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ABSTRACT

Curvature Properties of Metallic Riemannian Manifolds

Ibrahim ISAH

Master's Thesis

FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics
April 2020, Page: x+35

In this thesis, we study the basics of metallic structure, which is polynomial structure with structure
polynomial on manifolds using metallic ratio, which is the generalization of Golden proportion or golden
ratio. We study some mathematical terminologies, study some theorems and proof where possible of the
metallic structures. We also study some examples of metallic structure. Also, we study some properties of
the metallic Riemannian metric. Hence, study the J-sectional and j- Bisectional curvature of metallic
Riemannian manifold.

Keywords: Metallic Structure, Golden Ratio, Curvature.
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OzET

Metalik Riemann Manifoldlarin Egrilik Ozellikleri

Ibrahim ISAH
Yiiksek Lisans Tezi

FIRAT UNIVERSITESI
Fen Bilimleri Enstitiist

Matematik Anabilim Dali
Nisan 2020, Sayfa: x+35

Bu tez calismasinda, metalik oram kavramini kullanarak manifoldlar iizerinde polinomial metalik
yapilarin temel 6zelliklerini inceleyecegiz. Bu metalik yapilar altin oran veya altin oranin genel hali olarak
ele alinacaktir. Ayrica metalik yapilarin bazi teorem ve ispatlarini iceren matematiksel ifadelerden de
bahsedecegiz. Ardindan metalik yapilarin bazi 6zelliklerini inceleyecegiz. Daha sonra, metalik riemann
metriginin bazi 6zelliklerini de verecegiz. Son olarak, metalik riemann manifoldlarin bazi egriliklerini

inceleyecegiz.

Anahtar Kelimeler: Metalik Yapi, Altin Oran, Riemann Manifold.
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1. INTRODUCTION

Everyone knows the Golden Ration and believe it has a rich application area illustrated in
architecture, painting, music, Optimization, design, Nature, and other continuous studies. In truth,
though, it is probably fair to say however, that the golden ratio has inspired mathematicians from
all fields like none else.

However, Crasmareanu and Hretcanu [ 1] researched the geometry of the golden structure on
a manifold using a corresponding almost product structure, that is a polynomial structure with
structure polynomial of the form Q(J) = J? — aJ — bl = 0 on manifolds using metallic ratio, which
is the generalization of Golden proportion or in other word golden ratio, the golden proportion
played a significant role. Ozkan in [2], the complete and horizontal lift of a golden structure was
studied, and the geometry of a golden structure on a tangent bundle was also investigated with
regards to the almost product structure. Ozkan, ¢itlak, Taylan and Fatma again [3] and [4] studied
the prolongations of golden structure on a tangent bundle of order 2, and order r respectively. Sahin
and Akyol in [5] introduced the golden maps between the golden Riemannian manifolds, and
showed such maps were harmonic, they also investigated the constancy of some certain maps from
golden Riemannian manifolds to various manifold by adopting the holomorphic-like map
condition. Ozkan and Fatma [6], investigated the integrability and parallelism of metallic structures
on differentiable manifolds and also provide some Riemannian metric properties.

Again, Crasmareanu and Hretcanu in [7], they examined the polynomial structure and
defined it on Riemannian manifold, they checked for properties of the induced structure on
submanifolds by metallic Riemannian structure, research for the necessary and sufficient condition
for a submanifold to be a metallic Riemannian manifold in terms of invariance as well. Hretcanu
and Adara [8] studied submanifolds in metallic Riemannian manifolds in which they focused on
the structure induced on submanifolds named it );- metallic Riemannian structures. They further
extend to [9] focused on slant and semi-slant submanifolds, and gave some characterization for
which submanifolds to be a slant or semi-slant submanifolds in metallic or golden Riemannian
manifolds. Also, in [10] they studied the properties of invariant, anti-invariant and slant
isometrically immersed submanifolds of metallic Riemannian manifolds which were given with a
special view towards the induced Z-structure. Gezer and Karaman in [11, 12], on metallic
Riemannian structures where the integrability condition, curvature properties of the structure, and
the golden hessian structure were studied respectively. In [13], Adara and Nannicini. A studied
some properties of curvature tensors on Norden and metallic pseudo — Riemannian manifolds in
which they introduce the notion of /- Sectional and J-Bisectional Curvature of metallic pseudo-

Riemannian manifolds (M,,, g,]).



However, the metallic ratio, which is a generalization of the golden proportion. This
generalization was implemented in 1999 by De spinadel [14] and called it as the metallic structures
by [1,6,7]. As such, in our own case in this thesis we want to study the metallic structures and

their curvature properties extensively.



2. BASIC PROPERTIES AND DEFINITIONS

We provide here some basic definitions and properties within the scope of this research
work.

Definition 2.1

Euclidean space R3 is the set of all reserved triples of real numbers, so that the triples

q = (q1,92,q3) istermed as a point of R3 [15].

Definition 2.2

In consideration given to two points g = (qy,92,93) and k = (kq, k,, k3) in R3 their dot
product is given by [15].

q-k = qiky + q2k; + qzks (2.1)
[15].

The norm of a point g = (g4, 92, q3)1s the number

lqll = /9.9 = [q? + q5 + 4% (2.2)

Therefore, the norm is real-valued function on R3 [15].
Definition 2.3

If ¢ = (91,92 q3) and k = (kq, k,, k3) are points in R3, the Euclidean distance from g to

k is the number

d(q,k) = llq — kl| (2.3)
q—k=0(q1— k1,92 — kz,q35 — k3) (2.4)
d(q,k) = (g1 — kD)2 + (a2 — k2)? + (g3 — k3)? (2.5)
[15]
Definition 2.4

A vector at a point g € R™" ! isa pair V = (g,1) where [ € R™"1, The vectors at a point
q € R™*1 form what is called a vector space RZ;“ of dimension n + 1. Given two vectors [ and w
at g, their dot and cross product are defined same using the standard Dot and Cross product on

R™*1 respectively.



The length of v using dot product,
HEXE (26)

The angle between two vectors v and w is defined by

L.w
N TTTY] &0
[16].
Definition 2.5
A real vector space is a non-empty set X of items we define as vectors and the following two
functions:

i. Vector Addition: X x X = X: (x,y) = (x +y)
ii. Scalar Multiplication: X X R — X: (x,a) — xa
Where it is commutative, associative, has an inverse and has 0 as identity element under

addition and, it is distributive, and has an identity element 1 under Multiplication. [16].
Definition 2.6

A vector field X on U < R™*1 is a function which allocates to each point of U a vector at

that point. Thus, for some function X: U - R™*1,

X(q) = (q.X(q)) (2.8)

[17].
Definition 2.7

A tangent vector 1 to R3 consist of two points of R3, its vector part V and its point of
application g [15].
Definition 2.8

Let g be a point of R3. The set T, (R?) consisting of all tangent vectors that have a point g

as point of application is called the tangent space of R3 at g [15].
Definition 2.9

A coordinate patch X: U — R? is a one-to-one regular mapping of an open set U of R? into
R3 [15].



Definition 2.10

A surface in R3 is a subset D of R such that for each point q of D there exist a proper patch

in D whose image contains a neighborhood of g in D [15].
Remark 2.11

A 1-surface in R? is called a plane curve. A 2-surface in R3 is called a Surface.

An n-surface in R™**1 is called a hypersurface [16].
Definition 2.12

A 1-form p on R? is a real-valued function on the set of all tangent vectors of R3 such that

p is linear at each point, that is

p(lv+ kw) = lp(v) + kp(w) (2.9)

For any I, k € R and tangent vectors v, w at the same point of R3.
Remark 2.13

We emphasize that for every tangent vector v, a 1-form pdefines a real number p(v) for each
point [ € R3 the resulting function p;: T;(R®) — R is linear. Thus, at each point L, p; is an element

of the dual space of T;(R?). In this notion 1-form is dual to that of vector fields [15].
Definition 2.14

Let X be a vector space over a field [F, a linear functionals is the linear map X — F. In other

words, a linear functional is L(X, F) [17].
Definition 2.15

Let X be a vector space over a field I, then the dual space of X, denoted by X* is the space
of all linear functional of X. That is X*: = L(X, F) [17].

Definition 2.16

A C* manifold M modelled on Euclidean space is a hausdorff topological space along with
a collection of open sets {U,|a € A} in M and the corresponding map ¢,: U, — X, such that

- UgealUy=M

ii- Each ¢, defines a homeomorphism U, = ¢,(Uy,).

iii- Ifforany a,bon U, N U, # @, then the composite maps ¢, © ¢, 1, ¢, o Pz 1, on the
set ¢, (U,), ¢,(Up) on which they are define are C*. In which from (ii) are homeomorphisms and

we want them to be differentiable k times.



The pairs (U, ¢,) are called charts on M, and the set {(U,, ¢,)} of all of them is an Atlas
[17].

Definition 2.17

Amap f: M — N between smooth manifolds is differentiable, (or C¥) at a point ¢ € M if for
some charts (U,¢) on M, (V,4) on N with g € U and f(q) €V, the map o fop~1 is
differentiable at ¢(q) [17].

Definition 2.18

A (smooth) k-dimenssional vector bundle is a pair of smooth manifolds E (the total space)
and M (the base), together with a surjective map m: E — M (the projection), satisfying the
following conditions:

i- EachsetEq: = m~1(q) (termed as the fiber of E over q) is furnished with the structure

of a vector space.

ii- For each q €M, there exists a neighborhood U of g and a diffeomorphism

¢:m"Y(U) » U xRk,

iii- The restriction of ¢ to each fiber, ¢: Eq — (q) X R¥, is a linear isomorphism [18].
Definition 2.19

Let D be a finite-dimensional real vector space. As usual, D* denotes the dual space of D
(the space of convectors), or real-valued linear functionals on D, and we denote the natural pairing

D* x D — Rby either of the notations;

w,y) = (w,y)or (w,y) = w(y) (2.9)

forw e D*,y € D.

A covariant k-tensor on V is a multilinear map

k—copies
closely, a contravariant [-tensor on D* is a multilinear map

F:D*XD*X--xXxD*>R (2.12)

l—copies

A tensor of type (}), also ¢-covariant and [-contravariant tensor is a multilinear map

F:D*XD*X:«XD*XDXDX-+XD—->R (2.13)

l—copies t—copies




[18].
Definition 2.20

A (¥)- tensor bundle at a point gon M is define as
rim = | [ e, (2.14)
qEM
Where [ ] denotes the disjoint union (’l‘) tensor on the tangent space 7, M. Similarly, we can
define the k-forms bundle as

N = | [a g (2.15)

qeEM
[18].



Definition 2.21

A tensor field F at a point gon M is a smooth section of some tensor bundle F, € T,"(TqM)
[18].

Definition 2.22

A Riemannian metric on a smooth manifold M is a 2-tensor field g € 72(M) that is
symmetric g(X,Y) = g(Y,X) and positive definite g(X,X) > o if X # 0. A Riemannian metric
thus established an inner product on each tangent space T, M, which is typically written as

X, Y)=9X,Y) (2.16)
forX,Y € T,M [18].

Definition 2.22

A manifold M equipped with a Riemannian metric g then, the manifold (M, g) is called a

Riemannian Manifold [18].
Definition 2.23

A pseudo Riemannian metric often also called a semi- Riemannian metric on a smooth
manifold M is a symmetric 2-tensor field g that is nondegenerate at each point g € M. This imply
that the only vector orthogonal to everything is the zero vector. More formally, g(X,Y) = 0, for
ally € T,M if and only if X = 0 [18].

Definition 2.24

A vector x # 0 is an eigenvector of A: X — X if Ax = xA for some scalars A. Then A is an
eigenvalue of A, and x is an eigenvector belonging to A. Eigenvectors are sometimes called
characteristics vectors, and correspondingly sometimes eigenvalues are called characteristics roots
[18].

Definition 2.25

A connection on a manifold M is a function V which assigns to every tangent vector ¢t and s
a vector field w on M. A vector V,w in T,M where t is at point g, such that,
i- Veoew = Vow + V,w forany s, t in the tangent space and vector field w.
ii- Ve(u+w) =V,u+ V,w forany t € TM and u, w in the vector field on M.
iii-V,,w = AV,w for any t € TM and w in the vector field on M.
iv-V.(fw) = (t(Hw(q) + f(q)V,w for any t € TM and w in the vector field on M, and C*
f:M - R.

v- If ¢, w are C* vector fields, so is V,w:q = Vygyw [17].



Definition 2.26

A lie group G is a manifold modelled on a finite dimensional space on which there is a group
structure such that

(g eEGXxG—-gh™teaq (2.17)

is differentiable. The neutral element of G will be denoted by e. Also, for every element of G we
define the left and right translation, L , R, respectively as

Ly:G — G;h > gh.

R4:G - G; h — hg [19].

Definition 2.27

A vector space a (over a field F) is called a Lie algebra if it is equipped with a bilinear map

a X a — a (A multiplication) denoted (c,w) — [c,w] such that
[c,w] = —[c,w] (2.18)
and such that we have the Jacobi identity

[X,[v,Z]] + [v.[Z, X]] + [2,[X,Y]] = 0. (2.19)
[20].



Definition 2.28

Let F, M, and E be a smooth manifolds and let 7: E — M be a smooth map. The quadruple
(F,m,M,E) is called a (locally trivial) fiber bundle, if for each point ¢ € M the open set
Z containing g and a C” diffeomorphism @: m~1(Z) —» Z x F in Figure 2.1 commutes.

AR A
» /XF

Figure 2.1. Fiber Bundle [20]

If (F,m, M, E) is a smooth fiber bundle like in the Figure 2.1 above, then E is termed the total
space, 7 is termed the bundle projection, M is termed the base space and F is termed the typical

fiber. For each g € M, the set E; = m~1(q) s termed the fiber over q [20].
Definition 2.29

A (global) smooth section of a fiber bundle ¢ = (F,m, M, E) is asmooth map g: M — E such
that mo o = idy (i.e. o(q) € E;). A local smooth section over an open set U is a smooth map
0:M — E such that m o o = idy. The set of smooth sections of ¢ is named by I'(¢) or sometimes
by T'(E) or I'(m) [20].

Definition 2.30

Let m: P - M be a smooth fiber bundle with typical fiber a Lie group G. The bundle
(P,m, M, G) is called a principal G-bundle if the right action of G is smooth and free on P such that;

i- The action keeps fibers; m(ug) = w(u) forallu € P and g € G.

ii- For each g € M, there is a bundle chart (U, ¢) with q € U and such that if ¢ = (m, D),
then ®(ug) = ®(u)g forallu e r~1(U) and g € G.

If the group G is understood, then we may refer to (P, , M, G) simply as a principal bundle.

10



Remark 2.31

Define a right action on U X G by

(@909 = @ 919) (2.20)

then U X G — U is atrivial principal bundle [20].
Definition 2.32

Clifford Algebra CL, is a 4 —dimensional real linear space with basis elements 1, e, e5, €55

which have the following multiplication in Table 2.1 below.

Table 2.1. Clifford Algebra [21]

1 €1 €2 | €12
e 1 ez | €
e; | —ex | 1 | —e
ez | —ey | e -1

We define the Clifford product of two vectors A = a,e; + a,e, and B = bye; + bye, to be
AB == albl + a2b2 + (albz - azbl)elz [21]

Definition 2.33

A quaternion algebra H is an associative, non-commutative division ring with

four basic elements {1, e, e,, e5} satisfying the equalities

el =ef=ef=-1
€162 = —€361 = €3
e,63 = —€36; = €
€361 = —e163 = €3
we write any sort of quaternion as
q=qo+ q1e1+ qze; + qzez (2.21)

or some time g = S, + Vq where the symbol S, = g, and I_/c; = gq,e1 + q,e, + qze;3 represent the

scalar and vector parts of the quaternion q [22].

11



Remark 2.34

If S, =0, qisnamed a pure quaternion. The conjugate of the quaternion is termed by g

and fixedby g = S, — Vq. The norm of quaternion is established by;

Jag = J3q =V aé + ¢ + q% + q% and denoted by N,. The unit quaternion fixed by qo = Ni
q
where g # 0. As such every unit quaternion could be in the form g, = cos 8 + 5, sin 6 where s,

is a unit vector satisfying %2 = 5ySo = —1 and is named as the axis of the quaternion.
The quaternion product p = py + p1e; + p2e2 + pzez and g = qo + q1e1 + qze5 + qze3 is
defined as

Pq = SpSq — Vo Vg) + SypVy + SV + Vi AV (2.22)

where (, ) and A are Euclidean inner product and vector product, respectively [22].
Definition 2.35

Let 1, e4, e,, e5 be the four basis quaternion elements and z,, z4, z,, z3 € C then
q = ZO + Zlel + 2262 + deg (223)

is said to be a bi-quaternion (complexified quaternion). As a consequence of this definition, a bi-
quaternion g can also be given as

q=q +iq"
where q' is scalar and iq"’ is the imaginary part of g [22].

12



Definition 2.36

A split quaternion algebra is an associative, non-commutative non-division ring

with four basic elements {1, el, e2, e3} satisfying the equalities

el=—-lei=el=1
€162 = —€z61 = €3
€63 = —€36, = —€4
€36, = —eq1e3 = e,
we write any sort of quaternion as
q =qo t q1e1 1 qze; t+ qze;3 (2.24)

or some time g = S, + Vq where the symbol S, = g, and Vq = qe; + qpe, + q3e; represent the

scalar and vector parts of the quaternion q [22].

Remark 2.37

The split quaternion product p = p, + p1e; + pye, + pszes and
q = qo + q1e1 + qze5 + qze; is defined as

pq = SpSy+ 9V Vy) + SpVy + SqVp + Yy ALY, (2.25)

where g is an indefinite metric [22].
Definition 2.38

A displaced map f from a space X to a space Y and another map g from a space Z to a space
Y, aliftisamap h from X to Z such that gh = f. In other words, a lift of f is a map h, so that the

diagram commutes like in Figure 2.2 shown below.

A

«
#-f'
-~ r ]
f -
o
-
J-f'
’J
- Jll'

g
X L

Figure 2.2. Lift [23]
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Remark 2.39

If £ is the identity from Y to Y as a base manifold as shown in Figure 2.2, and if g is the
bundle projection from the tangent bundle to Y, the lifts are quite vector fields. If g is a bundle

projection from any fiber bundle to Y, then lifts are quite sections [23].
Definition 2.40

Let N be an x n matrix, then N is an orthogonal matrix if
NNT =1 (2.26)

where NT is the transpose of A and I the identity matrix. Specifically, an orthogonal matrix has an

inverse always.

N-1=NT (2.27)
for every dimension n > 0, the orthogonal group O (n) is the group of n x n orthogonal matrices.
These matrices form a group because they are close under multiplication and taking inverses [23].

Definition 2.41
LetX, YandZ be anyvector field, and (,) denote the metric. The notation [X,Y]is
the commutator of vector fields, [XY — YX]
VyY —VyX = [X,Y] (2.28)
and is compatible with the metric

X(Y,Z) = (VyY,Z) + (Y, V4Z) (2.29)

This is a canonical relation called the Levi-Civita, also known sometimes as the Riemannian
connection or covariant derivative. It is a connection on the tangent bundle, which is the

solitary torsion -free connection V on the tangent bundle compatible with the metric [23].
Definition 2.42

Let VV be any vector space then the linear map f:V — V is named an endomorphism. In
algebra, an endomorphism of a group, module, ring or vector space, etc. is a homeomorphism from
one object to itself [23].
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Definition 2.43

A hyper complex structure on a smooth manifold M is a triple of integrable almost complex

structures I, ], K convincing (2.30)

IJ=—JI=K (2.30)

Let (M;1,],K)be a hyper-complex manifold. Then M agrees a unique torsion-free

connection V that maintain the hyper-complex structure by
VI=V]=Vk=0 (2.31)

this relation is termed the Obata connection [24].
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3. METALLIC STRUCTURES ON DIFFERENTIABLE MANIFOLD

In this section, we study metallic structure on a differentiable manifold, at end we also
provide some study examples.

3.1. Fibonacci Sequence

In [14], the Fibonacci sequence is a list beginning with numbers 1 or 0, going along by a 1
and continues according to the number (called the Fibonacci number) analogous to the sum of the
two prior numbers, the following relations were then formed:

Fim+1)=F(m)+ F(m—1).
the above relation can be given generally using:
Gm+1) =aG(m) + bG(m — 1), m=>1
where a, b, G(0) = ¢ and G(1) = d are real numbers.
If m=1 G(2) =aG(1) + bG(0) = ad + bc
If m=2
G33)=a G(2)+bG(1) = a(ad + bc) + bd
¢,d,ad + bc,a(ad + bc) + bd, -
are the numbers of the generalized Fibonacci Sequence. Letting the numbers a and b to be positive
integers. The favorable root of the equation below;
x’—ax—b=0
is called a family of metallic means because there is no physical importance for the negative root
[14]. This root is indicated by

_a+vaZtab (3.1)

and called it metallic ratio.
In Equation 3.1, the following ratios are obtained for different values of a and b:

\/12 Irewe
" 12+4X1 =X 21+4 = 1+2\/§, we obtained the Golden mean, which

v Ifa:b:1 31,1:

is the proportion of two successive classical Fibonacci numbers [7].

2
VIf a=2and b=1, Yoy = 2+\/22+4><1 _ 2+\/24+4 _ 2+2\/§ _ 2+\/24><2 —1+vZ, we

obtained the Silver mean, which is the proportion of two successive Pell numbers [7, 25,
26, 27].

3+V324+4x1 _ 3+V/9+4x1 _ 3441

vifa=3and b=1, 33, = > > > 2 we obtained the Bronze

Mean [6, 12].



2
VIfa=4and b=1, 14'1 _ 4+\/42+4><1 _ 4+\/12+4x1 _ 4+;/% _ 4+\/24><5 —24 \/E, we

obtained the Subtle mean [7, 28].
1+V12+4x2 _ 1+/1+8 _ 1+V/9
2

vV ifa=1andb =23, = =2, we obtained the Copper mean

2 2
[7]
vV ifa=1andb =313, = 1+\/12+4X3 = 1”;“2 = 1+;/ﬁ,we obtained the Nickel mean
[7].

3.2. Polynomial Structure on M

Let M be defined as differentiable n-dimensional manifold. If F satisfies the algebraic
equation where F is a C*- tensor field of type (1,1) on a manifold M, F is said to describe a
polynomial framework.

Q) =x"+ax" 1+ - +ax+a,l=0
where [ is the identity map and F*~1(p), F*~2(p),---, F?(p), F(p), I are linearly independent for
each p € M. Obviously, a, # 0 if and only if F is non-singular. As such Q(x) is said to be
polynomial structure [29].

Theorem 3.1

A polynomial structure on a differentiate manifold M identified by a C* tensor field F of
type (1,1), produces an almost product structure on M. The number of structural distributions
equal to the number of distinct irreducible factors over R of the structure polynomial, and the
projectors are demonstrated as polynomials in F [29].

Proof: Let E(x) be the structure polynomial and E(x) = E;(x). E;(x). E3(x) -+ Ex (x) be
the distinct monic irreducible polynomials over R. Since E;(x).E,(x).E3(x)---Er(x) are
relatively prime in the ring F[x] of polynomials over R, applying the Euclidean algorithm, we

obtain polynomials k4 (x), k5 (x), k3 (x), -+, ki (x) such that

E1(x). k1 (x) + Ez (). kp(x) + E3(x). k3 (x) + -+ +Ex (ke (x) = 1
If we define h; = E;(F).k;(F) fori =1,2,3, ...k,
hy+hy+hy+-hy=1
The h;,i = 1,2,3,... k are thus C* projectors defining an Almost product structure with
distributions T; i = 1,2,3, ... k.
Remark 3.2 For X a (1,1) tensor field and I identity map we have:
For Q(X) = X2 — I we get an Almost product structure.

For Q(X) = X2 + I we get an Almost complex structure.
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For Q(X) = X2 we get an Almost tangent structure [1].

3.3. Mietallic Structure on Manifold

Let M described as n-dimensional manifold. A polynomial structure on a manifold M is said

to be a metallic structure if so defined with a (1,1)- tensor field J that meets the equation,
]2 — a] + bl (32)

For a, b are positive integers, I the identity operator on the lie algebra X ( M ) of vector fields
on M [6].

The ensuing proposition provide us with the primary characteristics of metallic structure
Proposition 3.3

i. The eigenvalues of J are the metallic ratios 3, , and a — 3, .
ii. A metallic structure J is an isomorphism on the tangent space of the manifold Tp(IVI ) for
every point p € M,,.
iii. / is invertible and its inverse J~1 = J yields
bj?+af=1=0 (3.3)

Proof:

Let J2 = aJ + bl be a polynomial determined by an (1,1)- tensor field J with identity
operator I that gives the endomorphism. J: TM - TM

J2—aj—-bl=0

applying the quadratic formula

3 —b +Vb? — 4ac (3.4)
= 2a
wherea =1,b = —a,c = —b
we obtained
_ —(=a) £ ya® —4(1)(=b)
/= 200)
]1 _ a+\/0;2+4b and ]2 _a- 0;2+4b
From Equation 3.1, 3, = a++2+4b
implies
a++Vva?+4b
dap =—————=h

if J; is a metallic structure then a — J;

18



a++va?+4b
(T

_2a—a+\/a2+4b

]1=a_]1=a_la,b

which are the eigenvalues and hence the metallic ratios.
From Theorem 3.1, in [1, 29] A polynomial structure on a differentiable manifold M

described by a C* tensor field F of type (1,1), produces an almost product structure on M.

0 I ’ A ro.
LetF, = ( I 6‘) be a (1,1) tensor field on M with I as an identity operator then,
n

=0 )0 o)

_[o+1 040
040 1+0

Y-

imply F is an almost product structure on M. Let F = ] then, ] is invertible if

Jrt =i =1 (35)
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=1 o
from Equation 3.5
=1y olly ol

=(o%0 1+0)

- 9-

An almost product structure F, an almost tangent structure T and an almost complex structure
C are shown in pairs. That is, —F,—T and — C are also an almost product structure, an almost
tangent structure and an almost complex structure, respectively [1].

We can proceed from now on to say that metallic structures appeared in pairs:

Proposition 3.4

If J is a metallic structure, then J = al — J is also a metallic structure.

proof. Let
al +vVa? + 4b
J=3ap=——F——
al +Va? +4b
al-]=al-|————

_2a1—a1+\/a2+4b
B 2

_aI+\/a2+4b
=—

al —]=al =g =]
A polynomial structure on a manifold M is known to induce a generalized almost product

structure F. We connect the metallic structure with the

almost product structure on the manifold M [1] .
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Proposition 3.5
Every almost product structure F induces two metallic structures on a manifold M given as
follows:

_al 2)gp—a _ a_] _ 2)gp—a
]1_7+( 2 )F and - J; =3 ( 2 )F
The other way around, every metallic structure J on M produces two almost product
structures on the manifold M as:

. i( 2 J a 1) (3.6)

Zla,b —a B ZJa,b —a

[71.

Proof:

Let J, = “7’ n (Zlazﬂ) F and J,=%- (%Tb_a)F be the metallic structures

induced by the almost product structure F then,
al 2dqp—a
=—+(—=—|F
1= g ( 2 )
al + (23, — a)F
1= 2

2); =al + (23, —a)F

2, — al = (23 — a)F

2 ¢ l|=F
Zla,b - ah Zla,b —a -
but F induces two metallic structures therefor:

F=+ : L
- Zla,b—a] p—a )

using Proposition 3.3, the relation allying the almost product structure and the metallic structure,

we may state the following structures:
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3.4. Tangent Metallic Structure

In [6], Let T be an almost tangent structure on M,,

al N (ZJa_b - a) T (3.7)

]t_7 >

Equation 3.7, is termed as tangent metallic structure on (M, T) and the following equation is

verified:

2 3.8

considering Equation 3.8 in the real field R, we have

% +a21 0
—a — =
y Y+

2
from Equation 3.4, the quadratic formulawherea = 1,b = —a,c = a? we obtain

~(-a) £ Jaz —4) (%)

Je =

2(1)
_atVZ-a@
B 2
_ a
)
we have the tangent metallic ratio:
a (3.9
==
)
3.5. Complex Metallic Structure
Let C be an almost complex structure on M,,. Then in [6]
al 2 gp—a (3.10)
— —  |C
=7+ (7))

Equation 3.10 is termed as complex metallic structure on (M,,, ). The polynomial appeased to J,

is:
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a? +2b (3.11)
7 1=0

]cz_a]c'l'

Similarly, for M,, = R, we have the equation

a’+2b

I=0
2

y? —ay+

2
from Equation 3.4, the quadratic formula wherea = 1,b = —a,c = #, we get

—(—a)i\/az —4(1) <a2-|2-2b>

2(1)
a ++/a? —2(a? + 2b)
2
a++Va? —2a% +4b
2
a++V—a?+4b
—
a+ iva? + 4b
————
The positive root cause of the above solution:

\-
Q
I
[
[
I

a+vVaZ+4b (3.12)
lc=fl

is called a complex metallic ratio.

3.6. Examples of Metallic structures

In this section we give examples of the metallic structures.

3.6.1. Clifford Algebras

Let CL(n) be the Clifford Algebra of the positive definite form Y™, (x*)? of R™, from the
discerption in Equation 2.32 and Table 2.1, in [21], the Clifford product in the standard base of R™

satisfied the followings:

el-2 =1, i=j (3.13)
el-e]- + e]-el- = 0, [ :F_]

using the metallic structure from Equation 3.1 we get J; = and from Equation 3.13, we

a++/a?+4be;
2

can drive new representation of the Clifford Algebra as follows:
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for i = j we have,

a++/a? + 4be;
Ji = >

for i # j we have,

2 .
a +/a% ¥ 4be; /a+ ’a +4bej\
Ji-Jj = > \ > /
a+.a*+ 4bei) (a + /az + 4bej)

a’+a /az + 4be; + a/a? + 4be; + (a* + 4b)e; ej)

(a2+a/a2+4be +a a2+4bel+0)
(a +a /a2+4be +a\/a2+4be)

JjJi = (a + a\/a? + 4be; +a /az +4be])

JiJj+Jjdi = (Za + 2a+/a? + 4be; + 2a /az +4bej> 0

.M»—x -M»—x -Mr—x —Mr—\

similarly,

2 .
(<, a+/a? + 4be; N a |a + 4be; N a’> a?
| 2 2 2 2 2

2 + 4be;
a’? a\/a?+ 4be; a\la +abey
2 7t 2 *

2 .

a+w/a2+4bei+ a +4be1+a a?
2 2 2 2 2

2

a
=a(); +J;) - >
new representation is:
Ji, metallic structre i=j (3.14)

2

a
Jij+1Ji=a(i +];) — L#]

In [21], e4, e, are orthogonal basis vectors of RZ, determined by

has(} 5) = Y
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using Equation 3.14 and the orthogonal basis vectors, we get the metallic structures as:

_a++/a?+4be;

1= >
_1fm 0 1 0
]1_§<(0 a)+ a2+4b(0 —1)>
a 0 va? +4b
_[2 4 2
0 & BNy
2 0 —_—
2
[a+\/a2+4b 0
_ 2
a—va?+4b
| 0 |
Pap O (3.15)
_(0 a_la,b)
a ++/a? + 4be,
2= )
_Ifa o0 0 1
=36 D+ )
1 (a 0)+< 0 \/a2+4b>
2\ al\Ja? + 4b 0
=1< a \/a2+4b>
2\/a2 + 4b a

3.6.2. 2D Metallic Matrices

ForJ € R}, if J provides Equation 3.1,
J?=aJ +bl,
then this matrix is termed a metallic matrix where I,, is the identity matrix on RZ. In R2, we get a
two family of the metallic structures by solving Equation 3.1. In [1]
i-Forr,t € Rands € R — {0},
ii-

o= (r —%(r2 —ar—b)>

S a—r
or (3.16)
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Jop = <a—t —%(tz—at—b))

N t

iii- Forr =23,p,S €ER

Ja,b 0 a— Ja,b 0
]la,b,s - ( s a— la,b) Or]a—la,b,s - ( s Ja,b)

b S a—3gp S
]la_b,s - ( 0 a— la,b) Or]a—la,b,s - ( 0 la,b)

iv- Forr =23p,5=0

_ la,b 0 r a—la'b 0
]Ja_b,s - ( 0 a— la,b) Or]a—la,b,s - ( 0 la,b)

then from Equation 3.15 and using Equation 3.16 we get

]1 = £§r6]]a,brs and ]2 :]g«/a2+4-b'
2’ 2

3.6.3. Metallic Reflection
In a Euclidean space E, the reflection with respect to a hyperplane H with the normal v €

E \{0} got the principles:

2(x,v) x€EF. (3.17)
(v,v)

Tv(x) =X

for r,2 = I, where I, is the identity on E. In [31]

we can interpret a metallic reflection with respect to v as:

1 3.18
Jo =5 (alg +a? + 4br,) (3.18)
where v is an eigenvector of J,, with the corresponding eigenvalues a — 3, . In [31, page 314],
subject to the condition that X is an orthogonal group of E,

X)X~ =J,(x)
r transformation can be stated explicitly as:
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va? + 4b{x, v) (3.19)

Jo(x) =g px — ,x EE.

- (wy)

3.6.4. Triple structure in terms of metallic structures

Let F and T denote two (1, 1)-tensor fields on a manifold M,, so that the endomorphisms
defined by these are: both almost product, or one almost product and other almost complex, or both
almost complex, which commute or anti-commute. With the triplet (F,K,T = K o F) we can

form the following four structures:

1)F?2=T?=],andToF —FoT =0;thenK? =]
2)F2=T?=],andToF + FoT = 0; then K? = —I
3)F2=T?=—l,andToF —FoT = 0;thenK? =]
4)F?=T?=—],andToF + FoT = 0; then K? = —1

These structures are called (1) almost hyper product (ahp), (2) almost bi-product complex
(abpc), (3) almost product bi-complex (apbc), (4) almost hyper complex (ahc), In [1].

Taking into consideration Proposition 3.3, we get

g (e 2 BT - 2e (B O

Then, the relation defines between Jg, /7, ] 1S given as,

Va? + 4bjc = 2rJr — aJr — aJp +3q,"1 — bl (3.2

hence, the triple (Jr, J7,/x) can be described as follows:
i- An almost hyper product structure (ahp) if and only if g, Jr are metallic structures and
that /] = JrJF, then Ji is a metallic structure.
ii- An almost bi-product complex structure (abpc) if and only if /g, /- are metallic structures

2
and that -/ + JeJr = a(Jr + JF) — %I then Ji is a complex metallic structure.

iii- An almost product bi-complex (apbc) if and only if J, J;- are complex metallic structures
and that Jr/r = J1/r then Ji is a metallic structure.

An almost hyper complex structure (ahc) if and only if Jz, J- are metallic structures and that

2
Jrle +Jelr = a(r + JF) — a?l then Ji is a complex metallic structure.
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3.6.5. Quaternion Algebras

A quaternion algebra H is an associative, non-commutative division ring with

four basic elements {1, e, e, e3} satisfying the equalities

el =e2=e2=-1
€16 = —€61 = €3
€263 = —€3€; = €
€361 = —€163 = €3

We write in this form to any quaternion
q=qot+ q1e1+gze; +qzez

or some time g = S, + V, where the symbol S, = q, and V, = qie; + qze, + qzes denote the

scalar and vector parts of the quaternion g. [22], the norm of quaternion is defined by ,/q7 =

Va9 =42 + 4% + 43 + ¢ and denoted by N,. The unit quaternion defined by g, = Ni where
q

q # 0. As such every unitary quaternion can be written as g, = cos 6 + s, sin 8 where s, is a unit
vector satisfying %2 = 50,50 = —1 and is called the axis of the quaternion.

The quaternion product p = py + p1e; + paez + psez and g = qo + q1e1 + qze5 + qze3 is
defined as

—_

Pq = SpSq — <Vp'7q> +Sp7q+5q7p+7p/\7q

where (,) and A are Euclidean inner product and vector product, respectively [22]. Hence by the

motivation of [22], we can describe the metallic bi-quaternion structure and the split quaternion as

follows:
a Va?+4bi., .2 Y (3.22)
Jg=5+———50,5 =-landi®=-1
2 2
]q = E+TSO,SO =1
Proof:

Let J be a quaternion satisfying Equation 3.2,
J*=aJ + bl
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=82 — (V,V)) + 28V, — a(S; + V}) = bI

=§,2 — (V,,V)) + 2S,V, — aS; — aV, = bl

we can have that:
{S,Z — (V,,V))—aS, = bl (3.23)

25V, —aV; =0

from above Equation 3.23,
28V = aVy = (25, - a)V; = 0
V,=00r (25 —a)=0
72 (3.24)
using Equation 3.24 in Equation 3.23 we get the following:
s 3 o a\2 [a? _, A
S = W) —as; = (3) —(;)—bl = (7, V))

@ - (z)-0r-@m

2

a® a? AN

7—7—b1=(V],V])

—(a? +4bD) _

—aay = A%

3.25

- —(a? +4bl) /(a? +4b) (3:25)
V= 4 —T

also, let 1,e4,e,,e3 be the four basis quaternion elements and z,,z;,z,,2z3 € C then

] = ZO + 216’1 + Zzez + Z3e3
J is a biquaternion and from Equation 3.24 and Equation 3.25 we have the metallic

biguaternion as follows:
given the unitary bi-quaternion J, = cos@ + S,sin @ and unit z, = =S =S
J

—V(azzw, therefor

and ‘/] = Zlel + Zzez + 2363 =

- 2 [ =
Jq = cos8 + Sysin6 =~ + = ;‘”"50. Hence proved

From Equation 2.25 split quaternion products is given by;

pq = 5S¢ + (V. Vy) +Sch;+Sq7p+_V;ALVc;

therefore, similar to Equation 3.23 we have that:
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{sz +g(V,V))—aS, = bl
25V, —aV, =0 (3.26)

§ =3 and

- (a? + 4bI) /(a? +4b)
V= /A 2

J is a split quaternion and from Equation 3.24 and Equation 3.25 we have the metallic split

guaternion as:

given the unitary split quaternionas  J, = cos@ + §Osin 6 and unit q, = L= S = g = cos

Ny
J(a2+4b)
2

and V; = qye; + que; + qzes = , therefore

vaz+4b
2

Jq = cos6 + Ssin6 =2 + S,. Hence proved
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4. METALLIC RIEMANNIAN MANIFOLD AND ITS CURVATURE
TENSOR

We will give in this section the properties of Riemann curvature tensor of metallic Riemannian

manifold (M, g,J) and give some concept J —sectional curvature and /] —bi-sectional curvature

4.1. Almost Product Riemannian Structure

In [30,31,32]. Let F be an almost product structure on M and let g be a Riemannian metric or

(semi-Riemannian metric) defined by
g(FX),F(V)) = g(X,Y) (4.1)

Or equally, F is an endomorphism of g-symmetric denoted as:
g(FX),F(")) =gX,Y), VXYE€x(M)
the pair (g, F) is therefore called an Almost product Riemannian structure or (an Almost product semi-
Riemannian structure).

we have the following by the means of Equation 3.1 and Proposition 3.5.
Proposition 4.1

The almost product structure F is a g-symmetric endomorphism if and only if the metallic

structure J is also a g- symmetric endomorphism.

4.2. Metallic Riemannian Structure

In [7]. Let (M,,, g,]) be a metallic Riemannian manifold where g a Riemannian metric on M and

a metric tensor compatible to J such that:
gJX),Y) =gX,J(V)), Y vector fields X,Y € x(M) (4.2)

J isa (1,1) tensor field define on M by means of Equation 3.2
J?=aJ +bl,a,b € N and I an identity on the lie algebra.

gUx,JY) = g(*X,Y)
=g(aJ +bIX,Y) (4.3)
=ga(JX,Y) + gb(X,Y)

Therefore (g,/) is called a metallic Riemannian structure. Also, (M,,, g,J) is called a metallic
Riemannian manifold.

Corollary 4.2.1 On a metallic Riemannian manifold,



i. The projectors [, d are g-symmetric, that is:

g(l(X), 1) = g(X, 1)

9dX),Y) = g(X,d(¥))
ii. The distributions L, D are g-orthagonal, that is:

9UX),Y) = g(X,d(¥)) =0
Example
Let consider the real space RY = R% x RN~ equipped with the metric g given by
g= (6’; 0~>,i,j =1,..,d,,j=N+1,...,N.
0 &

The canonical product structure on R" is given by, where N is dimension of R

5;’ 0
F = N)ij=1,.,d1ij=N+1,...,N.
J

As such, the triple (R", F, g) is locally decomposable Euclidean space. The metallic Structures /.

obtained from the product structure F are given by using Proposition 3.5

a . Zla,b —a .
= (ZJa,b — a) 6} Eé’f
- 2 J 2

Therefore, the triple structure (RY, ], g) is a locally decomposable metallic Euclidean space.

4.3. Riemannian Curvature Tensor
In [13], if we let (M, g) be a metallic Riemannian manifold and y(M) be a vector space of

smooth vector fields on M. Then the map R denoted as the Riemannian curvature tensor of g

R: x(M) x x(M) x x(M) - x(M)
Define by

R(X,Y)Z = Vx(VyZ) — Vy(V4Z) — VixyZ for X,Y,Z € x(M) (4.4)
R(X,Y)Z = —R(Y,X)Z

In[13], R(X,Y, W, 2): = g(R(X, Y)W, Z) = —g(R(Y, X)W, Z) forall X,Y,W,Z € y(M)
Let J be a (1,1) tensor field define on M by means of Equation 3.2 on Equation 4.4, and if
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VanY =0
=VxY — V¥
VixY = VY
Which implies Vx is parallel to Y
we then obtained the following:
RUX,Y)Z =Vx(VyZ) — Vy(V)xZ) — Vxv)Z
=]Vx(VyZ) — (Vy(VxZ) — (V][X,Y]Z —Y(DXZ)
=]Vx(VyZ) — VyJ(VxZ) — JVy(VxZ) — Vxy1Z + Y()DXZ
=JVx(VyZ) = Vy(VxZ) = Y(DXZ = Vixy1Z + Y(J)XZ
=JVx(Vy2) = Vy (VxZ) — ]V[X,Y]Z
= ](VX(VYZ) - VY(VXZ) - V[X,Y]Z)
=JR(X,V)Z

(4.5)

we get the above result by the use of Equation 4.4. We can also get the following using similar

computations:

R(X,JY)Z = JR(X,Y)Z (4.6)

RUX,Y)Z =R(X,JY)Z =R(X,Y)JZ = JR(X,Y)Z
In [13], we obtain successively from direct calculations that:

gRUX,Y,W,Z) = gRUX,JYIW,2) = g(RW, 2)JX,Y) =
gURW, 2)X), V)= g((R(W,2)X),]Y)= gR(X,]Y,W,Z) (4.7)

Similarly,
gRX,Y,JW,Z) = gR(X,Y,W,]Z) (4.8)

gR(X,Y,JW,]Z) = ga(R(X,Y)W),]Z) + gb(R(X,Y)W), Z)

(4.9
gRUX,JY,W,Z) = ga(R(X,JYI)W,Z) + gb(R(X, )W, Z)
we get from Equation 4.6 and Equation 4.7 that:
R(X,JY,JW,Z) = RUX,Y,JW,Z) = RUX,Y,W,JZ) = R(X,JY,W,]Z) (4.10)

from the above Equations 4.6, 4.7, 4.8, 4.9 and 4.10 we can get the following:

33



Proposition 4.3.1 If (M,,, g,]) is a metallic Riemannian manifold, then the Riemann curvature
tensor R of g defined by R(X,Y,W,Z) = g(R(X,Y)W, Z) satisfied the relations:

1. R(X,Y,JW,Z) = R(X,Y,W,]Z)

2. RUX,Y,W,Z2) =R(X,JY,W,2)

3. R(X,Y,JW,JZ) = aR(X,Y,W,]Z) + bR(X,Y,W,Z)

4. R(UX,JY,W,Z) = aR(X,JY,W,Z) + bR(X,Y, W, Z)

5. R(X,JY,JW,Z) = R(JX,Y,JW,Z) = RUX,Y,W,JZ) = R(X,JY,W,]Z)

forany X,Y,W,Z € y(M) [13].

4.4. Sectional Curvature of metallic Riemannian Manifold

The Similar holomorphic sectional curvature for the non-degenerate plane section
of the Riemannian metallic manifold (M,,, g,]) will be describe as follows.
Definition 4.4.1 In [19], let A be a 2 — dimensional subspace of a tangent space Tp1\71 of a

Riemannian manifold. Let {e;, e, } be the basis for the plane X. Then:

g < R(eq,ey)eq,ep) > (4.12)
leg 171l ey 12 — < eq,e; >

K(elJeZ) = K(J) =

The above is termed as the Riemann or Sectional curvature of the plane ).

Using Equation 4.11 we can now define the Sectional curvature of metallic Riemannian as
follows:

Definition 4.4.2 In [13], let X be a non-zero tangent vector field and let 3y, /X be the plane
generated by X and JX. We can define the sectional curvature provided that g(X,X)g(X,JX) —
[g(X,]X)]? # 0 which implies the plane 3y, /X is non degenerate, then:

g(RX,JX)X,]X) (4.12)
9X, X)gUX,JX) — [g(X,]X)]?

KX, JX) = KQx) =
If K(3x) is constant, from Equation 4.10 we say that M has a constant sectional curvature defined
by
KOx):=R(X,JX,X,JX)=c (4.13)

forany X € y(M).
Proposition 4.4.3 If (M,,, g,]) is a Metallic Riemannian manifold, then K(3x) = 0 forany X €

x(M) and the sectional curvature of the non-degenerate plane sections vanishes.
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Proof: from Equation 4.13 we have:
KQx):= R(X,JX,X,]X)
In [13], let K(3x) = 0 Using Equation 4.10 and Proposition 4.3.1 we have:
KQOy):=R(X,JX,X,JX)=R(UX, X, X,JX) = —=R(X,JX,X,JX) = =K (x) (4.14)

forany X € y(M).

Definition 4.4.4 In [13], let X and Y be two linearly non-zero tangent vector field and let iy, JX
and 3y, JY be the plane generated by X and /X, and Y and JY, respectivly. We can define the bi-sectional
curvature provided that g(X,X)g(JX,JX) — [g(X,JX)]?> # 0 and g(Y,Y)g(Y,JY) — [g(Y,JY)]? #

0 which implies the plane 3y, /X and )y, JY are non-degenerate, then:

KOy y) = SREIOVIONIGK XGX 06K JOP 19 1gUY Dl D] (4.15)
XY @XXgUXIX)~[g(X,J¥)]12g(¥,VgUY.JV)~[g(Y.JY)]?)

If K(lxy) is constant, from Equation 4.10 we say that M has a constant bi-sectional curvature
defined by

K(xy):=RX,JX,Y,JY) =c (4.16)
forany X,Y € y(M).

Proposition 4.4.5 If (M, g,]) is a metallic Riemannian manifold, then K(3xy) = 0 for any
X,Y € y(M) and the bi-sectional curvature of the non-degenerate plane sections vanishes.

Proof: from Equation 4.13 we have:
K(3xy):=R(X,JX,Y,]Y)
In [13], let K(3xy) = 0 Using Equation 4.10 and Proposition 4.3.1 we have:
K(3xy):=R(X,JX,Y,JY)=R(X,]X,]JY,Y) = —R(JX,X,Y,]Y) = =K (Oxy) (4.14)

forany X,Y € y(M).
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CONCLUSION

In this thesis, basics of the metallic structure was studied, which was a polynomial structure
with structure polynomial of the form Q(J) = J2 — aJ — bl = 0 on manifolds by the use of
metallic ratio, which was the generalization of Golden proportion or golden ratio. Some of the
metallic structure mathematical terminologies were studied, we stated some theorems and proved
where possible of the metallic structures. We also studied some examples of the metallic structure.
Also, in this thesis some properties of the metallic Riemannian metric were studied. The J-sectional

and /- Bisectional curvatures of metallic Riemannian manifold were studied.
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