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ABSTRACT

Crossing the singularity of a gravitational wave collision
Kivang Ibrahim Unliitiirk
Doctor of Philosophy in Physics
February 5, 2024

A reformulation of general relativity inspired by the Belinski-Khalatnikov—Lifshitz
conjecture had been introduced by Ashtekar, Henderson and Sloan which is based
on variables closely related to the basic variables of loop quantum gravity, thereby
providing a way of classically analyzing singularities that may be carried over to the
quantum theory. It is reasonable to expect that these variables are regular at generic
spacelike singularities. This has been shown on various examples—particularly, cos-
mological spacetimes. In this thesis we extend this analysis to the singularities of
gravitational wave collision spacetimes, which are the result of the mutual focusing
of the two waves. We focus on two specific examples and explicitly confirm that the
said variables are regular at the singularity and can be smoothly continued beyond
it.
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OZETCE

Bir kiitlecekim dalgasi tekilligini gecmek
Kivang Ibrahim Unliitiirk
Fizik, Doktora
5 Subat 2024

Belinski-Halatnikov—Lifsits sanisindan esinlenmig, genel goreliligi yeniden formiile
eden bir yaklagim Ashtekar, Henderson ve Sloan tarafindan olusturulmustur. Bu
yaklagim, dongii kuantum kiitlecekimi temel degiskenleri ile yakindan iligkili degis-
kenlere dayanmaktadir ve bu sayede tekilliklerin incelenmesi i¢in kuantum kurama
da taginabilecek bir yol saglamaktadir. Bu degiskenlerin uzayimsi tekilliklerde genel
olarak diizenli oldugunu beklemek akla yatkindir. Bu, gesitli 6rneklerde—ozellikle
kozmolojik uzayzamanlarda—gosterilmistir. Bu tezde bu analiz kiitlegekimsel dalga
carpigma uzayzamanlarinin tekilliklerine uygulanmigtir. Bu tekillikler, iki dalganin
kargilikli odaklanmasinin sonucu olarak ortaya c¢ikmaktadir. Bu tezde iki somut
ornege odaklanilmistir ve soz konusu degiskenlerin tekillikte diizenli oldugu ve tekilli-

gin otesine sorunsuzca devam edebildigi dogrudan gosterilmistir.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

Spacetime singularities in general relativity need to be understood better for the
deterministic nature of the theory. Classical tools for understanding and resolving
the issue of singularities are insufficient due to the scales at which singularities are
formed. Thus, quantum tools are required to cope with the analysis of singularities.
For instance, test quantum wave packets obeying Klein-Gordon, Dirac and Maxwell
equations may be used to probe timelike singularities in static spacetimes [Horowitz
and Marolf, 1995, Helliwell et al., 2003, Gurtug et al., 2014]. In this formalism,
the quantum singularity is understood as a non-unique evolution of test quantum
wave packets. In dynamical spacetimes such as cosmological ones, the interior of the
Schwarzschild black hole or colliding gravitational wave spacetimes, our example of
interest here, a new perspective is essential for analyzing spacelike singularities.

Classically, the Belinski-Khalatnikov—Lifshitz (BKL) conjecture [Belinskii et al.,
1970] states that close to a spacelike singularity, the spatial derivatives of geometric
quantities become negligible compared to the time derivatives, meaning that the
field equations may be well approximated by ordinary differential equations. The
geometry then exhibits an oscillatory and chaotic behaviour, where the metric is
well described by the Bianchi I metric for long epochs of time, interrupted by short
Bianchi II transitions causing the parameters p; characterizing the Bianchi I metric
to settle to new values. Furthermore, for most types of matter, the effect of matter
sources on this behaviour should be negligible, with the exception of a massless
scalar field or a stiff fluid.

Although the conjecture seems at first coordinate dependent and surprising, it

has been shown that it can be made precise and there is now a body of numerical
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and analytical evidence in its favor [Weaver et al., 1998, Andersson and Rendall,
2001, Berger, 2002, Garfinkle, 2004, Garfinkle, 2007, Saotome et al., 2010]. Thus, it
is intriguing to think about its consequences for quantum gravity. As pointed out
by [Ashtekar et al., 2011], there are a number of indications that quantum effects
become significant only when curvature or matter density are about a percent of the
Planck scale. Therefore, it is possible that the BKL behaviour sets in already when
the spacetime is sufficiently classical. This means that a quantization of the effective
theory with ordinary differential equations could provide a qualitative understanding
of quantum gravity effects close to spacelike singularities in general.

It is natural to expect that the singularities in classical general relativity are
resolved in a fully quantum theory of gravity. Indeed, there is already an accumu-
lated body of evidence in this direction, such as the ones coming from loop quantum
cosmology (LQC). LQC predicts the Big Bang singularity to be replaced by a Big
Bounce, where the discretization of spacetime introduces a maximum cutoff for the
physical quantities such as curvature and matter density, at which point the geom-
etry “bounces back” [Bojowald, 2001]. It is also known that in LQC, the singular-
ities of the Bianchi I, IT and IX metrics are resolved [Ashtekar and Wilson-Ewing,
2009a, Ashtekar and Wilson-Ewing, 2009b, Wilson-Ewing, 2010].

Considering the BKL conjecture, these results suggest that generic spacelike
singularities may be all resolved in LQC. However, the standard formulations of the
BKL conjecture are in terms of variables not particularly suited for quantization.
For instance, in the formalism introduced by [Uggla et al., 2003], one normalizes
relevant physical quantities by an appropriate power of the inverse of the trace of
the extrinsic curvature K, which is expected to diverge at the singularity, thus giving
finite quantities.

Loop quantum gravity is based on a density weighted triad formulation of gen-
eral relativity, i.e., the basic configuration variables are the orthonormal triads on
spacelike surfaces, scaled by the the square root of the determinant of the spatial
metric; Ef = ,/qef. The determinant ¢ is expected to vanish at spacelike singulari-

ties, just like K1, Thus, another strategy to formulate the BKL conjecture would
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be to multiply divergent quantities by appropriate powers of ¢'.

Based on these observations Ashtekar, Henderson and Sloan (AHS) introduced
a formulation of the BKL conjecture [Ashtekar et al., 2009, Ashtekar et al., 2011]
based on variables closely related to the basic variables of loop quantum gravity,
and therefore better suited for quantization. These variables are tensor densities
involving positive powers of ¢, and therefore expected to be finite at the singularity.
So far, the AHS variables have been used to study the singularities of the FLRW
spacetime with a massless scalar field, Bianchi I and IX models and the part of
the Schwarzschild spacetime inside the horizon [Valdés-Meller, 2021]. In all of these
cases, the AHS variables are regular at the singularity, and can be continued beyond
the singularity:.

In this study, we extend this analysis to the singularities of colliding gravitational
wave spacetimes. Colliding gravitational waves have been known to produce singu-
larities as a result of the mutual focusing of the two waves. Though the development
of singularities seem to be a generic feature of colliding gravitational waves, there
also exist exceptional solutions where, instead of a singularity, a Cauchy horizon may
develop in the region of interaction of the two waves [Bell and Szekeres, 1974, Chan-
drasekhar and Xanthopoulos, 1986, Ferrari and Ibanez, 1988]. However, it has been
shown that these horizons are unstable in the full nonlinear theory against small but
generic plane-symmetric perturbations of the incoming waves, and thus, spacelike
curvature singularities are developed in the interaction region [Yurtsever, 1987].

Colliding gravitational wave spacetimes therefore provide interesting models for
investigating singularities, which are relatively unexplored. Here, we calculate the
AHS variables for two basic examples of colliding wave solutions and confirm ex-
plicitly that the AHS variables are regular at the singularity and can be continued
smoothly through the singularity. The results of this thesis can also be found in
[Dereli et al., 2024]

This thesis is organized as follows. In Chapter 2 we briefly review constrained

Hamiltonian systems. In Chapter 3 we give an overview of the ADM formulation of

We note that such a strategy was also considered by [Einstein and Rosen, 1935].



general relativity. The AHS variables are introduced in Chapter 4. In Chapter 5 we
provide an overview of colliding gravitational waves. Next, in Chapter 6, we apply
the AHS variables to the colliding gravitational wave metrics that we consider.
Finally, in Chapter 7 we discuss the implications of our results and the further
questions that need to be addressed. Throughout the thesis we use the mostly plus
metric signature (—, +,+,+) and ¢ = 1.



Chapter 2: Constrained Hamiltonian systems )

Chapter 2

CONSTRAINED HAMILTONIAN SYSTEMS

The Hamiltonian formulation of general relativity results in a system with con-
straints. Treatment of constrained systems requires additional techniques, therefore,
we start with the basic theory of constrained Hamiltonian systems. Here, we shall

closely follow [Henneaux and Teitelboim, 1992].

2.1 Primary Constraints

Given an action

Slq) = /dt L(g,q), (2.1)

the Euler-Lagrange equations read as

d 0L oL
- — = =1.....N. 2.2
dtagn o 0 T (22)
This can be rewritten as
0*L / oL 0*L /
— " (2.3)

aqrog" !~ agn ~ oqragr !

Therefore, the accelerations § can be uniquely written as a function of ¢ and ¢ if

and only if the determinant

O*L
det (8(]’”8(}"') (2.4)

does not vanish. If the determinant vanishes, then the solution (if exists) will contain

arbitrary functions.

The canonical momenta are defined by

oL

= 55 (2.5)

Pn
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We want to pass to the Hamiltonian formalism by writing ¢ in terms of ¢ and p.
To be able to do this, the transformation (¢,q) — (g, p) defined by (2.5) must be

non-singular, i.e. the Jacobian

J b0 2.6
P (2.6)
aqn’ aq-n’

must have a nonzero determinant:

opn\ 0*L

We therefore see that this is exactly the condition that § is written uniquely in terms
of ¢ and ¢. If this determinant is zero, then the transformation (¢, q) — (¢, p) is not
invertible, i.e. it maps the 2N dimensional space (¢, ¢) to a 2N — M dimensional
subspace of (¢, p), where

0*L

rankJ = 2N — M or rank <W

):N—M, (2.8)

see Fig. 2.1. This means that the p’s we get from (2.5) are not all independent, but

there are M constraints

These are called primary constraints and we shall call the surface of the phase space
given by Eq. (2.9) the primary constraint surface.
We want to choose the constraint functions ¢,, to satisfy a regularity condition,

namely:

rank_(Q@E Q@u> — M, (2.10)

Oq™  Opn
in the vicinity of the primary constraint surface ¢,, = 0. This means that the ¢,,
can be chosen as the first M coordinates of a new coordinate system (¢, ) on the
(q,p) space. E.g. the same surface can be represented as p = 0 or as p> = 0. In the
first case the constraint function is regular; rank(0 1) = 1, whereas in the second
case the matrix (0 2p) vanishes on the constraint surface. Hence the former one is
admissible, but the latter is not.

We now prove two important claims.
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.2
w o
i =
/¢spz *P, =0
—> >
4 q' ?
q - space p - space

Figure 2.1: “The figure shows the example of a system with two ¢’s and Lagrangian

5!

constraint ¢ = p;+ps = 0. All of ¢-space is mapped on the straight line p; +ps = 0 of

—¢*)%. The momenta are p; = ¢* — ¢* and p, = ¢*> — ¢*. There is one primary

p-space. Moreover, all the ¢’s on the straight line > —¢' = ¢ are mapped on the same
point p; = —c = —py belonging to the constraint surface ¢ = 0. The transformation
G — p is thus neither one to-one nor onto. To render the transformation invertible,
one needs to adjoin extra parameters to the p’s (see below).” Image and description

taken from from [Henneaux and Teitelboim, 1992].

Theorem 2.1. If a phase space function G wvanishes on the primary constraint

surface, then G = g™ ¢,, for some functions g".

Proof. Choose a coordinate system (¢, 1) on the phase space. Then, since G(0,v) =
0, we get

wa:f&—<ww

= gbm/ dt 3()7<t¢ ). (2.11)

Theorem 2.2. [If

An0q" + 1" op, =0 (2.12)
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for arbitrary variations dq, dp tangent to the primary constraint surface, then

OPm
== 2.1
A =u o (2.13a)
O
=" 2.13b
W=t (2.13b)

for some functions u™. The equalities here are on the constraint surface.

Proof. Since the primary constraint surface is 2N — M dimensional, at each point
the tangent variations (dq 0p) form a 2N — M dimensional vector space. The vector
(A u) belongs to the M dimensional orthogonal space of this under the standard

euclidean inner product on R*¥. The M gradients

(% 8¢m) (2.14)

oqm Opn
are clearly in this space, and they are linearly independent by the regularity assump-

tion. They therefore form a basis of the orthogonal space and the claim holds. [

2.2 The Hamiltonian
The Hamiltonian is

Defined in this way, the Hamiltonian is a function of ¢ and ¢, and ¢ cannot be written
as a function of ¢ and p. Hence it seems at first that H too cannot be written as a
function ¢ and p. However, observe that for arbitrary variations of the coordinates

and velocities:

SH = §"Spn + pudd” — 2= s — g
oqn aqn
oL
— §"0p, — ——=6q". 2.16
@"0pn = 5294 (2.16)

This means that H does not change as we move from a point (g, ¢) to a nearby point
(q,¢") provided that p(q,q) = p(q,q’). Therefore H can be written as a function of
q and p, at least locally around a point (g, ¢). It should be noted of course that Eq.
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(2.15) defines H only on the primary constraint surface; H can be extended off the
constraint surface to the rest of the phase space in an arbitrary way.

Since we can write H = H(q,p), Eq. (2.16) can be rewritten as
0OH OH 0L
— =" |dpn+ | =—+ =— | 6¢" =0. 2.17
( ) Y (361” 3q"> ! (217)
The variations dq, dp here are tangent to the primary constraint surface, but other-

wise arbitrary. We can therefore use Theorem 2.2 to conclude that, on the constraint

surface,
. oH Obm,
n_ Y0 m 1
q o, +u 9, (2.18a)
e _8_H — m OPm (2.18b)

— = u 4
oq" g™ oq"

The first of these tells us that we can recover the ¢’s if we know the u’s. Furthermore,

the M vectors 0¢,,/0p, are linearly independent, hence no two different sets of u’s

can give the same ¢’s. We prove this as follows. First,

$m(q,p(q,4)) =0 (2.19)

for all ¢ and ¢. Differentiating this with respect to ¢" yields

dq"  Opw Oq"

(2.20)

For a fixed n, this means that the M-component vector d¢,,/dq™ can be written
as a linear combination of the N vectors 0¢,,/0p, . Therefore the left half of the

matrix

rank <8¢’m a¢m> (2.21)

dgq™ Opn

does not contribute to its rank. By the regularity condition, then,

rank (%ﬂ> — M. (2.22)

Pn

Hence the M vectors 0¢,,/0p, are linearly independent, which was to be shown.
We can indeed define an invertible mapping between the two 2/N-dimensional

spaces, namely, the (¢, ) space and the ¢,, = 0 surface of the (g, p,u) space. This
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is given by
' =q" (2.23a)
0L
Ol 2.23h
P = g (¢,4) ( )
u™ =u"(q,q), (2.23¢)

where u™(q, ¢) is given by the unique solution of

. OH OPm

q Za—pn(q,p(q,q))ﬂ% .

(¢,p(q,49))- (2.24)

The inverse mapping is given by

" =q" (2.25a)
. OH Oy
=5 (¢,p) +u o, (¢,p), (2.25b)

where only those values of ¢ and p are used that satisfy ¢,,(¢,p) = 0. The only
nontrivial part of showing that these two mappings are inverses of each other is

using the fact that

a(bm apn/
apn’ aqn

=0, (2.26)

which can be shown by differentiating ¢,,(q,p) = 0 with respect to ¢ while keeping
q fixed. Note that we do not need to know the functional form of p(q, ¢) for this.
These allow us to conclude that the Euler-Lagrange equations are equivalent to

Hamilton’s equations of motion

q" = g—i + um% (2.27a)

P = —g—g - um%ﬁ;" (2.27b)

dm(q,p) = 0. (2.27¢)
These can also be derived from the Hamiltonian action

Slg.pu) = [ dtlpud” ~ Ha.p) ~ "6 (0.1) (2.28)

for arbitrary variations, subject only to the condition dq(t;) = dq(t2) = 0.
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The time evolution of an arbitrary phase space function F(q,p) is then given by

F={F H}+u"{F, ¢p}, (2.29)

where the Poisson bracket is defined as usual:

0A 0B 0A 0B

{A, B} = 3 op. 0. 0g"" (2.30)
2.3 Secondary Constraints
For consistency, the constraints should be preserved in time, i.e.,

G = { b, H} + 0™ {dpn, o} = 0. (2.31)

These equations may restrict the u’s, or they may be independent of them, in which
case they are constraint equations between the phase space variables ¢ and p. In the
latter case, if the constraints are independent of the primary consraints ¢,,, they
are called secondary constraints. If there is a secondary constraint, say X (g, p), this

must be preserved in time as well. Hence we have
{X,H} +u" {X, ¢} = 0. (2.32)

This may again restrict the u’s, or yield new secondary constraints, and so on. Once

the process in finished, we end up with K secondary constraints

=0, k=M+1,.... M+ K. (2.33)
We denote primary and secondary constraints using the same notation:

0; =0, j=1,...,J, (2.34)

where J = M + K. The reason for this is that the distinction between the primary
and secondary constraints is not particularly important for the final form of the
theory. We require the same regularity condition on the secondary constraints as

well.
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At this stage, it is useful to introduce the weak equality symbol “~”. Two
functions on the phase space are said to be weakly equal,
F=~@, (2.35)

if they are equal on the secondary constraint surface defined by the equations ¢; = 0.

Then, by Theorem 2.1 with ¢,, replaced by ¢;, we have

F—-G= gj(q,p)¢j(q,p). (2.36)

2.4 First Class and Second Class Functions

A function F'(g, p) is said to be first class, if its Poisson bracket with every constraint

vanishes weakly:
{F,¢;} =0. (2.37)

A function which is not first class is called second class. An important feature of
the first class property is that the Poisson bracket of two first class functions is also

first class. To see this, note that if F' and G are first class, then

{F 0} = fl'op, {G,0;} =gl op. (2.38)

Therefore, using the Jacobi identity we get

{F.G} .65} = ({F.0;}.G} + {F.{G.4;}}
—{Hop.c}+{Fgor}
={1.GYoy - gl o+ {F gl oy + g 1 65
0. (2.39)

Q

Let GG be a function on the phase space. We say that GG generates the infinitesimal

transformation F' — F 4 §F where
OF =e{F G} (2.40)

for any phase space function F' and where € is an infinitesimal parameter.



Chapter 2: Constrained Hamiltonian systems 13

The Dirac conjecture states that all first class constraints generate gauge trans-
formations. This is not strictly true, as one can construct counterexamples. How-
ever, one postulates that this is the case, i.e., one postulates that states that differ
by a transformation generated by a first class constraint are physically the same
state, since otherwise one runs into other conceptual problems, see [Henneaux and
Teitelboim, 1992].

The second class constraints, on the other hand, do not generate gauge trans-
formations. Their treatment classically and quantum mechanically is much more
straightforward (though may be tedious in practice), since in this case one can ef-
fectively work with a lower dimensional phase space with no constraints. Note that,
second class constraints should always come in even numbers.

In general, one can count the number of physical degrees of freedom as

Number of physical

2x
degrees of freedom
Total number of Number of second
canonical variables class constraints

Number of first
—2 X : (2.41)

class constraints

We conclude this section with two examples that illustrate first and second class

constraints.

Example 2.3. Particle in two dimensions restricted to a circle of radius ro. Start

with the Lagrangian

L(r, o, N 7,9, A) = = (17 +17¢%) = X (r — o). (2.42)

N | —

We have a single primary constraint ¢; = py = 0. The Hamiltonian is

1 p>
H(r, 0, X, pr,Pp PA) = 5 (p,? + T—“;’) +A(r—mo). (2.43)

We require that the primary constraint is preserved in time:

b1 =0={o, H} +u{p1, 1} =19 — 1. (2.44)
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Thus, we get a secondary consraint, ¢o = rqg — r. Proceeding in the same way, we

get

¢ =0=—p, = ¢ (2.45)

and
d3=0=X--£ =g, (2.46)

If we do this once more, we do not get a new constraint, but a restriction on w:

. 3p,p>
@zOzu—i—%zu. (2.47)
r

The equations of motion are

T = Dr, 90_70_27 )‘:()7
pZ
pT:r—‘g—)\, Py =0, py=1r9—1 =020, (2.48)

which are solved by

p p
r =Ty, @Z_‘;t—i_sp(b A:_ga
o o
pr =0, P, = const, pr =0, (2.49)
Note that, the constraints are all second class, since we have {¢1, ¢4} = —1 and

{¢2, ¢3} = 1. This is consistent with the fact that there is no gauge freedom, since
there is no arbitrary function u in the solution. In this case, one can simply set the
constraints equal to zero from the beginning, and work with the Hamiltonian

_

=55 (2.50)

without constraints.

Example 2.4. Particle in one dimension with gauge redundancy. We take the

Lagrangian

. 1,
L(wy, g, @1, 89) = 3 (d1 + d2)°. (2.51)



2.4 FIRST CLASS AND SECOND CLASS FUNCTIONS

There is a single primary constraint: ¢ = p; — po = 0. The Hamiltonian is

1
H(zy,22,p1,p2) = 529%- (2.52)

Here, we get neither a secondary constraint nor a restriction on u, since

{0, H} +u{p,0} =0 (2.53)

identically. Since there is only one constraint, it is first class. Hence, we should have
gauge freedom.

The equations of motion are
i1 =p1tult), T2=-ult), pr=0, p=0, pi=p (2.54)

The initial conditions must satisfy the constraint p;(0) = p2(0). Then, the solution

is given by
a1(0) = q1(0) + p1 (0) + /0 Cu(t)ar (2.55)
05(t) = 2(0) — /0 (e (2.55b)
pi(t) = pa(t) = p1(0). (2.55¢)

We see that the solutions for ¢; and ¢s indeed include an arbitrary function. This

is a gauge redundancy. A gauge independent combination is

q1(t) + q2(1). (2.56)

15
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Chapter 3

ADM FORMALISM

The standard Hamiltonian formulation of general relativity is the Arnowitt-
Deser-Misner (ADM) formulation. The triad formulation and the Ashtekar for-
mulation are also closely related to the ADM formalism, hence, we shall review here

the basics of the ADM formalism. We shall closely follow [Blau, 2023].

3.1 Hypersurfaces

A hypersurface ¥ of a manifold M is a co-dimension one submanifold. If we have
a metric g, we can define a vector field n normal to X, which is unique up to
normalization. If ¥ is spacelike, timelike or null, n will be timelike, spacelike or null,
respectively. In the following, we consider spacelike and timelike hypersurfaces only,

and assume that n is normalized with

n-n=oc==l. (3.1)

We can define the projection tensor as

q", =9 —ontn,. (3.2)
q is called such, since, given any vector V', ¢ projects it tangent to >:

(¢, V") n, =0. (3.3)
Furthermore, acting on tangent vectors V' and W, q is equivalent to the metric g:

QuV'W" = g, VFW". (3.4)

Thus, if restricted to tangent vectors, ¢ is the induced metric on ¥. One also says

that q is the first fundamental form of X.
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The extrinsic curvature of a hypersurface is defined by taking the covariant

derivative of the normal vector and projecting it to the surface:
K = q%,4", Vangs, (3.5)

which is also called the second fundamental form of 3. Although it may seem at first
that K, depends on how we extend n off the hypersurface, due to the tangential
projections it does not, which we shall prove at the end of this section.

Let us remark that, as long as we keep n normalized off the surface, we have
nPVang = 0, hence, one of the projections in the definition Eq. (3.5) is unnecessary
and we can write K, = qo‘uvany.

We shall now that K, is a symmetric tensor. To this end, note that since n is
hypersurface orthogonal, it can be written as n, = gV, f for some functions g and

f. Since V is torsion-free, we have

Vi) = VgV f

~ (v,ug) ny, — (vug) n,u- (36)

This means that the antisymmetric part of V,n, does not contribute when projected.

Hence,

Ky = q%,4°,V ans)

= qa(“qﬁy)vanﬂ- (37)

Given a hypersurface Y with the induced metric ¢, we have the Levi-Civita con-

nection on Y defined by ¢g. We can also show that the projected covariant derivative,

D, V" = qauq”ﬁvavﬂ (3.8)

defines a connection on . It turns out that D is the same as the Levi-Civita
connection of ¢g. This can be proven by showing that D is compatible with ¢ and

that it is torsion-free. Compatibility with ¢ is easily shown. To see that D is
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torsion-free, let f be a function on X. Then,
DoDgsf = ¢",4"5V (07, V+f)
=—0q",q"sn" (Vun) Vo f +¢",4"sV . Vo f. (3.9)
Note that, since V is torsion-free, we have ¢" [aqvmvﬂv,, f = 0. Therefore,
D[OcD,B]f - _O-qu[oéqyﬁ]n7 (v,unu) v’yf
= —UK[amn'yv'yf

— 0. (3.10)

Furthermore, the four dimensional Ricci scalar R and the Ricci scalar 2R of the

three dimensional surface ¥ are related through [Wald, 2009]
R= *R+0 (K> = K*Ku5) + 20V, (n°Vsn® —n*Vsn”) (3.11)

where K = g"'K,,,,.

Before concluding this section, we want to prove that the extrinsic curvature
tensor K, does not depend on how we extend the normal vector n off a hypersurface
Y. For any hypersurface ¥, we can find the so-called Gaussian normal coordinates

where the lapse is unity and the shift vanishes, so that the metric takes the form
g = 0d2® + Y dycdy’. (3.12)

Here, o = +1 and ¥ is given by the condition z = const. In the following, we shall
work with the Gaussian normal coordinates for simplicity. The normal vector is

given by ng = 0.|s. Let us extend ny arbitrarily off ¥:
n=N (0,4 [*0.), (3.13)

where N and f® are arbitrary except for f%y =0 and N|y = 1.

On X we have
K =Vun, —46.V.n,, (3.14)

from which we readily see that K, = K,. = 0. Thus we only need to consider

Ka, = Vny, where a,b # 2.
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Again, on X we get
Vanb B %Caafc — Jl—‘zb. (315)
Note, however, that

O0uflss = 0a (fs) = 0. (3.16)

We therefore get K,, = —ol'%,, which shows that K,, does not depend on N or f¢,

i.e., on how we extend ng off the hypersurface.

3.2 ADM decomposition

We shall assume that the spacetime is topologically of the form M = R x S for some
three dimensional manifold S (space). We can then foliate spacetime with spacelike
hypersurfaces 3; = S. On each Y, define coordinates % where a = 1,2,3. Then,
(t,x") can be used as coordinates on M.

Let n be a vector field normal to X; at each point. Normalize n such that
n-n = —1. There remains a freedom in overall orientation (£n). Choose n to be
future directed, which completely fixes n.

We do not require 9; to be normal to ;. Hence, in general, 0; can be decomposed

into a tangential and a normal component as
Oy = Nn+ NO,. (3.17)

N and N are called the lapse function and the shift vector, respectively.
Note that we have 9, - 9 = qu, O; - 0o = N, where N, = q,,N° (we raise/lower
the indices of N® with the spatial metric ¢) and finally 9 -9; = —N?+ N%N,. These

imply that the metric is given by
g = —N?dt?* + qu (dz® + N*dt) (dz’ + N°dt) . (3.18)
Let us now relate the determinants of the two metrics g and q. We have

i = —Ndt, (3.19)
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where 1 = g(n) is the associated 1-form. Now, the volume element of spacetime
M has to be equal to the product of the hypersurface element of ¥; and the unit

normal:

V—gdt A &Pz = —a A (y/qd*z) (3.20)

where the minus sign occurs because n is timelike. From the last two equations, we

get the relation between the determinants:

V=9 =Nq. (3.21)

Before writing down the ADM action, we finally want to show that the extrinsic
curvature K, can be expressed nicely in terms of the time derivative of the spatial
metric ¢q, the lapse and the spatial derivatives of the shift vector as

1
Koy = — (g — DoNy — DyN,) . 3.22
b QN((]b b b ) ( )

To see this, note first that in terms of the Christoffel symbols of ¢ we have K., =
NT*,. Then, observe that

1

1
_W (aaNb + 8b]\fa - Qab) + —TI% N, (323)

t
Fab_ N2 ab* 'y

from which follows Eq. (3.22).

3.3 ADM Hamiltonian and action

We want to write the Einstein-Hilbert action in terms of the three metric ¢ and its

time derivatives. This can be done using Eq. (3.11), which yields
1 4
S=— [dzv/—9gR
2K
1
= / dt &*z/gN (PR — K*> + K Ky) , (3.24)
K

where k£ = 87(G and we have discarded the boundary term and used the fact that
K,p is a spatial tensor, i.e., K’ K,5 = K%K It is understood that in this action,

the variables N, N* and ¢,, must be varied independently.
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The Lagrangian reads as
1
L=—VaN (PR— K>+ K“Ky) . (3.25)
K

The momenta conjugate to ¢, are defined as

o

Pab — iy
a(]ab

(3.26)

Note that the Lagrangian depends on ¢4 through the Ky as Ky = (2N) Yoy +- - -
We therefore get

P = Qig (K — Kq"). (3.27)

This can also be inverted as

V4 ab p 1 b
~— K% = PY — —Pqg* 3.28
o 5La (3.28)

with P = ¢, P®, which, using Eq. (3.22) in turn allows the ”velocities” ¢, to be

expressed in terms of the momenta as
qab = 2N Kgp + 2D (o Ny). (3.29)

Final thing to note before applying the Legendre transformation is that the time
derivatives of N and N® do not show up in the action, thus we have the primary
constraints
oL oL
M=—=0, [I,=—=
ON ON¢@

(3.30)

We can now apply the Legendre transformation to pass over to the Hamiltonian.

We get, up to constraint terms
Haom = PGy — L. (3.31)

Using the fact that

2k)° 1
KoK, — K2 = & (P“bPab - 5P?) (3.32)
q

and discarding boundary terms, we can write Eq. (3.31) as

Hapw = NH + N,H, (3.33)
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where
H = 2—;; (P“bP ;P2> \2/3 °R
\2/—; (KK, — K*— °R) (3.34)
and
H® = —2D, P, (3.35)

We can thus see from Eq. (3.33) that N and N act as Lagrange multipliers only,

and the Hamiltonian is a sum of constraints. The Hamiltonian action can be written

as
Sl P, N, N, = / dt Bz (PP — NH — NH?) . (3.36)

The classical Poisson bracket between two functionals on the phase space A and

B is given by

(a.) = [ (240D A M;i;“g fq‘j;@%
/ B B

3
& 5 2)oll(z)  oll(z) 0N ()

3 5B oA 0B
+/d (5Na(x) 5Ha($) 5Ha(l’) 5N“(I)) ) (3.37)

where ¢ denotes the functional derivative. The time evolution of an observable A is

+

then given by

A={A, Hapu}, (3.38)
where

Hapm = /d3$ Hapwm (3.39)

is the total Hamiltonian.
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3.4 Constraints

We have seen that we have four primary constraints Eq. (3.30). For consistency,
these should be conserved in time. We therefore impose the conditions {II, Hapy } =

0 and {Il,, Hapm} = 0, which yield the four secondary constraints
H=0, H,=0. (3.40)

These are called the scalar and vector constraints, or also Hamiltonian and momen-
tum constraints, respectively, and they are equivalent to the normal components of

the Einstein field equations,
Gon = Gunt'n” =0, Ghq = Guen” = 0. (3.41)

As the next step, one should check whether these lead to other (tertiary) con-
straints. At this stage, it proves convenient to work with the so-called smeared
constraints. These are functionals that we get by integrating the constraints multi-

plied by test functions. Namely, we define
H[V] = /dS:r; VH, P[V,]= /d3:c Vo H". (3.42)

Then, Eq. (3.40) is equivalent to condition that H and P vanish for all functions V'
and vectors V,, respectively. Thus, we can equivalently check the time evolution of
H and P to see whether they give new constraints.

Since the Hamiltonian is a sum of H and P, we need the Poisson brackets between

them. One can show that [Blau, 2023]

{H[Vﬂ’ H[‘/Q]} = P[‘/lDa‘/Q - ‘/ZDa‘/l] (343&)
{PVa], HIV]} = H[V*D,V] (3.43b)
{P[Vy], P[V3']} = P[[Vi, Va]“], (3.43¢)
where on the right hand side of Eq. (3.43c), [-, -] denotes the Lie bracket between

vector fields:

Vi, Vo]* = VPDyV5' — Vy Dy VY. (3.44)



3.4 CONSTRAINTS

From Eq. (3.43) we see that the secondary constraints do not lead to new constraints,
thus the procedure stops at this point. We have 8 constraints in total, all of whose
Poisson brackets vanish weakly. They are therefore first class constraints, and gen-
erate gauge transformations. Since the phase space has 20 dimensions and there are
8 first class constraints per spatial point, we have (20 — 2 x 8)/2 = 2 propagating

degrees of freedom, as expected.

24
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Chapter 4

ASHTEKAR-HENDERSON-SLOAN VARIABLES

Motivated by the BKL conjecture, a set of variables was introduced by [Ashtekar
et al., 2009, Ashtekar et al., 2011], which provides a way of analyzing spacelike sin-
gularities in a purely classical setting. These variables are based on the formulation
of general relativity in terms of a density weighted triad, which is also the starting
point of loop quantum gravity. In this chapter, we shall review the triad formulation
of general relativity and the Ashtekar-Henderson-Sloan (AHS) variables. We shall
then summarize the application of these variables to the Schwarzschild singularity
as an illustration of the idea, which will also help us introduce some of the ideas we

are going to use in our calculations.

4.1 Triad formulation of general relativity

Consider spacetimes of the form M = R x M, where M is a three-dimensional
manifold. We foliate M into spacelike slices ¥J; and denote the spatial metric induced

on these slices by ¢. An orthonormal co-triad e’ on ¥; is defined by
Gab = Ojehed. (4.1)

Here, the letters a, b, c,... denote the spatial indices and i, j, k, ... denote internal
SO(3) indices. The internal indices can be raised/lowered freely using d;;, while
the spatial indices are raised/lowered using the spatial metric q,,. We denote the
orthonormal triad dual to ! by the same letter, e¢; they may be distinguished by the
placement of the indices. The triad and the co-triad satisfy €},e} = 6% and €},e} = o).

We shall work with the density weighted triad E¢ = 7?]6?, or

EYE" = Gq, (4.2)



Chapter 4: Ashtekar—Henderson—Sloan variables 26

where ¢ denotes the determinant of g, and in this section we want to make the
density weights explicit with tildes; a tilde above a variable means a density weight
of +1, and a tilde below means a density weight of —1.

Note that, an orthonormal co-triad ¢’ = e’ dz® determines a unique connection

w'; = wi;dz® such that wy; + wj; = 0 and de’ 4+ w'; Ae? = 0, or, equivalently,
b Jj b _
Dge] — wye; =0 (4.3)

in terms of the triad, where D, is the Levi-Civita connection of q,. We should
emphasize that D, only acts on spacetime indices whereas w acts only on the internal
indices. Expanding w in the SO(3) basis as wij — eijkfk and multiplying by ;I//?,
Eq. (4.3) can also be written as

D, E? — €, TFEY = 0. (4.4)

The variable canonical to E® is K, which, on solutions, is related to the extrinsic

curvature K, of ¥; by
Kab = K(izzeb)i' (45)

The standard ADM variables (gqp, P™), where

—~

pab — \/_a (Kab . chqab) (46)

2K

can be found using Eqs. (4.2) and (4.5). Note, however, that the variables E¢ have
more degrees of freedom than ¢, which is obvious from Eq. (4.2); two triads that
differ by an SO(3) rotation yield the same metric g,,. Therefore, in going over to the
pair (Ef, K?) from the ADM variables we have introduced further gauge redundancy
and extended the phase space. Thus, in order to recover the same physics, one needs
to introduce a set of three constraints which generates the SO(3) rotations. This
additional vector constraint is called the Gauss constraint G'.

In terms of these new variables, the scalar and vector constraints of general

relativity and the Gauss constraint are given, in units with 2k = 1, by [Ashtekar
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et al., 2011]
S = —GR—2ELEL KK, (4.72)
V, = 4D, (K&Ef) , (4.7b)
G* = ¢/"EIK, (4.7¢)

where R and D, are the scalar curvature and the Levi-Civita connection of the

spatial metric g, respectively. The Hamiltonian is a sum of the constraints:
H = /d3a: (NS + N, + AG) : (4.8)
and the equations of motion can be found by taking the Poisson bracket with H;

Bo = {EH} Kl ={Ki H). (4.9)

4.2 The variables
The AHS variables [Ashtekar et al., 2009, Ashtekar et al., 2011] are defined as!

P’ = E'KJ — §/EAKF, (4.10a)

C/ = ETY — 6/ EeTk. (4.10b)
Furthermore, a derivative operator D; is defined as
D; = E'D,. (4.11)

Note that these carry internal indices only; they are spacetime scalars (with density
weight +1). Physically, the P are related directly to the canonical ADM momenta
P whereas the C encode information about the D; derivatives of the triad E?
[Ashtekar et al., 2011]. As mentioned previously, the determinant ¢ is expected
to vanish at the singularity and therefore the AHS variables, being densities, are
expected to be finite there. In what follows, we shall omit the tildes for simplicity.

Thus, each of EY, C’ij, P and D; carries a density weight of +1, while the lapse

)

!Note that, due to the placement of the indices, our convention for I' and consequently for

C’ij differs from that of [Ashtekar et al., 2009, Ashtekar et al., 2011] by a sign.
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N carries a density weight of —1. The scalar and vector constraints S and V;
(introduced below) carry a density weight of +2, and the Gauss constraint G* carries
a density weight of +1.

The remarkable thing about these variables is that the constraints (4.7a)-(4.7c)

can be expressed entirely in terms of P,” and C,” (and their D; derivatives) [Ashtekar

et al., 2011]:
. . . 1 . 1
S = =268 D,Cyy, + 4Cy;; O 4 C;CI" — SO+ PPl — P2, (4.12a)
‘/i = —2DjPZ.j + 2€jklPijCkl + EijkCij — 26ijkpjlcvlk7 (412b)
G* = €7F Py, (4.12¢)

where P and C' are the traces of Pz-j and Cz-j , respectively.

One can write down the equations of motion for the variables P, C;7 and the
operator D; by taking the Poisson brackets with the Hamiltonian. We shall not
use the equations of motion directly, and therefore do not repeat them here (see
[Ashtekar et al., 2011] for the full equations of motion). The important thing to
note, however, is that the time derivative of the triplet (PZJ , C’ij , D;) can be written
entirely in terms of the triplet itself (and the Lagrange multipliers N, N* and A?),
i.e., without reference to (E, K!).

These variables can therefore be used as follows. On an initial time slice, one can
construct the triplet (P,7, C;7, D;) from the pair (E¢, K?) and then evolve the triplet
(P7,C, D;) without referring to (E¢, K!). As we have mentioned, these variables
are expected to be finite at the singularity, where the metric formulation fails, hence
one can continue time evolution past the singularity. Once we cross the singularity,

we can, in principle, reconstruct the triad using the evolution equation

E} = -NP/’E}, (4.13)

which is an ordinary differential equation for Ef.
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4.3 Application to Schwarzschild spacetime

In order to demonstrate the use of AHS variables with a simple, analytical example,
we shall first summarize their application to the Schwarzschild singularity, which
has been done by [Valdés-Meller, 2021].

Let us first look at the metric

g=—T(r)dr* + X(7)dz” + A(7) (d6* + sin® 6d¢*) (4.14)
where
474 OM — 72
T=—_ == A=7% 4.15
2M — 7%’ 2 T (4.15)

The portion of this spacetime given by 7 € (—v/2M,0) is precisely the interior of a

Schwarzschild black hole, as can be seen by the coordinate transformation
t=x, r=r1°. (4.16)

However, the spacetime in Eq. (4.14) also includes the part 7 € (0,v2M),
which is a time-reversed copy of the black hole interior, i.e., a white hole interior
(see Fig. 4.1), since the transformation from r to 7 is a two-to-one mapping. As
discussed by [D’Ambrosio and Rovelli, 2018], such a spacetime with two copies of the
Schwarzschild metric may actually provide an effective description of an underlying
quantum geometry, where there is a high—curvature cutoff that causes the geometry
to "bounce back” instead of becoming singular, similarly to the Big Bounce scenario
from LQC in the case of FLRW spacetimes.

The metric (4.14) has singularities at 7 = ++/2M, which, of course, correspond to
the horizon of the Schwarzschild black hole, and are merely coordinate singularities.

It also has a singularity at 7 = 0, which is the central singularity of the Schwarzschild
black hole. Note however, that at both sides of the singularity, i.e. at 7 € (—\/W ,0)U
(0, VoM ), we have a well defined metric tensor. However, in the standard metric
formulation, one cannot evolve the metric from one side to the other, past the singu-
larity. This brings up the question, can there be a formulation of the gravitational

field equations which does not face the same problem at the singularity?
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Figure 4.1: Spacetime diagram of the metric (4.14). We have a well-defined metric

tensor in the two regions 7 < 0 and 7 > 0, which are separated by the singularity,

7 =0. Here, T = V2M.

It is always possible in principle that a differential equation is stated in terms of
“wrong” variables, and the same equation can be stated in terms of other variables
which has well-behaved solutions. To quote the simple example from [D’Ambrosio
and Rovelli, 2018], the differential equation yij — 29> — y*> = 0 has the solution
y = 1/sint, which is singular at ¢ = 0. Formulated in terms of x = =1, however, the
equation is simply the harmonic oscillator equation # +x = 0 and the corresponding
solution x = sint is regular. The idea of the AHS variables is that, although the
metric formulation fails at the singularity, the AHS variables can still remain finite
and provide a well-behaved description of the gravitational field.

We can now calculate the AHS variables Eq. (4.10) for the metric in Eq. (4.14).

The spatial metric on the 7 = const slices reads as

g = X (r)dz® + A(7) (d6? + sin? 6d¢?) . (4.17)



4.3 APPLICATION TO SCHWARZSCHILD SPACETIME

Working with the triad
E} = Asinbd;, FEj =V XAsin0dy, FEj=vVXAdg, (4.18)

the only non—vanishing AHS variables are [Valdés-Meller, 2021]

P = —2sin6 (2M — 77) (4.19a)
P*? = P% = —sinf (2M — 7°), (4.19D)
C* = —cos TV2M — 72 (4.19¢)

Hence we see that the AHS variables are indeed finite at 7 = 0, and can be continued

from one side of the singularity to the other.
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Chapter 5

GRAVITATIONAL WAVE COLLISION SPACETIMES

Before introducing the colliding gravitational wave solutions we are going to
work with, it would be appropriate here to briefly review the fundamental concepts
of the subject. When studying such collision solutions, it is convenient to divide
spacetime into four regions, as shown in Fig. 5.1, with two dimensions suppressed.
In a typical collision scenario, one has two approaching waves coming from infinity,
so that regions Il and III contain the incoming waves, whereas region I contains no
waves and is therefore described by the—typically flat—background metric. After
the point © = v = 0, the two waves interact, and region IV is described by the
interaction metric, which is to be determined.

In Rosen coordinates, the interaction of arbitrarily polarized gravitational waves
possibly coupled with matter fields is described [Griffiths, 1991] by a metric of the

form
g=—2¢Mdudv+ e Y[cosh W (e"dz? + eV dy®) — 2sinh Wdzdy], (5.1)

where the metric functions M = M(u,v), U = U(u,v), V = V(u,v) and W =
W (u,v) are functions of the null coordinates u and v. These functions will assume
different forms in each region, which must satisfy certain junction conditions at each
boundary separating two regions.

The function W measures the second or cross polarization of the waves, and
vanishes in the case of linear polarization. In this work, we shall only consider the

case W = 0, thus the metric (5.1) simplifies to
g=—2¢Mdudv+e ¥ (e"da? + e Vdy?) . (5.2)

We will be interested in the singularities of the examples we work with. A

convenient way to examine the singularity of a colliding gravitational wave spacetime
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Figure 5.1: General structure of a colliding wave spacetime. Regions II and III
contain the incoming waves, possibly including impulsive waves on the boundaries
u = 0 and v = 0. There are no waves in region I, which is therefore described by the
background metric. The waves start interacting after the point u = v = 0, so that
the metric in region IV is determined by the interaction of the waves. Generically,

the interaction results in a curvature singularity in region IV.

is by looking at the Weyl-NP scalars ¥; (see Appendix A). For instance, if ¥} =
W3 = 0, as will be the case in the examples we look at, the two polynomial curvature

invariants [ and J [Penrose and Rindler, 2003] can be written as
I =2Uo0, + 6035, J=06(¥0y — V3 Vs (5.3)

Note in particular that if Wy becomes unbounded, either I or J must also be un-
bounded, hence, showing that ¥y diverges is a sufficient proof of a curvature singu-

larity in this case.
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The metric in Eq. (5.2) suggests a natural choice for the null tetrad:

lo = e M58, (5.4a)
N = e M25°, (5.4b)
My = % (eV/26% +ie”V1%5Y) (5.4c)
P v vy
Mo = (e"726% —ie™"?5Y) . (5.4d)

V2
Working with this, it is straightforward to see that for the metric (5.2), we have
\Ijl = \Dd =0 and

1
‘IJO - _éeM [(Mv - U’v) V;, + V;Jv] ; (553)
1
\112 = EGM (Muv - qu + ‘/;,L‘/;}) ; (55b)
1
v, = _QeM [(Mu r Uu) Vi + VUU] ) (5'50)

where the subscript denotes a partial derivative with respect to the coordinate.

Typically, the Weyl-NP scalars ¥, = W (u) in region IT and ¥y = ¥y(v) in region
I1I represent the incoming gravitational waves that participate in the collision. In
the interaction region these become functions of both of the null coordinates; ¥y =
Uy(u,v) and ¥y = Wy(u,v). In addition, a finite Coulomb component Wy = Wy (u,v)
also develops as a result of the nonlinear interaction.

On the other hand, the Ricci-NP scalars ®;; represent the electromagnetic or
other matter fields participating in the collision, e.g., ®go(v) and Pos(u) represent
electromagnetic wave components in the incoming regions. In the interaction region,
Do (u, v) and Poo(u, v) are necessarily nonzero and Pgo(u, v) develops as a result of
the nonlinear interaction.

In this study, our focus will be on two specific colliding gravitational wave solu-
tions. The first is the Khan-Penrose solution, which was the first solution discovered
in this context and which describes the collision of two impulsive plane symmetric
gravitational waves. The second is the collision of a plane electromagnetic wave with

plane impulsive gravitational waves accompanied by shock gravitational waves. The
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common point in each solution is the existence of a spacelike curvature singularity
in the interaction region.

Since our focus in this study is the singularity structures of these spacetimes,
which are located in the interaction region, we shall not be interested in the solutions

in regions I, IT and III, and only consider region IV.

5.1 Khan-Penrose solution

The first exact solution that considers the collision of two gravitational waves was
discovered by [Khan and Penrose, 1971], where the colliding waves are linearly po-
larized, impulsive gravitational waves described by ¥y = d(v) and Wy = §(u).

The mutual focusing of the two waves eventually produces a spacelike singularity.
The interaction region of the Khan-Penrose spacetime is described by the metric

(5.2), where the metric functions are given by

eV=1—u?—1% (5.6a)

v l+uvl—0v4ovl—u?

e’ = :
1 —uv1l—v2—ovy1—u?
1— w2 — 2\3/2

S ol k) (5.6¢)
w2y/1 — u?y/1 —v?’

with w = wv + V1 — u2v/1 — 2.

(5.6b)

In this region, the nonzero Weyl-NP scalars read as

d(v) rpWiu (1 —u?)
Vg= —— 43V =7 5.7a
Y w7 A Y (57a)
Wy = V722 <w2 —uvV1 —u2V1 — 1)2> : (5.7b)
3 1 — 2
v, = 2 g upwiv(l v (5.7¢)

V1—1? 1 —u?
Looking at these components, we see that on the spacelike surface given by the

equation
u? o =1, (5.8)

i.e. e ¥ =0, the solution becomes singular. The singularity structure of the Khan-

Penrose spacetime is illustrated in Fig. 5.2.
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Figure 5.2: Structure of the Khan-Penrose spacetime. The incoming Dirac-0 waves
start interacting after the point u = v = 0, and eventually create a singularity on
the surface u? + v? = 1. The part of region IV below the singularity is described by
the metric (5.2) with the metric functions given by Eq. (5.6).

5.2 Colliding electromagnetic and gravitational waves

The second example we shall look at is the collision of electromagnetic waves with
plane symmetric impulsive gravitational waves accompanied by shock gravitational
waves. This solution was obtained by [Gurtug et al., 2006] together with an addi-
tional scalar field. Here, we shall take the vanishing scalar field limit of this solution.
The incoming gravitational wave is described by ¥, = §(u) — 3(1+sinu) ™ in region
IT and the incoming electromagnetic wave may be described by the Ricci-NP scalar
D9 = 1 in region III.

The interaction region is described again by Eq. (5.2), this time with the metric
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Figure 5.3: Structure of the gravitational-electromagnetic wave collision spacetime.

The gravitational waves (GW) coming from region II and the electromagnetic waves

(EMW) coming from region III start interacting after the point u = v = 0, and the

interaction results in a singularity on the surface u + v = 7/2. The part of region

IV below the singularity is described by the metric (5.2) with the metric functions

given by Eq. (5.9).

functions
eV = cos®u + cos® v — 1,
-V . 2
e’ = (1+sinu)”,

e™™ = cosucosve VU2

and the electromagnetic potential A, = AdY, where

A =+/2sinv (1 +sinu).

(5.10)



5.2 COLLIDING ELECTROMAGNETIC AND GRAVITATIONAL WAVES

The Ricci and Weyl-NP scalars are given by

Doy = MV cos? v, (5.11a)
VU 2giny

P 5.11b

02 1+sinu ’ ( )

Doy = MUV sin? v cos? u, (5.11c)

and

3u/2 Sinusinw

Uy, = —¢ —_— 5.12a
? (14 sinu)? ( )
1 —si -U/2
Wy = 6(u) —3e” 4 < 4+ eYin u) : (5.12b)
cosucosv \ 1+ sinu

Again, looking at the Weyl-NP scalars, we see that on the surface e=V = 0, i.e.,
cos®u + cos®v = 1, (5.13)
we have a spacelike singularity. Note that Eq. (5.13) is satisfied for
u+v:g. (5.14)

This is illustrated in Fig. 5.3.

38



Chapter 6: Singularities of gravitational wave collisions 39

Chapter 6

SINGULARITIES OF GRAVITATIONAL WAVE
COLLISIONS

In this chapter, we shall analyze the behaviour of the AHS variables at the singu-
larities of the Khan-Penrose metric and the gravitational-electromagnetic wave col-
lision solution introduced in Ch. 5. This requires a time-space split of the spacetime,
thus, it is suitable to go from the null coordinates in Eq. (5.2) to a pair of timelike
and spacelike coordinates. We therefore define t = (u+v)/v/2 and z = (u —v)/V/2.
With these, Eq. (5.2) becomes

g=eM (—dt2 + sz) i (evdzlc2 + e_deZ) , (6.1)

which will be our starting point in what follows. Note that in these coordinates, the
singularity of the Khan-Penrose metric is located at e=Y = 1 —t2 — 22 = 0, whereas

the singularity of the the second metric is at a constant-t surface, ¢t = 2-%/7.

6.1 Khan-Penrose metric

To calculate the AHS variables for the Khan-Penrose metric, we want to choose such
a foliation that the singular surface e~V = 0 is a limiting case of the spacelike slices.
In other words, we want to introduce a timelike variable 7, such that the singularity
corresponds to a level surface, conveniently chosen to be 7 = 0. In addition, just
as was done in the Schwarzschild case, we let 7 enter quadratically so that we get
a spacetime with two copies of the interaction region connected by the singularity.

We therefore define

=11 -2 (6.2)
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Then, our metric becomes

€_M

E+ 22

g= (—TQde — 27zdrdz + Sdzz) +e v (evdxz + e‘vdyQ) ’ (6.3)

with the shorthand notation £ = 1 — 72 — 222,

The spatial metric on the surfaces of constant 7 reads as

_m_§

1 ——d?+ eV (e"da? + e Vdy?) . (6.4)

We work with the obvious choice for the density-weighted triad, namely,

_ (M+U+V)/2 | —(M+U-V)/2 | 5
E1—€ 82, E e / 5+ 26337 = / Wﬁy (65)

Given the triad, the connection 1-forms are uniquely determined as

=0, (6.6a)

I? 4 ;e(M U="12(u,+V,) ,/ 5 (6.6b)
2

s — ;e(M U2 (17, — V) gzz (6.6¢)

. S
with w'; = €', I™.
Furthermore, the extrinsic curvature of these spatial hypersurfaces K, is diag-

onal in this chart such that the conjugate momentum 1-forms K* = K, ’eidz® are

given by
1 1—72
Kl—?(gM + =M, —2 ST )dz, (6.7a)
+ z
o(M-U+V)/2
K? = WE (Ur = V7)) +72(U. = V2)]dx, (6.7b)
o(M-U-V)/2
K=o (U, + V,) + 72 (U, + V)] dy. (6.7¢)

27/€

Given the triad (6.5), connection (6.6) and extrinsic curvature (6.7), the AHS
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variables can be directly computed. The non-vanishing AHS variables read as

~U
n___ ¢
Pl= - \/WDU, (6.82)
p22—_—€_U [D(M+U+V)—2Tl_72] (6.8b)
274/& + 22 § ’ '
P%—-—£:L—{DM4+U—V3—%J_TW (6.8¢)
27/ & + 22 § 7 .
02— %TQ (U, — V), (6.8d)
032 — _%7_2 U, + V), (6.8e)

where we have defined the shorthand operator notation D = £0, + 720,. Note that

for any function f we have

Df = —%\/5 2 (fut fu) + % (fu—F) (6.9)

and
B 1

V2 fﬁ

Therefore, the question whether the AHS variables P¥ and C% are regular at 7 = 0

f- (fu—fo) = (fu+ fo)- (6.10)

is reduced to whether e~V f, ,, are regular, where f is any of the functions U,V and
M.

This is easily seen to be the case for f = U, for which we have DU = —2¢771
and U, = 0.

For M, we get

102 — ov1 — 2
M, = 3ue” — < . W 71/17“/2 Ly (6.11)
—Uu w — U

Note that the second and third terms on the right hand side of Eq. (6.11) are regular

everywhere in the region 0 < u,v < 1. Thus, as 7 — 0 we get

3
e UM, ~ 3u = 7 (\/1 —712—224 Z) , (6.12)

which is also regular. Since M and U are symmetric functions of u and v, the same

holds for e~V M,,.
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Figure 6.1: Non-vanishing AHS variables for the Khan-Penrose metric at two differ-
ent points of space, z = 0 (left) and z = 1/2 (right). For this metric we always have
C?3 = 032, which exactly vanish at z = 0. It can be seen that all of the variables are
regular at the singularity. We note that P?? and P3 diverge at the boundaries of
our region, 7 = ++/1 — 222. As explained in the text, however, this does not signal
a physical breakdown since the foliation we have used becomes degenerate at the

boundaries.

Lastly, for V' we have

2 (ut VIT@) (0 - VI @)
Vi@ o/l +o/i—w

which is regular as well. Again, by symmetry, the same is true for e YV,. Thus,

eV, = —

(6.13)

all of the AHS variables in Eq. (6.8) are regular throughout the region in question,
including the singularity 7 = 0, and they can be evolved smoothly from one side of
the singularity to the other. Fig. 6.1 shows the AHS variables for the Khan-Penrose

metric as functions of 7 at two sample points.
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We note that P22 and P?® diverge at the boundaries of our region, 7 = /1 — 222,
due to the 7! terms inside the square brackets in Eqs. (6.8b) and (6.8c). This does
not imply a physical breakdown, however, because the boundaries are the null sur-
faces u = 0 and v = 0, or t = |z|, i.e., in the limit £ — 0 the foliation we have
used becomes not spacelike, but null, which is also apparent from Eq. (6.4). If one
wants to use the foliation we have used to calculate and evolve the AHS variables,
one simply needs to start somewhere in the interior, where the 7 = const surfaces

are spacelike and evolve from there.

6.2 Gravitational wave-electromagnetic wave collision

We now turn to the gravitational-electromagnetic wave collision solution. Similarly

to the previous cases, we define a timelike variable 7 as

7'2_—7T —
2v/2

so that the metric becomes

t, (6.14)

g=e M (—4r%dr* +d2%) + eV ("da® + eV dy?) . (6.15)
The spatial metric on the surfaces of constant 7 reads as
g=eMd?+ eV ("da? + e Vdy?). (6.16)
We work with the triad
By =e Y0, BEy=e MWUVI2g [y = MU=V (6.17)

Then, the connection is given by

1 1
I =0, Iﬂ::-—ieUW’U’VVZ(U;%—vQ)dy, F3=:56“”*U+VV2(U;——¥Q)dx.

(6.18)
The extrinsic curvature 1-forms can be computed as

Kl = %dz, K2 — e(JW—UJrV)/?%dx7 K3 = e(M_U_V)m%dy. (6.19)
T T
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Figure 6.2: Non-vanishing AHS variables for the gravitational-electromagnetic wave
collision at two different points of space, z = 0 (left) and z = 7 /4 (right). Note that
C?3 and C3? coincide at z = 0. It can be seen that all of the variables are regular

at the singularity.

With the triad (6.17), connection (6.18) and extrinsic curvature (6.19), the non-

vanishing AHS variables for this case read as

pll — —dUT (6.20a)

2r
22 _ _er

pP* = . (M. +U.+V,), (6.20b)

P33=—£(M + U, —V,) (6.20c)
47_ T T T/ .

1

C» = 5e*U (U, - V,), (6.20d)
1

C¥=——e Y (U, +V,). (6.20e)
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Inserting our known solution and inspecting term by term, we see that

U, = —V27eY (sin 2u + sin 2v) (6.21a)
V, =2v2r— = (6.21b)
14 sinu
1
M, = —/2r (tanu + tanv) + V, — §UT (6.21c¢)
oU
U, = — (sin2u — sin 2v 6.21d
\/5( ) (6.21d)
V.= V221 (6.21¢)

1+sinu’

where u and v are understood to be functions of 7 and z. We therefore observe
that in the interior where 0 < u,v < /2, all of the variables P¥ and C% remain
finite and differentiable, including the singularity v + v = 7/2. Fig. 6.2 shows the
AHS variables for the gravitational-electromagnetic wave collision as functions of 7

at two sample points.
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Chapter 7

CONCLUSION

The well-behavedness of the AHS variables at the singularities of the FLRW
spacetimes, Bianchi I and IX models and the Schwarzschild metric had already been
demonstrated. Here we have shown this to be the case for two specific colliding
wave solutions. Although our results are for these two examples only, this further
motivates the expectation that these variables are well behaved at generic spacelike
singularities.

The first example we have looked at is the Khan-Penrose metric, which describes
the collision of two impulsive gravitational waves. In order to calculate the AHS
variables, we have chosen a foliation adapted to the singularity of the metric. Our
results show explicitly that the AHS variables are finite at the singularity and can
be continued through it without any problem.

The second example we have looked at is an exact solution which describes the
collision of a gravitational wave with an electromagnetic wave. Here, too, are the
AHS variables regular on the entire spacetime, including the singularity.

We should emphasize that since the singularities of general relativity occur at
scales where quantum effects should be dominant and thus the classical theory is
not necessarily a good approximation, investigating these singularities classically—
as we have done—should be seen as a first step towards a fuller understanding of the
problem. In fact, as we mentioned previously, there are a number of results indicating
that quantum corrections become meaningful only when curvature or matter density
are about a percent of the Planck scale. Therefore, it is possible that the classical
results such as the BKL conjecture or the behaviour of the AHS variables at the
singularity reliably describe what effectively happens near the singularity.

Of course, a full understanding of the problem requires a consistent theory of
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quantum gravity. However, semi-classical analyses such as looking at quantum fields
on classical backgrounds [Ashtekar et al., 2021] may also shed some light on the issue.
This is what is referred to as “level 2”7 in [Ashtekar et al., 2022] and has been done,
e.g., for cosmological models, and extending these semi-classical methods to colliding
gravitational waves seems to be a reasonable way to gain further insight into their

singularity structures.
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Appendix A

NEWMAN-PENROSE FORMALISM

The Newman—Penrose (NP) formalism [Newman and Penrose, 1962] is a special
case of the tetrad formalism of general relativity, where the tensors of the theory
are expressed in terms of their components with respect to a complete vector basis
at each point. In the case of the NP formalism, the vector basis chosen is a complex
null tetrad.

A complex null tetrad is a basis of vectors (I, n,m,m) at each point of spacetime
such that [ and n are real null vectors, m is a complex null vector and m is the

complex conjugate of m, i.e.,
l-l=n-n=m-m=m-m=0. (A.1)

In the mostly plus sign convention (—,+,+,+) which we adopt here, the vectors

are normalized such that

l-n=-1, m-m=1, (A.2)

I-m=0l-m=n-m=n-m=0. (A.3)

The above equations imply that, in a local chart, the metric components can be

written as
gHV == _luny — nuly + m'u,my + muml/' (A4)

The main feature of the NP formalism is the introduction of spin coefficients,
which are complex linear combinations of the Ricci rotation coefficients associated

with the null tetrad. However, we do not use the spin coefficients directly in this
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thesis, hence do not repeat them here (see, e.g., [Griffiths, 1991]). Instead, we shall
be interested only with the Weyl-NP, Ricci-NP and Maxwell-NP scalars, which we
introduce below.

The gravitational field is completely described by the Riemann curvature tensor
Ry, which has 20 independent components in four dimensions. These 20 compo-
nents can be divided into the 10 components of the Weyl tensor Cyp,, and the 10
components of the Ricci tensor R,g. The 10 components of the Weyl tensor can be

conveniently expressed as 5 complex scalars, called the Weyl-NP scalars:

Uy = CopulmPI'm”, (A.5a)
Uy = Copul®nP1'm”, (A.5b)
v, = Cagm,lamﬁm“n”, (A.5¢)
U3 = Copul™n’min?, (A.5d)
Uy = Copun®mPnlm”. (A.5e)

The 10 components of the Ricci tensor, on the other hand, can be further divided
into a trace part (scalar curvature R) and the remaining 9 components, which can

be expressed as a 3 x 3 Hermitian matrix ®,5 = &5, with A, B =0,1,2:

Doy = %Raﬁzazﬁ, (A.6a)
Py, = %Raﬁzamﬂ, (A.6b)
Dy = %Ragmamﬁ, (A.6¢)
Oy = ERQB (1%nf + mom”) (A.6d)
Dy = %Raﬂmanﬁ, (A.6e)
Dyy = %Ragno‘nﬁ, (A.6f)

A= 2—]1 (A.6g)

Together, these are called the Ricci-NP scalars.
Similarly, if there is an electromagnetic field F,z present, one can encode the

6 independent degrees of freedom of the electromagnetic field in 3 complex scalars
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called the Maxwell-NP scalars:

¢ = Fogl®m”,
1
(bl = 5 af (lanﬁ + mo‘mﬁ) 3
(bg = Faﬁmanﬁ.
With these, the Einstein-Maxwell field equations
1
Raﬁ — §Rga,8 = IiTa@,

where

1 1
Tos = — FaF“——aFVFW),
B ,UO( ne B 496“

can be written simply as

K -
Qg = —0aP5.
Ho
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(A.7a)
(A.7b)

(A.7c)

(A.8)

(A.9)

(A.10)
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