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ABSTRACT

ENERGY AND ANGULAR MOMENTUM TRANSFER
WITH CIRCULAR RYDBERG STATES

Mohammad Mujaheed Aliyu
M.S. in Physics
Advisor: Sebastian Wiister
August 2017

Circular states belong to a class of Rydberg states having maximum angular mo-
mentum. These states, compared to other Rydberg states, have longer lifetimes,
and in the classical limit resemble circular Bohr-like orbits. The long lifetime
makes them suitable for use in cavity-QED experiments, precision measurements

and simulation of quantum energy transport in biological systems.

Energy transfer has earlier been studied using non-circular Rydberg states.
Here, we look at interacting ultra-cold atoms in circular Rydberg states, and
show how energy and angular momentum transfer can be studied in much larger
systems due to improved lifetimes. As we show this is made possible by reducing
the number of interacting two-atom states involved in transport to just two,
via dipole-dipole selection rules. We determine the trapping precision required
to maintain this simple description. Finally we present initial investigations to
what extent transport with circular states can be modelled classically.

Our results indicate that circular Rydberg states can be used for quantum
simulations of energy and angular momentum transport for longer times than
low-lying angular momentum states. Through using a pair of circular states
with comparable C5 values Rydberg atomic chains could also find application in

quantum information transfer mechanisms.

Keywords: Key one, key two.
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OZET

DAIRESEL RYDBERG DALGA DURUMLARI ILE
ENERJI VE ACISAL MOMENTUM TRANSFERI

Mohammad Mujaheed Aliyu
Fizik, Yiiksek Lisans
Tez Danigmani: Sebastian Wiister
August 21, 2017

Dairesel dalga durumlari, Rydberg dalga durumlarindan acisal momentumu
en yiiksek olandir. Bu dalga durumlarn diger Rydberg dalga durumlar ile
kiyasladiginda daha uzun omiirlidir ve klasik limitte gembersel Bohr-gibi
yoriinlere benzesirler. Uzun omiirleri bu dalga durumlarinin kobuk kuvantum
elektrodinamii deneylerinde, hassas olgiimlerde ve biyolojik sistemlerdeki kuan-

tum enerji transferin simiilasyonlarinda kullanigh olmalarimi salar.

Enerji transferi daha oncesinde dairesel olmayan Rydberg dalga durumlarinda
caligildi.  Burada biz, dairesel enerji dalga durumlarindaki ultrasoguk etk-
ilesim halindeki atomlar1 inceledik ve artirilmig omiirlerinden otiirii daha biiytik
sistemlerde enerji ve agisal momentum transferinin galigilabileceini gosterdik.
Gosterdigimiz gibi, etkilesime giren iki atomlu transfere katilan dalga durum-
larini, dipol-dipol Rydberg secim kurallarini kullanarak sadece ikiye indirmeyi
bagsardik. Bu basit tarifi gecerli kilmak i¢in hapsetme hassasiyetini belirledik.
Son olarak, dairesel durumlarda hangi sinira kadar iletimin klasik olarak model-
lenebilecegini sorugturduk.

Aldigimiz sonuglar, cembersel Rydberg durumlarinin enerji ve agisal momen-
tum aktarimi simiilasyonlarinda diigiik acisal momentumlu durumlara kiyasla
daha uzun siire kullanilabilecegini gosterdi. Bir ¢ift benzer C5 degerine sahip
gembersel durumlar kullanilarak olugturulan Rydberg atomlar1 zinciri, kuantum

bilgi aktarimi mekanizmalarinda da kullanilabilir.

Anahtar sézctukler: Anahtar Sozlerim.
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Chapter 1

Introduction to Ryberg Atoms
and Circular Rydberg States

Rydberg states are highly excited eigenstates of an atom. They are states having
high principal quantum number n, and atoms with electron(s) in these states are
called Rydberg atoms. These atoms have been found to exhibit extraordinary
properties [1], such as high sensitivity to external fields with n” scaling, large
valence electron radii that scale as n?, enhanced dipole matrix elements between
states with n?, huge van-der-Waals interaction <& with Cg scaling as n'! and long
lifetimes that scale as n?.

Rydberg atoms had earlier been produced through techniques such as electron
impact and charge excitation [2, 3], but the invention of lasers [4] made it possible
to produce them at ultra-cold temperatures. It is at this low temperatures that
the true exotic nature of Rydberg atoms become evident. Effects such as classical
motion due to their strong van-der-Waals interactions [5], anti-blockade [6, 7], and
blockade effects [8, 9] have so far been shown and even found applications in the

fields of quantum optics [10] and quantum information [11].

Rydberg atoms have also been proposed to aid the field of bio-chemical



physics through quantum simulations of energy transport in photosynthetic light-
harvesting complexes. This energy transfer mechanism plays a central role in this

particular study.

A special class of Rydberg states called circular Rydberg states, corre-
sponding to those states having maximal angular momentum (I =n — 1, m =1[)
[12], have even more exaggerated properties like longer lifetimes that scale as
n® [13]. Their longer lifetimes make them better candidates for use in precision
measurements [14, 15], cavity-QED experiments for atom-cavity coupling due to
their near-perfect two-level atom-like features [16, 17, 18|, and quantum informa-
tion [13]. Since these states can be created only through sequential state changes
involving a whole range of quantum states, special excitation techniques had to
be devised in order to successfully populate them. Many such techniques for hot

and cold circular state atoms have so far been proposed and realized [19, 20, 21].

Energy, angular momentum and entanglement transport [22, 23, 24| have been
studied using |ns) and |np) Rydberg states. Here, we perform a theoretical study
of energy and angular momentum transfer using circular Rydberg states, with
the aim of inferring parameters for which transport with these states would last

longer than with the |ns) and |np) states used in previous studies.

1.1 Thesis outline

In chapter 2, we review Bohr and Sommefeld’s atomic model while also study-
ing two highly excited interacting Alkali atoms in Bohr-like orbits with an eye
towards formulating a classical analogue for circular Rydberg states by solving

their classical Newton equations.

In chapter 3, we present a fully quantum mechanical treatment for Rydberg
atoms and their interactions. We start by presenting the Hydrogen atom and
show how it can be extended to Alkali atoms. Interactions between Alkali atoms

follow, after which a qualitative three-level atom example is given.



Energy and angular momentum transfer using circular states is then presented,
with parameters such as C3 and Cy also given. A more realistic case that takes into
account atomic position uncertainties within their trapping regions is presented
with the resulting transfer to undesirable states analysed. Analytical results for

circular states are then given.

Chapter 4 deals with comparison of results from the three models used in this

study.

And finally, in chapter 5 we conclude on the important results of this study

and possible applications in future projects.



Chapter 2

Classical Analogue of Circular
Rydberg States

The huge size of Rydberg atoms makes them good candidates to use in the study
of regimes where classical and quantum mechanics produce consistent results.
Here, we look at a classical picture describing a system of two interacting Ryd-
berg atoms in states with the same energy but different angular momenta. We
will study how angular momentum transfer occurs using these states. Bohr’s
atomic model is briefly discussed as is the Sommerfeld model, and finally angular
momentum transfer between highly excited atoms using the Bohr-Sommerfeld

model is studied.

2.1 Bohr’s Model

The Danish physicist, Niels Bohr, in a series of papers in 1913 built on the works
of Ernest Rutherford, a New Zealand-born British Nuclear physicist, to introduce
a model for one-electron atoms. Bohr describes the atom as a system consisting of
an electron orbiting a massive nucleus through attractive electrostatic interaction.

He made certain assumptions while making his model [25], some of which are:



e The electron’s motion occurs in circular orbits around the nucleus.

e The electron’s angular momentum is quantized. Here, he asserted that the
electron does not emit light if and only if the circumference of its orbit is

an integer multiple of the Broglie wavelength.

e The motion is driven by an attractive centripetal force between the electron

and the nucleus.

Using the above assumptions, starting from the second one, the following expres-

sions were derived

2Tr = nA,
2nmr = n—,
h
r=mn ,
mev

mevr = nh.

Where r is the orbit radius, A is the reduced Planck’s constant, m, is the mass of
electron, v is the velocity of electron and n is a positive integer designating the

atomic level. With these we have
L = nh, (2.1)
as the angular momentum quantization.

Considering the electrostatic attraction and centrifugal force between the nu-

cleus and the electron, one can show that:

e The atomic radius scales as n?,

e the electron’s orbital speed scales as n!,

e and the atomic energy scales as n=2,

like the quantum mechanical results.



This puts the electron in circular orbits around the nucleus.

The Broglie wavelength for the states we consider here,

B 21h B 21h
Cop oy,

An (2.2)

scales as n, so that the ratio

Ao _ P (2.3)

- 9
27T, MULT,

scales as n~1.

This ratio is much smaller than 1 for large values of n. We will
see later in this thesis, that properties of some high n Rydberg states can be
well understood from classical methods, which is a consequence of the de-Broglie

wavelength being small on the scale of the orbital radius as just shown.

However, despite the successes of this model in areas such as atomic spec-
troscopy, several deficiencies such as: failure to predict shells and sub-shells to
completely specify and distinguish atomic states, inability to explain the process
of atomic 'jump’ between levels and the radiation created by the accelerating
electron, wrongly predicting the angular momentum of Hydrogen’s ground state,
and many others, held it back. To correct some of the issues associated with

Bohr’s model, Sommerfeld proposed the modifications discussed next.

2.2 Sommerfeld’s Model

Arnold Sommerfeld’s model introduces a number of changes to Bohr’s which help
correct some of the issues mentioned earlier. In his papers [26],[27] the following

were introduced:

e Elliptic orbits: these help introduce the concept of shells and sub-shells

needed to fully specify an atom’s state and its place in the periodic table.

e Center of mass motion: The electron and nucleus possess a common motion,

this results in the mass-dependence of the Rydberg constant, which enables

7



the distinction of various atomic isotopes through their emission frequency

as a result of difference in the nuclear mass.

e Relativistic mass effect: This help provide an answer to the experimentally
observed non-linear nature of Hydrogen’s energy spectrum by adding more

corrections to Bohr’s calculated energies.

For the quantization he considered both radial and angular quantizations.

}{pk dgi, = nih. (2.4)

Where py, is the generalized momentum corresponding to the generalized coordi-
nate gp. With this quantization, the motion of the electron is quantized for all

degrees of freedom and this led to allowed elliptic orbits.

If the polar coordinate system is adopted, the quantization goes as:
]{pr dr =n,h, (2.5)
where p, is the radial momentum, r is the radial coordinate and n, is an integer.
fpg df = pg% df = 27py = ngh, (2.6)

where pg is the angular momentum, 6 is the angular coordinate and ny is an

integer. Then, if we relabel py, L and ny as [ we get:
L =1h, (2.7)

which is consistent with Bohr’s model. This quantizations led to the following

for elliptical orbits

Figure 2.1: Elliptic Orbit



The semimajor axis, i.e. a, of the ellipse is given by:

degh?
= =202 (n=1,2,3,--) (2.8)
e
And semiminor axis, b, by:
4rregh?
b = —2n, (1=1,2,- ,n—1) (2.9)
e
where p = J#em- s the reduced mass of electron and nucleus.

By applying Kepler’s solution to a particle with fixed energy in an elliptic orbit,
one can show that the energy scales as n=2 just like the quantum mechanical

result.

However, due to experimental results’ disagreement with equation 2.7, it was
changed to
L=+/l(l+1)h. (2.10)

This leads to

Amegh?
b, — VIl+Dn, (1=1,2,---,n—1) (2.11)

pre?

2.3 The circular states

As mentioned earlier, these correspond to elliptical orbits with zero eccentricity.
To see this consider the equation describing an ellipse

1,2 y2
St =1 (2.12)

b2
1-—5=0-b=a (2.13)

This means the orbits are now circular, guided by the equation

with eccentricity

5(72 y2

r2 r2

=1, (2.14)

with radius 7.



An atom in a circular state, therefore, is akin to one in a Bohr-like orbit guided
by the modified Bohr-Sommerfeld model.

In the remainder of this chapter, we consider two atoms in circular Rydberg
states having same energy but different angular momenta and study their angular
momentum transfer classically. To do this, we write the coupled Newton’s equa-
tions of motion guiding each atom’s electron from which we numerically obtain

their position at any instant in time.

Q4 X P2

N

I
|
|
|
|
|
Irﬂ1
|
|
|
|
|
|

-

v .6__

R

Figure 2.2: The 3D sketch illustrates two circular orbits lying in the x-y plane,
with an offset along z between the two.

Consider a system consisting of two atoms, figure 2.2, one with nucleus at
position r,; and an electron orbiting the nucleus at r.;, and the other at r,» with

electron at re so that |R| = |r,2 — .

10



The electrostatic force experienced by each electron can be written as

— 62 F 1 — F 1
J o — _)e _)n
el Areg \ [|Fer — 71|
(2.15)
+ Tel — Tn2 i Tel — Te2
||Fel - Fn2||3 ||Fel - Fe2||3 7
— 62 Fg — ’F 1
Fo=— _)e _)n
i dreg \ ||Te2 — 71|
(2.16)
+ Te2 — Tn2 i Tea — Tel
[Tea = Toall®  [|7ea — Teal]® )
and since I = Mmed = me%, one gets
dQFel _ 62 Fel - Fnl
dt2 471'607716 H'Fel —Fn1||3
(2.17)
Fel - FnQ N Fel - Fe2
erl - Fn2||3 H'Fel - Fe2||3 ’
dQFeQ _ 62 7:;2 - 7_jnl
dt2 47T60m€ H?Teg —Fan?’
(2.18)
+ FeQ - FnQ N FeQ - Fel
HFe? - Fn2||3 HFeQ - 7?el||3
where 7.; is the position of i*" electron, 7,; is the position of i*" nucleus.
Finding 7.; and r.s allow us to write,
Ll = MeVe1Te1 (t) (219)
L2 = MeVe2T 2 (t) (220)

as the angular momenta at any time.

For the numerical simulations we chose the nuclei to lie on the z-axis while

the orbits, determined by n and [, rotate in the x-y plane with the electronic

11



orbital phase angles randomly defined through ¢, and ¢,, see figure 2.2. We thus
randomly pick a position on the orbits and determine the initial velocity using
fixed angular momentum. Simulations are finally repeated many times to average

over random initial phases ¢; and ¢s.

80

79.5

L/

79

78.5

78

t{us]

Figure 2.3: Classical result of angular momentum transfer using circular Rydberg
atoms separated by R=10um in |n,l) — |80,79) and |80, 78). Simulation data
courtesy of Alptug Ulugol.

From the plots, the |L| transfer starts resonantly and lasts for 0 < ¢ < 1us

before de-phasing sets in to damp its magnitude and oscillatory nature.

The transfer, for t > 1us, then moves towards reaching a stable state, which,

though not seen here, for t > 5us happens at L/h = 79.

We will return to these results near the end of the thesis, where we compare

them with corresponding quantum mechanical calculations.

12



2.4 Conclusion

We have briefly reviewed Bohr’s model of the atom and pointed out its short-
comings while also introducing Sommerfeld’s model that helped correct some of
the issues. We then associated the trajectory of an highly excited electron of an
Alkali atom to that of an ellipse, as given in the Sommerfeld model, having ”zero”

eccentricity, which becomes the classical analogue of ”circular Rydberg states ”.

We have found that the transfer is only resonant for a short time after which

de-phasing sets in to damp its magnitude and oscillatory behaviour.

13



Chapter 3

Atoms in Circular Rydberg
States and their Quantum

Mechanical Interactions

In the previous chapter we saw a classical example of Rydberg-Rydberg interac-

tions, here we present a fully quantum mechanical treatment.

Since the work presented here is on Rubidium, an alkali atom, and a good ap-
proximation for alkali atoms in Rydberg states is the Hydrogen atom, the eigen-
states and eigenenergies of which can be calculated analytically, it is therefore
important that we start this chapter with a brief treatment on it. Its wavefunc-

tions will later enable us to look at analytical results.

We will then present a more accurate treatment for alkali atoms, here an
effective potential U, (r) will be needed due to the presence of the other electrons
close to the nucleus, only numerical calculations are possible. Using numerical
results, the scaling with n of some of the quantities mentioned above for circular
states will be investigated, and the angular momentum transfer with circular

Rydberg states presented.

14



Finally, we present a fully analytical calculation of the angular momentum

transfer.

Note: atomic units are used throughout this chapter.

3.1 From Hydrogen to Alkali atoms

The Hydrogen atom consists of a positively charged nucleus and a single nega-
tively charged electron in an orbit around the nucleus, interacting through the

Coulomb potential
The task here then is to solve the eigenvalue problem

Hip(r,0,0) = EY(r,0,0), (3-2)

where H is the total Hamiltonian, ¢(r,0,¢) the Eigenfunctions and E the
Eigenenergies corresponding to the Eigenfunctions.

Specifically:

U(r,0,0) = Ru(r)Y. (0, ). (3.3)

By defining
gnl(T) = TRnl(r)7 (34)

and using spherical coordinates and some substitutions one arrives at, for the

radial part, the Schrédinger equation

(-30 = 2+ 5 ) = Bugt) 35)

r 272

15



for the Hydrogen atom, the solutions of which are available in almost all quan-

tum mechanics books and are given by [28]:

Rulr) = \/ (3) St ee(-5) 1t o (36)

) @RI+ DI =m)! o .
Y(m)(G,(b)—\/ Tr( +m)] Py (cos 0) exp(im), (3.7)
where p = 2—;, and Lilflil(p) are generalized Laguerre polynomials and
P((Q)(COS(Q)) Legendre polynomials. The eigenenergies are given by

1
E,=—. 3.8
The effect of spin-orbit coupling and other corrections to the energies are not

included here, nor is their effect on the radial wavefunction. This is more clearly

understood when we treat the Alkali atom case.

In the case of Alkali atoms like Rubidium, the presence of non-valence electrons
necessitates a change in the form of the used potential when the valence electron
is not reasonably far away from the nucleus. In other words, the overlap between
the Rydberg electron’s wavefunctions and that of the core electrons becomes non-
negligible when it isn’t far away from the nucleus, hence the need for a modified

potential [29] that takes this into account

ae) o (1-e (-G))) 39

O _
Ueff(r) - r - oA )
with
Zi(r) =1+ (z— 1)exp(—air) — r(asz + aqr) exp(—aqr). (3.10)

16



Where « is the dipole polarizability, z charge of the nucleus, and Z;(r) the
radial charge. The terms (aq, as, as, ay,ro) are experimental parameters [30, 31]
that must be fitted well in order to obtain the right solutions of the Schrédinger

equation.

After having the right form of U (?f(r) we then solve the Schrodinger equation

e

1 [(1+1
(—;ﬁ+U@wU%+i532)%mﬂZEwm&% (3.11)

numerically. The potential is so complicated that analytical solutions look

impossible thus leaving numerics as the only alternative.

This is achieved through space discretization by dr and writing the Hamil-
tonian in matrix form, the diagonalization of which gives the radial part of the
eigenstates necessary for the numerical calculations to come. The angular part
of the total wavefunction is taken to be the same as that of Hydrogen atom,

equation 3.7, since it isn’t affected by the modified potential.
The values used for the parameters in U, e(?f (r) for this thesis are from [32].

The eigenenergies also are slightly affected, for the lower lying states, by
U(?f(r) and are given by [1]

e

1

B =
T (=)

(3.12)

where 0, j(n) = 8,0 + (n—?f% is the quantum defect that accounts for the
s
overlap between the Rydberg electron’s wavefunction and that of the core elec-

trons, it becomes quite negligible for high-lying Rydberg states [30, 31].

17
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Figure 3.1: Sample Circular Wavefunctions (n,l = n — 1,m = n — 1) from the
Numerical solutions for: (a) n=10, =9 (orange), 1=8 (violet) and 1=7 (green) .
(b) n=20, 1=19 (light-green), 1=18 (orange) and 1=17 (magenta).

Surprisingly, the wavefunctions of the circular states when plotted, figure 3.1,
resemble those of a three-dimensional harmonic oscillator, with the most circular
state (n,l = n — 1,m = n — 1) corresponding to the well-known gaussian-like

ground state of the Harmonic oscillator having zero nodes on the position axis.

This particular harmonic oscillator-like nature of the circular states’ wave-
functions will later help us with analytical manipulations of these wavefunctions.

Before that, we will have a look at how these Alkali atoms interact.

3.1.1 Interactions between Rydberg Alkali atoms

The true exotic nature of Rydberg atoms becomes apparent when the interac-
tion between the atoms dominates over their kinetic energies as is the case in
ultra-cold physics [33]. Here, the interaction becomes the agent behind quantum
mechanical phenomena such as dipole blockade [8], Rydberg aggregates [34] and
others, that arise at ultra-cold temperatures. It is through these interactions that
manipulation and control of the atomic samples is achieved [35], a detailed look

at them is therefore of primary importance to us.
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Consider two alkali atoms, say Rubidium, centred at positions 1 and 2, each

with a valence electron at positions a and b, and separated by R.

N >
(N
N N

atom1 atom?2

Figure 3.2: Two interacting Alkali Rydberg atoms

To avoid overlap of the wavefunctions of these electrons |R| is assumed to
be far larger than both |a| and |b|. This assumption is valid since a typical
separation of 15um is still much larger than 0.5um, radius of a Rydberg atom in
n=100.

The two nuclei interact repulsively with each other and attractively with each
other’s Rydberg electron. Also the electrons interact repulsively with each other.
This interaction can be written, with the separation vector taken to be directed

from atom 1 to atom 2, as

1 1 1 1
V(R,a,b) = = — - .
(R.ab) = R "Ry R-a |R-(a_b)

(3.13)

This expression can then be simplified using binomial expansion in powers of

boora

7 or % as, for example

1 1 1 2 2Rb\]Z
— = — |1+ =+ , 3.14
IR+b] VR2+02+2R.Db R{ (R2 R? )} (3.14)

. ﬁ+2R.b +§ £+2R.b 2
o\ R2 " R? s\R2 ' R2
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By expanding all the other terms in the interaction and dropping terms of

order (a/R)?, (b/R)? and adding up the rest, see Appendix A, one gets

VR.ab) — P s@RIbR)

5 o (3.16)

To get a qualitative understanding of the nature of these interaction at sepa-
rations considered small or large compared to some ”critical radius”?, we will be

using only

V(R7 a, b) = —= (317)

as the other term doesn’t bring anything new [36] to the model in use.

3.1.2 Three-level atom example

In order for us to gauge the strengths and nature of the interactions between Ryd-
berg atoms we consider a situation in which the atoms are assumed to have three
levels |s), |p) and |p’). A non-vanishing matrix element of the dipole operator

between |s) and |p), and |s),|p’) exist.

The following pair states then are available to be used as base kets [|ss), |sp),

|sp'), [pp), [Ps), [pp'), [P'D'), [P's), [P'p)]. Define the system’s Hamiltonian as

H<R) = Hatoml + Hatom2 + Vatomlfatom2(R)7 (318)

L Also called the van-der-Waals radius Ryqmw .
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Figure 3.3: Three-level atom example

where Viomi—atom2(R) is eqn(3.17). Define the following

[¥) € [[s),Ip), [P)]; T € [a, bl; (laly) = (Y[bly) =0;  (3.19)
(srlp) = ru; (s|rlp’) = r_; (ss|H(R)|ss) = 0, {pp|H (R)|pp) = E+;
WP H(R)[PY) = E_—; (pp'|H(R)|pp') = Es—;
|Evi| [E——[ > |Ey—].

Thus the states |pp), |p'p’) are energetically far away and therefore have minimum

contribution. Using |pp/) and [p'p) we can then form a symmetric and anti-

symmetric superposition as
1

\/5
1) = %(!pp@ - \p’p>>,

these, together with |ss), can then be used to form the Hamiltonian matrix.

10) (Ipp’> + Ip’p>> (3.20)

(1H(R)|ss) = 0; (1| H(R)[0) = 0; (3.21)
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the |1) state can further be removed leaving only |ss) and |0) to work with.

(ss|H(R)|ss) = 0; (0| H(R)|0) = E4_; (3.22)
Voryr  d?
(sslH(R)J0) = Y= =
with [ry| =7y, [r_| =7_, d> = 2r,r_ and E,_ = —A, we then have
0o £
HR) = , ™ |, (3.23)
= —A
by diagonalizing H(R) we find the eigenvalues corresponding to the interactions
as
A 242 \*
EL(R) = Bl —1+4/1+ (AR3) . (3.24)

To see the nature of the interactions check the limit at which the squared term

under the square root is far less than 1 and far greater than 1, that is

)<

e When < A2d23
2

R
)\ 2
Ei(R) =% {—1 +1+1 (AQ%F,) } 75 , which is van-der-Waals in na-

ture.

. (%) > 1

EL(R) = % [Kﬁ;] x %, which is Dipole-dipole in nature.

e The critical radius, van-der-Waals radius, here then is
242\ 242\ '/
(Y o () o5

For separations smaller than R, the interaction potential is dipole in nature and

is given by E(R) = £ with Cj the dipole dispersion coefficient that determines

the strength of the dipole matrix elements.

For separations larger than R. the interaction potential is van-der-Waals in

nature and given by E(R) = £5.
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Figure 3.4: The resulting interaction between two Rydberg atoms when: [a]
R < R. (red and blue) Dipole-dipole. [b] R > R. (blue and yellow) van-der-
Waals.

The dipole-dipole interactions are generally resonant as they relate to res-
onantly coupled states, while the van-der-Waals interactions involve both reso-
nant and off-resonantly coupled states, resulting in larger Hilbert spaces, big-sized

Hamiltonians.

A typical example of a resonant dipole-dipole interaction is the |sp) and |ps)

coupling, while that of an off-resonant van-der-Waals is the |ss), [pp) coupling.

The dipolar and van-der-Waals nature of equation 3.16 at varying separations
could also be shown using perturbation theory, where in first-order one gets the

X % dipole-dipole interaction, and in second-order o< % van-der-Waals.

3.1.3 Potential calculation: code summary

To solve the time-independent Schrodinger equation 3.18, the numerical code
used for this thesis starts by choosing a range of quantum numbers (n, [), states,
setting up a matrix representation of the interacting Hamiltonian in this restricted
Hilbert space. We also exploit that M = m; + mg, where m; = =l — [, is

conserved along the quantization axis.
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Convergence is reached when for different range of (n,l) the same result is
found. After this, a restricted Hilbert space where the lowest possible range that
puts the state of interest in the middle, say [(n — 2) : (n + 2)], and takes less

running time is chosen.

A set of all possible states that satisfy the m conservation are then chosen and
used to determine the size of the Hamiltonian matrix and its matrix elements

using equation 3.18.

The found Hamiltonian is then diagonalized to find its eigenstates and eigenen-
ergies, with the eigenstates being a superposition of the coupled two-atom states,
and the eigenenergies corresponding to equation 3.12 and representing the inter-

action potentials.

We use this code for three purposes: [1] calculations of van-der-Waals in-
teractions involving circular Rydberg states, see section 3.2.3, [2] extraction of
dipole-dipole transition matrix elements as well as [3] extraction of few state
Hamiltonians for the time-dependent study of transport when not starting in an

eigenstate, see section 3.2.

3.2 Numerics: Scalings, Populations and Angu-

lar momentum transfer

Here, we present the numerical results of our work on circular Rydberg states.
We start with the resonant dipole-dipole and move on to the van-der-Waals in-

teractions.

3.2.1 The resonant on-axis case: Dipole-dipole

In the resonant on-axis case one of the atoms occupies the state |a) = |n,l =

n — 1) and the other |b) = |n,l = n — 2). The atomic centres are aligned along
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the quantization axis, so that for the states in hand we demand that (m; =
n — 1) + (mg = n — 2) be conserved, only the states satisfying this condition

couple.

The dynamics is quite simple: one of them starts in |a) and the other in |b),
the one in |a) then de-excites to |b) by transferring its angular momentum to the

one in |b) which then resonantly excites to |a) and vice-versa.

From the dipole Hamiltonian we extract the off-diagonal element and use it
in Viipole = % to find C3, which determines the strength of the dipole coupling

between the circular states.

To determine the dipole coupling scaling with n we use the values given in
Table 3.1. Here, various combinations of the C'5 s with their n s are used to arrive

at a common scaling for a general case. To do this we start from
Cy = COpo, (3.26)

where n is the principal quantum number of the used states, C©) dispersion term
common to all considered states, o the strength with respect to n and C3 the

dipole dispersion coefficient whose strength, scaling, with n we intend to find.

For different n values one then solves the equation

log o
cy’ w7 o)
) | T A ]’ (3:27)
C3 log [n(z)]
log[15.907:|
where « is the scaling with n. So that for n=20 and n=40, a = ﬁ =

40

3.0375.

We have calculated and checked the values of « for other combinations as well,
and conclude that the dipole coupling between neighbouring circular states scales

as ns.
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Numerical results for R=4um
n Vdipole {au] C3 [MHZ :umS]
10 4.4746 x 10712 1.8837
20 3.7786 x 10711 15.907
30 1.2970 x 10710 54.600
40 3.1024 x 10710 130.60
80 2.5138 x 107 1058.2

Table 3.1: Numerical results of resonant-on axis dipole-dipole potential for
R=4pm.

3.2.2 Populations and Angular momentum transfer:

Time evolution

Here we examine, through time-evolution, how populations are transferred using

circular states, by solving the time-dependent schrodinger equation,

Oy (t)) = Hip(t)), (3.28)

where |1(t)) is the state of interest and H the dipole Hamiltonian obtained as
explained in the previous section, with |(n,n—1,n—1), (n,n—2,n—2)) as initial

state.
Sample plot of populations = |1)(¢)|? against t[us] for n = 40 is given below:

As figure 3.5 shows, a completely-resonant transfer of population between the
states is possible with period ranging in the ps. This result gives hope that the

angular momentum also could be resonantly transferred between the atoms.

A quick look at the plots for other n values gives the following as the periods

with which the transfers happen:
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Figure 3.5: Population transfer using circular states for R=4um and n=40 .

Transfer periods for R=4um
n tps]
10 16 £0.5
20 2+0.2
40 0.25 £ 0.02
80 0.03 £ 0.002

Table 3.2: Population transfer periods with circular states.

By using equation 3.27 and replacing the C'3 s with the respective periods, we

o[ 16
find the transfer period scaling for n=10 and n=20, o = # =

The population transfer period therefore scales as n=3.

Analytical calculation of these periods is also possible when the form of the

dipole potential used in the time-evolution is used, one such form is

Hasy = 5 {Ja) 0] + 1) {al]. (3.29)

where () is the coupling frequency. Since the off-diagonal elements in our
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Hamiltonian 3.28 matrix represent the dipole terms, we can directly equate them

to the terms above so that

Q 2
\/;lip:§—>Q:2V;hp,T:§—>T:VZ.
ip

(3.30)

where T is the period. Using the Vj;, in 3.1, with 1[au] = 2.4 x 107 us, we
get the following:

for n=10, T"' = = 16.850us.

™
4.4746x10~12qu

Those of the others follow in a similar way as tabulated below.

Transfer periods for R=4um
n(npick) trumeric 145] tanatytic[115]
10 16 +0.5 16.850
20 2+0.2 1.9954
40 0.25 +0.02 0.2430
80 0.03 +0.002 0.0300

Table 3.3: Analytical and numerical results for the population transfer periods

with circular states.

Next we show how the angular momentum transfer can be connected to the

just discussed population transfer.

In the case of our two atoms, we would want to know their angular momenta
in the initial state |(n,n — 1,n — 1), (n,n — 2,n — 2)) so that over the course of
their interaction, for some time ¢, we can compute the amount transferred by

each atom to the other.

We start by defining some state [1(t)) as
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[0() =Y Cr(t)Ik), (3.31)

where |k) is an atomic eigenstate. The expectation value of L in this state then
is

((t)L(1)) = Leay Z\ck PV + 1), (3.32)

with n labelling the atoms while k labels the state. These |Cy|*> s are the
populations whose change with time we plotted in Figure 3.5. This way we can

write each atom’s angular momentum at any time as

Latom = [Co() A1V (IS + 1) + |C1(1) [P/ 1 (15 + 1). (3.33)

Latomz = |Co()) A1 (15 + 1) + |CL ()P 1 (1 + 1). (3.34)

We then choose a pair of circular states occupied by the atoms and monitor
how L changes with time. The results of our simulations from 3.5 and 3.1 are
used here to look at L.

Looking at figure 3.6 one realizes that the transfer is resonant and periodic.

The case considered so far where the populations, energy and angular mo-
mentum are being resonantly and periodically transferred between the two atoms
when their nuclei are perfectly aligned is too ideal since the atoms are expected
to be randomly distributed within their trapping regions. As a result in section
3.3 we consider a more realistic case in which the atomic nuclei are some degrees
off the quantization axis and try to see how that affects the results obtained so

far.

Another case to look at is one in which the two atoms not only occupy states
with different angular momenta but also energy, the initial state being something

like [(n,n —1,n —1),(n+ 1,n,n)). The atoms here not only have to deal with
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Figure 3.6: Angular momentum transfer with atoms in circular Ryberg states
separated by R=4um in n=40.

their different angular momenta but also energies®. Following same procedure as

the previous section we obtain the following results

Numerical results for two atoms in |(n,n — 1,n — 1), (n 4+ 1,n,n))
. Viote [o] | C5[MHz ]

20 9.2634x 1011 | 7.6189 x 10*

30 4.6553 x 10710 | 3.8289 x 102

40 1.4657 x 1072 | 1.2055 x 10°

50 3.5700 x 1079 | 2.9362 x 103

Table 3.4: Numerical results for dipole coupling coefficients between atoms in

different energy and angular momentum states for R=5um

; _ _ _ log[35753 ]
and the scaling as usual for n = 30 and n = 50, a = mED
8|50

as nt as compared to n? for atoms in states with same energy but different angular

= 3.9879. It scales

2In the previous case the energy levels are the same so that the resonant nature of population
transfer gives also resonant |L]|.
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momenta. One particular case we are quite interested in, is finding a pair of such
circular states, [(n,n—1,n—1),(n—1,n—2,n—2)),|(n,n—1,n—1), (n+1,n,n))
and |(n,n —1,n — 1), (n,n — 2,n — 2)), having almost the same Cj coefficients.
Such pairs of states might then allow information transport through successive
collisions between Rydberg atoms as shown in [24]. This in turn may be a useful
addition of a data-bus (flying qubits [37, 38, 39]) for Rydberg based quantum
computing [11].

1 ' ' ' ' —[21(20)20,20(19)19)>
—|21(20)20,21(19)19)>
I | |[21(20)20,21(20)19)>
0.8 —|20(19)19,21(20)20)>
) —|21(19)19,21(20)20)>
- 21(20)19,21(20)20)>
Oosf :
-—
0
S
Q041 -
o
o
0.2 1
0 1 1
0 0.5 1 15 2 2.5 3 3.5

tlus]

Figure 3.7: Results of population transfer with circular states starting in |(n,n —
IL,n—=1),(n+1,n,n))

For the energy and angular momentum transfer of Table 3.4, it suffice to look
at the population transfer. Here we look at only for n = 20 from the table, as

shown in 3.7.

Here, the atoms start in [21(20)20,20(19)19)) (blue) and, in the time 0 <
t < 0.5us, transfer around 63% of their E and L to |20(19)19,21(20)20)) (ma-
genta) in which case both their F and L states resonantly change, 23% to
121(20)20, 21(19)19)) (red), and 14% to [20(19)19,21(20)20)) (green).
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Then at t &~ 0.7us these 63% (magenta) and 14% (green) completely
empty-up to give around 65% to [21(20)20,21(19)19)) (red) and 35% to
121(20)20,20(19)19)) (blue). The steps of 0 < ¢t < 0.5us are then repeated in
reversed order. All the states then transfer their £ and L to the initial state
121(20)20,20(19)19)) thus reaching a full period.

So, the transfer over a full period happen, with no loss, is resonant, and only

happen to the completely circular two-atom states.

Unfortunately, the presence of transfer to other circular states instead of only
the two we are interested in, rules out such pair state as candidates to use as

data-bus.

3.2.3 Van-der-Waals interactions

The general assumptions, the atomic centres being on-axis, the existence of
resonant /off-resonant couplings between states and such, made in the previous
sections still hold here. One major difference is that the inter-atomic separations
here are larger and the atoms are in same initial states which we chose to be our
initial state in the simulations. The nature of couplings between states is mixed,
some are resonant and some are not, and the Hamiltonian matrix is generally

huge.

To find the van-der-Waals coefficient Cy and its scaling one must then use some
kind of fitting scheme. Here, we fit the eigenvalues of the Hamiltonian to some
polynomial and extract the coefficient of 1/R®. To do the van-der-Waals scaling

we use equation 3.27 and replace C3 with Cg so that
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Numerical results for R=12um
n Cs[au]
20 5.5478 x 1014
30 7.8114 x 10'°
35 5.0705 x 10"
40 2.5547 x 10'8

Table 3.5: Numerical results of van-der-Waals coefficient between two atoms for
R=12um

#n=3, fitted C = 5.54780e+14

-548.703988048

-548.7039880481

-548.7039880482

—

Tg -548.7039880483

S
0 -548.7039880484
-548.7039880485

-548.7039880486

-548.7039880487
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Figure 3.8: Plot of the fitted van-der-Waals curve for two atoms in |(n,n—1,n —
1), (n,n —1,n — 1)) with R=12um.

o 7.8114
for n=30 and n=35, a = % = 12.1336.

log|33]

One concludes then that it scales as n'? as expected. 3

3the value converges to 12 as larger n values are chosen.
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3.3 The Off-axis case:

transfer /loss

Here the inter-atomic axis is some degrees off the previously assumed ’quantiza-
tion axis’ so that the projection of L is no longer conserved along it any more.

The aim then is to see how this affects the obtained results so far.

The results for n = 10 R=5um, with the initial state |(10,9,9), (10,8, 8)) are

presented below :
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Figure 3.10: Population transfer when the inter-atomic axis is off by [a] 2° [b] 5°

(] 10° [d] 30°
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Figure 3.12: Population in undesired states when the inter-atomic axis is off by
[a] 2° [b] 5° [c] 10° [d] 30°.

Using the results of figure 3.10 we can interpret the L and E transfer using
these states when oriented at some angle « off the quantization axis as follows:
For av = 2° ’[a]” around 99% of the transfer is achieved during the first period and
a loss of 1% to 2% is recorded in subsequent periods that increase due to the loss.
This lost L and E and how it is distributed is shown in figure 3.12 ’[a]’. With

this, one successfully achieves desirable transfer of up to 98% in as long as 50us.

For o = 5° around 97% transfer is achieved in the first period with losses of
3-4% in subsequent periods, a maximum of 95% transfer is possible in 50us. The

resulting losses can be seen in graph ’[b]’of figure 3.12.

For o = 10° the transfer starts to get quickly damped, with as much as 15%
loss recorded in 50 ps and more than 50% in the next 40 ps. Still as much as
91% transfer could be achieved in the first 30-35us. The loss from this part is
shown in ’[c]” of figure 3.12.
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When the angle gets as large as 30° the transfer after some time becomes non-
existent. In fact, more than 60% is lost after 40 pus and by the time we get to 90
us there is nothing left to transfer. This loss, of course, benefits the other states
outside of the ones in question as they share among them the lost L and E as
shown in ’[d]” of figure 3.12.

The take-away here then is that with proper trapping of the atoms, resulting
in small a, reasonable transfer could be achieved in times shorter than the life-
times of these circular states. With the varieties of trapping techniques available
today [40, 41, 42, 43] achieving small « s, or alternately carrying out the desired

operations before the loss begins, should be possible.

3.4 Analytical Results

Here we look at a possible analytical result for the circular states used in this
study. To do this we use [44]
27r (dnalaynblb>2

-2
V= =8| o D Yo () (lama, by [Y2 (7)Y (72) s i L),
pn=2

(3.35)
which is an explicit form of equation 3.16 when the total angular momentum
connecting the two atom states is considered. Y;L(f%) defines the inter-nuclear
orientation of the atoms, [Y;(r)Y1(7y)]5 are the Clebsch-Gordan coefficients that
connect the transformation between coupled basis to single atom basis, |JM) —

|71m1, jems), and dipole element between states

dnalaynblb - / TRnaJa (T)Ranb (T) d/r' (336)
0

From equation 3.35 one understands that only states satisfying |l, — ;| = 1 result

in non-zero elements.

To use this expression we choose our circular states and find the corresponding
R, (r) and Y;™(0, ¢) which we use in finding V. So, for atom 1 (n,l =n—1,m =
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n — 1) and atom 2 (n,l =n — 2,m = n — 2), using equation 3.6, see Appendix

B, we have
Ripn-1)(r) = \/(%)3m (%) " (r”flea:p(—%» , (3.37)
Ruwentr) =[Gt (2) 7 (remt-0) (- 2= 7).

(3.38)

and from equation 3.7

V0.0 = o D) G gpeapiian s 39)

V20,0 = g [ B gy explion . (3.0

And for [Y1(1)Y1(r2)]5 we make the |JM) — [jimq, jamse) transformation and
pick the non-zero term when (6, @) are set to zero. This happens to be the |2,0)

term given by

1 1) (2 (2 (2
2,0) = % (3/1(311/1(1) + }/1(,1)1/1€21 + 2Y1(,0)Y1(,0)) ) (3.41)
with Y 41)(0, ¢) = F4 / — sin(0) exp(£i¢) and Y{1,0( 43 cos(f

The term (lymq, lymp|[Y1(71)Y1(72)]5 | lemy, lom),) then turns into an integral,

with only the second term of equation 3.41 contributing to give

I= / A dQY, ) (01, 60)Y, 25 (B2, 99)[12, 00V, o (01, 60)Y, D) 1 (B, 69),

(3.42)

with equations 3.39, 3.40, 3.41 used one gets
I (=1)2=3)(2n — 1)(2n — 3)(2n — 23 (2n — 4)! (3.43)

22n=3) ((n — 1)l(n — 2)!)
1 —3(2m) T A\
(i) (Gof) ([[ar—an)
And

ot = /0 B (1) (PR 1, (1)) dr — _T?’” Gno1). (3.44)
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Putting everything together, with Yy,( R Z = 4 / , we get

_8ﬂﬁ\/7( =5 Sen =) 1)) (3.45)

(—1)2Cn=3)(2n — 1)(2n — 3)(2n — 2)!(2n — 4)!
22(0-3) ((n — 1)l(n — 2)1)*

() (o) ([smo-ran)

this then we turn into Hamiltonian matrix. Following same procedure as the

X

preceding sections, we obtain for the on-axis dipole-dipole case the following:

Analytical results for R=4um

n Viipote [a1] Cs[MHz pum’] Tpss]

10 4.685 x 10712 1.9723 16.093
20 3.956 x 10~ 16.654 1.9059
30 1.3590 x 1010 07.211 0.5548
40 3.2480 x 10710 136.73 0.2321

Table 3.6: Analytical results of the on-axis case for R=4um

The above obtained results agree with those of tables 3.1 and 3.2, thus vali-
dating the numerical results of the text in previous sections. Without performing
any calculations it is safe to say that the C5 for atoms in states with same energy
but different angular momentum, scales as n and the period of the populations

transfer as n=3.

3.5 Conclusion

Throughout this chapter we have studied circular Rydberg states and the dynam-
ics and interactions between atoms in these states. We found that the radial part
of circular states’ wavefunctions show features akin to a 3D Harmonic oscillator

with the most circular state corresponding to the Gaussian-like ground state. We
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have also found that the interaction between atoms in these states are of different

strengths compared to those in non-circular states.

Additionally we have studied the transfer of energy and angular momentum
with atoms in these states. It was found that, for atoms in states with the same
energy but different angular momenta and having nuclei perfectly aligned with
the quantization axis, the transfer is completely resonant and lasts for as long a

time as the lifetime of the states.

Also, by starting in circular states with different energy and angular momenta,

it is always possible to return to the initial state after a full transfer period.

However, upon studying the off-axis case, we found that the transfer is sig-
nificantly damped for angles bigger than 5° due to transfer to undesirable lower
lying states which results in the decay of the circular states. Proper trapping of

the atoms is of utmost importance here.
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Chapter 4

Comparison between results

Having gone through classical, numerical quantum mechanical and analytical
quantum mechanical treatment of angular momentum transfer between two atoms
using circular Rydberg states, here, we compare the obtained results from these

models.

4.1 Numerical - Analytical results comparison

Here, we make the comparison for two atoms separated by R=10um in
(40, 39, 39), (40, 38, 38)). Figure 4.2 shows that the quantum mechanical results
of the numerical model adopted during this study are in good agreement with the

analytical results obtained in section 3.4, thus confirming the results of chapter
22

As a result, comparing the numerical(quantum mechanical) and classical re-
sults should give same results as the analytical(quantum mechanical) and classical

comparison, this we chose to do here.
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Figure 4.2: Comparison between quantum mechanical results of angular mo-
mentum transfer using Rydberg atoms separated by R=10um in |n,l,m) —
140, 39, 39) and |40, 38, 38) [a] Numerical result [b] Analytical result [c] Numerical-

Analytical comparison.
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4.2 Quantum mechanical - Classical comparison

Here the atoms are in |(80,79), (80, 78)), and separated by R=10um.
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Figure 4.4: Comparison of angular momentum transfer using Rydberg atoms
separated by R=10um in |n,l) — [80,79) and |80, 78) [a] Quantum mechanical

result [b] Classical result [c] Quantum mechanical - Classical comparison.

As seen above, due to de-phasing the angular momentum transfer gets damped
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for the classical model while the quantum mechanical one remains un-damped.
Still, the two models agree with each other for 0 < ¢ < 2.3us, after which due to
increasing de-phasing the period of the classical transfer increases as the magni-
tude of the angular momentum transferred decays towards equilibrium, while the

quantum mechanical results remain resonant and un-damped for all times.

The takeaway here then is that for a reasonably long time, on the atomic
scale, the classical model works just as well, and if not for the de-phasing, the
magnitude of the transferred angular momenta would have perfectly matched that

of the quantum mechanical results, see above, thus providing a perfect agreement.

It would be interesting to investigate the origin of de-phasing in such classical

systems in future projects.

4.2.1 Conclusion

We have seen, from the results of our comparisons, that the quantum mechanical
models, numerical and analytical, agree very well with each other thus validating
the assumptions made and/or results produced by them in previous chapters. We
have also seen a great deal of agreement between the quantum mechanical and
classical results for 0 < ¢ < 2.3us, after which increasing de-phasing lengthens the
classical period thereby dragging it out of phase with the quantum mechanical
results and damping the magnitude of the angular momentum transfer in the

process.

Controlling the de-phasing therefore remains key to improving the results of the
classical model. However, just like de-coherence in quantum systems, de-phasing
is not something one can eliminate completely, reducing it should as such be the
aim. A future study on the origin of de-phasing in such systems would be quite

enlightening.

43



Chapter 5

Conclusion

The aim of this thesis was to study circular Rydberg states and to find param-
eters for which energy and angular momentum can be better transferred using
these states. As a tribute to correspondence principle, that aims to find classical
analogues of certain quantum mechanical phenomena, we started by studying an-
gular momentum transfer through two interacting highly excited Alkali atoms by
solving their coupled classical equations. The transfer was found to be resonant
and oscillatory for some time before being damped by dephasing. This further
establishes high-lying Bohr-like orbits as classical analogues of circular Rydberg

states.

Quantum mechanical formulation of circular states and interaction between
atoms in circular states was then studied. The circular state wavefunctions were
found to, other than being non-symmetric, resemble 3D Harmonic oscillator wave-

functions with the most circular state corresponding to the ground state.

The dipole-dipole interaction between the atoms was then used to study energy
and angular momentum transfer using circular states, with two atoms in the most
circular states of a given quantum level n. The transfer for perfectly aligned inter-
nuclear and quantization axis case was found to be resonant and lasts for as long

a time as the lifetime of the state without being damped, with transfer periods
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in the lower us range and scaling as n=3.

The more realistic, slightly off-axis case, was also studied for different orienta-
tions and was found to be damped, resulting in loss of coherence in the transfer
and subsequent angular momentum transfer to undesired lower states for angles
a > 5°. For a < 5° as much as 100% transfer is possible in 4us which is less than
the lifetime, 4.2us, of the n = 10 circular Rydberg state. Proper trapping of the

atomic samples plays a central role here.

The findings of this study open up the possibility of using circular Rydberg
states as better alternatives to the |ns) and |np) Rydberg states used so far in
simulating energy transport mechanisms in light-harvesting systems using flexible

and/or static Rydberg aggregates.

The use of flexible Rydberg aggregates, assemblies of Rydberg atoms confined
to move in a given direction, or static aggregates that remain frozen and/or static
over a given time scale, in circular states to perform transfer operations would be
quite rewarding since the atomic motion that could manifest itself as noise in the
system is now being put to use thus negating possible losses due to uncertainty

in the atomic positions. This represents one of our future goals.

Also, finding pair circular states with comparable C'3 values that only transfer
to each other could find application in the field of quantum information as data-

bus.

We are convinced that, the possibility of having two circular states that only
couple to each other, their longer lifetimes, coupled with the parameters and
results of this study present circular states as better alternatives to use in energy

and angular momentum transfer mechanisms.
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Appendix A

Dipole-dipole potential

From equation 3.13
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and ignoring terms of order %—Z, 2—22 and higher, results in the dipole-dipole poten-

tial
V(R,ab) = Z—E . 3—(a‘R})2(5b‘R). (A7)
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Appendix B

Analytical circular wavefunctons
and Clebsch-Gordan coefficients

Using equations 3.6 and 3.7

= (D ()Y w

Y0, ¢) = \/(214—;(11)}%[ ;1)71>!an<cos 9) exp (imgb), (B.2)

for the circular states (n,l=n—1,m=n—1) and (n,l =n—2,m=n—2), we

have
2r

Ly () =1 (B.3)
L) = (<2n ~2)- %) (B.4)

R = () () e ()] @9

Rowentn) = () sz () e ()] [ -2 - 2
(B.6)
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And using equation 3.7, with cosf = x

-1 l %l dl-‘rm 1
P = e (1= )" s (). (B7)
forl=m l
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by using l =n — 1 and [ = n — 2 we get the expressions

Y M6, ¢) = Zn(jan__ 5 \/ (2n - 23;752” ) (sine. exp(iaS))nl, (B.10)

Y20, 4) = 271(_;(17371 ) \/(Qn — 431!75271 —) (sin 0. exp(iqb))n_z. (B.11)

To obtain the Clebsch-Gordan coefficients we make the transformation
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with m = —2,-1,0,1,2, [ = 2
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for # = 0 and ¢ = 0 only the |2,0) term survives, which in terms of spherical
harmonics is

1
V6

where the (1) and (2) indexes label the atoms.
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