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ABSTRACT

STABILITY OF PLANAR PIECEWISE LINEAR
SYSTEMS: A GEOMETRIC APPROACH

Adamu Abdullahi
M.S. in Electrical and Electronics Engineering
Advisor: Prof. Dr. Arif Biilent Ozgiiler
September, 2015

This thesis focuses on the stability analysis of piecewise linear systems. Such sys-
tems consist of linear subsystems, each of which is active in a particular region
of the state-space. Many practical and theoretical systems can be modelled as
piecewise linear systems. Despite their simple structure, analysis of piecewise lin-
ear systems can be rather complex. For instance, most of the results for stability
can be based on a Lyapunov approach. However, a major drawback of applying
this method is that, it usually only provides sufficient conditions for stability.

A geometric approach will be used to derive new stability criteria for planar
piecewise linear systems. Any planar piecewise linear (multi-modal) system is
shown to be globally asymptotically stable just in case each linear mode satisfies
certain conditions that solely depend on how its eigenvectors stand relative to
the cone on which it is defined. The stability conditions are in terms of the
eigenvalues, eigenvectors, and the cone. The improvements on the known stability
conditions are the following: i) The condition is directly in terms of the “givens”
of the problem. ii) Non-transitive modes are identified. iii) Initial states and
their trajectories are classified (basins of attraction and repulsion are indicated).
iv) The known condition for bimodal systems is obtained as an easy corollary of
the main result. Additionally, using our result on stability, we design a hybrid
controller for a class of second order LTI systems that do not admit a static output
feedback controller. The effectiveness of the proposed controller is illustrated on

a magnetic levitation system.

Keywords: Piecewise linear systems, Stability analysis, Well-posedness, Basins of

attraction and repulsion, Magnetic levitation.
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OZET

DUZLEMSEL PARCALI DOGRUSAL SISTEMLERIN
KARARLILIGE: BIR GEOMETRIK YAKLASIM

Adamu Abdullahi
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Damsmani: Prof. Dr. Arif Biilent Ozgiiler
Eyliil, 2015

Bu tezde parcali dogrusal sistemlerin kararliligi incelenmektedir. Bu tiir sistemler,
durum uzayinin belirli bolgesinde etkin olan dogrusal sistemlerden olugsmaktadir.
Bir ¢ok dogrusal olmayan sistem veya melez sistem, parcali dogrusal bir sistem
olarak modellenebilir. Basit bir yapiya sahip olan bu tiir sistemlerin analizi ¢cok
zor olabilmektedir. Ornegin , kararlilik icin elde edilen sonuclarin ¢cogu Lyapunov
yaklagimina dayanir. Ancak, Lyapunov metodu genellikle yalnizca yeter sartlar

uretebilmektedir.

Burada diizlemsel parcali dogrusal sistemlerin kararliligi i¢in yeni geometrik
kararlilik kogullar tiiretilecektir. En genel bir diizlemsel parcali dogrusal sistemin
kararliligi i¢in gerek ve yeter kogullarin alt sistemlerin tanimlandiklar1 konisel
diizlemlerin, sistem 6zvektorleriyle olan iligskine bagh oldugu gosterilecektir. Yani,
verilen gerek ve yeter kosullar tamamen sistemlerin 6zdegerleri, 6zvektorleri ve
konisel diizlemleri tanimlayan vektorler cinsindendir . Literatiirde bilenen gerek
ve yeter kosullarla kiyaslandiginda burada tiiretilen kogullarin artilari sunlardir:
i) Yalnizca problemin verileri cinsindendirler ii) Gegisli olmayan kipler tespit
edilirmigtir iii) Baglangi¢ kogularima bagh olarak yoriingelerin simiflandirilmasi
yapilmaktadir iv) Bilinen iki modlu sistemlerin kararlilik kogullar1 ana sonugtan
kolaylikla c¢ikarabilmektedir. Elde edilen ana sonucun onemli bir uygulamasi
olarak, sabit geribesleme ile kararli yapilmayan ikinci mertebeden sistemler igin
melez bir denetleyici tasarlanmistir. Onerilen denetleyicinin performansi bir

manyetik kaldirma sistemi tizerinde orneklendirilmigtir.

Anahtar sozcikler: Parcali dogrusal sistemler, Kararlilik analizi, Dogru

tamimlilik, On kosul havzalar, Manyetik kaldirma.
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Chapter 1

Introduction

In recent years, stability analysis of switched systems and switched controller
synthesis has received considerable attention in the control community [2-11].
Among the many subclasses of switched systems, one that has received even
greater attention is piecewise linear system [12], [13]. A piecewise linear system
consists of linear subsystems, each of which is active in a particular region of
the state-space. The concern with such systems has mainly been application
oriented, because there are so many naturally hybrid, multi-modal plants all
around [14], [15], [16]. Examples can be found in electronic systems. In [14],
an adaptive controller was implemented using a microcontroller, for the control
of a bimodal piecewise linear electric circuit. In [15], a DC-DC series resonant
converter was modelled as a piecewise linear system. Examples are not limited
to physical systems and, sophisticated switched systems come up in the domain
of social sciences [17], [18]. Many nonlinear dynamical systems can be modelled
accurately using a piecewise linear approach [19], [20]. A piecewise linear system
framework was used to model and control an automotive all-wheel drive (AWD)

clutch system in [19] .

There are many systems that can not be stabilized by a continuous state
feedback control law, but can be stabilized by a switched state feedback control

law. Such systems are also piecewise linear in the closed-loop [21], [22]. Switched



stabilization of linear subsystems can result in a piecewise linear system [23-29].
In addition, other forms of switched system can also be represented as a piecewise
linear system: linear complementarity systems [30]; fuzzy control systems [31];
mixed logical dynamical (MLD) systems [32]; relay systems [33]; linear systems

with actuator saturation [34] are example of this.

Despite their simple structure, analysis of piecewise linear systems is complex.
Extending the results on the much celebrated notions of controllability, observ-
ability, and stability for linear systems to this class of systems is not trivial. This
is mainly because, such properties may hold for all subsystems while not holding
for the piecewise linear system itself. For example, there are many examples of
piecewise linear systems where switching between stable subsystems results in
an unstable trajectory [9]. Nevertheless, many results have been obtained on
controllability and observability [35], [36], [37]; well-posedness [38-41]; stability
analysis [42-59]; controller synthesis [60-64]. See [6], for recent results on the

stability analysis of piecewise linear systems.

Determining necessary and sufficient condition on stability of a piecewise linear
system is very desirable. Although Lyapunov approach has provided many suffi-
cient conditions for stability of more general cases, the method becomes quickly
stagnant by the requirement to concoct Lyapunov functions for a set of sys-
tems [45], [48], [53], [57]. One can claim that, the most complete result so far
on, for instance, stability of piecewise linear systems has turned out to be on the

very special case of two-state systems [50], [52] (also see [56]).

The result on stability of Iwatani and Hara [50] on planar, multi-modal sys-
tems is complete from a test of stability point of view but it is still worth a
second look for many reasons. The condition offered for stability is in terms of
the zeros of a subsidiary system, the relation of which to the original plant is
indirect. This prevents an insightful interpretation of the condition. They devise
a very useful notion of ‘transitive modes’ but also use a not so natural notion of
‘weakly-transitive’ modes, which are also transitive, so a clear distinction between

the two notions is not possible. What are the ‘non-transitive modes’? The main



result of [52], obtained independently of [50], is based on a clean characteriza-
tion of trajectories escaping convex cones (i.e., transitive modes) and brings the
eigenvectors of each mode into the picture via the notions of “visible eigenvec-
tors” and “stable eigenspaces”. However, the result in [52], similar to that of [50],
does not provide any intuition concerning “non-transitive cones.” In [51], a hy-
brid automaton approach is followed to study the stability of planar systems and
a decision algorithm that is based on “contractive cycles” that are, in essence,
stable transitive trajectories are given. Also in [58] and [46], integral expressions
are derived to characterize the “expansion factors” when trajectories go through

transitive modes.

Here we take a different approach to the same problem and obtain a new set of
necessary and sufficient conditions. Any planar piecewise linear system is shown
to be globally asymptotically stable just in case each linear mode satisfies certain
conditions that only depend on how its eigenvectors stand relative to the cone on
which it is defined. The conditions are in terms of the eigenvalues, eigenvectors,
and the cones. The improvements on both [50] and [52] are the following: i) The
condition is directly in terms of the “givens” of the problem. i) Non-transitive
modes are identified. i) Initial states and their trajectories are classified (basins
of attraction and repulsion are indicated). iv) The known condition for bimodal

systems is obtained as an easy corollary of the main result.

Using the results on stability, we construct a hybrid controller for a class of
planar LTI systems. A hybrid controller is designed to stabilize a planar LTI
system. The effectiveness of the controller is illustrated on a magnetic levitation

system.

The thesis is organized as follows. Chapter 2 gives a mathematical model
of the classes of piecewise linear system considered in this thesis. Chapter 3 is
devoted to the structural analysis of a linear time-invariant system inside a cone.
Necessary and sufficient conditions for well-posedness of conewise linear systems
are obtained in Chapter 4. Chapter 5 is dedicated to the stability analysis of
conewise linear systems, computationally tractable stability criteria are given. In

Chapter 6, results obtained in Chapter 3 and 5 are used to design a hybrid output



feedback controller for a planar linear time-invariant (LTI) system. Concluding
remarks are given in Chapter 7. The codes used in this thesis are included in the

Appendix.

The following notations will be used throughout this thesis. We denote the
real numbers, n-dimensional real vector space, and the set of real n X m matrices
by R, R", and R™*"™, respectively. The norm of a vector v € R" will be denoted
by |v|. The natural basis vectors in R™ will be denoted by e;,i = 1,...,n. In
particular, when n = 3, we will use k := es3. If v,w € R3, then v x w will

Tw, their dot product,

denote the cross product of the vectors and v-w = v
where ‘T denotes ‘transpose.” If v, w € R?, then by v x w, we mean det[v w]k,
where ‘det’ means ‘determinant,’ i.e., cross product of vectors in the plane will
be computed by imbedding them in the space. The set of complex n-vectors will
be C" and j € C will be the imaginary number. For convenience, we will use
the cross product of v,w € C? as well and define v x w := det[v wlk. By
log z, z € C, we denote the complex principal logarithm log z = In |z| + j £z with

- < Lz <.



Chapter 2

Piecewise Linear Systems

In this chapter, we define the classes of piecewise linear systems (Fig. 2.1) studied
in this thesis. We will give a mathematical model that describes these systems.
Three types of piecewise linear systems: Conewise Linear, Bimodal Piecewise
Linear and Bimodal Quadratic Piecewise Linear, will be studied. The latter two
types of systems can actually be posed in the category of a conewise linear system

as we will show below.

x(0)

x(t)

A1 —e
Cg A, &
. A\ 4
: Check
. \S the
Am [ *

region
of x

\ 4

‘@

Figure 2.1: Piecewise linear systems
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2.1 Conewise Linear Systems

A planar conewise linear system [35] is a special type of piecewise linear system
(PLS) consisting of linear time-invariant (LTT) subsystems, each of which is active

in a convex cone (Fig. 2.2).

(A1X Zf XESl,
Aox  if x €8s,
Ao 1 xes: 2.)

\ Anx if x €S,
where 7 € R2, A; € R?2, C; € R?? and S; is a convex cone defined by,
Si = {X € R2 . CiX > 0},

for ¢ = 1,2,...,m, where ¢ represents the mode of the system. Without loss of
generality, we assume that C; is nonsingular with det C; > 0. The nonsingularity
assumption implies that the conewise linear system is truly multi-modal (m > 2)
and that int(S;) # (0. In addition, we assume that the interior of each pairwise
intersection is empty i.e., int(S; N Sg) = 0, for all i # k and S; U...US,, =
R?. These assumptions will ensure that the system (2.1) is memoryless i.e., the
switching rule depends only on the present state. Note that the assumption
det C; > 0 does not impose any constraint, and only requires a permutation of

rows of C; if necessary.

Each mode of (2.1) is defined by (A;, S;), where A; denotes the system matrix

of mode 7 and,

Since det S; = ﬁo > 0, s;1 X 8;2 points upward using the right-hand rule, i.e.,

is positively oriented.

It is easy to see that, if each S;, ¢ = 1, ..., m is strictly contained in a half-plane,



S11, S22

S31,S42 | S21,S32

Figure 2.2: Planar conewise linear system, m=4

then S; is a convex cone,

Si ={asi1 + fsip 1, 5> 0};

and the boundary of S; is the union two rays,
Bik = {asik to 2 O}, k= 1727

where B;; and B;, represents the left and right border, respectively. If a mode
(A;, S;) is defined on a half-plane or a sector larger than a half-plane, then it can
be split into two modes having the same dynamics (the same A; matrix), so that

each is still defined on a cone. The splitting must be done with care, as we will
clarify later.

The eigenvalues of a mode ¢ will be denoted by \;1, A\j2 € C and, when the eigen-
values are real and distinct, they will be indexed by \;; > A;2. If the eigenvalues of
a mode ¢ are real and distinct, v;; and v;, will denote the eigenvectors associated
with A;; and Ao, respectively. If they are repeated (A1 = Ai2), Vio is an eigen-
vector and v;; is the generalized eigenvector. For non-real eigenvalues, v;; + jvio
will denote the eigenvector associated with o; — jw;, where, A\ji = X\io = 0; + jw;
with w; > 0.



2.2 Bimodal Piecewise Linear Systems

A bimodal piecewise linear system is given by

. { Bix if c'x>0, (2.2)

| Box if <Ix <0,
where By, B, € R**?, c € R?, and c # 0.

The system in (2.2) can be viewed as a conewise linear system. This can be
done by selecting a vector ¢y such that d := det[c ¢y is positive. Then, an

equivalent description of (2.2) is

Aix if Cix>0,
Aox if Cox >0,
Asx if Csx >0,
Agx if Cyx >0,

with A1 = AQ = Bl, Ag = A4 = BQ and; OIT = [C Co], C2T = [—CO C], 03 = —Ol,
Cy = —C5. Note that, our initial assumption of nonsingularity is satisfied (i.e.,
S; == O; ! satisfies det S; > 0 for i =1,2,3,4). In order for (2.3) to be well-posed,

)

co needs to satisfy a further condition. This will be elaborated further in Chapter
4 below.

2.3 Bimodal Quadratic Piecewise Linear Sys-

tems

A bimodal quadratic piecewise linear system is given by

. Bix if xi1x9 >0,
X =
BQX Zf X1Xo S 0,

where By, By € R?*2,



The description in (2.4) simply means that, B is active in the first and third

quadrant, while Bs is active in the second and fourth quadrant. Therefore, such

a system can be viewed as a conewise linear system (Fig. 2.3):

Aix
Asx
Asx
Asx

with Al :A?):Bl; A2:A4:BQ

and

10
01

Clz 702:

Cix >0,
Cox >0,
C3x >0,
Cyx >0,

(2.5)

Figure 2.3: Bimodal quadratic piecewise linear systems



Chapter 3
Structural Analysis

In this chapter, in order to study the structural properties of a planar linear

time-invariant system inside a cone, we focus on a single mode
x=Ax, x€SCR*S={as; +fBsy:,3>0}, (3.1)
where S = [s; sp] with det S > 0. Let vy, vy € R? be such that

AV:VA,V:[vl vz},

)\1 0 A0 o —Ww
, , and .
0 X 1 A w o

respectively, when the eigenvalues are real and distinct, real and repeated, and

where A is equal to

non-real. The trivial case A = AI of real and repeated eigenvalues is left out for

reasons to be stated in Chapter 4, Remark 4.1.1. We also define

10



Note that det V' > 0 if and only if v; X vy is positively oriented. The vectors
vi and vy are the eigenvectors in case A1, Ay are real and distinct. If eigenvalues
are repeated, then vy is the eigenvector and v, is a generalized eigenvector. In
case of non-real eigenvalues, vi and v, are the real and imaginary parts of the

eigenvector associated with ¢ — jw, where \; = Ay = ¢ + jw with w > 0.

3.1 Trajectory

The trajectory at t > 0 of (3.1) starting at x(0) = b € S at time 0 can be written
as
x(t,b) = e'b, (3.2)
where
eMtwlIbv, + et wlbvy,
MwIbvy + (twlb 4+ wlib)v,],
X(t, b) _ [ 1 1 ( 1 2 ) 2] (33)
e”{[wlb cos(wt) — wibsin(wt)] vy
+[wTbsin(wt) + wib cos(wt)] va}.
respectively, when the eigenvalues are real and distinct, real and repeated, and

non-real.

3.1.1 Direction of Trajectory

The direction the trajectory moves at time ¢ can be determined by checking the
sign of 1 (t). In Fig. 3.1, if a trajectory beginning at b is positively oriented, then
it may hit the border By at time ¢5. If it is negatively oriented, then it may hit
the border By at time ¢;.

Fact 3.1.1. Trajectory x(t,b) moves in positive direction at time t > 0 if for

11



Figure 3.1: Direction of trajectory

every real eigenvector vi, X b # 0 for k=1,2 and

{ det V (vi x b-vy x b) >0 if eigenvalues are real and distinct, (3.4)

detV >0 otherwise.

Proof. Since wi vy = 0 for | # k, a trajectory moves radially along an eigen-
direction if and only if vi, x b = 0, by (3.3). For any other b, the angle of the
vector v X b, and hence, the direction of a trajectory is well-defined. Let e;
denote the i-th natural vector for i = 1,2 and let x(¢,b) = p(t) £ (t) be in polar

representation. Then,

dit) = &2 ' (3.5)

so that, by an easy computation, we get

(
det V(A — A b)) (wlb
et V( 1p26(2>\)1(:§\,21)t )(w3b) if eigenvalues are real and distinct,
i det V(wlb)?
P(t) = % if etgenvalues are real and repeated,
pre”
det Tb 2 Tb 2
¢ VwKWé _)2 j_(WQ ] if eigenvalues are non-real.
\ pre=?

(3.6)

12



If the eigenvalues are real and distinct, then by (3.6) ¥(¢) > 0 if and only
if detV (wib)(wlb) < 0. Since, vi x b = detV(wib)k and vo x b =
—det V(wib)k (where k denotes the (positively oriented) cross product of the

unit vectors in x; and xo directions), ¥(t) > 0 if and only if (3.4) holds.

By (3.6), if the eigenvalues are real and repeated or non-real, ¥(t) > 0 if and
only if (3.4) holds. W

That is, if the eigenvalues are real and repeated or non-real, then the direction
of the trajectory is independent of the initial state b and is solely determined by
det V. In case of real and distinct eigenvalues, how the initial state is situated

with respect to the two eigenvectors also matters.

Note. By the first equation in (3.6), if A = AI |, where A = A\; = A\g; ¥(t) =0
for all b € S, which implies that the trajectory will always move radially along
the direction of b for all b € S.

3.1.2 Existence of ¢t; and t5

We will now classify the trajectories that hit the border (s; or s9) of the cone.
Fact 3.1.2. (i) There exists (a finite) t; > 0 such that x(t1,b) intersects By if
and only if

detV(V1Xb'V2Xb><0 & V1Xb'V1X81>O,
detV<0&v2><b-V2><sl>0, (37)
detV <0

respectively, when eigenvalues are such that Ay > Xy (real and distinct), \ :=

A = X (real and repeated), and \y = Ay = 0 + jw (non-real).

(i) There exists (a finite) toa > 0 such that x(t2,b) intersects By if and only
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detV(V1Xb'V2Xb>>O & V1Xb'V1XSQ>O,
detV>0&v2><b-V2><s2>O, (38)
det V' > 0.

respectively, when eigenvalues are such that A\y > Ay (real and distinct), \ =

AL = )Xo (real and repeated), and Ay = Ay = 0 + jw (non-real).

Proof. (i) Real and distinct eigenvalues: An intersection time t; > 0 exists

if and only if
ch(tl, b) = eAltl(cgvl)(Win) + e’\Qtl(cgvg)(wgb) =0, (3.9)

which gives

T T
A=)ty _(C;‘Q)ﬂ > 1, (310)

el
(c3v1)(wib)

where the inequality is by A\; > Xo. Note that cIv; # 0 and wl'b # 0 since
otherwise either vi X s; = 0 or vy x b = 0, i.e., either there is a sliding mode (the

trajectory stays on s;) or the initial condition is along an eigenvector.

Now, the condition (3.9) is equivalent to

(3.11)

by the identities ¢ (viw! + vowl)b = ¢I'b, det S (civi)k = —v; x s; and,

det V (wib)k = —vy x b,

In (3.11), ¢cI'b > 0 because, as s; X sy is positively oriented and b is in the
interior of S, s; xb = det S (cI b)k is also positively oriented. Using the condition
from (3.4) that det V' (vy x b- vy xb) < 0 is necessary for an intersection with By,
it follows that (3.11) holds if and only if the first condition in (3.7) holds. And
from (3.10), we can provide an explicit expression for ¢;:

1 |(c5 va)(ws b

|
= In . 3.12
A= M (eTvy) (wTb)] (3.12)

~—

tq
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Real and repeated eigenvalues: An intersection time ¢; > 0 exists if and

only if
ch(tl, b) = M [(cgvl)(wlTb) + (CQTVQ)(WQTb) + tl(cgvg)(wlTb)] =0, (3.13)

which gives

(c3vi)(wWib) + (c]vs)(wib) _det Videt S cl'b

t1 = — =
! (CgVQ)(W?b) Vo X b- Vo X Sy

> 0. (3.14)

Using the condition from (3.4) that det V' < 0 is necessary for an intersection
with By, it follows that (3.14) holds if and only if the second condition in (3.7)

holds. From (3.14),
| detV det Sclbl

C [vaxb-vy x|

1

(3.15)

Non-real eigenvalues: In this case, det V' < 0 is necessary and sufficient for an

intersection with By, because the trajectories are always foci or centers.

(ii) The proof is analogous to the proof in (i). B

We will now derive an expression for the value of the trajectory at the border.
Fact 3.1.3. Let y denote Ay or o and let v denote vy or vy + jvo in the cases of
real (distinct or repeated) and non-real eigenvalues, respectively. Then, if (i) and

(ii) of Fact 3.1.2 hold, the value of the trajectory at the border can be written as:

x(t1,b) = s, %e‘m, (3.16)
X(ts,b) = s %em (3.17)
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Proof. Real and distinct eigenvalues: At By, from (3.10) we can write,

Mt (civi)(wib)

Mt (wlb) = —
( 2 ) (CgVQ)

Substituting e*2 (wib) into the first equation in (3.3), we have

wib
X(t1,b) = €A1t1CT;Vz[V1(CzTV2) — va(cjvy)]
2

By the identity

—1
cI'vy 'y wls;, wls
(CVy=| L7h LT TR TR gy (3.18)
cI'vy 'y wls;, wls
2Vl €V 281 W3S
we can write,
At1o T Wgsl
X(t1,b) = eM'wib(vi +ve—F—)
x b) -k
= pmV2xb) ko (3.19)

(Vg X Sl> -k

which gives (3.16).

Real and repeated eigenvalues: Substituting t¢; obtained form (3.14) into

the second equation in (3.3) we have

wlb

X(t1,b) = GAltlcT;w[Vl(Csz)—V2(C§FV1)]
2

WgSl

W’{Sl

= Miwlb(vy + vy

)

(va xb)-k

6)\1751
(VQ X Sl) -k

S1,

which gives (3.16) as in the previous case.
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Non-real eigenvalues: At t =t; > 0, we have

cix(t,b) = e{[w]bcos(wt) — wibsin(wt)] civ,

+ [wibsin(wt) + w1 b cos(wt)] c3 vy} = 0,

(3.20)
which gives
tan(wty) = cd (viw] + vawl )b
(c3vi)(wib) — (cv2)(wib)
- ¢z b (3.21)
(c3vi)(wib) — (cv2)(wib) '
and det Vot
tV e
x(t1,b) = (QTS:;—V[w{bcos(wtl) — wlbsin(wt;)]s;. (3.22)
2 V2

In obtaining (3.22) from (3.3), we have used the identity

T T

wls clv
T T T 2 S1 2 V2
vi(cy va) — va(cy vi) = €y Vo (Vi + Vo—5—) = —7—s1,

as in the previous cases.

Noting, with A := /[(W]b)2 + (wib)2][(cIv1)2 + (cFv,)?2], that

T ThY _ (T T T
cos(wty) = (c3vi)(wy b) — (e vo)(wy b)7 sin(wt;) = @’
A A
and substituting in (3.22), we get
detV (wib)? + (wlb)?
t b - _ oty 1 2
x(t1,b) det S° \/(cgvl)2 + (clvy)? o1

detV |det S| _, [ |va X b|?>+|vi x b|?
- e s
det S | det V| |s1 X V1|2 + [s1 X Vo2

which can be expressed as in (3.16) since det S > 0, —detV > 0. B
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The derivation of (3.17) is along the same lines.

3.1.3 Mode Type

Using the conditions (i) and (ii) in Fact 3.1.2, we can define five different types of
modes for an LTI system in a cone. The classification of initial conditions made
possible by conditions (i) and (ii) of Fact 3.1.2 are given in Figs. (3.2)-(3.4), where
basins leading to tq, t9, or neither are indicated relative to typical positions of

the eigenvectors with respect to the region S.

Definition 3.1.1. An eigenvector v is interior to S if v or —v is in int(S);
it is exterior to S if neither v nor —v is in S. For non-real eigenvalues, the eigen-

vectors are always exterior. This simply means that,

Fact 3.1.4. An eigenvector v is interior to S if v, = (s1 X v)(v X 89) > 0

or v, = (81 X —v)(—=v X 89) >0 .

Mode type. A mode (A4;,S;) is called transitive [50] if either the trajectory
intersects By (at some finite time) for all b € S or it intersects By for all b € S.
The mode will be called negative-transitive in the former, and positive-transitive
in the latter case. A mode is a source if there exists n € int(S) such that for
all b = an + fs; with a > 0,8 > 0, the trajectory intersects B; and for all
b = an + fs, with a > 0,8 > 0, the trajectory intersects Bs.

It is clear from Figs. (3.2)-(3.4) that if a mode is neither transitive nor a
source, then it is either a sink and all trajectories starting in (or entering into) S

stay in S or it is a half-sink, that is there is a sector of S that is a sink.

By Fact 3.1.2 (or Figs. (3.2)-(3.4)), it is easy to see that a mode (4;,S;) is
transitive if and only if the eigenvector(s) are exterior. It is a source (resp., sink)
if and only if there are two eigenvectors such that the one associated with the
larger (resp., smaller) eigenvalue is exterior and the other interior. It is a half-sink

if and only if the eigenvector(s) are interior.
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Sink Sector V, Sink Sector
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(a) Half-sink (b) Sink
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Sink Sector

Vi
(c) Half-sink (d) Source

(e) Negative transitive (f) Positive transitive

Figure 3.2: Basins for distinct eigenvalues, v, X vy is positively oriented
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(a) Half-sink (b) Sink

2
Sink Sector

By

(c) Half-sink (d) Source

X
1
(e) Negative transitive (f) Positive transitive

Figure 3.3: Basins for distinct eigenvalues, v, X vy is negatively oriented
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(c) Half-sink (d) Positive transitive

Figure 3.4: Basins for repeated eigenvalues, v X vy is positively and negatively
oriented
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Chapter 4

Well-posedness of Conewise

Linear Systems

Well-posedness (existence and uniqueness of solutions) is one of the fundamental
issues in the analysis of hybrid systems [38-41]. Unlike linear systems, this issue
is nontrivial for hybrid systems. Different necessary and sufficient conditions
have been derived for special classes of hybrid systems. The well-posedness of
linear complementarity systems has been studied in [30]. In [39], results on well-
posedness of switch-driven piecewise-affine systems have been obtained. Imura
and Schaft [38] studied the well-posedness of piecewise linear systems in the sense
of Carathéodory. They derived necessary and sufficient conditions for the well-
posedness of piecewise linear systems based on lexicographic inequalities and
observability matrices of the subsystems. In [43] and [44], necessary and sufficient
conditions for well-posedness of bimodal three-state piecewise linear systems have

been derived based on a direct analysis of the vector fields on the switching line .

In this chapter, we will state a new set of necessary and sufficient conditions for
the planar conewise linear system to be well-posed in the sense of Carathéodory,

i.e., there exist a unique solution of the form

x(t,b) =b —i—/t f(z(r))dr, (4.1)
22



without any sliding mode, where f(x(7)) is the discontinuous vector field given
by the right hand side of (2.1) and x(ty) = b [38].

Fact 3.1.1 implies a geometric condition for well-posedness of planar conewise
linear systems. The condition (ii) below says, in effect, that trajectories of every

pair of adjacent modes have the same direction on their common border.

4.1 Well-posedness Condition

Theorem 4.1.1. The conewise linear system (2.1) is well-posed if and only if

for every pair of adjacent modes (i, k) with common border B;

i) It holds that
Vi X 8i1 Z0and vy X s;1 # 0, forl=1,2,

where vy and vy are real eigenvectors,

and

ii) It holds that

where
B det V;(vi1 X si1 - Vio X 8;1) if eigenvalues are real and distinct,
' det V; otherwise,
and

{ det Vi(vir X sy - Vo X 8;1) if eigenvalues are real and distinct,
k pu—

det V}, otherwise.
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.\ bes,,
Mode k
(¢)T;>0and 'y <0
Mode i l
= Si1

Mode k

Border: Bj; O\
] b

() T;<0and Ty >0

Figure 4.1: Existence and uniqueness of solution

Proof. From basic theory of differential equations, if b € S;(Sg), there exist a
solution from the initial condition b to when the trajectory hits a border. When a
trajectory starts from a border, three cases are possible: i) a unique solution ezist,
ii) a solution does not exist, iii) multiple solutions exist. The first situation oc-
curs if and only if I';I', > 0. However, when I'; < 0 and I'y, > 0 any trajectory
that starts from the border will stay on the border and in that case there will
be no solution in the sense of Carathéodory and what is known as chattering
or sliding mode (trajectory stays on the border) occurs. And when I'; > 0 and

[y < 0 there will be two solutions. These three cases are illustrated in Fig. (4.1).
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Finally, the first condition in Theorem 4.1.1 ensures that no eigenvector lies
on a border. This is necessary because, if an eigenvector lies on a border, any
trajectory that hits (or starts on) the border will stay on it (i.e a sliding mode

occurs). W

Remark 4.1.1. The trivial case A = A is omitted because, in that case the
trajectory is given by x(¢,b) = e*b. Hence, for i=1,2, whenever cIb = 0, we
have c/x(t,b) = 0. This means that any trajectory that starts on the border
will remain on the border, even if no eigenvector lies on the border, i.e., a sliding

mode exists.

Remark 4.1.2. In splitting a mode of dynamics A into two modes (to sat-
isfy the assumption that all modes are defined on cones), one should take care
to choose the common border not to coincide with any eigenvectors of A, since

otherwise there will be a sliding mode by Theorem 4.1.1.

The assumption of well-posedness actually puts some serious constraint on
the set of systems considered, since any trajectory would have to evolve in one
direction only. A thorough study of systems, like [65], in which sliding modes is
allowed is thus highly desirable, as pointed out in [38].

A different set of conditions for well-posedness of piecewise linear systems has
been independently derived by Imura and Schaft in [38]. The condition is based on
the observability matrices of the subsystems. We will show that, their condition

is the same as the one in Theorem 4.1.1 (for planar conewise linear systems).

Let A;/ (vesp., A;') and A;® (vesp., A®) represent the first and second columns
of A; (Ay) respectively.

Theorem 4.1.2. The conewise linear system (2.1) is well-posed if and only

if for every pair of adjacent modes (i, k) with common border B

i) It holds that (c;x”, A;) and (¢, Ag) are observable and
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ii) It holds that T = T, Ta,”" is a lower triangular matriz whose all diagonal

elements are positive, where

CiQT CizT
TAZ' = T 5 TAk T
cio' A; Cio" Ay
Proof. T can be computed as

. 1 0

T = TAk TAi_ = ~ Xk ,
X —_—
Xi

(CiZTAkf)(Ci2TAiS) - (Ci2TAkS)(Ci2TAif)
Xi

where x; = det Ty,, xx = det Ty, and x =

Hence, condition (i) holds if and only if 2+ > 0.

Let A, = V;A,V;7!, where A; and V; are defined as in Chapter 3. Substituting

A; into Ty, it is easy to see that

( _()\il - /\i2)(det Oi>2(vi1 X Si1 Vig X Si1)
det V; ’
i = det Ty, = —(det C’i)Q(Vu X sﬂ)Q 43
det V; ’
—w;(det C’i)Q[(vil X si1)2 + (Viz X sﬂ)Q]
\ det V; ’

respectively, when the eigenvalues are real and distinct, real and repeated, and

non-real.
Analogously,
( (M1 — Mi2)(det Ck)*(Viy X Si1 - Vig X 8i1)
det Vk ’
—(det C)* (Vg X 811)°
=detTy, = ( k k1 il 4.4
Xk A Qi , (4.4)
—wk(det Ck)2[(Vk1 X Si1)2 + (ng X Sil)Q]
\ det V, '
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respectively, when the eigenvalues are real and distinct, real and repeated, and

non-real.

Since, A\j1 — Ai2, w;, det C;, (Vi X sﬂ)2 and [(vg X si1)2 + (Vg2 X 811)2] are all
greater than zero; x; > 0 (resp., x; < 0) if and only if T'; > 0 (resp., I'; < 0).
Analogously, xx > 0 (resp., xx < 0) if and only if I'y > 0 (resp., 'y < 0).
Therefore, % > 0 holds if and only if I';,I';, > 0.

The first condition in Theorem 4.1.2 says, in effect, that neither y; nor yy is
equal to zero. Since det C; # 0 (resp., det Cy # 0) and Ay # Ao (resp., Ag1 # Ak2);
in the real eigenvalue cases, x; = 0 (resp., xx = 0) if and only if a real eigenvector

lies on the border, which is same as the first condition given in Theorem 4.1.1. B

Theorem 4.1.2 is a generalization of the condition given in [38] for well-

posedness of planar bimodal systems.

Remark 4.1.3. It should also be noted that, the observability condition elimi-
nates the trivial case A = A\I. From the first equation in (4.3) (resp., (4.4)), x;
(resp., xx) is equal to zero if A\j; = Az (resp., k1 = Ag2).

For a bimodal system (2.2), we have s9; = —s12 and A; = As. Therefore, for
well-posedness, it is necessary and sufficient to check the conditions in Theorem
4.1.1 along s15 . That is,

Theorem 4.1.3. A bimodal system (2.2) is well-posed if and only if

i) It holds that
vy X 819 # 0 and vy X 8190 # 0, forl=1,2,

where vy and vy are real eigenvectors and

i1) It holds that
Iy >0, (4.5)
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where

r det Vi(vi1 X 812 - Via X S12) if eigenvalues of By are real and distinct,
1 =
det V} otherwise,

{ det Vo(vay X 812 Vag X S12)  if eigenvalues of By are real and distinct,
2 =

det V, otherwise.

Proof. The proof follows the same line as in Theorem 4.1.1. B
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Chapter 5

Stability of Conewise Linear

Systems

Two methods are generally used to study the stability of piecewise linear systems
(PLS): Lyapunov-based method [45,47-49,53,54,57] and what we will call “Direct
Analysis” method [42-44,46,50-52,55,56,58]. While the Lyapunov-based method
generally applies to systems with arbitrary order, the method becomes quickly

stagnant by the requirement to concoct a Lyapunov function.

Three main approaches have been developed to study the stability of PLS using
the Lyapunov-based techniques: Common Quadratic (CQ) Lyapunov approach
[54], Piecewise Quadratic (PWQ) Lyapunov approach [48], [53], [57] and Surface
Lyapunov (Suli) approach [45]. The weakest among the three is the CQ Lyapunov
approach, because to apply this method it is necessary to require that all the
modes are asymptotically stable. A less conservative approach is the Piecewise
Quadratic Lyapunov approach, where the piecewise linear property of the system
is exploited in searching for a Lyapunov function. In this method, one searches
for a Lyapunov function in a particular region of the state space, and whenever a
mode is active, the energy is required to decrease along the trajectory and it does
not have to decrease when the mode is inactive. However, a major drawback in

applying this method is that, a repartitioning of the state space may be required to
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find a PWQ Lyapunov function. In the Surface Lyapunov approach, a Lyapunov
function that decreases along the impact maps is sought. However this method

becomes unattractive when the number of switching surfaces increases.

5.1 Conservatism of Lyapunov-based Tech-

niques

A major drawback in applying Lyapunov-based techniques is that, they only pro-
vide sufficient conditions for the stability of the system. The following example
shows the need for better approaches for the stability analysis of piecewise linear

systems. Let us first recall the following definition [66].

Definition 5.1.1. The equilibrium point x., = 0 of the nonlinear system defined
by (2.1) is globally asymptotically stable (GAS) if Vx(tg) € R™, [|x(t)|| — O as
t — o0.

Example 5.1.1. [48] Consider the Lure’s system:

x = Bix+ Buju = —¢(y);y = Cpz,
0 ify >0,
o(y) = .
y ify <0.

-3 7
—1

G(S):Cp(S]—Bl>7lBaBlz 7B: 7 ]andcp:[l 0:|

The system can be represented as a bimodal piecewise linear system, where

BZx Zle < Oa

{ Bll‘ Zle Z O,

with By = B, — BC,.
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Theorem 5.1.1. [54] A necessary and sufficient condition for the systems By
and By to have a common quadratic Lyapunov function is that the pencils
A, = a B+ (1 —a) By and A., = o By + (1 —a) By™! are both Hurwitz,
Va € [0 1].

As shown in Fig. (5.1), the system in Example 5.1.1 is globally asymptoti-
cally stable. However, by applying Theorem 5.1.1, it is easy to see that, there
exist no common quadratic Lyapunov function for the system (Fig. (5.2) plots
the eigenvalue-locus of the pencils A. and A., as a function of a). So the CQ
Lyapunov approach has failed in this case. The Nyquist plot in Fig. (5.3) of G(s)
also shows that circle criterion [66] cannot be applied since Re[G(jw)] > —1.

1 T I T
©O Initial Condition
| Trajectory
I == == Switching line
05 1 b
|
I
O - -
< I
|
05 1 b
|
|
-1+ | .
I
1 -0.5 0 0.5 1

Xy

Figure 5.1: Phase portrait of Example 5.1.1 with b =[1 — 1]
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r,=Eigenvalues of A,

4 T T T T T T
—~ 2 T
‘_H
g of :
E
2F .
_4 1 1 1 1 1 1
-3 -2.5 -2 -15 -1 -0.5 0 0.5
Real(rl)
r2=E|genvaIues of A
T T T T T U
01 O -
o
\%/ K G X KT XY S XX G XK IO X Y QDR X R QAKX KRR X VX AKX XX X XXX, X R T U U I SR A =
E
0.1 o .
1 1 1 1 1 Q
-3 2.5 -2 -15 -1 -0.5 0 0.5

Real(rz)

Figure 5.2: Eigenvalue-locus of the pencil as a function of «

5.2 Stability Analysis of Conewise Linear Sys-

tems

The above example has shown that, even for planar piecewise linear systems, sta-
bility analysis may not be possible with Lyapunov based techniques. Motivated
by this, we will use the results obtained in previous chapters to derive a new set
of necessary and sufficient conditions to check the stability of a planar piecewise
linear system. Any planar piecewise linear system is shown to be globally asymp-
totically stable just in case each linear mode satisfies certain conditions that only
depend on how its eigenvectors stand relative to the cone on which it is defined.
The condition is in terms of the eigenvalues, eigenvectors, and the cones. In ad-
dition, the known condition for bimodal piecewise linear systems is obtained as

an easy corollary of our main result.
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Figure 5.3: Circle criterion: Nyquist plot of G(s)

5.2.1 Factor of Expansion (FEX) and Regime Time

We now present a measure of closeness to the origin x., = 0 of a trajectory when

it hits one border B;; or B,y of the cone.

Definition 5.2.1. If a mode i is transitive, then its factor of expansion (FEX)
is
o { In m?;i + pitio  if it is positive-transitive,
In :Xi:ﬂ{ + pitin if it is negative-transitive,
where j; denote \;; or o;, v' is Vi or vy + jvip in case of real or non-real
eigenvalues, respectively and; ¢;1(t;2) is called the regime time. That is, the time

it takes the trajectory to move from s;; to s;1 (s;1 to 8;2).

In view of Fact 3.1.3, the factor of expansion is the natural logarithm of the
gain “ |‘ a trajectory goes through when it starts at a border B; and traverses the
whole sector hitting the other border By.

Let log denote the complex principal logarithm, where log z = In |z|+j £z with
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-1 < Lz <.

Fact 5.2.1. Let, fori=1,...,m,

Ez- — )\7;1 lo (\A/’L X Sil) -k _ )\i2 lo (Vi X Sil)

-k
/\il — /\i2 & (\77’ X SZ‘Q) . k Ail — )\Z‘Q & (Vi X SZ‘Q) . k7

where V' i Vio 01 Vi1 + jVie and V' is Vi1 or Vi1 — jVie in case of real or non-real
eigenvalues, respectively, and the right hand side is computed as im(A;; — Ai2) —
0 n case of repeated ergenvalues. Then, F; = E; when mode i is positive-transitive

and F; = —E;, when negative-transitive.

Proof. We omit ‘¢’ whenever it is clear from the context. Let us consider the

negative-transitive case.

Real and distinct eigenvalues:

)\2 (V2 X Sl) -k )\1 (Vl X Sl) -k
log — og
)\1—)\2 (VQXSQ)'k )\1—>\2 (V1XSQ>'k
)\2 ‘VQ X Sl| _ )\1 |V1 X Sl|
)\1 — )\2 ‘VQ X SQ| )\1 — )\2 ‘Vl X SQ|
|V2 X S2| /\1 |V1 X SQ||V2 X 51|

In
|V2 X 51’ )\1 — )\2 |V1 X SlHV2 X Szl

F, =

= In

|V2 X S2|

In + )\1t17 (51)

|V2 X S1|

where the first equality is by v = vo, v = v;. The second equation follows by

noting, for any transitive mode, that

(lesl)-k
= [=1,2
2 (lesg)-k>0f0r )2,

since eigenvectors are exterior to S and that log z; = In z; for any real, positive
z;. The last equality follows by the expression for #; in (3.12) since b = sy and
(CgVQ)k = —Vy X 8y, detV (W{Sg)k = —Vg X 89, det V' (W;SQ)k = V; X Sa.

Real and repeated eigenvalues: To derive (3.16) as the limit of F; = —F;
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in the case of repeated eigenvalues, consider the third expression in (5.1) with
d:= A1 — . By (3.12),

A X X A
i Mgy Vixsallvexesil Ay e
60 0 vy X sp||ve X8| 620 0
Thus,
X
lm F, = o 2252 Aty
550 |Va X s

where t1, we interpret, is given by (3.15) with b = s.

Non-real eigenvalues: Finally, suppose the eigenvalues are non-real with
M =04 jw=X. With v = v; + jvy and Vv = v; — jvo, let us first note
that

(VXSl)'k |V><S1| .
1 =1 0
B v xs) kT xs| Y
(5.2)
(f/xsl)-k |V><51| .
1 =1 — 56
B xs) k  vxsy 70
(5.3)
where
0 é(vxsl)-kzé(vlxsl—i-jvgxsl)-k
' (v xs9)-k (Vi X 82+ jva X 89) - k
_ —Cng — ngVQ
ci vy + jei vy
T To N _ (T T
= arctan{ (e V2>(CITV1) (e V1)<C;v2)} = wtq, (5.4)

(c3vi)(civi) + (cFva)(cfva)

where the last equality follows upon setting b = s, in (3.21) and noting that
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clvy = 4V wTls, cl'v, = 9V wls,) Therefore,

det S det S
A -k A v -k
E _ 2 log (VXSl> B 1 log (YXS1)
)\1—>\2 (VXSQ)'k )\1—)\2 (VXSQ'k
—7J X ' X
0 ,jw(lnlv S| j@)—gf]w(lnw S1 _ o)
2jw |v X 89 2jw [V X 89|
:—ln|vxsl|+29=1nw+atl.
v X8| w |v X s1]

It follows that F; is as in Definition 5.2.1 for the case of non-real eigenvalues as

well. The expression for positive-transitive case is similarly derived.

Admittedly, the limit argument in case of repeated eigenvalues is heuristic and
needs to be done more rigorously. Nevertheless, the mere fact that the factor of

expansion in all three cases can be expressed by a single formula is very appealing.

It should be noted that, (3.12), (3.15) and (5.4) provide an explicit expression

for the regime time

(

1 chvip)(whs; . .
3 3 In :E ’7? ZQ;E iﬁ ZQ%} if eigenvalues are real and distinct,
il — A2 CiaVi1 ){W;18i2
| det V; det S; cLsiol .
lin = Ve X ; | if eigenvalues are real and repeated,
Vig X Sj2 - Vig X 81
0; .
— if eigenvalues are non-real
\ W;
(5.5)
where, 4
(VZ X Szl) -k
0; = L-— I (5.6)
(Vv X 89)
Analogously,
(
1 clivi)(whs;
In ( ’7} 2)( ? i) if eigenvalues are real and distinct,
Ain— Az (i v ) (wipsi)|
det V; det S, cls; .
tio = || v . . ;(1 11|| if eigenvalues are real and repeated,
Viz X Si1 * Viz X Si2
0; .
— if eigenvalues are non-real
\ W;

(5.7)
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where,

k
=3 (5.8)

5.2.2 Stability Criteria

We can now state and prove a geometric condition for stability of a conewise
linear system (2.1). The condition is “geometric” since a mode being transitive,
source, or (half-)sink is characterized solely in terms of the eigenvectors associ-
ated with the mode and how they stand in the phase-plane relative to the sector

on which the mode is defined.

| : Stable
I All modes : =
! are _:9 m
: transitive I Z FF<O0
I | i=1
Calculate I ! Stabl
Eigenvalues, > o 3 A source _ﬁl ante
Eigenvectors & Well-posed? [ exist I <
Cone Vectors : I bz <0
I |
: A sink or : Stable
I half-sink  j==3 =
I exist | i1 <0
I |
|
: Mode Type

Figure 5.4: Condition for stability and the proposed method for stability check

Theorem 5.2.1. A well-posed conewise linear system (2.1) is globally asymptot-
ically stable if and only if

m

F= Z F; <0, when all modes 1 = 1,...,m are transitive,
i=1

Az < 0, when a source i exists,

Ai1 < 0, when a sink or half-sink i exists.
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Proof. Suppose all modes are transitive. Then, by well-posedness, all are pos-
itive or all are negative transitive, since otherwise a solution will not exist (or
the solution will not be ungiue). In either case, for any b € R?, we must have
x(t(b),b) = v(b)b for some ¢t(b) > 0 and y(b) > 0, i.e., the trajectory comes
back to the ray passing through b after going through an expansion or contrac-
tion of size y(b) (see Fig. (5.5)). We might as well consider the case b = sj3,
which is taking the initial state to be on the left-hand border of the first mode,
without loss of generality. If the modes are negative transitive, then by (3.16) of
Fact 3.1.3,

~(s12) H V! X il etiti,
|VZ X Szl|

where 11; denotes \;; or o; and v? denotes v;o or v;; + jV;e in the cases of mode i
having real or non-real eigenvalues. The system is globally asymptotically stable
if and only if y(s12) < 1, which is equivalent to F' < 0 in view of In[y(s12)] < 0
and the expressions for t;;. Note that if all modes are positive transitive, then
starting the trajectory at b = s11, we have y(s1;) = 1/7(s12), and the same
condition is again obtained. Note that F' can be thought of as the “Eigenvalue
of the conewise linear system” and, the trajectory converges to zero faster as F'

gets smaller.

Suppose now that not all modes are transitive and a mode ¢ with n = v,
is a source. In this case there must be a mode k that is a sink or half-sink
since otherwise a sliding mode or chattering would exist. If the system is stable,
then A\;s < 0 must clearly hold for trajectories starting along that eigenvector
to converge. Conversely, A2 < 0 implies that trajectories starting in mode ¢
converge to the origin if they start along v;, or they go outside S; and enter
mode k. For such trajectories to converge to the origin, it is necessary that
A1, k2 < 0. The necessity of Mg, Ao < 0 for any sink or half-sink mode k is also
clear by considering trajectories that start inside the sink-sector of k. Conversely,
the sufficiency of the condition follows by the fact that any trajectory starting in

a transitive mode or a non-sink sector of a half-sink must end up in either a sink
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or in the sink sector of a half-sink. l

XZA
S12, 841
S11, S22
Sy
—>
X1
S,
S3
$31,S42 S721, 832

Figure 5.5: Contraction (Expansion) size; b : e, x(¢(b),b) =~(b)b : o

In summary, stability of a planar conewise linear system can be checked by the
steps shown in Fig. (5.4). Firstly, the eigenvalues, eigenvectors and cone vectors
are calculated. Then, well-posedness can be checked using Theorem 4.1.1. Finally,

the stability criteria in Theorem 5.2.1 can be applied to check for stability.

The following result has been first obtained by [56] and then extended to (2.2)
by [50].

Corollary 5.2.1. A well-posed bimodal system (2.2) is globally asymptotically
stable if and only if

Z—i + Z—z < 0, when both modes have non-real eigenvalues,

Ai1 < 0, when a mode, say i, has real eigenvalues \jy > Ajs.

Proof. In order to be able to apply Theorem 5.2.1, we let ¢y be any vector
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that is not perpendicular to any of the real eigenvectors of By and B,, if any,
and such that d := det[c cg] is positive. Let CT := [c co]. Note that S; := C;*
satisfies det S7 > 0 and neither columns are in the direction of the real eigenvec-
tors of By or By, if any. The four modal system A; = Ay = By, A3 = Ay = By,
CI = [-cy c], C3 = —C}, C; = —Cy, is in the framework of (2.1), and is
equivalent to (2.2). Since by assumption, the bimodal system (2.2) is well-posed,

the above choice of ¢y ensures that the four-modal system is also well-posed.

Suppose, first that, say, By has real eigenvalues so that modes 1 and 2 both have
those eigenvalues with the same corresponding eigenvector(s). If, say, mode 1 is a
source, then eigenvalues must be distinct and vy of mode 1 must be exterior. This
implies, since mode 2 complements 1 in a half plane, that v, is interior to mode
2 and vy is exterior, that is mode 2 is a sink. By Theorem 1, the system is stable
if and only if both eigenvalues of B; are negative. If mode 1 is transitive, then
both eigenvectors are exterior to mode 1. Thus, the eigenvector(s) are interior to
mode 2 so that mode 2 is a half-sink, which again implies that eigenvalues being
negative is necessary and sufficient for stability. The other possibilities for mode

1 clearly give the same result.

Suppose, second, that both B; and B, have non-real eigenvalues. It must
be that all four modes are transitive in the same direction, say negative, by
Ay = Ay = By, A3 = Ay = By and by well-posedness of (2.2). It is easy to
compute, by Fact 5.2.1 and by the expression in (5.5), that

F1+F2227T,F3+F4=27T;
w1 wWa

which implies by Theorem 5.2.1 that the four-modal system, and therefore (2.2),
is stable if and only if 7+ + 22 < 0. W
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5.3 Examples

In this section, we will apply the proposed method to the stability analysis of a

three-modal system and a selector control system.

5.3.1 Three-modal System

Example 5.3.1. Consider the three-modal system with free parameters v, ¥
€ R and with

0 1 0 1
7A2:
80 2y 15 4

11 0 —1 —0.5 0.5
) 02 - y 03 = .
01 1 -1 —0.5 —-0.5

For each mode (A;, C;), the eigenvalues, eigenvectors and cone vectors can be

2

75y, 275

AIZ 7A3:

275 ﬂ—o.z)]

Cy =

calculated as follows.

n
Mode 1: Ay = 71 + jy/n? =20, A2 = 71 — jym?—20, vii = [20]’

4/712-20 1 -1
Vig = 20 y 811 = and s;p = .
0 0 1

Mode 2: )\21 = 2 +j33166, )\22 = 2 — ]33166, Vo1 = [

0.2141 -1
, S91 = and S22 = Sq1.
0 —1

—1 -1 —1
Mode 3: /\31 = Y2, )\32 = —157 V31 = , V3o — , S31 —
V2 —V2 1

0.1291
0.9682 |

and s3p = S91.

We consider four alternative values for 7, and v, where 71 = Re[A;;] and
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O Initial Condition
Trajectory
— — — Switching line

200

150

100

50

50

-100

-150

-200

Figure 5.6: Phase portrait of the three-modal system for v, = —3.641, v = 3,
b =[100]

V2 = As1.

Mode 3: Negative Transitive
Mode 3 is negative transitive for all 45 > 1 (i.e., v3; and v3y will be exterior for

all Yo > ].)

i) With 73 = —3.641 and 7, = 3; detV; = —0.1009 and det Vo = —0.2073,
which implies that mode 1 and 2 are both negative transitive and, the system
eigenvalue F' = 23:1 F; ~ 0. By Theorem 5.2.1, the system is unstable and the

trajectory forms a closed orbit as shown in Fig. (5.6).

ii) Suppose, next, that vy = —4 and 72 = 3 so that detV; = —0.0988,
det V5 = —0.2073 and mode 1 and 2 are both negative transitive with F =
Z?Zl F; = —0.1708. By Theorem 5.2.1, the system is GAS as Fig. (5.7) illus-
trates. It should be noted that, both mode 2 and 3 are unstable, however the

conewise linear system is GAS. This is a well-known property of systems with
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T T T T T T
O Initial Condition
200 Trajectory b
— — — Switching line

150 - 1
100 1
50 - 1
< or — ]
-50 | 1
-100 1
-150 - 1
-200 1

1 1 1 1 1 1 1 1 1
70  -60 50 40 30 -20 -10 0 10 20

Xl
Figure 5.7: Phase portrait of the three-modal system for v, = —4, 75 = 3,

b? =[100]

switched dynamics [9], where switching between unstable modes results in a sta-

ble trajectory.

iii) Let 74 = —3.5 and v, = 3. With det V} = —0.1016 and det V5 = —0.2073,
mode 1 and 2 are both negative transitive and F' = Z?Zl F; = 0.064. By Theorem
5.2.1, the system is unstable as shown in Fig. (5.8).

We have seen that in all the three cases, by simply changing the parameter v,
of mode 1, the stability of the conewise linear system is affected. In all the three
cases, mode 1 is stable, but depending on the choice of vy, stability or instability

can be achieved.

Mode 3: Half-sink
Mode 3 is a half-sink for all 75 < 1 (i.e., v3; and v3, will be interior for all v < 1).

However, we assume that, 75 < 0 to ensure well-posedness.

iv) If we choose v; = —4 and 75 = —0.5 then det V; = —0.0988 and det V5 =
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T T T T T
2000 1 [o] Inltlgl Condition |
Trajectory
— — — Switching line
1500 .
1000 F .
500 .
< or —
500 .
-1000 .
-1500 .
-2000 .
1 1 1 1 1 1 1 1
600 500 400  -300 200 100 0 100
Xl
Figure 5.8: Phase portrait of the three-modal system for v, = —3.5, v9 = 3,
b’ = [500 |

—0.2073, and it follows that mode 1 and 2 are both negative transitive. Therefore,
by Theorem 5.2.1, the system is GAS V 75 < 0 as shown in Fig. (5.9).

5.3.2 Selector Control System

Consider the system in Fig. (5.10) whose stability analysis was done in [12] using

Lyapunov approach:
G = % = Ax + Bu, u = max (k;" x, ko' x), (5.9)
where z € R?, A € R**2, B € R? k; € R? k, € R%

The system in (5.9) is called a selector control system in [12]. Such systems
appear in the control of longitudinal dynamics of an aircraft, where the control

law is designed to track a command signal without exceeding a certain limit [49].
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As simple as (5.9) may appear, stability analysis of the system is not trivial.

For instance, how can we select k; and ks, to achieve stability?

150 F T T T T T T T T T
©O Initial Condition
Trajectory
100 — — — Switching line

50

-50

-100

-150 &= 1 1 1 1 1 1 1 1 1

Figure 5.9: Phase portrait of the three-modal system for 74 = —4, 7, =

b? =[100]

Note that, (5.9) can be represented as a bimodal system

. Bix if kx>0,
B Box if k'x <0,

with k = k1 —kg, Bl = BQ+BkT and Bg = A—{—Bkg’

—0.5,

(5.10)

As (5.10) has the same form as (2.2) with ¢’ = k”, Corollary 5.2.1 can be

used for the stability analysis of (5.9) as the following example shows.

Example 5.3.2. Consider (5.9), where k; and ky are chosen such that B; and

B, have non-real eigenvalues:

Dol ela) el Y

A:




w
[y
|
N

\ 4

v

MAX ) G

A\ 4

N

K,"

Figure 5.10: Selector control system

which results in (5.10) with
0.5 1 —0.5 1 1

, By = , k= :
-1 0 -1 0 0

The eigenvalues of By and By can be calculated as: A\j; = —0.25+70.968, A\ =
—0.25 —j0.968; A\o; = 0.25+ 70.968, Mgy = 0.25 — 70.968. Since det V; = det V, =
—0.4841, both B; and B, are negative transitive and g—ll + 51—22 = % — % =0.
By Corollary 5.2.1, the system is unstable and the trajectory forms a closed orbit

By =

as shown in Fig. (5.11). As seen in Fig. (5.12), this results in a sinusoidal-like

motion of the states.
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Figure 5.12: States of selector control system with b? =30 |
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Chapter 6

Hybrid Output Feedback
Controller Design for Planar

Linear Systems

When all the states of a system are not available for measurement and when
dynamic controllers are costly, then a static output feedback controller is desir-
able [67], [68]. On the other hand, not all LTI systems can be stabilized by a static
output feedback controller. With recent developments in switched systems liter-
ature, design of hybrid output feedback controllers for LTI systems has attracted
the attention of researchers. This problem (design of hybrid output feedback
controllers for LTI systems) was raised in [69] and [70]. And [71] established
the link between this problem and the problem of stabilization of switched linear
systems. Under assumptions of controllability and observability, [72] proposed
a discrete automaton for the stabilization of linear systems. A periodic hybrid
output feedback controller based on averaging theory was proposed in [73], for
stabilizing controllable and observable LTI systems. In [74], a multirate sampling
scheme was proposed for the design of hybrid output feedback controllers for LTT
systems with single output. The stability criterion in [26] was deployed in [75]
to design a hybrid output feedback controller for stabilizing harmonic oscillating

systems.
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State-dependent switching rules have also been proposed to perform the same
task. In [76], the conic switching rule proposed in [27] for stabilization of second
order switched systems was applied to stabilize the linear time-invariant system
below. A sliding mode control scheme was used in [77] for asymptotic stabilization

of second order LTT systems.

In this chapter, the results obtained in previous chapters will be applied to
design a hybrid output feedback controller for asymptotic stabilization of planar
LTT systems. The effectiveness of the proposed controller will be illustrated on a

magnetic levitation system.

6.1 A Hybrid Output Feedback Controller for a

Second Order Linear System

Consider the second order unstable plant (p; > 0) with transfer function as

follows: Y(s)
s Ng
G(s) = 0(s) =2 E— (6.1)

The system can be represented in the following form where, position is taken

) 0 1
X =
bPo N

Let us define the control law as

as the output

X +

Olu,y:[l O}X. (6.2)

No

u:{ kiy if y =0, (6.3)

key if y<O.

Fact 6.1.1. The system (6.1) cannot be stabilized by (6.3).
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Proof. The control law (6.3) transforms the system (6.2) to

B ) >0,
% = X if y=z (6.4)
BZX Zf Yy S Oa
. 0 1 0 1
with Bl = A+ B/-ile = ,BQ = A+ B/"?QCp = yq1 =
a1 P1 q2 D1

Do + K1To and G2 = Po + K2No.

The eigenvalues of B; and By can be calculated as

L VP _ p— VP g
Bl -/\11— 2 7>\12— .

2

L Pt . pi— Vit
By Aoy = 5 , Agg = .

2

It is easy to see that, (6.4) represents a bimodal piecewise linear system with
¢’ = C,. Suppose, first that, say, ¢, (resp., ¢2) is such that B; (resp., By) has
real eigenvalues. This implies that A\;; > 0 (resp., Aoy > 0), then by Corollary
5.2.1, stability cannot be achieved.

Suppose, second, that ¢; and ¢y are such that B; and B, have non-real eigen-
values. This will imply that, oy = 0 = &-. So ;’71 + ;’73 < 0 cannot be satisfied

/12 /12
(Corollary 5.2.1) where w; = m,c@ = w [

Remark 6.1.1. It should be noted that, since p; > 0, the system cannot be

stabilized by a static output feedback controller (i.e., k1 = Ka).

We can thus ask, the question of whether it can be stabilized by a feedback

control law of the form

(6.5)

k1y if xixp >0,
Koy if X1Xo < 0.

This question is now shown to have an affirmative answer. Using the control
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law in (6.5), the system will be transformed into a conewise linear system. In
Section 6.1.1, we will characterize the modes of the conewise linear system under
different possible choices of k1 and ko. Our main result will be stated in Section
6.1.2.

The feedback law (6.5) transforms (6.2) into a bimodal quadratic piecewise
linear system (2.4)

. ) Bix if xixp >0,

= { Box if x1x9 <0,

0 1

41 D1

0 1

,BQ :A—FB/{QCPZ ,q1 =
q2 D1

Po + K1y, and Q2 = Do + KaN,.

As we have shown in Section 2.3, the system in (6.6) can in turn be represented

as a conewise linear system

Aix if Cix>0,
Agx if Cox >0,
Asx if Cs3x >0,
Aux if Cyx >0,

10

WithAlengl,A2:A4:BgandC’lz 1

Oy, Oy = —Cs.

6.1.1 Mode Type Detection

In what follows, we will characterize the modes for (6.7) under different possible
choices of ¢; and ¢, (that is, k1 and ks). Recall that, A3 = Ay, Ay = A, S3 = -5
and Sy = —S5. Therefore, the properties of mode 1 (resp., mode 2) in (6.7) is

same with the one of mode 3 (resp., mode 4).
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Mode 1

. p1+4/Pi+iq p1—/Pi+4q
The eigenvalues of By can be computed as \;; = —5—— and A\j;; = Tll

Clearly, ¢; can be selected such that the eigenvalues are real and distinct, real

and repeated, or non-real.

2

Case 1la (Real and Distinct Eigenvalues): ¢; > —%

q > —%% implies that B; has real and distinct eigenvalues (A;; > A1) and

two real eigenvectors:

/102 + 4 —p1++4/Ip3+4q1|
A = Dy |§1 * CJ1|’ Vi =

2q1

1

—p— 244
y D — |p% +4CJ1| . p1—4/pi+4a1]

5 , V12 20
1

From Fig. (6.1), for all ¢; > 0, vy; will be interior of mode 1 and v2 will be
2
2 4
interior. Therefore, Vg, > 0 (V — & < ¢; < 0), mode 1 is a sink (half-sink).

exterior. Also, as seen in Fig. (6.2), for all ==t < ¢; < 0, vy; and vio will be

Case 1b (Real and Repeated Eigenvalues): ¢; = —%% (p1 #0)

When ¢, = —%%, the eigenvalues of B; will be real and repeated:
1 1 1 1 1
>\ = )\ = -, VvV = —_= s Vv _= =
A [A] [—] Colvea] Ly

where vi5 and vq; denote the real and generalized eigenvector respectively. Since
p1 > 0, vy is interior to mode 1 (Fig. 6.3). Therefore, mode 1 is a half-sink.

Note that, when p; = 0, vy lies on the border s9s.
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i Mode 1
| S
W C
—p1 —/Ip1? + 4q4| —p1 ++/Ip1? + 4q4|
2q4 2q,

Figure 6.1: Eigenvectors of By with ¢; > 0

Case 1c (Non-real Eigenvalues): ¢; < —pz%

Clearly, when ¢; < —p; the eigenvalues will be non-real. Therefore,

_o _wy
A1 =01+ Jwy, A\ig =01 — Jwy, Vi1 = [ fl ] , Vi2 = [ 0‘” ]

/12
where o1 = %, w; = M and vy, + jvio is the eigenvector associated with
Atz. This implies that, V; = [ Vil Vi ] and det V; = . Since ¢ < 0, by (i)
in Fact 3.1.2, mode 1 is negative transitive. By Fact 5.2.1 and by the expression

in (5.5), the FEX of mode 1 can be calculated as
A
F1—1H|q—|—|—0'1t11, (68)
1

where
arctan [-]
t = ——. (6.9)

wq
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\7 N 'Xl
—p1 ++Ip1? +4q:l  —p; —/Ips? + 4q4|
2q, 2q4

Figure 6.2: Eigenvectors of B; with —pz% <q <0

Mode 2

The eigenvalues of By can be computed as Ag; =

p1+1/p3+4g2 p1—+/P3+4q2
— and Mgy = —YX1——.

2

As in mode 1, ¢y can be selected such that the eigenvalues are real and distinct,

real and repeated, or non-real.

2

Case 2a (Real and Distinct Eigenvalues): ¢ > —%

2
_n
q2 > 4

two real eigenvectors:

implies that B has real and distinct eigenvalues (Ay; > Ago) and

—p1+4/Ip3+4q2|

2q2

A _p1 /Pt g _
21 = 5 , Vo1 =

)\22 =

pP1 —

1

|p% +4q2| B —p1—/ [P +4g2|
2q2
29 =

2 ’ 1

From Fig. (6.4), for all ¢go > 0, vo; will be exterior of mode 2 and vyy will
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P1 Vi2(V22)

Mode 4 | Mode 1
|

1 X1

Figure 6.3: Eigenvector of B; (Bs) with ¢; = —%% (g2 = —%%)
be interior. Therefore, for all g5 > 0, mode 2 is source. Also, as seen in Fig.
(6.5), for all —pz% < @2 < 0, both vy; and vyy will be exterior. Therefore, for all
—pz% < @2 < 0, mode 2 is transitive. This implies that, V5, = [ Vo1 Voo } and

det‘/Q — V |pf+4q2|
q2

in Fact 3.1.2, mode 2 is negative transitive for all —%f < @2 < 0. By Fact 5.2.1

2
. Since, —% < qg < 0, Vo1 X Vg is negatively oriented. By (i)

and by the expression in (5.5), the FEX of mode 2 can be calculated as

F2 =In |2| + )\21t21, (610)
Ao
where \
1 21
tyy = —— In|—|. 6.11
S v W (6.11)
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V12 . —. 1 ..... _IV11
Mode 4 : | Mode 1
| S
\ \Z %
—p1 —+/Ip1? + 4q;| —p1 ++/Ip1? + 4q;|
2q, 2q;

Figure 6.4: Eigenvectors of By with g3 > 0

Case 2b (Real and Repeated Eigenvalues): ¢, = —pz% (p1 #0)

When ¢, = —%%, the eigenvalues of By will be real and repeated:
P1 1 1 1 1
)\ — A _ — = — — =
21 22 2;V22 [)\21] %]7"21 14 oy 1+% )

where vgs and vy denote the real and generalized eigenvector respectively. Since
p1 > 0, voo is exterior to mode 2 (Fig. 6.3). Therefore, mode 2 is transitive where
Vo = [ Vo1 Voo ], det Vo = —1 and vg; X vgy is negatively oriented because,
det Vo < 0. By (i) in Fact 3.1.2, mode 2 is negative transitive and by Fact 5.2.1
and by the expression in (5.5), the FEX of mode 2 can be calculated as

FQ =In |2| + /\Qltgl, (612)
o1
where
by = | (6.13)
21 = r .
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4\
X2
V. A%
1 | =11 .. |12
Mode 4 | Mode 1
: ! .
\7 N ,X
1
—p1 ++/Ip12 + 492l —p; —/Ipi? + 4q,]
2q; 2q;

Figure 6.5: Eigenvectors of B, with _%% <@g <0

Note. When p; = 0, vas lies on the border sqs.
Case 2c (Non-real Eigenvalues): ¢ < —p%

Clearly, when ¢, < —%% the eigenvalues will be non-real. Therefore,

_ o2 _wy
Aol = O + JWwa, Agg = 09 — jWa, Vo = [ 1‘” ] , Voo = [ OQQ ] :

Y/ |p2+4q2

BL a0y | and vo; + JVvag is the eigenvector associated with
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Ag2. Therefore, Vo = [ Vo1 Voo } and det V5, = %. Since ga < 0, by (i) in Fact
3.1.2, mode 2 is negative transitive. By Fact 5.2.1 and by the expression in (5.5),

the FEX of mode 2 can be calculated as

where o9 =

F2 :ln\q—2| +O’2t21, (614)
Aot
where
arctan 2]
togg = ——22-, (6.15)
W2
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6.1.2 Hybrid Output Feedback Stabilization

We will now state and prove the main result of this chapter

Theorem 6.1.1. i) The set of (ki1,k2) that stabilize (6.1) are such that all the
modes in (6.7) are transitive. ii) The system (6.1) can always be stabilized by the
feedback law given in (6.5).

Proof. i) From Section 6.1.1, mode 1 (mode 3) is either a sink, half-sink or
negative transitive mode and mode 2 (mode 4) is either a source or negative
transitive mode. Recall from Theorem 5.2.1 that, when a half-sink or sink mode
exist A\;; must be less than zero to ensure global asymptotic stability. Mode 1
(Mode 3) cannot be selected to be a sink or half-sink mode because, A1; is always
greater than zero. Mode 2 (Mode 4) cannot be selected to be a source because,
a combination of a transitive mode and a source mode will lead to ill-posedness.

Therefore, all modes must be transitive.

ii) From our analysis in Section 6.1.1, mode 1 (mode 3) is negative transitive

when ¢; < —%% (i.e., when the eigenvalues are non-real). Mode 2 (Mode 4) is

negative transitive when one of the following holds: a) ¢, < —%% (i.e., when the
eigenvalues are non-real) b) ¢ = —pz% (p1 # 0) (i.e., when the eigenvalues are real

and repeated) c) —pz% < g <0.

Having selected (g1, ¢2) such that all modes are transitive (negative), by The-
orem 5.2.1, we must also ensure that the selected (g1, ¢2) make F' < 0 (to achieve
global asymptotic stablity). Recall that, A3 = A;, Ay = Ay, S3 = —5; and
Sy = —8,. Therefore, the properties of mode 3 (resp., mode 4) in (6.7) is
same with the one of mode 1 (resp. mode 2). Hence, F3 = Fy, F;, = F, and
F =2(F, + F3). By Theorem 5.2.1, F} + F5 < 0 must be satisfied for stability.
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) ri ri
Case A: ¢y < —F and qo < =7

From (6.8) and (6.14), the factor of expansion can be written as

G211

F = F1+F2 :111‘
Q121

| + 0'1(7511 + t21).

Therefore, F' < 0 if and only if

A
1]f1|q2 11| < —o1(tin +ta),
1121
which is the same as
A
£ < IS5 exp (=01t — o1tn). (6.16)
q1 A11

arctan [iu—gll] arctan [;U—;]

Recall from (6.9) and (6.15) that, t1; = o
—\”7’%;‘1‘“' >0, wy = ¥ pi+a| > 0 and 0y = 03 = & > 0. This implies that

w1 = 2
tin < o- and ty < 57-. Substituting Ai; = o1 + jw; and Ay = 02 + jws to (6.16)

g2 092 + wy? o oym
¢ 01° + wy w1 W

\/ |p2+4q1 |

2

and t9; = . Since
b

w2

2
VIS into (6.17), it s

, and wy = 5

Substituting oy = 0y = &, w; =

easy to see that (6.17) can be written as

nm P

q2
— <4 /— eXp | —
@ Va ( V[Pt + 4ai] 2\/|p?+4Qz!>

which implies that,

2pm

yZys
G2 > qrexp | — - :
( VPt + 4| \/|p%+4Q2|>

(6.18)
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It is clear that (q1, g2) that satisfies (6.18) will always exist. Since

_ d1 — Do
R1 = )
Mo
fg = B Po (6.19)
No
existence of (qi, qz) implies that (ki, ko) exist.
2
Case B: ¢ < —% and ¢» = —Il(pl #0)
From (6.8) and (6.12), the factor of expansion can be written as
Fe Pt By— | 2N 4oyt 41
q1A21
Therefore, F' < 0 if and only if
ln|q2 11|< O'1t11—]_
q1/21
which is the same as
A21
< |/\ |eXp (_Ultll — 1) (620)
11

arctan 2L /12
Recall from (6.9) that, t;; = % Since, w; = M >0 and 07 =

% > (. This 1mphes that t1; < wll Substltutlng A1l =01 + jw1 and g = % to
(6.20)

G2 P 1 oL
==y — -1-—. 6.21
q1 2V 012 4+ wy? P ( w1y ) ( )

/12
Substituting o1 = & and w; = M into (6.21), it is easy to see that (6.21)
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can be written as

@ 2Vaq VP2 + 4q]
with ¢ = —p; we can write,

2 2
q1>&exp <2+L>.

4 VPt +4q|

)

It is clear that ¢; that satisfies (6.22) will always exist. Since

- d1 — Po
R1 = )
Mo

- q2 — Po
Rg = )
Ny

existence of (g1, ¢2) implies that (k1, ko) exist.

2 2
Case C: ¢y < —5 and —% < ¢ <0

From (6.8) and (6.10), the factor of expansion can be written as

G211

F:F1+F2:1H|
121

Therefore, F' < 0 if and only if

Q211
In| | < —o1t11 — Aartor,

1121

which implies

q2 21
= < |—|exp (—o1t11 — Aartar)
a1 A11
iV |p2+4q1 | p1t++/ |p3+4q2|
where 01 = %7 W = —5 Ao = 5 Aoy =
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| + o1t11 + Aoator.

p1—/ IPi+4q2

2

(6.22)

(6.23)

(6.24)

| and; tll =



wy
arctan[ial] oy — 1
w1 R P P

I |

A22

The proof above is constructive and shows that the controller gains x; and ko

that stabilize (6.1) can be calculated by one of the following methods

Method 1: Select ¢; < —pz% and ¢ < —pz% (which ensures that all modes in
(6.7) are negative transitive) such that (6.18) is satisfied (which ensures that

F < 0). Then, compute (k1, k) from (6.23).

Method 2: Select ¢; < —%ﬁ and ¢ = —p;(pl # 0) (which ensures that all
modes in (6.7) are negative transitive) such that (6.22) is satisfied (which ensures

that F' < 0). Then, compute (k1, ko) from (6.23).

Method 3: Select ¢; < _pi and —%ﬁ < @o < 0 (which ensures that all modes
in (6.7) are negative transitive) such that (6.24) is satisfied (which ensures that

F < 0). Then, compute (k1, k) from (6.23).

6.2 Stabilization of a Magnetic Levitation Sys-

tem

In this section, we will apply the proposed method to design a controller that

stabilizes a magnetic levitation system.

The magnetic levitation system considered consist of a light source-
photodetector pair (sensor), ferromagnetic ball, electromagnetic coil and a con-
troller (Fig. 6.6). The sensor produces a feedback signal (V) as the position of
the ball varies. Vj is then fed to a controller, which regulates the system. This
way, the levitated ferromagnetic ball is maintained at y,. A detailed description

of the system can be found in [1,78,79]. The transfer function of the magnetic
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V | Electromagnet y
+ Ball

o: Sensor
Vg gain

Controller <

Figure 6.6: Magnetic levitation system

levitation system linearized at an equilibrium point, (y,,,) is given by [1]

G(s) =« = = , (6.25)

where n, = 20k, and p, = 2k,
° Remy,? Comy?

Parameters Value
Equilibrium distance, y, 0.016m
Equilibrium current, 1, 0.7A
Mass of ball, m 0.02kg
Sensor gain, « 359.375V /m
Force constant, k 1.025 x 1074 NATQQ
Voltage-current gain of elec- | 6.5V/A
tromagnetic coil, R,

Table 6.1: Parameters of the magnetic levitation system of [1]

Consider the magnetic levitation system with parameters given in Table 6.1

Vy(s)  —1549.7
G = = - 1223 (6.26)
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where
V.
Vi

v,
Vi

0 Vs
+[_ﬁ@j]wxg:[1o}[%].®2ﬂ

From (6.26), the system is unstable and stability cannot be achieved by a

B 0 1
112263 0

static output feedback controller (p; = 0). Therefore, we will design a hybrid
output feedback controller to achieve stability. Using method 1, select (g1, g2)=(-
1500, -1000), this satisfies (6.18) and the controller gains can be computed from
(6.23), (K1, ko)=(1.759, 1.437). Fig. (6.7) illustrates a typical phase portrait for

0
b = [ 5 ] which shows that (6.1) is stable. Time evolution of the states are

also plotted in Fig. (6.8). Moreover, the smaller the value of F, the faster the
system converges to the equilibrium point. As illustrated in Figs. (6.9)-(6.10)
the system converges faster to the equilibrium point with (¢, g2)=(-3000, -1000)
and (K1, ke)=(2.727, 1.437).

2 © Initial Condition
Trajectory |
15 — — — Switching lines I
|
1 -
|
051 |
S op—————f- @ —4-—+-——11
05
|
1k
|
15 |
|
2t I
]
0

-0.05 -0.04 -0.03 -0.02 -0.01 0.01 0.02 0.03 0.04 0.05

x
[y

Figure 6.7: Hybrid output feedback stabilization of magnetic levitation system
with (K1, k2)=(1.759, 1.437), b = [0 2]
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Figure 6.8: States of magnetic levitation system with (kq, k2)=(1.759, 1.437),
b =[02]
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< 05F i
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-05 | 1
|
- I -
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Figure 6.9: Hybrid output feedback stabilization of magnetic levitation system
with (K1, re)=(2.727, 1.437), bT = [0 2]
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Figure 6.10: States of magnetic levitation system with (kq, ke)=(2.727, 1.437),
b =[02]
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Chapter 7

Conclusion

In this thesis, stability of planar piecewise linear systems and stabilization of a
class of planar LTT systems have been investigated. Using a geometric approach,
we have derived a new set of necessary and sufficient conditions for the well-
posedness and stability of planar conewise linear systems, which are directly in
terms of the “givens” of the problem. A hybrid output feedback controller has
also been designed for global asymptotic stabilization of a class of planar LTI

systems.

In Chapter 3, we studied the structural properties of an LTI system in a cone.
Five different mode types were identified. The mode type is solely characterized
by how the eigenvectors stand relative to the cone on which the subsystem is
defined. In Chapter 4, we derived a new set of necessary and sufficient condi-
tions for well-posedness (in the sense of Carathéodory) of planar piecewise linear

systems. The conditions are in terms of the eigenvectors and the cone vectors.

Using the results obtained in Chapter 3 and 4, a simple stability criteria for
planar piecewise linear systems was provided in Chapter 5. The conditions are
computationally tractable. Only the eigenvalues, eigenvectors and cone vectors
are required for the stability test. In addition, the known condition for bimodal

piecewise linear systems was obtained as an easy corollary of our main result. The

67



results were validated on a three-modal system and a selector control system.

Finally, taking advantage of the stability criteria derived in Chapter 5, in
Chapter 6 we designed a hybrid output feedback controller for the stabilization
of a class of planar LTI systems. The controller was shown to stabilize the
system, just in case, the controller gains satisfy certain algebraic condition. The
effectiveness of the proposed controller was illustrated on a magnetic levitation

system.

The new approach proposed provides more insight into the stability analysis
of piecewise linear systems and hybrid output feedback controller synthesis for
planar LTI systems. An obvious next step is to investigate the stability of 3D or
higher dimensional conewise linear systems by extending the techniques developed
here. It is expected that the interaction among the cone vectors and eigenvectors
of the modes should also play a crucial role in the characterization of stability of

the higher dimensional cases.
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Appendix A

Matlab Codes

YGEXAMPLE 5.1.1

%This code plots the root—locus of the matriz pencils
%given in Ezample 5.1.1,

%it also plots the Nyquist diagram of G(s).

clc

clear all

figure

Bl1=[-3 7;0 —1];

B=[-2;7];
Cp=[1 0];
D=0;

B2=B1—(B«Cp);

%FEigenvalue locus

alpha=0;

for i=1:100
Ac=(alphax*(B1))+((1—alpha)=x(B2));
eigenvalues (:,1)=eig(Ac);
B2s=inv (B2);
Acl=(alpha=*(B1))+((1—alpha)*(B2s));
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eigenvaluesb (:,i)=eig(Acl);
if alpha==
break
else
alpha = alpha + 0.01;
end
end
subplot (2,1 ,1);
plot(real(eigenvalues (:,:)) ,imag(eigenvalues (:,:)),
axis([—3 0.5 —4 4])
xlabel (’Real(r_1)")
ylabel ('Imag(r_-1)7)
title ('r_.1=Eigenvalues_of_A_c’)
grid
set (gca, 'GridLineStyle’,'—")
set (gcf, "color’ | ’white’);
subplot (2,1 ,2);
plot (real(eigenvaluesb (:,:)) ,imag(eigenvaluesb (:,:)),
axis([=3 0.5 —0.15 0.15])
xlabel ("Real(r_2)")
ylabel ( 'Imag(r_2)7)
title ('r_2=Eigenvalues_of_A c_1")

‘om )

grid

set (gca, 'GridLineStyle’,'—")
set (gcf, 'color’ | white’);
%Nyquist plot

figure

G=ss (B1,B,Cp,D);

Co=ctrb (B1,B);

Ob = obsv(B1,Cp);
rCo=rank (Co)

rOb=rank (Ob)
G=tf(G);%G(s)
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nyquist (G)

hold on

plot([—-1 —1],[-10 10], ’—r’, LineWidth’ 2)
set (gcf, 'color’ | white’);

Y%WELL-POSEDNESS OF CONEWISE LINEAR SYSTEMS

%This code implements Theorem 4.1.1 to check for
%well—posedness of a planar conewise linear system.
clc

clear all

%Define system and cones

m=3; %Number of modes

a=0.05;

A{1}=[6 3;-3 6];

A{2}=[-1 ;-1 0J;

A[3}=[-2 1/aca -2

C{1}=[1 0.5/a;0 0.5/a]; S{l}=inv(C{1});

C{2}=[0 —0.5/a;1 —0.5/a] ;S{2}=inv(C{2});

C{3}=[-0.5 0.25/a;—-0.5 —0.25/a] ; S{3}=inv(C{3});

for i=1m

[B{i} D{i}=eig(Ali});

detS(i)=det (S{i});
);S{i

sI{i}=[S{i}(1 F(2)]; s2{i}=[S{i}(3);5{i}(4)];
cle{i}=[C{i}(1) C{i}(3)];

c26{i}=[C{i}(2) C{i}(4)];

if (imag(D{i}(1))==0) && (real(D{i}(1)) =real(D{i}(4)))
[E{i} D{i}]=eig(A{i});

if (max(D{i} (1) ,D{i}(4)))==D{i}(1)

lamdal (i)=D{i }(1);lamda2(i)=D{i}(4);
vi{ip=[E{i}(1);E{i}(2)];v2{i}=[E{i}(3);E{i}(4)];

else
lamdal (i)=D{i}(4);
lamda2 (1)=D{i }(1);
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vI{i}=[E{i}(3);E{i}(4)];v2{i}=[E{i}(1);E{i}(2)];
end

V{i}=v{i} v2{i}];

p(i)=(det (V{i })«det ([v1{i} s1{i}])«det([v2{i} s1{i}]));
else if (imag(D{i}(1))==0) && (real(D{i}(1))==real(D{i}(4)))
E{i} D{i}]=jordan (A{i});

lamda (i)=D{i}(1);

vI{ib=[B{i }(3):E{i }(4)];

v2{i}=[E{i } (1);E{i}(2)];

V{i}=[v1{i} v2{i}];

p(i)=det (V{i});

else

[E{i} D{i}]=eig(A{i});

sigma (i)=real (D{i}(1));

wimag (i)=imag (D{i } (1))

w(i)=abs(wimag(i));

vn{i}=[E{i}(3);E{i}(4)];
vli{i}=real(vn{i});v2{i}=imag(vn{i});

V{i}=vi{i} v2{i}];

p(i)=det(V{i});

end

end

end

for i=1m

if i"=m

k=i—+1;

else

k=1;

end

if imag(D{k}(1))==0 && real (D{k}(1)) =real (D{k}(4))
pp (k)= (det (V{k})xdet ([vi{k} s1{i}])+det([v2{k} s1{i}])):
else

pp (k)=det (V{k});
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end

end

detS

for i=1m

if i"=m

k=i—+1;

else

k=1;

end

if ((imag(D{i}(1))==0) & (real(D{i}(1)) =real
& ((det ([vi{i} s1{i}])«det ([v2{i} s1{i }]))220
((imag(D{k}(1))==0) & (real (D{k}(1)) =real (Df
& ((det ([vi{k} s1{i}])xdet ([v2{k} s1{i}]))==0
((imag(D{i}(1))==0) & (real(D{i}(1))==real (D{i
& (det ([v2{i} s1{i}])==0)) ||((imag(D{k}(1))= o>

& (real(D{k}(1))==real (D{k}(4))) & (det ([v2{k} s1{i}])==0))

swpc (1)=0;

(D{i}(4))) -

disp( ’Eigenvector_lies _on_the_border.")
break

else

wpe (1)=p(1)*pp(k);

swpe (i)=sign (wpe(i));

end

end

grtzero = sum((swpc ==1))
if grtzero=—m

disp ( 'CLS_is .well—posed ")
else if swpc(i) =0

disp (’CLS_is.ill —posed ")
end

end

%STABILITY OF CONEWISE LINEAR SYSTEMS
%This code implements Theorem 5.2.1 to check the stability
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% of a planar conewise linear system.
clc
clear all

figure

%Define system and cones

m=3; %Number of modes

a=0.05;

A{1}=[6 3;-3 6];

A{2}=[-1 1:-1 0],

A[3}=[-2 1/asa -2

C{1}=[1 0.5/a;0 0.5/a]; S{l}=inv(C{1});

C{2}=[0 —0.5/a;1 —0.5/a] ;S{2}=inv(C{2});

C{3}=[-0.5 0.25/a;—-0.5 —0.25/a] ; S{3}=inv(C{3});

for i=1m

[B{i} D{i}=eig(A{i});

detS(i)=det (S{i});

ST{=IS{i ) (1):801 1 (2)]: s2{1)=[S{i }(3):5{i } (4)];

b=s1{i}+s2{1i};

c1t{i}=[C{i (1) Cfi }(3)]:

c2t{i}=[C{i}(2) C{i}(4)];

if (imag(D{i}(1))==0) && (real(D{i}(1))"=real(D{i}(4)))

disp ( 'REAL_AND_DISTINCT _EIGENVALUES ")

[B{i} D{i}=eig(A{i});

if (max(D{i}(1),D{i}(4)))==D{

lamdal(i)=D{i}(1);lamda2(i)=D

vI{i}=[E{i }(1):E{E H(2)]5v2{ i)

else

lamdal (i)=D{

lamda2 (i)=D{
(

}

{ )
=[E{i}(3):E{i H(4)];

(1)
}(4
[E{i

ip(4)]sve{ip=[E{i p(1);E{1 }(2)];

end

Viip=[vi{i} v2{i}];
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W{i}=inv (V{i});

wlt{i}=W{1}(1) W{i}(3)];

w2t{i}=MW{i}(2) Wi}(4)];

mvl(i)=det ([s1{i} v1{i}])xdet([vi{i} s2{i}]);
mvin(i)= det([sl{ bo—1sxvi{i}])«det([—1xv1{i} s2{i}]);
mv2(i)=det ([s1{i} v2{i}])xdet ([v2{i} s2{i}]);
mv2n(i)=det ([s1{i} —1xv2{i}])xdet([—1xv2{i} s2{i}]);

% Plot: Basins

subplot (m,1,1)

plotv ([v1{i}],’b’); hold on ; plotv([—vIi{i}], g’ );

hold on;plotv ([v2{i}], ¢’ );hold on;plotv([—v2{i}], 'm");

hold on;plotv ([s1{i}], ' r’);hold on;plotv ([s2{i}], r”)

grid

set (gca, 'GridLineStyle’,'—")

set (gcf, "color’ | ’white );

%Mode type

if ((mv2(i)>0)]](mv2n(i)>0))&&((mvl(i)<0)&&(mvin(i)<0))

disp (’Source: _.check_eigenvalue_for_stability ")

lamda2=lamda2 (i)

tr(i)=—1;

else if ((mvl(i)>0)||(mvin(i)>0))&&((mv2(i)>0)||(mv2n(i)>0))

disp ( "Half—Sink: _check_eigenvalue_for_stability 7)

lamdal=lamdal (i)

tr(i)=—1;

else if ((mvl(i)>0)||(mvin(i)>0))&&...

((mv2(1)<0)&&(mv2n(i)<0))

disp (’Sink:._check._eigenvalue_for_stability ’)

lamdal=lamdal (i)

tr(i)=—1;

else if ((det(V{i})xdet([vl{i} b])xdet([v2{i} b]))<0) ...
&& ((det ([vl{i} b])xdet([v1i{i} s1{i}]))>0)

disp (’Negative.Transitive ")

tlx(i)=1/(lamdal(i)—lamda2(i));
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#(((Ce2e{i})(v2{i}))*((w2t{i})*(s2{i})))...
J¥(vI{L}))x((wilt{i})*(s2{i}))));
i)xlog(abs(tly(i)));

abs(det ([v2{i} s2{i}])))/(abs(det ([v2{i} s1{i}]))))+
*t1(i));

tly (i)=-
/<<< 24 {i

t1(i)=t1
F(i)=log
(lamdal (i
tr(i)=1;

else

1
}
(
(
)

1
X
(
1

disp(’Positive_.Transitive ")

t2x(i)=1/(lamdal (i)—lamda2(i));

t2y (1)=—1x((((clt{i})x(v2{i}))=*...
((w2t{i})*(s1{i})))/((Celt{i})x(vi{i}))*((wlt{i})*(sl{i}))));
t2(i)=t2x(i)*xlog(abs(t2y(i)));

F(i)=log((abs(det ([v2{i} s1{i}])))/(abs(det ([v2{i} s2{i}]))))+...

(lamdal (i)*t2(i)) ;

tr(i)=1;

end

end

end

end

else if (imag(D{i}(1))==0) && (real(D{i}(1))==real(D{i}(4)))
disp ( 'REAL [REPEATED] _EIGENVALUES ")

B{i} D{i}]=jordan (A{i});

lamdal (1)=D{i}(1);

VI{i}=[E{F(3) B H(4)];
v2{i}=[E{i}(1);E{i}(2)];
V{i}=[vi{i} v2{i}];

W{i }=inv (V{i })

wit{i b=V }(1) WEE}(3)];
w2t {i}=W{i}(2) W{i}(4)];
mv2(i)=det ([s1{i} v2{i}])xdet ([v2{i} s2{i}]);
mv2n(i)=det ([s1{i} —1xv2{i}])xdet([—1xv2{i} s2{i}]);
%Plot: Basins

subplot (m,1,1)
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plotv ([v1{i}],’b’); hold on ; plotv([—vIi{i}], g’ );

hold on;plotv ([v2{i}], ¢’ );hold on;plotv([—v2{i}], 'm’);
hold on;plotv ([s1{i}], r’);hold on;plotv ([s2{i}], 'r”)
grid

set (gca, 'GridLineStyle’,—")

set (gcf, "color’,"white ) ;

%Mode type

if ((mv2(i)>0)||(mv2n(i)>0))

disp ( ’Half—Sink: _check_eigenvalue_for_stability ’)
lamdal=lamdal (i)

tr(i)=-—1;

else if (det(V{i})<0)&&((det ([v2{i} b])*xdet([v2{i} s1{i}]))>0)
disp('Negative_.Transitive )

tln(i)=—1x(det (V{i}))x(det(S{i}))*((c2t{i})=*(s2{i}));
t1d (i)=(det ([v2{i} s2{i}]))«(det([v2{i} s1{i}]));
t1(i)=abs(tln(i)/t1d(i));

F(i)=log((abs(det ([v2{i} s2{i}])))/(abs(det ([v2{i} s1{i}]))))+...

(lamdal(i)xtl(i));
tr(i)=1;

else

t2n(i)=—1x(det (V{i}))x(det (S{i}))*((clt{i})*(sl{i}));
t2d (i)=(det ([v2{i} s1{i}]))*(det ([v2{i} s2{i}]));
t2(i)=abs(t2n(i)/t2d(i));

F(i)=log ((abs(det ([v2{i} s1{i}])))/(abs(det ([v2{i} s2{i}]))))...
+(lamda(1)*t2(1));
tr(i)=1;

end

disp (' Positive_Transitive )
1
i

end

else
disp ( 'NONREAL_EIGENVALUES ")

[E{i} D{i}]=eig(A{i});
sigma (i)=real (D{i}(1));

85



wimag (i )=imag(D{i } (1));
w(1i)=abs(wimag(i));

vn{i }=[E{i }(3):EL }(4)]5
vl{i}=real(vn{i});v2{i}=imag(vn{i});
Viiy=[vi{i} v2{i}];

Wi b=inv (V{i }):

wit{i}=W{i }(1) Wi }(3)];

w2t {1} =i }(2) Wi} (4)];

%Mode type

if det(V{i})<0
disp('Negative_.Transitive ")

theta (i)=phase((det ([vn{i} s1{i}]))/(det([vn{i} s2{i}])));
t1(i)=abs(theta(i)/w(i));

F(i)=log((abs(det ([vn{i} s2{i}])))/(abs(det ([vn{i} s1{i}]))))+...

(sigma(i)xtl1(i));

tr(i)=1;

else

disp(’Positive_.Transitive )

theta (i)=phase((det ([vn{i} s2{i}]))/(det([vn{i} s1{i}])));
t2(i)=abs(theta(i)/w(i));

F(i)=log((abs(det ([vn{i} s1{i}])))/(abs(det([vn{i} s2{i}]))))+...

(sigma(i)*xt2(i));
tr(i)=1;
end
end
end
end
legend('v_1’,’—v_1’ ’'v.2’ '—v.27 ’s 1’ "'s.2")
detS
FEX=0;
for i=1m
if tr(i)<0

disp('Not_all _modes_are_transitive ”)
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break

else

FEX=FEX+F(i);

end

end

if (FEX <0) && (tr(i)>0)
FEX=FEX

disp( 'CLS_is._stable”)
else if (FEX >=0) && (tr(i)>0)
FEX=FEX

disp( 'CLS.is .unstable’)
end

end

YMULTIMODAL TRAJECTORY

%This code plots the trajectory of a planar conewise linear system.
clc

clear all

figure

global A

global C

tf=20;

m=3; %Number of modes

a=0.05;

A{1}=[6 3;-3 6];

A{2}=[-1 1;-1 0];

A{3}=[-2 1/a;a —2];

C{1}=[1 0.5/a;0 0.5/a]; S{l}=inv(C{1});
C{2}=[0 —0.5/a;1 —0.5/a] ;S{2}=inv(C{2});
C{3}=[-0.5 0.25/a;—0.5 —0.25/a] ; S{3}=inv(C{3});
x1b=3;

x2b=0;

x0=[x1b;x2b];
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plot (x1b,x2b, ok’ , ’LineWidth " ,2);

hold on

[t x]=o0de45(’slidd2t’ ,[0:0.001:tf],x0);
plot(x(:,1),x(:,2),’b’, LineWidth’ ,1.5);

% Switching Lines
axl=1.lxmax(abs(x(:,1)));
ax2=1.1xmax(abs(x(:,2)));
for i=1m
S{i}=inv(C{i });
si{i}= S{i}(:,1); s2{i}= S{i}(:,2);
hold on
plotv ([10°70xs1{i}], —r1 ")
hold on
plotv ([10°70xs2{i}], —1")
end
xlabel ("x_17);
ylabel ('x.27);
axis([—axl axl —ax2 ax2])
grid
set (gca, 'GridLineStyle’,—")
set (gcf, "color’, ’white’);
legend ('Initial _Condition’,  Trajectory’, Switching._lines’)

function xdot=slidd2t (t,x)
global A

global C

if ((C{1})*[x
xdot=A{1}*[x(1)
else if ((C{2})x
xdot=A{2}x*[x(1) x
else if ((C{3})x]
xdot=A{3}*[x(1) x

end

(1) x(2)]")>=0

2)17

x(1) x(2)]")>=0
2)17%
(1)
2)]

X

x(2)]) >0

)

(
[
(
(
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end
end

end
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