.77)e2m0008)) | gy = | (]0.66,0.88]¢2707087) ]

([0.7,0.88]e2703081) ([0.65,0.85]¢27(0-55.090])

([0.45,0.75]¢270.6.08]), ([0.35,0.85)27(0.75.0:8]),
T3 = ([0-7,0.85] i27[0.65,0.88] )’ Ty = ([0.6,0.77]ei2”[0'66’0'89}),

([0.75,0.88]¢270-33.0:83]) ([0.67,0.88]27(0:6508])

be four CIVT-SFNs and the weight vectors (@ = (0.15,0.20,0.25,0.40)7). The
CIVTSFWGA operator for g = 7 is thus determined in such a way that

CIVTSFWGA(A,As, ..., Ay)

m:{n m}a fnk M, }
+0; =170
{1’1" 10‘ @ I'I" —10; ]e

. s
|:Hk B —; Hk ﬁ+wj:| ion |:H‘}ZIQ‘UI3 ’ I—I‘/( 1 13 j:|
1 =1 )
(1—H§:1<1—wyf,.">‘“f)ll//",
[ (-m_ -, ]| (- a-e)
/q
(1-TE_ 1=y )™)"7 e

CIVTSFWGA(T,72,73,T4) = ({[0'43870‘814]61'277:[0.647,0.781]’
[0.636,0.811]¢/270-648.0871]
[0.698, 0_875]61‘275[0.599.,0.842} 1.

Theorem 4.10. (Idempotent) Let CIVT SFNs
i2n QIT QI] }

(g, 204
A = Aj = {loj,af)e™ 1By BTy v e

j=1,2,....k. Then,

le i27[20;, ,m;j]}

9

CIVTSFWGA(A1,As,...,Ar) = A
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Theorem 4.11. (Monotonicity) Let
272, W, mm ] 2720, .2
Aj = {loy o | e (g i) TR [y TR ]y

2r[; Qﬁ ]

B . ,+] lZﬂ[Qﬂy.,Qny.]}

aMA%V”ﬂmmm 1B B e 77,7 e
j=1,2,....kbe CIVT-SENs. If o > &, B} < ﬁj,yj <7/,2¢ > W ,QHE <Wwt

j
and QU;Z < QB;’;, then

b

CIVTSFWGA(A1,As,...,A;) > CIVTSFWGA(A1,A,, ..., Ay)

Theorem 4.12. (Boundedness) Let us consider CIVT-SFNs

. — 4 27 Ql]a ,Ql] lZﬂQﬂ QI] } n 1277:[217)7_,28;',] .
Aj={la;,0]e [ﬁ B;le Ly e T T = 1,2,k
If

_d 27 [max1< i<k Wy, ., max|< i<k QIT*'.}
[maxlgjgk OCj yMaXj<j<k (xﬂ Sjsk~a; Sjsk~a; ,
27 | minj < < W5 minj < < W
Af — 4 _al . l { 1<j<k=Jp s 1<j<k ﬁ}
J min; < j<i B, ming < j<i B; \ i,
. _ . 27 [min1< i<k Qﬂf,minK i<k Qﬂ+]
[mln]gjgk /J/] 7mln1§j§k ’}/J+i| e =) Mi RVAS ¥j
. — . 21 {min1< i<k Qﬂf,minK i<k QH+:|
[mlnlgjgkaj ,mlnlgjgka;_] sjskHapMini<jckSDa; |
_ 27 | ming < i< We ming < i<, WH
AT = . - . L [ 1<j<k Wg.,ming < j<k ﬁ}
J miny << B; ,min; <<k B; ! ar

_ i2n [max1< i<W, max; < i<k Qﬂ*}
[maX1§j§k7j ,Max) <<k Yﬂ e SR

then, A; < CIVTSFWGA(A|, Ay, ..., A) < AT
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S. MULTI-ATTRIBUTE DECISION-MAKING UNDER CIVTSF VALUES

5.1 Method Based on Aggregation Operators

In this section we propose an MADM method based on the CIVTSFWAA operator and
CIVTSFWGA operator. In the problem, A = {A;,A,...,A;} and B = {By,B, ..., B}
use weight vectors to represent the j alternative and k attributes @ = (@, @y, ..., D) ,
Zle @; =1, @; € [0, 1]. A decision-matrix D = [d;|mxn» Whose each of entries is denoted
by diy = { [, o e e (g 1o T [y Ry

d;; indicates the value at which an alternative (A;) was evaluated for attributes B;. With
the aid of the CIVTSFWAA and CIVTSFWGA operators, we can order the choices; the
stages are as follows:

Step 1: Normalize the decision matrix

Benefits and cost are two different sorts of qualities that are considered in this procedure.

Using the following formula, we need to convert costs into benefits:

ijrlij ijroij lijoriy
(5515 [sij5835], [rij,ri;]) - for cost attribute

4 _{ ([ri;, 7], [s55,85], [t 4;])  for benefit attribute
ij

Step 2: Find the aggregated values for all attribute values d;; by using the CIVTSFWAA

operator

D; =CIVTSFWAA(d;1,dp,d33, ..., dji)

Similarly for CIVTSFWGA such that
D; =CIVTSFWGA(d;1,dip,di3, ..., di)

Step 3: Rank Z; according to score function and accuracy function given in Definition
3.7

Step4: The option with the highest score value, &, is picked as the best one.
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Example 5.1. A purchasing department of a hospital wants to buy medical tools.

For

this, there are five alternatives A{,A,,A3,A4 and As are five attributes By, By, B3, B4 and

Bs to evaluate the alternatives. The attributes are follows as:

B;:
Bz:

: technical specifications.

The weight vector of the attributes is @ =

price.

Growth condition.

. warranty.

: maintenance.

(0.30,0.24,0.11,0.17,0.18) of attributes.

Purchasing department evaluates the alternatives according the attributes and they obtain

decision matrix as shown in Table 5.1.

Table 5.1 Input Decision-matrix

B2

B3

A

BI
<[0 5.0. 85161'27:[(]709]
([06 07716127[[0608]
([0 7,0. 88]2’2”0508])

([0.45,0.75]¢270-0.0:8]),
([0 7.0. 85] i270.65.0. 88])
[0 75,0. 88] i27[0.55,0.85]

([0'6"0‘8]6&7:[0 5.0. 65])
([0 66,0. 88] i27[0.7.0.87] )7
([0 65,0. 85]2’2” [0.55.0.90]

B4
([035,0485]6’2”[0'75’0'8]%
[0.6,0.77]¢ i27[0.66,0.89])

B5
([0 55,0. 77]ei2”[0607]]
[0 61,0. 8] i27[0.5,0.79]
([0 67,0. 88] :27[[0409])

Az

([0 6,0. 75]L/2n[0 .6,0.8]
[O 6,0. 8] i27[0.45,0. 83])

([O 8 09] :27r0€5089])

[0 61,0. 86]6127r07207‘4

)
[0 51 081]8’2”061069)
)s
[0 71, 088] r”zr[OiZO%)

([0.53,0.68]™270:67.0:T)
([O 62,0. 82] :27[05607)
([071 09418127504508)

(

([0 67,0. 88] ,i27[0.65, 08])

([0 55,0. 85]6177[[047093]),
[0 62,0. 77] x°7r04608])

[O 45,0. 88]6‘2”[0 .57,0. 79])7
[0 46,0. 7]6,12”05609])
[0 57,0. 88] i27[0. 5508])

Az

([0.54,0.83]270-7.085),
([0 64,0. 82] :27[[()6085])‘
[0 7,0. 85]ei2”[o 5.0. 85])

([0 35, 09] 1%:077084)
([0 46,0. 8] i27[0.66.0. S7>
([O 57.0. 8]2'2”05508])

0.35,0.78]¢2A 073,056y

( ;
([0.36,0.92]ei2”[(]'63‘(]'86]),

(

([0 71,0. 88] i27(0.45,0. 69])
([045‘,087]6’2”[0'57'0'8]]),
([0.56,0482]6’.2”[0'56'0'76]),

([0.45,0.96]20TOG),
([0.64, 0.6]ei2”[(]'7'0'75])‘
([0 77,0. 8]2127[[0 .5,0. l)])

[0 6,0. 7] L127[0.5, 067])
[0 6,0. 79]6127405 09]])

((0.7,0.88] 205,086 ’

([O 51,0. 82] :27[[072074)
([06 066] 127r[0609])
[0 72, 09]612740 51 068])

([0 37.0. 81121’27[[0 .53,0.84]
(

[0 44.0. 72]L/275067 094]>.

([0 55,0. 96]6‘2"06607 )
([0 66,0. 68]e127t[0 .45,0.! 96])

([0'6710_79]gi2”[0'55'0'91]
([0 6,0. 91] mr[047084])Y
[O 6,0. 81]6‘2”[0 6,0. 84])

([O 35, 07]L127c0708]>
[0 63. 07]€12n[0608])
([05 07]e127t[0508])

As

([0.45,0.79]270.7T0. 82] ),
([0.64,0.89]¢27(0-61.083]y
([0‘7’0 8] i27[0.5,0. 84])

([O 53,0. 87161210720 8])
([0 63,0. 8516121[0 .62,0. 7])
([0 7.0. 83] i270.5,0. 9])

([O 5,0. 69]6’2“077094 )7
([066 079]6’2n0608])
([07'0 89] 127[05()7])

(

([0 7.0. 73]812740 .45,0.. XS])
([0 5,0. 89] i27[0.7, 077])
[0 66,0. 84]6’2”060 81])
([0 7.0. 79] i27[0.55,0. 85])

([0 5.0. 8161210708])
([06 0716121[0608]
([0 7.0. 88] 127[[()508])
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Step 1: Given that B is a cost type, we normalize Table’s values 5.1 and the results are

given in Table 5.2.

Table 5.2 Normalized decision matrix

BI

B2 B3 B4 B35
([07 088] ,i127[0.5,0.8] ([045 075]6127:[0608] ([06 08] z27r[05065]> ([0 35, 085] i27[0.75,0.8] ([0 35 077] :27[[06071]
Ay ([06 0771212750608]) ([07 085] :27[[065088]) ([066088] 127[07087) ([06 077] z27r[066089]) [0 61 08] :27[[0507*)])
([0 5,0. 85]L12n[0709]) ([0 75,0. 88]612n055085 ) ([0 65,0. 85]('2”[0 .55,0.90] ([0 67,0. 88](3[77[[0 .65, 08]) ([0 67,0. 88]L:27r[0409])
[08 075]612n05508]) ([0 51 081]6’2”061069 ) ([0.53,0.68]9’2”06709) [0 55, 085] :27[[047093])Y [0 45, 088] x’x[0i7079])"
As ([0 6.0. 8] i27(0.45,0.83] ) ([0 61,0. 86]6127:\0 .72,0.73] ) ([O 62.0. 82] i27(0.56,0.7] ) ([0 62,0. 77] :27:04608J) ([046,0,7]6"2”\0’56'0‘9}),
[0 6 0. 9]6177:[0 6,0. 89]) ([0 71,0. 88]8'2”[0 52,0. 96]) ([0 71, 0 94]6127[ [0.45,0.8] ) ([0 71, 0. 88]612740 .45,0.69] ([05770,88]ei2”[0'55'0'8])
([0 7.0. 85] i27[0.5, 085]) ([0 35,0. 9] i27[0.77.0.84] ) ([0 35.0. 78]6””0 .73.0. 86]>’ ([0 45.0. 87] i27[0.57, ()81])’ ([0445,0.96]ei2”[()'7'()'64])‘
Az ([0 64,0. Sz]e:u [0.6,0.85] ) ([0 46,0. 8]6'27[ [0.66.0.87] ) ([0'3670'92]ei27£[0.63.0v86]>’ ([0.56,0482]61.2”[0'56'0'76]), [0 64,0. 6]6'2”[0 .7,0. 75])
([0 54,0. 83] ,i27[0.7,0.85] ) ([0 57,0. 8] ,i27[0.55,0.8] ) ([0437.,O.81]ei2”[0'53‘0'34]) ([O 67.0. 79]e‘7”[055 UQI]) ([0 77,0. 8] ,i27[0.5, 09])
([07 088]6’2”05086) [0 51 082]6’2”[072074]), ([0 44. 07218’2”[067094]), ([06 091]6127[[047084]) [0 35, 071812:1[0708])
Ay ([06 079]6127405091]) ([06 066]9’2"[0609]) ([() 55, 096](,:27r06607) ([06 081]61”7:[06084] [O 63. 07181271[0608]
[0 6,0. 7]61"1[0 5.0.76] ) [0 72.0. 9] i27(0.51.0.68 ]) ([0 66,0. 68] i27[0.45.0. 96]) ([0 7,0. 73]812”[0 .45,0.. 85}) ([0 5,0. 7]6127:[0 5,0. 8})
([0 7.0. 8]?'7”[05 ,0.84] ([O 53,0. 87]6’2"[0 .72,0. 8]) ([O 5.0. 69]6’2"077094 > ([0 5,0. 89]6’2”[07077]> ([0 5.0. 81612n[0708]>
As [0 64,0. 89] i27[0.61, 083])7 ([0 63,0. 85] i27[0.62.0.7] ([O 66,0. 79] i27[0.6,0. 8]) ([0 66,0. 84]6’2”060 81] ([0 6.0. 7] i27[0.6,0.8]
([045 079] 127r[071082]) ([07 083] 177:[0509]) ([07 089] 127r0507) ([07 079] z’n[OSSOSS]) ([07 088] :27[[0508])

Step 2: Aggregated values for all attribute values d;; by using CIVTSFWAA operator are
obtained as follows: Here we take g = 7.

0 612 0. 830 127'17[0.628,0.778]7 [0‘631’0‘806]81'271'[0.612.,04839]’ [0.628,0.868]€i2ﬂ[0'574’0'870])

0 690 0 815 1275[0.584,0.842]’ [0580, 0.792]81.2”[0‘539’0'796], [0'649’0'892]61'2717[0.527,0.842})

0 613 0. 844 27![0.65],0.847]’ [0600, 0.733]€i2ﬂ[0'57470'850], [0629, 0.746]81.2”[0'488’0'752])

( 0 597 0. 896 1271'[0.688,0.824]’ [0543’ 0.780]61-2”[0'627’0'821], [0.58070.808]61'271'[0.57970.855})

O 610 0 836 1275[0.690,0.840]’ [0636, 0.824]81.2”[0‘608’0'785], [0'613’0'826]61'2717[0.565,0.825})

Step 3: Score value S(Z;) of Z; (i =1,2,3,4,5) are obtained as follows:

S(21) = 0.6989,5(2,) = 0.6821,5(%3) = 0.6912,5(Z4) = 0.7741,5(%5) = 0.7497.

D <D< D <Ds <Dy
Step4: When all alternatives are ranked, we see that the best alternative is A4.

Following is a summary of the computational stages if we apply the CIVTSFWGA

operator to the previously mentioned approach.

Step 1: Table 5.2 contains the normalized decision matrix.
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Step 2: Values for all attribute values d;; were aggregated using the CIVISFWGA

operator’s formula for g = 7.

O 526 0 813 12717[0.57870.765] [0631 0806 ei27l'[0.612,0.839] [O 672 0 869 1271'06300 878 )

0 581 0. 795 12717[0.565,0.801], [0580,0792 eiZTL’[O.539.,0.796] [O 669 0. 896 i27[0.547,0.891] )

=( ]
(l ]
([0.471,0.875] o2H0628.0800] 1) 543 () 780]¢12710:627:0821] [0 651, 0.810]¢/27I0-6170:865] )
([0.530,0.815] £2710593.0842) 1) 600),0.733]270:5740.850] [0 660, 0.795]¢/270-4920:823) )
([0.561,0.818] o2H0-6440821] [0 636 (.824]¢270608.0735] [0 668 0.836]ei27I0619.0343] )

Step 3: The Definition of Score function can be utilized to score values of all alternatives

are abstained as follows: .

S(2y) = 0.6306,5(2,) = 0.6111,5(Z5) = 0.6218,8(Z4) = 0.6867,S(Zs) = 0.6826.

D <D< D < D5 < Yy

Step 4: When all alternatives are ranked, we see that the best alternative is A4.

Clearly, the outcomes from the two separate notions were the same.
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6. CONCLUSIONS AND RECOMMENDATION

In realistic decision theory, MADM is an effective method for dealing with difficult and
unreliable information. The benefits of complex T-spherical fuzzy environments, which
allow degrees of truth, neutrality, and falsehood to take the shape of intervals, and
interval-valued T-spherical fuzzy environments, which can express three dimensions of
information in a single set, serve as the motivation for this study. In this thesis, we
defined arithmetical operations of CIVTSFNs and score and accuracy functions of them.
We also obtained some properties of CIVTSFENSs. In addition, we presented and specified
some of the properties of the arithmetic and geometric aggregation operators. We also
created the MADM approach for the CIVTSFS environment using the suggested
aggregation operators and score functions. An example is provided to illustrate the
proposed MADM method’s workflow. The application’s results show that the same
alternative is the best component for both of the two aggregation operators. Therefore
our method is consistent each other. We think that this thesis is a reference for the

researchers to study. Also, this thesis is original and it contributes the literature.

41



REFERENCES

Akram, M., Bashir, A., Garg, H. 2020. Decision-making model under complex picture
fuzzy Hamacher aggregation operators, Computational and Applied Mathematics,
39(3): 1-38.

Akram, M., Khan, A. and Karaaslan, F. 2021. Complex spherical dombi fuzzy aggregation
operators. Journal of Multiple Valued Logic and Soft Computing., 37(5-6): 503-
531.

Ali, Z., Mahmood, T., and Yang, M. S. 2020. Complex T-spherical fuzzy aggregation
operators with application to multi-attribute decision making. Symmetry, 12(8):
1311.

Alkouri, A.M.J.S. and Salleh, A.R. 2012, Complex intuitionistic fuzzy sets. AIP
conference proceedings, 1482(1): 464—470.

Alothaim, A., Hussain, S. and Al-Hadhrami, S. 2022, Analysis of cybersecurities
within industrial control systems using interval-valued complex spherical fuzzy
information, Computational Intelligence and Neuroscience., 2022: 3304333

Atanassov, K. T. 1986. Intuitionistic fuzzy sets. Fuzzy Sets Syst., 20: 87-96.

Cao, G. 2020. A Multi-criteria Picture Fuzzy Decision-making Model for Green Supplier
Selection based on Fractional Programming, International Journal of Computers,
Communications and Control, 15(1): 1-14.

Cuong, B. 2013a. Picture fuzzy sets-first results, Part 1 Seminar Neuro-Fuzzy Systems
with Applications, Preprint 03/2013, Institute of Mathematics, Hanoi, May 2013.

Cuong, B. 2013b. Picture fuzzy sets-first results, Part 2 Seminar Neuro-Fuzzy Systems
with Applications, Preprint 04/2013, Institute of Mathematics, Hanoi, June .

Coung, B.C. 2014. Picture fuzzy sets. J. Comput. Sci. Cybern, 30: 409-420

Duleba, S., Gundogdu, FK and Moslem, S. 2021. Interval-valued spherical fuzzy
analytic hierarchy process method to evaluate public transportation development.
Informatica, 32(4): 661-686.

Ganie, A.H. Singh, S., Bhatia, P.K. 2020. Some new correlation coefficients of picture
fuzzy sets with applications, Neural Computing and Applications, 32: 12609-
12625.

Garg, H. 2017. Some picture fuzzy aggregation operators and their applications to
multicriteria decision-making. Arabian Journal for Science and Engineering,
42(12): 5275-5290.

42



Garg, H., Munir, M., Ullah K., Mahmood T. and Jan N. 2018. Algorithm for t-spherical
fuzzy multi-attribute decision making based on improved interactive aggregation
operators. Symmetry, 10(12): 670.

Garg, H., Rani, D. 2019. Complex interval-valued intuitionistic fuzzy sets and their
aggregation operators. Fundamenta Informaticae, 164(1): 61-101.

Gundogdu, F. and Kahraman, C. 2019a. Spherical fuzzy sets and spherical fuzzy topsis
method. Journal of intelligent and fuzzy systems, 36(1): 337-352.

Gundogdu, FK. and Kahraman, C. 2019b. Spherical fuzzy sets and decision making
applications. International Conference on Intelligent and Fuzzy Systems, 979-987.

Hao, N.D., Son, L.H., Thong, PH. 2016. Some improvements of fuzzy clustering
algorithms using picture fuzzy sets and applications for geographic data clustering.
VNU Journal of Science: Computer Science and Communication Engineering,
32(3): 32-38.

Joshi, R. 2020. A novel decision-making method using r-norm concept and VIKOR
approach under picture fuzzy environment, Expert Systems with Applications 147:
113228.

Karaaslan, F. and Dawood, M.A.D. 2021. Complex t-spherical fuzzy dombi
aggregationoperators and their applications in multiple-criteria decision-making.
Complex and Intelligent Systems, 7(5): 2711-2734.

Liu, P, Mahmood, T., Ali, Z. 2020. Complex Q-rung orthopair fuzzy aggregation
operators and their applications in multi-attribute group decision making.
Information, 11(1): 5.

Mahmood, T., Ullah, K., Khan, Q. and Jan, N. 2019. An approach toward decision-making
and medical diagnosis problems using the concept of spherical fuzzy sets. Neural
Computing and Applications, 31(11): 7041-7053.

Peng, X. and Dai, J. 2017. Algorithm for picture fuzzy multiple attribute decision-
making based on new distance measure. International Journal for Uncertainty
Quantification, 7(2): 177-187.

Rafi, M., Ashraf, S., Abdullah, S. Mahmood, T., Muhammad, S. 2019. The cosine
similarity measures of spherical fuzzy sets and their applications in decision
making, Journal of Intelligent and Fuzzy Systems, 36(6): 6059-6073.

Ramot, D. Milo, R. Friedman, M. and Kandel, A. 2002. Complex fuzzy sets. IEEE
Transactions on Fuzzy Systems, 10(2): 171-186.

Ramot, D. Friedman, M., Langholz, G. and Kandel, A. 2003. Complex fuzzy logic. IEEE

43



Transactions on Fuzzy Systems, 11(4): 450—461.

Singh, P. 2015. Correlation coefficients for picture fuzzy sets, Journal of Intelligent and
Fuzzy Systems, 28(2): 591-604.

Son, L.H. 2016. Generalized picture distance measure and applications to picture fuzzy
clustering, Applied Soft Computing, 46(C): 284-295.

Thao, N.X. 2020. Similarity measures of picture fuzzy sets based on entropy and their
application in MCDM, Pattern Analysis and Applications, 23(3): 1203-1213.

Tian, C., Peng, J., Zhang, W., Zhang, S. and Wang, J. 2020. Tourism environmental impact
assessment based on improved AHP and picture fuzzy PROMETHEE II methods
Technological and Economic Development of Economy, 26(2): 355-378.

Ullah, K., Mahmood, T. and Jan, N. 2018a. Similarity measures for t-spherical fuzzy sets
with applications in pattern recognition. Symmetry, 10(6): 193.

Ullah, K., Mahmood, T., Jan, N. and Ali, Z. 2018b. A note on geometric aggregation
operators in t-spherical fuzzy environment and their applications in multi-attribute

Ullah, K., Mahmood, T., Ali, Z., Jan, N. 2019. On some distance measures of complex
Pythagorean fuzzy sets and their applications in pattern recognition. Complex Intell.
Syst., 6: 15-27.

Wei, G. 2017a. Picture fuzzy aggregation operators and theirapplication to multiple
attribute decision making. Journal of Intelligent and Fuzzy Systems, 33(2): 713-
724.

Wei, G. 2017b. Some cosine similarity measures for picture fuzzy sets and their
applications to strategic decision making, Informatica, 28(3): 547-564.

Wei, G. and Gao, H. 2018. The generalized Dice similarity measures for picture fuzzy
sets and their applications, Informatica, 29(1): 107-124.

Wei, G, 2018. Some similarity measures for picture fuzzy sets and their applications,
Iranian Journal of Fuzzy Systems, 15(1): 77-89.

Yager, R. R. 2013. Pythagorean fuzzy subsets. In 2013 joint IFSA world congress and
NAFIPS annual meeting (IFSA/NAFIPS) (pp. 57-61). IEEE.

Yager, R. R. 2016. Generalized orthopair fuzzy sets. IEEE Transactions on Fuzzy
Systems, 25(5): 1222-1230.

Yager, R. R., Alajlan, N. and Bazi, Y. 2018. Aspects of generalized orthopair fuzzy sets.
Int. J Intell. Syst., 33(11): 2154-2174.

Zadeh, L. A. 1965. Fuzzy sets. Info. Comput., 8: 338-353.

44



CURRICULUM VITAE

Personal Information

Name Surname : Hussein Hammoodi Mahmood AL-JAFAR

Education

MSc Cankin Karatekin University
Graduate School of Natural and Applied Sciences 2020-2023
Department of Mathematics

Undergraduate Anbar University

College Eduacation 1997-2001

45



