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ABSTRACT

Computational Characterization of Noise in
Nonlinear Nanomechanical Resonators
Fiona Polloshka
Master of Science in Electrical and Electronics Engineering
September 8, 2021

Recent breakthroughs in nanotechnology have paved the way for huge advances in
the field of nano-electro-mechanical systems (NEMS). Nanomechanical resonators
are used as accurate mass and force sensors in mass spectrometry and atomic force
microscopy. In most current sensing schemes, the resonators operate in the linear
regime, where changes in mass and force are detected by tracking the shifts in the
resonance frequency. The use of resonators operating in the nonlinear regime has
been recently proposed due to shrinking device sizes and some claimed advantages
over linear operation. As with linear resonators, the sensor performance is ultimately
limited by the inherent frequency fluctuations arising from various sources of noise.
However, due to nonlinear behavior, device dynamics is intricate and noise charac-
terization is more challenging. The fundamental sensitivity limits of resonant sensors
operating in the nonlinear regime need to be determined quantitatively in order to
examine their performance and assess their pros and cons over linear resonators. In
this thesis, we present an efficient computational technique for characterizing the
frequency fluctuations in nonlinear Duffing resonators due to noise. The method is
based on repurposing and adapting a non Monte Carlo stochastic analysis technique
that was originally developed for noise analysis of analog electronic circuits. The
proposed technique presents the capability for noise characterization under various
dynamic sensing schemes, e.g., when drive frequency is time-varying and continually
updated in a closed-loop setup. We compare the results obtained with the proposed
technique against extensive, carefully run Monte Carlo simulations and demonstrate
that the same accuracy can be achieved with drastically reduced computation time
and in a more robust manner. We furthermore compare the results of our proposed
method with experimental open-loop sweep characterizations reported in the lit-

erature. We analyze the open-loop sweep method and highlight its shortcomings
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as a sensing scheme. Finally, we compare the noise performance in the linear and

nonlinear operating regimes, and discuss the advantages of using one over the other.



OZETCE

Dogrusal Olmayan Nanomekanik Rezonatorlerde Giriiltiiniin
Hesaplamali Karakterizasyonu
Fiona Polloshka
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
8 Eyliil 2021

Nanoteknolojideki son atilimlar, nano-elektro-mekanik sistemler (NEMS) alaninda
onemli ilerlemelerin yolunu agmistir. Nanomekanik rezonatorler, kiitle spektrometrisi
ve atomik kuvvet mikroskobu uygulamalarinda hassasiyeti yiiksek kiitle ve kuvvet
sensorleri olarak kullanilmaktadir. Mevcut sensor mimarilerinin cogunda, rezonatorler,
rezonans frekansindaki kaymalar izleyerek kiitle ve kuvvetteki degigikliklerin tespit
edildigi dogrusal rejimde ¢alisirlar. Dogrusal olmayan rejimde caligsan rezonatorlerin
kullanimi, kiigiilen cihaz boyutlar1 ve dogrusal operasyona nispeten bazi avanta-
jlar nedeniyle yakin zaman once onerilmistir. Dogrusal rezonatorlerde oldugu gibi,
sensor performansi nihayetinde giiriiltiiden kaynaklanan frekans dalgalanmalar ile
belirlenir. Ancak dogrusal olmayan davranig nedeniyle cihaz dinamikleri karmagiktir
ve guriltii karakterizasyonu daha zordur. Dogrusal olmayan rejimde calisan re-
zonans bazli sensorlerin temel hassasiyet sinirlarini, performanslarini ve dogrusal
rezonatorlere gore artilarini ve eksilerini degerlendirmek icin ayrintili bir karak-
terizasyonun yapilmasi gerekmektedir. Bu tezde, dogrusal olmayan Duffing re-
zonatorlerinde giirtiltii nedeniyle frekans dalgalanmalarini karakterize etmek igin
verimli bir hesaplama yontemi sunulmaktadir. Yontem, orijinal olarak analog elek-
tronik devrelerin giiriiltii analizi i¢in gelistirilmis Monte Carlo bazli olmayan bir
stokastik analiz yonteminin uyarlamasma dayanmaktadir. Onerilen yontem, cesitli
dinamik sensor mimarileri i¢in, 6rnegin siirticti frekansi zamana gore degistiginde ve
bir kapali dongii kurulumunda stirekli olarak giincellendiginde, giiriiltii karakteriza-
syonunu miimkiin kilar. Onerilen yontemle elde edilen sonuclar, kapsaml ve dikkatli
bir gekilde kosturulmus Monte Carlo simiilasyonlariyla kargilagtirilmakta ve aym
sonuclarin biiyiik olg¢iide azaltilmig hesaplama stiresi ile ve daha giivenilir bir sekilde
elde edilebilecegi gosterilmektedir. Ayrica, Onerilen yontemle elde edilen sonuclar lit-

eratirdeki deneysel acik dongii tarama karakterizasyonlar: ile karsilagtirilmaktadir.
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Agik dongii tarama yontemininin ayrintil bir analizi yapilmakta ve bir sensor yontemi
olarak eksiklikleri vurgulanmaktadir. Son olarak, dogrusal ve dogrusal olmayan

calisma rejimlerindeki giiriiltii performansi karsilagtirilmaktadir.
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Chapter 1: Background 1

Chapter 1

BACKGROUND

1.1 Introduction

Nanomechanical resonant sensors have shown tremendous potential for mass sensi-
tivity in the past decade. Single protein molecule detection [Hanay et al., 2012] and
yoctogram mass resolutions [Chaste et al., 2012] have been achieved through inno-
vative techniques. In most applications of resonant sensors the resonators operate
in the linear regime, where changes in mass and force are detected by tracking the
shift in resonance frequency. Decreasing the device size can increase sensitivity and
improve performance of the resonator. This, however, comes to the detriment of the
linear operating range which diminishes with decreasing device size. The resonator
in turn begins to exhibit nonlinear behavior even for the smallest drive levels needed
for the sensors to operate properly [Maillet et al., 2018, Yuksel et al., 2019]. An al-
ternative to this option is operating the resonator in the nonlinear regime, which
displays the advantage of an increased dynamic range, as recently shown in a robust
closed-loop setup [Yuksel et al., 2019]. In the nonlinear regime, the resonator dis-
plays a hysteretic response in a certain frequency region, the boundaries of which are
called the bifurcation frequencies. Instead of the resonance frequency which is not
directly accessible in the nonlinear regime, the shift in the bifurcation frequencies
is tracked to detect the changes in mass or force [Maillet et al., 2018, Yuksel et al.,
2019].

To evaluate the performance boundaries of the nonlinear resonator, a character-
ization of the fluctuations in the bifurcation frequencies due to various sources of
noise is necessary. Understanding the sensitivity limits of the nonlinear resonator

is of great importance in gauging their potential and comparing them to the res-
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onators operating in the linear regime. Recent work has focused on experimentally
characterizing the bifurcation frequency noise by employing open-loop frequency
sweeps [Maillet et al., 2018]. Although it sheds light on various noise phenomena,
this technique needs hundreds of sweeps to collect an adequate number of data for a
statistically relevant characterization, making it time consuming and expensive. A
new technique which can computationally perform the noise characterization of the
bifurcation frequencies in a quicker manner while providing similar results would
facilitate cheap and quick characterizations for various sensor scenarios. It would
help decipher all the noise phenomena and performance restricting factors in nonlin-
ear resonators, while saving the cost of expensive and time consuming experimental
techniques.

One way to computationally characterize the bifurcation frequency fluctuations
would be to use straightforward Monte Carlo (MC) simulations. This would be done
by performing the computational equivalent of the experimental open-loop frequency
sweeps in [Maillet et al., 2018], where random number generators are employed to
emulate the noise sources in the dynamical system modeled by numerical differential
equations. Similar to the experimental technique, a large number of computational
frequency sweeps are necessary to generate an adequate number of data for proper
mean and variance computation. The MC method indeed offers advantages com-
pared to the experimental open-loop sweep method, but it also comes with a huge
computational cost. One of its issues stems from the two time-scale behavior of the
system, where the events of interest occur at a time scale much slower than the cycle
time of the resonator, which is a bottleneck in the computation process and highly
increases cost. Another issue arises due to the nature of the MC technique, where a
large number of sweeps is required to get proper results.

In this thesis, we propose a computational technique which effectively tackles
both of these issues. To tackle the first problem, we use the baseband equivalent
representation for the Duffing resonator. The baseband equivalent (also known as
envelope following) is a well-known complex amplitude representation. With this
formulation, the system works with a much slower cycle time while accurately rep-

resenting the noise phenomena of interest, thus drastically improving computation
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time and not compromising the results of the technique. Furthermore, to handle
the second problem of the large number of necessary sweeps, we introduce a non-
MC sweep formulation which can achieve computational characterization with only
one frequency sweep as opposed to many. This unique method is based on a previ-
ously proposed noise analysis technique for analog circuits [Demir and Sangiovanni-
Vincentelli, 1998]. This non-MC technique discards the random number generator
altogether by directly computing the necessary information without the requirement
of forming an ensemble. While a purely analytical evaluation of sensor performance
is prohibited by the nonlinear nature of the resonator combined with stochastic
noise, this proposed technique represents a semi-analytical method and is open to
rigorous reasoning.

Previous work has concentrated on a theoretical analysis of the fluctuations in a
Duffing resonator. In [Buks and Yurke, 2006], a frequency domain analysis method
is presented, where instead of a frequency sweep, the system is analyzed only at
a fixed frequency point. The fact that our method uses a dynamic sweep gives it
the edge over its fixed operating point counterpart, due to its capability for noise
characterizations under various dynamic sensing schemes, e.g., when drive frequency
is time-varying and continually updated in a closed-loop setup [Maillet et al., 2018,
Yuksel et al., 2019]. It also means that stochastic characterizations for a range of
drive frequencies can be computed at once in a single sweep instead of only at a fixed
frequency point, making our non-MC technique a more advantageous and powerful
characterization method.

We note that Duffing resonators in a self-sustaining oscillator configuration have
been previously considered and analyzed in the literature [Greywall et al., 1994,
Yurke et al., 1995, Kenig et al., 2012, Demir and Hanay, 2018], and are beyond the
scope of this work.

This thesis is organized as follows. In the rest of Chapter 1 we provide a brief
background on oscillatory systems and their behavior in the linear and nonlinear
oscillation regimes. In Chapter 2 we go into the theory behind the proposed tech-
nique. First, we introduce the Duffing resonator model, which is the model that best

captures the behavior of nonlinear nanomechanical resonators [Lifshitz and Cross,
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2008]. Then, we derive the baseband equivalent resonator model and finally, we in-
troduce the non-Monte Carlo method for characterizing the frequency fluctuations
in the Duffing resonator.

In Chapter 3, we verify if the approximations employed in the non-Monte Carlo
technique correctly capture the properties of the system. We first validate the deter-
ministic and stochastic baseband equivalent model. Then, we proceed to use Monte
Carlo simulations to verify that the non-Monte Carlo technique is accurate. We an-
alyze the effect of factors such as frequency sweep speed and number of realizations
in the results obtained via both the Monte Carlo and non-Monte Carlo methods.

In Chapter 4, we use the proposed non-MC technique to examine the performance
of the Duffing resonator in the nonlinear regime as opposed to the performance in
the linear regime. Then, we proceed to compare our results with experimental
results presented in literature. Finally, our conclusions and possible future work are

discussed in Chapter 5.

1.2 Oscillatory Systems

The material in this section is a summary of the Small Oscillations chapter from
[Landau and Lifshitz, 1976].

Oscillatory systems are mechanical systems that display oscillations around a
position of stable equilibrium. One category of motion for these types of systems
are forced oscillations in a system with friction and a periodic force input. These

systems start to display nonlinear behavior with increasing input amplitude.

1.2.1 Linear Oscillations

When the driving input of an oscillating system has a small amplitude, lower approx-
imations for its potential and kinetic energies, and thus, its equations of motion are
enough to describe the system well. In this case, the equation describing the system
driven with some certain amplitude C, frequency 7 and under friction (damping)

can be described as follows:

d?s,(t) ds,(t) )
gz TPy e

So(t) = %cos(yt} (1.1)



Chapter 1: Background 5)

where s,(t) is the deviation from equilibrium position, A represents the damping

Wo

2Q
solution to Eqn. (1.1) is in the following form:

coefficient (where A = £2) m is the mass and w, is the resonance frequency. The

so(t) = ae Mcos(wt + o) + A,cos(yt + ) (1.2)

where a, o, A, and § can all be determined by using the system parameters above.
Note that the first term of s,(¢) in Eqn. (1.2) decays with time, so the expression
for the steady-state output s,s(t) will be:

Soss(t) = Apcos(yt + ) (1.3)
where
A = g (1.4)
=
1 2\
1
_ 1.
d = tan 7 =) (1.5)

The expression in Eqn. (1.4) describes the amplitude of the steady-state oscillations
in the output s,(¢) and their dependence on the system parameters and driving
signal amplitude and frequency. As can be inferred, the oscillation amplitude A,
increases as vy approaches w,. The maximum is achieved when: v = \/m
For A < w, this value is almost equal to w,.

If we consider the case where the system is being driven by a frequency near
resonance 7 = w, + € with € being small and assuming that A << w,, the following
approximation for the output amplitude A, of the oscillations of the system driven

around resonance frequency can be made:

C
A, = 1.6
2mw,\/ €2 + \2 (16)
1.2.2 Nonlinear Oscillations

When the system is driven with higher amplitudes, the expansion of the expression

for the potential and kinetic energies of the system needs to include higher order
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A, A,

Figure 1.1: Magnitude response of the resonator with increasing input amplitude in
the (a) linear regime (b) nonlinear regime (c¢) nonlinear regime with hysteresis (not
to scale).

terms in order to describe the system appropriately. If we examine the expansion

up to the third-order, we get the following expression:

d?s,(t) ds,(t) )
gz TPyt

So(t) = %cos(fyt) — Bs,(t)? — as,(t)? (1.7)

where § and « are the coefficients for the second and third-order terms, respectively.
In this case, the term for the new eigenfrequency w, is a shift from the original

resonance frequency depending on amplitude, satisfying the following expression:
Wp = Wy + KAZ (1.8)

where x is a constant dependent on the two nonlinear coefficients o and S:

3 52
K= -
8w,  12w?

(1.9)

We want to quantify what happens when the driving frequency -y is in the vicinity

of the resonance value, i.e. v = w, + €. That can be done without considering
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Eqn. (1.7) above [Landau and Lifshitz, 1976]. If we look at the expression for the
amplitude A, in the solution to the linear approximation (Eqn. (1.6)), and replace
w, with the new eigenfrequency w, + kA? in the € term, we obtain a cubic equation
for A2:
2
AZ[(e — KAZ)? + N\?) = (1.10)

- 2,,2
dmAw?

For small C', A, also has a small amplitude, so if we ignore the powers of A, that are
greater than two, we obtain the same expression as that in Eqn. (1.6) for the linear
case, and the amplitude frequency plot looks like the one in Figure 1.1.a. With
increasing C', the curve is not symmetrical as in the linear case anymore. It shifts
with an amount of € to the left or right, depending on the sign of £ (Figure 1.1.b).
After the amplitude A, crosses a certain threshold A, which we shall call the spinodal
point [Maillet et al., 2018], a new phenomenon appears. The system begins to exhibit
hysteresis. Eqn. (1.10) has three real roots in this region. Thus, there is an interval
in which different values of oscillation amplitudes are possible (Figure 1.1.c). Given
that the middle branch (from point 3 to 4) corresponds to unstable oscillations
[Landau and Lifshitz, 1976], there are two different amplitudes of stable oscillation
possible in that range of frequencies. In order to determine this range of frequencies,

we need to find the frequency that corresponds to points 3 and 4 in Figure 1.1.c.

dA, _

- oo. That gives us the expressions for the

For this, we find the points where
two bifurcation frequencies, the one in the lower branch at point 4 (wg) and the one

in the upper branch at point 3 (w,):
Wy = Wo + 26 A2 — \/(KA2)2 — N2 (1.11)

Wq = Wo + 26A% + \/(KA2)2 — \2 (1.12)

Eqns. (1.11) and (1.12) are very useful in the sense that they give us the relationship

between the oscillation amplitude and the bifurcation frequencies.

To find the greatest amplitude, we look at the point where dg‘; = 0, which is:

Ay = — & (1.13)

2Mwy A
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Finally, we are interested in the drive and output amplitudes at the point where
this behavior begins (onset of hysteresis), which we call C; and A, respectively. In

terms of the system parameters, these two quantities can be expressed as:

L /2X

And replacing A in Eqn. (1.10) we get:

1 /32X2m2w?
Cy = oy (1.15)

Thus, Cs above is the drive amplitude which drives the system to hysteresis.
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Chapter 2

THEORY

2.1 The Duffing Resonator

In order to be able to characterize the frequency fluctuations in its output, a good
deterministic model for the resonator is required. For small excitation forces, these
resonators behave just as the linear oscillator shown in Eqn. (1.1). For larger ex-
citations, nonlinear effects cannot be ignored, and the behavior of the resonator is
best captured by the equation for the Duffing resonator [Lifshitz and Cross, 2008],
which is Eqn. (1.7) with g = 0.

The equation describing a Duffing resonator is given below

d*so(t) | wods,(t)
a2 0 a

+ w?s,(t) + as,(t)? = %si(t) (2.1)
where s,(t) is the displacement, s;(t) is the input force, w, is the resonance frequency,
m is the resonator mass, () is the quality factor and « is the coefficient of the cubic
Duffing term.

As discussed in Section 1.2, for small excitations the resonator operates in the linear
regime with magnitude response (versus drive frequency) as shown in Figure 1.1.a

and linewidth

Wo
T — 5 (2.2)

For higher drive amplitudes, the resonator exhibits nonlinear behavior. The mag-
nitude response is no longer symmetrical. Instead, it leans on one side as in Fig-
ure 1.1.b, depending on the sign of @ [Landau and Lifshitz, 1976]. When the motion
amplitude is above the spinodal point (Ay), the system exhibits hysteresis, where
the amplitude of motion depends on which side the drive frequency is swept from.

With a forward sweep of the input frequency (low to high frequency), the upper
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branch of the response in Figure 1.1.c is observed. The curve goes through points 1,
2 and 3 in the figure, only then to jump to point 5. With a backward sweep (high
to low frequency), the 5-4-2-1 trajectory is observed. The bifurcation points at the
jump frequencies from 3 to 5, w,, and from 4 to 2, wy, shown in Eqn. (1.12) are
of interest. These bifurcation frequencies can be related to their respective motion
amplitudes A, and A, as shown in Eqns. (1.12) and (1.11) where, in the case of the
Duffing resonator, the parameter x is:

_3a

= 2.
K ) (2.3)
The drive input to the resonator is of the form
t
si(t) = A; cos(w,t + / Aw;(T)dr) = A; cos(wot + 6;(t)) (2.4)
0

where A; is the drive amplitude, Aw;(t) is the time-varying frequency shift and

Qi(t):/o Aw;(T)dT (2.5)

is the phase deviation. s;(t) is expressed as the real part of a complex signal as

follows

si(t) = Re[A; /%) giwel] (2.6)

where s%(t) = A; e/%®) is the complex envelope, a baseband signal centered around
zero frequency, contrary to s;(t) [Benedetto and Biglieri, 1999]. s;(¢) can be ex-

pressed in terms of its complex envelope

st) = Lt sl (1) + et (1)) (2.7)

where -* denotes complex conjugate.

In this treatment, we assume that both the drive input and the resonator response
are signals centered around w, (and —w,). All other frequency components are
filtered by the high-Q resonator. Thus, the resonator output can also be expressed

as

So(t) = LeTets0(t) + eIt sb(1)*] (2.8)

o

b
o

where s2(t) = Ae’”® is its complex envelope, with A and 6, being its amplitude

and phase, respectively.
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2.2 Baseband Equivalent Resonator Model

In the original Duffing Equation (Eqn. (2.1)), both the input and output are pass-
band signals, i.e. they are centered around a higher nonzero frequency. For an easier
treatment and increased computational efficiency, we will be deriving the baseband-
equivalent representation of this system, and then further simplifying it to a first-
order model. In this derivation, we follow the procedure presented in [Demir, 2021]

for a linear resonator and generalize it to the case of a Duffing resonator.

2.2.1 Second-Order Baseband Equivalent Resonator Model

The passband signals for the input and output in Eqn. (2.1) can be expressed in
terms of their baseband counterparts as shown in Eqns. (2.7) and (2.8). By replacing
Eqns. (2.7) and (2.8) in Eqn. (2.1), we obtain:

1. 1 Lo :
_e]wotds(t) + iefjwotds@)* r aso(t)3 — —[ejw"ts?(t) + e*]wotsli;(t)*] (29)

2 2m
where
Psh(t) | wdsht) R,
dS(t) = Froa (72w, + 6)7 +j§so(t) (2.10)
and

@solt)? = Lo [e1s5(1)° + Bt )] (1)

) . , (2.11)
36T () sh(6)” + et (sh(1)")°]

If we look at Eqn. (2.9), we can observe that it is only composed of terms around
w, and -w, frequencies or their higher harmonics. Let us now integrate Eqn. (2.9)
with e™“¢* in one period i—” as follows:

2m
Wo

1 L

€,]w0t<§€]wotds(t) + ie*jwotdSa)* + « So(t)?’)dt

i 2 (2.12)
Lo oo iy '

= g e (1) + €S (1))

First, we assume that the complex envelopes s(¢) and s?(¢) vary much slower in time

than their passband counterparts. For that reason, we assume them to be constant

in one period of e7/“!, As such, the terms inside dS(t) and dS(t)*, as well as s°(t)

i
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are taken as constants and they are taken outside the integral. Thus, we are left

with the following expression

2m

—dS / el el g + dS / eIt It gt / s, (t)Pe It dt

= 2— / e Jwoleiwol g 4 —s / g Jwolgiwol gy

(2.13)

where

27

/wo Oéso(t)3€*jwotdt — % [ / e ]wot€]3wotdt + S ‘S / e~ JWo ejwotdt
0

+|8 ( )|2 b / 3e Iweole ]wotdt—i— / e Jwot o= J3wotdt]
(2.14)

71'

The inner product in one period =F of two complex exponentials with frequencies

Wo

kw, and lw, is

2n

vo . foe 1dt if k=1
e]kwotefjlwotdt — (215)

0 0 if k#I
Thus, due to the orthogonality of complex exponentials of the harmonics of a fre-

quency, only the baseband part of the terms around the w, frequency will remain,

while the others will vanish

dS / *ont ontdt+3 / fjwoteywotdt / fjwotejwotdt

(2.16)
Removing the integral parts from both sides, we obtain:
dsS(t) 3a & 5 1,
S+ ISP = 5 -sh0) (217)
or
d?sb(t) We dst(t)  w? 3 4, b 1y
2 2w, —2s)(t) + —s (t H* = —s, (t 2.18
S 2w + ST D ) + TLOILOP = k() @19

Eqn. (2.18) is the second-order baseband differential equation describing the Duffing

resonator.
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2.2.2  First-Order Baseband Equivalent Resonator Model

In the baseband system, the frequency of operation w is very low compared to w,.
Using this fact (w < w,), we can convert Eqn. (2.18) into an approximated first-

order baseband model.

The approximation w < w, gives us two results:

1. In the second term in Eqn. (2.18):
Wo . dsb(t)

(J2w, + 5) °

we note that the line-width % is much smaller than the j2w, term. Thus we

can make the following approximation:

20, + % ~ 2w, (2.19)

2. We know that our baseband signal has the form

sb(t) = Ael¥t

o

Therefore, its first and second derivatives have the following form:

dsb(t ;

Scfng ) _ juAcit (2.20)
and

2 .b

d ;;2@) = WP Aeiet (2.21)

Since we know that s°(¢) has bandwidth %, we know that |w| is limited by:
lw| < = (2.22)

Thus, the highest factor that the first derivative can multiply the function

with is £¢ and the factor induced by the second derivative is (%)2 Using:

Q
Woya o Wo
(Q) <2 (2.23)

we can establish that the second derivative term also is small in comparison

to the other terms, and remove it from the equation.
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Thus, using these approximations we obtain the first-order baseband model for the

Duffing resonator:

ds(t 2 3 1
s, o 4 20+ S et 0 = (o) (2.24)
or, by rearranging the terms
dsb(t) Wo b 3o NN 1 b
o t b(t 2.25
i +2Q o(t) + = wol ()]s, (t) = ]Qmwosz() (2.25)

Eqn. (2.25) is the first-order baseband differential equation describing the Duffing

resonator.

2.2.8 Baseband Resonator Model with Noise

In this thesis, the effect of thermo-mechanical noise in the resonator output will be
analyzed. This noise can be modeled as a white noise source with the following

spectral density [Ekinci et al., 2004]:

2mwy kT
Q@

where kp is Boltzmann’s constant and 7" is the temperature in Kelvin.

Sipm(w) = (2.26)

In time domain, we will denote the noise signal as ny,, (). The noise will be added
to the equation for the Duffing resonator as an additive term. Since we are working
with the baseband equation, we will need to find the baseband equivalent to the
input noise. Similar to the representations for our deterministic signals, we can

express our passband noise signal as follows:

1
Ran (1) = S(E0nb,,, (6) + et (1)) (227)

where n?, = is the baseband equivalent (complex envelope) of the passband noise

signal. Thus, if we insert that expression as we did before in the original equation,

we will obtain the equation for the baseband resonator model with noise as follows:

3 b 2 b
dto(t)+@ o(t) + = w’ o(B)7s,(t) = W

L (208 + nln (1) (2.28)

where the noise is added as a scaled additive term in the right-hand side of the

equation.
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Deriving the Baseband FEquivalent of Passband Noise

The material in this section is excerpted from [Benedetto and Biglieri, 1999).

The passband system has input noise with a power spectral density as in Eqn.
(2.26). Since the input to the system is passband, we can consider the additive noise
Sinm(w) to be a passband white process. This is the power spectral density (PSD)
of the signal n,,(t). The complex process N, (t) in the following form is called

the analytical signal related to mp, ():
ﬁthm(t) = nthm(t) + jﬁthm<t> (229)

where 7y, (t) is the Hilbert transform of np,, (t) [Benedetto and Biglieri, 1999]. The

analytical signal can also be represented as:

Tt (£) = Ty ()7 (2.30)

where nb, (t) is the complex envelope, or the baseband equivalent of n,, (t). Our

aim is to find the power spectral density of n%, (t), since we are working with the
baseband-equivalent model. We will demonstrate it in a series of steps.

As mentioned above, since the noise Sy, (w) is additive and the system itself
is passband, the noise can be considered as a passband white noise signal. Then,
observing that 1, (t) is the output of a LTI system with input n,, () and transfer
function 2u(w), where u(w) is the unit step function, we can easily find the power
spectral density (PSD) for np,,(t). For a LTI system, given the input PSD S;,(w)
and the system transfer function H(w), the output PSD S,,:(w) can be calculated

as:
Sout(w) = Sin(w)|H (w)]* (2.31)
Thus, the PSD of 7y, (t) calculated this way gives us:
S (W) = St (W) [2u(W)]* = 4Sm (w)u(w) (2.32)

Thus, its PSD is four times the PSD of the input noise, but in this case it is one-
sided. Then, we proceed to obtain the PSD for the complex envelope n%, (t). We

can write it as (reformulating Eqn. (2.30)):

Wy (£) = g (1)1 (2.33)
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Its autocorrelation function is:
Rt = Eliuam(t + ity (] (234

R, =R

thm

e IweT (2.35)

Mthm

Thus, given that the power spectral density of a signal is the Fourier Transform of
its autocorrelation function, we have the autocorrelation of n? () in terms of the

autocorrelation of 1y, (t) given as:

S (W) = i, (W—w,) (2.36)

M hm thm(

Since in this work we are working with a complex baseband signal n%,(t), we need
to find the spectrum for both real and imaginary parts. Let’s call the real part ngg(t)

and the imaginary part ny,(¢). It is known that [Benedetto and Biglieri, 1999]:
Ry (T) = Ry (T) (2.37)
and
Enge(t + 7)nm(t)] = —Enm(t + 7)ngs(t)] (2.38)
Thus, we can obtain:
(7) = 2[Rnge (7) + J By (7)) (2.39)
Since R,» (0) is a real quantity, it follows that:

E[nIM(t)nRE(t)] =0 (2'40)

which means that the real and imaginary parts of the noise process are uncorrelated.

In addition, using Eqns. (2.38) and (2.40) we can conclude that:
E[la()]*] = 2E[Inws (8)%] = 2B[Inu (£) ] (2.41)

Thus, the average power of the real and imaginary parts is equal to the power of the
initial passband process ny,,(t). In conclusion, the imaginary and real baseband

noise components are uncorrelated bandlimited white noise signals with spectrum:

Ske(w) = Su(w) = 2Smm(w) (2.42)
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2.3 Non-Monte Carlo Method for Characterizing the Frequency Fluc-

tuations

To characterize the resonance (for the linear regime) and bifurcation (for the nonlin-
ear regime) frequency noise, we employ the time-domain non-Monte Carlo method
proposed in [Demir and Sangiovanni-Vincentelli, 1998]. Since the output s%(¢) is
a complex valued signal, we define s%,(¢) and s9,(¢) to be its real and imaginary
parts, respectively. The first-order baseband resonator with noise can be represented
as a system of two coupled, real valued, nonlinear stochastic differential equations
(NLSDESs) in s%,(t) and s%,(t). The baseband thermo-mechanical noise input ap-
pears as an additive term. The noise source is modeled in terms of the standard
white Gaussian process, i.e., the formal derivative of the Wiener process. The two

coupled differential equations for the real and imaginary parts are as follows:

d 3 1 A

G55 () 5550+ g lsoOPsl) = o (k) T (1) (243)
3 1 ,

Gi50(0) T 5g5t) = 1o OPSRat) = 5 (55 (t) + man(0)  (244)

where s’ (t) and s’ (t) are the real and imaginary parts of the input, respectively.
The system in Eqns. (2.43) and (2.44) (described using s%,(f) and s9,(t)) with

additive noise can be compactly described as follows:

I(s°(t),t) + %Q(so(t)) + B(s°(t),t)(t) =0 (2.45)

_50 (t) + = |5 <t>|2S?M(t) - Qni_wosﬁlvl(t)
5550 (t) — @ Iso()Ps3e(t) + gy Sie (1)

Q“(t) = )]
0.t

v/ S () Iz

where I is the 2 x 2 identity matrix, £(¢) represents a vector of white Gaussian noise

2mw0

processes, and s°(t) is the vector [s2,(t) s2,(t)]”.
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Using the small noise expansion [Demir and Sangiovanni-Vincentelli, 1998], the so-

lution s°(t) can be written as:
s°(t) =s2(t) + s (t) (2.46)

where s9(t) represents the solution to the deterministic system in Eqn. (2.45) with-
out noise and s%(t) represents the perturbations due to noise. s?(t) can be approx-
imated as a Gaussian process with zero mean, i.e., £[s?(t)] = 0, where &[] is the
expectation operator. It is assumed that the perturbation component s?(t) is small
compared to the deterministic solution s?(¢), an approximation routinely employed
in noise characterization techniques. The covariance matrix K(t) of s%(¢), defined
by K(t) = &[s%(t) s%(¢)"], is shown in [Demir and Sangiovanni-Vincentelli, 1998] to

be the solution of the following system of differential equations:

%K(t) =E(t)K(t) + KOE®)" + Ft)F(t)" (2.47)
E(t) = -C(t)'G(t)
F(t) = —C(t)'B(t)
A(s°(t), 1) _dQ(s°(t)) (2.48)
Gt = 0s°(t)  lsoqry cw= ds*(t) s

B(t) = B(s{(1),1)

where G(t) and C(t) are Jacobian matrices. The matrices for our first-order base-

band nonlinear resonator model are as follows:

(1) = 56 T i stu(t)sh(t) 2o (59, (1) + 35, (£)?)
— 3o (3s,(1)2 + s0,(1)7) 5 — 259 (1)s0,(1) (2.49)
C(t) =1

These equations show that in order to obtain the covariance matrix of s9(¢), the
deterministic solution s2(t) to Eqn. (2.45), without noise must be computed first.
This is done by using the fourth-order Runge-Kutta method for numerical integra-
tion [Siili and Mayers, 2003]. The solution to Eqn. (2.47) for the covariance matrix
of s2(t) is computed concurrently using the same numerical method. Finally, the

time-varying covariance matrix is used to characterize the frequency fluctuations of
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the resonator. We compute the variance of our desired quantities: the resonance
frequency in the linear operating regime of the resonator, and the bifurcation fre-
quencies in the nonlinear regime. The procedure of obtaining these variances in the
two regimes varies significantly, so both procedures are explained separately and in

detail in the next two subsections.

2.83.1 Resonance Frequency Variance in the Linear Regime

The relationship between the phase and frequency in the linear resonator character-
istics is key to obtaining the resonance frequency variance for the resonator operating
in the linear regime. First, we derive the relationship between these two quantities
and their variances, and then we describe the procedure with which they are ob-
tained via the non-Monte Carlo method.
The phase of the resonator response is given by:

0,(t) = arctan SEM(t) (2.50)

St (£)

Linearizing the above expression by using the Taylor series expansion around a time

point %y, we obtain:

0,(1) = alto)syu(t) + blto)stu(t) + c(to)

. SIM(tO)
) = =) + (@) (2:51)
b(to) _ SRE(tO>

sie(to) + s (to)

where a(tg) and b(ty) are the constant weights for the real and imaginary parts,
respectively, and ¢(ty) contains all of the deterministic terms which are irrelevant in
a variance computation and thus shall not be employed in this computation. We
define P(t) = [a(t) b(t)]*, and then obtain the phase variance at ¢, as a function of

the covariance matrix K(ty) as follows:
Var[er(to)] == P(to)TK(to)P(to) (252)

where, in our case, t is chosen to be the time point at which the drive frequency is

equal to the resonance frequency.
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Figure 2.1: Computationally obtained (a) Magnitude (normalized) and (b) phase

response (with a —Z shift) in the linear and nonlinear regimes for forward and

2
backward sweeps

We next find the relationship between the phase and frequency. The baseband
equation for the resonator operating in the linear regime (excluding the nonlinear

term), is given by the following equation:

Wo 1

sP(t) = so(t) (2.53)

N 72mw,

corresponding to the following transfer function in the frequency domain [Demir and

Hanay, 2020]:

Q _ix 1
H(w J 2.54
( ) mwge 21+jw—iQ ( )

Ignoring the constant —7 phase shift, the phase-frequency relationship follows:

0, (w) = arctan(—22w) (2.55)

Around w = 0 (resonance frequency for the baseband resonator), the phase is almost

a linear function of w. Linearization around that point yields [Demir, 2021]:

0y(w) ~ — 22 (2.56)

Wo

Finally, we use Eqns. (2.56) and (2.52) to obtain the relationship between the vari-

ance of phase and frequency at resonance, where f, = 5°:

var(f,] = (£5)var(6, ()] = (£5)”P(to) K (to)P(to) (2.57)
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1) Simultaneously solve for sz (t), sym (t) and K (t)
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¥

6) Obtain resonance frequency variance

var(w,] = (55)*var(f:(to)] = (55)°P(to) " K(to)P(to)

Figure 2.2: Flowchart of the procedure of obtaining the resonance frequency variance
for the resonator operating in the linear regime via the non-Monte Carlo method

Next, we describe the exact procedure of obtaining the resonance frequency via

the non-Monte Carlo method which is illustrated in detail in the flowchart in Fig-

ure 2.2. We first drive the system with a noiseless input with constant amplitude
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and a linear frequency sweep around the resonance frequency. This sweep results in
the magnitude and phase responses shown in Figure 2.1 (curves for the linear case).
Note that we add a —7 shift to the phase response. We then numerically determine
the time point ¢ty at which the phase crosses zero, which corresponds to drive fre-
quency being equal to the resonance frequency, i.e., we determine the time point
corresponding to resonance frequency input. Then, we record the covariance matrix
K(tp) corresponding to the covariance of s?2(t) at resonance frequency. We recall
that K(t) is computed concurrently with the noiseless sweep in a time synchronous
manner. We next use K(tg) to compute the phase variance, and finally convert it

to resonance frequency variance using their relationship in Eqn. (2.57).

2.3.2  DBifurcation Frequency Variance in the Nonlinear Regime

In the nonlinear regime, the relationships between the bifurcation frequencies and
their corresponding motion amplitudes, for w, and wy in Eqns. (1.12), are utilized
to obtain the variances of the bifurcation frequencies f, = §* and fq = 32.

The procedure for obtaining the variance of the upper branch bifurcation fre-
quency f, is as follows. First, we perform a linear low-to-high (forward) noiseless
sweep of the drive frequency, resulting in the magnitude and phase responses shown
in Figure 2.1 (curve for the forward sweep). We first aim to obtain A,, the motion
amplitude at f,. Theoretically, that corresponds to the point where the amplitude
drops with infinite slope. Determining this point proves to be very challenging,
since using numerical gradient information in that region is not very robust. The
obtained value depends on sweep speed and as such, it cannot give reliable results.
An alternative point which accurately approximates A, and at the same time can
be consistently determined is needed. The new alternative amplitude is chosen to
be the point at which the magnitude is maximum. As can be seen in Figure 2.1,
the drop in amplitude for the forward sweep curve occurs immediately after the
amplitude response reaches its maximum point. That shows it is in fact very close

to A, and it provides the benefit of reliable computation.
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5) Use linearized approximated relationship between w and A at the upper branch bifurcation frequency (w,, and A,,)

wy, Ay relationship Approximation Linearization

Wy =Wy + 25A% — \/(KA2)2 = N2 ——> Wy = Wo + HAi — wy,(Ay) = wu(Ao) + 26A0(Ay — Ay)
. J
( )

6) Obtain bifurcation frequency variance for the upper branch

varfw,] = (26A4,)% var[A,] = (2kA0)*L(to) TK (t)L(t,)

\ J

Figure 2.3: Flowchart of the procedure of obtaining the bifurcation frequency vari-
ance for the upper branch of the resonator operating in the nonlinear regime via the
non-Monte Carlo method

We record the numerically identified maximum amplitude in this noiseless sweep
as the mean value A" and the corresponding covariance matrix K(ty) at that point
in order to quantify the variation around this mean. We use K(ty) to obtain the

variance of A,, and convert it to the variance of f, using Eqn. (1.12). This procedure
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Figure 2.4: The staircase fractional frequency input (a) and the resulting output
amplitude (b) for the backward frequency sweep.

is illustrated in detail in the flowchart in Figure 2.3.

To obtain the variance of the bifurcation frequency in the lower branch (f;) of
the nonlinear resonator response, we employ a procedure similar to the one above.
We first perform a linear high-to-low (backward) noiseless sweep of frequency in
order to obtain the 5-4-2-1 curve in Figure 1.1.c. Theoretically, f; corresponds
to the point at which the amplitude gradient is infinite. However, as in the case
of A,, numerical gradient information is not reliable, and an alternative way to
obtain the motion amplitude Ay at f; is needed. As can be seen in Figure 2.1
(the curve for the backward sweep), the jump does not occur instantaneously in
the numerical sweep, but is rather a continuous but quickly increasing signal. In
contrast with the case for A,, where there is a point which closely approximates
it and can be computed reliably (A;...), there exists no such point in the lower
branch. In this case, the computation of the exact value for A, in a linear sweep
proves impossible to obtain reliably. To this end, we devise a two-sweep method to
obtain the variance in f;. First, we perform a variation of the linear sweep, wherein

we do not linearly sweep the frequency but instead we decrement it step by step
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in the form of a staircase function, as shown in Figure 2.4.a. The variable y(t)
Aw(t)

Wo

stands for the fractional frequency deviation, defined as y(t) = . In this setup,
after each decrement we wait for the output values to settle before moving down
a step. This enables us to acquire a very close estimate of the jump point, where
we can identify Ay, which is defined as the amplitude of the signal just before the
jump in the output. A plot of the output amplitude in this setup and the estimated
Ay value are shown in Figure 2.4.b. Note that the output amplitude is normalized
via a normalization constant A,, which is defined as the output amplitude of the
system at the spinodal point. The accuracy of the estimation is of course dependent
on the resolution of our staircase signal. We make sure that the resolution is high
enough so that we get a good approximation for A;. We record the amplitude at
the identified point as the mean A'. Second, we run the linear backward open-loop
sweep, and as Ay we pick the point where the output amplitude is the value of A,
we computed in the first staircase sweep. We use K(ty) at that same time point
during the sweep to compute the variance of A;, which is finally converted to var|f,]
using the relationship in Eqn. (1.12). This procedure is illustrated in detail in the
flowchart in Figure 2.5. The details are given below.

The amplitude A(t) of the resonator response is given by:

A(t) = V50 (1)? + 50,(t)? (2.58)

By using the Taylor series expansion, we linearize A(t) with respect to s2,(t) and

o

s%,(t) around t, to obtain:

A(t) = d(to)sy () + e(to)spu(t) + g(to)

. SRE(tO)
d(tO) N \/SRE<t0)2 + SIM(tO)2 (259)
6<t0) _ SIM<t0)

\/SRE<tO)2 + SIM(tO)2
where d(ty) and e(tyg) are the constant weights for the real and imaginary parts,
respectively, and g(t) represents all of the deterministic terms, which are irrelevant

in a variance computation.
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Figure 2.5: Flowchart of the procedure of obtaining the bifurcation frequency vari-
ance for the lower branch of the resonator operating in the nonlinear regime via the
non-Monte Carlo method
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We define the vector L(t) = [d(t) e(t)]”, and compute var[A(ty)] with
var[A(to)] = L(to) " K(to)L(to) (2.60)

where tg is the point corresponding to the bifurcation frequency inputs identified as
described above. It corresponds to the pairs A, f, or Ay, fq in the response.

In order to convert var[A(ty)] (that gives us var[A,] and var[A4]) into the vari-
ances of f, and f;, we use the following procedure. When operating far from the
spinodal point, i.e., at much larger drives than the one at the onset of hysteresis, the
relationships between bifurcation frequencies and motion amplitudes in Eqns. (1.12)
[Landau and Lifshitz, 1976] in the background section can be approximated as [Mail-
let et al., 2018]:

Wy = We + ,%Ai
(2.61)
Wy = Wo + 3KA
In order to compute the variances for f, and f;, we linearize the quadratic functions

above around a point Ay to obtain:

for f,, similarly for f;. Here, Ay = A" and Ay = A}}' are used, which were recorded
at the identified points in the noiseless sweeps as described above. Finally, we

compute:

var(f,] = (2A]")? var[A,] (2.63)
var(fy] = (%A?)Q var[Ay] (2.64)
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Chapter 3

VALIDATION OF THE METHOD AND
APPROXIMATIONS

3.1 Validating the First-Order Baseband Approximation

To verify that the first-order baseband equation for the Duffing oscillator is a good
approximation to the original passband equation, we compare their frequency re-
sponses. We first validate the deterministic resonator model (without noise), and

then we perform stochastic simulations to compare the models with noise.

3.1.1 Verifying the Deterministic Baseband Model

To compare the deterministic models, we numerically obtain magnitude and phase
responses for the resonator operating in the linear and nonlinear regimes, and com-
pute the relative error between the two models (passband and baseband) as a com-
parison metric. For the linear resonator (with nonlinear coefficient av = 0), theoreti-
cal comparison is also included, since the transfer functions for both models can be

used to obtain the frequency responses.

Comparing the Transfer Functions

For the resonator operating in the linear regime, we can directly use the trans-
fer functions of the first-order baseband and the second-order passband system to
compare their magnitude and phase respones theoretically. The transfer functions,

named as Hpp(w) (passband) and Hpp(w) (baseband) for both are as follows

1 1
Hpp(w) = —
W) = DT 7w + w?)

1 1
j2mw, (jw + 58)

HBB(LU)
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Figure 3.1: Theoretically obtained magnitude (a) and phase (c) responses of the
first-order baseband and second-order passband models and their respective relative

errors (b), (d)

To compare them, the error metric (£) shown in Eqn. (3.3) was used:

_ | Xpp — XBB]

E
| Xps]

(3.3)

where Xpp and Xgp represent the passband and baseband quantities, respectively.
The magnitude and phase responses and their errors (calculated via Eqn. (3.3)) are
shown in Figure 3.1 above. As can be observed from the figure, the relative error is

never greater than 1073, which is an indicator of a good approximation in theory.

Comparing Numerical Solutions

Since our method relies on the numerical solution of the baseband equation, a com-
parison between the numerical solutions of both models needs to be performed.
Numerical solutions to both the first-order baseband and second-order passband de-
terministic models of the Duffing resonator are obtained and compared to see if the
approximation is accurate.

The deterministic baseband resonator is described by the nonlinear first-order
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Figure 3.2: Numerically obtained magnitude (a) and phase (c) responses of the
linear first-order baseband and second-order passband models and their respective
relative errors (b), (d)

complex differential equation in Eqn. (2.25). In order to solve it numerically, the
equation has to be in real form. So, by separating its real and imaginary parts
into two equations, we get two differential equations as in Eqns. (2.43) and (2.44)
(without noise) that describe the system. This system of two coupled differential
equations for the real and imaginary parts of the output is used in the implementa-
tion of the numerical solution for the baseband model.

The equations describing the first-order baseband system were solved using the
4™ order Runge-Kutta method for numerical integration [Siili and Mayers, 2003].
Then, its results were compared with the passband system equation solution, ob-
tained via the same numerical method. The magnitude and phase plots of the
baseband system were compared to the passband plots.

The procedure is as follows. The baseband system is driven with a baseband signal

of the form

(1) = Aedwo [y (3.4)
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Figure 3.3: Magnitude (a) and phase (c) responses of the first-order baseband and
second-order passband nonlinear models with forward frequency sweep and their
respective relative errors (b), (d)

where A; is the drive amplitude. The passband system is driven with the real part

of its high frequency version
si(t) = Re{ Aot/ v®)dn)) (3.5)
The signal y(t) is known as the fractional frequency deviation:

y(t) = =1y

“o
and for this simulation we use a linear function for y(t) to sweep around the resonance

(3.6)

frequency.

This procedure is repeated three times, once for the resonator operating in the
linear regime, and twice for the nonlinear resonator. As mentioned above, the res-
onator in the nonlinear regime can have two stable states, which appear depending
on how the drive frequency is swept. If a forward sweep is performed, we observe the
upper branch of the resonator response. In the backward sweep, the lower branch of
the resonator response is observed. Therefore, both of these responses were obtained

separately.
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Figure 3.4: Numerically obtained magnitude (a) and phase (c) responses of the
first-order baseband and second-order passband nonlinear models with backward
frequency sweep and their respective relative errors (b), (d)

The results are plotted in Figures 3.2, 3.3 and 3.4. The obtained relative er-
rors show that the first-order baseband model is an accurate approximation of the
second-order passband model. However, there is bound to be some inevitable error,
especially at the bifurcation frequencies. In the following section, we investigate if
these errors in the deterministic approximation affect the stochastic results of the

models.

3.1.2  Verifying the Stochastic Baseband Model

Having confirmed the validity of the deterministic baseband model in the linear and
nonlinear regime, we move on to the stochastic model.

Stochastic simulations of both the passband and baseband open-loop resonator
were performed to verify that our first-order baseband approximation holds. The
passband model is based on a detailed second-order high-frequency model of all the
system components of the open-loop system with no approximations. The baseband

model is the first-order low-frequency approximation we present in Chapter 2 in
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Figure 3.5: Histograms for the resonance frequency obtained using data obtained
via the baseband (a) and passband (b) stochastic models

Eqn. (2.25). A random number generator is used to introduce the thermomechanical
noise of the resonator. The time-step and numerical method are chosen carefully
so that the results obtained are accurate. The numerical results for the stochastic
system are obtained via MATLAB®Simulink® [The MathWorks, Inc., 2020].

All of the results we report below relate to the fractional frequency deviation

y(t), defined as y(t) = Af,,(f), where Af represents the frequency fluctuation and f™
is the mean value. For the three characteristic frequencies of interest, we define the
following accordingly: y,(t) = %ﬁfﬂ, yu(t) = %m(t) and y,(t) = %Wft).

Methodology for the Linear Regime

For the linear model, for each realization, a linear frequency sweep of the input
around the resonance frequency is performed. The input signal has the form shown
in Eqns. (3.4) and (3.5) for the baseband and passband models, respectively. Each
time, the point where the output phase crosses zero is found numerically, and the
drive frequency at that value, i.e., the resonance frequency for that realization, is
recorded. We recall that we add a —7 shift to the phase before computing this value.
This procedure is repeated one thousand times and the ensemble distribution of the

resonance frequency is obtained.
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Figure 3.6: Histograms for the f; bifurcation frequency obtained using data obtained
via the baseband (a) and passband (b) stochastic models

Methodology for the Nonlinear Regime

For the f; variance estimation, a linear frequency sweep from high to low frequencies
is performed in the region containing f;. For each realization, the point where the
numerical amplitude gradient has value one is obtained numerically and the drive
frequency at that point, i.e., f; for that realization, is recorded. Again, one thousand
realizations are performed and the ensemble distribution of f; is obtained for both
the passband and baseband models.

For the f, variance estimation, a low to high linear frequency sweep is performed
in the region containing f,. For each realization, the point where the amplitude
maximum is located is found and the drive frequency at that point is recorded,
corresponding to f, for that realization. Finally, the ensemble distribution of f,
is obtained using one thousand realizations for both the baseband and passband

models.
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Figure 3.7: Histograms for the f, bifurcation frequency obtained using data obtained
via the baseband (a) and passband (b) stochastic models

Results

The histograms for both the passband and baseband models are obtained and com-

pared. The relative error in variance is defined as:

o Joar(f7P) — var(f7)
T ()

(3.7)

where -P8 and -©Z denote the baseband and passband frequencies, respectively. We
use this error metric to quantify the difference between the two models.

The results for the linear stochastic simulations are shown in Figures 3.5.a
and 3.5.b.

The histograms, the variances and the error in variance estimation for the non-
linear backward sweep case are shown in Figures 3.6.a and 3.6.b.

The histograms, the variances and the error in variance estimation for the non-
linear forward sweep case are shown in Figures 3.7.a and 3.7.b.

These results show that the stochastic behavior of the baseband model closely
resembles that of the passband model. In addition, for each of these simulations,
the run time of the baseband model is at least ~ 20 times faster than that of the
passband model.

Thus, we can conclude that the first-order baseband model accurately approxi-
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mates the second-order passband model, while reducing the computation time dras-

tically.

3.2 Verification of the non-Monte Carlo Method via Monte Carlo Sim-

ulations

To validate the results of our proposed non-Monte Carlo method, we compare them
with the ones obtained from extensive Monte Carlo simulations of the baseband
resonator model. This comparison aims to validate the approximations employed
in deriving the non-Monte Carlo technique, and to ascertain their accuracy. The

non-Monte Carlo technique employs the following approximations:

i The covariance equation in (2.47) was derived based on a small noise expan-

sion [Demir and Sangiovanni-Vincentelli, 1998].

ii The phase and amplitude variances were obtained using linearizations of the
nonlinear phase and amplitude expressions in terms of the real and imaginary

parts as shown in Eqns. (2.51) and (2.59), respectively.

iii The frequency variances were obtained with the further linearizations in Eqns.

(2.56) and (2.62).

However, when comparing the MC simulations with the non-MC method results,
we have to take into account the shortcomings of the MC method as well. The
limitations of the MC technique also add to the existing error between the two
methods. Some sources of error arising from the nature of the MC method are

summarized below:

i Due to their high computational cost, MC simulations are run for a finite and
relatively small number of realizations. As a result, an estimation error in the
variance and standard deviation values obtained by the MC method is always

present due to finite sample size.
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ii The use of a frequency sweep speed that is large enough (so that Monte Carlo
simulations do not become prohibitively expensive) results in some additional
error. In the sections below we show how the sweep speed affects the accuracy

of the obtained standard deviation values with the Monte Carlo method.

3.2.1  Verification for the Linear Regime

The variation of interest for the resonator operating in the linear regime is the
standard deviation of the resonance frequency. However, as mentioned in the intro-
duction of Section 3.2, many approximations are employed in the implementation
of the non-Monte Carlo technique. Therefore, it is important to know how much
information is lost during each approximation step. To observe all the steps of
the computation, we will first be investigating the system outputs: the real and
imaginary parts of the resonator displacement s%(t). Their standard deviations are
obtained via both methods and compared. Afterwards, the variations in amplitude
and phase are compared and the effect of the approximations is examined. Finally,
the resonance frequency standard deviations as the values of interest are obtained
and the validity of the method as a whole is discussed.

The following relative error metric is employed to quantify the difference in
standard deviation estimation between the two methods:

o [X]M — o [X]N]

RN SY

(3.8)

where o|-] denotes the standard deviation operator, X denotes the signal of interest
and the superscripts -M and -N indicate the MC and non-MC method outcomes,

respectively.

Variation in Real and Imaginary Parts

First, we compare the standard deviations of the real and imaginary parts of s°(t)
obtained via both methods.
With the non-Monte Carlo technique, the covariance matrix for s°(¢) (the two

dimensional vector [s9,(t) s9,(t)]7) is obtained from Eqn. (2.47) after performing



Chapter 3: Validation of the Method and Approximations 38

1.5 ‘ - ‘ - 1.5

——Monte Carlo (200 real.) ——Monte Carlo (200 real.)
== non-Monte Carlo == non-Monte Carlo

1 (i |\H 1 1 ilw Al fSACRAREN AL l

i ‘“ ‘ A , : ,‘ " 1 l‘m‘ il LN | i ) LA | ‘M

AURE O R ¢ G L

olsp (017 ofs% (O
olsp (01 / olsp, (O

0.5 . - : - 0.5 . - : -
4 2 0 2 4 4 2 0 2 4
y(t) %107 y(t) %107
(a) (b)

10°

02 H\ |

Error
Error

y(t) %107 y(t) %107
(©) (d)

Figure 3.8: Normalized standard deviations of the real (a) and imaginary (b) parts

of s%(t) obtained via both the Monte Carlo and non-Monte Carlo methods and their
relative errors (c), (d)

a linear sweep of the drive frequency around resonance. Variances for s2,(¢) and
s%,(t) are obtained from the K(¢) matrix and recorded at each point.

For the Monte Carlo technique, 200 realizations of the same linear sweep, but
this time with additive noise generated by a random number generator are per-
formed. The ensemble standard deviations of s2,(t) and s%,(¢) at each time point
(corresponding to certain drive frequencies) are obtained from the data.

In Figure 3.8.a and 3.8.b, plots of the normalized standard deviations for the real

and imaginary parts at all time points during the sweep obtained via both methods
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Figure 3.9: Normalized standard deviations of the amplitude (a) of s%(t) obtained
via both the Monte Carlo and non-Monte Carlo methods and their relative error (b)

are plotted. The normalization constant is set to be the non-Monte Carlo standard
deviation value. As can be observed from these two figures, the two methods are
consistent: both observe constant standard deviations over all frequencies, and their
values also appear to be a close match.

To quantitatively get a grasp on how compatible these two results are, the errors
between the standard deviations obtained by the two methods and calculated using
Eqn. (3.8) are plotted in Figures 3.8.c and 3.8.d. It can be observed that the error
values fluctuate wildly, but are never above a relative error of 10%, demonstrating
the validity of the non-Monte Carlo method for the linear case. The fluctuations arise
due to the finite number of realizations for the Monte Carlo method. It is expected

that with higher number of realizations, the fluctuations in error will decrease.

Variation in Amplitude and Phase

After obtaining the real and imaginary parts of the output and their standard de-
viations, we obtain the variation in amplitude and phase of the output with both
methods and compare their results.

With the non-Monte Carlo method, the variances for the amplitude and phase
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Figure 3.10: Normalized standard deviations of the phase (a) of s%(t) obtained via
both the Monte Carlo and non-Monte Carlo methods and their relative error (b)

are obtained from K(t) by using the linearized expressions for amplitude and phase,
giving us the variance expressions for both as shown in Eqns. (2.60) and (2.52),
respectively.

With the Monte Carlo method, for each of the realizations, the amplitude and
phase values at each time point are obtained by using their equations (without
approximating) shown in Eqns. (2.58) and (2.50). The ensemble standard deviations
for both the amplitude A(t) and the phase 6(t) are obtained from the data.

In Figure 3.9.a, the normalized amplitude standard deviations obtained via both
methods can be observed. The normalization constant is chosen to be the value of
the standard deviation of amplitude obtained by the non-MC method. It can be
seen that they are indeed matching, which is proved by the relative error plot in
Figure 3.9.b, which shows that the amplitude variation estimation of the non-MC
method closely follows the results obtained via the MC method.

In Figure 3.10.a, the normalized phase standard deviations obtained via both
methods can be observed. The normalization value is chosen to be the standard

deviation of the phase at point tg, i.e., the point where the drive frequency is equal
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to resonance. As can be seen from this plot, different from the case of amplitude, the
standard deviation in the phase is not constant for all frequencies. It is lowest at the
resonance frequency, and increases symmetrically in each direction. Both methods
were able to predict this behavior, and their results appear to be in agreement. In
Figure 3.10.b, a plot of the relative error between these two methods is shown. The
error rarely ever crosses 10%, and is an indicator of a good match between the two.

As can be observed from the obtained results, the approximations employed in
obtaining the phase and amplitude variances do not seem to have any drastic effect
in the accuracy of the non-MC method. Comparing the relative errors for phase and
amplitude with those of the real and imaginary parts (Figure 3.8), we can observe
that there is not much difference between the two, and that the approximations in

phase and amplitude do not drastically affect the accuracy of the non-MC technique.

Variation in Resonance Frequency

The final step of the noise characterization procedure for the linear resonator is
acquiring the standard deviation in resonance frequency.

In the non-MC technique, we derive the resonance frequency variation from the
phase variance by using Eqn. (2.57).

In the MC technique, the resonance frequency variance is obtained as explained
in Section 3.1.2. For each realization, the stochastic resonance frequency value is
recorded, and its standard deviation is obtained from the data recorded from each
realization.

Since the resonance frequency variance is obtained directly from the phase vari-
ance, we check the standard deviation in phase exactly at the point where it crosses
zero, i.e., at resonance. In Figure 3.11.a, the normalized MC phase standard devi-
ation versus number of realizations is shown next to the constant non-MC method
value (which is used as the normalization constant). In Figure 3.11.b, their rela-
tive error is shown. After 3000 realizations, the error in estimation is about 3.5%,
indicating a good match between the results of the two methods.

Finally, we examine the resonance frequency variation. In Figure 3.11.c the frac-
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Figure 3.11: Normalized phase response (a) fractional resonance frequency (c) stan-
dard deviations for the Monte Carlo and non-Monte Carlo methods versus number
of Monte Carlo realizations, and their errors (b), (d)

tional resonance frequency standard deviations obtained via both methods versus
number of MC realizations are shown. The results are normalized using the reso-
nance frequency variance obtained via the non-MC method. Their relative error is
plotted in Figure 3.11.d. After 3000 realizations, the error in fractional resonance
frequency standard deviation estimation is about 3.3%.

These results clearly demonstrate that the non-MC method is in close agreement
with the MC results, rendering it a valid technique to obtain the resonance frequency

variance for linear resonators.
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Figure 3.12: Normalized standard deviations of the real (a) and imaginary (b) parts
of sb(t) for the forward sweep obtained via both the Monte Carlo and non-Monte
Carlo methods and their relative errors (c), (d)

3.2.2  Verification for the Nonlinear Regime

For the resonator operating in the nonlinear regime, the variations of interest are
the standard deviations of the bifurcation frequencies. For the upper branch, that
is the standard deviation in the fractional frequency y,, while for the lower branch
it is the standard deviation in y,. Similar to the linear case, the variation in the
bifurcation frequencies is not observed and analyzed directly. Instead, we take a
step by step approach where we analyze the fluctuations in the quantities obtained
in the intermediate steps to ascertain how accurate our approximations are. First
we investigate the system outputs: the real and imaginary parts of the resonator
displacement s%(¢). Their standard deviations are obtained via both methods and
compared. Second, the variations in amplitude are compared and the effect of the
approximations is examined. Finally, the bifurcation frequency standard deviations

as the values of interest are obtained and the validity of the method as a whole is
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discussed.

The relative error metric in Eqn. (3.8) is employed to quantify the difference
in standard deviation estimation between the two methods. All standard deviation
values are normalized with respect to a reference value for easy comparison. This
reference value is chosen to be the standard deviation of the respective quantities
obtained at resonance when the system is driven with half the spinodal drive am-
plitude in the linear regime. We shall denote the normalization standard deviation
values for the quantities of interest as 0,[-]. In cases where a constant value is being
compared, the normalization value is chosen to be the standard deviation obtained

via the non-Monte Carlo method, denoted as o[]".

Variation in Real and Imaginary Parts

First, we compare the standard deviations of the real and imaginary parts of s%(t)
for the system operating in the nonlinear regime obtained via both methods.

For both the forward and backward sweep, the covariance matrix of s2(¢) for
the non-MC technique is obtained from Eqn. (2.47) after performing a deterministic
linear sweep of the drive frequency. Standard deviations for s%,(t) and s%,(t) are
obtained from the K(¢) matrix and recorded at each point.

For the Monte Carlo technique, 200 realizations of the same linear sweep around
the frequency of interest (forward sweep for the upper branch, and backward sweep
for the lower branch), but this time with additive noise generated by a random
number generator are performed. Afterwards, the ensemble standard deviations
of s%.(t) and s%,(t) are obtained from the data for both the forward sweep and
backward sweep cases.

To quantitatively examine how well the two methods match, the logarithmic
plots for the standard deviations of the real and imaginary parts and the errors
between them obtained by the two methods are calculated using Eqn. (3.8) and are
plotted.

In Figures 3.12 and 3.13, we display the plots for the real and imaginary part

standard deviations for the forward and backward frequency sweeps in the nonlinear
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Figure 3.13: Normalized standard deviations of the real (a) and imaginary (b) parts
of s2(t) for the backward sweep obtained via both the Monte Carlo and non-Monte
Carlo methods and their relative errors (c), (d)

regime. The error plots show that the results from the non-MC technique are in
agreement with the MC expected variations. It is worth noting that since this is a
numerical simulation, the point at the bifurcation frequency where the amplitude
jumps with infinite slope does not appear as such here. Instead, it appears to be a
continuous line which increases very fast, as can be seen in Figures 3.12 and 3.13.
The slower the frequency sweep, the better that jump point can be observed, as we
will show in the sections below.

If we look carefully at figures a and b for both cases, a new interesting phe-
nomenon can be observed. Different from the linear case where both the real and
imaginary parts have identical standard deviations (Figure 3.8), in the nonlinear
case we observe that there is a difference between the two. As the drive frequency
approaches the jump value (in this case y, or y4), the variations in the real and

imaginary parts move further away from each other, in what can be described as a
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Figure 3.14: Ellipsoids showing the regions for the real and imaginary parts for fixed
drive frequencies (fractional) of (a) y = 2.521073, (b) y = 2.321073, (¢) y = 1.521073
and (d) y = 121073

noise-squeezing effect, which is indeed an existent effect in Duffing resonators, men-
tioned previously in [Buks and Yurke, 2006]. This effect can be better observed if
we plot the confidence intervals for these signals at a certain fixed frequency in the
complex plane as shown in Figure 3.14.

The non-MC ellipse for a certain frequency is the 99% confidence interval ob-
tained via the covariance matrix in Eqn. (2.47) evaluated at the time point cor-
responding to that drive frequency. The MC ellipses are obtained by running the
system with a constant frequency and plotting all points obtained (after the outputs
have settled and are in steady-state).

These so-called ellipses clearly show this squeezing effect happening in the noise.
Different from the linear case, these plots are no longer circular, but they are tilted,
which means the real and imaginary parts do not have the same variances. Another

effect we notice is that these ellipses are not always the same. They rotate with
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change in drive frequency, as can be observed in Figure 3.4. The closer to the
bifurcation frequency, the more noticeable this squeezing effect is, displaying that
in our case the variation in the imaginary part is much lower than that in the real

part.

Variation in Amplitude

In this section we analyze the variation in output amplitude. Since the amplitude
standard deviation is the key to obtaining the variation in the bifurcation frequen-
cies, making sure that the non-MC technique accurately estimates the amplitude
variance is of utmost importance.

With the non-MC method, the variation in amplitude is obtained from K(¢) by
using the linearized expression for amplitude giving us the variance expression as
shown in Eqn. (2.60).

With the MC method, for each realization, the amplitude values at each time
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Figure 3.16: Amplitude variance for forward sweep obtained via both methods

(drive frequency) point are obtained by using Eqn. (2.58) (without approximations).
The ensemble standard deviation for the resonator amplitude is obtained from the
data.

In Figure 3.16 we can see a plot of the amplitude variance from a forward sweep
obtained via both methods. The same plot obtained for the backward sweep of the
drive frequency is shown in Figure 3.17. The results show that both methods are
pretty consistent with each other. Here, we can observe that the squeezing effect
for the real and imaginary parts observed in Figure 3.14 is gone, and we have a

somewhat constant amplitude variance in the vicinity of the bifurcation frequencies.

Bifurcation Frequency Variance

As a final step, we investigate the variation in the bifurcation frequencies for both
the upper and lower branches.

First, we look into the estimation of the bifurcation frequency variance for the
upper branch (y,). For the non-MC technique, the bifurcation frequency variance
is obtained by using Eqn. (2.63). In this setup, we define A, as the point where the

deterministic plot of the output amplitude is maximum for the forward frequency
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Figure 3.17: Amplitude variance for backward sweep obtained via both methods

sweep. For the MC technique, 200 realizations of the system with noise emulated
by a random number generator are run. For the forward sweep, in each realization
the point where the amplitude is equal to the deterministic maximum amplitude
is obtained and the drive frequency corresponding to that point is recorded, and
an ensemble of 200 points is generated. The standard deviation of the bifurcation
frequency is obtained by computing the square root of the variance of these frequency
points obtained for 200 realizations. In Figure 3.18.a, the standard deviation of the
fractional bifurcation frequency in the upper branch (y,) is plotted versus number
of realizations. Next to it, the value of the standard deviation for the same quantity
obtained via the non-MC technique is plotted. These values are normalized with
the standard deviation obtained via the non-MC technique for generalization. It can
be observed that with an increasing number of realizations, the standard deviation
values obtained via both methods match each-other. That can be observed better
in Figure 3.18.b where the relative error between the two is plotted. As can be seen,
the error is continuously decreasing. It is expected that the error decreases even
more with a higher number of realizations.

For the backward sweep, the non-MC technique standard deviation is obtained
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branch (y,) (a) for the Monte Carlo and non-Monte Carlo methods versus num-
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by using Eqn. (2.64). A, is defined as the point where the deterministic plot of the
output amplitude jumps from the lower branch to the upper branch and is computed
in the manner explained in Section 2.3.2. For the MC technique, 200 realizations
of the system driven with a backward sweep are obtained. However, obtaining the
point where Ay, is located for each realization proves to be very challenging in an
open-loop sweep setup. We therefore use the deterministic value of A; obtained
via the staircase input as shown in Section 2.3.2, which adds an extra sweep cost
to the calculations. For each realization, the point where the output amplitude
is equal to the previously obtained A, value is obtained and the drive frequency
corresponding to that point is recorded. An ensemble of 200 frequency points is
generated from this data. However, looking at the data obtained by using this exact
point, we observe that it does not give reliable results due to its close proximity
to the transition between the two branches. Consequently, we performed the same
procedure for amplitudes chosen to be slightly further from the transition point to

see if a more robust result can be achieved. In Figure 3.19.a we show the variance
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Figure 3.19: (a) Fractional bifurcation frequency standard deviation for the lower
branch (y4) for various selected values A for A, for the Monte Carlo and non-Monte
Carlo methods versus number of Monte Carlo realizations, and (b) the standard devi-
ations obtained for each selected value normalized by the non-Monte Carlo standard
deviation for y,

of y4 versus number of realizations obtained via various points in the vicinity of
Ag. The results show that picking the drive frequency at points a bit further from
the exact transition point can offer better results than the actual A; value. In
Figure 3.19.b, we can observe how the standard deviation in y4 changes with changes
in the selected point. Note that this problem was not present in the y, standard
deviation computation, due to the selected point (A,) being much more robust and
separated from the transition point.

These results point to an inherent problem of the open-loop sweep method for
variance computation of the bifurcation frequencies in the nonlinear resonator. The
issue lies in the ambiguity of the exact transition point A4, which leaves the selection
of that point in the hands of the user. This is bound to cause some error and decrease
the reliability of the use of the open-loop sweep method for f; variance computation.

The same issue is also present in the upper branch, but due to the selected point
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A, being separate from the transition point in a way that can be much more easily
detected, it is still much more robust than f; detection. In contrast, resonance
frequency variance computation for the linearly operating resonator proves to be
much more reliable. That stems from the fact that it utilizes the variation in phase,
where instead of infinite-slope jumps we have a smooth linear function to work with
for tracking the resonance frequency.

These results display the weaknesses of the open-loop sweep method, and show
that alternative techniques should be sought for more reliable variance computation.
One such technique is the trajectory locked loop method proposed in [Yuksel et al.,
2019]. In this closed-loop setup, the exact jump points do not have to be selected

by the user but are rather chosen automatically by the system itself.

3.3 DMethod Analysis

3.3.1 Driving the System with Fized Frequency Input

Both the MC and non-MC technique implementations employ a frequency sweep
to obtain the desired variances. The ability to perform this procedure via a fre-
quency sweep is an important advantage of this method, as it warrants variance
computation for a dynamic sweep scenario, unlike previous theoretical treatments
for the Duffing resonator [Buks and Yurke, 2006] where the system is operating at a
fixed point. This enables the experimenter to computationally analyze bifurcation
frequency noise under various scenarios, which cannot be investigated under fixed
operating point conditions. In cases where the frequency sweep speed is very slow,
we can assume that the system is quasi-stationary at each drive frequency, and the
variances obtained, especially far from the fast transition points near the bifurcation
frequencies, are what we would expect to obtain from a fixed point analysis.

In this section, we investigate whether the results acquired via the quasi-stationary
frequency sweeps match the results from fixed drive frequency runs for both the MC
and non-MC methods. The MC standard deviations for the system driven with
constant frequency are obtained in the following manner. The drive frequency is

set to be a constant value. The system is driven at that frequency for a sufficiently
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Figure 3.20: Monte Carlo standard deviations of the real part of the output (a),
imaginary part (b), amplitude (c¢) and phase (d) obtained via a frequency sweep,
compared with results obtained via fixed frequency simulations of the system oper-
ating in the linear regime

long amount of time which permits collecting a meaningful ensemble. The outputs
of the system (the real and imaginary parts of the output, the amplitude and the
phase) are recorded and as a final step, the standard deviation of the time data is
obtained. We note that the initial time data up to 10 times the time constant of
the system is removed, so that only steady-state data is used to obtain the time
standard deviations. For the non-MC method, the procedure is similar to the fre-
quency sweep simulations, the only difference being that the frequency input is now
constant. Note that since the nonlinear system has two stable states, it is important
for the constant frequency simulations to first sweep the drive frequency from low to
high frequencies up to the desired fixed frequency and then keep the drive frequency
constant for the rest of the simulation for f, computation. The opposite must be
done for f; computation. This ensures that we have the initial conditions which

guarantee correct operating points.
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Figure 3.21: Monte Carlo standard deviations of the real part of the output (a),
imaginary part (b), amplitude (c) and phase (d) obtained via a forward frequency
sweep, compared with results obtained via fixed frequency simulations of the system
operating in the nonlinear regime

In Figure 3.20, the normalized MC standard deviations for a frequency sweep
around resonance for the linear resonator are compared with data obtained by run-
ning the MC system with a constant frequency for various points. As can be ob-
served, the data obtained with a frequency sweep closely matches the data from
simulations with a constant frequency drive. Note that the same comparison cannot
be done for the resonance frequency standard deviation since its MC computation
is different in nature from the computation of the standard deviations in amplitude
and phase, and thus cannot be obtained via time averages.

To verify this for the resonator operating in the nonlinear regime, the plots of
the normalized standard deviations of the system outputs for the nonlinear system
versus those obtained via constant frequency drives are shown in Figure 3.21. The
data in Figure 3.21 is obtained via a forward sweep of the frequency. The plots show
that the variances acquired from the ensemble of the frequency sweep data are in

close agreement with the variances obtained from the time averages from constant
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Figure 3.22: Non-Monte Carlo standard deviations of the real part of the output (a),
imaginary part (b), amplitude (c) and phase (d) obtained via a forward frequency
sweep, compared with results obtained via fixed frequency simulations of the system
operating in the nonlinear regime

frequency sweeps.

Next, we investigate whether the same applies to our non-MC technique. We per-
form a forward sweep of the drive frequency around f,, and compare these standard
deviations with their counterparts obtained via constant frequency inputs. This
comparison is shown in Figure 3.22, from which we can deduce that the frequency
sweep can produce matching results with the fixed frequency computations.

The results in this section clearly demonstrate that the non-MC technique fre-
quency sweep results are in close agreement with fixed frequency simulation results
while being much more efficient, putting in display one of the edges this method has

over the fixed frequency techniques.

3.83.2  Analyzing the Effect of Sweep Speed

Since both the MC and non-MC technique implementations use linear sweeps of the

drive frequency, we analyze the effect the speed of these sweeps has on the results.
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Figure 3.23: Normalized standard deviations for f, (a) and f, (b) versus sweep
speed obtained via both the Monte Carlo and Non-Monte Carlo techniques

The sweep speed (m) is defined as the fractional frequency deviation swept per unit
time (1s), which has a unit of .

In Figure 3.23.a, we show a plot of the normalized resonance frequency standard
deviations obtained via both methods versus sweep speed. It can be observed that
for high sweep speeds, the obtained standard deviations for the resonance frequency
value are higher. After decreasing the sweep speed, we can observe that the standard
deviations converge to a certain value for which both the MC and non-MC techniques
are in agreement. With increasing sweep speed, numerically pinpointing the exact
value for the resonance frequency becomes more challenging, which leads to larger
errors in standard deviation estimation.

In Figure 3.23.b, we show a plot of the normalized bifurcation frequency standard
deviation (of the upper branch) versus sweep speed obtained via both methods.
Again, we can observe the importance of the sweep speed in result accuracy. For
slower sweep speeds, the MC results agree with the non-MC results. For higher
speeds, the MC-obtained standard deviation values begin to deviate further and

further, while the non-MC-obtained values begin to dip slightly. This is due to the
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fact that with a faster sweep, it becomes harder to exactly pinpoint the point where
there is a jump in the amplitude, which is the point where the bifurcation frequency
is recorded.

These results illustrate that sweep speed is a crucial factor in the accuracy of
both the MC and non-MC techniques. However, the non-MC technique fares better

with higher sweep speeds compared to the MC method.
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Chapter 4

RESULTS

In this section, we use our proposed method to obtain data for various drive
amplitudes with the system operating in different regimes. First, we compare these
results with experimental data reported in literature. Then, we proceed to make a
comparison of the linear and nonlinear regimes and discuss the advantages of one

over the other.

4.1 Comparison with Experimental Results

We look into experimental results recently reported in the literature, and see how
the results obtained via our method compare with them. The standard deviation
values reported in the sections below are all normalized with respect to a selected
normalization value o[y, for simple comparison. oly,| is selected to be the standard
deviation of y, obtained when the system is driven with a magnitude of half the

spinodal drive.

4.1.1  Variability of f, versus fq

In [Maillet et al., 2018], the presented experimental results indicate that, for the
same drive amplitude, the fluctuations in the bifurcation frequency for the upper
branch f, are much larger than the ones in lower branch for f;. To look into these
results, we use our proposed non-MC method to drive the system with different
drive amplitudes, and compute the variations o[y,] and o[yy|. The experiments in
[Maillet et al., 2018] are reported to use a drive frequency much further than the
spinodal drive D,. To be consistent, we also chose the drive amplitudes to be at
least five times larger than the spinodal drive.

In Figure 4.1.a, the standard deviations of the fractional frequency deviation
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Figure 4.1: oly,], oly.] and oly,] versus normalized drive amplitude (a) and o|y,],
oly.] and olyg] versus normalized motion amplitude (b)

values for both the upper and lower branches versus normalized drive amplitude are
plotted. It can be observed that for the same drive amplitude (normalized by the
spinodal drive amplitude Dj), differently from the experimental results, the variation

in o[y, is actually larger than the fluctuations in o[y,].

4.1.2  Variability of f, and fq versus Motion Amplitude

The results in Section 4.1.1 show that for the same drive amplitude, the variation
of olyg| surpasses that of o[y,]. In those circumstances, due to the nature of the
system, the motion amplitude for the upper branch A, is much higher than the
motion amplitude of the lower branch A;. We now analyze what happens when
we compare the fluctuations in the bifurcation frequencies of both branches versus
motion amplitude.

In Figure 4.1.b, the standard deviations of the fractional frequency deviation

values for both the upper and lower branches versus normalized motion amplitude
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Figure 4.2: Temperature dependence of oly,] and o[y,]

are plotted. The plot shows that now the difference between the two variations is
even greater. Since olyg| is greater than o[y, for the same drive amplitude and the
variations keep increasing with drive amplitude, it is expected that for the same
motion amplitude the difference be even larger, which is the case. This difference is
further amplified by the expressions in Eqns. (2.63) and (2.64), where the variance
of f; is shown to have an extra scaling of 9 compared to that of f, due to their
different relationship with motion amplitude. These results lead us to conclude that

using the variation in f, provides more accurate results than using f.

4.1.8  Variability of f, and fq versus Temperature

The temperature dependence of bifurcation frequency standard deviations is consid-
ered in this section. The system with identical parameters is driven with the same
drive amplitude for various temperature values, and bifurcation frequency standard
deviations versus temperature for both the upper and lower branches are obtained
and shown in Figure 4.2. We observe that the standard deviation scales with the

square root of temperature meaning that the variance depends linearly on it, in
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accordance with the experimental results in [Maillet et al., 2018], and as expected

since the source of variability is thermomechanical fluctuations.

4.2 Variability in the Linear and Nonlinear Regimes

In this section, we compare the variability in frequency of a resonator in the linear
and nonlinear operating regimes. As shown in Figure 4.1.a, for the linear regime,
the resonance frequency variability diminishes with increasing drive amplitude. As
a result, better performance can be achieved in this regime by driving the system
with greater drive amplitudes. However, increasing the drive amplitude to levels
near and beyond the spinodal point pushes the resonator into the nonlinear regime,
where the system dynamics change and resonance frequency tracking is no longer
possible [Maillet et al., 2018], [Yuksel et al., 2019].

In the nonlinear oscillations regime, nonlinear mixing causes the additive noise
to be enhanced which results in more pronounced frequency variability for greater
drive amplitudes. In this scenario, the drive amplitude should be as small as possible
in order to minimize variability in the bifurcation frequencies. However, similar to
the case in the linear regime, operating near the spinodal point this time pushes
the system back to the linear operating regime, where the hysteretic behavior and
hence the bifurcation frequencies are no longer observable. As a result, operating
in the desired regime and at an optimal drive level should be achieved by a careful
selection of the drive amplitude.

In Figure 4.1, the normalized standard deviation values of the three fractional
frequencies of interest at various distances from the spinodal point are shown. As
can be observed, the variations in the nonlinear regime are not very far off from
the variations in the linear regime. Although the linear system performs better for
amplitudes close to the spinodal point, it can be argued that since a drive amplitude
large enough to keep the system in the desired operating region is needed, both
systems offer similar performance. However, the nonlinear operating point, with its
larger motion amplitude, offers better dynamic range when transduction (detection)

noise is not negligible.
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Figure 4.3: oly,] and o[ys] versus normalized drive amplitude (a) and o[y,| and
olya) versus normalized motion amplitude (b)

Experimental results from open-loop sweeps reported in [Maillet et al., 2018§]
show a quadratic relationship between the standard deviation of the bifurcation
frequency and the motion amplitude. We use the proposed computational method
to generate the data in Figure 4.3.b, where the relationship between the fractional
bifurcation frequency standard deviations and motion amplitude is plotted for both
the upper and lower branches, i.e., normalized y, and y;. These results show that
the standard deviation is linearly dependent on motion amplitude, in contrast with
the experimental results reported in [Maillet et al., 2018] which show a quadratic
dependence. Based on the analytical underpinnings of our method, we can in fact
argue the sensibility of the results we have obtained as follows. For a linear res-
onator, it can be easily shown that the resonance frequency standard deviation has
an inverse dependence on motion amplitude. The reason for this is rooted in the
conversion of additive noise into phase/frequency noise via scaling with inverse am-
plitude [Demir and Hanay, 2020]. In the nonlinear Duffing regime, the mixing of
additive noise with the signal through the cubic nonlinearity produces a dominant,

additive noise term that is proportional to the square of the motion amplitude. This
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noise term, when mapped to frequency noise, is scaled with inverse amplitude, yield-
ing an overall linear scaling with amplitude. Thus, within the scope of our model,
it is inexplicable that the experimental results in [Maillet et al., 2018] translate to
a quadratic scaling in the standard deviation w.r.t. motion amplitude. A possible
reason for this discrepancy might be the fact that our method only models ther-
momechanical noise, while the source of this variability could be due to some other
phenomenon or property of the system not modeled here.

The results presented in this section indicate that the resonator in the nonlinear
operating regime can be a valid alternative to the linearly operating resonator in
terms of sensing performance. The results also point that, if used, best sensing
performance with the nonlinear resonator can be achieved by using the bifurcation
frequency of the upper branch f,, which displays less variation. This argument is
strengthened by the lack of robustness of f; computation for an open-loop sweep
setup (as discussed in Section 3.2.2). The proposed computational technique can be
used to both confirm but also challenge experimentally obtained characterizations,

as well as in the conception of new experimental scenarios.
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Chapter 5

SUMMARY AND CONCLUSION

This thesis presents two main contributions:

The repurposing of a semi-analytical, efficient, non-Monte Carlo numerical char-
acterization technique, originally developed for noise characterization in analog
circuits, to examine the variability in the bifurcation frequencies in the nonlinear
Duffing resonator due to thermomechanical noise. The non-Monte Carlo tech-
nique is in agreement with computationally expensive Monte Carlo simulations,
while drastically improving computation time. Apart from replacing brute force
Monte Carlo simulations, the proposed method presents the advantage of a dy-
namic characterization. The bifurcation frequency variability can be obtained
dynamically while the input frequency is changing. This paves the way for a more
rigorous analysis of the behavior of the nonlinear Duffing resonator, adding to
the number of scenarios that can be analyzed under sweep-like conditions, as
is in fact the case when we are trying to assess the performance of the system
in a setup such as that in the open-loop sweep experiments in [Maillet et al.,
2018]. This is one of the advantages this technique has over the fixed-frequency
characterizations such as that in [Buks and Yurke, 2006]. This technique is not
limited to the model of the Duffing resonator. It can also be generalized for use

in various nonlinear resonator models and closed-loop setups.

The application of the non-Monte Carlo technique for analyzing the performance
of the open-loop sweep method for bifurcation frequency noise characterization,
similar to the experiments in [Maillet et al., 2018]. The analysis reveals that due
to its nature, the open-loop sweep method is not very reliable for employment
in bifurcation frequency noise characterizations and as a sensing scheme in the

nonlinear regime, in contrast to the linear regime, where it proves to be very
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robust. These results confirm the observations stated in [Yuksel et al., 2019] re-
garding open-loop nonlinear sensing schemes. If, however, the use of a nonlinear
resonator in an open or closed-loop configuration is necessary, then the results
point to the upper branch bifurcation frequency as the more reliable option, due

to its lower variation and more reliable detection.

In Chapter 1 we provide a brief background on oscillatory systems and their
behavior in the linear and nonlinear oscillation regimes.

In Chapter 2 we delve into the theory behind the proposed technique. We first in-
troduce the Duffing resonator model and its baseband equivalent. This formulation
offers the advantage of operating at low frequencies, which decreases the computa-
tion time while still retaining all information regarding the phenomena of interest.
Then we introduce the non-Monte Carlo method for characterizing the frequency
fluctuations in the Duffing resonator, which drastically improves computational ef-
ficiency due to the fact that it does not require multiple sweeps to form a statistical
ensemble, unlike experimental and Monte Carlo based computational techniques.

In Chapter 3, we validate the approximations employed in the non-Monte Carlo
technique. We first validate the deterministic and stochastic baseband equivalent
model by comparing its results with those of the passband system. Then, we proceed
to investigate the accuracy of the non-Monte Carlo technique via extensive Monte
Carlo simulations, confirming that our proposed method is indeed in agreement
with the Monte Carlo data. The results in the comparison data expose some of the
limitations of the open-loop sweep characterization technique.

In Chapter 4, we compare the results of the proposed technique against ex-
perimental results presented in literature. Then we proceed to use the proposed
non-Monte Carlo technique to assess the performance of the Duffing resonator in
the nonlinear regime as opposed to its performance in the linear regime. From the
results, we establish that optimal sensitivity and a large dynamic range in the pres-
ence of detection noise may be attained by operating a nonlinear resonator at a
point that is close to the spinodal point.

Due to its computational efficiency, this method may be used in exploring funda-
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mental sensitivity limits of nonlinear resonator based sensors. It will be a valuable
tool for researchers in the nanomechanical sensors field that can help decipher noise
phenomena in the system and conceive the best design for a specific purpose, be-
fore conducting expensive and time-consuming experiments. Future work includes
extending this technique for the characterization of novel closed-loop systems based
on nonlinear resonators, such as the one proposed in [Yuksel et al., 2019]. This
technique, known as the trajectory-locked loop (TLL) differs from the powerful
phase-locked loop (PLL) technique for linear resonators in that instead of locking
the sensor at a single phase, it traps the system inside the hysteresis window, where
the system is locked in a trajectory that spans the two bifurcation frequencies,
which are employed for detection. This technique is expected to fare better than
the open-loop sweep technique in bifurcation frequency noise characterizations and

as a sensing scheme.
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