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ABSTRACT

ONLINE LEARNING OVER DISTRIBUTED
NETWORKS

Muhammed Omer Saym
M.S. in Electrical and Electronics Engineering
Advisor: Assoc. Prof. Siileyman Serdar Kozat
July, 2015

We study online learning strategies over distributed networks. Here, we have a
distributed collection of agents with learning and cooperation capabilities. These
agents observe a noisy version of a desired state of the nature through a linear
model. The agents seek to learn this state by also interacting with each other
yet the communication load plays significant role. To this end, we propose com-
pressive diffusion strategies that extract the compressed information from the
diffused data. Agents can compress the information into a scalar or a single bit,
i.e., a substantial reduction in the communication load. Importantly, we show
that agents can achieve a comparable performance to the conventional diffusion
strategies that require the direct diffusion of information without compression and
with infinite precision. We also examine which information to disclose and how
to utilize them optimally in the mean-square-error (MSE) sense. Note that all
the well-known distributed learning strategies achieve suboptimal learning perfor-
mance in the MSE sense. Hence, we provide algorithms that achieve distributed
minimum MSE (MMSE) performance over an arbitrary network topology based
on the aggregation of information at each agent. This approach differs from the
diffusion of information across network, i.e., exchange of local estimates. Notably,
exchange of local estimates is sufficient only over the certain network topologies.
For these networks, we also propose strategies that achieve the distributed MMSE
performance through the diffusion of information. Hence, we can substantially
reduce the communication load while achieving the best possible MSE perfor-
mance. Finally, for practical implementations we provide approaches to reduce
the complexity of the algorithms through the time-windowing of the observations.

Keywords: Online learning, compressive diffusion, distributed networks, big data.
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OZET
DAGITILMIS AG UZERINDE ONLINE OGRENME

Muhammed Omer Saym
Elektrik Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Dog. Dr. Siileyman Serdar Kozat
Temmuz, 2015

Dagitilmig aglar tizerinde online 6grenme stratejileri tizerinde caligmaktayiz. Bu-
rada ogrenme ve igbirligi kabiliyetine sahip ajanlarin dagitilmig bir koleksiy-
onuna sahibiz. Bu ajanlar istenilen state parametresinin giirtiltiilii versiyonunu
gozlemlemekteler. State 0grenmeyi amaclayan ajanlar ayni zamanda birbirleri ile
etkilesime girmektedir fakat iletigim yiikii 6nemli bir rol oynamaktadr. Bu amacla
yayilan veriden sikigtirilmig bilgiyi ¢ikarabilen sikigtirilmig yayimim stratejilerini
Oneriyoruz. Ajanlar bilgiyi bir skalere veya bir bite kadar sikigtirabilirler. Bir
diger ifadeyle iletigim yiikiinii bityiik 6lciide azaltabilirler. Onemli olarak ajan-
lar sonsuz hassasiyet gerektiren ve herhangi bir sikigtirma iglemi kullanmayan
geleneksel yaymim stratejileri ile kargilatirabilinir performans sergileyebilirler.
Ayrica hatanin karesinin ortalamasi acisindan en iyilestirilmisi i¢in hangi bilginin
yayilmasi ve nasil kullanilmasi gerektigini inceliyoruz. Bilinen tiim dagitilimig
ogrenme stratejileri hatanin karesinin ortalamasi agisindan suboptimaldir. Bu
yiizden herhangi bir ag topolojisi tizerinde bilginin her bir ajanda toplanmasini
kullanan, en kiiciik dagitilmig hatanin karesinin ortalamasini bagarabilen algo-
ritmalar saglyoruz. Bu yaklagim yerel kestirimlerin degis tokusg yapildigi, ag
tizerinde bilginin yayildigi, yaklagimlardan farklilhik gostermektedir. Fakat yerel
kestirim parametrelerinin yayimimi sadece o6zel ag topolojileri tlizerinde yeterli
olmaktadir. Bu aglar i¢in bilginin yaymimini kullanan ve en kii¢iik dagitilmig
hatanin karesinin ortalamasini bagarabilen algoritmalar da Oneriyoruz. Boylece
olasi en iyi performansi bagarirken iletisim yiikiinii biiytik olciide azaltabiliriz.
Son olarak pratik uygulamalar icin gozlemlerin zaman icerisinde pencerelenmesini

kullanan yaklagimlar sagliyoruz.

Anahtar sozcikler: Online 6grenme, sikigtirilmig yayilma, dagitilmig aglar, biiytik

veri.
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Chapter 1

Introduction

Distributed network of nodes provides enhanced performance for several different
applications, such as source tracking, environment monitoring and source local-
ization [1-4]. In such a distributed network, each node encounters possibly a
different statistical profile, which provides broadened perspective on the moni-
tored phenomena. In general, we could reach the best estimate with access to all
observation data across the whole network since the observation of each node car-
ries valuable information [5]. In the distributed adaptive estimation framework,
we distribute the processing over the network and allow the information exchange
among the nodes so that the parameter estimate of each node converges to the
best estimate [4,6].

In the distributed architectures, one can use different approaches to regu-
late the information exchange among nodes such as the diffusion implementa-
tions [6-11]. The generic diffusion implementation defines a communication pro-
tocol in which only the nodes from a certain neighborhood could exchange in-
formation with each other [1,6-11]. In this framework, each node uses a local
adaptive algorithm and improves its parameter estimation by fusing its informa-
tion with the diffused parameter estimations of the neighboring nodes. Via this
information sharing, the diffusion approach provides robustness against link fail-

ures and changing network topologies [6]. However, diffusion of the parameter



vectors within the neighborhoods results in high amount of communication load.
For example, in a typical diffusion network of N nodes the overall communication
burden is given by N x M where M is the size of the diffused vector, which im-
plies that the size of the diffused information has a multiplicative impact on the
overall communication burden. Additionally, in a wireless network, the neighbor-
hood size also plays a crucial role on the overall communication load since the
larger the neighborhood is, the more power is required in the transmission of the

information [1-4].

We study the compressive diffusion strategies that achieve a better trade-off
in terms of the amount of cooperation and the required communication load [12].
Unlike the full diffusion configuration, the compressed diffusion approach diffuses
a single-bit of information or a reduced dimensional data vector achieving an im-
pressive reduction in the communication load, i.e., from a full vector to a single
bit or to a single scalar. The diffused data is generated through certain random
projections of the local parameter estimation vector. Then, the neighboring nodes
adaptively construct the original parameter estimations based on the diffused in-
formation and fuse their individual estimates for the final estimate. In this sense,
this approach reduces the communication load in the spirit of the compressive
sensing [12,13]. The compression is lossy since we do not assume any sparseness
or compressibility on the parameter estimation vector [13,14]. However, the com-
pressive diffusion approach achieves comparable convergence performance to the
full diffusion configurations. Since the communication load increases far more in
the large networks or the networks where the paths among the nodes are rela-
tively longer, the compressive diffusion strategies play a crucial role in achieving

comparable convergence performance with significantly reduced communication

load.

There exist several other approaches that seek to reduce the communication
load in distributed networks. In [15,16] and [17], the authors propose the partial
diffusion strategies where the nodes diffuse only selected coefficients of the pa-
rameter estimation vector. In [18], the dimension of the diffused information is
reduced through the Krylov subspace projection techniques in the set-theoretic

estimation framework. In [19], within a predefined neighborhood, the parameter
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estimate is quantized before the diffusion in order to avoid unlimited bandwidth
requirement. In [20], the nodes transmit the sign of the innovation sequence in
the decentralized estimation framework. In [21], in a consensus network, the rel-
ative difference between the states of the nodes is exchanged by using a single bit
of information. As distinct from the mentioned works, the compressive diffusion
strategies substantially compress the whole diffused information and extract the

information from the compressed data adaptively [12].

In this study, we provide a complete performance analysis for the compressive
diffusion strategies, which demonstrates comparable convergence performance of
the compressed diffusion to the full information exchange configuration. We note
that studying the performance of distributed networks with compressive diffu-
sion strategies is not straight-forward since adaptive extraction of information
from the diffused data brings in an additional adaptation level. Moreover, such a
theoretical analysis is rather challenging for the single-bit diffusion strategy due
to the highly nonlinear compression. However, we analyze the transient, steady-
state and tracking performance of the configurations in which the diffused data is
compressed into a scalar or a single-bit. We also propose a new adaptive combina-
tion method improving the performance for any conventional combination rule.
In the compressive diffusion framework, we fuse the local estimates with the
adaptively extracted information from substantially compressed diffusion data.
The extracted information carries relatively less information than the original
data. Hence, we introduce “a confidence parameter” concept, which adds one
more freedom-of-dimension in the combination matrix. The confidence parame-
ter determines how much we are confident with the local parameter estimation.
Through the adaptation of the confidence parameter, we observe enormous en-
hancement in the convergence performance of the compressive diffusion strategies

even for relatively long filter lengths.

Additionally, online learning, estimation, and prediction over distributed net-
works have recently attracted substantial attention in diverse disciplines due to
their natural advantages using cooperation (see e.g., [6-8,22-31] and references
therein). In these approaches, we have agents that observe as well as process

data in order to learn the true state of the underlying problem, as an example,
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say that we have a collection of buses connected via transmission lines on an
electric grid where the physical state is the voltage magnitude and angle [32].
These agents can cooperate within the network in order to alleviate the learning
process in a fully distributed manner [24]. Notably, the agents can respond to
streaming data in an online manner by disclosing information among each other.
This framework is conveniently used to model highly complex structures from
biological systems to social and economical networks [28-31]. Although there is
an extensive literature on this field, we still have significant and yet unexplored

problems for disclosure and utilization of information among agents.

There exist several different approaches to control the information sharing
between the agents. As an example, widely used consensus and diffusion imple-
mentations benefit from the propagation of information across the network. In
the consensus implementation, after collecting and processing the local measure-
ments, the agents seek to reach a “consensus” over the collected data [33, 34].
Recently, average consensus and gossip algorithms [35,36] have been applied ex-
tensively in the multi-agent systems [37,38] or in the distributed estimation frame-
works [23,34]. Additionally, the diffusion approach seeks to respond to streaming
data in an online manner [6,24]. At each instant, the agents process their obser-
vation data locally, disclose their state estimate to the neighboring agents, and
enhance the performance through the received estimated parameters [6]. Corre-
spondingly, the diffusion based approaches have been extensively applied in dis-
tributed detection [39], estimation [6-8,25], learning [11] and optimization [40,41]
frameworks. In [42], the authors show that the diffusion strategies outperform

the consensus based strategies in terms of mean-square error (MSE) performance.

As a common property, consensus and diffusion approaches require the agents
to disclose the local estimate to the neighboring agents, hence information can
propagate across the network. However, which information to disclose among the
agents for the optimal learning performance, such as in the MSE sense, is an un-
solved problem yet. Hence, the one of the main objective of this thesis is to study
optimal information sharing strategies for the minimum MSE performance over
distributed networks. Additionally, in both consensus and diffusion based itera-

tions, the agents construct the final estimate by linearly combining the received
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information such as the estimates. To this end, the agents generally utilize certain
static combination rules, e.g., the uniform rule [43], the Laplacian rule [44] and
the Metropolis rule [45]. However, we emphasize that the agents should choose
the cooperation rule properly otherwise the cooperation may influence the per-
formance adversely in general [25,46-48]. As an example, if the statistical profile
of the measurement data varies over the network, i.e., each agent observes diverse
signal-to-noise ratios, the cooperation rules ignoring the variation in noise, e.g.,
the uniform, Laplacian, and Metropolis rules, yield severe decline in the estima-
tion performance [24]. Particularly, in such cases the agents can perform better
without cooperation [24]. Hence, we can enhance the performance significantly
by adjusting the cooperation rule according to the prior information about the

statistical profiles across the network and the network topology [25,48,49].

In the diffusion based approaches, there are several studies to choose the com-
bination weights with the prior information in terms of certain performance mea-
sures. In [25], the authors optimize the weights numerically in terms of the steady-
state average mean-square deviation over all the network through the prior infor-
mation about the statistical profiles of the measurements of the agents. Similarly,
through certain approximations, in [48], the authors formulate a convex optimiza-
tion problem to determine the combination weights in time. In [49] and [50], the
authors adjust the combination weights for the transient and steady state phases
separately and formulate a hypothesis testing strategy to switch from one phase
to the other. However, we point out that these online strategies do not achieve
the optimal learning performance in MSE sense continuously at all phases. Cor-
respondingly, there are also a few strategies to increase the convergence rate in
the average consensus algorithms [51-53], however, different from these, we aim

to formulate online algorithms for streaming data.

In this study, we also seek to formulate the optimal learning strategy over dis-
tributed networks in the MSE sense. In particular, we design which information
to disclose and how to utilize them for the minimum MSE (MMSE) performance.
Over a sparsely connected network, the agents observe a noisy version of the un-
derlying state and can exchange information with only certain agents at each time

instant. For that model, we introduce a comprehensive cost measure considering
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the transmission of information over the hops due to partial connections. Cor-
respondingly, we formulate the MMSE estimator using prior information about
the statistical profiles and the network topology. For the case of jointly Gaussian
state and noise signals, we derive a consensus-like iterative algorithm, i.e., the
optimal distributed online learning (ODOL) algorithm, based on the aggregation
of information at each agent. We point out that the ODOL algorithm achieves
the linear MMSE (LMMSE) performance for other cases.

Notably, the ODOL algorithm is different from the conventional algorithms
that benefit from the propagation of information through the disclosure of the
local estimates. However, we can achieve the MMSE performance through the
disclosure of local estimates only over certain network topologies. We analyti-
cally show that over the tree networks involving cell structures we can achieve
the MMSE performance through the disclosure of the local estimates. To this
end, we formulate the optimal and efficient distributed online learning (OEDOL)
algorithm. The OEDOL algorithm achieves the MMSE performance over the tree
networks and can reduce the communication load tremendously by using prop-
agation of information across the network instead of aggregation of information
at each agent. Note that for an arbitrary network topology, we can construct
such network connections by eliminating certain communication links. Hence,
by exploiting an arbitrary network, the proposed algorithms achieve the MMSE
performance asymptotically. Additionally, we propose sub-optimal versions of
the algorithms using the time windowing of the observation set in order to re-
duce the complexity for practical applications. These sub-optimal versions have
consensus-like iterations with time invariant weights that can be calculated be-

forehand.

The remainder of the thesis is organized as follows. In Chapter 2, we introduce
the compressive diffusion strategies over distributed networks for reduced com-
munication load. In Chapter 3, we provide the communication efficient channel
estimation strategy over distributed networks as an application of the compressive
diffusion strategies. We study the optimal static state estimation strategies over
distributed networks in Chapter 4. In Chapter 5, we provide an implementation

of the optimal distributed learning strategies for Big Data applications.
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Notation: Bold lower (or upper) case letters denote column vectors (or ma-
trices). For a vector a (or matrix A), a” (or A%) is its ordinary transpose. || - ||
and || - || 4 denote the L, norm and the weighted L, norm with the matrix A,
respectively (provided that A is positive-definite). We work with real data for
notational simplicity. Here, Tr(A) denotes the trace of the matrix A. The op-
erator col{-} produces a column vector or a matrix in which the arguments of
col{-} are stacked one under the other. For a matrix argument, diag{ A} opera-
tor constructs a diagonal matrix with the diagonal entries of A and for a vector
argument, it creates a diagonal matrix whose diagonal entries are elements of the
vector. The terms of the vector 1 (and 0) are all 1s (and 0s) and the size of
the vector could be understood from the context. We use calligraphic letters for
random variables and underlined calligraphic letters for random vectors, e.g., X
and X. Bold calligraphic letters, e.g., Z, denote a set of random variables. For
a random variable X (or vector X)), E[X] (or E[X]) represents its expectation.
We work with real data for notational simplicity. For the vectors, @ and b, a © b
is the Hadamard (element-wise) product. The operator ® takes the Kronecker

tensor product of two matrices.



Chapter 2

Compressive Diffusion Strategies

In this chapter, for Gaussian regressors, we analyze the transient, steady-state
and tracking performance of scalar and single-bit diffusion techniques. We demon-
strate that our theoretical analysis accurately models the simulated results. We
propose a new adaptive combination method for compressive diffusion strategies,
which achieves a better trade-off in terms of the transient and steady state per-
formance. We provide numerical examples showing the enhanced convergence

performance with the new adaptive combination method in our simulations.

2.1 Distributed Network

Consider a network of N nodes where each node i measures! d;y and uw;; € RM

related via the true parameter vector w, € R through a linear model
diy = Wo Wiy + Vi,

where v;; denotes the temporally and spatially white noise. We assume that the
regression vector u;; is spatially and temporally uncorrelated with the other re-

gressors and the observation noise. If we know the whole temporal and spatial

L Although we assume a time invariant unknown system vector w,, we also provide the
tracking performance analysis for certain non-stationary models later in the paper.
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Figure 2.1: Distributed network of nodes and the neighborhood ;.

data overall network, then we can obtain the parameter of interest w, by mini-

mizing the following global cost with respect to the parameter estimate w [6]:

N
Tgob(w) =Y E [(diy — w"u;y)?] . (2.1)
i=1
The stochastic gradient update for (2.1) leads to the global least-mean square
(LMS) algorithm as

N
Wiy = Wi + [ Z Wi ¢ (di,t - U;{twt) ) (2.2)
i=1

where p > 0 is the step size [7]. Note that (2.2) brings a significant communication
burden by gathering the network-wise information in a central processing unit.
Additionally, centralized approach is not robust against link failures and chang-
ing network statistics [4,6]. On the other hand, in the diffusion implementation
framework, we utilize a protocol in which each node i can only exchange informa-
tion with the nodes from its neighborhood N; (with the convention i € Nj;) [6,7].
This protocol distributes the processing to the nodes and provides tracking ability

for time-varying statistical profiles [6].

Assuming the inner-node links are symmetric, we model the distributed net-
work as an undirected graph where the nodes and the communication links cor-
respond to its vertices and edges, respectively (See Fig. 2.1). In the distributed
network, each node employs a local adaptation algorithm and benefits from the
information diffused by the neighboring nodes in the construction of the final

estimate [6-9]. For example, in [6], nodes diffuse their parameter estimate to the

9



neighboring nodes and each node ¢ performs the LMS algorithm given as

Wi = (I — Miui,tuz:t)%,t + pidi g, (2.3)

where p; > 0 is the local step-size. The intermediate parameter vector ¢, , is

Pit = Z Yi,j Wit

JEN;

generated through

with «;;’s are the combination weights such that Zjvzl vi; = 1 for all i €
{1,---,N}. For a given network topology, the combination weights are deter-
mined according to certain combination rules such as uniform [43], the Metropo-

lis [45,54], relative-degree rules [8] or adaptive combiners [55].

We note that in (2.3) we could assign ¢, as the final estimate in which we
adapt the local estimate through the local observation data and then we fuse with
the diffused estimates to generate the final estimate. In [7], authors examine these
approaches as combine-than-adapt (CTA) and adapt-than-combine (ATC) diffu-
sion strategies, respectively. In this paper, we study the ATC diffusion strategy,
however, the theoretical results hold for both the ATC and the CTA cases for

certain parameter changes provided later in the paper.

We emphasize that the diffusion of the parameter estimation vector also brings
in high amount of communication load. In the next section, we introduce the
compressive diffusion strategies enabling the adaptive construction of the required

information from the reduced dimensional diffused information.

2.2 Compressive Diffusion

We seek to estimate the parameter of interest w, through the reduced dimension
information exchange within the neighborhoods. To this end, in the compressed
diffusion approach, unlike the full diffusion scheme, we exchange a significantly
reduced amount of information. The diffused information is generated through a
certain projection operator, e.g., a time-variant vector ¢;, by linearly transform-

ing the parameter vector, e.g., w;,;. In particular, node 7 diffuses ctT'wi,t instead

10



of the whole parameter vector w;; in the scalar diffusion scheme. We might also
use a projection matrix, e.g., C; € RM*?, such that dim{C] w;,} < dim{w,,}
or p < M. Then the neighboring nodes of 7 can generate an estimate a;; of
w;; through the exchanged information by using an adaptive estimation algo-
rithm as explained later in this chapter and in [12]. We emphasize that the
estimates a;;’s are the constructed information using the diffused information,
not the actual diffused information. Hence, the diffused information might have
far smaller dimensions than the parameter estimation vector, which reduces the

communication load significantly.

We note that the projection operator plays a crucial role in the construction
of a;;. Hence we constrain the projection operator to span the whole parameter
space in order to avoid biased estimate of the original parameters [12]. Based
on this constraint, we can construct the projection operator through the pseudo-
random number generators (PRNG), which generates a sequence of numbers de-
termined by a seed to approximate the properties of random numbers [56], or

through a round-robin fashion in the sequential selection scheme as in [16].

Remark 3.1: We point out that the randomized projection vector could be
generated at each node synchronously provided that each node uses the same seed
for the pseudo-random generator mechanism [56]. Such seed exchanges and the
synchronisation can be done periodically by using pilot signals without a serious
increase in the communication load [57]. In Section X, we examine the sensitivity
of the proposed strategies against the asynchronous events, e.g., complete loss of

diffused information, in several scenarios through numerical examples.

Most of the conventional adaptive filtering algorithms can be derived using the

following generic update:
Wy = arg Il%(i)n {D(w,w;) + pL(dy, us, w)}, (2.4)

where D(w,w;) is the divergence, distance or a priori knowledge, e.g., the Eu-
clidean distance ||w — wy||?, and L(dy, us, w) is the loss function, e.g., the mean
square error E[(d; — ulw)] [58,59]. Correspondingly, the diffusion based dis-
tributed estimation algorithms can also be generated through the update (2.4).
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However, note that the compressive diffusion scheme possesses different side infor-
mation about the parameter of interest w, from the full diffusion configuration,
i.e., the constructed estimates instead of the original parameters. Although the
constructed estimates a;,;’s track the original parameter estimation vectors, they
are also parameter estimates of w, as the original parameters. Particularly, in
the proposed schemes, each node ¢ has access to the a priori knowledge about
the true parameter vector w, as w;; and a;,’s for j € N; \ i. Hence, in the

compressive diffusion implementation, we update according to

Wiyl = arg%n{%iﬂwz‘ —wigl+ D visllwi — agl?
' JEN;\i

such that in the update we also consider the Euclidean distance with the local
parameter estimation w;,; and the constructed estimates a;; of the neighboring
nodes. In order to simplify the optimization in (2.5) and to obtain an LMS update
exactly, we can replace the loss term (d;; — u;{twi)Q with the first order Taylor

series expansion around a;., i.e.,

(diy — ufw;)* =i 4(aj0)® — 26, (az)ul (w; — ajy)

+O([lwi]]*), (2.6)

A .. .
where we denote €;,(a;¢) = d;; — ugtaﬂ. Similarly, the first order Taylor series

expansion around w;; leads
(diy — uj,wi)? = e}, — 2e;u; , (wi — wiy) + O(|Jwi]?), (2.7)
where e;; = diy — uthi,t- Since ) jen; ij = 1, the approximations (2.6) and

(2.7) in (2.5) yields

Wi t+1 Ial“gfgll}n Yillws — wigl|* + Z Yigllwi — aq?
' JEN;\i
+ i [€7, — 260w, (w; —w; )]
i Y Vg [Ear(@se) — 26 aj ) ul(wi —agy)] o (2.8)

JEN;\i
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The minimized term in (2.8) is a convex function of w; and the Hessian matrix
2I,; > 0 is positive definite. Hence, taking derivative and equating zero, we get

the following update

Wit+1 = Pj41 T piti ¢ (dip — ug:t‘Pz',t+1)> (2.9)
where
Pitt1 = ViiWit + Z Yij Qjt, (2.10)
JEN\L

which is similar to the distributed LMS algorithm (2.3). Note that if we inter-
change ¢, , and w;, in other words, when we assign the outcome of the combi-
nation as the final estimate rather than the outcome of the adaptation, we have

the following algorithm:

Bir1 = Wiy + piti(diy — wlwiy), (2.11)
Wit+1 = ViiPipr1 T Z Vij Qg i1 (2.12)
JEN\i

We point out that (2.9) and (2.10) are the CTA diffusion strategy while (2.11) and
(2.12) are the ATC diffusion strategy. Fig. 2.2 and 2.3 summarize the compressive
diffusion strategy for the CTA and ATC strategies where j, € N;. We next
introduce different approaches to generate the diffused information (which are

used to construct a;,11’s).

In the compressive diffusion approach, instead of the full vector and irrespective
of the final estimate, we always diffuse the linear transformation of the outcome of
the adaptation, e.g., we diffuse z;; = ¢f w;, in the CTA strategy and z;;, = ¢/ ¢, ,
in the ATC strategy. At each node, with the diffused information z;;, we update

the constructed estimate a;,; according to
Qi1 = al"gngli_n {||az' - ai,t|\2 + nillzie — Cfai\|2} )
1

where we choose the diffused data as the desired signal and try to minimize the
mean-square of the difference between the estimate z;;, = cl'a; and 2. Here,
a;;’s are the estimates of the w;,’s or cpi,t’s in the CTA and the ATC strategies,

respectively. The first order Taylor series approximation of the loss term ||z;; —

13
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Figure 2.2: CTA strategy in the scalar diffusion framework.

Zi4||* around a;, yields the following update
Qi1 = Qi+ 1iC (Zi,t — CtTaz‘,t) (2.13)

where n; > 0 is the construction step size. We note that in [12] the reduced
dimension diffusion approach constructs a;;+1’s through the minimum distur-
bance principle and resulted update involves [ctTct] ! as the normalization term.
The constructed estimates a;;41’s are combined with the outcome of the local

adaptation algorithm through (2.10) or (2.12).

We next introduce methods where the information exchange is only a single
bit [12]. When we construct a;; at node 7, assuming a;,’s are initialized with the
same value, node j € N; has knowledge of the constructed estimate a;,. Hence,
we can perform the construction update at each neighboring node via the diffusion
of the estimation error, i.e., €, = zi+ — Zit. Note that this does not influence
the communication load, however, through the access to the exchange estimate
a;+y1 we can further reduce the communication load. Using the well-known sign

algorithm [5], we can construct a; ;4 as
Qi1 = Qig + Nicsign(e; ). (2.14)

Hence, we can repeat (2.14) at each neighboring node via the diffusion of z;; =

14
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Figure 2.3: ATC strategy in the scalar diffusion framework.

sign(e; ;) only and then we combine with the local estimate by using (2.10) or

In Tables 2.1 and 2.2, we tabulate the description of the proposed algorithms.

We note that as seen in the Tables 2.1 and 2.2, the construction of a;, requires

propose an approach significantly reducing this computational load provided that

all nodes use the same projection operator. We note that (2.9) and (2.11) require

the linear combination of the constructed estimates. To this end, we define

A
Wit = E Yij Qjts

JENG\i

so that for the same step size, i.e., n =n; = --- = ny, the following relations

T
a1 = A1y +1MN1C (Zl,t — G al,t) )

T
aNi+1 = ANt T NINC (ZN,t —C aN,t)

can be rewritten in a single update as

However, in the following, we

Wiyl = Wit T 1C Z VigZie — ¢ Wiy | - (2.15)

JEN;\i
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Table 2.1: The description of the scalar diffusion scheme with the ATC strategy.

Algorithm 2.1: Scalar Diffusion Strategies - ATC

Initialization:
Fori=1to N do
Ui = Co = W;p = A0 = [0, 70]T
End for
Do for ¢t >0
Fori=1to N do
Adaptation:
i = diy — ’U:thi,t
Pitr1 = Wit T LW 1€t
Diffuse z;; = ¢/ ¢;, to neighboring nodes
Construction:
For all j € V;\ i do
€t = 2j1 — Claj,
@ji1 = Qjr + 1;C€jt
End for
Combination:
Wit+1 = YiiPigy1 T Zje]\fi\i Vi, i Aj,t+1
End for

In that sense, as an example, instead of (2.12), we can construct the final param-

eter estimate w,;; through

Witt1 = ViiPit+1 T Wit+1, (2.16)

thanks to the linear error function in the LMS update. Hence, we can signifi-
cantly reduce the computational load, i.e., to only an additional LMS update, in
the scalar diffusion strategies through (2.15) and (2.16). On the other hand, if the
sign algorithm is used at each node in the construction of a;;, each node should
construct a;,’s separately since the sign algorithm has a nonlinear error update,
i.e., sign(e;¢). However, the sign algorithm is known for its low complexity im-

plementation and can be implemented through shift-registers provided that the
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Table 2.2: The description of the single-bit diffusion scheme with the ATC strat-
egy.

Algorithm 2.2: Single-bit Diffusion Strategies - ATC

Initialization:
Fori=1to N do
Ui =co=w;p=ao=10,---,0]"
End for
Do for ¢t >0
Fori=1to N do
Adaptation:
€t = dz‘,t - ugtwi,t
€it = CtT(SDi,t —a;y)
Qip1 = Gy + 10;Cisign (€1
Pitr1 = Wit T Wi 1€t
Diffuse z;; = sign (€;;) to neighboring nodes
Construction:
For all j € NV; \ i do
Qjr1 = Qjt + 1CtZ¢
End for
Combination:
Wil = ViiPipp1 T Zje,/\/’i\i Vi j Qj,t+1
End for

step-size is chosen as a power of 2 [5]. In this sense, the single-bit diffusion strat-
egy significantly reduces the communication load, i.e., from continuum to a single
bit, with a relatively small computational complexity increase. We point out that
the single-bit diffusion also overcomes the bandwidth related issues especially in
the wireless networks due to the significant reduction in the communication load

and the inherently quantized diffusion data.

In the sequel, we introduce a global model gathering all network operations

into a single update.
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2.3 Global Model

We can write the scalar (2.13) and single bit (2.14) diffusion approaches for the
ATC diffusion strategy in a compact form as
Pitr1 = Wi+ i€y, (2.17)
A1 = Qjg + njcth(ejﬂg), (218)

Wil = YiiPitr1 T § Vi, g Qjt+1,
JEN:\i

A A . .
where €;; = d;; — ul,w;; and €, = ¢f (gojt —aj;). For scalar and single bit

diffusion approaches, h(e;¢) = €;+ and h(e;;) = sign(e; ), respectively.

For the state-space representation that collects all network operations into

a single update, we define ¢, = col{e,,..., oy}, ar = col{aiy,...,an,},
w; = col{wyy,...,wn}, w, = co{w,,...,w,} with MN x 1 dimensions and
e, = col{ery,....ens}, € = col{ery,...,ens}, di = col{diy,...,dn.}, v =
col{vi,...,vn} with N x 1 dimensions. For a given combination matrix I' =

[Vi;], we denote G cp ® Iy Additionally, the regression and projection vectors

yields the following M N x N global matrices

ul,t 0 Cl,t 0
) Ct

0 uN,t 0 cN,t

>
>

U,

Indeed, we can model the network with compressive diffusion strategy as a larger
network in which each node 7 has an imaginary counterpart which diffuses a;;
to the neighbors of i, which is similar to the full diffusion configuration. The
real nodes only get information from the imaginary nodes and do not diffuse any
information. In that case, the network can be modelled as a directed graph with
asymmetric inner node links and the combination matrix is given by
I'p T'c
0 I

I =

I

where T'p = diag{T'} and T'c = T' — I'p. Then, we can write w; in terms of ¢,
and a; as
w; = Gpp, + Geay, (2.19)
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where Gp 2 I'p ® Iy and G = I'c ® I,;. The state-space representation is
given by
Pr1 = W + MU ey,
a1 = a; -+ NCth(€t>, (220)
wiy1 = Gpyy + Geoag,

AL
where h(e;) = col{h(e1s),h(eas), -+ ,hlens)}, M = diag{[p1,...,un]} ® I,
and N 2 diag{[m,...,nn]} ® I,;. We obtain the global deviation vectors as

P, 2 w, — ¢, and a, 2 w, — a;. (2.21)

Since I'l =1,
Gw, =w (2.22)

o —O0

then the global deviation update yields

g5t+1 = GDQat -+ GC&t — MUtet, (223)
&t+1 = &t - NCth(Et). (224)

We represent the global deviation updates (2.23) and (2.24) in a single equation

as
iﬁ-l X b t h(et et
—— ———— A\ -~ A
p G G 0||U 0
A e L t (2.25)
Aiyq 0 IMN a,t N 0 Ct Gt)
or equivalently
P, = X, — DY h(e,. €), (2.26)

where ), = col{@,, a;}. We next use the following assumptions in the analyses

of the weighted-energy recursion of (2.26):

Assumption 1:
The regressor signal w;; is zero-mean independently and identically dis-
tributed (i.i.d.) Gaussian random vector process and spatially and tem-
porally independent from the other regressor signals, the randomized pro-

jection operator and the observation noise. Each node uses spatially and
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temporally independent projection vector, i.e., ¢;;. The projection opera-
tor is zero-mean i.i.d. Gaussian random vector process and the observation
noise v;; is also a zero-mean ii.d. Gaussian random variable. Note that
such assumptions are commonly used in the analysis of traditional adaptive
schemes [5, 60].

Assumption 2:
The a priori estimation error vector in the construction update (2.20), i.e.,
€at 2 Cl(a, — ¢,), has Gaussian distribution and it is jointly Gaussian
with the weighted a priori estimation error vector, i.e., C X(a; — @,), for
any constant matrix 3. This assumption is reasonable for long filters, i.e.
M is large, sufficiently small step size 1;’s and by the Assumption 1 [61]. We
adopt the Assumption 2 in the analyses of the single-bit diffusion schemes

due to the nonlinearity in the corresponding construction update.

We point out that the Assumptions 1 and 2 are impractical in general, however,
widely used in the adaptive filtering literature to analyze the performance of
the schemes analytically due to the mathematical tractability and the analytical
results match closely with the ensemble averaged simulation results. In the next
sections, we analyze the mean-square convergence performance of the proposed

approaches separately.

2.4 Scalar Diffusion with (Gaussian Regressors

For the one-dimension diffusion approach, (2.26) yields
Y, = X, — DY e, (2.27)
where e, 2 col{e;, €:}. By (2.19), (2.21) and (2.22), we note that e; is given by
e. = U] (Gpp, + Goay) + v (2.28)
Similarly, we have
€ =Cl(—@, +a). (2.29)
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Hence, through (2.28) and (2.29), we obtain the global estimation error e, as

T
e — Ut 0 GD GC (ﬁt X V¢
1o c,| |-1 1||a, 0
~—~—~
Z n,
=YTZy, +n, (2.30)

Through (2.30), we rewrite (2.27) as

"Zt+1 = XQZ’t - DYt(YtTZ"Zt + 1)
= (X — DY, YTZ), — DY n,. (2.31)

We utilize the weighted-energy relation relating the energy of the error and
deviation quantities in the performance analyzes through a weighting matrix 3.

Then, we obtain
~T ~ ~T ~
V1S =¥, (X —- DY, Y{Z)'S(X — DY,Y{ Z)y,
—o!YTDX(X - DY, YT Z),
+nlYDEDY n,.

By the Assumption 1, the observation noise v, is independent from the network

statistics and the weighted energy relation for (2.31) is given by
EH"AHHZZ = E|]15t\\22, + E[anfDZDYtnt], (2.32)
where
> 2xTsx - Z'Y,Y'DEX - X"EDY,Y!Z
+Z'v,YI'DEDY Y] Z.

Apart form the weighting matrix 3, 3’ is random due to the data dependence.
By the Assumption 1, Y is independent of 1,Et and we can replace X’ by its mean
value, i.e., X' = E[X'] [5,6]. Hence, the weighting matrix is given by
Y =X"SX-Z"E|Y,Y]|DEX - X"SEDE[Y\Y]]| Z
+Z"DE|Y,Y[XY,Y/|DZ. (2.33)
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Note that in the last term of the right hand side (RHS) of (2.33), we take D’s
out of the expectation thanks to the block diagonal structure of D and Y, Y7 .

In order to calculate certain data moments in (2.32) and (2.33), by the As-

sumption 1, we obtain
A .
A, = E[UtUtT] = dlag{[aiﬁl, 03,2, . ,ai’N]} ® Iy
A .
A, = E[C’tC’tT] = dlag{[agvl, 0372, . ,Ug’N]} @ Iy.
Then, we obtain

A, O
0 A,

2

A= ElY, Y]] =

In the performance analysis, convenient vectorisation notation is used to ex-
ploit the diagonal structure of matrices [5,62]. In (2.32) and (2.33), matrices have
block diagonal structures, thus we use the block vectorisation operator bvec{-} [6]
such that given an NM x N M block matrix

X YN
Y= : ,
XNt .. X
where each block X;; is a M x M block, o;; = vec{X,;} with standard vec{-}
operator and o; = col{o1;,09j,...,0y;}, then
bvec{¥} = o = col{o1,09,...,0N}. (2.34)

We also use the block Kronecker product of two block matrices A and B, denoted
by A ® B. The ij-block is given by

Aj®By ... A; @By
[A® B]ij = ; L . (2.35)

The block vectorisation operator bvec{-} (2.34) and the block Kronecker prod-
uct (2.35) are related by

bvec{ AXB} = (B" © A)o (2.36)
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and
Tr{A"B} = (bvec{A})"bvec{ B}. (2.37)
The term in the RHS of (2.32) yields
E [n]Y/DEDY n;] = Tr (AD’E [n:n]] £)

and let
R, O

E[ntntT}:Rn: 0 o

Y

where R, 2 diag{c,,...,0, v} ® I Then by (2.37),

E[n]/Y/DEDYn] =b"0,
where

b £ bvec{ R, D*A}. (2.38)
The last term on the RHS of (2.33) yields A = E[Y,Y/XY,Y /|, where the
M x M block is given by
K AT A, i #j

by the Assumption 1 [5]. The matrix A could be denoted as A =
diag{A1, -+ ,Aan} where A; for i = {1,2,...,2N} is M x M block matrix,
eg., Ay =0y Iy or Ayyy =021y The M x M ijth block of X is denoted by
>

ij

Remark 5.1: We note that if each node used the same projection operator,

c¢;’s would be spatially dependent. In that case, [A];; is defined as
Ai(Zi + EDA + ATe (ZuAy) i =7,

[Alij = ¢ Ai(Si + Z)A; + ATr (B5A;) i > NAj> N,
AN otherwise.
Through (2.35), (2.37), we obtain bvec{A} = Ao with A =

diag{ A1, ..., Aon}, A; = diag{ Ay, ..., Aon;} and

A — 20, @ A+ AN i=
v A;® A, i
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where A; = vec{A;}.

Hence, the block vectorization of the weighting matrix X' (2.33) yields

bvec{E'} = (X" 0 X" — (X" ® Z")(Iun © AD)
—(Z" o X)(AD ® Ipy)
+(Z"® Z") (D ® D)A) o.
For notational simplicity, we change the weighted-norm notation such that ||@,[|%

refers to H(,BtH% where o = bvec{X}. As a result, we obtain the weighted-energy

recursion as

Elpiile = Eld I, + b0 (2-39)
FEXT"oX"+(Z2" o Z") (Do D)A
—(XT© Z")(Iyyn ® AD)
—(Z7 © XT)(AD © Iyy). (2.40)

Through (2.39) and (2.40), we can analyze the learning, convergence and stability

behavior of the network. Iterating the weighted-energy recursion, we obtain

Bl = g + b0
E||¢tl|2}7‘o- = EH"pt—l“;—uU +b'Fo

EHl/;lH}tU = EH1/;0H2FtHO_ +b'Flo.

Assuming the parameter estimates ¢,;, and a;; are initialized with zeros,

E|j9,||? = lw, ||* where w 2 col{w,, w,}. The iterations yield

t
Ell¢alle = lw, e, + 0" (Z Fk) . (2.41)

k=0

By (2.41), we reach the following final recursion:

Ellp 15 = Elldila +b"Flo —||w, |5 (2.42)

(I-F)o

Remark 5.2: We note that (2.42) is of essence since through the weighting

matrix 3 we can extract information about the learning and convergence behavior
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Table 2.3: Initial conditions and weighting matrices for different configurations.

Framework E||1/;t||22 EH’(/;O”QE Y
1 =12 1 2 1 Tar 0
CTA LE|, vl w,|l N
0 0
1 oilom 112 1 2 1 Gp'Gp Gp'Ge
ATC VB, ~ llw,|| N
Gc'Gp Ge'Ge
Framework E||'I,Et||22 EH’%E()”%; b2
1 = |12 1 2 1 Au 0
CTA vEIGly, | wllwollp N
0O 0
1 ~ 1|2 1 2 1 GDTAuGD GDTAuGC
ATC Bl | wllwolly, | &

Gc'ALGp Gc'ALGe

of the network. In Table 2.3, we tabulate the initial conditions (we assume the
initial parameter vectors are set to 0) and the weighting matrices corresponding

to various conventional performance measures.

Remark 5.3: In this paper, (2.42) provides a recursion for the weighted devi-
ation parameter where we assign ¢, , as the final estimate instead of w;;, which
implies the CTA strategy, however, the recursion also provides the performance
of the ATC strategy with appropriate combination matrix 3 and the initial con-
dition (See Table 2.3).

Next, we analyze the mean-square convergence performance of the single-bit

diffusion approach for Gaussian regressors.
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2.5 Single-Bit Diffusion with Gaussian Regres-

SOrs

The weighted-energy relation of (2.26) yields
B [Fmben] = B [ X5
~ B |, X"SDY h(e,. €]
.y [QT(et, et)YtTDEXqZ;t}
+ E [ (e:, €)Y, DEDY ;h(e;, €)] . (2.43)

We evaluate RHS of (2.43) term by term in order to find the variance relation.
We first partition the weighting matrix as follows:

DITEED I
Y3 3y

. (2.44)

Through the partitioning (2.44), we obtain
E q/?tTXTEDYt@(et,et)} —F [«ZquTleUtUtTZuth}
+ B¢, X,T£,NC,sign (szdgzt)_

+ B [ X" SsMUUT Z,b|

+ B[4, XTE,NC sign (C{Zdzzt)' , (2.45)

where we partition X and Z such that X = col{ X,,, X4} and Z = col{Z,,, Z4}.
We note that the second and fourth terms in the RHS of (2.45) include the
nonlinear sign(-) function. It is not straight-forward to evaluate the expectations

with this nonlinearity, thus we introduce the following lemma.
Lemma 1: Under the Assumption 2, the Price’s theorem [5] leads to
E [, XIS NCsign (CtT qu,ﬁt)'

— E [§ X"S.NQC,CL Zai), | . (2.46)

- | .
E |4, X,TS,NCsign (ctT Zdv,bt>

e -
=FE ¢t XdTE4NQtCtC?Zd'¢t ) (2~47)
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where Y is defined as

E|€1,t| I 0
Eleg "M M

E\ENt|
0 tr
M B, T M

Proof: We first show the equality of (2.46) for the two-node case. Then the

extension for a larger network is straight forward. We can rewrite the term on
the left hand side (LHS) of (2.46) as

B[, X, "S2NCsign(e,)]

—E | X7 | NCsign(e) | . (2.48)
S3 S4
——
hI

After some algebra, (2.48) yields
B[, X, S, NCisign(e,)]
= E[(71P1; + 71285, )s1mic1 sign(er )]
+ E[(y1@1 4 + Y1283, )S2n2C2,5ig0(€2,)]
+ Bl(v2285, + V2181 ,)Samc1sign(ery)]
+ E[(%g@;t + 721&{t)c477202,tsign(62¢)]. (2.49)

In order to evaluate the expectations on the RHS of (2.49), by the Assumption
2 and the Price’s result [63-65], we obtain

E[, X, "S,NCsign(e,)]

Eley 4|
E[eit]

Eleaq|
E[G%,t]

FE 617t‘

= E[(711951T,t + 712&§t)§177101,t61,t]

+ El(vn 851T,t + ’712&£t>§277202,t€2,t]

+ E[(y22f3, + 72151{15)%77161,7561,75]

+ E[(722¢£t + 721&ft)§477202,t€2,t] (2.50)
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Rearranging (2.50) into a matrix product form leads (2.46). Following the same

way, we can also get (2.47) and the proof is concluded. Il

By (2.45), (2.46), (2.47), the second term on the RHS of (2.43) is given by

E szXTEDYtQ} -5 [quXTEDQthYtTZq/Bt , (2.51)
where we drop the arguments of h(e, €;) for notational simplicity and €, denotes
I 0
Q, & (LmN
0

Similarly, the third term on the RHS of (2.43) is evaluated as
E [QTYtTDzX@Et} —F [zzitTZTYthTQtDEXgEt} . (2.52)
Through partitioning, the last term on the RHS of (2.43) yields
E [h" (e, €)Y DEDY h(e;, €)]
=E [e/U M MU, e,]
+ F [eTUTMZQNCtSign(Gt)}
[81g n(e;) TC NEgMUtet}
[81g (er) TCTNE4NCt51gn(et)} )

Corollary 1: Since U, and C; are independent from each other, similar to the

Lemma 1, we obtain
E [h" (e, €)Y DEDY k(e €)]
= F [e/U M, MU, e,]
E (e U/ M%;NQ,C\e]
E e CIQNS;MU e]
[31gn €) TC NE4NCt51gn(et)} . (2.53)

By the Assumption 1, the first term on the RHS of (2.53) yields
ElefU M% ,MU,e,| = E [v[ U M MU,v,]|
+E [q,z;t zZ, U UTMx, MUtUTZuzp] (2.54)
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For the last term on the RHS of (2.53), we introduce the following lemma.

Lemma 2: Through the Price’s theorem, we obtain
E [sign(e;)" C{ N2, NC'sign(e;)]
—E [q/fszctCtT NQXCQ,NC,CT quzt]
+E[1"CINZPNC1], (2.55)
where X2 is the block diagonal matriz of 4 such that

@11 (0Y;

=D —
Oy - eNN

with ©;; is the i 'th M x M block of £4 and £§ =3, — X2,

Proof: We derive the RHS of (2.55) for the two-node case for notational sim-
plicity, however, the derivation holds for any order of network. For the two-node
case, the LHS of (2.55) yields

E [sign(et)TCtTNELLNCtSign(et)}
=F [sign(eu)c{tmg‘lnlcl’tsign(eu)}
+ E [sign(er)cf ymsanacasign(esy)]
+ E [sign(ez)c5 ymasamer sign(er )]
+ F [Sign(ezt)cg’tnggngcg,tsign(egvt)] )
We re-emphasize that the regressor ¢;; is spatially and temporarily independent.
Hence, we obtain
E [sign(e;)" CI N2, NCsign(e;)]
=F [C1T,t771§177101,t} +F [C£t772§4772(327t]
+ F [clvtsign(el,t)]T M2 E (o sign(eay)]
+ E [casign(ezy)]” massm E [crsign(er)] . (2.56)

Using the Price’s result, we can evaluate the last two terms on the RHS of (2.56)
for i € {1,2} as

E [c;sign(e; )] = 2 E[c;q€i4] -



We point out that the terms involving the diagonal entries of the weighting matrix
34 in (2.56) do not include the deviation terms. As a result, rearranging (2.56)
0

into a compact form results in (2.55). This concludes the proof.

As aresult, by (2.51), (2.52), (2.53), (2.54) and (2.55), the relation (2.43) leads

to

E”&ﬂ-lHQE :EH'&t”%’ +E [UtTUtTleMUt’Ut]

+E[1"CINZPNC,1] (2.57)

and
Y =X'ysX - X'¥DQ,Y,Y'Z-Z"Y,YQ DX

+Z"DQ,Y,YIYY,YIQ,DZ,

where ¥ denotes
)ITED I

P
¥, =¢

We again note that by the Assumption 1, we get X' = E[X'] which results
¥ =X"YX - X"SDQAZ - Z"AQ, DX X
+ Z"DQ,E [YthTf)YthT Q,DZ (2.58)

and define B 2 E [YtYf f]YthT].

In the following, we resort to the vector notation, i.e., the block vectorisation

operator bvec{-} and the block Kronecker product. Hence, the block vectorization

of the weighting matrix X' (2.58) yields
bvec{X'} = (X" 0 X" — (X" ® Z")(Isuy © ADRQ,)
—(Z" © X")(ADQ, ® Iny)) o
+(2"©Z")(D© D)(Q, © Q)bvec{B}.
— Abvec{Z}. In

Block vectorisation of the matrix B is given by bvec{B}
order to denote bvec{i?} in terms of o, we introduce K, = col{Oyn, Inn},
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KQ é COI{IMN, OMN}, and Tk é diag{O(k,l)M, IM, O(ka)M} Then, we get

N
=P =Y TK]SK,Ty, (2.60)
k=1
=% K,2PK!. (2.61)

By (2.60) and (2.61), we obtain
B N

bvec{S} = <I — (K20 K3)) (T 0 Ti)(K2" © Kg)) o

k=1

(.

K
- Ko. (2.62)
The 9)-free terms in (2.57) are evaluated as

E /U MY MUw,] =b] (K| © K)o, (2.63)
E[1"C{NEPNC1] = b (K] © K})o, (2.64)

where b, 2 bvec{ R, M*A,} and b, 2 bvec{117 N?A.}.

As a result, by (2.59), (2.62), (2.63) and (2.64), the weighted-energy relation

is given by

El¢llg =Bl 5 + b (2.65)
F,=X"To X" (X" Z")(I,uyy © ADQ,)
—(Z" © XT)(ADR, ® Iyn)
+(Z"0Z") (Do D)(RQ,06Q)AK (2.66)
b=(K| ©K])'b + (K3 ®K3)"'b,. (2.67)

Iterating the weighted-energy recursion (2.65), (2.66) and (2.67), we obtain

EH‘ﬁtH”ZO' = EH’Z’tHZFtU + b'o
Bl = Eldiillip,_ g+ b Fuo

Bl p.o=Eldols o+ Fi.. Fo.
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In this part of the analyzes, we do not assume that the parameter vectors are
initialized with zeros since such an assumption results in infinite terms in the
Q; matrix. Hence, we initialize a; with { 1p/yx1 where ¢ has a small value (See
Table 2.4).

The iterations yield

El¢ille = ol g + b Ao, (2.68)
Eldbliy = 1boldy, o+ b7 A0, (2.69)
where IT, = H::O F; and A, =y +F,+F, F,+---+F;... F,. We note that

I, =II, \F, and A, = Ay F,+ 1. By (2.68) and (2.69), we have the following

recursion

EH@EtHHQO' :EH&t”zo' - HQ’BOHi_L_l(I—Ft)J
+b"(I-A,(I-F))o. (2.70)

We point out that II_; = I apn)2 and Ay = Oppny2.

Remark 6.1: The iterations of (2.70) require the recalculation of F for each
time instants since F'; changes with time because of Q, (2.66). Evaluating the

expectations, €2; yields

1 0
o¢
2 1
Qi=/=: . | &Iy, (2.71)
" 0o ...
O'EN

where 07 = El[e?]. For analytical reasons, we approximate (2.71) as

2 1
Q =~ \/;WIMN (2.72)

with 0, = F [e] €] = E||1,Et\|2 and

Ac _Ac

A
= bvec
¢ { —-A. A,
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Table 2.4: Initial conditions and weighting matrices for the performance measure
of the construction update for the single-bit diffusion approach (for the scalar
diffusion approach, set ( = 0) and the global MSD of the ATC diffusion strategy
for the single-bit diffusion approach (for the scalar diffusion approach, see Table

2.3).
Bl % I NES by
L= 112 1 2 0 0
~Ella:l ~yllw, — 1|
0 +Iun
Ac _Ac
oe, = Ele] €] C1TA 1
—A. A,
Lol 112 1 2| 1 Gp'Gp Gp'Ge
~Elw| vllw, —C(Gel|? | %
GCTGD GCTGC

Hence, we can calculate F'; by iterating the following

EH’A&MH% :EHl/;tH% - H’:EOH%LA(I_FOS
+b0" (I - A, (I -F)))E,

(2.73)

where EH‘%”% = (17 A.1. In Table 2.4, we tabulate the initial condition and the

weighting matrix necessary for the recursion iterations (2.73) of og, = El€] €].

2.6 Steady-state Analysis

At the steady-state, (2.39) yields

Elbelip_ ) = b7
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In order to calculate the steady-state performance measure E||1/~)Oo||2a.,7 we choose
the weighting matrix as o/ = (I — F')o, then the steady-state performance mea-
sure is given by

Bl % =b"(I - F)o. (2.74)

Similar to (2.74), the steady state mean square error E[€! €;] for the single bit

diffusion strategy is given by
Bl =" (I~ Fa) '€ (275)

We point out that F'o, depends on F ||1,EOOH2€ Once we calculate F'o, numerically
by (2.75) or through approximations, we can obtain the steady state performance
by (2.74).

2.7 Tracking Performance

The diffusion implementation improves the ability of the network to track vari-
ations in the underlying statistical profiles [6]. In this section, we analyze the
tracking performance of the compressive diffusion strategies in a non-stationary
environment. We assume a first-order random walk model, which is commonly

used in the literature [5], for w,; such that
Wo 111 = Woy + Gy,

where g, € R denotes a zero-mean vector process independent of the regression
data and observation noise with covariance matrix F[q,q!] = Q. We introduce
the global time-variant parameter vectors as w,, , = co{we 4, - ,wo,} and we
have the global deviation vectors as ¢, 2 w,,; — ¢, and a; 2 w,; — a;. Then,
by (2.26), we obtain

P = Xtp, — DY th(e;, &) + a4, (2.76)

where g, 2 col{q,, - ,q,} with 2M N x 1 dimensions. Since we assume that g,

is independent from the regression data w,,, ¢;; and the observation noise v;; for

34



allie {1,---, N}, (2.76) yields the following weighted-energy relation
E [¢f+12¢t+1} =FE [J%TXTEX'LJ
~E |4, X"EDY ihe;, )]
BT (e, €)Y DX,
+E [h"(e;, &)Y DEDY ;h(e;, €)]

+E thg . (2.77)

)

We note that (2.77) is similar to (2.43) except for the last term F [&TE&]. We

denote 2N x 2N matrix whose terms are 1 as 1, 2 [1,---,1]. Then, the last
term in (2.77) is given by p’o where p = bvec{l,  ® Q}. Through (2.77), we
get

EHQ:BH-IH%T = EH'lth%‘to- +blo+ pTU- (2.78)

We define F; in (2.40) and (2.66) for scalar and single-bit diffusion strategies,
respectively. Similarly, b is introduced in (2.38) and (2.67) for the scalar (time-
invariant) and single-bit diffusion strategies. We point out that (2.78) is different
from (2.39) and (2.65) only for the term p’o. As a result, at steady state, (2.74)
and (2.78) leads

)y = b+ p) (I - Fu) o (2.79)

Through (2.79) and Table 2.3, we can obtain the tracking performance of the
network for the conventional performance measures. We point out that in the

full diffusion configuration, p = bvec{l, ® Q}.

In the next section, we introduce the confidence parameter and the adaptive
combination method, which provides a better trade-off in terms of the transient

and the steady-state performances.
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2.8 Confidence Parameter and Adaptive Com-

bination

The cooperation among the nodes is not beneficial in general unless the coopera-
tion rule is chosen properly [1]. For example, the uniform [43], the Metropolis [54],
the relative-degree rules [8] and the adaptive combiners [55] provide improved con-
vergence performance relative to the no-cooperation configuration in which nodes
aim to estimate the parameter of interest w, without information exchange. How-
ever, the compressive diffusion strategies have a different diffusion protocol than
the full diffusion configuration. At each node i, we combine the local estimates
¢, wWith the constructed estimates a;; that track the local estimates ¢, ; of the
neighboring nodes, i.e., j € N; \ i. Especially at the early stages of the adapta-
tion, the constructed estimates carry far less information than the local estimates
since they are not sufficiently close to the original estimates in the mean square
sense. Hence, we can consider the constructed estimates as noisy version of the
original parameter vectors. Then the overall network operation is akin to the full
diffusion scheme with noisy observation. In [11,66,67], the authors demonstrate
that for imperfect cooperation cases a node should place more weight on the local
estimate in the combination step even if the node has worse quality of measure-
ment than its neighbors. To this end, we add one more freedom of dimension to
the update by introducing a confidence parameter 6. The confidence parameter
determines the weight of the local estimates relative to the constructed estimates

such that the new combination matrix I is given by
I'=60Iy+(1-0)T (2.80)

where 0 < 0 < 1. We note that 6 = 1, in which case we are confident with the
local estimates, yields the no-cooperation scheme and § = 0 is the full diffusion

configuration where we thrust the diffused information totally.

For the new combination matrix (2.80), the combination of the local estimate
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and the constructed estimates (2.12) yields

Wit =(1=0) | Vi1 + Z Vi, A1
JEN\i

~~
A~

Pt
+ 05 441- (2.81)

We note that (2.81) is a convex combination of the parameter vectors ¢, ; and
¥;1+1- Hence, we can adapt the convex combination weight § using a stochastic
gradient update [68-71]. Then, (2.81) yields

Wiy1 = 0ipr1Pip1 + (1= 0ier1)Pigir (2.82)

In [69], authors update all combination weights =, ;’s indirectly through a sig-
moidal function. Similarly, we re-parameterize the confidence parameter ¢, ; using
the sigmoidal function [72] and an unconstrained variable a;; such that

1
Oit

= —. 2.83
) 1 +€_ai’t ( )

We train the unconstrained weight «;, using a stochastic gradient update mini-

. 2
mizing e, = (diy — ugjtw@t) as follows

1 de?,
Q41 = O — §#cvx—aa
it

= Qg+ Mcvxei,tuzt(%,t - Sai,t)éi,t(l - 5i,t)- (2-84)

As a result, we combine the local and constructed estimates via (2.82), (2.83) and
(2.84).

In the next section, we provide numerical examples showing the match of
the theoretical derivations and simulated results, and the improved convergence

performance with the adaptive confidence parameter.
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Time evolution of the global MSD
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Figure 2.4: Comparison of global MSD curves 1/N E||@,]|> where the single-bit-1

and the scalar-1 schemes use § = 0 while the single-bit-2 and the scalar-2 schemes
have § = 0.9.

2.9 Numerical Examples

In this section, we examine two distinct network scenarios where we demonstrate
that the theoretical analysis accurately model the simulated results and the con-
fidence parameter provides significantly improved convergence performance. In
the first example, we have a network of N = 5 nodes where at each node i, we
observe a stationary data d;; = ug:two +v; fori € {1,2,--- , N}. The regression
data u,,; is a zero-mean ii.d. Gaussian with randomly chosen standard devia-
tion o, i.e., o,, = 0.1(+/10 — 1)b; 4+ 0.1 where b; ~ U[0,1] is a uniform random
variable. The variance of the observation noise is ¢, ; = 107%. Hence, the signal-
to-noise ratio over the network varies between 10 to 100. The standard deviation
of the projection operator is 0., = 1. The parameter of interest w, € R? is ran-
domly chosen. Note that we examine a relatively small network with a short filter
length since the computational complexity of the theoretical performance rela-
tions (2.42) and (2.70) increases exponentially with the filter length M and the
network size N. We point out that the overall communication burden (N x M)
in the scalar diffusion strategy is 25% of the full diffusion configuration and the
overall communication load in the single-bit diffusion strategy is given by 5-bits

per iterations.

In the no-cooperation configuration, the combination matrix is given by
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Time evolution of the global MSD
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Figure 2.5: Comparison of the global MSD and EMSE curves in the CTA strategy.

I'y = Iy. We use the Metropolis combination rule [54] for the full diffusion

configuration where the adjacency matrix of the network is given by

11000
11 01
01110
00110
0100 1

In the Metropolis rule [45], the combination weights are chosen according to

1 . . i .
max{n;,n;} if JE M \ 2
Yijg =194 0 if j & N,
1=3 ieniivig ifi=1],
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Time evolution of the global MSD
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Figure 2.6: Comparison of the global MSD curves in the ATC diffusion strategy.

where n; and n; denote the number of neighboring nodes for 7 and j. For the
single-bit and the one-dimension diffusion strategies we examine the convergence
performance for the confidence parameter 6 = 0 and 6 = 0.9 in Fig. 2.4. We
choose the step sizes the same for the distributed LMS update (2.17) of all con-
figurations at all nodes, i.e., u; = 0.042. At each node, the step sizes for the
construction update (2.18) are n; = 0.0015 (for single-bit approach) and n; = 0.25
(for one-dimension diffusion approach). For the single-bit diffusion approach, we
set ¢ = 0.001 to initialize a;;. In Fig. 2.4, we show the global MSD curves, i.e.,
E||@,|I?, of the single-bit and scalar diffusion approaches and compare the per-
formance for different 0 values. The confidence parameter 6 = 0.9 implies that
we give ten times more weight to the local estimate ¢,, than the constructed
estimates a;;, where j € N;\ 7. The Fig. 2.4 demonstrates that the confidence
parameter 0 = 0.9 improves the convergence performance of the compressive

diffusion strategies.

In the same example, Fig. 2.5 and Fig. 2.6 compare the convergence perfor-
mance of the single-bit and the scalar diffusion strategies with the no-cooperation
and full diffusion configurations for ¢ = 0.9, which shows the match of the theo-
retical and ensemble averaged performance results (we perform 200 independent
trials). The Fig. 2.5 shows the time-evolution of the MSD and EMSE curves in
the CTA diffusion strategy while the Fig. 2.6 displays the time-evolution of the
MSD curves in the ATC diffusion strategy in which the theoretical curves (2.42)
and (2.70) are iterated according to the Table 2.3 and 2.4. We note that we obtain
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Time evolution of the global MSD for the constructed estimates
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Figure 2.7: The MSD curves of the construction estimate 1/NFE|/a;||? of the
single-bit and scalar diffusion approaches.

similar MSD curves in the CTA and ATC strategies since we set 6 = 0.9 and the
outcomes of the adaptation and combination operations contain relatively close

amount of information.

In Fig. 2.7, we demonstrate the convergence of the constructed estimates a;;’s
to the parameter of interest w, in the mean-square sense. We point out that the
recursions (2.42) and (2.70) also provide the global mean-square deviation of the
constructed estimates for the certain combination weight 3 in Table 2.3 and the

theoretical recursion matches with the simulated results.

In Fig. 2.8, we examine the impact of the synchronization issues on the es-
timation performance in several different scenarios. As an example, we utilize
pilot signals for the re-synchronization at every 10 or 100 samples. In the asyn-
chronous events we assume that the diffused information is completely lost and
each neighboring node loses the synchronization of the projection operator until
the arrival of the next pilot signal, i.e., a severe synchronization event. We point
out that the single-bit diffusion strategy requires the synchronization of the con-
struction updates in addition to the synchronization of the projection operator.
Hence, the pilot signals in the single-bit diffusion scheme also re-synchronize the
construction updates in each node within the neighborhood. In the Fig. 2.8,
we observe 2 asynchronous events at 5001st and 6001st time instants, however,
through the pilot signals at 5100th and 6100th (pilot signaling per 100 iterations)
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Time evolution of the MSD
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Figure 2.8: Impact of asynchronous events on the learning curves.

or at 5010th and 6010th (pilot signaling per 10 iterations) time instants each
node can re-synchronize again. We note that single-bit diffusion strategy has
performed less sensitive to the asynchronous events thanks to the relatively small

learning rate of the construction update.

Fig. 2.9 shows the time evolution of the global MSD of the proposed schemes,
i.e., both ensemble averaged and theoretical results, in a non-stationary environ-
ment. We consider a first order random walk model and choose E[q,q]] = 107°I,
in the same configuration of the first example. In the Fig. 2.9, we observe the

match of the ensemble averaged and the theoretical results.
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Time evolution of the global MSD in a non-stationary environment
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Figure 2.9: Tracking performance of the proposed schemes in a non-stationary
environment.
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Figure 2.10: Comparison of the global MSD curves of the proposed schemes with
the partial diffusion configuration.

In Fig. 2.10, we compare the time evolution of the proposed schemes with
the partial diffusion strategy, where each node diffuses only one coefficient of the
parameter vector. For the projection operator, we utilize a sequential selection

scheme based on the round robin fashion such that

col{0,0,1,1}  if t =0 mod(4),
col{1,—-1,0,0} ift =1 mod(4),
col{1,1,0,0} if t =2 mod(4),
col{0,0,—1,1} if t =3 mod(4).

Note that this scheme satisfies the constraint to span the whole parameter space.
Correspondingly, we use a sequential partial-diffusion scheme such that each node

shares the same coefficients in order. In the proposed schemes, we choose § = 0.9
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Time evolution of the MSD
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Figure 2.11: Comparison of the adaptive and fixed confidence parameter for the
Metropolis and uniform combination rules.

and the step sizes of the all schemes are p; = 0.042. For the construction updates,
1; = 0.0035 and n; = 0.75 in the single-bit and scalar diffusion strategies, respec-
tively. The Fig. 2.10 shows that sequential selection scheme provides enhanced
estimation performance also for the compressive diffusion strategies. In the Fig.
2.10, we also observe that both scalar diffusion and partial diffusion approaches

achieve comparable performance.

We can enhance the performance of the scheme through the adaptation of the
confidence parameter irrespective of the cooperation rule. As an example, in Fig.
2.11, we compare the time evolution of the MSD of the scalar diffusion scheme
for the adaptive and fixed confidence parameter cases with the Metropolis and
uniform combination rules. We use the same configuration with the example 1,
initialize a;; = 2, and set pic,, = 10. Additionally, in Fig. 2.12, we also plot the
time-evolution of the scalar diffusion scheme for 6 = 0.95. Note that the adaptive
scheme converges as fast as 0 = 0.95 scheme while achieving smaller steady-
state error similar to 6 = 0.9 scheme. Hence, through the confidence parameter
we can enhance the performance of the compressive diffusion scheme for certain

scenarios.

In the second example, we examine the convergence performance of the adap-
tive confidence parameter in a relatively large network N = 20 with a long filter

length M = 100. We again observe a stationary data d;; = ugt'wo + v, for
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Time evolution of the MSD
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Figure 2.12: Comparison of the adaptive and fixed confidence parameter for the
scalar diffusion scheme.
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Figure 2.13: The global MSD curves in relatively large network and long filter
length while the confidence parameter is adapted in time.

i € {1,2,---,N}. The regressor data u;,; is zero-mean i.i.d. Gaussian whose
standard deviation is around 0.4. The observation noise v;; is zero-mean i.i.d.
Gaussian whose variance is o2 = 107'. We note that the signal-to-noise ratio is
around 1.55 over the network, which is relatively lower than the signal-to-noise
ratio for the example 1. The variance of the projection operator ¢;; is O'i_ =102
(02 = 107?) for the scalar (single-bit) diffusion scheme. The parameter of interest
w, € R is randomly chosen from a Gaussian distribution and normalized such
that ||w,|| = 1. We point out that in this example, the overall communication
burden in the scalar diffusion strategy is 1% of the full diffusion configuration
while the overall communication load in the single-bit diffusion strategy is given

by 20-bits per iterations.
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We again use the Metropolis rule as the combination rule, however, in this
example, we adapt the confidence parameter through (2.83) and (2.84) where
we resort to the convex mixture of the adaptive filtering algorithms [68-71]. We
also choose the step sizes the same for the distributed LMS update (2.17) of all
configurations at all nodes, i.e., y; = 0.01. In example 2, the step sizes for the
construction update (2.18) are 7; = 0.01 (for the single-bit diffusion approach)
and 7; = 0.5 (for the scalar diffusion approach). We set pieyx = 250 in (2.84). The
Fig. 2.13 shows the global MSD curves of the no-cooperation, single-bit, scalar
and full diffusion strategies. We observe that the adaptive confidence parameter
improves the convergence performance of the compressive diffusion strategies far
more such that they achieve comparable performance while the reduction of the

communication load is tremendous.
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Chapter 3

Application: Communication
Efficient Distributed Channel

Estimation

The demand on distributed networks (or processing units) is steadily growing
due to increased efficiency and performance improvements they provide in various
different applications [73]. The broadened perspective provided by these archi-
tectures significantly enhances channel estimation performance; is used to avoid
environmental obstructions; or permit resource sharing and allocation. However,
these architectures demand astounding amount of communication between their
nodes causing significant energy consumption and increase in carbon footprint.
Due to growing awareness of telecommunication industry’s impact on the envi-
ronment, the need to mitigate this carbon footprint is indisputable. To this end,
we introduce novel approaches substantially reducing the communication load for
the distributed architectures, which is the main source of energy consumption,

without any significant performance degradation [73].

In particular, we investigate “diffusion” based distributed architectures in a

channel identification (or estimation) framework, where distributed nodes are

47



used for channel estimation and share their information to improve overall es-
timation accuracy. The diffusion based distributed algorithms define a strategy
in which the nodes from a predefined neighborhood share information with each
other [6,7,74]. Such approaches that diffuse information to their neighbors in-
stead of using a central processing units are stable against time-varying statistical
profiles [6], however, entail a high amount of communication load. For example,
in a network of N nodes, where M denotes the number of channel coefficient,
then the overall communication burden among nodes is given by N x M at each

instant, which can be highly impractical for certain applications.

We propose diffusion based cooperation strategies that have significantly less
communication load (e.g., a single bit or a couple of bits of information exchange)
and achieve comparable performance to the full information exchange configura-
tions under certain settings. In this framework, each node estimates an unknown
communication channel observed through a linear model. After local estimates
of the desired channel is produced in each node, a single bit or multiple bits of
information is generated using certain random projections of the local estimates.
This new information is then diffused and utilized in neighboring nodes instead of
the original estimates; significantly reducing the communication load in the net-
work. We only require synchronization of this randomized projection operation,

which can be achieved using simple pilot signals [75].

Our approach differs from quantization based diffusion strategies such as [19],
where quantized parameter estimates are exchanged among nodes to avoid in-
finite precision, in terms of the compression of the diffused information. Here,
we substantially compress the exchanged information, even to a single bit, and
perform local adaptive operations at each node to recover the full channel infor-
mation. In this sense, our method is more akin to compressive sensing rather
than to a quantization framework. To this end, we propose algorithms to signif-
icantly reduce the amount of communication between nodes for diffusion based
distributed strategies and illustrate the comparable convergence performance of
these algorithms in different numerical examples. We also emphasize that our
algorithms are generic and can be straightforwardly extended to perform predic-

tion, hypothesis testing or filtering in diffusion based distributed algorithms with
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Figure 3.1: A distributed network of nodes.

significant reduction in communication load.

3.1 Distributed Channel Estimation Framework

Consider a network of nodes distributed spatially as shown in Fig. 3.1, which
models a wide range of applications including spectrum sensing in cognitive radio
networks to distributed processing in multi-cores [6,7,73,74]. Here, we have n
distributed nodes and two nodes are considered neighbors if they can exchange
information, where we assume that the information exchange is bi-directional.
For each node i, we denote the set of its neighbors (including itself) as N;. Here,
each node estimates an unknown communication channel w, € R™ observed
through a linear model d;(t) = u! (t)w, + v;(t), where the observations are cor-
rupted by additive white noise and diffuses its information to neighboring nodes.
The observation noise is temporally and spatially white (or independent), i.e.,
Elv;(t)v;(1)] = 026(i — 7)8(t — 1), where (-) is the Kronecker delta and o7 is the
variance of the noise. The underlying w, can also represent spectrum parame-
ters or a state vector of an unknown system! in different applications, where our
derivations still hold. The linear transformation (or the regressor) u;(t) is known

by the node N; but unknown to the other nodes. We also assume that w;(t)’s are

L Although we assume a time invariant desired vector, our derivations can be readily extended
to certain non-stationary models [5].
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spatially and temporally uncorrelated with each other and with the observation

noise.

At each node an adaptive channel estimation algorithm is used to recover w,

such as a stochastic gradient approach [5] given as
di(t + 1) = (I — pawi(t)uy (1) wi(t) + pad; (t)us (), (3.1)

w; > 0, where w;(t) represents the current estimate and ¢,(t + 1) is the updated
estimate after the new observation. We emphasize that our approach is generic
such that one can use different estimation algorithms instead of (3.1) [5]. As the
diffusion strategy, we next use the adapt-then-combine (ATC) diffusion strategy
as an example, however, our derivations also cover other diffusion strategies [6].
In the ATC strategy, at each node ¢, the final channel estimate is constructed as

w;(t+1) = Z Aik@p(t + 1), (3.2)

keN;

after the estimates of the neighboring nodes arrive to ¢, where \;;’s are the
combination weights Zke N Aix = 1 and A, > 0. The combination weights
Air can also be adapted in time, however, we use weights that are constant in
time with the simplex constraint (since the stabilization effect of such weights is

demonstrated in [6]).

In the diffusion based distributed networks, the entire channel estimates ¢, (t+
1)’s are exchanged within the neighborhood, which requires a substantial amount
of communication between the nodes even if efficient quantization methods are
used [19]. In the next section, we study algorithms that significantly reduce the

amount of information exchange between the neighboring nodes.

3.2 A Second Estimation Level Instead of Dif-

fusion

In the well known formulation (3.2), each node ¢ receives the entire vector of

estimated channel coefficients from all its neighbors. This requires an exchange
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of O(m) “real” coefficients for each node. Instead of directly transmitting the
estimated vector of coefficients, we introduce a different perspective [75]. We
first observe that for the node i, the estimated channel coefficients of its neigh-
bors, ¢, (t + 1), k € N, are naturally unknown. Hence, instead of collecting
these unknown coefficients from the neighboring nodes, we next formulate an-
other estimation level, where the node 7 (in addition to its original task) estimates
i (t +1)’s of its neighbors. In this case instead of the original ¢ (t + 1)’s, each
node i constructs estimated vectors, say ag(t+1)’s, of ¢, (t+1)’s that are directly
used in (3.2) instead of the original ¢, (t + 1)’s [75]. We demonstrate through
this perspective, we can tremendously reduce the communication load, i.e., from
a continuum to a couple of bits, while providing nearly equal performance to the

original formulation.

For the node 7, ¢, (t+1) is unknown and suppose both nodes i and k calculates
a linear transformation of ¢, (t + 1) through a randomized linear transformation
c’(t + 1), (t + 1), where construction of ¢(t + 1) is detailed later in the paper.
Then, if ax(t + 1) accurately represents ¢, (¢ + 1), then ¢’ (¢ + 1)ax(t + 1) should
be close to ! (t+1)¢,(t+1). In this sense, in this new framework, ¢, (t+1) is the
desired vector of coefficients and a(t + 1) is our estimate. Hence, we formulate
another, i.e., a second level of, estimation framework at node i to recover ¢, (t+1)

by a stochastic gradient algorithm by minimizing the estimation error as

ar(t+1) = a(t) + pVa,e(t +1)
= ay(t) + prex(t + De(t + 1), (3.3)

where we have e, (t+ 1) 2 c'(t+1)p,(t+1) — T (t +1)ag(t), i.e., the estimation
error, and py > 0 is the learning rate. After we perform the update in (3.3), we

then use a(t + 1) at the node i instead of ¢, (t + 1) in (3.2).

For this formulation, the node k needs to provide only the scalar e (t + 1)
instead of the whole ¢, (¢ + 1) to the node i since all the other quantities are
known by both nodes ¢ and k. Note that both nodes ¢ and k can synchronously
run the same (3.3) provided that e, (¢ + 1) is communicated to ¢ from £, i.e.,
the node k can also construct a;(t 4+ 1) in order to construct e (¢ + 1), which is

transmitted to the node i.
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To accomplish this effectively, we next introduce an adaptive quantization
scheme in order to effectively and efficiently construct e, (t 4+ 1) at the node i for
all k € N;. If the estimation scheme is successful, then e, (¢t + 1) converges to a
white noise process due to the linear filtering formulation in (3.3). Hence adaptive
quantizers using linear predictive formulations are usually ineffective since there
should be no correlation left in eg(t) if estimation is successful. In order to
effectively perform quantization, we next introduce a scalar adaptive quantization
framework with guaranteed synchronization between nodes. Note that one can
straightforwardly extend our formulation to a vector quantization framework,

however, we use a scalar quantization framework for notational simplicity.

At time ¢, we quantize ex(t + 1) as €,(t + 1) = Qs (ex(t + 1)) at the node k,
where Qr¢(-) : R = {qrs1,- -, qreov} is a time adaptive quantizer using b-bit as
explained in the following, and transmit the quantized bits to the node 7. We
also assume that €, (t+1) is Gaussian distributed where this assumption is widely
used in the literature [5]. Hence, to construct Q.(-), we need the variance and
the mean of the process ¢ (t + 1). To adaptively estimate the mean and variance
of the process, we can only use the previous quantized bits é(1),...,€&(t) to
guarantee synchronization between the nodes 7 and k. To this end, we use a

recursive mean estimator

mk(t + 1) = (L — ng)mg(t) + meer(t),
and a recursive variance estimator

Gr(t+1) = (1 —m)ai(t) + mei(t),

using only the quantized error samples [76], where the forgetting factors n; > 0
are set equal for notational simplicity. Based on my(t), 6x(t), and assuming that

the estimation error is Gaussian distributed, we construct

{Qk‘,t,lv cee »Qk,t72b} = arg min
q1yeeob
00 _ 2 — m(t 2
[eewr [ Eomr],
oo \/2752(1) 25;(t)
where
A .
Q(z)=arg min |z — gl

4i€{q1,--,q50 }
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yielding the mean square error optimal quantization algorithm (if the estimated
mean and variance converge). We next provide a mean stability analysis of the

overall diffusion based algorithm.

3.3 Mean Stability Analysis

The diffusion update at the node ¢ with the second layer of adaptation can be

written in a compact form as

@i (t + 1) = wi(t) + pie;(t)wi(t), (3.4)

ap(t+1) = ap(t) + prQrs (ex(t + 1)) c(t + 1), (3.5)

wi(t+ 1) = A, (t+ 1)+ Y Aigan(t+1), (3.6)
keN;\i

where p; > 0 and p;, > 0. Note that (3.5) is also carried out in the neighboring
nodes k € N; \ i. Since we have two estimation algorithms, we define deviations

from the parameter of interests as
Agok(t + 1) =h, — Sok(t + 1)7 (37)
Aag(t+1) =@ (t+1) —ar(t+1). (3.8)

Substituting (3.8) and (3.7) into (3.6), we get the final estimate as

keN; keN;\i

To continue with the mean stability analysis, we make the following assump-
tions:
1) ¢(t) and u(t) are temporally independent.
2) The error €;(t) and c(t) are jointly Gaussian and uncorrelated. For sufficiently
small step size and long filter length, this assumption is true [5].
3) The original parameter estimates ¢, (t) vary slowly relative to the constructed

estimates a;(t) through the appropriate step sizes such that

Aax(t) = oult) — ax(t) = @yt + 1) — ax(t) or
Aap(t+1) = (t+1) —ap(t+1) X @, (t) — ap(t +1).
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4) The quantization error Aeg(t +1) = €,(t + 1) — Qpx (ex(t + 1)) is i.i.d. with

zero mean independent from the regressors and observation noise processes [76].

To construct a complete state space recursion, we define the following global

variables
uy(t) 0
ORI -
0 un(t)
n(®) A (1)
COES I P DL B
vy (t) Apy(t)
Aa,(t) A (t)
Aat) 2| ¢+ |, Ae) 2|
Aay(t) Aen(t)

Using these global variables, for the first adaptation layer, we get
Ap(t+1)=(I-DUHUN)") G Ap(t)— (3.9)
(I -DUMLUHT) G Aa(t) + DU (t)v(t),
where G 2 A ® I m 18 the transition matrix (and ® is the Kronecker prod-
uct), G 2 G- diag (G), A 2 [Aix] is the combination matrix and D 2
dla‘g ([:ub K2y -y MN]) ® Im

The global update for the reconstructed parameters yields

Aa(t +1) = (I — SM(t)) Aa(t) + SL(t)Ae(t + 1), (3.10)

where § 2 diag ([p1, p2, -, pn]) @ Ly, L(t) 21, ® c(t+1) and

c(t+1)e(t+ 1)T)
ct+D)Te(t+1))"

M(t) =1, ® (

If we calculate the expectations of (3.9) and (3.10) under our assumptions,
then we get
Ap(t+1)
Aa(t+1)

Ap(t)

T (3.11)

_|BG  BG
|0 I-SM®)
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Figure 3.2: Statistical profile of the example network (¢ = 0.01).

where B 2 T — DU (1)U (t)T. From (3.11) we observe that our algorithms are
stable in the mean if [\ (I — SM) | <1 (provided that the full diffusion scheme
is stable), where A(:)’s are the eigenvalues. Assuming ¢(-) are i.i.d. zero mean
with unit variance, then [A (I — SM) | < 1if and only if |1 — p;| < 1 for all 4.

3.4 Numerical Example

We compare the proposed diffusion algorithms with the scalar, full diffusion and
the no-cooperation schemes for the example network with n = 10 nodes and
m = 10. Each node i observes a stationary data d;(t) = u! (t)h, + v;(t), where
w;(t) is i.i.d. zero mean Gaussian vector process with auto-covariance matrix
C = 0. I and o, are seen in Fig. 3.2. The observation noise v;(t) is zero-mean
i.i.d. Gaussian random process with variance 02 = 0.01. We set the true channel
coefficients h, € R randomly from a normal distribution and normalize to have
1of| = 1.

We combine the estimation parameters through a modified Metropolis rule
where
2 —1 if © # k are linked,

m?2 MaX(ng,ny)

Aik =194 0 for ¢ and k not linked,
1—2%/\&\2./\,-7;€ fori =k
and n; denotes the cardinality of the neighborhood N.
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Figure 3.3: Global mean-square deviation (MSD) of diffusion and no-cooperation
schemes.

We set the step sizes as 0.05 for the estimation update (3.4) and 0.01 for the
construction update (3.5) (for the scalar diffusion p, = 0.1) so that they converge
with the same rate. The forgetting factor 7 is set to 0.02. The randomized
projection vector ¢(t) is generated i.i.d. Normal random process. In Fig. 3.3,
we compare the global mean-square deviation (MSD) of the diffusion schemes.
We observe that introduced schemes enhance the estimation performance of the
single-bit diffusion strategy and through the diffusion of two-bit we can achieve

almost identical performance with the scalar diffusion strategy.
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Chapter 4

Optimal Distributed Static State

Estimation

In this chapter, we introduce a thorough cost measure considering the transmis-
sion of information over hops across networks. We derive the ODOL algorithm
achieving the MMSE performance over arbitrary networks through the aggrega-
tion of information at each agent. We study the network structures in which
we can achieve the MMSE performance through the disclosure of local estimates.
We propose the OEDOL algorithm achieving the MMSE performance over certain
network topologies with tremendously reduced communication load. We formu-
late sub-optimal versions of the algorithms with reduced complexity for practical
applications. We provide numerical examples demonstrating the significant gains

due to the introduced algorithms.

4.1 Distributed-MMSE Estimation Framework

Consider a sparsely connected distributed network of m agents with processing
and communication capabilities. In Fig. 4.1, we illustrate this network through

an undirected graph, where the vertices and the edges correspond to the agents
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(a) First-order neighborhood (b) All neighborhoods

Figure 4.1: The neighborhoods of ¢th agent over the distributed network.

and the communication links across the network, respectively. For each agent 7,
we denote the set of agents whose information could be received at least after k

hops, i.e., k-hop neighbors, by Ni(k) defined as
A .
Nl(k) — {jl7 PR 7]7T(k)}

and ﬂ’” = ‘Ni(k) is the cardinality of Ni(k) (See Fig. 4.1b). We assume that

NZ-(O) = {i} and Nl-(k) = @ for k < 0. Here, the agents observe a noisy version of
a time-invariant and unknown state vector & € RP which is a realization of the
Gaussian random vector process X with mean & and auto-covariance X,. Each

agent ¢ observes the state as
Y. = Hix +niy,

where H; € R?? is a known matrix, n,; € R? is a realization of a zero-mean
white Gaussian vector process NV, , with auto-covariance X, and correspondingly
the observation y;, € R? is a realization of the random process ., , = H; X+ ,.

The noise n;; is also independent from the state and the other noise parameters.

We assume that the variance of the noise signals are known, which can also
be readily estimated from the data [5]. At each instant, the agents observe the
underlying state through y, ,, diffuse information to the neighboring agents and
receive information from them as seen in Fig. 4.1a. Naturally, the agents can learn

the true state, under certain regularity conditions [5], irrespective of cooperation
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among them, provided that their own measurements are not biased and sufficient
to estimate the true state in time. However, through the cooperation of agents,
we can increase the learning rate significantly [24]. To this end, we aim to find

the optimal learning strategy over distributed networks in the MSE sense.

We first consider the case when there is no limitation on the amount of the
disclosed information. Agents disclose their own measurements and transmit the
received information from the neighboring agents (with time stamps, i.e., the in-
formation is ordered). Through this implementation, each agent can obtain the
measurements of the other agents separately in a connected network. We point
out that the information on the non-neighboring agents could only be received
after certain hops due to the sparsely connected structure. As an example, the
disclosed information of j € NZ»(Q) reaches to ¢ by passing through two communi-
cation links as seen in Fig. 4.1b. In particular, this case assumes that each agent
has access to full information from the other agents, albeit with certain hops,
and corresponds to the direct aggregation of all information across the network

at each agent.

At time ¢, all the information aggregated at ith agent is given by

<t <t—1 <t—r;
{{yi,‘r}T_ 5 {yj’T};—e_N.(l) R {yj77};gN(Z)} )

where the information from the furthest agent is received at least after x; hops!.
7<t—k

) includes the observations from the k-hop
JEN;

Here, the collection set {y; .}
neighbors Ni(k). Particularly, the collection is explicitly defined as

o\ TSt—k A ) )
{y]’T}jeka) =\ Yiit—k> -5 Y51,05

"'7yjﬁ(k),tfk7 "'7ij(k),0}- (41)

Then, we have the comprehensive cost measure in the distributed-MMSE frame-

<t
{ziﬂ' = y’iﬂ'} ?
T7<t—1 T<t—kK;
{Xj,‘r - yjﬁ}jeNi(l)’ T {Zj,‘r = yj,T}jeNi(ni) :| (42)

. . - A
'For notational simplicity, we denote N; = Ni(l)

work as

&y = minE[H&t — x|
xXr

1)

A
and m; =7, 7.
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and the MMSE estimate for each agent ¢ is given by the expectation of & condi-

tioned all the accessed information:

<t T<t—1
wi,t - E {i‘ {ziﬂ' - yi,’r} ’ {2]’,7‘ - ijT} o

jen® T
T<t—kK;
V=) | (43)

Correspondingly, we define the random variable éf.’m as follows
“ A T<t T<t—kK;

w2l (v T {20
) ) ]GN,L 7

4.1.1 ODOL Algorithm

Importantly, since the state and the observation noise are independent Gaus-
sian random parameters, we propose the ODOL algorithm constructing the
distributed-MMSE estimator (4.3) in an iterative way. To this end, we collect all

received information at time ¢ as

Zit = COl{yi,t7 Yiyi—10 - Yip, t—1
s Yy gy o yjﬁgmi),t—m}‘
Then, the iterations of the ODOL algorithm are given by
o =T (5o =T o ) !
K, =%, 1H, (Hizi,t—lHi + Eni) )
Ti = (I — Kztﬁz) Ti—1+ Kizig,
Sie= (I - KiH) i,
9 7 O N = yAN T
where* H, = (P;,®I1,)H,H =col{H,,--- H,,}, %,, = (P,®1,)%,(P,®1I,)

b = diag {3,,, -+, X, }, and P; is the corresponding permutation matrix. We
provide the detailed description of the ODOL algorithm in Table 4.1.

Remark 4.1.1: The ODOL algorithm achieves the best possible MSE perfor-

mance over a sparsely connected network by collecting all information directly at

2If the inverse fails to exist, a pseudo inverse can replace the inverse [77]
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Table 4.1: The description of the ODOL algorithm.

Algorithm 4.1: The ODOL Algorithm

Initialization:

For i =1 tom do
T =2, Ei,,l =3, and y;, =0for7 <0
End for
Update:
Do for¢t >0
For ¢ =1 tom do

Construct z; through Yir and received z;,—1 for j € N;

Zit = COl{yi,tv Yi -1 yjﬂ(ﬁi),t—ni}
K, = ii,tflﬁ? <I_{iﬁ]i,t71ﬂ? + ini>_1
T = (I — Kztﬂz) Tip1+ Kiziy
Si= (I - K Hi) 3,0

Disclose z;; to the neighboring agents.

End for

each agent and processing them optimally, however, this yields excessive commu-
nication load in general. Since the communication load is crucial for the appli-
cability of the distributed learning algorithms [12,47], we also seek to reduce the
communication load yet achieve the MMSE performance. In the consensus and
diffusion implementations, the agents disclose the local estimates, which requires
relatively reduced communication load [6,24,33,34]. However, in the sequel we
show that the disclosure of the local estimates is sufficient to achieve the MMSE

performance only over certain network topologies.
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4.2 Distributed-MMSE Estimation with Propa-

gation of Information

Since the underlying state and the observation noises are independent Gaussian
random parameters, the conditional expectation of the state given the obser-
vations, i.e., the MMSE estimate, is an affine combination of the observations.
Hence, in this section we aim to exploit the affine transformation in order to
reduce the disclosed amount of information so that each agent exchanges the nec-
essary information in an efficient way. To this end, we utilize the following lemma
implying that the MMSE estimate could be obtained through the conditional ex-

pectations of the state given distinct observation sets.

Lemma 4.2.1: Let M be the set of all observations at time ¢ in (4.3) such that
Z;; = E[X|M = M]. We partition M as |J;_, M; = M through disjoint sets

M, and M, is the corresponding set of the realizations. Then, we obtain
E[XIM = M| = E[&\E[MMJ — E[X|M, = M],

- E[XIM,] = E[XIM, = MT]]. (4.4)

Proof of Lemma 4.2.1: We note that for any function f(-) we have [77]
E[(X — E[X|) = wn])?] < E[(X — f(1))?], (4.5)
which leads to
E {(X - E[X|E[X|y1] — E[X|Y) = yl]} )2]
< B[(x - f(Blx = u)?].
Note that f(z) = z yields
E [(X - E[X|E[X|yl] — E[X|)) = yl]} )2}
< E[(X - BIX, = 1)), (46)
Then, by (4.5) and (4.6), we obtain
E[X|E[x )] = B, = u)| = E[X2) = 1], (4.7)
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Next, we consider E[X|y1 =y, V2 = yg]. Since X, ), and ), are all jointly
Gaussian, the conditioned random variables X'|Y; and )»|)); are also jointly Gaus-

sian. Due to zero-mean independent noise term we have
E[X|Vi =y, Yo =yo] = g(E[X|V1 = w], 1),
where g(-,-) is a linear function.
For any function f(-,-) we have
E[(X = B[XIV =y, 2 =])’| < E[(X = fn,2)?] (48)
and
2
E[(X — E[X‘E[XD}J = E[X|Vi=w], D =y2]> }
2
SE[(X—JC<E[X|QV1:Z/1LZ/2)> } (4.9)
Setting f(-,-) = g(-,-), (4.8) and (4.9) yield
2
E[(X - E[X‘E[XWJ =E[XV=u|. = yz]) }
< E[(X —E[X| Vi =y, )s = yz})z}j
which implies that

E[X’yl =y1,) 292]
:E[X‘E[XD}J :E[X’ylzyl];yZZyQ]-

Correspondingly, changing the order, we obtain

E[XDA =Y, V2 = yg}
— B|X|E[x|%]

E[X|yl = y1]7
E[X|3] = E[X]Y; = ] |. (4.10)
Then, by (4.7) and (4.10) for a given disjoint partitioning of M, i.e.,

My, - M, C M, we obtain (4.4) and the proof is concluded. O
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We emphasize that Lemma 4.2.1 does not imply the sufficiency of the disclosure
of the local estimates to obtain the distributed-MMSE estimate. As a counter
example, consider a cycle network of 4 agents where agent-1 is directly connected

with agents 2 and 3. At time ¢ = 1, we obtain

Zo1 = E [&}22,1 = 2‘12,172270 = 9270721,0 = y1,072470 = y4,0]7
T3 = E[&}%l = y3,172370 = yS,OaZLo = yl,o:lm = ?14,0]-

Since & and 3 are conditioned on Y, , = y, , commonly, the MMSE estimator

212 could not be obtained by just processing the current estimates, i.e.,
§31,2 ?’é E[&|XLQ =Yi2 9%1,1 = 1%1,1, 932,1 = 1332,1,
Xyy = @31
In particular, for i.i.d. observations ), ), and Y, we have
EX]2,., 9| # B|X|B[X12,,9,] F[21, ]|

Hence, optimal processing of estimates should be considered elaborately. In
the following, we analytically show that the MMSE estimate could be obtained

through the disclosure of local estimates over tree networks.

4.2.1 Tree Networks

A network has a “tree structure” if its corresponding graph is a tree, i.e., connected
and undirected without any cycles [78]. As an example, the conventional star or
line networks have tree structures. We remark that for an arbitrary network
topology we can also construct the spanning tree of the network and eliminate
the cycles. In the literature, there exists numerous distributed algorithms for

minimum spanning tree construction [79-83].

Importantly, the following theorem shows that over tree networks we can
achieve the performance of the oracle algorithm through the disclosure of the

local estimates only.
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Figure 4.2: An example tree network. Notice the eliminated links from Fig. 4.1
to avoid multi path information diffusion.

Theorem 4.2.1: Consider the distributed estimation framework over a tree
network. Then, the distributed-MMSE estimator (4.3) could also be obtained by

T<t ~ 7<t—1
i’ {zz‘,q— = yi,’r} ) {Xj,T = Cch,T} s (411)

ii,t — E
JEN;

i.e., each agent can only disclose its own local estimate to achieve the MMSE

performance.

Proof of Theorem 4.2.1: Initially, agent ¢ has access to y, ; only and the MMSE
estimator is ;0 = E[X|Y, , = y;0]. At time ¢ = 1, the MMSE estimator is given
by

} . (4.12)

JEN;

<1
Ti1=F {i| {2” = ym} ) {zj,o = yj,O}

By Lemma 3.1, (4.12) could also be obtained by

7<1
ii,l = E |:&‘ {z’iﬂ' = yiﬂ'} 9 {E[&|z],0 = y]’O]}]EN:| )

7<1 N
fr E |:&‘ {ZZT = yi,T} 5 {ij = ijp}' :| . (413)
’ JEN;
As seen in Fig. 4.2, over a tree network, for k € {1,--- ,k;} we have
N = (N N, (4.14)
JEN;
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Note that the sets in (4.14) are disjoint as
(Ni(k) N N;f‘”) N (Nf’” N ij‘”) -y (4.15)

for all j;, 72 € N; and j; # jo. Notably, over a tree network, by (4.15), we can

partition the collection set defined in (4.1) as follows
{yj,T}jeNZ(k) = { {yj,T}jEN;mmNjgf—l) ,

o {yj,T }jeNf’“)mNj§’“f1) } (4.16)

Let the set of all accessed information by the ith agent at time ¢t = 2 be

Ziso - {{yi,T}T§2 ) {ygT}]TES;,Z ) {yk,o}keNi@)} .

We also define
:yj,l

>\

~

A (7 N
Zjia = { {ykvl}keNfl)ﬂN;o)’ {yk,O}keNF)mN;“ }

such that by (4.16) we have

Zig = {yi,% ZAjm,n e ,Zjﬂi,z',l, Zi,l} (4.17)
and
=Z;0
5 =~
Zjin = Zj1 \ { Yio> yi,o}- (4.18)

Hence, by (4.17) and (4.18), we obtain
N T7<2
Tip =L {&‘ {z” = yi,T} AZj0= Zj,O}jeNi )
{Zapl \ {Zj,OaL,o} =Zi1\{Z;0,Yio} } } (4.19)
JEN;
By the following lemma and after some algebra, (4.19) could also be obtained by

T7<2 7<1
T S

JEN;
T7<2 . 7<1
~E {&} (v.=vi.} A%-=a} } . (4.20)
’ JEN;
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Lemma 4.2.2: In the context of Lemma 3.1, let M, My, M3 C M be disjoint
partitions of M and M, = My U Mjs. Then, we obtain

E[X|M; = My, My = My, M3 = M)
— B|X| My = My, BIX| M) = E[X|M; = M)

E[X| M) = E[X| M, = Mj)| (4.21)

Proof of Lemma 4.2.2: When we condition X on the sets My and M3, we
obtain E[X|My = My, M3 = Ms| = E[X|M, = M,] and (4.7) yields

E[X| My = M| = B|X|E[X|My] = B[X|M, = M. (4.22)
Since My C My, (4.22) leads to
B|X|E[x|M, = M|

— B|X|B[X|M,] = B[X|M; = M),

B[X|Mi] = E[X|Mq = My]|.

Then, if we condition on M, we get (4.21) and the proof is concluded. O

At time ¢ = 3, (4.17) yields
:Zi,j,l

Zisa = Zis\{ 2, U{Zia \{Zi0 U Zi0} } }. (4.23)

Correspondingly, (4.23) leads to
Zj,i,t = Zj \{Zj1 U ZAz’,j,tfl}

implying that iji,t is constructible from Z,; and Z;, for 7 < t. Hence, by the
Lemmas 3.1 and 3.2 for ¢ > 0 the MMSE estimator over tree networks is given
by (4.11) and the proof is concluded. O

In the sequel, we propose the optimal and efficient distributed online learning
(OEDOL) algorithm that achieves the distributed-MMSE performance over tree

networks iteratively.
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4.2.2 OEDOL Algorithm

We remark that the MMSE estimator @;, linearly depends on &;;_1, which has
been diffused previously. In order to extract the new information, we need to
eliminate the previously received information at each instant on the neighboring
agents. This brings in additional computational complexity. On the contrary,
agents can just disclose the new information, i.e., £;;, after eliminating all the
previously exchanged information. Since we are conditioning on the linear com-
binations of the conditioned variables without effecting their spanned space, i.e.,
Z;1 is computable from &;, for 7 < ¢ and vice versa, we can still achieve the

MMSE performance by reduced computational load, yet.

At time ¢, agent ¢ observes Y, and receives Z;; = col {5j1,t71, e ,ﬁjﬂi,t,l}.
Here, we determine the content of the received information to extract the innova-
tion within them and utilize this innovation in the update of the local estimate.

In particular, the OEDOL algorithm is given by

Tig = AipTig 1+ Bigy,, + Cigwig o, (4.24)
ii,t = Ai,tgi,t—h (4.25)

where w; ;_; is the innovation term extracted from the received information. A, ,,

B,;;, and C;; are the corresponding weighting matrices defined as
- ~ T
|:Bi,t Cz’,t] = Y1 H,; X
~ N ~T ~ -1
<Hi,t—12i7t—1HZ‘7t_1 + Gi,t—l) , (4.26)
Ay =I1-BH;,—C;;H;; ,, (4.27)

where I~{i7t = col{H;, H;,}, é’i,t = diag{%,,, Gi;} and G;; = diag{G;;} with
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intermediate parameters H;; and G;; evolving as

3 77 (1)
Bj H;j +C;Hj CjHj/,
H,;, = : — : : (4.28)
Bjﬁi,tiji + Cj,ri,tﬁj,ri -1 Cjﬂi,tI'_IE‘j,)i 41
T ~ T chad (ch)
Bj, i3, Bj  + Cj,.1Gj 1 C it gnt=1 (gt
Gi,t - -
r 8 T i i H \T
Bj”i’tznj”i Bj”i’t + Cjﬂl ’th”i’t_lcj"i it C§w)i7tG§ﬂ)i -1 (C§7r)“t>
(4.29)
We initialize the parameters as I_{W =0and G;, =0 for 7 <O0.
The recursion of the innovation parameter w;; is given by
Wiy =Ziy — D21 + T w0, (4.30)
where
D, =col{C), - .CP ) (4.31)
and (@) ~G1)
Cjzl,tci,jtl—l e 0
r,e| i 4.32)
i (4=;)
0 T Cg,i. ,tCi,Jt—l

Then, the agents disclose

A ~

Zit = Lip — Ai,tﬁfi,t—l-
The detailed description of the algorithm is provided in Table 4.2.

Remark 4.2.1: In (4.24), the combination matrices A;;, B;; and C;; are in-
dependent from the streaming data even though they are time-varying. This
implies that they can be computed before-hand and in that case the compu-
tational complexity of the iterations is O ((7q)?) where 7 is the average of the
cardinalities of the first-order neighborhoods across the network. Otherwise, the
computational complexity of the algorithm is given by O (m(7¢)?). On the con-
trary, the computational complexity of the oracle algorithm is O ((mgq)?3). Note
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Table 4.2: The description of the OEDOL algorithm.

Algorithm 4.2: The OEDOL Algorithm

Initialization:

For i =1 to m do

T 1=, 22‘,71 =X,
H,.=0,G;,=0,and w;; =0 for t <0
End for
Iterations:
Do fort > 0

For ¢ =1 tom do
Construction of Weights:
For 7 =1 to m do
Calculate H j; and G, by (4.28) and (4.29).
Determine combination matrices via (4.26), (4.27), (4.31), and (4.32).
End for
Construct Z;,—1 through received 2;,_1 for j € N;
Extraction of Innovation:
Wi 1= Zip1 — Dy 1240+ Ti w3
Update:
Tig = Aipig 1+ Biy, + Cigwig
Disclose 2, = &;y — A; 12— to the neighbors.
End for

that over the tree we have m — 1 edges and correspondingly 7 is expected to be
small. Hence, the optimal diffusion strategy over tree networks also reduces the
computational complexity in general (in addition to the substantial reduction in
communication). In Table 4.3, we tabulate the computational complexities of the

introduced algorithms.

While constructing the spanning tree, we cancel certain communication links
in order to avoid multi-path information propagation. However, we also observe
that in a fully connected network we can achieve the performance of the ODOL

algorithm, i.e., the distributed-MMSE performance, through the disclosure of
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Table 4.3: A comparison of the computational complexities of the proposed al-
gorithms.

Algorithm Without weights | Pre-computed weights
ODOL algorithm O ((mq)?) O ((mq)?)
OEDOL algorithm O (m(7q)?) O ((7q)?)

local observations. In particular, since all of the agents are connected, each agent
can receive the observations across the network directly. Correspondingly, in a
fully connected network, we can achieve identical performance with the ODOL
algorithm only through the disclosure of the local estimates as stated in the

following corollary formally.

Corollary 4.2.1: Consider the distributed estimation framework over a fully
connected network. Then, the distributed-MMSE estimator (4.3) could also be

obtained by (4.11), where agents disclose local estimates only.

Proof of Corollary 4.2.1: Over a fully connected network, x; = 1 and the
MMSE estimator is given by

&' v, =v.} .- yj,T}T.St_ll - (4.33)

By the Lemma 4.1, we can also obtain (4.33) by (4.13). Here, we have

Ziiw=Zis \{Zix \ {yi:}}

.’131'7,5 - E

which yields

<t

T R
{Zi \ B\ V)
= Ziea\ {Zue\ ) | (4.34)
JEN;
Hence, by the Lemmas 3.1 and 3.2, (4.34) is also given by (4.11) and the proof is
concluded. |
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In the following, we enhance the learning rate further for an arbitrary network
topology by exploiting the structure of the fully connected sub-networks that we

call as “cell”.

4.2.3 Tree Networks Involving Cell Structures

We define a “cell structure” as a sub-network in which all agents are connected
to each other. Intuitively, considering a cell structure as “single” agent, we can
involve the cell (i.e., all the agents in the cell) in the tree such that we can
still achieve the distributed-MMSE performance through the disclosure of local
estimates (although we may have loops in the cell). We list the features of the

cell structures, e.g., seen in Fig. 4.3, as follows:

e Agents out of a cell can connect to at most one of the agents within that

cell.
e A cell structure consists of at least 2 agents.
e An agent can belong to more than one cell.
e Two different agents cannot belong to more than one cell at the same time.
e All of the agents belong to at least a cell in a connected network.
e Each agent has also the knowledge of the cells of the other agents.

e Each agent labels its cells from its own and its first order neighbor’s point
of view. As an example, for the agent i, C; ;, denotes the cell involving both

¢ and 7. Note that if the same cell also includes iz, C;;, = Ci,.

The following theorem shows that we can achieve the performance of the oracle
algorithm over tree networks involving cell structures through the disclosure of

the local estimates only.
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Figure 4.3: An example tree network involving cell structures.

Theorem 4.2.2: Consider the distributed estimation framework over tree net-
works involving cell structures. Then, the distributed-MMSE estimator (4.3)
could also be obtained by (4.11).

Proof of Theorem 4.2.3: We point out that Zj,,;,t denotes the set of new infor-
mation received by ¢ over j at time t. Initially, we have Zmo = Zjo = {Y,0}-
By the Lemma 4.1, the MMSE estimator is also given by (4.13) over this net-
work topology. Note that the information received by j at t = 1 is given by

J

:Zk,j,o
Zi1 = {yj,l, { Yi0 }keN ,Z]‘70}, which yields

Ziin = Zja \ § ZjpoU U {yk,O} )
kECiyj

= Ziu\$ ZioU | Zijo
kECiy]'

and ZAM,t = & by definition. Due to the cell structure, we have

U Zeio=Z00 U Zrios
k‘EC]',i keC,',j\j



which leads to

7<2
i‘ {Z” = yi,T} a{zj,O = ZJ}O}jeM )

{zﬁ1 \ {Zm uz,u | zk,o}}

keC; j\j

= Zi1\ {Zj,O uZiou U Zk,o}}
JEN,

keC; ;\j

Tio=FE

J

7

We point out that C;; C N; and by the Lemma 3.2 we obtain (4.20). Corre-
spondingly, for t > 0 we have

ZAgyzgt =Zji\§ Zji1 U Zi,j,t—l U U ZAk,Lt—l
k‘ECi,j\j
and ZAM’t is constructible by the sets Z;; for j € N; and 7 < t¢. Hence, for ¢ > 0
we obtain (4.11) and the proof is concluded. O

In the sequel, we provide the sub-optimal extensions of the introduced algo-

rithms for practical applications.

4.3 Sub-optimal Approaches

Minimization of the cost measure (4.2) optimally requires excessive computations.
We aim to mitigate the problem sub-optimally yet in a computationally efficient
approach while achieving comparable performance with the optimal case. As an
example, we can approximate the cost measure (4.2) through time-windowing as

follows

9

t—k<t<t—1 t—k<T<t—K;
{Zjﬂ— = yj,T} T {Zj’q— = yj,T} :

jeNfl) jeNi(m

}tn<7§t

Ty = maian [ | X — 93”2‘ {X” =Yir
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Current Time-Window

x
-1
(Extracted information)

Figure 4.4: Information aggregation illustration. Small squares represent the
information across the agents in the corresponding neighborhood and time.

In Fig. 4.4, we illustrate the time-windowing approach over the ag-
gregated observations. We define a memory element m; denoting the ex-

pectation of the zero-mean state conditioned on all observation data time-

stamped at ¢, ie., my, = E[&’ {y”:y“} } We have m, = My,
— ) iEN

and M £ X, H" (HS,H" +%,)"", where H £ col{H,--- ,H,}, =, =
. AN
dlag{znlv T 72nm} and Y = COl{th, T 7ym,t}'

Correspondingly, Z‘? 1 represents the extracted information from the estimate

Z; ;1 via the memory element m,_,. In particular, :cg,tll is defined as follows

}t—m+1<7—§t—1

Y

wit) 1 —E[)d {_”:yiﬁ

{ t—r+1<7<t—kr;—1
Y. =y. } ' .
) =7, 1T ]EN,L(KI)

This yields x; t) =N Zyl(t , where ygf?_l is the vector collecting all observation

N N N “ —1
data within that window (See Fig. 4.4) and N; 2 £, H, <HiExHiT + zm) .
We define H, £ col{Hi,Hi,Hgl),--- JH HY,. . ,HW} and HY

1>

7

col {Hj17 o Hy } Correspondingly, EAJM = diag {E y D, 2(1) D DS, 2(1) e
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and Eg) 2 diag {Enjl, ) } Then, after some algebra the estimate is

T G)

given by x; ;1 = K;m,_, + Liml(-i)fl where

. -1 “ —1 N

Kié<I—MHNZ‘Hi> _(I_NiHiMH> N;iH;;,
R -1

L2 (- MH) (I - NiHiMH) .

Hence, we obtain the sub-optimal distributed online learning (SDOL) algorithm
as

Ziy = Aixiy 1+ By, +Ciriy 1 — Dy, (4.35)

where 7;;_ is a vector consisting of currently received observation data from the

neighboring agents. The combination matrices defined as

[Bz- Cz} =y, <FIEFIT + im)_l , (4.36)
AL (I— [Bi Ci] FI) Lt (4.37)
D, £ A,K,M, (4.38)

where 3,. = (I - N H ;)2,. In Table 4.4, we tabulate the detailed description
of the SDOL algorithm.

In the following we provide several remarks about the practical implementation
of the SDOL algorithm.

Remark 4.3.1:

e We point out that in the update (4.35) the matrices A;, B;, C;, and D;
are independent from the data and they are time invariant. Hence, they
can be pre-computed and installed onto the agents. Then, the SDOL algo-
rithm basically takes the linear average of the previous estimate, the current

measurement and received data, and observation data at time ¢t — k.

e Different from the conventional approaches, the SDOL algorithm requires to
memorize previous observations. We note that ¢ < p/m in the model hence
storing observation data individually rather than a linear combination, i.e.,

my, might be more efficient in terms of memory usage.
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Table 4.4: The description of the SDOL algorithm.

Algorithm 4.3: The SDOL algorithm

Initialization:
;1 =0 for all 7
Y, = 0 for 7 <0 and all
Calculate combination matrices via (4.36), (4.37) and (4.38).
Update:
Do for¢t >0
For i =1 to m do
Construct r;;—1 through received v, for j € Ni(l).
Store r;y—1 and y,, in the memory accordingly.
iy = Aixiy 1+ By, +Ciriy 1 — Dy, ..
Erase y,_,. from the memory.
Diffuse ;4 to the neighboring agents.
End for

e The computational complexity of the DTA algorithm is O(p? + 2pmgq) (or
say O(p?)) and the algorithm requires disclosure of a data vector with (m —

1) X g < p dimension.
e Finally, the steady-state MSE of the SDOL algorithm is given by

In the sequel, we provide illustrative simulations showing the enhance track-
ing performance due to the proposed algorithm over several distributed learning

examples.

4.4 Illustrative Examples

In this section, we examine the performance of the introduced strategies under

different scenarios. Consider a network of m = 20 agents where each agent ¢
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Time evolution of the global MSE
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Figure 4.5: Comparison of the global MSE of the algorithms over an arbitrary
network where the agents observe the same noise statistics.
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Figure 4.6: Comparison of the global MSE of the algorithms over an arbitrary
network where the agents observe different noise statistics.

observes an underlying state € R? through y;; = h;TF:B + n;¢. The unknown
state x is a realization of standard-normal distribution. The observation noise is
a zero-mean white Gaussian random process. For comparison, we choose h; € R?
randomly from a standard-normal distribution. We define a global MSE perfor-
mance measure over a network as 1/m > " MSE(i), where MSE(¢) represents

the MSE of the ith agent.

We compare the performance of the introduced algorithms with the diffusion
implementation of Kalman updates (D-Kalman) [7], diffusion least mean square
(D-LMS) [6], diffusion recursive least squares (D-RLS) [8], and consensus algo-

rithms [42]. We utilize several combination rules. In the uniform combination
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Time evolution of the global MSE
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Figure 4.7: MSE performances of the introduced algorithms for p = 10.
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Figure 4.8: Comparison of the global MMSE curves over fully connected, star
and line networks.

rule [43], the combination weights given by agent i for neighbor j are chosen as

I 0 otherwise

since N; excludes i. Correspondingly, in the relative variance rule [25,48], \;; is
given by

o2
"5

" ifjeN, _

Ai,j = ZkeNiu{i} 0'5: NS U {Z}
0 otherwise.

In the D-LMS and consensus algorithms, we set 41 = 0.1. In the D-RLS algorithm,

we use the Laplacian combination rule [84] for the incremental update and the
Metropolis combination rule for the spatial update.
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Time evolution of the global MSE
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Figure 4.9: Influence of the time-windowing on the global MSE performance.

In Figs. 4.5 and 4.6, we compare the time evolution of the global MSE of all
algorithms for space-invariant and space-variant noise statistics, respectively for
p = 1. We set the standard deviations of the noise parameters from a folded
standard normal distribution in the space-variant case. The network topology is
chosen arbitrarily and we can readily construct a corresponding spanning tree of
that network. As an example, we can construct the spanning tree based on the
paths from the most connected agent ¢ to the others, i.e., i = argmax; 7;, and
then we eliminate the multi-paths [79]. The relative-variance cooperation rule
that considers the noise statistics to adjust the combination weights performs
better than the uniform combination rule for space-variant noise profiles across
the network. In Fig. 4.7, we compare the performance of the proposed algorithms
for relatively large state vector, i.e., p = 10, and space variant noise profiles. In
Figs. 4.5, 4.6 and 4.7 we observe that the proposed algorithms achieve superior
performance compared to the other algorithms through the optimal weight selec-
tion for the MMSE performance. Additionally, the performance of the OEDOL
and ODOL algorithms are close to each other even though the OEDOL algorithm

operates over the corresponding spanning tree.

In order to examine the influence of the network topology on the MMSE per-
formance, we provide Fig. 4.8. The fully connected network (or the centralized
network) achieves the best possible connection among the agents whereas the line

network yields the least possible connection. Over a star network, the furthest
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Time evolution of the global MSE
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Figure 4.10: Tracking performance of the SDOL algorithms if the state changes
abruptly.

distance between the agents is 2 and a single agent, i.e., the so-called pseudo-
centralized agent, can access to the information of its neighbors directly. Notably,
the star and line networks are the spanning tree of the fully connected network.
We observe that the MMSE over the star network is close to the MMSE over
the fully connected network. Additionally, the MMSE over even the line network
converges to the MMSE over the fully connected network asymptotically.

For practical implementations, we propose the SDOL algorithm. In Fig. 4.9,
we examine the influence of the time-windowing depth on the global MSE per-
formance of the SDOL algorithm. We use the SDOL algorithms with time-
windowing depths k = 20 and x = 50. The time evolution of the MSE perfor-
mance differ from the MMSE behavior because the SDOL algorithms inherently
assume that even at initial time, i.e., ¢ = 0, agents have legitimate observations
from t = k to t = 0. By excluding this data in time through sliding time-window,
the SDOL algorithms eventually reach the best performance at the corresponding

time-windowing depths and maintain this performance afterwards.

Finally, we evaluate the MSE performance of the SDOL algorithm for abruptly
changing state. Assume that the state vector changes at time ¢t = 400 abruptly.
In particular, we have chosen a new realization from the standard normal dis-
tribution. In Fig. 4.10, we compare the SDOL algorithms with the D-LMS
algorithm. Note that we set the step size of the D-LMS algorithm as p = 0.025
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so that at steady state (if there were no state change) the D-LMS and SDOL with
k = 20 algorithms achieve the same MSE performance for fair tracking perfor-
mance comparison. The sliding time-window provides relative robustness against
abrupt state changes due to the exclusion of the effect of the previous observa-
tions. Hence, the SDOL algorithm can also provide enhance tracking performance

in the practical applications.
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Chapter 5

Application: Optimal Distributed
Learning for Big Data

Along with the increased efficiency and performance improvements of the pro-
cessing units, there is an enormous demand for the distributed or decentralized
control of the autonomous data sources (ADS) [85-90]. In particular, an ADS
can generate and process information locally irrespective of any centralized con-
trol unit. Through the distributed control of these sources, we can benefit from
the natural advantages of cooperation, e.g., fast real-time response and reduced
computational load. Hence, the distributed processing of the data has attracted
substantial attention in diverse disciplines from services computing to machine
learning fields [24,27,86-91]. Although there is an extensive literature on the
distributed processing, we still have significant and yet unexplored challenges as

follows:

Optimality. While processing the data, the ADS formulates an optimization
problem based on a certain performance measure. However, the distributed pro-
cessing strategies only achieve suboptimal performance with respect to that mea-
sure in general. Either they seek to achieve the optimal performance asymptot-

ically or can they only aim to optimize an approximation of the performance
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measure due to the difficulty of closed form analytical formulations or the exces-
sive computational complexities which make those strategies not implementable

for real life applications.

Efficiency. In the distributed control of the ADSs, the ADSs disclose informa-
tion to the others so that they can enhance their learning performance cooper-
atively. This brings in an additional performance measure to consider, i.e., the
communication load among the ADSs. Hence, the computational efficiency and
communication load play crucial roles in the distributed control of the ADSs for
real life applications [12,47,92,93].

Online Operation. Since the data volume has grown up unprecedentedly in
the era of Big Data, the ADSs should process the information in real time for
streaming data rather than collecting all the excessive amount of measurements
and processing them in a separate time scale [85,94]. Different from the batch
learning strategies in the online operation we expect the ADSs to operate opti-
mally in a continuous manner rather than achieving an asymptotical convergence

to the optimal performance in the limit [95].

Consequently, for Big Data applications, there is a demand for optimal and
efficient distributed online learning strategy. In this paper, we introduce novel
strategies addressing each of these challenges. Specifically, we consider the opti-
mal state estimation over distributed data sources that has substantial amount of
applications in the industry. As an example, consider the control of a collection
of buses over an electric grid where the physical state is the voltage magnitude
and angle, i.e., a smart grid application [32,96]. The buses have generation, stor-
age and demand response capabilities. They involve thousands of sensors and
actuators for the energy management, which corresponds to excessive volume of
data and requires the processing of them in an online manner. These buses are
also connected via transmission lines to exchange information among each other

and they seek an integrated energy management over the grid.

Contributions. We seek to formulate optimal and efficient distributed online
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learning strategies for Big Data applications. To this end we propose a dis-
tributed control scheme for the ADSs. In particular, we design which informa-
tion to disclose and how to utilize that information for the optimal online learning
performance in the mean square error (MSE) sense. Over a network, the ADSs
observe a noisy version of the underlying state and can share an information
with certain ADSs constantly. For that model, we introduce a comprehensive
cost measure considering the delay of the information transmission among the
ADSs. Correspondingly, in the minimum MSE estimation framework, we formu-
late the oracle estimator achieving the optimal learning performance with prior
information about the statistical profiles and the network topology. We derive a
simple iterative oracle algorithm for the case of jointly Gaussian state and noise
signals. The central limit theorem implies that the combination of sufficiently
large number of realizations of independent random variables has approximately
Gaussian distribution [97] hence such a framework widely used in various disci-
plines, e.g., statistical learning theory [77,98]. We point out that the algorithms
achieve the linear minimum MSE performance for other cases, i.e., if the noise
and state statistics are not Gaussian. For certain network structures, we also
propose novel algorithms achieving consistently the oracle performance with the
disclosure of only a single scalar among the neighboring sources. Note that for
an arbitrary network topology, we can construct such network connections by
eliminating certain communication links. Additionally, we provide numerical ex-
amples demonstrating the significant gains due to the proposed strategies with

respect to the state-of-the-art strategies.

5.1 ODOL Algorithm for Big Data

Consider a distributed network of m ADSs. We assume that the graph G = (V, E)
corresponding to the network is connected. V' denotes the set of vertices and E
is the set of the edges. The network is partially connected such that certain
unordered pairs are not in F, i.e., (i,j) ¢ E. For each ADS-i, we denote the kth

order neighborhood Ni(k) as the set of ADSs whose information could be received
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at least after k£ delays, i.e.,
A (. .
Nl(k) — {]1’ . e 7~]ﬂ-(k)}

and Wl(k) = ‘Ni(k) is the cardinality of Ni(k). We also assume that N\” = {i} and

Ni(k) = @ for k < 0. Here, the ADSs observe a noisy version of a time-invariant
and unknown state x € R which is a realization of the Gaussian random variable

X with mean T and variance o2. Each ADS-i observes the state as
Yit =T+ Ny,

where n;; is a realization of a zero-mean white Gaussian noise process N;; with
variance 07211_ and correspondingly the observation y; ; is a realization of the random
process V;; = X +N;;. The noise is also independent from the state and the other
noise parameters. Note that the derivations extend to vector case, however, we
use the scalar model for notational simplicity. We consider that the variance of
the noise signals are known, which can also be readily estimated from the data [5].
Let’s assume that at each instant, the ADSs observe the underlying state through
i+, diffuse information to the neighboring ADSs and receive information from
them. Naturally, the ADSs can learn the true state, under certain regularity
conditions [5], irrespective of cooperation among them, provided that their own
measurements are not biased and sufficient to estimate the true state in time.
However, through the cooperation of ADSs, we can increase the learning rate
significantly [24]. To this end, we aim to find the optimal learning strategy over
distributed networks in the MSE sense.

As the oracle approach, we first study the case when there is no limitation on
the amount of the disclosed information. ADSs disclose their own measurements
and transmit the received information from the neighboring ADSs with time
stamps, i.e., the information is ordered (See Fig. 5.1). Through this implemen-
tation, each ADS can obtain the measurements of the other ADSs separately in
a connected network. We point out that the information on the non-neighboring
ADSs could only be received after certain delay. As an example, the disclosed
information of j € Ni@) reaches to ¢ by passing through two communication links.
In particular, this case assumes that each ADS has access to full information from

the other ADSs, albeit with certain delay, and corresponds to the “optimal case”.
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Figure 5.1: Time stamped data exchange over the network of ADSs.
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At time t, all the information that the ith ADS has access to is given by

<t <t—1 <t—rk;
(O U e R % e

where k; is the least delay for the information received from the furthest ADS!.
T<t—k
jeN®

7

Here, the collection {y;,} is the set of observations from the kth order

neighborhood Ni(k). Particularly, the collection is explicitly defined as

{ ) }Tgt—k é ) )
Yjr jeN;k) = VYr.t—k> -+ Y5105

...,yjﬂ—(k)’t,k,...,yjﬂ(k)’o}. (51)
Then, the best possible estimate in the MSE sense for each ADS-i is given by the
conditional estimate of x given all the accessed information:

Ty =F {X‘ {Vir = y”}rgt AV, = ij}Tgtfl .

jEN-(l) )

{Vir = yjry =i ] (5.2)

()
]ENZ' ¢

and we can extend the ODOL algorithm to calculate (5.2) in an iterative way.

Remark 5.1.1: The ODOL algorithm configuration requires the diffusion of m
separate information for each ADS (See Fig. 5.1a). However, the communication
load is crucial for the applicability of the distributed processing algorithms [12,47].
As seen in Fig. 5.1b, the ADS-B receives multiple versions of the same data with
different time stamps, however, uses only the most current one and transmit this
data to the neighboring ADSs. This implies that through directive data dis-
closure we can reduce the redundant communication load as seen in Fig. 5.1c.
Furthermore, due to the multi-paths, the same data reaches to an ADS at dif-
ferent instances. By eliminating the multi-paths we can avoid that redundancy
and the ADSs can receive each data only once. Additionally, since the state and
noise parameters are jointly Gaussian, each ADS linearly combine the received
measurements in order to obtain the minimum mean square error (MMSE) esti-
mator. Based on that if there is no multi-path, each ADS could also disclose only
that corresponding linear combination, which is a single scalar, instead of trans-

mitting each measurement separately with time stamps. Consequently, we can

. . . . A A
1For notational simplicity, we denote N; = Ni(l) and m; = 7'('1(1).
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reduce the communication load tremendously. However, instead of the directive
diffusion, in the sequel, we demonstrate that the same estimation performance

can also be achieved by indirected disclosure of a single scalar.

5.2 OEDOL Algorithm for Big Data

We seek to find a configuration in which through the disclosure of a single scalar
we can still achieve the optimal learning performance. Consider the scenario given
in Fig. 5.1c. The ADS-B receives time stamped information from the neighbor-
ing ADSs, i.e., ADS-A, ADS-C and ADS-E. The ADS-B combines received data
linearly to learn the underlying state. Hence, ADS-E can simply disclose that
linear configuration (which is a single scalar) instead of time stamped informa-
tion disclosure. However, the measurement of ADS-D reaches ADS-B over two
separate path. The ADS-B cannot combine the measurements optimally if both
ADS-C and ADS-E disclose the corresponding linear combinations. Importantly,
we can overcome this issue by cancelling multi-paths. We also seek indirected
disclosure of a single scalar. Such a strategy is crucial for the networks with

wireless communication links [24].

A network has a “tree structure” if its corresponding graph is a tree, i.e.,
connected and undirected without any multi-paths [99]. We remark that for
an arbitrary network topology we can also construct the spanning tree of the
network and eliminate the cycles. In the literature, there exists numerous dis-
tributed algorithms for minimum spanning tree construction [79]. In Fig. 5.2a,
we construct a corresponding spanning tree by cancelling the communication link
between ADS-C and ADS-D. Under that configuration, information disseminates
only over a single path and each ADS can learn the underlying state optimally
by combining simply the received linear combinations as seen in Fig. 5.2b. In
the Theorem 4.2.1, we show that over tree networks we can achieve the optimal
performance through the indirected disclosure of the local estimated parameter

only.
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We remark that the MMSE estimator Z;, linearly depends on 2;;_;, which has
been diffused previously. In order to extract the new information, we need to
eliminate the previously received information at each instant on the neighboring
ADSs. This brings in additional computational complexity. On the contrary, we
can just diffuse the new information, i.e., z;;, after eliminating all the previously
disclosed information. Since we are conditioning on the linear combinations of the
conditioned variables without effecting their spanned space, i.e., Z;; is computable
from ;. for 7 < ¢ and vice versa, we can still achieve the oracle performance
by reduced computational load, yet. To this end, we can extend the OEDOL
algorithm straight-forwardly.

Remark 3.1: The coefficients in the update are independent from the streaming
data even though they are time-varying. This implies that they can be computed
before-hand and in that case the computational complexity of the iterations is
O(7%) where T is the average of the cardinalities of the first-order neighborhoods
across the network. Otherwise, the computational complexity of the OEDOL
algorithm is given by O(m#?). On the contrary, the computational complexity
of the ODOL algorithm is O(m?®). Note that over the tree we have m — 1 edges
and correspondingly 7 is expected to be small. Hence, the OEDOL algorithm
also reduces the computational complexity in general (in addition to the sub-
stantial reduction in communication). Additionally, in Section IV, we observe
that the oracle algorithm over arbitrary networks and the corresponding span-
ning tree networks demonstrate similar MSE performance while the spanning tree
structure requires significantly reduced communication load due to the eliminated

connections.

5.3 Experiments

In this section, we examine the MSE performance of the introduced strategies
against the state-of-the-art strategies. Consider a large network of m = 100 ADSs
where each ADS-i observes an underlying state x through y;; = = + n;;. The

unknown state x is a realization of a zero-mean unit variance Gaussian random
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Figure 5.4: Comparison of the global MSE of the algorithms over an arbitrary
network of ADSs observing different noise statistics.

variable. The observation noise is a zero-mean white Gaussian random process
with randomly chosen standard deviation o,,, from a folded unit-variance normal
distribution (See Fig. 5.3). We define a global MSE performance measure over
the network as the uniform average of the MSE of the ADSs. We choose the con-
nections of the network arbitrarily such that the network has 315 communication
links. Correspondingly, we construct the spanning tree of that network. Based
on the paths from the most connected ADS-i to the others, i.e., i = argmax; 7},
and then we eliminate the multi-paths [79]. We point out that the spanning tree
network has 99 edges. This implies significantly reduced communication demand

over the spanning tree network.

In Fig. 5.4, we compare the global MSE performance of the proposed algo-
rithms with the diffusion implementation of Kalman updates [91]. We consider

that each ADS performs a discrete Kalman update, diffuses the estimator to the

92



Time evolution of the global MSE

Global MSE

I I I I
20 40 60 80 100
t

Figure 5.5: Comparison of the global MSE of the algorithms over an arbitrary
network of ADSs observing the same statistics.

neighbors, and combines the received estimators linearly through certain combi-
nation rules. For the same arbitrary network, we compare the time evolution of
the global MSE of all the algorithms in Figs. 5.4 and 5.5. The relative-variance
cooperation rule that considers the noise statistics to adjust the combination
weights performs better than the uniform combination rule due to space-variant
noise profiles across the network. Additionally, we examine the performance of
the algorithms for the space-invariant noise statistics. To this end, we use unit-
variance noise signals at each ADS. In Fig. 5.5, we observe that different from
the configuration of space-variant noise statistics the uniform cooperation rule
outperforms the relative-variance rule. However, in both cases, the OEDOL out-
performs the other algorithms as expected. Additionally, the ODOL and OEDOL
demonstrate similar learning performance while OEDOL reduces the communi-

cation load to 1%, i.e., from 100 time-stamped scalar to a single scalar.
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Chapter 6

Conclusion

In the diffusion based distributed estimation strategies, the communication load
increases far more in the large networks or highly connected network of nodes.
Hence, the compressive diffusion approach plays an essential role in achieving
comparable convergence performance to the full diffusion configurations while
reducing the communication load tremendously. We provide a complete perfor-
mance analysis for the compressive diffusion strategies. We analyze the mean-
square convergence, the steady-state behavior and the tracking performance of
the scalar and single-bit diffusion approaches. The numerical examples show that
the theoretical analysis model the simulated results accurately. Additionally, we
introduce the confidence parameter concept, which adds one more freedom of di-
mension to the combination rule in order to improve the convergence performance.
When we adapt the confidence parameter using the well-known adaptive mixture
algorithms, we observe enormous enhancement in the convergence performance

of the compressive diffusion strategies even for relatively long filter lengths.

In addition to that the distributed algorithms have attracted significant at-
tention due to their wide spread applicability to highly complex structures from
biological systems to social and economical networks. However, there are still
challenges for disclosure and utilization of information among agents. We in-

troduce the ODOL algorithm achieving the MMSE performance for Gaussian
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state and noise statistics and the LMMSE performance for arbitrary statisti-
cal profiles. We propose a consensus-like iterative algorithm for streaming data
over an arbitrary network topology via the aggregation of information at each
agent rather than propagation of information through the disclosure of local es-
timates. Importantly, the disclosure of the local estimate is sufficient only over
the certain network topologies, e.g., over the introduced tree network involving
cell structures. Moreover, the aggregation of information based approach can
require excessive communication load. In order to reduce the communication
load, we exploit the network structures. We introduce the OEDOL algorithm
that achieves the MMSE performance through the diffusion of information. We
also observe that the MSE performance of the ODOL and OEDOL algorithms
are close to each other over even a highly connected arbitrary network while the
OEDOL provides reduced communication load in general. Finally, we introduce
time-windowing approach for practical applications due to the reduced complex-
ity. The SDOL algorithm possesses consensus-like iterations with time-invariant
combination weights that should be calculated only once and the SDOL algorithm
provides enhanced tracking performance for changing state due to the sliding of

time-window.
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