
COMPRESSIBLE MODULES AND THEIR GENERALIZATION OF

COMPRESSIBLE MODULES

by
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Assist. Prof. Dr.Cesim Çelik ....................................



ABSTRACT

COMPRESSIBLE MODULES AND THEIR GENERALIZATION OF

COMPRESSIBLE MODULES

Tatar, Gülnihal

M. Sc, Department of Mathematics

Supervisor: Assist. Dr.Cesim Çelik

February 2010, 55 pages

This study consists of three chapters, firstly we present some definitions and

theorems which are used in the subsequent chapters.

The characterization of a critically compressible module is given in terms of

torsion free and uniform modules. A sufficient condition for a module to be

critically compressible module is given. It has been shown that a critically com-

pressible module is indecomposable. A sufficient condition for an injective hull

of critically compressible module to be critically compressible module. Finally, it

has been proved that noetherian critically compressible modules and noetherian

compressible modules are equivalent.

we have studied essentially slightly compressible modules and rings, which are

natural generalizations of essentially compressible modules and rings. It has also

been given an example of an essentially slightly compressible module which is not

essentially compressible module. Furthermore, ıt has been shown that direct sums

of essentially slightly compressible modules are essentially slightly compressible

modules.

Keywords: modules, compressible modules, slightly compressible modules,

critically compressible modules and essentially compressible rings
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ÖZET

COMPRESSiBLE MODÜLLER ve COMPRESSİBLE MODÜLLERİN

GENELLEMELERİ

Tatar, Gülnihal

Master Tezi, Matematik Bölümü

Tez Yöneticisi: Yard. Doç. Dr. Cesim Çelik

Şubat 2010, 55 Sayfa

Bu çalışma üç bölümden oluşmaktadır, başlarken diğer bölümlerde kullanılan

temel tanım ve teoremler verilmiştir.

Critically compressible modüllerin, uniform ve torsion free modüller cinsinden

bir karakterizasyonu verilmiştir. Bir modülün critically compressible modül ol-

ması için sağlanması gereken koşul verilmiştir. Bir critically compressible modülün

ayrıştırılamaz (indecomposable) bir modül olduğu verilmiştir. Bir critically com-

pressible modülün injective kabuğunun (hull) critically compressible module ol-

ması için modülün sağlaması gereken koşul verilmiştir. Ayrıca, kanıtlanmıştır ki;

noetherian critically compressible modüllerle,noetherian compressible modüller

denktir.

Essential compressible modül ve halkaların bir doğal genellemesi olan essen-

tially slightly compressible modül ve halkalar çalışılmıştır. Essentially slightly

compressible modül olan ancak essentially compressible modül olmayan bir örnek

verilmiştir. Ayrıca, essentially slightly compressible modüllerin dik toplamının da

yine essentially slightly compressible modül olduğu kanıtlanmıştır.

Anahtar Kelimeler: modules, compressible modüller, slightly compressible

modüller, critically compressible modüller ve essentially compressible halkalar
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Çelik who has guided, encouraged and helped me in many ways throughout the

thesis.

I would also like to thank to the other examining committee members for their

suggestions.

Finally, I thank to my family and friends for their support and encourage-

ment.

viii



TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
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CHAPTER 1

PRELIMINARIES

This chapter is mainly devoted to the collection of definitions and basic theorems,

which are used in the subsequent chapters of the thesis.

Definition 1.1. Let R be any ring, not necessarily containing an identity element

and if (M,+) is additive abelian group, then M is left R-module in case there

exists a mapping : R ×M → M defined by (a, x) → ax , aεR, xεM satisfying

the following conditions:

(i) a(x+ y) = ax+ ay

(ii) (a+ b)x = ax+ bx

(iii) (ab)x = a(bx); for every x, yεM and a, bεR.

Left R-module M is unital module in case R contains an identity element 1 and

1.x = x for every xεM .

Definition 1.2. Let M and N be left R-modules.

(a) Function f : M → N is called a module homomorphism if

f(m1 + m2) = f(m1) + f(m2) and f(rm) = rf(m) for all r ∈ R and all

m,m1,m2 ∈ M . The set of all module homomorphism from M into N

denoted by HomR(M,N).

(b) For a module homomorphism f ∈ HomR(M,N ) we define its kernel as

Ker(f) = {m ∈M | f(m) = 0} .

(c) We say that f is an isomorphism if it is both one-to-one and onto.
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(d) Elements of HomR(M,M) are called endomorphisms, and isomorphisms in

HomR(M,M ) are called automorphisms. The set of endomorphisms of M

will be denoted by EndR(M).

More generally, we may useHom(M,N), End(M) rather thanHomR(M,N), EndR(M)

respectively.nN

Theorem 1.3. (Fundamental homomorphism theorem) Let M and N be left R-

modules. If f : M → N is any module homomorphism, then f(M) ∼= M�Ker(f).

1.1 Homomorphism decomposition theorem

Theorem 1.4. Let f : A→ B be a module homomorphism and g : A→ C be a

module epimorphism. Then Ker(g) ⊆ Ker(f) if and only if there exists a unique

module homomorphism h : C → B such that f = h ◦ g.

Proof. Suppose Ker(g) ⊆ Ker(f). Since g is onto implies every element of

C is of the form g(x) for some x ∈ A. Define h : C → B by h(g(x)) = f(x).

Now,

g(x) = g(y) =⇒ g(x− y) = 0

=⇒ x− y ∈ Ker(g) ⊆ Ker(f)

=⇒ f(x− y) = 0

=⇒ h(g(x)) = f(x) = f(y) = h(g(y))

Therefore h is well defined mapping.

Take g(x), g(y) ∈ C and α, β ∈ R.

Then

h(α(g(x)) + β(g(y))) = h(g(αx) + g(βy)) = h(g(αx + βy)) = f(αx + βy)

= f(αx) + f(βy) = αf(x) + βf(y)= αh(g(x)) + βh(g(y)).

Hence h is homomorphism. Suppose h
′

: C → B is a homomorphism with

f = h
′ ◦ g.

2



Then f = h ◦ g = h
′ ◦ g =⇒ h = h

′
since g is onto. Therefore h is unique.

Conversely, suppose that there exists a unique module homomorphism g : C → B

such that f = h ◦ g. Take 0 6= x ∈ Ker(g) and suppose x /∈ Ker(f), then

g(x) = 0 =⇒ h ◦ g(x) = 0 =⇒ f(x) = 0 a contradiction, hence x ∈ Ker(f).

Therefore Ker(g) ⊆ Ker(f) .

Corollary 1.5. Let f : A→ B be a module homomorphism and g : A→ C be a

module epimorphism with Ker(g) = Ker(f). Then h is a monomorphism.

Corollary 1.6. Let f : A → B and g : A → C be module epimorphisms with

Ker(g) ⊆ Ker(f). Then h is onto .

Corollary 1.7. If f and g both are module epimorphisms with Ker(g) = Ker(f)

, then h is isomorphism.

1.2 Direct sum and Direct product

Definition 1.8. A family (Mi)i∈I of submodules of M is called a free family if

Mi ∩
∑

j∈IMj = 0 for all i 6= j ∈ I.

Definition 1.9. A module M is said to be it a direct sum of a family (Mi)i∈I of

submodules of M if ,

(i) M =
∑

i∈IMi, and

(ii) Every element of M can be expressed uniquely as a sum m = mi1 +mi2 +

...........

mij ,mij ∈Mij , ij ∈ I. We shall express this fact by M =
⊕ ∑

i∈IMi

Definition 1.10. A submodule N of M is called a direct summand of M if there

exists a submodule L of M such that N ∩ L = 0 and M = N ⊕ L. It is denoted

by N ≤d M .

Definition 1.11. Let (Mi)i∈I be a family of R-modules. The totality
∏
Mi of

all the functions f : I → ∪Mi defined by
∏
Mi = {f : I → ∪Mi : f(i) ∈ Mi, for

each i ∈ I with respect to addition and scalar multiplication defined by:
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(1) (f + g)(i) = f(i) + g(i) and

(2) (af)(i) = af(i), for all a ∈ R and i ∈ I , is a module. We call
∏
Mi the

direct product of the family (Mi)i∈I .

The submodule of
∏
Mi consisting of all f ∈

∏
Mi such that f(i) = 0 for all but

finitely many i ∈ I , is called the external sum of modules Mi and is denoted

by
⊕

i∈IMi. It can be shown that if (Mi)i∈I is free family of submodules of a

module M , then
∑
i∈I

Mi
∼=

⊕
i∈I
Mi

1.3 Small submodules, Minimal epimorphism and Exact

sequence

Definition 1.12. A submodule N of M is called small (or superflues) in M ,

abbreviated as N << M in case N + L = M =⇒ L = M for any submodule

L ⊆M .

Proposition 1.13. If A and B are submodules of M such that B ⊆ A and A is

small in M then B is small in M .

Proposition 1.14. If A and B are small submodules of M then A + B is also

small.

Remark 1.15. A finite sum of small submodules of M is small in M

Definition 1.16. An epimorphism f : A → B is called minimal if Ker(f) is

small in A.

Proposition 1.17. The following conditions are equivalent:

(i) N is small in M .

(ii) The natural epimorphism α : M →M�N is minimal.

(iii) For every g ∈ HomR(M,M), Im(g) +N = M =⇒ Im(g) = M .

4



Definition 1.18. A chain → Mn+1
−−→αn+1 Mn

−→αn Mn 1 → where Mn is an R -

module ∀ n and αn is a homomorphism from Mn → Mn−1∀n is called an exact

sequence at Mn if Ker(αn) = Im(αn+1).

It is called exact sequence if it is exact at Mn ∀n .

An exact sequence 0 −→ A
−→
f B −→g C −→ 0

where 0 is the trivial module , is called a short exact sequence. Thus the chain

0 −→ A
−→
f B −→g C −→ 0

is exact sequence if and only if

(i) Ker(f) = {0},

(ii) Ker(g) = Im(f),

(iii) Im(g) = C.

Proposition 1.19. The following conditions are equivalent:

(i) 0→ A
−→
f B −→g C → 0 splits.

(ii) There exists a homomorphism j : B → A such that j ◦ f = IA.

(iii) There exists a homomorphism h : C → B such that g ◦ h = IC.

Theorem 1.20. Let M,N be left R-modules.

(a) Let f : M → N and g : N → M be homomorphism such that f ◦ g = IN .

Then M = Ker(f)⊕ Im(g).

(b) A one to one homomorphism g : N →M splits if and only if Im(g) is direct

summand of M .

(c) An onto homomorphism f : M → N splits if and only if Ker(f) is direct

summand of M.

5



1.4 Finitely generated, Free, Cyclic, Supplemented and

Quotient modules

Definition 1.21. A left R-module M is said to be finitely generated if there exist

elements m1,m2, .........,mn ∈M such that M =
∑

j=1Rmj. In this case, we say

that {m1,m2, .......,mn} is a set of generators of M .

Definition 1.22. A left R-module M is called free module if there exists a subset

X ⊆M such that each element m ∈M can be expressed uniquely as a finite sum

m =
n∑
i=1

rixi with r1, .........., rn ∈ R and x1, ..........., xn ∈ X.

Proposition 1.23. Let M be a left R-module.

(a) The module M is free if and only if it is isomorphic to a direct sum R(I),

for some index set I.

(b) Every module M is homomorphic image of a free module.

Definition 1.24. An R-module M is said to be cyclic if there is an element

m0 ∈ M such that every m ∈ M is of the form m = m0r, where r ∈ R. Also m0

is called generator of M and we write M = (m0)R.

Definition 1.25. A module M is supplemented if M = U + V implies the exis-

tence of a submodule V
′

of V minimal with respect to M = U + V
′
. This V

′
is

called supplement of U in M .

Theorem 1.26. If M is a module and M = U + V , then a necessary and

sufficient condition for V to be supplement of U in M is that U ∩ V be small in

V .

Definition 1.27. If A is any submodule of an R- module M . Then the set M�A

of all cosets m + A, where m is any arbitrary element of M , is a module over R

for the addition and scalar multiplication compositions defined as follows;

(i) (m1 + A) + (m2 + A) = (m1 +m2) + A, and
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(ii) r(m + A) = rm + A for all r ∈ R,m ∈ M. R-module M�A is called the

quotient module of M relative to the submodule A.

1.5 Essential, Closed, Complemented, Stable and

Uniform submodules

Definition 1.28. A submodule N of an R-module M is called an essential sub-

module or a large submodule if N ∩ B 6= 0 for each nonzero submodule B of M .

In this case M is called an essential extension of N . It is denoted by N ≤e M .

Definition 1.29. A submodule C of an R-module M is called closed submodule

if it has no proper essential extension in M . It is denoted by C ≤c M .

Definition 1.30. Submodules A and B of M are said to be complemented to

each other if each of these is maximal with respect to intersecting the other is

zero. Furthermore, if A⊕B = M , then A and B are said to be co-maximal.

Definition 1.31. A submodule N of an R-module M is called stable (or fully

invariant) if and only if α(N) ⊂ N for every endomorphism α ∈ End(M) ,

End(M) is called endomorphism ring of M .

Definition 1.32. An R-module M is uniform if every nonzero submodule of M

is essential in M .

Remark 1.33. Any nonzero submodule of a uniform module is uniform, and any

essential extension of a uniform module is uniform.

1.6 Order ideal, Singular submodule, Torsion and

Torsion free modules

Definition 1.34. Let M be an R-module. For any nonzero x ∈ M define

o(x) = {αεR;αx = 0}. Then o(x) is left ideal of R and is called the order

ideal (annihilator ideal) of x . It follows that Rx ∼= R�o(x)

7



Definition 1.35. Let M be an R- module. The set of all nonzero elements x of M

such that o(x) is an essential ideal of R, is a submodule and is called the singular

submodule of M . It is denoted by Z(M). i.e. Z(M) = {m ∈M | o(m) ≤e R}. If

Z(M) = 0 then M is called a nonsingular module and if Z(M) = M then M is

called singular module.

Definition 1.36. An R-module M is said to be a torsion module if o(x) is nonzero

for every nonzero x ∈M .

Definition 1.37. An R-module M is called torsion free module if o(x) is zero

for every nonzero x ∈M or the torsion submodule of M is zero.

1.7 Local modules, Local rings and Socle of a module

Definition 1.38. An R-module M is called local if it has a unique maximal

submodule, which contains every proper submodule of M and a ring R is called

local if it is local as an R-module.

Definition 1.39. A ring which has only a finite number of distinct maximal left

ideals is called a semi-local ring.

1.8 Simple, Semisimple modules and Finite Goldie

Dimension

Definition 1.40. A nonzero module M is called a simple module if it contains

no nontrivial proper submodule.

Definition 1.41. A module M is called indecomposable if it is nonzero and has

no proper direct summand.

Definition 1.42. A nonzero module M is said to be semisimple if it is expressible

as sum of simple submodules.

8



Definition 1.43. The socle of any module M is the sum of all simple submodules

of M . It is denoted by Soc(M). If M has no simple submodules, then Soc(M) =

0.

Theorem 1.44. For a module M the following conditions are equivalent :

(i) M is semisimple.

(ii) M is direct sum of simple submodules.

(iii) Every submodule of M is a direct summand.

Definition 1.45. An R-module M is said to have Finite Goldie Dimension

(FGD) if every free family of its nonzero submodules is finite.

1.9 Division ring, Endomorphism ring, Quotient ring ,

V-Ring,Prime ideal and Schur’s lemma

Definition 1.46. A ring with unit element in which every nonzero element has

an inverse with respect to multiplication is called a division ring or skew field.

Definition 1.47. Let G be an abelian group and R be a set of all homomorphisms

of G in G forms a ring for (+) and (.) defined by

(i) (f + g)(a) = f(a) + g(a), and

(ii) (fg)(a) = f(g(a)); where f, g ∈ R, a ∈ G. Then R is called endomorphism

ring of G.

Definition 1.48. Let R be any ring and N be any ideal of R , then the system

(R�N,+, ·) where R�N = {r + n; r ∈ R} and (+) and (.) are binary composi-

tions on R�N defined by

(i) (r +N) + (s+N) = (r + s) +N

(ii) (r+N)(s+N) = rs+N for all r,s ∈ R, is a ring called quotient ring with

respect to the ideal N .

9



Definition 1.49. A ring R is called a left V -ring if every simple left R-module

is injective.

Definition 1.50. A left ideal P of a ring R is called prime ideal if whenever a

product of two elements of R is in P , then at least one of the factors in P .

Definition 1.51. (Schur’s lemma) If A is a simple R-module, then End(A)

is a division ring.

1.10 Ascending chain condition, Descending chain

condition, Left Noetherian ring, Left Artinian ring,

Jacobson radical and Semisimple artinian ring

Definition 1.52. A module M is said to satisfy ascending chain condition (ACC)

if there is no infinite strictly ascending chain

M1 ⊂M2 ⊂M3 ⊂ ........,

of submodules of M . Similarly if M does not contain any infinite strictly de-

scending chain of submodules , it is to satisfy descending chain condition (DCC).

Definition 1.53. A ring R is called a left Noetherian ring if any one of the

following equivalent statements holds:

(i) R satisfies ACC for its left ideals.

(ii) Every non empty set of left ideals of R contains a maximal element.

(iii) Every left ideal in R is finitely generated.

Definition 1.54. A ring R is called a left Artinian ring if R satisfies DCC for

its left ideals.

Definition 1.55. The intersection of all maximal left ideals of a ring R is called

the radical of R and is denoted by Rad(R) or J(R). It is also called the Jacobson

radical of R.

10



Note: A left ideal M of a ring R is called a maximal left ideal if M 6= R and

M is not properly contained in any proper left ideal of R.

Definition 1.56. The intersection of all prime left ideals of R is called the prime

radical of R.

Remark 1.57. The prime radical of R is always contained in the Jacobson radical

of R.

Theorem 1.58. Let R be a ring then its Jacobson radical J(R) is the sum of all

small ideals of R.

Remark 1.59. It is well known that J(M) = {m ∈M | Rm is small in M}.

Definition 1.60. A ring R is called semisimple if R satisfies DCC and J(R) = 0.

Theorem 1.61. The following conditions are equivalent for a ring R:

(i) R is semisimple.

(ii) All R-modules are semisimple.

(iii) All R-modules are projective.

(iv) All R-modules are injective.

(v) Every ideal of R is a direct summand.

1.11 Noetherian module, Artinian module and Jacobson

radical of a module

Definition 1.62. An R-module M is called Noetherian if it satisfies ACC on its

submodules.

Theorem 1.63. For a module M the following conditions are equivalent :

(i) M is Noetherian.

11



(ii) Every submodule of M is finitely generated.

(iii) Every nonempty set S of submodules of M has a maximal element.

Definition 1.64. An R-module M is called Artinian if it satisfies DCC on its

submodules.

Theorem 1.65. For any module M the following are equivalent :

(i) M is Artinian.

(ii) Every nonempty set S of submodules of M has minimal element.

Definition 1.66. The Jacobson radical of a module M is defined as the inter-

section of all maximal submodules of M and is denoted by J(M). If M has no

maximal submodule, then J(M) = M .

1.12 Regular element, Regular ideal,Prime

ring,semi-primary ring and Goldie ring

Definition 1.67. A nonzero element α ∈ R is called a proper zero divisor R if

there exists a nonzero element β ∈ R such that αβ = 0. If an element α ∈ R is

not a proper zero divisor in R then it is called a regular element of R.

Definition 1.68. A left ideal A of ring R is said to be regular ideal if it contains

a regular element.

Definition 1.69. A ring R is called a prime ring if 0 is a prime ideal of R and

it is called semiprimitive ring if its Jacobson radical is zero and it is also called

semiprime ring if its prime radical is zero.

Definition 1.70. An ideal N of a ring R is nilpotent if some power of it is zero.

A ring with radical N is semi primary if N is nilpotent and R�N satisfies DCC.

Definition 1.71. A ring R is said to be a Goldie ring if it has the following

properties.
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(i) R satisfies ACC on annihilator ideals, and

(ii) R does not contain any infinite direct sum of left ideals.

Theorem 1.72. Any left ideal of semi prime Goldie ring is essential if and only

if it contains a regular element.

1.13 Injective,Quasi-injective modules and Injective hull

of a modules,CS,Quasi-Continuous,Continuous

module.

Definition 1.73. An R-module M is called injective if given any R-modules A

and B, a monomorphism f : A→ B and a homomorphism g : A→ M , if there

exists a homomorphism h : B →M such that g = h ◦f

Definition 1.74. An R-module M is said to be quasi-injective in case each

homomorphism of any submodule N of M can be extended to a homomorphism

of M into M .

Definition 1.75. A module N is called an injective hull of M if N is an injective

module containing M and there is no injective module P satisfying M ⊂ P ⊂ N

and it is denoted by E(M) .

Consider the following conditions for a module M ;

(C1) Every submodule of M is essential in a direct summand of M .

(C2) If a submodule of M is isomorphic to a direct summand of M , then it is

itself a direct summand of M .

(C3) If A and B are direct summand of M with A ∩B = 0 then A+B is also a

direct summand of M .

Definition 1.76. M is called CS module (extending module) if it satisfies C1.

Definition 1.77. M is called continuous module if it satisfies C1 and C2.

Definition 1.78. M is called quasi continuous if it satisfies C1 and C3.
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1.14 Projective module, Quasi-projective module

Definition 1.79. An R-module M is called projective if given any R- modules

A and B, an epimorphism g : B → A and a homomorphism f : M → A, if there

exists a homomorphism h : M → B such that f=g ◦ h.

Theorem 1.80. Every free module is projective.

Corollary 1.81. RR is projective.

Theorem 1.82. Every R-module is projective if and only if R is semisimple.

Note: An epimorphism M → N is called direct if its Kernel is a direct

summand of M .

Theorem 1.83. An R-module M is projective if and only if every epimorphism

π : B →M is direct.

Definition 1.84. An R-module M is said to be Quasi-projective if for every

epimorphism f : M → N and every homomorphism g : M → N , N being an R-

module there exists h ∈ End(M) such that, f ◦h = g .

Theorem 1.85. For a ring R , the following conditions are equivalent :

(i) R is semisimple artinian.

(ii) Every finitely generated module is quasi-projective.

(iii) Direct sum of two quasi-projective module is always quasi-projective.

1.15 Left perfect ring, Semi perfect ring, Quasi-perfect

ring, Regular ring, Hereditary ring and Almost

perfect ring

Definition 1.86. A ring R is said to be left perfect ring if every R-module has a

projective cover.
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Definition 1.87. A ring R is said to be semi perfect ring if every finitely gener-

ated R-module has a projective cover.

Theorem 1.88. Every module has quasi-projective cover if and only if R is left

perfect.

Theorem 1.89. A ring R is semi perfect if and only if every finitely generated

module has a quasi-projective cover.

Definition 1.90. A ring R with identity is called left (right) quasi-perfect if each

left(right) artinian R-module has projective cover.

Definition 1.91. A ring R is said to be regular (in the sense of Von-Neumann)

if for each r ∈ R there exists x ∈ R such that r = rxr

Definition 1.92. A ring R is said to be hereditary(semi-hereditary) if every ideal

(finitely generated ideal) of R is projective as an R-module.

Theorem 1.93. The following statements are equivalent for a ring R;

(i) R is left hereditary.

(ii) Every submodule of a projective left R-module is projective.

(iii) Every quotient module of an injective module is injective.
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CHAPTER 2

COMPRESSIBLE MODULES

In this chapter we have studied the critically compressible modules defined by

J.M. Zelmanowitz in 1976 and provided their characterization in terms of uni-

form modules and torsion free modules . A sufficient condition for a compressible

module to be critically compressible is also given. Further a sufficient condition

has been for a critically compressible module to be continuous. It has been shown

that noetherian compressible and noetherian critically compressible modules are

equivalent by A.K.Singh in 2007. Finally, we have studied the essentially slightly

compressible modules and rings which are generalizations of essentially compress-

ible modules and rings defined by P.F.Smith in 2006. It has been shown that for

uniform modules over a noetherian ring, essentially slightly compressible modules

and nonzero homomorphism from M in to U for nonzero uniform submodules U

of M are equivalent by A.K.Singh in 2007. Unless stated otherwise, throughout

this chapter by a ring R always mean an associative ring with identity and all

modules are unitary left R-modules.

2.1 Slightly Compressible Modules And Rings

Definition 2.1. An R-module M is called compressible (Slightly compressible)

if for every nonzero submodule N of M , there exists a monomorphism (nonzero

homomorphism) from M to N .

Definition 2.2. A homomorphism from a submodule of R-module M into M is

called a partial endomorphism on M .

Definition 2.3. An R-module M is called critically compressible if it is com-

pressible and it can not be embedded in any of its proper factor modules.
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Definition 2.4. A nonzero R-module M is called self similar if every nonzero

submodule of M is isomorphic to M .

Definition 2.5. A ring with unit 1 is said to be an SP ring if Z(M) is a direct

summand of M for every R-module M .

Example 2.6. Every semisimple R-module M is slightly compressible module.

However, every semisimple R-module M is compressible if and only if M is sim-

ple.

Proof. It is clear that if M is semisimple R-module, then every submodule of

M is a direct summand of M . Suppose that M be a semisimple compressible

module . Let N be a simple submodule of M . Then there exist a monomorphism

f : M → N . Since N is simple, f is an isomorphism and soM is simple R-module.

Lemma 2.7. Let A be a nonzero idempotent right ideal of a ring R such that A

contains a nonzero right ideal B of R such that BA = 0. Then the right R-module

A is not slightly compressible.

Proof. Suppose that f : A→ B is a homomorphism. Then

f(A) = f(A2) = f(A)A ⊆ BA = 0.

It follows that A is not slightly compressible.

Example 2.8. Let S be any (nonzero) ring and let R denote the ring of 2 × 2

upper triangular matrices over S. Let A be the right ideal of R consisting of all

matrices in R with bottom row zero. Then A is a cyclic projective right R-module

which is not slightly compressible.

Proof. Note first that A = eR where e is the idempotent element of R with

1 as its (1,1) entry and all other entries 0. Thus A is cyclic, idempotent and

projective . Let B denote the right ideal of R consisting of all matrices with all

entries 0 except for possibly the (1,2) entry. Then B is contained in A and BA=0.

By Lemma 2.7, A is not slightly compressible.
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Proposition 2.9. Let R be a semi prime ring. Then every right ideal A of R is

a slightly compressible R-module.

Proof. Let B any nonzero right ideal of R such that B is contained in A. Then

B2 is nonzero so that BA is nonzero . There exists an element b of B such that

bA is nonzero. Define a nonzero homomorphism f : A → B by f(a) = ba for all

a in A .

Let R be a ring. In general the class of slightly compressible R-modules is

not closed under taking submodules, factor modules or extensions. In Example

2.8 the right R-module R is slightly compressible but the submodule A is not.

Moreover, A is also a homomorphic image of R and is not slightly compressible.

In Example 2.8 let S denote a field. Then the right ideal B in Example 2.8. is

a simple R-module and the factor module A�B is also simple. Clearly B and

A�B are both (slightly) compressible but A is not slightly compressible. The

situation for direct sums is much better, however, as the next result shows.

Proposition 2.10. Let R be a ring . Then any direct sum of slightly compressible

R-modules is slightly compressible module.

Proof. Let an R-module M =
⊕

i∈IMi be a direct sum of slightly compressible

submodules Mi(i ∈ I). Let N be any nonzero submodule of M . Let m be any

nonzero element of N . There exists a finite subset J of I such that m belongs

to
⊕

i∈JMi. If there exists a nonzero homomorphism f :
⊕

i∈JMi → mR and

p : M →
⊕

i∈JMi is the canonical projection then fp : M → mR is a nonzero

homomorphism and hence HomR(M,N) is nonzero.

Thus without loss of generality we can suppose that I is a finite set. By

induction it is sufficient to prove the result when I = {1, 2}. Let M = M1⊕M2 be

a direct sum of slightly compressible submodules M1 and M2. Let L be a nonzero

submodule of M . If L ∩ M1 6= 0, then there exists a nonzero homomorphism

from M1 to L ∩M1 and hence then there exists a nonzero homomorphism from
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M to L. If L ∩M1 is zero then L is isomorphic to a submodule K of M2. There

exists a nonzero homomorphism from M2 to K and hence there exists a nonzero

homomorphism from M to L.

Definition 2.11. A ring R is called a right V -ring if every simple right R-module

is injective.

Theorem 2.12. Let R be a right V -ring . Then every projective right R-module

is slightly compressible.

Proof. LetX be any nonzero projective R-module. Let x be any nonzero element

of X. Let Y be any maximal submodule of xR. Then xR�Y is injective and

hence is a direct summand of X�Y . It follows that X has a submodule Z such

that X�Z is isomorphic to xR�Y . Hence there exists a nonzero homomorphism

f : X → xR�Y. Because X is a projective module, f can be lifted to a

nonzero homomorphism g : X → xR. It follows that X is slightly compressible.

Lemma 2.13. Let R be any ring and let M be a right R-module such that every

nonzero submodule contains a nonzero direct summand of M . Then M is slightly

compressible.

Proof. Let N ≤ M . By our assumption there exists a direct summand L of

M , such that L ≤ N .

Since L ≤d M. M = L⊕K for some K ≤M . By modularity

N = N ∩M = N ∩ (L⊕K) = L⊕ (N ∩K).

Since L is direct summand of M , there exists a projection map:

π : M → L. (π is nonzero)

Corollary 2.14. Let R be any ring and let M be a nonsingular injective right R-

module . Then M is slightly compressible if and only if every nonzero submodule

contains a nonzero direct summand of M .

Proof. The sufficiency follows by Lemma 2.13. Conversely, suppose that M is

slightly compressible. Let N be any nonzero submodule of M . By hypothesis,
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there exists a nonzero homomorphism f : M → N. Because M � ker f is non-

singular, being isomorphic to a submodule of N , ker f is injective and hence is a

direct summand of M. It follows that f(M) is injective. Thus f(M) is a nonzero

direct summand of M and f(M) ⊆ N.

Definition 2.15. A ring R is called right hereditary if every right ideal is pro-

jective, equivalently if every submodule of every projective right R-module is

projective.

Corollary 2.16. Let R be a right hereditary ring and let M be an injective right

R-module. Then M is slightly compressible if and only if every nonzero submodule

contains a nonzero direct summand of M .

Proof. Since R is a hereditary ring, every homomorphic image of M is injective

by [3, p.215, Example]. The result follows by the proof of Corollary 2.14.

Corollary 2.17. Let R be any ring and let M be a slightly compressible injective

right R-module. Then any nonsingular uniform submodule of M is simple and

injective.

Proof. Let U be a nonsingular uniform submodule of M . Let V be any nonzero

submodule of U . By adapting the proof of Corollary 2.16, there exists a nonzero

injective submodule W of V . Then W = V = U . Thus U is simple injective.

Corollary 2.18. Let R be a right hereditary ring and let M be a slightly com-

pressible injective right R-module. Then any uniform submodule of M is simple

and injective.

Proof. By Corollary 2.16 and the proof of Corollary 2.17.

Let R be any ring and let M be any R-module. For an element m of M

we set r(m) = {r ∈ R : mr = 0}. Note that r(m) is a right ideal of R and

R�r(m) ∼= mR for all m ∈M .
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Theorem 2.19. Let R be any ring and let M be a nonsingular injective right

R-module such that mR has finite rank for every element m of M . Then M is

slightly compressible if and only if M is semisimple.

Proof. The sufficiency is clear. Conversely suppose that M is slightly compress-

ible. Let m ∈ M . Then R�r(m) is a nonsingular R-module which has finite

rank. By [ 9, section5.10] R satisfies the ascending chain condition on right

ideals of the form r(m),m ∈ M. Now [9, section 8.2] gives that M is a direct

sum of uniform submodules. Finally, by Corollary 2.17 M is semisimple.

A ring R is called right nonsingular if the right R-module R which we shall

denote by RR is nonsingular. Theorem 2.19 has the following consequence.

Corollary 2.20. Let R be a right nonsingular right Goldie ring. Then E(RR) is

a slightly compressible right R-module if and only if R is a semiprime Artinian

ring. In this case, every right R-module is slightly compressible.

Proof. The sufficiency is clear. Conversely suppose that E(RR) is a slightly

compressible R-module. Note that E(RR) is nonsingular and has finite rank. By

Theorem 2.19 the R-module E(RR) is semisimple and hence the R-module R is

semisimple, as required. The last part is clear.

Corollary 2.21. Let R be a right Noetherian ring such that every nonzero right

R-module is slightly compressible. Then R is right Artinian.

Proof. Let P be any prime ideal of R. Let X denote the R�P -module

which is the injective hull of the (R�P ) -module R�P . Then X is an R-module.

By hypothesis, X is slightly compressible as an R-module and hence also as an

(R�P )-module. Now Corollary 2.20 gives that R�P is a right Artinian ring.

Thus R�P is a right Artinian ring for every prime ideal P of R. Because R is

right Noetherian, there exists a positive integer n and prime ideals Pi(1 ≤ i ≤ n)

of R such that P1.......Pn = 0. By considering the chain

R ⊇ P1 ⊇ P1P2 ⊇ ......... ⊇ P1.....Pn = 0,
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we conclude that the ring R is right Artinian.

Proposition 2.22. Let R be a right and left Noetherian ring such that there

exists a nonzero R-homomorphism f : E(RR) → R. Then R has nonzero right

socle.

Proof. By [ 30, Corollary2.4].

Proposition 2.23. Let R be any prime ring. Then the right R-module E(RR)

is slightly compressible if and only if HomR(E(RR), R) 6= 0 .

Proof. (⇒:) Suppose that E(RR) is slightly compressible module. Then there

exists a nonzero homomorphism f : E(RR)→ R, and also HomR(E(RR), R) 6= 0

(:⇐) Suppose that HomR(E(RR), R) 6= 0. Then there exists a nonzero homomor-

phism f : E(RR)→ R. Let N be a submodule of E(RR). Then N∩R 6= 0 because

R ≤e E(RR). Then f(E) and N ∩ R are two nonzero ideals of R (E = E(RR)).

Because R is a prime ring then (N ∩ R)f(E) 6= 0 and hence af(E) 6= 0 for

some a ∈ (N ∩ R). Define a mapping g : E(RR) → N by g(e) = af(e) for all

e ∈ E(RR). Thus g 6= 0 and so E(RR) is slightly compressible.

Theorem 2.24. Let R be a right hereditary ring and let M be an injective right

R-module such that R satisfies the ascending chain condition on right ideals of

the form r(m) where m ∈ M . Then M is slightly compressible if and only if M

is semisimple.

Proof. By corollary 2.18 and the proof of Theorem 2.19

Proposition 2.25. If R is self injective ring then every finitely generated right

R-module M (not equal RR) is semisimple.

Proof. Since R is right self-injective so it is right simple injective.

Step 1: Since R is right simple injective ring then for any ideal I of R, cI

is simple, for some c ∈ R. Write cI to be of the form aiR.

The epimorphism αi : R → aiR; αi(r) = air will induce the epimorphism

α :
⊕

nR→
⊕

n aiR, α(ai) = (airi) and Kerα = {(ai) : (airi) = 0}.
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Being aiR simple implies that
⊕

n aiR is semi simple.

Step 2: Let M be a finitely generated module with generators

{mi : i = 1, 2, ........n} so there is an epimorphism β and a free module F such

that;

β : F →M . Since each finitely generated module is a factor of a free module

with finite rank so β : F ∼= ⊕
n
R → M ∼=

⊕
n
R

K
is an epimorphism given by

β(xi) =
∑
mixi, where K = Kerβ. On the other hand, mi = (ri) +K so

β(xi) =
∑

[(ri) +K](xi)

Kerβ = {(xi) ∈ ⊕
n
R :

∑
mixi = 0} = {(xi) ∈ ⊕

n
R : (ri)(xi) ∈ K}

If (yi) ∈ Kerα; α is as in step 1, then α((yi)) = (ai)(yi) = 0 for some (ai) ∈ ⊕
n
R.

By which we get

0 = β(0) = β(aiyi) =
∑

[(ri) +K](aiyi) =
∑

[(riai) +K](yi)⇒ (yi) ∈ Kerβ.

Hence Kerα ⊆ Kerβ and β induce an epimorphism.

−
β : ⊕

n
aiR ∼= ⊕

n
R�Kerα→M .

Hence M is epimorphic image of a semisimple module by which M is semisim-

ple and finitely generated.

Proposition 2.26. Let R be any right self-injective ring. Then any nonsingular

right R-module is slightly compressible.

Proof. Let M be any nonzero nonsingular R-module. Let 0 6= m ∈ M . Then

R�r(m) ∼= mR and hence R�r(m) is nonsingular. Since R is an injective R-

module it follows that r(m) is an injective R-module and hence so to is mR.

Thus every cyclic submodule of M is injective. By Lemma 2.13 M is slightly

compressible.

A ring R is called right semiartinian provided every nonzero right R-module

has nonzero socle. Clearly right Artinian rings are right semiartinian. Many

examples of right semiartinian right V -rings are given in [9]. Note the following

result which should be compared with Theorem 2.12 .
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Proposition 2.27. Let R be a right semiartinian right V−ring. Then every right

R−module is slightly compressible.

Proof Let M be any nonzero right R-module. Let N be any nonzero submodule

of M . Let U be a simple submodule of N . Then U is injective so that U is a

direct summand of M . Clearly there exists a nonzero homomorphism f : M → U

and hence HomR(M,N) 6= O.

2.2 Modules over Noetherian rings

Lemma 2.28. Let I be an ideal of an arbitrary ring R and let M be a right R-

module. Then HomR(M,R�I ) 6= 0 if and only if HomR�I(M�MI,R�I) 6= O.

Proof. Suppose first that there exists a nonzero homomorphism f : M → R�I.

Then f(MI) = f(M)I ⊆ (R�I)I = 0, so that f induces a nonzero (R�I)-

homomorphism f1 : M�MI → R�I defined by f1(m + MI) = f(m) for all

m ∈ M . Conversely, suppose that there exists a nonzero (R�I)-homomorphism

g : M�MI → R�I. Then g is an R-homomorphism. Let p : M → M�MI

p(m) = m + MI denote the canonical epimorphism. Then gp : M → R�I is a

nonzero R-homomorphism.

Lemma 2.29. Let R be a right Noetherian ring. Then the following statements

are equivalent for a right R-module M .

i) M is slightly compressible .

(ii) HomR(M,U) is nonzero for every uniform submodule U of M .

(iii) HomR(M,U) is nonzero for every cyclic uniform submodule U of M .

Proof.

(i) → (ii) → (iii) Clear.

(iii) → (i) Let N be any nonzero submodule of M . Let m be any nonzero

element of N . By hypothesis, the module mR, is Noetherian and hence mR
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contains a uniform submodule U . Let u be any nonzero element of U. Then uR

is a cyclic uniform submodule of M . By (iii) HomR(M,uR) is nonzero and

hence HomR(M,N) is nonzero.

Definition 2.30. An annihilator prime for a module M over a ring R is any

prime ideal P of R such that P = annR(N) where N is a nonzero submodule of

M .

Definition 2.31. An associated prime of M is any annihilator prime P =

annR(N) where N is a nonzero submodule of a R-module M such that for every

nonzero submodule L of N , P = annR(L). The set of associated prime ideals of

M will be denoted by Ass(M). Nonzero right R-modules M and M
′
will be said

to be related if Ass(M) ∩ Ass(M ′
) is nonempty.

Lemma 2.32. If R is a ring which satisfies the ACC on ideals and P is maximal

in, {annR(N) : 0 6= N ≤M}, then P is associated prime ideal of M .

Proof. By assumption, there exists a nonzero submodule N of M such that

P = annR(N). Let L be a nonzero submodule of N . If P 6= annR(L), then

annR(L) % P . A contradiction by maximality of P in {annR(N) : 0 6= N ≤M}.

Thus P is an associated prime ideal of M .

Lemma 2.33. Let U be a uniform right module over a right Noetherian ring R.

Then there is a unique prime ideal P in R such that P equals the annihilator

of some nonzero submodule of U and P contains the annihilators of all nonzero

submodule of U . Moreover, P is the unique associated prime of U .

Proof. Let 0 6= A ≤ U such that the ideal P = annR(A) is maximal among

annihilators of nonzero submodule of U . If B is nonzero submodule of U , then

A ∩ B 6= 0 and P ≤ annR(A ∩ B), and so annR(A ∩ B) = P by the maximality

of P , whence annR(B) ≤ P . Thus P contains the annihilators of all nonzero

submodule of U . Let Q be an associated prime of U . Then there is a nonzero

submodule C of U such that annR(C) = Q. Since 0 6= A∩C, P = annR(A∩C),

then P = Q.
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Lemma 2.34. Let R be a right Noetherian ring and let N be a nonzero submodule

of a nonzero right R-module M . Then Ass(N) ⊆ Ass(M). In particular M and

N are related.

Proof. Clear.

Theorem 2.35. Let R be a right Noetherian ring and let M be a nonzero right

R-module such that HomR(M,R�P ) 6= 0 for every associated prime ideal P of

M. Then HomR(M,M
′
) 6= 0 for every right R-module M

′
which is related to M .

In particular, M is slightly compressible.

Proof Let M
′

be any nonzero right R-module which is related to M . Let P be

any prime ideal of R which belongs to Ass(M)∩Ass(M ′
). There exists a nonzero

submodule N
′

of M
′
such that P = annR(L

′
) for every nonzero submodule L

′
of

N
′
. By hypothesis, there exists a nonzero homomorphism f : M → R�P .

Then f(M) = E�P for some right ideal E of R properly containing P . Clearly

N
′
E 6= 0 and hence there exists 0 6= x

′ ∈ N
′

such that x
′
E 6= 0. Define a

mapping g : E�P → M
′

by g(e + P ) = x
′
e (e ∈ E). Since x

′
P = 0 it follows

that g is well defined. Clearly g is an R-homomorphism. Finally gf : M → M ′

is a nonzero homomorphism because gf(m) = x′E 6= 0. The last part follows by

Lemma 2.34.

Note that the converse of Theorem 2.35 is false in general because there exist

many right ideal Noetherian rings R and nonzero slightly compressible right R-

modules M such that HomR(M,R�P ) = 0 for some associated prime ideal P of

M . For example, let R be a simple right Noetherian ring which is not Artinian.

Let M be any nonzero semisimple R-module. Clearly 0 is the only associated

prime ideal of M . Thus M is slightly compressible but HomR(M,R) = 0.

Definition 2.36. A ring R is called right bounded if every essential right ideal an

ideal which is essential as a right ideal. Next a ring R is called fully right bounded

provided every prime factor ring of R is right bounded. By a right FBN ring we

shall mean a fully right bounded right Noetherian ring. For any ring R, a right
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R-module M will be called bounded if R�P is a right bounded ring for every

associated prime ideal P of M . There exist right and left Noetherian rings which

are not fully right (nor left) bounded such that every unfaithful right R-module

is bounded. [ 31,Exercise 8B]. An element c of a general ring R is called regular

if, given r ∈ R, rc = 0 or cr = 0 implies r = 0. An R-module M will be called

torsion free provided, for any given m ∈ M , mc = 0 for some regular element c

in R implies that m = 0.

Definition 2.37. A module M over a ring R is a faithful R-module if annR(M) =

0. A module M over a ring R is fully faithful provided M and all nonzero

submodules of M are faithful R-modules. On the other hand, M is called torsion

if for each x in M there exists a regular element d of R such that xd = 0. Note

that if R is a semiprime right Goldie ring then a right R-module M is torsion

free if and only if M is nonsingular [ see for example 31, Proposition 6.9]

Lemma 2.38. Let R be a semiprime right Goldie ring and let M be a right R-

module . If M is not torsion, then M has a uniform submodule isomorphic to a

right ideal of R.

Proof. Let x ∈M be not torsion, then annR(x) is not essential right ideal of R,

and hence there is a nonzero right ideal I of R such that I ∩ annR(x) = 0. Since

RR has finite rank, I must contain a uniform right ideal J . J ∩ annR(x) = 0

implies that J ∼= xJ . Therefore xJ is uniform submodule of M .

Lemma 2.39. Let P be a prime ideal of a ring R such that the ring R�P is

a prime right bounded right Goldie ring. Let U be a uniform right R-module

with assassinator P . Then there exist a nonzero submodule V of U and an R-

monomorphism f : V → R�P .

Proof. There exists a nonzero submodule N of U such that P = annR(L) for

every nonzero submodule L of N . Consider the right (R�P )-module N . Let

u ∈ N such that u(c + P ) = 0 for some c ∈ R with the property that c + P

is a regular element of the ring R�P . By [31, Lemma 5.5] (cR + P )�P is
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an essential right ideal of R�P and hence there exists an ideal A of R properly

containing P such that A ⊆ cR + P . It follows that u.A = 0 and hence A ⊆

annR(uR). But P = ass(U), so that u = 0. Thus N is not a torsion right (R�

P )-module. By [ 31, Lemma 2.38] there exist a nonzero submodule V of

N and an (R�P )-monomorphism. f : V → R�P . Finally note that f is an

R-monomorphism.

Theorem 2.40. Let R be a right Noetherian ring. Then the following statements

are equivalent for a nonzero bounded right R-module M .

(i) M is slightly compressible.

(ii) HomR(M,R�P ) 6= 0 for every associated prime ideal P of M .

(iii) HomR�P (M�MP,R�P ) 6= 0 for every associated prime ideal P of M .

(iv) HomR(M,M ′) 6= 0 for every nonzero right R-module M ′ which is related

to M .

Proof.

(ii) =⇒ (iv) By Theorem 2.35

(ii) =⇒ (iii) By Lemma 2.28

(iv) =⇒ (i) By Theorem 2.35

(i) =⇒ (ii) Suppose that M is slightly compressible. Let P be any associated

prime ideal of M . There exists a nonzero submodule N of M such that

P = annR(L) for every nonzero submodule L of N . Let U be any uniform

submodule of N . Clearly P = ass(U). By Lemma 2.39 there exists a nonzero

submodule V of U and a monomorphism f : V → R�P . By hypothesis there

exists a nonzero homomorphism g : M → V . Then fg : M → R�P is a nonzero

homomorphism.

Corollary 2.41. Let R be a right FBN ring. Then the following statements are

equivalent for a nonzero right R−module M .
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(i) M is slightly compressible.

(ii) HomR(M,R�P ) 6= O for every associated prime ideal P of M .

(iii) HomR�P (M,R�P ) 6= 0 for every associated prime ideal P of M .

(iv) HomR(M,M ′) 6= 0 for every nonzero right R-module M ′ which is related

to M .

Proof. By Theorem 2.40

Corollary 2.42. Let R be right Noetherian ring and let M be a nonzero slightly

compressible bounded right R-module. Then M 6= MP for every associated prime

ideal P of M .

Proof. Clearly by Theorem 2.40

Corollary 2.43. Let R be a right Noetherian ring. Then any nonzero bounded

projective right R-module X is slightly compressible if and only if X 6= XP for

every associated prime ideal P of X.

Proof. The necessity is clear by Corollary 2.42. Conversely, suppose that X 6=

XP for any associated prime ideal P of X. Let Q be any associated prime

ideal of X. By hypothesis, X�XQ is a nonzero projective (R�Q)-module and

hence HomR�Q(X�XQ,R�Q) is nonzero. By Theorem 2.40 it follows that X

is slightly compressible.

2.3 Critically Compressible Modules

Proposition 2.44. Let M be compressible module. Then the following conditions

are equivalent:

(1) M is a critically compressible module.

(2) Every nonzero partial endomorphism of M is a monomorphism.

Proof.
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(1)⇒(2) Let N be a nonzero submodule of M and let f : N →M be a nonzero

partial endomorphism. Then we have an isomorphism
−
f : N� ker f → f(N),

and f(N) is a nonzero submodule of M . Since M is compressible, therefore

there exists a monomorphism h : M → f(N). But the composition

M → f(N)→ N�(ker f) ⊆M�(ker f) is a monomorphism. Since M is

critically compressible, therefore ker f = 0

(2)⇒(1) Assume that M is not a critically compressible module. Then there is

a nonzero proper submodule N of M such that M is embedded in M�N , say

g : M →M/N is the monomorphism. Let T be a submodule such that

T�N = g(M). Then we have the composition, T
π→ T�N →M is a nonzero

partial endomorphism which must be a monomorphism by assumption, where π

is canonical projection, and the kernel of composition is nonzero, which is a

contradiction. Hence, M is critically compressible.

Proposition 2.45. Let M be a compressible module over a ring R. Then follow-

ing conditions are equivalent :

(1) M is uniform and torsion free.

(2) Every nonzero partial endomorphism on M is monomorphism. Moreover,

if R is assumed to be commutative, then one more equivalent condition (3)

is obtained

(3) M is critically compressible.

Proof.

(1)⇒(2) Let N be a nonzero submodule of M . Let f : N →M be a nonzero

partial endomorphism, then f(n) 6= 0 for some 0 6= n ∈ N . Suppose ker f 6= 0,

then due to uniformity of M , ker f ∩Rn 6= 0. Hence there exists a nonzero

αn ∈ ker f(α ∈ R), such that f(αn) = 0 = αf(n), which is a contradiction

because M is torsion free and α is nonzero. Hence ker f = 0, thus every nonzero

partial endomorphism on M is a monomorphism.
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(2)⇒(3) It follows from Proposition 2.44

(3)⇒(1) It is easy to prove that M is uniform. Since M is critically

compressible, therefore every nonzero partial endomorphism on M is a

monomorphism. Suppose M is not torsion free and take a torsion element

x ∈M . Then there exists a nonzero element α ∈ R such that αx = 0.

Now define a nonzero partial endomorphism fα : M →M fα(y) = αy where

y ∈M . Then fα(x) = αx = 0 and so x ∈ ker fα, but due to critically

compressibility of M , fα will be a monomorphism, then x = 0 which is a

contradiction. Therefore, M is torsion free.

Proposition 2.46. Let M be a compressible module. If every nonzero submodule

of M is cyclic and torsion free, then M will be critically compressible.

Proof. Let N be a nonzero cyclic submodule of M and f be a nonzero partial

endomorphism from N to M, then f(n) 6= 0 for some 0 6= n ∈ N . Since otherwise

f(N) = f(Rn) = 0, it is a contradiction. Now let αn ∈ ker f ⇒ f(αn) = 0 ⇒

αf(n) = 0.

Since M is torsion free and f(n) 6= 0 ⇒ ker f = 0, every nonzero partial

endomorphism on M is a monomorphism. Then by the Proposition 2.45, M will

be critically compressible.

Proposition 2.47. If R be a torsion free ring with unity then RR is a compress-

ible module if and only if RR is critically compressible module.

Proof. Let RR be a compressible module. Now R = R.1R, then R is cyclic. Since

R is also torsion free, then from the Proposition 2.46, RR is critically compressible.

The converse is obvious.

Proposition 2.48. Every critically compressible module M is indecomposable.

Proof. Let M be a critically compressible module and M = M1 ⊕ M2 with

0 6= M1,M2 6= M. Let pi be the projection map from M to Mi for i = 1, 2. Due

to compressibility of M , pi is a monomorphism, then Kerpi = Mj = 0 for i 6= j.

Hence, M is indecomposable.
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Proposition 2.49. An injective indecomposable compressible module M whose

nonzero partial endomorphisms has uniform nonsingular kernels, then M will be

critically compressible.

Proof. Let N be a nonzero submodule of M and let f : N → M be a nonzero

partial endomorphism and suppose ker f 6= 0. Since ker f is uniform, therefore

M = E(ker f) [18, Proposition 2.2], then M is nonsingular. By [11, Propo-

sition 5, p.59] M is a rational extension of ker f . Hence f(N) = 0 ⇒ f = 0

which is a contradiction. Therefore, ker f = 0 implies that every nonzero partial

endomorphism on M is monomorphism. Therefore, by Proposition 2.44, M is

critically compressible.

Proposition 2.50. Every critically compressible module is a CS (extending mod-

ule) and it is continuous if and only if every partial monomorphism is an isomor-

phism.

Proof. Let M be a critically compressible module, then by Proposition 2.45,

M will be uniform. Hence, every critically compressible module is a CS mod-

ule(extending module). Let f : M → M be a nonzero partial endomorphism on

M . Due to critically compressibility of M , f will be a monomorphism. Suppose f

is not surjective, then f(M) ⊂M and f(M) will be a proper essential submodule

of M . Now define g : M → f(M) by g(x) = f(x), then g is an isomorphism.

Since M is continuous, f(M) being an isomorphic copy of M , can not be a proper

essential submodule of M , which is a contradiction. Hence, f is surjective. The

converse is obvious.

Proposition 2.51. Let M and E(M) be compressible modules. If E(M) is crit-

ically compressible, then M is also critically compressible and the converse holds

if:

(1) M is stable under partial endomorphism of E(M).

(2) E(M) is a rational extension of M .
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Proof. Let E(M) be a critically compressible module. Then every nonzero par-

tial endomorphism on E(M) is a monomorphism. Let N be a nonzero submodule

of M and f : N → M be a nonzero partial endomorphism on M with ker f 6= 0.

Let g : M → E(M) be any nonzero partial endomorphism on E(M), then due

to critically compressibility of E(M), g will be a monomorphism. Now ker g ⊇

ker f = 0. Hence f is a monomorphism. Therefore, by the Proposition 2.44,

M will be critically compressible. Conversely, let M be a critically compressible

module and suppose M1 be a nonzero submodule of E(M) and h : M1 → E(M)

be a nonzero partial endomorphism on E(M). Suppose kerh 6= 0. Since M is es-

sentially submodule of E(M), then kerh∩M 6= 0 and also M∩M1 = N 6= 0. Now

f = h|N : N →M is a partial endomorphism on M since M is stable under par-

tial endomorphism on E(M). Since M is critically compressible, f is a monomor-

phism. On the other hand ker f = kerh∩N = (M1∩M)∩kerh = M ∩kerh 6= 0

which is a contradiction. Hence E(M) is critically compressible.

Corollary 2.52. Let M and E(M) be compressible modules and M be a non-

singular module stable under partial endomorphism of E(M). Then E(M) is a

critically compressible module if and only if M is a compressible module.

Proof. By Proposition 2.51.

Proposition 2.53. Let R be a S.P. ring. Then the critically compressible module

RR is either singular or nonsingular.

Proof. Let RR be neither singular nor nonsingular, then Z(RR) is a nonzero

direct summand and proper submodule of RR. Now by the Proposition 2.48, RR

is indecomposable. Hence Z(RR) = RR, which is a contradiction. Hence RR is

either singular or nonsingular.

Proposition 2.54. A ring R with unit 1R 6= 0 and RR is a left R-module in which

every nonzero endomorphism is a monomorphism is self similar if and only if it

is a principal ideal ring without zero divisors.
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Proof. Assume RR is self similar in which every nonzero endomorphism is a

monomorphism. Then R has no zero divisors. Now to prove that R is a principal

ideal ring, let S be any nonzero ideal of R and r 6= 0 be an arbitrary element in

R. Let f : R→ rR and g : rR→ S are modules isomorphisms.

Suppose f(1R) = rx and g(rx) = b for some x ∈ R and b ∈ S.

Hence for any y ∈ S then there exists an a ∈ R such that y = (g ◦ f)(a) for

some a ∈ R, y = (g ◦ f)(a · 1) = g(af(1)) = ag(rx) = ab ∈ R. Hence, S = Rb is

a principal ideal. The converse is obvious.

Corollary 2.55. If R is a principal ideal ring without zero divisors, then RR is

critically compressible.

Proof. If R is a Principal ideal ring without zero divisors, then by Proposition

2.54, RR is self-similar in which every nonzero endomorphism is a monomorphism.

Then from [Theorem 4.1, 17], RR is critically compressible.

Proposition 2.56. Let M be a compressible module and every nonzero f ∈

Hom(M,M
′
) is a monomorphism, where M ′ is a quasi-injective hull of M . Then

M is critically compressible module.

Proof. For a nonzero submodule N of M . Let g : N →M be a nonzero partial

endomorphism on M , such that f|N = g. By assumption, f is a monomorphism

and so g is monomorphism. Hence, every nonzero partial endomorphism on M

is a monomorphism. Therefore, M is critically compressible by the Proposition

2.44.

Proposition 2.57. Let R be a noetherian ring, then following conditions are

equivalent:

(i) RR is a compressible module.

(ii) RR is a critically compressible module.

(iii) Monomorphism f : R → U is nonzero for every uniform submodule U of

R.
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(iv) For every cyclic uniform submodule U of R there exists a monomorphism

f : R→ U

Proof.

(i)⇒ (ii) It follows from [17, Theorem 3.2]

(ii)⇒(iii)⇒ (iv). It is obvious.

(iv)⇒(i) Let N be a nonzero submodule of R. Let m be a nonzero element of N .

By hypothesis, mR is Noetherian and hence mR contains a uniform submodule

U of R. Let u be a nonzero element of U . Then uR is a cyclic uniform

submodule of R. By (iv) monomorphism from R into uR is nonzero. Hence the

monomorphism from R into N is nonzero. Hence, RR is a compressible module.
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CHAPTER 3

ESSENTIALLY COMPRESSIBLE MODULES AND

RINGS

In this chapter, we have introduced the concept of essentially compressible mod-

ules and rings which are generalizations of essentially compressible modules and

rings defined by P.F.Smith [27] in 2006. Throughout this chapter, all rings are

associative with identity and all modules are unital right R-modules.

3.1 Essentially Compressible Module

Definition 3.1. An R-module M is called essentially compressible if for every

essential submodule N of M , there exists a nonzero monomorphism from M to

N .

Definition 3.2. An R module M is said to be co-Hopfian if every injective

endomorphism of MR is an isomorphism.

Definition 3.3. We shall call an R-module M is essentially slightly compressible

if for each nonzero essential submodule N of M, there exists a nonzero homomor-

phism from M to N .

Definition 3.4. We shall say that an R-module M is subisomorphic to an R-

module M1 if there exist R-monomorphisms f : M →M1 and g : M1 →M , and

in this case we call the modules M and M1 subisomorphic.

Example 3.5. Let R = (Z4,+, ·) (the ring of integer modulo 4). Then RR is

an essentially slightly compressible module but not an essentially compressible

module.
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Proposition 3.6. The following statements are equivalent for a module M ;

(a) M is essentially compressible module.

(b) M is subisomorphic to an essentially compressible module.

(c) M contains an essentially compressible submodule N such that there exists

a monomorphism ϕ : M → N.

(d) There is an essentially monomorphism ψ : M → M
′

for some essentially

compressible module M
′
.

Proof.

(a) ⇒(b) and

(a) ⇒(d) are clear.

(b) ⇒(c) Suppose that there exist an essentially compressible module M
′
and

monomorphisms α : M → M
′
, β : M

′ → M . Let N = β(M
′
). Then

N is an essentially compressible submodule of M and βα : M → N is a

monomorphism.

(c) ⇒(a) Let L be essential submodule ofM. Then L∩N is an essential submod-

ule of N and so there is a monomorphism θ : N → L∩N . If i : L∩N → L

is the inclusion mapping then iθϕ : M → L is a monomorphism. It follows

that M is essentially compressible.

(d) ⇒(b) Let N = ψ(M). By our assumption. M
′

can be embedded in N and

hence in M . Thus M and M
′
are subisomorphic.

Proposition 3.7. Every direct sum of essentially compressible modules is essen-

tially compressible.

Proof. Let a module M =
⊕

i∈IMibe a direct sum of essentially compressible

modules Mi(i ∈ I), for some (nonempty) index set I. Let L be an essential

submodule of M . Then, for each i ∈ I , L ∩Mi is an essential submodule of Mi
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and hence there exists a monomorphism θi : Mi → L ∩Mi. Clearly the mapping

θ =
∑

i∈I θi : M → L is a monomorphism.

Proposition 3.8. Let M be a nonzero essentially compressible right R-module.

(a) If N is either an essential submodule of MR or a submodule which is invari-

ant under injective endomorphisms of MR then NR is also an essentially

compressible module.

(b) If N is a submodule of MR such that θ(N) + θ−1(N) ⊆ N for every

monomorphism θ : M → M , then M/N is an essentially compressible

module.

(c) MR is semisimple co-Hopfian if and only if MR has a co-Hopfian essentially

compressible submodule.

(d) annR(M) is a semiprime ideal of R.

(e) M̂R has no fully invariant essential submodule.(where M̂R is an injective

hull of M )

(f) If an addition MR is finitely generated, then MR does not contain an infinite

direct sum of nonzero fully invariant submodules.

Proof

(a) Let N be a submodule of M . If N is essential then it is easy to check

that NR is essentially compressible. Let N be invariant under injective

endomorphisms of MR and let K be any essential submodule of NR. There

exists a submodule N
′

of MR such that K ∩ N ′
= 0 and N ⊕ N

′
is an

essential submodule of MR. Then K ⊕N ′
is essential in N ⊕N ′, and hence

K ⊕N ′ is essential in MR. So by our assumption there is a monomorphism

f : M → K ⊕N ′. Now f(N) ⊆ N by our assumption, so

f(N) ∩N ′ = 0. It follows that f(N), and hence N , is embedded in

(K ⊕N ′)/N ′ ' K. Therefore NR is essentially compressible.
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(b) Let L be any submodule of MR, containing N , such that L/N is an essential

submodule of M/N . It is easy to check that L is an essential submodule of

MR. By hypothesis, there exists a monomorphism ϕ : M → L.

Because ϕ(N) + ϕ−1(N) ⊆ N , it follows that the induced mapping

−
ϕ : M/N → L/N , defined by

−
ϕ(m+N) = ϕ(m) +N for each m ∈M , is a

monomorphism. The result follows.

(c) The necessity is clear. Conversely, clearly any co-Hopfian essentially com-

pressible module is semisimple. Thus by (a), MR has an essential socle. It

follows that MR is semisimple.

(d) Let A = annR(M). Note that A is a proper ideal of R. Let B be any ideal

of R such that B2 ⊆ A. Let L = {m ∈ M : mB = 0}. If 0 6= m ∈ M

then mB2 = 0 so that there exists n ∈ {0, 1} such that mBn 6= 0 and

mBn+1 = 0( say B0 = R) and in this case 0 6= mBn ⊆ mR ∩ L. It

follows that L is an essential submodule of MR. By hypothesis, there exists

a monomorphism θ : M → L.

Then θ(MB) = θ(M)B ⊆ LB = 0, so that MB = 0 and hence B ⊆ A.

Thus A is a semiprime ideal.

(e) Let N be a fully invariant essential submodule of M̂R. By hypothesis, there

exists a submodule L of N and an isomorphism θ : L→M . Now θ can be

extended to
−
θ ∈ EndR(M̂). Thus we have M = θ(L) =

−
θ(L) ⊆

−
θ(N) ⊆ N.

It follows that M̂ = EndR(M̂)M ⊆ EndR(M̂)N = N.

(f) Let N = N1 ⊕ N2 ⊕ ...... be any direct sum of fully invariant submodules

of MR. It is well known that there exists a submodule K of MR such that

N∩K = 0 and N⊕K is an essential submodule of MR. By our assumption,

there is a monomorphism ϕ : M → N ⊕K. Since MR is finitely generated ,

we can assume that ϕ(M) ⊆ N1 ⊕ ......⊕Nt ⊕K for some positive integer

t. It follows, by hypothesis, that
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ϕ(Nt+1 ⊕Nt+2.....) ⊆ ϕ(M) ∩ (Nt+1 ⊕Nt+2.....) = 0.

Thus Nt+1 ⊕Nt+2.... must be zero.

Corollary 3.9. Let M be an essentially compressible module over a commutative

ring R. Then the uniform dimension of sM is finite where S = EndR(M).

Proof.

Let N be an S-submodule of M and r ∈ R. Define θr : M → M by

θr(m) = mr. Because R is commutative, θr ∈ S. Thus θr(N) ⊆ N . It fol-

lows that N is a fully invariant submodule of MR. The result is now clear by

proposition 3.8(f).

LetR be a ring. A nonzero rightR-moduleM is said to be prime if annR(M) =

annR(N) for all nonzero submodules N of MR ( similarly, prime left R-modules

are defined).

Proposition 3.10. Let MR be a finitely generated essentially compressible module

with S = EndR(M). If sM is a prime module then for each nonzero submodule

U of MR, there exist a positive integer n and fi ∈ HomR(U,M)(1 ≤ i ≤ n) such

that M can be embedded into
∑n

i fi(U). If furthermore, MR is nonsingular then

MR has finite uniform dimension if and only if MR has a uniform submodule.

Proof. Let U be any nonzero submodule of MR.

Let N =
∑
{f(U); f : UR → MR}. It is easy to check that N is a nonzero

fully invariant submodule of MR. There exists a submodule K of MR such that

N⊕K is essential in MR. By hypothesis, there is monomorphism θ : M → N⊕K.

Let ϕ = πθ where π : N ⊕K → K is the canonical projection.

Now ϕ(N) ⊆ N ∩ K = 0, and so by the prime condition on sM , ϕ is zero

element of S.

It follows that θ(M) ⊆ N. Since MR is finitely generated, there exist a positive

integer n and fi ∈ HomR(U,M)(1 ≤ i ≤ n) such that;
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θ(M) ⊆ f1(U)+ .....+fn(U). Now the first statement is clear. For the second

part, let furthermore, MR be nonsingular. If U is uniform, define a mapping

Φ : U (n) → f1(U) + ...... + fn(U) by Φ(u1, .....un) = f1(u1) + ..... + fn(un)

for all ui ∈ U(1 ≤ i ≤ n). Clearly Φ is a homomorphism. Note that the module

U (n)/ ker Φ, is nonsingular. By [9, 1.10 and 30,5. 10],
∑n

i=1 fi(U) ' U (n)/ ker Φ

has finite uniform dimension and hence so too does MR. It is well known that

every module with finite uniform dimension has a uniform submodule. Thus

MR has finite uniform dimension if and only if MR has a uniform submodule, as

desired.

The following lemma is also needed.

Lemma 3.11. Let a module M =
⊕

i∈IMi be a direct sum of uniform submodules

Mi(i ∈ I). Let N be any nonzero submodule of M . Then there exists a subset I ′

of I and an essential monomorphism θ : N →
⊕

i∈I′ Mi.

Proof. If N ∩Mi 6= 0 for all i ∈ I then N is an essential submodule of M and

there is nothing to prove. Suppose that N ∩Mj = 0 for some j ∈ I.

By Zorn’s Lemma there exists a maximal subset I ′′ of I such that; N ∩

(
⊕

i∈I′′ Mi) = 0. Note that I ′′ is a proper subset of I and hence I ′ = I\I ′′ is a

nonempty set. Let π : M →
⊕

i∈I′ Mi denote the canonical projection. Then π|N :

N →
⊕

i∈I′ Mi is a monomorphism because ker(π|N ) = N ∩ (
⊕

i∈I′′ Mi) = 0. Let

k ∈ I ′. By the choice of I ′′, N∩{Mk⊕(
⊕

i∈I′′ Mi)} 6= 0 and hence π(N)∩Mk 6= 0.

It follows that π(N)∩Mi 6= 0 for all i ∈ I ′ so that π(N) is an essential submodule

of
⊕

i∈I′ Mi.

Proposition 3.12. Let M be a direct sum of uniform compressible modules.

Then any nonzero submodule of M is an essentially compressible module.

Proof.

By Lemma 3.11 and Proposition 3.7 and 3.8(a).

Proposition 3.13. Let M̂R be an essentially compressible module. Then:
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(a) Either MR is semisimple module or MR has an infinite descending chain

B1 ⊃ A1 ⊃ B2 ⊃ A2 ⊃ ..... such that each Ai is an essential submodule of Bi

and each Bi is a submodule of MR isomorphic to M̂R;

(b) If MR has DCC on direct summands then MR is a semisimple module; and

(c) M̂ = Z(M̂)⊕ L for some essential compressible submodule L.

Proof.

(a) Let M̂R be essentially compressible and not semisimple, then MR has a

submodule B1 isomorphic to M̂R. Since MR is not semisimple, B1 is not

semisimple and so it has a proper essential submodule A1. Again by the

essentially compressible condition on B1, A1 has a submodule B2 isomorphic to

B1. But since A1 is not M -injective (other-wise A1 = B1), B2 is a proper

submodule of A1. Proceed to obtain the infinite descending chain

B1 ⊃ A1 ⊃ B2 ⊃ A2 ⊃ ....., as desired.

(b) It follows from (a).

(c) Let Z = Z(M̂R). Then there exists a submodule K of M̂R such that

N = Z ⊕K is essential in M̂R. By our assumption N has a submodule A

isomorphic to M̂R.

Because A is M -injective, there is a submodule B of N such that N = A⊕B.

Now, we have Z = Z(N) = Z(A)⊕ Z(B). Consequently, we have

A ⊆ N = Z(A)⊕ C where C = Z(B)⊕K. It follows that A = Z(A)⊕ (C ∩A).

Because A ' M̂R, M̂ = Z ⊕ L for some submodule L. Also L ' M̂/Z is an

essentially compressible right R-module by proposition 3.8(b), as desired.

Theorem 3.14. The following statements are equivalent for a module M.

(a) M is essentially compressible.

(b) M ' M1 ⊕M2 where M1 is a semisimple module and M2 is an essentially

compressible module with zero socle.

(c) M is subisomorphic to M1⊕M2 where M1is a nonsingular essentially com-

pressible module and M2 is a singular essentially compressible module.
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Proof.

(b)⇒(a) and (c)⇒(a), by Proposition 3.6 and 3.7

(a)⇒(b) Let M be an essentially compressible module and S = Soc(M). Then

there exists a submodule K of M such that N = S ⊕K is an essential

submodule. By hypothesis, there is a monomorphism θ : M → N . Let

U = Soc(θ(M)). Then U ⊆ Soc(N) = S. Because S is semisimple, S = U ⊕ L

for some submodule L of S. Thus we have U ⊆ θ(M) ⊆ N = U ⊕ L⊕K. It

follows that U is a direct summand of θ(M). Because M is isomorphic to θ(M),

there is submodule N ′ of M such that M = S ⊕N ′. Now by Proposition 3.8(b)

N ′ is also essentially compressible, as desired.

(a)⇒(c) Let Z = Z(M) and Z ⊕ L be essential in M for some submodule L of

M . The module Z ⊕ L is essentially compressible by Proposition 3.8(a) and is

subisomorphic to M because there is a monomorphism ϕ : M → Z ⊕ L. By

Proposition 3.8, Z and L ' (Z ⊕ L)/Z are essentially compressible modules.

Theorem 3.15. For any ring R, every nonsingular essentially compressible R-

module is isomorphic to a submodule of a free R−module.

Proof.

Let M be any nonzero nonsingular essentially compressible right R-module.

By Zorn’s Lemma there exist an index set I and nonzero elements mi ∈M(i ∈ I)

such that
∑

i∈I miR is an essential submodule of MR. Let i ∈ I. Let Ai =

r.annR(mi). Then Ai is a right ideal of R and hence there is a right ideal Bi of R

such that Ai ⊕ Bi is an essential right ideal of R. Let r ∈ R such that mir 6= 0.

Then rE ⊆ Ai⊕Bi for some essential right ideal E ofR. BecauseM is nonsingular,

we have 0 6= mirE ⊆ miBi. Thus miBi is an essential submodule of miR. Note

further that the mapping ϕi : Bi → miBi defined by ϕi(b) = mib(b ∈ Bi) is

clearly an isomorphism.

Finally note that
⊕

i∈I miBi is an essential submodule of M and is isomorphic

to the submodule
⊕

i∈I Bi of the free R-module R(I). Because M is essentially

compressible, there exists a monomorphism θ : M → R(I).
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Theorem 3.16. The following statements are equivalent for a nonzero module

M over an arbitrary ring R.

(a) MR is nonsingular, essentially compressible and has enough uniforms.

(b) MR is subisomorphic to a direct sum
⊕

i∈I Ai of nonsingular uniform right

ideals Ai (i ∈ I) of R such that Ai does not contain a nonzero nilpotent

right ideal of R for each i ∈ I.

(c) M is nonsingular and M embeds in a direct sum of uniform compressible

right R-modules.

Proof.

(a)⇒(b) By Zorn’s Lemma there exists a maximal collection of uniform cyclic

submodules Ui(i ∈ I) of MR such that
∑

i∈I Ui is direct. It is easy to check that⊕
i∈I Ui is an essential submodule of MR. Let i ∈ I and let U = Ui. There is

x ∈ U such that U = xR. Let C = r.annR(x). Note that U is a nonsingular

R-module so that C is not an essential right ideal of R. There exists a nonzero

right ideal A of R such that A ∩ C = 0. Note that A ' xA and that A is a

nonsingular uniform right ideal of R.

Let B a right ideal of R such that B2 = 0 and B ⊆ A. By Proposition 3.8(d),

MB = 0 so that xB = 0 and we have B ⊆ A ∩C = 0. Thus A does not contain

a nonzero nilpotent right ideal of R. Consequently, for each i ∈ I there is a

nonsingular uniform right ideal Ai of R such that Ai does not contain a nonzero

nilpotent right ideal of R and Ai is isomorphic to a nonzero submodule of Ui.

It follows that
⊕

i∈I Ai is isomorphic to an essential submodule of MR. Because

MR is essentially compressible, there exists a monomorphism θ : M →
⊕

i∈I Ai.

This proves (b).

(b)⇒(c) Suppose that (b) holds. Clearly MR is nonsingular. It is enough to

show that Ai is a compressible right R-module for each i ∈ I. So suppose that

i ∈ I and let A = Ai.
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If B is a nonzero submodule of A then by our assumption, BA 6= 0. Then there

exists b ∈ B such that bA 6= 0.

It follows that the mapping θb : A→ B defined by θb(a) = ba for all a ∈ A, is a

nonzero homomorphism. Note that any nonzero homomorphism from a uniform

module to a nonsingular module is a monomorphism. This proves that A is

compressible, as desired.

(c)⇒(a) If m is any nonzero element of M then mR can be embedded in a finite

direct sum of uniform modules and hence mR contains a uniform submodule.

Thus M has enough uniforms.

Finally, M is essentially compressible by Proposition 3.12.

3.2 Essentially Slightly Compressible Modules

Proposition 3.17. Let R be a ring. Then every direct sum of essentially slightly

compressible R-modules is essentially slightly compressible.

Proof. Let an R-module M =
⊕

i∈IMi be a direct sum of essentially slightly

compressible modules Mi(i ∈ I), for some index set I and N be essential sub-

module of M , then for each i, N ∩Mi is an essential submodule of Mi. Hence

there exists a nonzero homomorphism θi : Mi → N ∩ Mi. Let θ : M → N ;

θ(m) =
∑

i∈I θi(m) is a nonzero homomorphism.

Lemma 3.18. Let R be a ring and M be a right R-module such that every

nonzero essential submodule contains a nonzero direct summand of M . Then M

is essentially slightly compressible.

Proof. It is obvious.

Corollary 3.19. Let R be a right hereditary ring and M an injective R-module.

Then M is essentially slightly compressible if and only if every nonzero essential

submodule contains a nonzero direct summand of M .

Proof. It follows from [25, Corollary 1.8]
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Corollary 3.20. Let R be a ring and M a nonsingular injective R-module. Then

M is essentially slightly compressible if and only if every nonzero essential sub-

module contains a nonzero direct summand of M .

Proof. The sufficiency is obvious from Lemma 2.13. Since every slightly com-

pressible module is essentially slightly compressible, then from the Corollary 2.14,

if every nonzero essential submodule contains a nonzero direct summand of M ,

then M is essentially slightly compressible.

Corollary 3.21. Let R be a ring and M is an essentially slightly compressible

injective R-module. Then any nonsingular uniform submodule of M is simple

and injective.

Proof. Let U be a nonsingular uniform submodule of M . Let V be a nonzero

submodule of U . From Corollary 3.20, there exists an injective submodule W of

V such that W = V = U . Hence U is simple and injective.

Proposition 3.22. Let R be any ring and M , a nonsingular injective R-module

such that mR has finite rank for every element m ∈ M . Then the following

conditions are equivalent:

(i) M is essentially slightly compressible.

(ii) M is semi simple.

(iii) M is essentially compressible.

Proof.

(i)⇒ (ii) Suppose M is essentially slightly compressible and let m ∈M .

Therefore R�o(m) is a nonsingular R-module which has a finite rank, and by[9,

Lemma 5.10.] R satisfies the ascending chain condition on right ideal of the

o(m),m ∈M . Now according to [9, Corollary 8.2], M is a direct sum of

uniform submodules. Hence, by Corollary 3.19, M is semisimple.

(ii)⇒(iii), (iii)⇒(i) It is obvious.
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Proposition 3.23. Let R be a right noetherian ring. Then the following state-

ments are equivalent for a uniform R-module M :

(i) M is essentially slightly compressible.

(ii) M is slightly compressible.

(iii) HomR(M,U) is nonzero for every submodule U of M .

(iv) HomR(M,U) is nonzero for every cyclic submodule of M .

Proof.

(i) =⇒ (ii) =⇒ (iii) =⇒ (iv) It is obvious.

(iv) ⇒ (i). Let N be any nonzero essential submodule of M and m is any

nonzero element of N . Since mR is Noetherian, mR contains a uniform

submodule U . Let u be a nonzero element of U . Then uR is a cyclic submodule

of M and by (iv), HomR(M,uR) is nonzero and hence HomR(M,N) is nonzero.

Proposition 3.24. The following statements are equivalent for a module M :

(i) M contains an essentially slightly compressible module N such that there

exists a nonzero homomorphism f : M → N .

(ii) M is essentially slightly compressible.

(iii) There is an essential homomorphism g : M →M1 for an essentially slightly

compressible module M1.

Proof.

(i)⇒(ii) Let K be an essential submodule of M , then K ∩N is an essential

submodule of N , so there is a homomorphism. Ψ : N → K ∩N .

If i : K ∩N → K is the inclusion map then iΨf : M → K is a homomorphism.

Hence, M is essentially slightly compressible.

(ii)⇒(iii) It is obvious.

(iii)⇒(i) It is obvious.
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Corollary 3.25. If N is either an essential submodule of M or a submodule

which is invariant under an endomorphism of MR. Therefore, if M is essentially

slightly compressible, then NR is also essentially slightly compressible.

Proof. It follows from [27, Proposition 1.4(a)]. It is well known that every

module with a finite uniform dimension has a uniform submodule. Thus, MR

has a finite uniform dimension if and only if MR has a uniform submodule. In

1971, Tiwary and Pandey [28] defined an R-module M as being quasi polysimple

if each of its nonzero submodule contains a nonzero submodule with free family

condition (FFC). In fact a module has enough uniforms [ defined by 27] is a

quasi polysimple module.

Proposition 3.26. The following statements are equivalent for a nonzero R-

module M over an arbitrary ring R:

(i) MR is nonsingular, essentially compressible and has enough uniform (quasi

polysimple module).

(ii) MR is nonsingular, essentially compressible and MR is an essential exten-

sion of direct sums of absolutely indecomposable submodules.

(iii) MR is nonsingular, essentially compressible and MR is an essential exten-

sion of direct sums of indecomposable modules.

(iv) MR is subisomorphic to a direct sum
⊕

i∈I Ai of nonsingular uniform right

ideal Ai (i ∈ I) of R such that Ai does not contain a nonzero nilpotent right

ideal of R for each i ∈ I.

(v) M is nonsingular and M imbeds in a direct sum of uniform compressible

right R-modules.

Proof.

(i) ⇒ (ii) ⇒ (iii) ⇒ (iv) It is obvious from [21, Lemma 2.1 ]

(iv) ⇒ (v) ⇒ (i). It is obvious by [27, Theorem 3.16]
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3.3 Essentially Compressible Rings

Let R be a ring. We say that R is a right essentially compressible ring if the right

R-module R is essentially compressible. It is well known that any semiprime

right Goldie ring is right essentially compressible. Clearly any domain is a right

essentially compressible ring but it is not necessarily right Goldie.

Lemma 3.27. A ring R is right essentially compressible if and only if every

essential right ideal contains a right regular element of R.

Proof.

This is routine

Corollary 3.28. Let R be a semiprime ring which satisfies ACC and DCC on

right annihilators. Then every free right (or left) R-module is essentially com-

pressible.

Proof.

By [30, Theorem 1.19] and Lemma 3.27 the ring R is right and left essen-

tially compressible. The result follow by Proposition 3.7.

Corollary 3.29. Let R be a semiprime left Goldie ring. Then every free right

R-module is essentially compressible.

Proof. By Corollary 3.27 and [31, Lemma 5.8]

The following proposition is a consequence of parts (a) and (d) of Proposition

3.8 and Proposition 3.7.

Proposition 3.30. Let R be a right essentially compressible ring.

(a) Every ideal of R is an essentially compressible right R-module.

(b) Every essential submodule of a free right R-module is an essential compress-

ible R-module.

(c) If A is any ideal of R with A2 6= A then R/A2 is not an essentially com-

pressible right R-module.
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Proof. By Proposition 3.7 and Proposition 3.8.

Proposition 3.31. Every essentially compressible ring is a right nonsingular

semiprime ring.

Proof.

Let R be essentially compressible ring. The semiprimeness of R is a conse-

quence of Proposition 3.8(d). By Theorem 3.14 there exists a monomorphism

θ : R → Z ⊕ A for some singular right R-module Z and nonsingular right R-

module A.

Let θ(1) = c = a+ z for some a ∈ A and z ∈ Z.

Note that 0 = r.annR(c) = r.annR(a)∩r.annR(z) and r.annR(z) is an essential

right ideal of R. Thus r.annR(a) = 0. But R ' aR ⊆ A, hence Z(RR) = 0.

Proposition 3.32. Every essentially compressible ring does not contain an infi-

nite direct sum of nonzero ideals.

Proof.

By Proposition 3.8(f).

Corollary 3.33. A commutative ring R is essentially compressible if and only if

R is a semiprime Goldie ring.

Proof.

By Proposition 3.30 and 3.31.

Theorem 3.34. Let S denote the socle of a right essentially compressible ring

R . Then S = eR for some central idempotent element e of R. Consequently,

the ring R is a direct sum of a semiprime artinian ring and a right essentially

compressible ring with zero right socle.

Proof.

By Theorem 3.14, S is a direct summand of R and so there is an idempotent

e in R such that S = eR.

50



Since S is an ideal, (1− e) Re ⊆ (1− e)eR = 0 and hence [eR(1− e)R]2 = 0 ,

so that eR(1− e) = 0 by Proposition 3.8.

Thus er = ere = re for all r ∈ R,i.e. e is central.

For the last statement consider that R/S is an essentially compressible right

R-module by Proposition 3.8(b), and so it is essentially compressible as a right

R/S-module. It follows that (1− e)R is a right essentially compressible ring.

Lemma 3.35. Let R be a semiprime ring and U be an ideal of R. Then

r.annRU = l.annRU.

Proof.

This is clear.

Theorem 3.36. A ring R is right essentially compressible if and only if there

exist a positive integer n and prime ideals Pi(1 ≤ i ≤ n) of R such that;

P1∩ .......∩Pn = 0 and the ring R/Pi is right essentially compressible for each

1 ≤ i ≤ n.

Proof.

Let R be a right essentially compressible. Then by Proposition 3.30 and 3.32

and [32, 11.41 and 11.43, p.336], R has a finite number of minimal prime

ideals P1, ....., Pn such that Pi = annRUi for some uniform ideal Ui of R for each

1 ≤ i ≤ n and P1 ∩ .... ∩ Pn = 0.

Let i ∈ {1, .....n}, let P = Pi and let U = Ui. Let E be a right ideal of R such

that P ⊆ E and E/P is an essential right ideal of the ring R/P. Then E is an

essential right ideal of R. By Lemma 3.17, E contains a right regular element c

of R. Let r ∈ R such that cr ∈ P. Then crU = 0 and hence rU = 0. This implies

that r ∈ P . Thus E/P contains the right regular element c + P of R/P . By

Lemma 3.27, the ring R/P is a right essentially compressible.

Conversely, suppose that P1 ∩ ..... ∩ Pn = 0 for some positive integer n and

prime ideals Pi(1 ≤ i ≤ n) such that R/Pi is a right essentially compressible ring

for each 1 ≤ i ≤ n. Without loss of generality we can suppose that Pi * Pj for
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all 1 ≤ i 6= j ≤ n. Let F be any essential right ideal of R. Let A be a right ideal

of R such that (F ∩ P2 ∩ ..... ∩ Pn) ∩ A ⊆ P1. Then F ∩ (P2 ∩ ..... ∩ Pn ∩ A) ⊆

P1 ∩ ..... ∩ Pn = 0 so that P2 ∩ ..... ∩ Pn ∩ A = 0 ⊆ P1 and hence A ⊆ P1.

It follows that the right ideal [(F ∩ P2 ∩ ....... ∩ Pn) + P1]/P1 of the ring R/P1

is essential. By Lemma 3.27, there exist d1 ∈ (F ∩ P2 ∩ ... ∩ Pn) ∩ C ′(P1),

where C ′(P1)={r ∈ R; r + P1 is a regular element of R/P1}. Similarly, for each

2 ≤ i ≤ n there exist di ∈ (F ∩ P1 ∩ .... ∩ Pi−1 ∩ Pi+1 ∩ .... ∩ Pn) ∩ C ′(Pi). Let

d = d1 + .....dn ∈ F . It is easy to check that if ds = 0 for some s ∈ R then dis ∈ Pi

and hence s ∈ Pi(1 ≤ i ≤ n), so that s ∈ P1 ∩ ... ∩ Pn and s = 0. Thus d is a

right regular element of R. By Lemma 3.27, R is right essentially compressible.

Lemma 3.37. Let U be a uniform right ideal in the ring R and let there be

prime ideals Pi(1 ≤ i ≤ n) of R such that Pi " Pj for all 1 ≤ i 6= j ≤ n and

P1 ∩ ...... ∩ Pn = 0. Then (U + Pi)/Pi is a uniform right ideal of R/Pi for each

1 ≤ i ≤ n.

Proof.

Assume that P = P1 andA, B are right ideals ofR such that P ⊆ A ⊆ (U+P ),

P ⊆ B ⊆ (U + P ) and A ∩ B ⊆ P . Let A′ = A ∩ U , B′ = B ∩ U. We have

A′ ∩ (P2 ∩ .....∩Pn ∩B′) ⊆ P1 ∩ .....∩Pn = 0. Hence by the uniform condition on

U , A′ = 0 or (P2 ∩ ....∩Pn ∩B′) = 0. Now if A′ = 0 then U ∩P ⊆ A′ = 0 and so

(U + P )/P ' U is a uniform right R-module as well as a uniform R/P -module,

and if (P2 ∩ ..... ∩ Pn ∩B′) = 0 ⊆ P then B′ ⊆ P.

This in turn implies that B ⊆ P , because if u + p = b ∈ B where u ∈ U and

p ∈ P, then u = (b− p) ∈ B ∩ U = B′ ⊆ P and hence b = (u+ p) ∈ P .

Consequently, (U+P )/P is a uniform right ideal ofR/P . Similarly, (U+Pi)/Pi

is an uniform right ideal of R/Pi for each 2 ≤ i ≤ n.

Theorem 3.38. The following statements are equivalent for a ring R.

(a) R is a semiprime right Goldie ring.
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(b) R is a right essentially compressible ring with at least one uniform right

ideal.

Proof.

(a)⇒(b) By [27, Corollary 2.4(a)]

(b)⇒(a) By Proposition 3.31, R is a right nonsingular semiprime ring, so it is

enough to show that the right uniform dimension of R , is finite. For a moment

assume that R is prime, then by Proposition 3.10 R has finite uniform

dimension. Thus, by Theorem 3.36 and Lemma 3.37, we can conclude that the

uniform dimension R is finite.

3.4 Essentially Slightly Compressible Rings

R is said to be essentially slightly compressible ring if RR is essentially slightly

compressible module.

Lemma 3.39. Let A be a nonzero idempotent right ideal of a ring R such that

A contains a nonzero essential right ideal B with BA = 0.

Then the right R-module A is not essentially slightly compressible.

Proof. Suppose f : A→ B is homomorphism then,

f(A) = f(A2) = f(A)A ⊆ BA = 0.

It follows that A is not essentially slightly compressible.

Using Lemma 3.39, we next give an example of a projective right ideal A of a

ring R such that A is not essentially slightly compressible module.

Example 3.40. Let S be any nonzero ring and R denote the ring of (2 × 2)

lower triangular matrices over S. Let A be the right ideal of R consisting of all

matrices in R with top row zero. Then A is a cyclic projective R-module which

is not essentially slightly compressible.

Proof. Clearly A = eR where e is the idempotent element of R with 1 as its

(2,2) entry and all other entries zero. Thus A is a direct summand and hence
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projective. Let B denote the essential right ideal of R consisting of all matrices

with all entries zero except at (2,1) place.

Therefore B ⊆ A and BA = 0. Hence by Lemma 3.39, A is not essentially

slightly compressible.

Proposition 3.41. Let R be a semi prime ring. Then every right ideal of R is

slightly compressible and hence essentially slightly compressible.

Proof. It follows from [27, Proposition 3.8]

Corollary 3.42. Let R be a ring, which has no nilpotent essential ideal of index

2. Then every ideal A of R is essentially slightly compressible.

Proof. Let A ≤ R and B be a nonzero essential ideal of R contained in A.

Now, according to assumption B2 6= 0⇒ BA 6= 0, there exists an element b of B

such that bA is nonzero.

Let us define a nonzero homomorphism f : A→ B by f(a) = ba ∀a ∈ A, then

A is essentially slightly compressible.

But the converse of the above corollary is not true in general. Let R =

(Z4,+, ·) (ring of integer module 4) and A = {0, 2}mod 4be an essential right ideal

of R such that A2 = (0). But R is essentially slightly compressible.

Proposition 3.43. Let R be a prime ring. Then the right R-module E(RR) is

essentially slightly compressible if and only if HomR(E(RR), R) 6= 0.

Proof. Since R is essential in E(RR), hence the necessity is obvious. Conversely,

suppose there exists a nonzero homomorphism f : E → R where E(RR) = E.

Let N be a nonzero essential submodule of E. Therefore N ∩ R and f(R) are

both nonzero ideals of R. Since R is prime, then we have (N ∩ R) ∩ f(E) 6= 0,

hence af(E) 6= 0 for some a ∈ N ∩ R. Let us define g : E → N by g(e) = af(e)

∀ e ∈ E. Clearly, g is nonzero homomorphism.

Lemma 3.44. If every essential right ideal of R contains a regular element then

R is a right essentially slightly compressible ring.
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Proof. It is obvious.

But a right essentially slightly compressible ring is possible in which there

exists an essential right ideal which does not contain a regular element.

Let (Z4,+, ·) (ring of integer module 4) and I = {0, 2}mod 4 be essential ideal

of Z4. But I does not contain any regular element.

Proposition 3.45. For a right essentially slightly compressible ring, the following

conditions are equivalent:

(i) Every ideal of R is essentially slightly compressible.

(ii) Every essential submodule of a free R-module is an essential slightly com-

pressible R-module.

(iii) If A is an ideal of R then R�A is an essential slightly compressible right

R -module.

Proof. It is obvious.
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