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ABSTRACT

In this thesis we investigate the noise effect on Wavelength Division Multiplexed (WDM)

Optical Fiber Transmission Systems (OFCSs). Optical Amplifiers (OAs), which are used

for optical signal amplification in OFCSs, bring in noise, known as Amplified Spontaneous

Emission (ASE) noise to system. The noise together with fiber non-linearity degrades the

OFCS performance thorough non-linear phase changes of the optical signal, which is known

as non-linear phase noise. In the thesis, we present a unifying theory, and a comprehensive

methodology and computational techniques for the analysis and characterization of non-

linear phase noise and its impact on system performance.

Considering both un-modulated and modulated carriers, in the analysis, we use the

stochastic non-linear Schrdinger equation (NLSE) that arises in the analysis of wave propa-

gation phenomena. Starting with the NLSE, we derive new systems of differential equations

that characterize noise propagation along the fiber.

We provide both analytical and numerical solution methodologies for the solution of

derived noise equation(s). For both un-modulated and modulated carriers we develop a

system Bit Error Ratio (BER) evaluation methodology and compute the system BER for

Differential Binary Phase Shift Keying (DBPSK) and Differential Quadrature Phase Shift

Keying (DQPSK) modulation schemes. We present results which are obtained using differ-

ent system parameters, to explore the effect of noise on system performance.
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ÖZETÇE

Bu tezde dalgaboyu bölmeli coǧullamalı (WDM) fiber optik iletişim sistemlerinde (OFCSs)

gürültü analizi ele alınmıştır. Fiber optik iletişim sistemlerinde optik sinyali yükselten op-

tik yükselteçler(OAs), sisteme kendiliǧinden yükseltilmiş yayılmadan (ASE) kaynaklanan

gürültü eklemektedirler. Gürültüyle birlikte fiberden kaynaklanan nonlineer etmenler, op-

tik sinyalde nonlineer faz gürültüsü olarak bilinen nonlineer faz deǧişikliklerine sebep olarak

iletişim sisteminin performansını düşürmektedir. Bu tezde, nonlineer faz gürültüsünün ve

sistem üzerindeki etkisinin karakterizasyonu ve analizi için birleştirici teori, geniş kapsamlı

metodoloji ve nümerik teknikler sunulmıştur.

Gürültü analizinde kiplenmiş ve kiplenmemiş taşıyıcılar için dalga yayılım analizinden

elde edilen stokastik nonlineer Schrödinger (NLSE) eşitliǧi kullanılmıştır. NLSE eşitliǧi

kullanılarak gürültü yayılımını karekterize eden yeni denklemler elde edilmiştir.

Gürültü denklem(ler)inin çözümü için analitik ve nümerik yöntemler sunulmuştur. Kiplenmiş

ve kiplenmemiş taşıyıcılar için sistemin bit hata oranını hesaplama yöntemi sunulmuş ve

farksal ikili faz kaydırmalı kipleme (DBPSK) ve farksal dördün faz kaydırmalı kipleme

(DQPSK) teknikleri için sistemin bit hata oranları hesaplanmıştır. Ayrıca çeşitli sistem

konfigurasyonları kullanılarak elde edilen sonuçlar sunularak , gürültünün sistem perfor-

mansı üstündeki etkileri araştırılmıştır.
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Chapter 1

INTRODUCTION

In recent years it has became apparent that the use of Optical Fibers (OFs) increased

significantly. They span the long distances between local phone systems as well as provid-

ing the backbone for many network systems. With the invention of new communication

techniques their usage increased even further, including medicine, military, automotive, and

industrial applications [13]. In principle OFs serve the same purpose as copper wire by

moving information from one place to another. However, the transmission medium is light,

which propagates in OFs via the principle of total internal reflection [13]. The main advan-

tages of the use of fiber optics are its speed characteristics and high information-carrying

capacity, or bandwidth. However the existence of non-linear effects of OFs brings in design

challenges. A basic Optical Fiber Communication System (OFCS) consist of a transmitting

device, which generates the light signal; an optical fiber, which transmits the light; and

a receiver which accepts the transmitted light [13]. Optical fiber itself has no generative

properties. The schematic of an OFCS is shown in figure 1.1.

Optical transmitter converts the electrical signal, which is input to the system, to light

signal. For this operation generally light emitting diodes (LEDs) are used. Converted

light signal propagates in optical fiber through total internal reflection. The last step of

transmission is optical receiver which converts the light signal to the form of electrical signal.

Figure 1.1: OFCS Schematic
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Figure 1.2: Many channels are multiplexed in a single fiber in a WDM System

Generally p-i-n diodes are used in the conversion process. To increase the transmission

distance early OFCSs contained repeaters which were essentially a combination of optical

receiver and transmitter. They convert the signal from optical domain to electrical domain

form, amplify the signal and then convert the electrical signal back to optical form again.

The invention of Optical Amplifiers (OAs) removed the use of electrical amplifiers. They

amplify the signal without converting the signal between electrical and optical form thus in-

creased the efficiency of the OFCSs. Another emerged technology was Wavelength-Division

Multiplexing (WDM) which increased the bandwidth of the system. The basic principle

of WDM system is to convey information through use of light with different wavelengths

within single optical fiber. The schematic of a WDM system is shown in figure 1.2 [15].

A WDM system contains a multiplexer at the transmitter that joins the signals with

different wavelengths and a de-multiplexer that splits the received signal into their own

wavelengths.

Although the invention of OAs and WDM technology increased the system efficiency

they also bring in some difficulties in the design of OFCSs. The difficulties arise from

the properties of transmission media, which is optical fiber. Optical fibers have linear and

non-linear effects on the optical signal [21].

Linear effects include attenuation and dispersion. Attenuation results in decrease in the

power of the signal as shown in figure 1.3. Dispersion on the other hand results in pulse

spreading, which limits the information carrying capacity of the fiber [21]. The effect of
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Figure 1.3: Effect of Attenuation On the Signal

Figure 1.4: Effect of Dispersion On the Signal

dispersion on the signal is shown in figure 1.4.

Non-linear effect of optical fiber is known as Kerr effect. Kerr effect is a result of non-

linear change of refractive index of the optical fiber with the power of the optical signal.

The refractive index of the optical fiber n depends on optical power as [21]

n = n0 + n2 · P/Aeff (1.1)

where n0 is the refractive index of the fiber at low optical powers, n2 is the nonlinear refrac-

tive index coefficient, P is the power of the optical signal and Aeff is the effective area of the

fiber. Kerr effect results in Self Phase Modulation (SPM), Cross Phase Modulation(XPM)

and Four-Wave Mixing(FWM) [21].

SPM results in non-linear phase change in the optical signal itself [21]. The change of

the phase is non-linearly related with the power of the signal. The effect of SPM on the

signal is shown in figure 1.5.

XPM appears only in WDM systems as a result of non-linear interaction of signals with

different wavelengths [21]. XPM like SPM results in phase change of the signal. However

the phase changes not only include the effect of power of the signal itself but also effects of

the powers of the other signals coming from different channels (wavelengths).

FMW is another non-linear effect that emerges only in WDM systems. The result of

FWM is the emergence of artificial frequencies in the optical signal as shown in figure 1.6

[21].
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Figure 1.5: Effect of SPM On the Signal

Figure 1.6: FWM Phenomena
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In figure 1.6 the frequencies f1 ,f2 and f3 are the original frequencies that makes up

the optical signal. All other frequencies are the frequencies emerged as a result of FWM.

The emerged frequencies are at f1∓ f2∓ f3.

Although the invention of OAs eliminated the side-effects of electrical amplifiers they

bring in noise, known as Amplified Spontaneous Emission (ASE) noise to the system [21].

ASE noise causes fluctuations on the intensity of the optical signal. The fluctuations of

the optical intensity together with non-linearity degrade the OFCSs performance through

non-linear phase changes of the optical signal, which is known as Non-Linear Phase Noise.

During the development phase of OAs and WDM technology there was an interest in

the use of phase/frequency modulation scheme of the optical carrier as opposed to the

On-Off Keying (OOK) which is simpler to implement [1]. The reason behind the use of

phase/frequency modulation was greater receiver sensitivity and increased spectral effi-

ciency.

It was Gordon & Mollenauer that first pointed out the effects of ASE noise on the

system performance that uses phase modulation schemes. In their seminal paper published

in 1990 they showed that non-linear phase noise due to interaction of ASE noise and Kerr

effect degrades the OFCSs performance which use phase modulation [14]. They argued

that systems that use phase modulation in fact suffered more from non-linear phase noise

as opposed to the systems that uses intensity modulation or OOK. The invention of OAs

and the use of WDM systems with OOK scheme increased the system capacity and made

it possible to achieve higher receiver sensitivity which in turn eliminated the use of more

complex schemes such as phase/frequency modulation during 90s. However the need for

more bandwidth required more spectral efficiency which resulted in special interest in the

use of phase modulation schemes in OFCSs.

In this thesis, we first analyze the effect of non-linear phase noise that uses DBPSK and

DQPSK modulation schemes through BER evaluation of the system as done by Demir in

[9]. However Demir’s analysis in [9] is done only for un-modulated, continuous-wave 1 ,

optical carrier case. Although Demir made an analysis for modulated 2 carrier case in [8],

by approaching the problem as a stochastic differential system, he did not make analysis

1An unmodulated signal is expressed as exp(jwt) in time domain

2A modulated signal is expressed as m(t) exp(jwt) in time domain
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through BER evaluation. In this thesis we first generate the results as Demir did in [9] and

[8] for a WDM OFCS. Main contribution of the thesis is the BER analysis methodology for

modulated carrier case.

The outline of the thesis is as follows:

In Chapter 2 we give the general methodology to analyze the non-linear phase noise on

the system performance for both modulated and un-modulated carrier case. We will also

compare the analysis methods between modulated and un-modulated carrier case.

In Chapter 3 and Chapter 4 we consider un-modulated and modulated optical carrier

case, respectively, where analytical and numerical methods developed for the noise analysis

of a WDM system.

Chapter 5 is the main contribution of the thesis where we give methodology for com-

puting BER performance of a WDM system where carriers are modulated.

We conclude the thesis with Chapter 6 where a summary of the thesis is discussed.
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Chapter 2

OVERVIEW OF THESIS

The equation that governs the complex electric field of the optical signal in a single mode

optical fiber is

∂U(z, t)
∂z

= −αU(z, t)− j
1
2
β2

∂2U(z, t)
∂t2

+
1
6
β3

∂3U(z, t)
∂t3

+ jγ|U(z, t)|2U(z, t) (2.1)

where t is time, z is the distance along the fiber, α models the loss of the fiber, β2 and

β3 model second and third order dispersion, γ models the non-linearity of the fiber and

j =
√−1 [1].

Equation 2.1 is known as Non-Linear Schrdinger Equation (NLSE) and can be written

as

∂U(z, t)
∂z

= L[U ] + NL[U ] (2.2)

where

L[U ] = −αU(z, t)− j
1
2
β2

∂2U(z, t)
∂t2

+
1
6
β3

∂3U(z, t)
∂t3

(2.3)

NL[U ] = jγ|U(z, t)|2U(z, t)

L[U ] being the linear part and NL[U ] being the non-linear part of the equation 2.1.

Although analytical solution of 2.2 exists if either L[U ] = 0 or NL[U ] = 0, in general

there is no analytical solution of equation 2.2 except for a subset of physical systems [22].

In these cases solution of 2.2 requires the use of numerical methods.

The exact behavior of the noise in a non-linear system such as in 2.1 can be extracted

by the use of Monte Carlo simulations. However, the computational cost of Monte Carlo

simulations is very high, making them impractical to apply. Another technique known as

perturbation methods has been applied successfully in the solution of non-linear stochastic
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dynamical systems [12, 7]. By using perturbation methods, an approximate solution to a

problem which cannot be solved can be found exactly. However, the use of perturbation

methods requires that the solution of the problem can be formulated by the addition of

small terms to the solvable problem in an exact way [4]. Coincidentally, in most practical

engineering problems the noise and undesired disturbances are very small with respect to the

original signals which they mix; in which case application of perturbation methods becomes

possible. Especially the use of first order perturbation methods is very practical because

they actually correspond to the linearization of nonlinear systems around an expansion

point.

By use of perturbation methods, one can analyze the noise behavior of non-linear dy-

namical system such as in 2.1 as follows:

1. First, solve the non-linear equation by only considering the large desired signals. In

case of 2.1, generally only numerical solution can be found.

2. Second, express the solution found in Step 1 as a sum of desired large signal and a

small term representing any disturbances to the system

3. Third, perform a linearization to the equations obtained in Step 2. This operation is

actually corresponds to a Taylor series expansion by using the solution of Step 1 as

an expansion point.

4. Last, solve the equation obtained in Step 3 to obtain the behavior of the noise in

the system. Because noise has not a well-defined waveform, the solution in this step

should be understood that computing stochastic properties of the noise such as mean

or spectral density of the noise

In this thesis we will analyze the noise behavior in WDM OFCSs with un-modulated

and modulated carriers. The noise will be represented as a small disturbance to the large

desired signal U as

U(z, t) = U0(z, t) + a(z, t)

where U0(z, t) is the solution of equation 2.1 by disregarding the noise effects and a(z, t) is

the noise term. We will represent the noise term a(z, t) as
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a(z, t) = ar(z, t) + jai(z, t)

where ar(z, t) is the in-phase component of the noise and ai(z, t) is the quadrature com-

ponent of the noise. We will consider the noise term a(z = 0, t) as a zero-mean Gaussian

stochastic process with in-phase and quadrature components being uncorrelated. Thus, we

want to characterize the in-phase and quadrature components of the noise at the end of the

fiber that is a(z = L, t), L being the fiber length. Because for a linear system Gaussian

process stays Gaussian [17] the noise at the optical receiver can be modeled as Gaussian,

the in-phase and quadrature components of the noise are no longer uncorrelated due to

non-linearity imposed by optical fiber.

2.1 Unmodulated Carrier Case

For a WDM OFCS with continuous wave carries, the equation that characterizes the noise

obtained in Step 3 explained above is not a single equation, but rather a system of differential

equations with time-invariant but z varying coefficients, z being the space coordinate of the

optical fiber where the optical carrier propagates through.

The system of differential equations with time-invariant coefficients can be solved in

frequency domain via the calculation of transfer function. The same methodology will be

used here: first, the transfer function from z = 0 to z = L will be computed, and then the

spectral density of the noise will be calculated at the end of the fiber so that we can extract

the behavior of the noise. Although noise entered to the system is white, at the end of the

fiber link it becomes colored due to noise signal interaction via non-linearity.

The computational cost of the calculation of transfer function depends on the numerical

scheme being used and the bandwidth of the optical carrier. In our treatment we use the

trapezoidal rule so that we do not deal with stability issues imposed by the numerical inte-

gration scheme. Transfer function matrix should be calculated for each w in the bandwidth

of the optical carrier. However, the calculation of the transfer function can only be done for

discrete values of w. For a specific w, the computational cost of the calculation of transfer

function is O(NNz), N being the number of channels and Nz being the number of discrete

z points between z = 0 to z = L, resulting in a total cost of O(NNzNw), where Nw is the

number of frequency points taken in the range of the bandwidth of the optical carrier.
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By using the transfer functions , we will compute the spectral density of the noise at

the end of the fiber. Note that because there is more than one unknown, we will actually

compute spectral density matrix which gives second-order stochastic properties of the noise.

To find the actual effect of noise on the system performance, we have to calculate the Bit

Error Ratio (BER) of the system. We will use Monte Carlo simulations for BER calculation.

2.2 Modulated Carrier Case

For a WDM OFCS with modulated carriers, the equation that characterizes the noise be-

havior obtained in Step 3 above is not trivial as in the case of un-modulated carrier case.

In this case, we do not get a system of differential equations, but rather a linear partial

differential equation. This is a result of the noise characteristic:

• in case of CW carriers, noise components around each carrier are stationary so that

we are able to deal with the noise for all channels separately.

• in case of modulated carriers, the noise around each carrier is not stationary because

of modulation. Modulation does not only affect the optical carrier but also the noise

around it.

The non-linear partial differential equation obtained in this case has both time and z varying

coefficients. Thus we cannot use transfer function methodology easily. In this case, we will

propagate the covariance matrix through the fiber so that we can obtain the noise behavior

at the end of the fiber.

Another difficulty emerged in the modulated carrier case is the noise dependence on the

input signal. Contrary to CW case where noise characteristics do not depend on the input

signal, for modulated carrier case noise characteristics depend on input spectrum which

requires the computation of signal spectrum through the fiber.

In summary, for noise analysis in modulated carrier case we will do the following:

• Compute the signal spectrum along the fiber.

• Propagate the covariance matrix through the fiber.

• Compute the BER of the system via Monte Carlo simulation.
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Like all other numerical simulations, computational cost of the analysis of noise in case

of modulated carriers depends on the numerical scheme being used. We will use the method

described at [11] for the solution of signal spectrum and covariance matrix propagation.

Because of non-linearity, we cannot solve the resulting non-linear differential equation in

frequency domain. However, we will propagate the linear part of the equation in frequency

domain and non-linear part in time domain. This operation requires the use of Fast Fourier

Transform (FFT)s going back and forward between time and frequency domain. Although

we will give the details of the computation of noise characteristic for modulated carrier case

in chapter four, we will give the computational complexities of the operations done for the

solution of signal spectrum and covariance matrix.

Because noise is not stationary, the covariance of the noise samples depends on the

sampling time. For simulation, because we cannot simulate for infinite time interval, we

will limit the signal time to T, and assume that it is periodic so that we can use FFTs. For

a N channel WDM system with T being the bit period of the optical signal, computation

of signal spectrum along the optical fiber requires O(NzNt log Nt) operation and covariance

matrix propagation costs O(N2
z Nt log Nt) operation where Nz is the number of z points

between z = 0 and z = L and Nt is the number of discrete time points between t, time,

t = 0 to t = T . Note that unlike un-modulated carrier case, the computational complexity

in modulated carrier case does not depend on the number of channels, N.

BER computation for modulated carrier case is the same as un-modulated carrier case

except we get the covariance matrix between time samples of the noise at the end of the

fiber directly, while in un-modulated case we first compute spectral density matrix and then

get the covariance matrix. By Monte Carlo simulation, we will compute the system BER

performance.

Although we need the noise characteristic at the end of the fiber to analyze its effect

on the system performance, the methodology for obtaining noise characteristic differs for

modulated and un-modulated carrier case. Main differences are:

• While the equation that characterizes the noise in the optical fiber consists of sys-

tem of linear differential equations in un-modulated carrier case, it is a single partial

differential equation in modulated carrier case.
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• Because for un-modulated carrier case system of differential equations has time invari-

ant coefficients which enable the use of transfer function concept, numerical compu-

tation of noise propagation is simpler in un-modulated carrier case compared to the

modulated carrier case.

• While noise does not depend on input signal in un-modulated carrier case, it depends

on input signal in modulated carrier case which requires the numerical solution of

equation 2.1 along the fiber.

We will give the details of the noise analysis for un-modulated carrier case in chapter 3

and modulated carrier case in in chapter 4.
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Chapter 3

UNMODULATED CARRIER CASE

In this chapter we will analyze the noise effect on WDM system performance by assuming

that channel carriers are un-modulated. In the noise analysis we will follow the procedure

given in section 2.1.We will first find the equation that characterize the noise and use the

noise characteristic equation to find transfer functions between channels. Next, we will

apply transfer function methodology to compute noise spectral density at the end of the

fiber. Finally, we will generate noise samples by using noise spectral density and make

Monte Carlo simulation to compute system’s Bit Error Ratio(BER).

In the first step, we have to solve the equation 2.1 by considering only desired large

signals. If we ignore FWM products and take only SPM and XPM into consideration

imposed by Kerr nonlinearity, we can express the signal envelope U for an N channel WDM

system as

U(z, t) =
N∑

k=1

Uk(z, t)e−jwkt (3.1)

where Uk is the envelope of the signal in the kth channel and wk is the relative frequency of

the kth channel carrier with respect to wc, carrier frequency of U . Here, it is assumed that

all signal envelopes, Uk, are band limited and they do not overlap in frequency domain.

Using 3.1 in 2.1 and ignoring all terms that result in FWM products, we get following

set of differential equation

∂Uk(z, t)
∂z

= −αUk(z, t)

− j
1
2
β2(

∂2

∂t2
− j2wk

∂

∂t
− w2

k)Uk(z, t)

+
1
6
β3(

∂3

∂t3
− j3wk

∂2

∂t2
− 3w2

k

∂

∂t
+ jw3

k)Uk(z, t)

+ jγ

[
N∑

i=1

ci|U(z, t)|2
]

Uk(z, t)

(3.2)
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where ci = 1 for i=k and ci = 2 in the other cases. In equation 3.2, it is assumed that γ is

the same for all channels. However, it should be noted that γ is frequency dependent. But,

frequency dependency of γ can be neglected due to wc À wk .

Initial condition for equations 3.2 is:

Uk(z = 0, t) = (
√

Pk + ak(z = 0, t)) exp(jφk) (3.3)

where Pk is the power of the unmodulated noise-free signal, ak(z, t) is the noise around kth

channel, and φk is the random phase.

Solution of 3.2 with initial condition given by 3.3 is :

Uk(z, t) = [
√

Pk + ak(z, t)] exp(−αz + j(φk + ϕL
k (z) + ϕNL

k (z))) (3.4)

where

ϕL
k (z) = (

1
2
β2w

2
k +

1
6
β3w

3
k)z (3.5)

ϕNL
k (z) = γ

[
N∑

k=1

ciPi

]∫ z

0
exp(−2αη)dη (3.6)

In the second and third step, we have to put the solution found in step 1, equation 3.4,

into the original equation 3.2 and ignore all terms that are not linear with respect to ak(z, t).

If we do mathematical calculations, the following set of coupled differential equations are

obtained [9]

∂ak(z, t)
∂z

= −(β2wk +
1
2
β3w

3
k)

∂ak(z, t)
∂t

− j
1
2
(β2 + β3wk)

∂2ak(z, t)
∂t2

+
1
6
β3

∂3ak(z, t)
∂t3

+ jγ exp(−2αz)

[
N∑

k=1

ci

√
PkPi[ai(z, t) + a∗i (z, t)]

] (3.7)

where ∗ denotes complex conjugate operation.

Noise term ak(z, t) can be expressed as:

ak(z, t) = akR(z, t) + jakI(z, t) (3.8)
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where akR(z, t) is the in-phase component and akI(z, t) is the quadrature component of

noise,ak(z, t).

Using 5.27 in 3.7, we get following set of coupled differential equations

∂akR(z, t)
∂z

=− (β2wk +
1
2
β3w

2
k)

∂akr(z, t)
∂t

+
1
6
β3

∂3akr(z, t)
∂t3

+
1
2
(β2 + β3wk)

∂2aki(z, t)
∂t2

∂akI(z, t)
∂z

=− (β2wk +
1
2
β3w

3
k)

∂aki(z, t)
∂t

+
1
6
β3

∂3aki(z, t)
∂t3

− 1
2
(β2 + β3wk)

∂2akr(z, t)
∂t2

2γ exp(−2αz)

[
N∑

k=1

ci

√
PkPiaiR(z, t)

] (3.9)

Equation 3.9 represents a system of differential equations with 2N unknowns for an N

channel WDM system. Note that the coefficients in equation 3.9 are time independent, but

z dependent. This property will enable us to solve equations in frequency domain rather

than in time domain.

3.1 Transfer Function Calculation

The solution given by 3.9 consists of system of linear differential equations. This is a result of

linearization made in the solution of equation 3.7. We will use transfer function methodology

in the solution of 3.9. Let’s now define 2× 2 transfer function matrix in frequency domain

Tki(L,w) such that


AkR(z = L,w)

AkI(z = L,w)


 =


TRR

ki (z = L,w) T IR
ki (z = L,w)

TRI
ki (z = L,w) T II

ki (z = L,w)




︸ ︷︷ ︸
Tki(L,w)


AiR(z = 0, w)

AiI(z = 0, w)


 (3.10)

where AkR(z, w) and AkI(z, w) are the Fourier Transforms of akR(z, t) and akI(z, t) re-

spectively. In equation 3.10 Tki(L,w) transfers the input which is kthchannel in-phase

AkR(z = 0, w) and quadrature AkI(z = 0, w) noise component; to the output which is ith

channel in-phase AiR(z = L,w) and quadrature AiI(z = L,w) noise component. The ele-

ments of Tki(L,w) are as follows : TRR
ki is the transfer function from kthchannel in-phase
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noise component to ithchannel in-phase noise component, T IR
ki is the transfer function from

kthchannel quadrature noise component to ithchannel in-phase noise component, TRI
ki is

the transfer function from kthchannel in-phase noise component to ithchannel quadrature

noise component and finally T II
ki is the transfer function from kthchannel quadrature noise

component to ithchannel quadrature noise component. We define Tmn as intra-transfer

function if m = n and inter-transfer function if m 6= n.

Converting equation 3.9 from time domain to frequency domain by using Fourier Trans-

form, we get

∂AkR(z, w)
∂z

=− jw(β2wk +
1
2
β3w

2
k +

1
6
β3w

2)AkR(z, w)

− 1
2
w2(β2 + β3wk)AkI(z, w)

∂AkI(z, w)
∂z

=− jw(β2wk +
1
2
β3w

2
k +

1
6
β3w

2)AkI(z, w)

+
1
2
w2(β2 + β3wk)AkR(z, w)

+ γ exp(−2αz)

[
N∑

i=1

ci

√
PkPiAiR(z, w)

] (3.11)

where w comes from Fourier Transform representing the frequency contents of the envelope

Uk centered around wk.

3.1.1 Analytical Computation Of Transfer Functions

The computation of the transfer functions from the equation 3.11 requires the use of numer-

ical methods. However for two specific cases analytical solution of transfer functions can be

found : no-nonlinearity and no-dispersion case. In this section, we will give the analytical

solution of transfer functions for these two cases.

No-Nonlinearity Case

In this case, γ = 0. Then equation 3.11 becomes
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∂AkR(z, w)
∂z

=− jw(β2wk +
1
2
β3w

2
k +

1
6
β3w

2)AkR(z, w)

− 1
2
w2(β2 + β3wk)AkI(z, w)

∂AkI(z, w)
∂z

=− jw(β2wk +
1
2
β3w

2
k +

1
6
β3w

2)AkI(z, w)

+
1
2
w2(β2 + β3wk)AkR(z, w)

(3.12)

which is a system of decoupled differential equations. Note that inter-transfer functions,

Tki(z, w), k 6= i, are zero. This is because there is no interaction between the kth and the

ith channel. Only intra-transfer functions, Tkk(z, w), exist.

Equation 3.12 can be written in vector form as

∂

∂z


AkR(z, w)

AkI(z, w)


 =


−jw(β2wk + 1

2β3w
2
k + 1

6β3w
2) − 1

2w2(β2 + β3wk)
1
2w2(β2 + β3wk) −jw(β2wk + 1

2β3w
2
k + 1

6β3w
2)





AkR(z, w)

AkI(z, w)




(3.13)

Equation 3.13 is in the form

∂

∂z
X(z, w) = G(w)X(w, z) (3.14)

where

X(z, w) =


AkR(z, w)

AkI(z, w)


 (3.15)

and

G(w) =


−jw(β2wk + 1

2β3w
2
k + 1

6β3w
2) −1

2w2(β2 + β3wk)
1
2w2(β2 + β3wk) −jw(β2wk + 1

2β3w
2
k + 1

6β3w
2)


 (3.16)

Solution of 3.14 is

X(z, w) = exp(G(w)z)X(z = 0, w) (3.17)

Thus intra-transfer function matrix Tkk(z, w) is equal to exp(G(w)z). Expression exp(G(w)z)

can be calculated as follows.
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Let’s define

ξ = −jw(β2wk +
1
2
β3w

2
k +

1
6
β3w

2)

κ =
1
2
w2(β2 + β3wk) (3.18)

after which G(w)z becomes

G(w)z =


ξ −κ

κ ξ


 · z =


ξz −κz

κz ξz


 (3.19)

Further, we can decompose G(w)z into two matrices such that

G(w)z = A(w)z + B(w)z (3.20)

where

A(w) =


ξ 0

0 ξ


 and B(w) =


0 −κ

κ 0




Exponential of summation of two matrices can be calculated as

exp(A + B) = exp(A) · exp(B) (3.21)

if and only if AB = BA [16]. For the matrices A(w)z and B(w)z we get

[A(w)z] · [B(w)z] = [B(w)z] · [A(w)z] (3.22)

which enables the computation of exp(G(w)z) by first computing exp(A(w)z) and exp(B(w)z),

and then multiplying the two results.

Exponential of a n× n diagonal matrix is given by [16]

exp







λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λn







=




exp(λ1) 0 · · · 0

0 exp(λ2) · · · 0
...

...
. . .

...

0 0 · · · exp(λn)




(3.23)

Thus, exp(A(w)z) is equal to



Chapter 3: Unmodulated Carrier Case 19

exp(A(w)z) = exp





ξz 0

0 ξz





 =


exp(ξz) 0

0 exp(ξz)


 (3.24)

The computation of exp(B(w)z) can be done from the definition of matrix exponential.

For an n× n square matrix, M matrix exponential exp(M) is defined as [16]

exp(M) = I + M +
M2

2!
+

M3

3!
+ . . . +

Mk

k!
+ . . . (3.25)

where I is the identity matrix with an equal size of M . By using the matrix exponential

definition exp(B(w)z) is calculated as

exp(B(w)z) =


1 0

0 1


 +


 0 −κz

κz 0


 +

1
2!


−(κz)2 0

0 −(κz)2




+
1
3!


 0 (κz)3

−(κz)3 0


 +

1
4!


(κz)4 0

0 (κz)4


 + . . .

=


1− (κz)2

2! + (κz)4

4! − . . . −(κz) + (κz)3

3! − . . .

(κz)− (κz)3

3! + . . . 1− (κz)2

2! + (κz)4

4! − . . .




(3.26)

The Maclaurin series for sin(x) and cos(x) are [19]

sin(x) = x− x3

3!
+

x5

5!
− . . .

cos(x) = 1− x2

2!
+

x4

4!
− . . . (3.27)

From formulae 3.27, we can infer that exp(B(w)z) is

exp(B(w)z) =


cosκz − sinκz

sinκz cosκz


 (3.28)

Thus transfer function matrix Tkk(z, w), exp(G(w)z), is equal to
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Tkk(z, w) = exp(G(w)z) = exp(A(w)z) exp(B(w)z)

=


exp(ξz) 0

0 exp(ξz)





cosκz − sinκz

sinκz cosκz




= exp(ξz)


cosκz − sinκz

sinκz cosκz




(3.29)

Note that transfer function matrix Tkk(z, w) is unitary. That is,

T ∗kk(z, w) = exp(−ξz)


 cosκz sinκz

− sinκz cosκz




⇒ Tkk(z, w)T ∗kk(z, w) = exp(ξz)


cosκz − sinκz

sinκz cosκz


 exp(−ξz)


 cosκz sinκz

− sinκz cosκz




= exp(ξz) exp(−ξz)


 cos2 κz + sin2 κz cosκz sinκz − sinκz cosκz

sinκz cosκz − cosκz sinκz sin2 κz + cos2 κz




=


1 0

0 1




(3.30)

where ∗ denotes complex conjugate transpose operation. We will use this property later in

the chapter.

No Dispersion Case

Setting dispersion parameters, β2 and β3, to zero in the equation 3.11, we get following set

of equations

∂AkR(z, w)
∂z

= 0

∂AkI(z, w)
∂z

= 2γ exp(−2αz)
[∑N

k=1 ci

√
PkPiAiR(z, w)

]
(3.31)

Solution of equation 3.31 can be found as follows

∂AkR(z, w)
∂z

= 0 ⇒ AkR(z = L,w) = AkR(z = 0, w) (3.32)
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∂AkI(z, w)
∂z

= γ exp(−2αz)

[
N∑

k=1

ci

√
PkPiAiR(z, w)

]

⇒
∫ L

0
AkI(z, w)dz =

∫ L

0
γ exp(−2αz)

[
N∑

k=1

ci

√
PkPiAiR(z, w)

]
dz

⇒ Aki(z = L,w)−AkI(z = 0, w) =

[
2γ

[
N∑

k=1

ci

√
PkPiAiR(z, w)

]
exp(−2αz)

−2α

]L

0

⇒ AkI(z = L,w) = AkI(z = 0, w) + (1− exp(−2αL))

[
N∑

k=1

ci

√
PkPiAiR(z, w)

]

(3.33)

from equation 3.32 and 3.33, we can write the transfer function matrix as

Tki(z = L,w) =


 ζ 0

ηγ 1
2α [1− exp(1− 2αL)]

√
PkPi ζ


 (3.34)

where η = 2, ζ = 1 for k = i and η = 4, ζ = 0 for k 6= i. Note that transfer functions for

no-dispersion case are independent of frequency w. But unlike No-Nonlinearity case, inter

channel transfer functions are not zero.

3.2 Numerical Computation of Transfer Functions

Analytical solution of transfer functions is possible if we ignore either non-linearity or dis-

persion. However, in case where both non-linearity and dispersion exist solution of transfer

functions requires numerical methods. In this section, we present the methodology for

numerical solution of transfer functions.

For an N channel WDM system there exist N2 transfer function matrices. Let’s gather

all inter and intra transfer functions in matrix form as
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


A1R(z = L,w)

A1I(z = L,w)

A2R(z = L,w)

A2I(z = L,w)
...

ANr(z = L,w)

ANI(z = L,w)




=




T11(z = L,w) T12(z = L,w) . . . T1N (z = L,w)

T21(z = L,w) T22(z = L,w) . . . T2N (z = L,w)
...

...
. . .

...

TN1(z = L,w) TN2(z = L,w) . . . TNN (z = L,w)




︸ ︷︷ ︸
T(z=L,w)




A1R(z = 0, w)

A1I(z = 0, w)

A2R(z = L,w)

A2I(z = L, w)
...

ANR(z = 0, w)

ANI(z = 0, w)




(3.35)

where Tki(z = L,w) represents the transfer function matrix from ith channel to the kth

channel. Because each transfer function matrix Tki(z = L,w) is 2 × 2, size of the transfer

function matrix, T(z = L,w), is 2N × 2N . We will call T(z = L,w), as block transfer

function matrix.

Equation 3.11 can be written in matrix notation like equation 3.35. Let’s define

ξk = −jw(β2wk +
1
2
β3w

2
k +

1
6
β3w

2)

κk =
1
2
w2(β2 + β3wk) (3.36)

and

fz
ki = 2γ exp(−2αz)ci

√
PkPi (3.37)

where ci = 1 if i = k and ci = 2 if i 6= k. Then, matrix form of equation 3.11 becomes

∂

∂z




A1R(z, w)

A1I(z, w)

A2R(z, w)

A2I(z, w)

...

ANR(z, w)

ANI(z, w)




=





 ξ1 −κ1

κ1 + fz
11 ξ1





 0 0

fz
12 0


 . . .


 0 0

fz
1N 0





 0 0

fz
21 0





 ξ2 −κ2

κ2 + fz
22 ξ1


 . . .


 0 0

fz
2N 0




...
...

. . .
...

 0 0

fz
N1 0





 0 0

fz
N2 0


 . . .


 ξN −κN

κN + fz
NN ξN










A1R(z, w)

A1I(z, w)

A2R(z, w)

A2I(z, w)

...

ANR(z, w)

ANI(z, w)




(3.38)

Equation 3.38 is in the form
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∂A(z, w)
∂z

= D(w)A(z, w) + N(z)A(z, w) (3.39)

where A(z, w) is

A(z, w) = [A1r(z, w) A1i(z, w) A2r(z, w) A2i(z, w) . . . ANr(z, w) ANi(z, w)]†1 (3.40)

and D(w) is z independent, but w dependent block diagonal coefficient matrix





ξ1 −κ1

κ1 ξ1





0 0

0 0


 . . .


0 0

0 0





0 0

0 0





ξ2 −κ2

κ2 ξ1


 . . .


0 0

0 0




...
...

. . .
...

0 0

0 0





0 0

0 0


 . . .


ξN −κN

κN ξN







(3.41)

and N(z) is w independent, but z dependent coefficient matrix which contains non-linear

terms





 0 0

fz
11 0





 0 0

fz
12 0


 . . .


 0 0

fz
1N 0





 0 0

fz
21 0





 0 0

fz
22 0


 . . .


 0 0

fz
2N 0




...
...

. . .
...

 0 0

fz
N1 0





 0 0

fz
N2 0


 . . .


 0 0

fz
NN 0







(3.42)

Equation 3.39 can be solved analytically if N(z) = 0. In that case, solution of 3.39 is

A(z, w) = exp(D(w)z)A(z = 0, w) (3.43)

Let’s define

B(z, w) = exp(−D(w)z)A(z, w) (3.44)

1† denotes matrix transpose operation.
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and compute ∂B(z,w)
∂z as

∂B(z, w)
∂z

= −D(w) exp(−D(w)z)A(z, w) + exp(−D(w)z)
∂A(z, w)

∂z

= −D(w) exp(−D(w)z)A(z, w) + exp(−D(w)z)[D(w)A(z, w) + N(z)A(z, w)]

= exp(−D(w)z)N(z)A(z, w)

= exp(−D(w)z)N(z) exp(D(w)z)B(z, w)

(3.45)

In the derivation of ∂B(z,w)
∂z we used the equality

D(w) exp(−D(w)z) = exp(−D(w)z)D(w) (3.46)

because D(w) and exp(−D(w)z) are block diagonal in step 2, and the equation 3.39 in step

3.

The methodology in the solution 3.39 is to first solve 3.45 and then use 3.44 to find

A(z, w). The idea behind the solution of 3.45 is to calculate the effect of dispersion exactly.

The dispersion terms contained in D(w) are stiff, i.e. D(w) has largely varying values due to

dispersion. This forces one to use a low-order numerical integration scheme in the solution

of 3.39. However, we eliminate the stiffness issue imposed by D(w) via solving 3.45. That

is we can use higher order numerical schemes in the solution of 3.45. We will use Trapezoid

Rule in the solution of 3.45. The initial condition for 3.45 is 2N × 2N identity matrix, N

being the number of channels. We will first compute B(z = L, w) and then A(z = L,w) by

using 3.44.

3.3 Transfer functions for one fiber span in a WDM system

In this section, we give the result of numerical computation of transfer function for one fiber

span in a WDM system. We used the same fiber parameters for all of the simulations. The

fiber parameters we used are : α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km,

γ = 2.0 1/(W·km), and finally the fiber length for one span is L = 80 km. For some cases,

we assume that there exist a dispersion compensator at the end of the fiber. Frequency

range of the graphs are 0 to 12.5 GHz since frequency spacing of the channels is 25 GHz.
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Because transfer function is complex valued, we plot the magnitude of transfer function in

the graphs.

Figure 3.1 shows the four intra-channel transfer functions of the middle channel in the

system. Each subplot of figure 3.1 shows three curves: one is obtained by ignoring disper-

sion, the other is obtained by ignoring Kerr-nonlinearity and last one is obtained by ignoring

neither dispersion and nor Kerr-nonlinearity, i.e. we obtain the last one by taking into ac-

count both dispersion and Kerr-nonlinearity. Figure 3.2, on the other hand, shows the four

inter-channel transfer functions from the channel that sits in the middle of the WDM spec-

trum to the other channels in the system. To observe the actual effect of Kerr-nonlinearity,

we also give the figures that show the transfer functions obtained by fully compensating

dispersion along the fiber. Figure 3.3 and 3.4 show the intra and inter channel transfer

functions considering the dispersion compensation. The dispersion compensation is done

by multiplying normal block transfer function matrix, T(z = L,w), by the matrix T∗disp

from left. T∗disp is the complex conjugate transpose of the block transfer function matrix

Tdisp which is obtained by only considering dispersion on the system.

If we compare figure 3.1 and 3.3, we observe that the dips and peaks in the intra transfer

functions disappeared in figure 3.3. This means that the dips and peaks shown in figure

3.1 are a consequence of dispersion of the system. This observation is also true for inter

channel transfer functions as shown by figures 3.2 and 3.4.

Moreover if we look closer to the graphs 3.3 and 3.4, we observe that transfer functions,

both intra and inter, depend on the frequency. This is the result of dispersion despite

the fact that we fully compensate the dispersion after the span. Without dispersion, the

transfer functions become frequency independent as denoted by the equation 3.34 and shown

by figures 3.3 and 3.4.

Another observation from inter channel transfer functions shown by figures 3.2 and 3.4

is the low pass filter behavior of the transfer function from in-phase to quadrature noise

components. Also, it can be observed from the graphs 3.2 and 3.4 that the amplitude of

noise amplification decreases as the victim channel moves further away from the middle

channel.

The graphs 3.1, 3.2, 3.3 and 3.4 show transfer function for only one channel power. To

investigate the effect of channel power on transfer functions, we give the figures of transfer
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Figure 3.1: Intra-channel transfer functions - no dispersion compensation
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 1.13 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km
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Figure 3.2: Inter-channel transfer functions - no dispersion compensation
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 1.13 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km
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Figure 3.3: Intra-channel transfer functions - with full dispersion compensation
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 1.13 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km
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Figure 3.4: Inter-channel transfer functions - with full dispersion compensation
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 1.13 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km
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functions for different launched powers. Figure 3.5 and 3.6 show the inter and intra transfer

functions for 20 different powers which are logarithmically equally spaced between 0.1 mW

to 10 mW. Figure 3.7 shows the intra channel in-phase to quadrature transfer functions for

different powers. Note that logarithmic y axis is used in Figure 3.7 for better understanding.

To observe the actual effect of non-linearity, full dispersion compensation is applied after

the fiber span. The number of channels is taken to be two which are separated by 100 GHz.

It can be observed from the Figure 3.5 and Figure 3.6 that the in-phase to quadrature

transfer function shows an increase in amplitude as the launch power increases. This in turn

means that ASE noise increases with launched power. However, the low-pass characteristics

of the in-phase to quadrature noise transfer function do not change.

3.4 ASE noise propagation in Multi-Span WDM system

In this section, we analyze the noise propagation in a multi-span WDM system by calculating

noise Power Spectral Density (PSD) at the end of the fiber.

A linear system can be described in time and frequency domain as

y(t) = h(t) ∗ x(t) (3.47)

Y (w) = H(w) ·X(w) (3.48)

where X(w) is the Fourier Transform of the input vector, x(t), H(w) is the Fourier Trans-

form of the transfer function matrix, h(t), Y (w) is the Fourier Transform of the output

vector, y(t) and ∗ denotes convolution operation.

PSD of a random process is defined as the Fourier Transform of the autocorrelation

function of the process [17]. Assuming that Z(t) is a stationary random process, PSD of

Z(t), SZ(w), can be found as follows

SZ(w) = F[RZ(t)] (3.49)

= F[E[Z(t) ? Z(t)]] (3.50)

= E[F[Z(t) ? Z(t)]] (3.51)

= E[Z∗(w) · Z(w)] (3.52)
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Figure 3.5: Intra-channel transfer functions as a function of launch power (0.1-10 mW) -
with full dispersion compensation
System parameters: # of channels: 2, Channel spacing: 100 GHz,
Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km
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Figure 3.6: Inter-channel transfer functions as a function of launch power per channel (0.1-
10 mW) - with full dispersion compensation
System parameters: # of channels: 2, Channel spacing: 100 GHz,
Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km
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Figure 3.7: In-phase to quadrature inter-channel transfer functions as a function of launch
power per channel (0.1-10 mW) - with full dispersion compensation
System parameters: # of channels: 2, Channel spacing: 100 GHz,
Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km
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where RZ(t) is autocorrelation function of Z(t), F denotes Fourier Transform, E denotes

probabilistic expectation operator, ? denotes autocorrelation operation, ∗ denotes complex

conjugate operation and j =
√−1. Note that in the computation of 3.49 we used the

linearity property of the expectation operator. In order to calculate a system PSD, we use

the same methodology. However, we get a power spectral density matrix rather than a

single equation in general. For the system 3.47, the PSD matrix for Y (w) is

SY (w) = E[Y (w) · Y ∗(w)] (3.53)

= E[H(w) ·X(w) ·X∗(w) ·H∗(w)] (3.54)

= H(w) · E[X(w) ·X∗(w)]︸ ︷︷ ︸
SX(w)

·H∗(w) (3.55)

= H(w) · SX(w) ·H∗(w) (3.56)

By using same methodology and the formula 3.56 we can find the PSD matrix of the

noise at the end of the fiber as

S(z = L,w) = T(z = L, w) · S(z = 0, w) · T∗(z = L,w) (3.57)

where T(z = L,w) is the 2N × 2N block transfer function matrix that collects all intra and

inter transfer function matrices Tki(z = L,w) for k, i = 1, 2 . . . N and S(z, w) is the PSD

matrix for all of the in-phase and quadrature ASE noise components of all the channels.

The PSD matrix S(z, w) value that enters in a span is equal to the summation of the

PSD matrix value that comes from the previous span and the PSD matrix value generated

by the amplifier itself. That is

Sn(z, w) = Sp(z, w) + Sa(w) (3.58)

where Sn(z, w) is the next PSD matrix value, Sp(z, w) is the previous PSD matrix value and

Sa(w) is the PSD matrix value generated by the amplifier at the end of the span. For our

computations, we assume that noise is uncorrelated between the channels at the beginning

of every span. Also, we assume that the in-phase and quadrature components of the noise

in the same channel are also uncorrelated. Thus, we can write PSD matrix for the noise

generated by amplifiers as
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Sa(w) = Noa · I (3.59)

where I is 2N×2N identity matrix and Noa is the common spectral density for all channels.

Using 3.58 and 3.59, we can compute the PSD matrix for a multi-span WDM system.

Although there is a power transfer between the carrier power of the channels and to the

ASE noise, it is small enough to assume that carrier powers entering the span is the same

through the fiber. Thus, we will use the same block transfer function matrix T(z = L,w)

for all of the spans in the calculations of PSD matrix.

The PSD matrix S(z, w) in fact contains wellworth information: the diagonal entries

contain the spectral density of the in-phase and quadrature components of noise of all chan-

nels, and off-diagonal entries contains the cross-spectral densities of in-phase and quadrature

components of noise of a channel and between other channels. This information will be used

in the analysis of noise on the system performance later.

For a multi-span WDM system with M spans, we define the ASE noise amplification as

G(z = ML, w) =
S(z = ML, w)

MNoa
(3.60)

where S(z = ML, w) is the noise PSD matrix at the end of the fiber and Noa is the spectral

density of the ASE noise generated by OAs. The denominator of the equation 3.60 represents

the noise spectral density at the end of the fiber, assuming that OAs exactly compensates

for the loss along the WDM system in which noise accumulates linearly through the fiber.

Although G(z = ML, w) is a matrix, its diagonal entries are more important than others

since they actually show the noise amplification through the WDM system.

3.4.1 ASE noise propagation with dispersion but no Kerr non-linearity

Without Kerr non-linearity, all of the inter transfer functions become zero as it is shown in

section 3.1.1. Also, it is shown in equation 3.30 that all intra-transfer function matrices are

unitary. T(z = L,w) which collects all intra and inter transfer functions in a single matrix,

is unitary since it is block diagonal with unitary matrices. That is

T(z = L,w) · T∗(z = L,w) = I (3.61)
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where I is 2N×2N identity matrix and ∗ denotes complex conjugation transpose operation.

For this case, the PSD matrix at the end of the fiber span is

S(z = L,w) = T(z = L,w) · Sa(w) · T∗(z = L,w) (3.62)

=⇒ S(z = L,w) = T(z = L,w) ·NoaI · T∗(z = L,w) (3.63)

=⇒ S(z = L,w) = NoaT(z = L, w) · T∗(z = L,w) (3.64)

=⇒ S(z = L,w) = NoaI (3.65)

so, we observe that the PSD matrix of ASE noise remains the same at the end of the fiber

span for the case where there is no non-linearity. This makes us to conclude that ASE noise

propagation through the fiber is linear and its spectral properties do not change.

For a WDM system with M fiber spans the PSD matrix at the end of the link becomes

M ·NoaI due to linear propagation of noise. Hence noise amplification at the end of the link

is

G(z = ML, w) =
M ·NoaI
MNoa

(3.66)

=⇒ G(z = ML,w) = I (3.67)

from which we conclude that there is no noise amplification through WDM system.

3.4.2 ASE noise propagation with Kerr non-linearity but no dispersion

For the case where dispersion is ignored, the intra and inter transfer functions can be calcu-

lated analytically as shown is section 3.1.1. In this case, transfer functions become frequency

independent but depend on span length, launched signal power and loss coefficient of the

fiber as shown in equation 3.34. Moreover, for no dispersion case while in-phase compo-

nents of noise stay unchanged along the fiber, quadrature components of noise experience

amplification along the fiber as shown in equation 3.31. The amount of amplification can

be calculated analytically by using 3.57 and 3.58.

For a one span fiber, the noise amplification can be found by first gathering all intra and

inter transfer function matrices in T(z = L,w) and then using equation 3.57. Note that PSD

matrix of noise at the beginning of the fiber is S(z = 0, w) = Sa = Noa ·I. For an N -channel
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WDM system, if we do necessary mathematical operations as stated by equations 3.57 and

3.60 to find G(z = L,w) and extract the diagonal entries of the matrix G(z = L,w), we get

following equations for noise amplifications

GII(L,w) = 1 (3.68)

GQQ(L,w) = 1 + 4(4N − 3)γ2L2
effP 2

where P is the power of the channel carriers, N is the number of channels, Leff is

Leff =
1− exp(−2αL)

2α
(3.69)

where L is the length of the fiber, α is the loss coefficient of the fiber and γ is the non-

linearity coefficient of the fiber.

The above calculation is done for only one span WDM system. If we do the same

operations for a WDM system with M spans by only considering the ASE noise added by

the OA at the start of the fiber and ignoring all ASE noise additions by other OAs, we get

the following equations for noise amplification

GII(L,w) = 1 (3.70)

GQQ(L,w) = 1 + M24(4N − 3)γ2L2
effP 2

From equation 3.70 we observe that although in-phase component of noise do not expe-

rience any noise amplification, the quadrature component of noise amplification increases

quadratically with the number of spans, M , in a WDM system. Despite the fact that we

anticipate noise to be accumulated linearly, since noise is only introduced at the transmit-

ter, the quadratic amplification can be explained by the correlations that exist between

channels. If we examine the PSD matrix S(z = ML, w), we see that off-diagonal entries are

non-zero. Thus we conclude that there is a correlation between in-phase and quadrature

components of noise of channels. This is why quadrature component of noise amplifications

is quadratic with respect to the number of spans M . If we set cross-correlations in PSD

matrix S(z, w) zero after every span, we see that quadratic noise amplification is also linear

with respect to the number of spans M .
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To generalize the results, we have to include the effect of ASE noise generated by OAs

between the spans. This result can easily be obtained by again using equations 3.57 and

3.58 and taking S(z = 0, w) = Sa = Noa · I. Also, we can get the result by simply summing

the PSD matrices at the end of the every fiber span. That is by summing the PSD matrices

computed for m = 1, 2, · · · ,M , where M is the number of spans in WDM system, we can

get the overall PSD matrix for the noise. This is because, we are assuming that noise

generated by different OAs are un-correlated, revealed by the equation 3.58. In equation

3.58, we simply add the noise PSD matrices of previous span’s PSD matrix and PSD matrix

generated by OA itself to compute the PSD matrix that is entering the next fiber span

because they are un-correlated. If we sum up the noise PSD matrices at the end of every

span and use 3.60, we get the following noise amplification equations

GII(L,w) = 1 (3.71)

GQQ(L,w) = 1 +
2
3
(2M2 + 3M + 1)(4N − 3)γ2L2

effP 2

We observe in equation 3.71 that quadrature noise amplification is quadratic, not cubic,

with respect to M , number of spans in WDM system.

3.4.3 ASE noise propagation with Kerr non-linearity and dispersion

For the case where we both take the non-linearity and dispersion into account, we have

stated that there is no general analytical solution for the transfer function in section 3.1.1

and shown a numerical method to compute the transfer function in section 3.2.

In this section, because we can compute the transfer functions numerically, we give the

noise amplification results graphically. We use the same fiber parameters as in section 3.3.

Additional system parameters are given under each graph. Note that noise amplification is

given in dB units.

For simulation purposes, we use four dispersion compensation schemes at the end of

every fiber span, which are

• nodispcomp: no dispersion compensation is performed anywhere in the WDM system.

• allinampdispcomp: 100 % Dispersion compensation after every span, but none at the

receiver.
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• allatRXdispcomp: no dispersion compensation after every span, but 100 % at the

receiver.

• amp95restRXdispcomp: after every span of the fiber, 95 % of the dispersion is com-

pensated. The remaining dispersion is compensated at the receiver.

We have shown in section 3.1.1 that transfer functions can be computed analytically

for no-nonlinearity case. Also, we have shown in section 3.1.1 that inter transfer function

matrices are zero matrices and that intra transfer function matrices are unitary in equation

3.30. Let’s assume that, T(z = L,w) is the block transfer matrix that collects all inter

and intra transfer function matrices. Then, we apply dispersion compensation schemes as

follows

• for allinampdispcomp case, we first find the transfer function matrices by ignoring

non-linearity and gather all transfer function matrices in T(z = L,w), which is block

diagonal. To compensate the dispersion, we multiply T(z = L,w) by T∗(z = L,w) 2

from left to find the new block transfer function matrix

T (z = L,w) = T∗(z = L,w)T(z = L,w) (3.72)

For this case, we use T (z = L,w) as the new block transfer function matrix and use

it to evaluate the equation 3.57.

• for allatRXdispcomp case, we first find the transfer function matrices by ignoring non-

linearity and assuming that the length of the fiber is ML, where M is the number of

spans and L is the length of the fiber for one fiber span. Then, we gather all transfer

function matrices in T(z = L,w). At the end of the fiber link we compute the new

PSD matrix as

S(z = ML,w) = T∗(z = L, w)S(z = ML, w)T(z = L,w)2 (3.73)

2∗ denotes complex conjugate transpose operation.
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• for amp95restRXdispcomp case, we again find the transfer function matrices by ignor-

ing non-linearity and assuming that the fiber length is 0.95L, where L is the actual

length of the fiber for one fiber span. Then we gather all transfer function matrices

in T1(z = L, w). To compensate the dispersion at the end of the span we multiply

T(z = L,w) by T∗1(z = L,w) 3 to find the new block transfer function matrix

T (z = L,w) = T∗1(z = L,w)T(z = L,w) (3.74)

and use T (z = L,w) for the PSD matrix computation in equation 3.57. Also we

compute another transfer function matrix by ignoring non-linearity but assuming that

fiber length is 0.05ML, where M is the number of spans and L is the actual length of

the fiber for one fiber span. After gathering all transfer function matrices in T2(z =

L,w) we compute the new PSD matrix at the end of the fiber as

S(z = ML, w) = T∗2(z = L,w)S(z = ML, w)T2(z = L,w)3 (3.75)

We now present the results for the ASE noise amplification as a function of frequency.

Figure 3.8 and 3.9 shows the noise amplification for in-phase and quadrature components

of ASE noise for the channel that sits in the middle of the WDM spectrum.

We observe in Figure 3.8 that in-phase noise amplification shows smooth behavior for

allinampdispcomp and amp95restRXdispcomp dispersion compensation schemes. For nodis-

pcomp and allatRXdispcomp schemes, on the other hand, in-phase noise amplification shows

very chaotic behavior. However, for all dispersion compensation schemes we observe that

in-phase noise amplification is not very significant despite the fact that it has chaotic be-

havior for some dispersion compensation schemes. Also, if we compare nodispcomp and

allatRXdispcomp schemes we see that there is no significant difference with respect to in-

phase noise amplification. This means that deferring dispersion compensation at the receiver

has no significant impact on noise amplification. However, for the allinampdispcomp case

where dispersion is fully compensated after every span, we observe that in-phase noise is

attenuated as shown in Figure 3.8.

3∗ denotes complex conjugate transpose operation.
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Figure 3.8: ASE noise amplification as a function of dispersion compensation scheme [In-
phase]
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 1.13 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km, # of spans: 20
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Figure 3.9: ASE noise amplification as a function of dispersion compensation scheme
[Quadrature]
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 1.13 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km, # of spans: 20
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Although in-phase noise amplification is not significant as shown in Figure 3.8, it is not

the case for quadratic noise amplification. As shown in Figure 3.9, quadratic noise amplifica-

tion is very significant at low frequencies. However, for all dispersion compensation schemes,

the quadratic noise amplification shows a low pass characteristics. That is quadratic noise

amplification decreases rapidly as offset frequency increases. Also, we observe in Figure

3.9 that the quadratic noise amplification is most significant for allinampdispcomp scheme.

Note also that allinampdispcomp scheme is the only scheme that results in in-phase noise

attenuation as shown in Figure 3.8. For quadratic noise, on the other hand, it resulted

in most noise amplification. Like for in-phase noise, quadratic noise amplification shows

chaotic behavior for nodispcomp and allatRXdispcomp schemes.

Let’s now observe the affects of the number of channels in the system the ASE noise

amplification. Figures 3.10, 3.11 and 3.124 show the in-phase and quadrature noise ampli-

fication for a WDM system with different number of channels. These figures were obtained

by using the amp95restRXdispcomp scheme. In each figure, noise amplification of the chan-

nel that sits in the WDM spectrum is shown. In Figure 3.10, it is observed that in-phase

noise amplification is not quite dependent on the number of channels. For quadratic noise,

as depicted in Figures 3.11 and 3.12, we observe two different behaviors: whereas noise

amplification at low offset frequencies increases with the number of channels, for high offset

frequencies noise amplification do not change significantly with the number of channels.

Let’s also observe the effect of launched power per channel on the noise amplification.

Figures 3.13 and 3.14 show the in-phase and quadrature noise amplification for a WDM

system with different launched channel powers that are logaritmically equally spaced be-

tween 0.1 mW and 10 mW. These figures were also obtained by using amp95restRXdispcomp

scheme. As observed in Figures 3.13 and 3.14, both in-phase and quadrature noise amplifi-

cation increase as the launched power increases for all offset frequencies. Also, we observe

in Figure 3.14 that for high launched channel powers, quadratic noise amplification loses its

low-pass characteristics.

4Figure 3.12 is same as Figure 3.11, but the amplification is shown with a log frequency
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Figure 3.10: ASE noise amplification as a function of the number of channels
[In-phase] (amp95RestRXdispComp)
System parameters: Channel spacing: 25 GHz, Launch Power: 1.13 mW,
α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L: 80 km,
# of spans: 20
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Figure 3.11: ASE noise amplification as a function of the number of channels
[Quadrature] (amp95RestRXdispComp)
System parameters: Channel spacing: 25 GHz, Launch Power: 1.13 mW,
α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L: 80 km,
# of spans: 20
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Figure 3.12: ASE noise amplification as a function of the number of channels
[Quadrature] - Log frequency axis (amp95RestRXdispComp)
System parameters: Channel spacing: 25 GHz, Launch Power: 1.13 mW,
α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L: 80 km,
# of spans: 20
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Figure 3.13: ASE noise amplification as a function of launch power per channel (0.1-10
mW) [In-phase] (amp95RestRXdispComp)
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km, # of spans: 20
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Figure 3.14: ASE noise amplification as a function of launch power per channel (0.1-10
mW) [Quadrature] (amp95RestRXdispComp)
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ =
2.0 1/(W·km), L: 80 km, # of spans: 20
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3.5 ASE noise Effect on Differential Modulation Schemes

In this section, we evaluate the effect of ASE noise on the system performance by computing

the system’s bit error ratio(BER). For the analysis, we specifically are interested in differen-

tial binary phase shift keying (DBPSK) and differential quadrature shift keying (DQPSK)

modulation schemes. In the calculation of ASE noise effect on the system performance,

we ignore all system dependent deficiencies, i.e. chromatic dispersion, non-ideality of the

receiver, laser phase noise etc., thus enabling us to observe the pure effect of amplified ASE

noise on the BER performance of the system.

3.5.1 BER performance evaluation methodology

In the evaluation of BER performance of the system we will use the S(z = ML, w) matrix

which gives the second order probabilistic characteristics of the amplified ASE noise. In

particular, we will evaluate the BER performance of the channel that sits in the middle of

the WDM spectrum since its the channel that is most effected by the amplified ASE noise.

Although S(z = ML, w) gives the complete second order probabilistic characteristics

of the ASE noise, more specific probabilistic characteristic of the noise such as joint prob-

ability density function for the time samples of ASE noise are required to compute BER

performance. In the calculation of PSD matrix of noise in section 3.4 we assumed that in-

phase and quadrature components of ASE noise generated by OAs are uncorrelated white

Gaussian noise. Although the noise that impinges on the receiver is not strictly Gaussian,

due to non-linear interaction of channels via Kerr non-linearity , we still assume that it is

Gaussian. This is a result of the linearization that we have imposed on the system in the

introductory part of this chapter. In a linear system a Gaussian stochastic process remains

Gaussian throughout the process [17]. This is why we assume that the ASE noise impinging

on the receiver is gaussian. However, note that the noise samples at the receiver are not

un-correlated due to Kerr non-linearity.

For BER analysis, we assume that DPSK receiver is ideal and that the performance

degradation is due only to ASE noise generated by OAs. The signal that impinges on the

receiver is

r(t) = s(t) + n(t) (3.76)
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where r(t) is the signal at the receiver, s(t) is the noise free signal and n(t) is the noise. In

BER computation we assume that channels in WDM system are already separated by any

means of electronic device. Also by the ideality of the receiver we assume that receiver has

brick-wall filter, with a bandwidth equal to frequency separation between the channels, that

separates channels from each other. In equation 3.76 both r(t), s(t) and n(t) are complex

quantities and have in-phase and quadrature components. That is

s(t) = si(t) + jsq(t) and n(t) = ni(t) + jnq(t) (3.77)

where si(t) and ni(t) denote in-phase components, and sq(t) and nq(t) denote quadrature

components of s(t) and n(t) respectively. The ideal receiver samples r(t) at the center of

each period and obtains

r[k] = r(kTs) = s(kTs) + n(kTs) = s[k] + n[k] (3.78)

where

s[k] = si[k] + sq[k] and n[k] = ni[k] + nq[k] (3.79)

and Ts is the symbol period. Differential detector then performs the following operation

rD[k] = r[k]r∗[k − 1] (3.80)

where ∗ denotes complex conjugate operation. The decision of the symbol is then made

by looking at the place of rD[k] in complex plane. For DBPSK, symbol decision is made

by only looking at the real part of rD[k]. For DQPSK, on the other hand, both real and

imaginary parts are considered in the symbol decision.

The noise samples n[k] impinging on the receiver are gaussian with zero mean. However,

due to Kerr non-linearity, the in-phase ni[k] and the quadrature components nq[k] of noise

are correlated with each other which can be inferred from non-zero cross spectral density,

Siq(w). In addition, because spectral densities of in-phase, Sii(w), and quadratic, Sqq(w),

noise components are non-zero and non-constant, there is also correlation between two

noise samples sampled at different times. If the Kerr non-linearity is ignored, the spectral
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densities of in-phase and quadrature noise components become frequency independent, i.e.

white noise, and in-phase and quadrature noise components becomes uncorrelated.

The decision made by the differential detector depends on two consecutive bit symbols.

As stated above there exists a correlation between and within noise samples. This means

that ni[k], nq[k], ni[k − 1] and nq[k − 1] are correlated with each other. The correlation

between noise samples can be computed by the use of spectral densities calculated in section

3.4. This is because spectral density function is the Fourier Transform of the correlation

function [17]. So, correlation among noise samples can be found by the inverse Fourier

Transform of spectral density function as follows

Rii(τ) = F−1(Sii(w)) = E[ni(t)ni(t + τ)] (3.81)

Rqq(τ) = F−1(Sqq(w)) = E[nq(t)nq(t + τ)] (3.82)

Riq(τ) = Rqi(τ) = F−1(Siq(w)) = E[niq(t)niq(t + τ)] (3.83)

where F−1 denotes inverse Fourier Transform, Sii and Sqq are the spectral densities of in-

phase and quadrature components of noise respectively, Siq is the cross spectral density

between in-phase and quadrature components of noise; Rii(τ), Rqq(τ), Riq(τ) and Rqi(τ)

are the correlation functions for in-phase and quadrature components of noise and E is

the statistical expectation operator. Because we computed spectral densities at discrete

frequency points, the computation of Rii(τ), Rqq(τ) and Riq(τ) becomes numerical rather

than analytical. That is for a specific value ξ, R(ξ) is computed by

R(ξ) =
∫

S(w) exp(jwξ) =
∑

S(wi) exp(jwiξ)∆w (3.84)

evaluating the integral in the inverse Fourier Transform by computing the summation shown

in equation 3.84.

In the BER analysis, we will use Monte-Carlo simulations which require the generation

of correlated noise samples ni[k], nq[k], ni[k− 1] and nq[k− 1]. To do this, we first compute

the covariance matrix of the noise samples as
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C =E[nnT ]

=




E[ni[k]ni[k]] E[ni[k]nq[k]] E[ni[k]ni[k]− 1] E[ni[k]nq[k − 1]]

E[nq[k]ni[k]] E[nq[k]nq[k]] E[nq[k]ni[k]− 1] E[nq[k]nq[k − 1]]

E[ni[k − 1]ni[k]] E[ni[k − 1]nq[k]] E[ni[k − 1]ni[k]− 1] E[ni[k − 1]nq[k − 1]]

E[nq[k − 1]ni[k]] E[nq[k − 1]nq[k]] E[nq[k − 1]ni[k]− 1] E[nq[k]nq[k − 1]]




=




Rii(0) Riq(0) Rii(Ts) Riq(Ts)

Rqi(0) Rqq(0) Rqi(Ts) Rqq(Ts)

Rii(Ts) Riq(Ts) Rii(0) Riq(0)

Rqi(Ts) Rqq(Ts) Rqi(0) Rqq(0)




(3.85)

where n is

n =
[
ni[k] nq[k] ni[k − 1] nq[k − 1]

]†
5 (3.86)

To generate noise samples with the covariance matrix given by 3.85 let’s assume that

n = Qg (3.87)

where Q is a 4× 4 matrix and g is a 4× 1 zero mean gaussian random vector. If covariance

matrix of n is computed with n given by equation 3.87

E[nn†] = E[(Qg)(Qg)†]

= E[Qgg†Q†]

= Q E[gg†]︸ ︷︷ ︸
Identity Matrix

Q†

= QQ†

(3.88)

where E is the statistical expectation operator, and † denotes matrix transpose operation.

If 3.85 and 3.88 is compared it is inferred that

5† denotes matrix transpose operation.
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C = QQ† (3.89)

For a given C matrix, Q can be computed by using Cholesky decomposition [5].

The signal at the receiver is given by the equation 3.4. So our BER analysis methodology

is as follows:

• Create large random noise vectors n by first computing covariance matrix, C, then

finding Q and multiplying Q with g where g is zero mean gaussian random vector

• Add the noise vector n to the desired large signal whose power at the sample time is

P

• Apply differential detector operation as given by the equation 3.80

• Count the number of errors and compute the ratio of number of symbols to find

Symbol Error Ratio (SER)

For DBPSK modulation scheme BER is equal to SER. Each symbol in DQPSK modulation

scheme is represented by two bits. Because it is unlikely that two of the bits for DQPSK

symbol is in error in the same time, due to Gray coding, the symbol error and BER is equal

for DQPSK modulation scheme. This in turn means that BER is half of the SER since

there are twice as many bits as symbols for DQPSK modulation scheme.

3.5.2 BER performance results for DBPSK/DQPSK

In this section, we provide BER results for DBPSK/DQPSK modulation schemes with

different system settings. As we have stated earlier it is assumed that system degradation

is only due to ASE noise and receiver has ideal characteristics.

The frequency separation between the channels are taken to be 25 GHz and symbol rate

is taken to be 12.5 Gs/sec. For all simulations, we assume that noise spectral density is such

that when Kerr non-linearity is ignored and launched power per channel is 1 mW, system

BER is 10−4. For DBPSK modulation scheme the analytical formula that gives systems

BER is given by
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BER =
1
2

exp(−Eb

No
) (3.90)

where Eb is the energy per bit and No is the noise spectral density [20]. The analytical

formula for the Signal to Noise Ratio (SNR) for a differential phase shift keying modulation

is given by

SNR =
Eb

No
log 2(M)

Ts

BW
(3.91)

where M is the number of bits per symbol, Ts is the number of symbols per second and

BW is the bandwidth of the noise [20]. SNR also equals to

SNR =
Ps

Pn
(3.92)

where Ps is the signal power and Pn is the noise power. The power of the noise equals the

area under the spectral density function. However, because noise accumulates linearly for

Kerr non-linearity case, spectral density of the noise at the end of the fiber is constant, i.e.

No, and equal for both in-phase and quadrature noise. Thus, the power of the noise at the

end of the fiber is 2NoBW where BW is the bandwidth of the noise.

The value of the noise spectral density, No, at the end of the fiber for DBPSK and

DQPSK modulation schemes can be found by using 3.91 and 3.92. The ratio Eb/No can be

obtained by MATLAB’s berawgn function.

Figures 3.15, 3.16, 3.17 and 3.18 show the BER results of single and multi channel

systems as a function of launched channel power which is logarithmically equally spaced

between 0.1 mW and 10 mW. All of the simulations are done by using 107 noise samples.

In each figure there are four subplots that show simulation results for different dispersion

compensation schemes. In each subplot there are four curves that show simulation results

for different system settings

• No noise amp: BER is evaluated by ignoring Kerr non-linearity in the system. For this

case C matrix given by equation 3.85 becomes diagonal since there is no correlation

among noise samples. Also note that in this case noise accumulates linearly and BER

equals to 10−4 when the launched power per channel is 1 mW.
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Figure 3.15: DBPSK BER performance - impact of dispersion compensation scheme and
noise correlation - single channel system
System parameters: # of channels: 1, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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Figure 3.16: DQPSK BER performance - impact of dispersion compensation scheme and
noise correlation - single channel system
System parameters: # of channels: 1, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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Figure 3.17: DBPSK BER performance - impact of dispersion compensation scheme and
noise correlation - multi channel system
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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Figure 3.18: DQPSK BER performance - impact of dispersion compensation scheme and
noise correlation - multi channel system
System parameters: # of channels: 49, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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• Noise amp, ignore cor : In this case, Kerr non-linearity is taken into account but the

correlations among the noise samples at the receiver are taken to be zero. That is, all

of the off-diagonal entries of C matrix given by equation 3.85, set to be zero before

generating random noise samples.

• Noise amp with cor : In this case, both Kerr non-linearity and correlations among

and within noise samples are taken into account. This analysis shows the actual BER

result for the system.

• Noise amp with no disp: In this case, dispersion is ignored but Kerr non-linearity is

taken into account. Note that dispersion compensation has no significance since there

is no dispersion in the system for this case. Without dispersion, ASE noise experiences

frequency independent amplification. In this case, correlations among noise samples

become zero. However, correlations within noise samples, i.e. in-phase and quadrature

noise components for the same noise sample, are non-zero. For this case, C matrix

given by equation 3.85 becomes block diagonal.

If we look closer to the Figures 3.15, 3.16, 3.17 and 3.18 that show BER performance of

the system we observe that

• For all cases where Kerr non-linearity is taken into account, there exists an optimal

launch power for which BER is the smallest. It is observed that system performance

increases as power per channel increases to some point. However, increasing the

channel power over that point results in worse system performance. This situation

can be explained by Signal to Noise Ratio (SNR). As the channel power increases, the

SNR increases yielding better system performance. However, the effect of non-linearity

becomes much worse resulting in system performance degradation as the power per

channel increases.

• For all cases, inclusion of the dispersion results in better system performance.

• For the single channel case, application of amp95restRXdispcomp and allinampdisp-

comp schemes show similar result as nodispcomp and allatRXdispcomp do.
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• If the optimal power is considered, the best system performance is obtained for the dis-

persion compensation schemes nodispcomp and allatRXdispcomp for the single channel

case. For the multi channel case, the best system performance

– for DBPSK modulation is obtained for the amp95restRXdispcomp scheme.

– for DQPSK modulation is obtained for the nodispcomp and allatRXdispcomp

schemes.

• The existence of correlations between noise samples do not effect the system perfor-

mance significantly for the single channel case. For the multi channel case, on the

other hand, the existence of correlations among noise samples greatly effect the sys-

tem performance, for both DBPSK and DQPSK modulation schemes, especially if

amp95restRXdispcomp scheme is used.

As stated above, while the correlations between noise samples improve the system perfor-

mance for multi channel system, its impact on single channel system is not very significant.

To fully observe the effect of noise correlation on system performance for multi channel

systems, we give the Figures 3.19,3.20, 3.21 and 3.22 that show system BER performance

for different number of channels. While correlations are taken into account in Figures 3.19

and 3.20, to better observe the noise correlation effect correlations among noise samples are

ignored in Figures 3.21 and 3.22.

From Figures 3.19, 3.20, 3.21 and 3.22 we observe that

• For the case where correlation effect is taken into account, the inclusion of additional

channels have no significant effect on the system performance if either amp95restRXdispcomp

or allinampdispcomp scheme is used. However system, performance degrades for nodis-

pcomp and allatRXdispcomp schemes as new channels are added to the system.

• For the case where the correlations are ignored, the inclusion of additional channels

degrades the system performance for all dispersion compensation schemes.

• Whereas the correlations among noise signals greatly improves the system perfor-

mance for amp95restRXdispcomp or allinampdispcomp schemes, there is no significant
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Figure 3.19: DBPSK BER performance - impact of dispersion compensation scheme and
the number of channels - with correlations
System parameters: # of channels: 1-49, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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Figure 3.20: DQPSK BER performance - impact of dispersion compensation scheme and
the number of channels - with correlations
System parameters: # of channels: 1-49, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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Figure 3.21: DBPSK BER performance - impact of dispersion compensation scheme and
the number of channels - ignoring correlations
System parameters: # of channels: 1-49, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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Figure 3.22: DQPSK BER performance - impact of dispersion compensation scheme and
the number of channels - ignoring correlations
System parameters: # of channels: 1-49, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6
ps2/km, β3 = 0.128 ps3/km, γ = 2.0 1/(W·km), L : 80 km, # of spans: 20
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effect of correlations on the system performance for nodispcomp and allatRXdispcomp

schemes.

In this chapter, we have considered the effect of noise on WDM system with un-

modulated carriers. In the analysis, we have first computed transfer functions between

channels and used these transfer functions in the computation of spectral density of the

noise at the end of the fiber. At last, we have computed the covariance matrix from spec-

tral density function and made a Monte-Carlo simulation to compute the systems BER

performance.

In the next chapter, we will extend the noise analysis on WDM system performance by

considering modulated carriers.
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Chapter 4

MODULATED CARRIER CASE

The noise analysis for modulated carrier case is much like the un-modulated carrier

case. The first step is to solve the NLSE equation, which is given by equation 2.1, by

only considering large desired signals. In chapter 3, where the carriers are assumed to be

un-modulated, the solution of NLSE is obtained by ignoring FWM products that result as

a consequence of Kerr non-linearity. The ignorance of FWM products made the solution

of NLSE equation easier by obtaining coupled partial differential equations for each carrier

envelope. In this chapter, however, because a more general, modulated carrier, case is

considered, FWM products will not be ignored and NLSE equation will be solved directly

by using numerical methods.

For modulated carrier case, signal envelope U can be expressed as

U =
N∑

k=1

mk(t)ejwkt (4.1)

where N is the number of channels, mk(t) is the envelope of the kth channel and wk is the

offset frequency of the kth channel from the carrier frequency of the complex envelope U .

To find the equation that characterisizes the noise a(z, t), we will follow the steps given

in chapter 2:

1. In the first step, NLSE equation given by 2.1 will be solved by ignoring any dis-

turbances such as noise in the WDM system. The solution methodology for NLSE

equation will be given later in the chapter. For the time being let assume that the

solution is A(z, t).

2. In the second step, we express the general solution of NLSE U(z, t) as a summation

of noise free solution A(z, t) and the noise a(z, t) as

U(z, t) = A(z, t) + a(z, t) (4.2)
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3. In the third step, we insert U(z, t) into the NLSE equation given by 4.3, and perform

first order linearization with respect to a(z, t).

∂U(z, t)
∂z

=− αU(z, t)− j
1
2
β2

∂2U(z, t)
∂t2

+
1
6
β3

∂3U(z, t)
∂t3

+ jγ|U(z, t)|2U(z, t)
(4.3)

We assumed that A(z, t) is a solution of 4.3. Next, insert A(z, t) + a(z, t) in place of

U(z, t) in equation 4.3

∂A(z, t) + a(z, t)
∂z

=− α(A(z, t) + a(z, t))

− j
1
2
β2

∂2(A(z, t) + a(z, t))
∂t2

+
1
6
β3

∂3(A(z, t) + a(z, t))
∂t3

+ jγ|(A(z, t) + a(z, t))|2(A(z, t) + a(z, t))

(4.4)

Rearranging the equation 4.4, we get

∂A(z, t)
∂z

+
∂a(z, t)

∂z
=− αA(z, t)− j

1
2
β2

∂2A(z, t)
∂t2

+
1
6
β3

∂3A(z, t)
∂t3

+ jγ|A(z, t)|2A(z, t)

− αa(z, t)− j
1
2
β2

∂2a(z, t)
∂t2

+
1
6
β3

∂3a(z, t)
∂t3

+ jγ[(|a(z, t)|2 + A(z, t)a∗(z, t) + a(z, t)A∗(z, t))(A(z, t) + a(z, t))]

+ jγ|A(z, t)|2a(z, t)

(4.5)

where ∗ denotes complex conjugate operation. Subtracting equation 4.3 from 4.5, by

replacing U(z, t) in equation 4.3 with A(z, t), we obtain

∂a(z, t)
∂z

=− αa(z, t)− j
1
2
β2

∂2a(z, t)
∂t2

+
1
6
β3

∂3a(z, t)
∂t3

+ 2jγ|A(z, t)|2a(z, t) + jγA2(z, t)a∗(z, t)
(4.6)
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If equation 4.6 is compared with the equation 3.7, it is observed that while for un-

modulated carrier case noise does not depend on the input spectrum U(z, t), for modulated

carrier case noise depends on the input spectrum U(z, t). In chapter 3, the system BER

performance is computed by assuming that noise at the end of the fiber is stationary.

However, for the modulated carrier case as it is given by the equation 4.6, noise at the end

of fiber is not stationary because it depends on the input spectrum A(z, t). As a consequence

of this, while the correlation between noise samples for un-modulated carrier case depends

only to the signal sampling period; for modulated carrier case, correlations between noise

samples depends not only to the sampling period but also to the sampling time.

As in for un-modulated carrier case, let’s decompose noise a(z, t) and A(z, t) into its real

(in-phase) and imaginary(quadrature) components

a(z, t) = ar(z, t) + jai(z, t), A(z, t) = Ar(z, t) + jAi(z, t) (4.7)

where ar(z, t) and Ar(z, t) are the in-phase components of a(z, t) and A(z, t), ai(z, t) and

Ai(z, t) are the quadrature components of a(z, t) and A(z, t) and j =
√−1. By using

equation 4.7, equation 4.6 can be written in vector form as

d

dz


ar(z, t)

ai(z, t)


 =− α


ar(z, t)

ai(z, t)


 +

1
2
β2


 0 ∂2

∂t2

− ∂2

∂t2
0





ar(z, t)

ai(z, t)


 +

1
6
β3




∂3

∂t3
0

0 0 ∂3

∂t3





ar(z, t)

ai(z, t)




+ γ


 −2Ar(z, t)Ai(z, t) −Ar(z, t)2 − 3Ai(z, t)2

3Ar(z, t)2 + Ai(z, t)2 2Ar(z, t)Ai(z, t)





ar(z, t)

ai(z, t)




(4.8)

Note that in equation 4.8 A(z, t) is the deterministic, noise free, solution of NLSE equation

described by 2.1 and a(z, t) is the stochastic perturbation as a consequence of noise.

Equation 4.8 is a linear Partial Differential Equation(PDE) and can be solved by using

some means of numerical methods if a(z = 0, t) is known. However, since a(z, t) is not a

deterministic signal a(z = 0, t) is unknown. Although a(z = 0, t) is not known, equation

4.8 can be used to find stochastic characteristics of noise a(z, t).
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4.1 Covariance Matrix Formulation for Noise Analysis

Because a(z, t) depends on input spectrum A(z, t), As described by the equation 4.6, a(z, t)

is nonstationary. To fully characterize a(z, t) it is required to know stochastic properties of

a(z, t) between time t = −∞ and t = ∞, which is practically impossible. Thus we limit the

time to Ts for practical purposes .

Although both a(z, t) and A(z, t) are continuous functions, some discretization have to

be done for simulation purposes. In our analysis, we discretize the time into Nt time points

as t1, t2, · · · , tNt−1, tNt ∈ [0, Ts]. In this case, a(z, t) and A(z, t) can be expressed in vector

form as

ac(z) =
[
a(z, t1) a(z, t2) · · · a(z, tNt)

]†
(4.9)

Ac(z) =
[
A(z, t1) A(z, t2) · · · A(z, tNt)

]†
(4.10)

where ac(z) and Ac(z) are complex-valued vector functions of z and † denotes matrix

transpose operation. Note that time dependence of a(z, t) and A(z, t) disappeared due to

the time discretization.

In order to use 4.9 and 4.10 in equation 4.8, we first decompose a(z, t) and A(z, t) into

their real and imaginary parts

ac(z) = ar(z) + jai(z) (4.11)

Ac(z) = Ar(z) + jAi(z) (4.12)

and gather real and imaginary parts in one column vector as

ac(z) =
[
ar(z)

† ai(z)
†
]†

(4.13)

Ac(z) =
[
Ar(z)

† Ai(z)
†
]†

(4.14)

where † denotes matrix transpose operation. Also let’s define

A(z) =


 −2D[Ar(z)]D[Ai(z)] −D[Ar(z)]2 − 3D[Ai(z)]2

3D[Ar(z)]2 + D[Ai(z)]2 2D[Ar(z)]D[Ai(z)]


 (4.15)
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and

B2 =


 0 D2

−D2 0


 ,B3 =


D3 0

0 D3


 (4.16)

where D2 and D3 are second and third order differentiation operators respectively and D is

the diagonal operator which converts an N × 1 column vector χ to a N ×N square matrix

whose main diagonal is χ and off-diagonal entries are 0.

By using 4.13, 4.15 and 4.16, equation 4.8 can be expressed as

da(z)
dz

= −αa(z) +
1
2
β2B2a(z) +

1
6
β3B3a(z) + γA(z)a(z) (4.17)

A stochastic process like a(z, t) can be seen as a sequence of random variables, that is to

say each discrete time point a(z, tk) is a random variable. Thus, a(z) in equation 4.17 can

be treated as a random vector. Because in our case a(z, t) is a non-stationary stochastic

process, correlations among each time sample of noise a(z, tk) play a critical role in the

analysis of noise. In this case, it is not enough to solve 4.17 alone, but a more complete

analysis is required. In the noise analysis for modulated carrier case, we will use covariance

matrix formulation as described below.

Let the covariance matrix for a(z) random vector be defined as

K(z) = E[a(z)a(z)†] (4.18)

where E denotes the probabilistic expectation operator and † denotes matrix transpose

operation. Note that K(z) is real and symmetric matrix. If we take the derivative of K(z)

with respect to z, we get

K(z)
dz

=
dE[a(z)a(z)†]

dz

= E
{

d[a(z)a(z)†]
dz

}

= E
{

da(z)
dz

a(z)† + a(z)
da(z)†

dz

}
(4.19)

If we insert equation 4.17 to the equation 4.19 and apply the expectation operator, we

get the following equation for covariance matrix K(z)
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dK(z)
dz

=− 2αK(z) +
1
2
β2[B2K(z) + K(z)B†2] +

1
6
β3[B3K(z) + K(z)B†3]

+ γ[A(z)K(z) + K(z)A(z)†]
(4.20)

which is a linear differential equation with respect to K(z) and can be solved to find K(z =

L) by using numerical schemes provided that K(z = 0) is given. Throughout the chapter

we will refer to equation 4.20 as COVODE.

Note that K(z) itself contains a wellworth information about the noise characteristics.

If it is diagonal then it models a white noise. If the diagonals have the same value then

it models stationary white noise and if they are different, it models non-stationary white

noise. For our case, although the noise that enters the fiber K(z = 0) is stationary, at the

end of the fiber, K(z = L) has in general non-zero off diagonal and non-constant diagonal

entries. That is to say noise at the end of the fiber is non-stationary and colored.

Note that solution of equation 4.20 requires the knowledge of A(z) . Thus, in our

analysis we will first solve NLSE equation described by 2.1 and then use the values of A(z)

to solve equation 4.19. In the next two subsections, we will give the solution methodology

for both NLSE and COVODE equation.

4.2 Numerical Solution of NLSE

NLSE equation given by 2.1 is a non-linear PDE. In order to obtain efficient and accurate

solution of NLSE equation, one has to use high-order integration schemes in space and time.

If we discretize the time for large desired signal A(z, t), as done in section 4.1 as

t1, t2, · · · , tNt−1, tNt ∈ [0, Ts], we get the following set of partial differential equations




A(z, t1)

A(z, t2)
...

A(z, tNt)




=




−αA(z, t1)− j 1
2β2

∂2A(z,t1)
∂t2

+ 1
6β3

∂3A(z,t1)
∂t3

+ jγ|A(z, t1)|2A(z, t1)

−αA(z, t2)− j 1
2β2

∂2A(z,t2)
∂t2

+ 1
6β3

∂3A(z,t2)
∂t3

+ jγ|A(z, t2)|2A(z, t2)
...

−αA(z, tNt)− j 1
2β2

∂2A(z,tNt
∂t2

+ 1
6β3

∂3A(z,tNt
∂t3

+ jγ|A(z, tNt |2A(z, tNt)




(4.21)

and if 4.21 is transformed into the frequency domain, we obtain
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


A(z, w1)

A(z, w2)

.

.

.

A(z, wNt
)




=




−α− j 1
2 β2w2

1 + 1
6 β3w3

1 0 · · · 0

0 −α− j 1
2 β2w2

2 + 1
6 β3w3

2 · · · 0

.

.

.

.

.

.
. . .

.

.

.

0 0 · · · −α− j 1
2 β2w2

Nf
+ 1

6 β3w3
Ntf







A(z, w1)

A(z, w2)

.

.

.

A(z, wNt
)




(4.22)

+F




jγ|A(z, t1)|2A(z, t1)

jγ|A(z, t2)|2A(z, t2)

.

.

.

jγ|A(z, tNt
|2A(z, tNt

)




where F is the FFT operation. Note that frequencies and time points in equation 4.21 are

discrete and it should also be noted that the above transformation is done by the FFT

operation, not done by the use of normal Fourier Transform. Equation 4.21 can be written

as

dÂ(z)
dz

= LÂ(z) + NL[Â(z)] (4.23)

where L is the diagonal matrix and NL is the non-linear operator . Since L has diagonal

entries that are summations of quadratic and cubic functions of frequency, L has widely

varying values which makes L stiff. This stiffness and non-linearity preclude the use of

high-order integration schemes due to stability issues [11, 18].

Although numerical computations for the linear part of the equation 4.23 can be done

trivially, since L is a diagonal matrix, it is not the case for the non-linear part. However,

computations for non-linear part of the equation 4.23 can be done in time domain because

non-linear operator in time domain becomes vector products, i.e. diagonal matrices. In

this case, two FFT should be used : first, the computations for non-linear part is done in

time domain, then the result is converted into frequency domain by using FFT. Secondly

computations for linear part is done. For the next z-step, to go to time domain, another

FFT is used.

Generally the most used computational method to solve NLSE equation is the split−step

method [25]. The method is based on the operator splitting such that the linear and non-

linear parts of the NLSE equation are treated separately. Although split − step method

gives sufficient results for small step-sizes, for large step-sizes the method may give erroneous

results due to stability issues.
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In order to obtain more accurate results one has to solve equation 4.23 by solving lin-

ear and non-linear parts concurrently. For computational purposes, it is not efficient to

use implicit integration scheme to solve 4.23 because it requires the solution of non-linear

equations at every step. However, because the linear part of the equation 4.23 is stiff , it

is also not efficient to use explicit integration schemes due to stability issues of the explicit

methods. A more general method used in the solution of non-linear PDEs such as 4.23 is

IMEX schemes [27]. The idea behind the IMEX schemes is to use an implicit method for

the linear part integration and use an explicit method for the non-linear part integration.

In this case, stability issues disappear and no non-linear equation solution is required at

every step. Because IMEX schemes give more accurate results, in the solution of 4.23 we

will use IMEX schemes. More specifically, we rearrange equation 4.23 and integrate from

zk to zk+1 as

dÂ(z)
dz

= LÂ(z) + NL[Â(z)] (4.24)

=⇒ dÂ(z) = LÂ(z)dz + NL[Â(z)]dz (4.25)

=⇒
∫ zk+1

zk

dÂ(z) =
∫ zk+1

zk

LÂ(z)dz +
∫ zk+1

zk

NL[Â(z)]dz (4.26)

=⇒ Â(zk+1)− Â(zk) =
∫ zk+1

zk

LÂ(z)dz

︸ ︷︷ ︸
implicit integration

+
∫ zk+1

zk

NL[Â(z)]dz

︸ ︷︷ ︸
explicit integration

(4.27)

For simplicity, we use Adams Bashforth (AB) method for explicit integration and Adams

Moulton (AM) method for implicit integration. If third order Adams methods are used,

equation 4.27 would become

Â(zk+1)− Â(zk) =
h

12
{5LÂ(zk+1) + 8LÂ(zk) − LÂ(zk−1)

+
h

12
{23NL[Â(zk+1)]− 16NL[Â(zk)] + 5NL[Â(zk−1)]}

(4.28)

where h is the step size. Note that while linear part of the equation 4.28 is done in frequency

domain, non-linear part of 4.28 should be done in time domain due to computational cost

as cited above.

In our simulation beside using IMEX schemes, we use different IMEX schemes for dif-

ferent frequency components as done by Fornberg and Driscoll [11] . In this method, the
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frequency components of Â(z) are separated into three parts as low, medium and high. The

main idea behind this separation is to increase accuracy by using different IMEX schemes for

different frequency components. The method they applied and we used in our simulation is:

for low frequencies AB7/AB7 , for medium frequencies AB7/AM6 and for high frequencies

AB7/AM2∗ for the non-linear/linear part of equation 4.23, where ABk and AMk being

the kth order Adams Bashforth and Moulton methods.

AM2∗ is a second order integration scheme defined as

Â(zk+1)− Â(zk) =
h

2
{3
2
LÂ(zk+1) +

1
2
LÂ(zk)} (4.29)

where h is the step size. Note that while the normal AM2 (trapezoid) method is one

step method, AM2∗ method is a second order method. Although AM2∗ has greater error

constant (1/3) than the AM2 method (1/12), AM2∗ has a stability region that extends to

the right-hand plane containing the imaginary axis as shown in Figure 4.1.

The frequency separation is done by looking at the values of the diagonal L matrix and

we determine in which stability region of AB and AM methods they belong to. The L

matrix has almost purely imaginary values with a very small real part. The real part comes

from the attenuation constant and imaginary values come from the second and third order

dispersion constants. Thus, it is reasonable to look only at the imaginary axis to classify

frequency components as low, medium and high. The stability regions for AB7 and AM6

methods are shown in Figure 4.2.

For a specific frequency component w, L matrix has the value

−α− j
1
2
β2(jw2) +

1
6
β3(jw3) = −α + j{1

2
β2w

2 − 1
6
β3w

3} (4.30)

For our simulation purposes, we take the following criterion to classify frequency components

w

• w is low if h(j{1
2β2w

2 − 1
6β3w

3}) <= 0.02

• w is medium if 0.02 < h(j{1
2β2w

2 − 1
6β3w

3}) <= 0.5 and

• w is high if h(j{1
2β2w

2 − 1
6β3w

3}) > 0.5



Chapter 4: Modulated Carrier Case 75

−1 0 1 2 3 4
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5
Stability Regions

Real

Im
ag

in
ar

y

AM2
AM2*

Figure 4.1: Stability Region for AM2 and AM2∗
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where h is the step size.

In addition to use different IMEX schemes for different frequency components, in our

simulation we also select the step size for numerical integration adaptively. The step size

selection is based on limiting the non-linear phase shift ΦNL such that γ∆zPp < ΦNL|max

where γ is the Kerr non-linearity constant and Pp is the instantaneous optical peak power

[3, 24]. Also, we set an upper limit on ∆z so that no stability issues are concerned.

The use of adaptive step size requires the use of adaptive AB and AM methods. In this

case the coefficients of AB and AM should be calculated at every step. From this point on,

the variable coefficient calculation methodology will be given and the coefficient calculation

methodology will be applied for AM2∗ method as an example at the end of the section.

Let’s assume that the differential equation that we seek a solution for, has the form

ẏ =
dy

dx
= f(x, y) (4.31)

and assume that we already know the previous k values of y and x. That is yj and xj are

known for j = n− k + 1, n− k + 2, · · · , n− 1, n. Let’s also define hn = xn+1− xn to denote

the step size for the nth step and fj = f(xj , yj). Our aim is to find yn+1. If we integrate

4.31 from xn to xn+1

dy

dx
= f(x, y) (4.32)

=⇒ dy = f(x, y)dx (4.33)

=⇒
∫ xn+1

xn

dy =
∫ xn+1

xn

f(x, y)dx (4.34)

=⇒ yn+1 = yn +
∫ xn+1

xn

f(x, y)dx (4.35)

The main idea in the integration of
∫ xn+1

xn
f(x, y)dx is to find a polynomial that interpo-

lates (xj ,fj) and use that polynomial in the evaluation of the integral.

For AB methods, the polynomial p(x) that interpolates (xj ,fj) for j = n − k + 1, n −
k + 2, · · · , n− 1, n can be found by using Newton’s interpolation formula [10]

p(x) =
k−1∑

j=0

j−1∏

i=0

(x− xn−i)δjf [xn, xn−1, · · · , xn−j ] (4.36)
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where divided differences δjf [xn, xn−1, · · · , xn−j ] are defined as [10]

δ0f [xn] = fn (4.37)

δjf [xn, · · · , xn−j ] =
δj−1f [xn, · · · , xn−j+1]− δj−1f [xn−1, · · · , xn−j ]

xn − xn−j
(4.38)

If we insert p(x) in place of f(x, y) in the integral
∫ xn+1

xn
f(x, y)dx in 4.35, and evaluate

the integral, the next value of y, yn+1, is found as

yn+1 = yn + hn

k−1∑

j=0

gj(n)Φ∗j (n) (4.39)

Note that the above derivation is for AB methods. However, the derivation for AM

methods are exactly the same. The only difference is to include the point (xn+1,fn+1) in

the interpolation formula p(x)

p(x) =
k∑

j=0

j−1∏

i=0

(x− xn−i)δjf [xn, xn−1, · · · , xn−j ] +
k−1∏

i=0

(x− xn−i)δkf [xn+1, xn, · · · , xn−k+1]

(4.40)

If we insert p(x) in place of f(x, y) in the integral
∫ xn+1

xn
f(x, y)dx in 4.35, and evaluate

the integral, the next value of y, yn+1, is found as

yn+1 = yn + hn

k−1∑

j=0

gj(n)Φ∗j (n) + hngk(n)Φk(n + 1) (4.41)

The formulae that give the values of gj(n), Φj(n), and Φ∗j (n) are given below [10]

Φ0(n) = Φ∗0(n) = fn

Φj+1(n) = Φj(n)− Φ∗j (n− 1)

Φ∗j (n) = βj(n)Φj(n) (4.42)

where βj(n) coefficients are defined as

β0(n) = 1

βj(n) = βj−1(n)
xn+1 − xn−j+1

xn − xn−j
(4.43)
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The values of gj(n) can be found by the formula gj(n) = cj1(xn+1) where cjq(xn+1) is

defined as

c0q(xn+1) =
1
q

c1q(xn+1) =
1

q(q + 1)

cjq(xn+1) = cj−1,q(xn+1)− cj−1,q+1(xn+1)
hn

xn+1 − xn−j+1

Coefficient calculation for AM2∗ method is given here to show how the above derivation

is used.

AM2∗ method is a second order implicit method which is given by the equation 4.29.

The interpolation points for AM2∗ method are (xn−2, yn−2) and (xn+1, yn+1). If we apply

Newton interpolation formula to find the interpolation polynomial for AM2∗, we get

p(x) = δ0f [xn−1] + (x− xn−1)δ0f [xn+1, xn−1] (4.44)

=⇒ p(x) = fn−1 + (x− xn−1)
fn+1 − fn−1

xn+1 − xn−1
(4.45)

If p(x) is substituted in equation 4.27 in place of f(x, y), we obtain

yn+1 = yn +
∫ xn+1

xn

p(x)dx (4.46)

=⇒ yn+1 = yn + fn−1(xn+1 − xn) +
fn+1 − fn−1

xn+1 − xn−1

{
x2

n+1 − x2
n

2
− xn−1(xn+1 − xn)

}

(4.47)

=⇒ yn+1 = yn + fn−1





(xn+1 − xn)− x2
n+1 − x2

n − 2xn−1(xn+1 − xn)
2(xn+1 − xn−1)︸ ︷︷ ︸

coefficient formula forfn−1





+

+fn+1





x2
n+1 − x2

n − 2xn−1(xn+1 − xn)
2(xn+1 − xn−1)︸ ︷︷ ︸

coefficient formula forfn+1





(4.48)

4.48 shows the coefficient formula for variable step-size AM2∗ method. If fixed step-size is

used, equation 4.48 would be simplified as 4.29.
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In our simulation, we implement the fully variable step sized IMEX schemes in the

solution of NLSE equation. Also, for different frequencies we applied different IMEX

schemes as stated above. The computational complexity of the solution of NLSE equa-

tion is O(NzNt log(Nt)) where Nz is the number of z-steps and Nt is the number of time

points taken between [0, Ts], Ts being the signal time. The log factor comes from the FFT

operation.

4.3 Numerical Solution of COVODE

Unlike the NLSE equation, COVODE is a linear PDE. Right hand side of COVODE con-

tains both z dependent coefficient matrices, as a result of non-linearity, and z independent

coefficient matrices, as a result of attenuation and dispersion. In the solution of COVODE

equation, we use the same methodology as done in the solution of NLSE equation. This is

because COVODE equation has the same stiffness problem that NLSE equation has. More

precisely, in the solution of COVODE we use AB7 for the low frequency components and

the z varying linear terms (A(z)), and use AM6 for the medium frequency components and

AM2∗ for the high frequency components. The frequency separation mechanism is exactly

the same as done in the solution of NLSE equation.

In the solution of COVODE equation, the operations for the z varying part is done in

time domain whereas the operations for the linear part is done in frequency domain as in the

solution of NLSE equation. This in turn requires the use of FFT operations in the solution.

The transformation of the K(z) matrix from time domain to the frequency domain is done

as follows. K(z) in time domain is

Kt(z) = E[a(z)a(z)†]

= E






ar(z)

ai(z)




[
ar(z)† ai(z)†

]




=


E[ar(z)ar(z)†] E[ar(z)ai(z)†]

E[ai(z)ar(z)†] E[ai(z)ai(z)†]




(4.49)

where Kt(z) denotes time domain covariance matrix, E is the probabilistic expectation

operator and † denotes matrix transpose operation. K(z) in frequency domain can be
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found by first taking the Fourier Transforms of ar(z) and ai(z), and then applying the

expectation operator. However, note that both ar(z) and ai(z) are discrete vectors as a

function of z. Thus, the frequency counterpart of these vectors can be found by the use of

FFT operation which actually corresponds to a matrix multiplication. Let’s define the FFT

matrix as F, K(z) in frequency domain then becomes

Kf (z) = E






Far(z)

Fai(z)




[
(Far(z))∗ (Fai(z))∗

]




=


F 0

0 F





E[ar(z)ar(z)†] E[ar(z)ai(z)†]

E[ai(z)ar(z)†] E[ai(z)ai(z)†]




︸ ︷︷ ︸
Kt(z)


F∗ 0

0 F∗




(4.50)

where Kf (z) denotes covariance matrix in frequency domain, E is the expectation operator,

F is the FFT matrix, ∗ denotes the complex conjugate transpose operation and † denotes

matrix transpose operation. Complex conjugate transpose operation is done because for

complex vectors χ covariance matrix is defined as E[χχ∗], E being the expectation operator.

Equation 5.3 gives a formula for the covariance matrix K(z) to go back and forth be-

tween time domain and frequency domain. Although matrix multiplication is used for FFT

operation in the derivation of equation 5.3, MATLAB’s fft function is used in actual im-

plementation.

In frequency domain, time domain differentiation matrices D2 and D3 in B2 and B3

becomes diagonal matrices and have the value

D2 =




(jw1)2 0 · · · 0

0 (jw2)2 0
...

... 0
. . . 0

0 · · · 0 (jwNt)
2




and D3 =




(jw1)3 0 · · · 0

0 (jw2)3 0
...

... 0
. . . 0

0 · · · 0 (jwNt)
3




(4.51)

where w1, w2, · · · , wNt are the frequency components of A(z, t). In the solution of COVODE

we first solve the NLSE equation as described in section 4.2 and use the values of A(z) to

construct A(z) matrix. Also, we use the same z-step sizes found in the solution of NLSE

equation. If we apply explicit integration to z varying and low order frequency components,
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and implicit integration to medium and high order frequency components in the solution of

COVODE, at every z-step we need to solve a matrix equation given by

EKf (zn) + Kf (zn)E∗ = F(zn) (4.52)

where ∗ denotes complex conjugate transpose, Kf (zn) denotes the covariance matrix in

frequency domain at zn and E has the form

E =


 Dd Do

−Do Dd


 (4.53)

where Dd and Do are z independent diagonal matrices. Equation 4.52 is a continuous

Lyapunov matrix equation [2]. The solution for equation 4.52 can be found by the method

of Barters and Stewart [23] with computational cost O(N3
t ), where Nt is the number of

discrete time points taken between [0, Ts], Ts being the signal time. Although Bartels-

Stewart algorithm can be used in the solution of equation 4.52, 4.52 can also be solved in

O(N2
t ) time without using Bartels-Stewart algorithm due to special form of E matrix.

The E matrix in equation 4.52 can be written as

E =







c1 0 · · · 0

0 c2 · · · 0

...
...

. . .
...

0 0 · · · cNt







d1 0 · · · 0

0 d2 · · · 0

...
...

. . .
...

0 0 · · · dNt




−




d1 0 · · · 0

0 d2 · · · 0

...
...

. . .
...

0 0 · · · dNt







c1 0 · · · 0

0 c2 · · · 0

...
...

. . .
...

0 0 · · · cNt







(4.54)

Also, we can write Kf (zn) and F(zn) matrices in vector form as

Kf (zn) =




...
...

...
...

...

Kf (zn)1 · · · Kf (zn)Nt+1 · · · Kf (zn)Nt+Nt

...
...

...
...

...


 (4.55)
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F(zn) =




...
...

...
...

...

F(zn)1 · · · F(zn)Nt+1 · · · F(zn)Nt+Nt

...
...

...
...

...


 (4.56)

If we write the E, Kf (zn) and F(zn) matrices as shown by the equations 4.54, 4.55 and

4.56, the Lyapunov equation 4.52 can be solved by considering the two columns of Kf (zn)

simultaneously. That is, the solution of 4.52 can be found by solving the following equation

for every j = 1, 2, · · · , Nt


E + c‡jI d‡jI

−d‡jI E + c‡jI




︸ ︷︷ ︸
E2


 Kf (zn)j

Kf (zn)j+Nt


 =


 F(zn)j

F(zn)j+Nt


 (4.57)

where ‡ denotes complex conjugate operation. The inverse of E2 is given by

E−1
2 =


G−1 0

0 G−1





E + c‡jI −d‡jI

d‡jI E + c‡jI


 (4.58)

where

G =
(
(E + c‡jI)

2 + (d‡j)
2I

)
(4.59)

Because E has a special structure, its inverse can be found trivially. The inverse of the

E matrix shown by the equation 4.53 is given by

E−1 =


(D2

d + D2
o)
−1 0

0 (D2
d + D2

o)
−1





Dd −Do

Do Dd


 (4.60)

Because G matrix has the same structure as E matrix, the inverse of G matrix can be

computed by using 4.60. The special structure of E is a result of the use of implicit inte-

gration schemes for the loss and dispersion terms of COVODE, and performing solution in

frequency domain.

The computational complexity of the solution of COVODE equation is

O(NzN
2
t log(Nt)) where Nz is the number of z steps, which is adaptively found by the

solution of NLSE equation, and Nt is the number of discrete time points taken between
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[0, Ts], Ts being the signal time. The log term in computational cost comes from the use of

FFT operations.

4.4 Covariance Matrix Computation With Transfer Functions

In the propagation of noise covariance matrix one can also use the transfer function method-

ology which is stated below.

Likewise in the un-modulated carrier case, we can obtain a transfer function matrix for

the differential equation that is given by 4.8

d

dz


ar(z, t)

ai(z, t)


 =− α


ar(z, t)

ai(z, t)


 +

1
2
β2


 0 ∂2

∂t2

− ∂2

∂t2
0





ar(z, t)

ai(z, t)


 +

1
6
β3




∂3

∂t3
0

0 ∂3

∂t3





ar(z, t)

ai(z, t)




+ γ


 −2Ar(z, t)Ai(z, t) −Ar(z, t)2 − 3Ai(z, t)2

3Ar(z, t)2 + Ai(z, t)2 2Ar(z, t)Ai(z, t)





ar(z, t)

ai(z, t)




(4.61)

that characterisize noise propagation along the fiber.

A linear time-invariant(LTI) system can be modeled in frequency domain as

Y (w) = H(w)X(w) (4.62)

where X(w) denotes the Fourier transform of the system input, x(t), H(w) denotes the

system transfer function and Y (w) denotes the Fourier transform of the system output,y(t).

However, equation 4.61 is a linear, with respect to z, time-varying system(LTV). A LTV

system can also be modeled in frequency domain. In this case the transfer function becomes

also time dependent. That is

Y (w, t) = H(w, t)X(w) (4.63)

where where X(w) denotes the Fourier transform of the system input, x(t), H(w, t) denotes

the system transfer function.y(t), system output, can be obtained from Y (w, t) in 4.63 by

using inverse Fourier transform

y(t) =
∫ ∞

−∞
Y (w, t) exp(jwt)dw (4.64)
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For equation 4.61 we can find a transfer function matrix that transfer the initial noise

envelope to the noise envelope at the end of the fiber span. That is


Ar(z, w, t)

Ai(z, w, t)


 =


HRR(z, w, t) HIR(z, w, t)

HRI(z, w, t) HII(z, w, t)





Ar(z = 0, w, t)

Ar(z = 0, w, t)


 (4.65)

where Ar(z, w, t) and Ai(z, w, t) denote Fourier transforms of noise in-phase, ar(z, t), and

quadrature, ai(z, t), parts respectively, HRR(z, w, t) denotes the transfer function from noise

in-phase component to noise in-phase component, HIR(z, w, t) denotes the transfer function

from noise quadrature component to noise in-phase component, HRI(z, w, t) denotes the

transfer function from noise in-phase component to quadrature component and HII(z, w, t)

denotes the transfer function from noise quadrature component to quadrature component.

Please note that in this case transfer functions also become z dependent.

Equation 4.61 can be written in Fourier domain as

∂

∂z


Ar(z, w, t)

Ai(z, w, t)


 = −α


Ar(z, w, t)

Ai(z, w, t)




+
1

2
β2


 0 (jw)2 + 2(jw) ∂

∂t
+ ∂2

∂t2

−((jw)2 + 2(jw) ∂
∂t

+ ∂2

∂t2
) 0





Ar(z, w, t)

Ai(z, w, t)




+
1

6
β3


(jw)3 + 3(jw)2 ∂

∂t
+ 3(jw) ∂2

∂t2
+ ∂3

∂t3
0

0 (jw)3 + 3(jw)2 ∂
∂t

+ 3(jw) ∂2

∂t2
+ ∂3

∂t3





Ar(z, w, t)

Ai(z, w, t)




+ γ


 −2Ar(z, t)Ai(z, t) −Ar(z, t)2 − 3Ai(z, t)2

3Ar(z, t)2 + Ai(z, t)2 2Ar(z, t)Ai(z, t)





Ar(z, w, t)

Ai(z, w, t)




(4.66)

where Ar(z, w, t) and Ai(z, w, t) denote Fourier transforms of noise in-phase and quadra-

ture components respectively, Ar(z, t) and Ai(z, t) are the noise-free large desired signal

envelopes, w denotes the Fourier frequency and j = sqrt(−1). Equation 4.66 should be

satisfied at every Fourier frequency point,wi. For specific wi let define


Ar(z, t)

Ai(z, t)


 =


Ar(z, wi, t)

Ai(z, wi, t)


 (4.67)

By using the definition 4.67, equation 4.66 can be written as
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∂

∂z


Ar(z, t)

Ai(z, t)


 = −α


Ar(z, t)

Ai(z, t)




+
1

2
β2


 0 (jwi)

2 + 2(jwi)
∂
∂t

+ ∂2

∂t2

−((jwi)
2 + 2(jwi)

∂
∂t

+ ∂2

∂t2
) 0





Ar(z, t)

Ai(z, t)




+
1

6
β3


(jwi)

3 + 3(jwi)
2 ∂

∂t
+ 3(jwi)

∂2

∂t2
+ ∂3

∂t3
0

0 (jwi)
3 + 3(jwi)

2 ∂
∂t

+ 3(jwi)
∂2

∂t2
+ ∂3

∂t3





Ar(z, t)

Ai(z, t)




+ γ


 −2Ar(z, t)Ai(z, t) −Ar(z, t)2 − 3Ai(z, t)2

3Ar(z, t)2 + Ai(z, t)2 2Ar(z, t)Ai(z, t)





Ar(z, t)

Ai(z, t)




(4.68)

The solution of 4.68 can be obtained by integration the right hand side of the solution

both in time and frequency domain. The frequency domain is required to compute the

differentiation(s) used in the equation. Writing equation 4.68 in frequency domain we

obtain

∂

∂z


Ar(z, ξ)

Ai(z, ξ)


 = −α


Ar(z, ξ)

Ai(z, ξ)




+
1

2
β2


 0 (jwi)

2 + 2(jwi)
∂
∂t

+ ∂2

∂t2

−((jwi)
2 + 2(jwi)

∂
∂t

+ ∂2

∂t2
) 0





Ar(z, ξ)

Ai(z, ξ)




+
1

6
β3


(jwi)

3 + 3(jwi)
2 ∂

∂t
+ 3(jwi)

∂2

∂t2
+ ∂3

∂t3
0

0 (jwi)
3 + 3(jwi)

2 ∂
∂t

+ 3(jwi)
∂2

∂t2
+ ∂3

∂t3





Ar(z, ξ)

Ai(z, ξ)




+ F


γ


 −2Ar(z, t)Ai(z, t) −Ar(z, t)2 − 3Ai(z, t)2

3Ar(z, t)2 + Ai(z, t)2 2Ar(z, t)Ai(z, t)





Ar(z, t)

Ar(z, t)








(4.69)

where Ar(z, ξ) and Ai(z, ξ) are the Fourier transforms of Ar(z, t) and Ar(z, t) respectively

and F denotes Fourier transform. The solution of 4.69 can be find

• integrating the z dependent part in time domain

• then going to frequency domain by using FFT transform

• integration the wi dependent part and computing the next value of Ar(z, ξ) and

Ai(z, ξ)

• computing Ar(z, t) and Ar(z, t) by using inverse FFT transform
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For specific wi we can compute the envelope of Ar(z, wi, t) and Ai(z, wi, t) by solving

4.69. To compute the system transfer function matrix we will use identity matrix for the

initial condition in the solution of 4.69. In the solution for the z dependent part integration,

we will use second-order AdamsBashforth and use trapezoid rule for the wi dependent part.

In the solution of 4.69 we need to solve a linear system of equations at each z-step. The

coefficient matrices in the solution of linear systems take the following form

D =


 D1 D2

−D2 D1


 (4.70)

where D∞ and D∈ are diagonal matrices. The inverse of D matrix can be find by using

the block matrix inversion formula which is given by


A B

C D



−1

=


 (A−BD−1C)−1 −A−1B(D − CA−1B)−1

−D−1C(A−BD−1C)−1 (D − CA−1B)−1


 (4.71)

Because in our case A = D and B = −C and all matrices are diagonal, the computation

of the inverse of D matrix takes O(N), time where N is the size of the D1 and D2 matrices.

We will use the block matrix inversion formula in the solution of 4.69.

To compute the covariance among noise sample we will use the transfer function matrix.

Let assume that a LTV system receives x(t) as input and produce y(t) as output and let

H(w, t) be the time dependent system transfer function. Then y(t) can be written as

y(t) =
∫ ∞

−∞
H(w, t)X(w) exp(jwt)dw (4.72)

where X(w) is the Fourier transform of x(t). Because the samples are taken at discrete

time points, for the inverse Fourier transform in 4.72 we will use discrete values as

y(t) =
∑

i

H(wi, t)X(wi) exp(jwit)∆w (4.73)

By using 4.73 we can compute the covariance of two sample y(t) time points as
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E[y(t1)y(t2)∗] = E

[(∑

i

H(wi, t1)X(wi) exp(jwit1)∆w

)(∑

k

H(wk, t2)X(wk) exp(jwkt2)∆w

)∗]

= E

[∑

i

∑

k

H(wi, t1)X(wi)X(wk)∗H(wk, t2)∗ exp(j(wit1 − wkt2)(∆w)2
]

=
∑

i

∑

k

H(wi, t1)E[X(wi)X(wk)∗]H(wk, t2)∗ exp(j(wit1 − wkt2)(∆w)2

(4.74)

where ∗ denotes complex conjugate operation, E is the statistical expectation operator and

j =
√−1. If X(w) is white stationary noise, then equation 4.77 takes the following simplified

form

E[y(t1)y(t2)∗] =
∑

i

H(wi, t1)E[X(wi)X(wi)∗]H(wi, t2)∗ exp(j(wit1 − wit2)(∆w)2 (4.75)

Equation 4.73 can be written in vector form as




y(t1)

y(t2)

.

..

y(tN )




︸ ︷︷ ︸
Y

=




H(w1, t1) exp(jw1t1)∆w H(w2, t1) exp(jw2t1)∆w · · · H(w1, tN ) exp(jw1tN )∆w

H(w1, t2) exp(jw1t2)∆w H(w2, t2) exp(jw2t2)∆w · · · H(w1, t2) exp(jw1t2)∆w

.

..
.
..

. . .
.
..

H(w1, tN ) exp(jw1tN )∆w H(w2, tN ) exp(jw2tN )∆w · · · H(wN , tN ) exp(jwN tN )∆w




︸ ︷︷ ︸
H




X(w1)

X(w2)

.

..

X(wN )




︸ ︷︷ ︸
X
(4.76)

where N denotes the number of discrete time points. Assuming that Y, H and X are given

like in equation 4.76, we can find the covariance matrix for Y as

E[YY∗] = E[(HX)(HX)∗]

= E[HXX∗H∗]

= HE[XX∗]H∗

(4.77)

where E is the statistical expectation operator and ∗ denotes complex conjugate operation.

If x(t) is white stationary process, then 4.77 takes the following form

E[YY∗] = HE[XX∗]H∗

= ηHH∗
(4.78)



Chapter 4: Modulated Carrier Case 89

E is the statistical expectation operator, η is the spectral density of X(w) and ∗ denotes

complex conjugate operation.

Following the methodology stated above, by using transfer function matricesHRR(z, w, t),

HIR(z, w, t), HRI(z, w, t) and HII(z, w, t) and given initial noise covariance matrix at z = 0,

we can find the noise covariance matrix at the end of the fiber link. Let assume that at

z = L, L being the fiber span length, HRR, HIR, HRI and HII denote the t and w dependent

transfer function matrices likewise in equation 4.76. Then, noise vector at the end of the

fiber link can be calculated as

ar(z = L) = HRR · ar(z = 0, w) +HIR · ai(z = 0, w)

ai(z = L) = HRI · ar(z = 0, w) +HII · ai(z = 0, w)
(4.79)

or equivalently


ar(z = L)

ai(z = L)


 =


HRR HIR

HRI HII





ar(z = 0, w)

ai(z = 0, w)


 (4.80)

where ar(z = L) and ai(z = L) are the noise in-phase and quadrature component vectors in

time domain and ar(z = 0, w) and ai(z = 0, w) are the Fourier transforms of noise in-phase

and quadrature component vectors. By using 4.80 we can find the noise covariance matrix

at the end of the fiber as

E






ar(z = L)

ai(z = L)





ar(z = L)

ai(z = L)



∗
 = E









HRR HIR

HRI HII





ar(z = 0, w)

ai(z = 0, w)











HRR HIR

HRI HII





ar(z = 0, w)

ai(z = 0, w)






∗


=


HRR HIR

HRI HII


 E






ar(z = 0, w)

ai(z = 0, w)





ar(z = 0, w)

ai(z = 0, w)



∗



HRR HIR

HRI HII



∗

=


HRR HIR

HRI HII





Kf

rr(z = 0) Kf
ri(z = 0)

Kf
ir(z = 0) Kf

ii(z = 0)




︸ ︷︷ ︸
Kf (z=0)


HRR HIR

HRI HII



∗

(4.81)

where Kf
rr, Kf

ri, Kf
ir and Kf

ii are given in 5.3. Assuming that noise entering the fiber is

white and stationary and has uncorrelated in-phase and quadrature components, 4.81 can

be simplified as
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E






ar(z = L)

ai(z = L)





ar(z = L)

ai(z = L)



∗
 = η


HRR HIR

HRI HII





HRR HIR

HRI HII



∗

(4.82)

where η denotes the noise spectral density. Equation 4.82 holds since the frequency domain

covariance matrix, Kf (z = 0), becomes identity matrix.

For the equation 4.61, we have computed the transfer function matrices and used equa-

tion 4.82 in the computation of noise covariance matrix at the end of the fiber. The results

obtained by using the transfer function matrices matched the results that are obtained by

COVODE equation.

4.5 Simulation Results

In this section, we give simulation results for noise propagation in a WDM system with

modulated carriers. As denoted by the equation 4.20, noise propagation depends on the

input spectrum A(z, t). Thus, to compute the noise propagation along the fiber we first solve

NLSE equation as described in section 4.2 and then apply numerical techniques described

in section 4.3 .

The initial condition for the noise covariance matrix K(z = 0) is taken to be identity

matrix. In this case, we assume that noise is white and stationary Gaussian as a function

of time and that real and imaginary parts of the noise are uncorrelated. In simulations, we

assume that noise added to the system with the first OA and no noise addition is done by

the last OA which is located in the receiver. Also, we assumed that noise added by different

OAs are uncorrelated with each other and that OAs in the fiber link compensate the loss

for one fiber span completely.

Note that in the solutions of both NLSE and COVODE equation we use the FFT

operation. However, the use of FFT operation requires that the signal is periodic. For our

simulations, we assume that each channel in WDM spectrum modulates periodic signals

with a period of 8Tb , where Tb is the duration of a single bit. In our simulation, we use

Tb = 12.5 Gb/sec. The discrete time points, Nt, are taken to be 256 due to the efficiency in

FFT operation and Nyquist sampling rate criteria.

In simulation, we model the bits by using raised cosine pulse whose equation is given by
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rcos(t) = sinc(
t

T
)
cos(πβt

T )

1− 4β2t2

T 2

(4.83)

where T is the bit duration and β is the roll-off factor. The advantages of using raised

cosine pulse in the simulation are the reduced symbol interference in time domain and finite

bandwidth in frequency domain. In the simulation, we take roll-off factor, β, to be 0.6 .

For our simulation, we set the channel separation to 25 GHz, power per channel to 10

mW and take the fiber length 80 km. The fiber parameters for the simulation are α = 0.25

dB/km, β2 = -21.6 ps2/km, β3 = 0.128 ps3/km and γ = 1.2 1/Wkm.

Note that in all of the figures, we give the noise amplification with respect to the noise

which is obtained by ignoring non-linearity in the fiber.

4.5.1 Fiber without Kerr non-linearity

In this case there is no signal noise interaction and noise characteristics do not change along

the fiber. Although there are some distortion on the noise as a consequence of dispersion

the second order characteristics of the noise do not change. That is, the noise at the end

of the fiber link is still white and stationary. In this case 4.20 can be solved analytically by

considering the two columns of K(z) simultaneously.

4.5.2 Combination of Unmodulated Carriers

We now present the noise amplification for un-modulated carriers. Figure 4.3 shows the noise

amplification as a function of frequency for a WDM system with 1, 3 and 5 channels. Figure

4.3 shows the main diagonal of Kf (z = L) before the channel select filter. Although the

noise before the channel select filter is non-stationary, after the channel select filter (WDM

demux) noise becomes stationary as observed by the diagonal structure of covariance matrix

shown in Figure 4.4. Figure 4.4 shows the noise covariance matrix after the channel select

filter where the simulation is done for 5 channeled WDM system.

It is observed in Figure 4.3 that for the 5 channel case noise amplification reaches about

∼ 4 dB. However the noise amplification decrease rapidly as one moves away channel carrier

frequency. This is a result of dispersion in the fiber. Without dispersion noise amplification

is independent of frequency and equal to the value at f = 0. Thus we conclude that

dispersion has positive effect on system performance by attenuating the noise. Another
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observation in Figure 4.3 is that noise amplification at the carrier frequencies increases as

the number of channels increase.

4.5.3 Carriers Modulated with a Single Pulse

In this case, we assume that the bit pattern for all the channels is set to [0, · · · , 0, 1, 0, · · · ,
0]. In Figure 4.5 the input output spectrum is shown. The noise amplification before the

channel select filter is shown in Figure 4.6. The non-stationary behavior of the noise after

the channel select filter can be observed in Figure 4.7.

4.5.4 Carriers Modulated with a Random Pulse

This is the most general case for modulated carriers. Figure 4.8 shows noise amplification

for both modulated and un-modulated carriers in a 5 channel WDM system. If we look

closer to Figure 4.8, we observe that the power of the noise for modulated and unmodulated

carrier case is approximately the same. However, if we consider the channel that centered

around f = 0, we see that power of the noise in high frequencies is higher for modulated

carrier case compared to unmodulated carrier case. As a consequence of this, we can infer

that the correlation between noise samples is higher for unmodulated carrier case compared

to modulated carrier case.

After the channel select filter, the noise amplification in time domain for modulated

carrier case is shown in Figure 4.9. Due to non-constant power of noise, it is observed from

Figure 4.9 that noise is non-stationary after the channel select filter. The covariance matrix

for this case is shown in Figure 4.10.

In this chapter, we analyzed the noise in a WDM system with modulated carrier case.

We have given numerical computation methodologies for the solution of NLSE equation and

COVODE equation that models the noise covariance matrix propagation along the fiber.

Also we developed frequency decomposed formulation of covariance matrix propagation

and supplied solution methodology. Finally, the simulation results for different system

parameters have been given.

In the next chapter we will analyze the noise effect on the system performance for a

WDM system with modulated carriers by computing system’s BER.
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Figure 4.3: Unmodulated Carriers, diag(Kf (z = L)): in-phase + quadrature
System parameters: # of channels: 1-3-5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 1.2 1/(W·km), L : 80 km
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Figure 4.4: Unmodulated Carriers (filtered), Kf (z = L)
System parameters: # of channels: 5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 1.2 1/(W·km), L : 80 km
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Figure 4.5: Modulated Carriers, single pulse, signal spectrum
System parameters: # of channels: 5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 1.2 1/(W·km), L : 80 km
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Figure 4.6: Modulated Carriers, single pulse, diag(Kf (z = L)): in-phase + quadrature
System parameters: # of channels: 5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 1.2 1/(W·km), L : 80 km
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Figure 4.7: Modulated Carriers, single pulse, Kf (z = L) (filtered)
System parameters: # of channels: 5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 1.2 1/(W·km), L : 80 km
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Figure 4.8: Comparison between unmodulated and modulated carriers, diag(Kf (z = L)):
in-phase + quadrature
System parameters: # of channels: 5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 1.2 1/(W·km), L : 80 km
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Figure 4.10: Modulated Carriers, random pulse stream, Kf (z = L) (filtered)
System parameters: # of channels: 5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 1.2 1/(W·km), L : 80 km
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Chapter 5

MODULATED CARRIER CASE BER CALCULATION

In chapter 4 we have developed mathematical formulations for noise propagation along

the fiber for a single span OFCS. In this chapter we will supply noise propagation method-

ology for a multi-span WDM system and provide BER computation methodology for mod-

ulated carrier case.

5.1 BER Performance Evaluation Methodology

In this section we will provide BER evaluation methodology of an OFCS where the carriers

are modulated. We will first supply the basic setup for data transmission and recovery.

Then we will concentrate on covariance matrix propagation.

The transmitter models for BPSK and QPSK modulation schemes are shown in figures

5.1 and 5.1 respectively. In our case the pulse shaping function p(t) is raised cosine pulse

with roll-off factor taken to be 0.6. Note that the QPSK modulation is implemented such

that the average power of the signal for both BPSK and QPSK modulation schemes after

the transmitter is equal.

The determination of the symbol sequences at the receiver will be done by using differ-

ential detection which is done by comparing the phase differences between the subsequent

signal samples to assign the symbol values. In our simulation we will use the constellation

diagrams shown in figures 5.1 and 5.1 for BPSK and QPSK modulation schema respectively.

Likewise un-modulated carrier case we will evaluate the BER performance of the channel

Figure 5.1: Conceptual transmitter structure for BPSK
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Figure 5.2: Conceptual transmitter structure for QPSK

Figure 5.3: Constellation diagram for BPSK
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Figure 5.4: Constellation diagram for QPSK

that sits in the middle of the WDM spectrum. It is assumed that noise added by OAs is white

Gaussian and has uncorrelated in-phase and quadrature components. Because a Gaussian

process stays Gaussian in a linear system, we will assume that the noise impinging on the

receiver is Gaussian as a result of linearization done in section 4.2.

A Gaussian process can be completely characterized by the first and second order sta-

tistical properties, i.e. mean and the correlation. In our case we will assume that noise

impinging on the receiver is zero-mean Gaussian. In the un-modulated carrier case we

have obtained the noise covariance matrix from the inverse Fourier transform of the noise

power spectral density function. However, for the modulated carrier case, we have directly

obtained a mathematical equation that describes the propagation of noise covariance ma-

trix through the fiber as depicted by COVODE equation. Thus the solution of COVODE

equation gives the required second order statistical properties of the noise.

In the analysis we will follow the following methodology in the evaluation of system BER

value

• Find the complex noise covariance matrix, in frequency domain, CF(z) before filtering.

We will apply dispersion compensation along the fiber. In our analysis we will assume

that 95 % of dispersion is compensated at the OAs and the remaining dispersion is

compensated at the receiver.
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• Apply filtering, by using brick-wall filter, both on the large desired signal, A(z, t), and

the noise covariance matrix CF(z)

• Compute the noise covariance matrix in time domain CT(z) by using the filtered

CF(z) matrix

• Create a new noise covariance matrix, CTr(z), such that it contains the covariances

of noise samples seen by the receiver. Because for modulated carriers noise is un-

stationary, sampling time with sampling period plays very critical role for noise anal-

ysis. In our analysis we will assume that sampling is started from t = 0 and sampling

period Ts is taken as 12.5GHz. The CTr(z) matrix will be created by considering

these values.

• In time domain create large number of noise samples whose covariance matrix is

CTr(z) and add the created noise samples to the sampled output signal A(z, t)

• Compare the input and output bit sequence and count the number of errors

Let first define the matrices stated in the above procedure. We can represent the complex

valued noise function, ac(z, t), as

ac(z, t) = ar(z, t) + jai(z, t) (5.1)

where ar(z, t) and ai(z, t) are the in-phase and quadrature components of noise and j =
√−1. The time dependency stated in equation 5.1 can be eliminated by using discretization

as done in section 4.1

ac(z) =
[
a(z, t1) a(z, t2) · · · a(z, tNt)

]†
(5.2)

where ac(z) is complex-valued vector function of z, † denotes matrix transpose operation

and Nt is the total number of discrete time points taken between [0, Tp), where Tp is the

period of the signal envelope.

Because we discretizise the time and assumed that the input to the system is periodic we

will use FFT operation to go back and forth between time domain and frequency domain.
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Note that FFT operation actually corresponds to a matrix multiplication. Assuming that

the FFT operation is denoted by F matrix, in chapter 4 we defined the noise covariance

matrix in frequency domain as

Kf (z) = E






Far(z)

Fai(z)




[
(Far(z))∗ (Fai(z))∗

]




=


FE[ar(z)ar(z)†]F∗ FE[ar(z)ai(z)†]F∗

FE[ai(z)ar(z)†]F∗ FE[ai(z)ai(z)†]F∗




=


Kf

rr(z) Kf
ri(z)

Kf
ir(z) Kf

ii(z)




(5.3)

where Kf (z) denotes covariance matrix in frequency domain, Krr
f (z), Kri

f (z), Kir
f (z) and

Kii
f (z) denotes the covariance matrices for noise in-phase component to the noise in-phase

component, noise in-phase component to the noise quadrature component, noise quadrature

component to the noise in-phase component and noise quadrature component to the noise

quadrature component in frequency domain respectively, E is the expectation operator, F

is the FFT matrix, ∗ denotes the complex conjugate transpose operation and † denotes

matrix transpose operation.

We will use the following definition for the CF(z) matrix

CF(z) = E {(Fac(z))(Fac(z))∗}

= E {(Far(z) + jFai(z))((Far(z))∗ − j(Fai(z))∗}

= FE[ar(z)ar(z)†]F∗ − jFE[ar(z)ai(z)†]F∗ + jFE[ai(z)ar(z)†]F∗ + FE[ai(z)ai(z)†]F∗

(5.4)

where E is the expectation operator, F is the FFT matrix, ∗ denotes the complex conju-

gate transpose operation and † denotes matrix transpose operation. By using the matrix

definitions in equation 5.3, CF(z) matrix can be written as

CF(z) = Krr
f (z)− jKri

f (z) + jKir
f (z) + Kii

f (z) (5.5)

Dispersion compensation will be applied as follows:
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• We will first obtain the dispersion matrix, that characterizes the dispersion along

the fiber span, by using the solution of the NLSE equation, stated in 2.1,by ignoring

attenuation, α, and non-linearity, γ.

• At the end of the fiber we will reverse the effect of dispersion by multiplying the

signal envelope and the noise, which will affect the covariance matrix, with the inverse

dispersion matrix.

If we rewrite the NLSE equation by setting α = 0 and γ = 0 we obtain:

∂A(z, t)
∂z

= −j
1
2
β2

∂2A(z, t)
∂t2

+
1
6
β3

∂3A(z, t)
∂t3

(5.6)

where A(z, t) is the signal envelope and β2 and β3 are dispersion parameters. Note that

5.21 is a linear partial differential equation and can be solved analytically. The solution can

be found in frequency domain rather than in time domain as follows

F
{

∂A(z, t)
∂z

}
= F

{
−j

1
2
β2

∂2A(z, t)
∂t2

+
1
6
β3

∂3A(z, t)
∂t3

}

=⇒ ∂A(z, w)
∂z

=
1
2
jw2β2A(z, w)− 1

6
jw3β3A(z, w)

=⇒ ∂A(z, w)
∂z

=
{

1
2
jw2β2 − 1

6
jw3β3

}
A(z, w)

=⇒ A(z, w) = exp
({

1
2
jw2β2 − 1

6
jw3β3

}
z

)
A(z = 0, w)

(5.7)

where F denotes Fourier transform and w represents the Fourier frequency. Note that we

did not use any discretization in the solution of 5.7. By applying discretization, with respect

to time as done in chapter 4, we will eliminate the time dependency of the signal. Also we

will be able to use FFT operation for the Fourier transform. Let assume that the input

envelope, which is complex valued, is discretizied as

A(z) =
[
A(z, t1) A(z, t2) · · · a(A, tNt)

]†
(5.8)

where † denotes matrix transpose operation and Nt is the total number of discrete time

points. Then the discrete Fourier transform of A(z) becomes:
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A(z) = F

{[
A(z, t1) A(z, t2) · · · A(z, tNt)

]†}

=
[
A(z, w1) A(z, w2) · · · A(z, wNt)

]† (5.9)

where F is the FFT matrix, † denotes matrix transpose operation and wi, i ε{1, 2, · · · , Nt},
denotes the discrete Fourier frequencies. By using 5.9 we can rewrite the equation in the

solution of 5.7

∂A(z, w)
∂z

=
{

1
2
jw2β2 − 1

6
jw3β3

}
A(z, w) (5.10)

as

∂

∂z




A(z, w1)

A(z, w2)

.

..

A(z, wNt )




=




1
2
jw2

1β2 − 1
6
jw3

1β3 0 · · · 0

0 1
2
jw2

2β2 − 1
6
jw3

2β3 · · · 0

.

..
.
..

. . .
.
..

0 0 · · · 1
2
jw2

Nt
β2 − 1

6
jw3

Nt
β3







A(z, w1)

A(z, w2)

.

..

A(z, wNt )




(5.11)

We can rewrite 5.11 as

Ẋ (z) = DX (z) (5.12)

where · denotes ∂
∂z and

X (z) =




A(z, w1)

A(z, w2)
...

A(z, wNt)




and

D =




1
2jw2

1β2 − 1
6jw3

1β3 0 · · · 0

0 1
2jw2

2β2 − 1
6jw3

2β3 · · · 0
...

...
. . .

...

0 0 · · · 1
2jw2

Nt
β2 − 1

6jw3
Nt

β3




(5.13)
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The solution of 5.12 is

X (z) = exp(Dz)X (z = 0) (5.14)

5.14 states the solution of NLSE equation by just taking the dispersion into account. Thus

the exp(Dz) matrix denotes the effect of dispersion on the system. At the end of the fiber we

will use the inverse of the exp(Dz) matrix, which is the exp(−Dz) matrix [6], to eliminate

the dispersion effect. Note that we found the solution in frequency domain. Thus, in order

to apply dispersion compensation we have to go frequency domain from time domain.

Because the D matrix is diagonal, thus −Dz, the exp(−Dz) matrix is simply the diagonal

matrix where the diagonal elements are the exponentials of the diagonal elements of the

−Dz matrix. That is

exp(−Dz) =




exp(− 1
2
jw2

1β2 + 1
6
jw3

1β3) 0 · · · 0

0 exp(− 1
2
jw2

2β2 + 1
6
jw3

2β3) · · · 0

.

..
.
..

. . .
.
..

0 0 · · · exp(− 1
2
jw2

Nt
β2 + 1

6
jw3

Nt
β3)




(5.15)

The complex conjugate of the dispersion compensation matrix, exp(−Dz)∗ , is

exp(−Dz)∗ =




exp( 1
2
jw2

1β2 − 1
6
jw3

1β3) 0 · · · 0

0 exp( 1
2
jw2

2β2 − 1
6
jw3

2β3) · · · 0

.

..
.
..

. . .
.
..

0 0 · · · exp( 1
2
jw2

Nt
β2 − 1

6
jw3

Nt
β3)




= exp(Dz)

(5.16)

where ∗ denotes complex conjugate operation. In the derivation of 5.16 we used the identity

exp(jw)∗ = exp(−jw). From 5.16 we observe that the conjugate of dispersion compensation

matrix, exp(−Dz)∗, is simply exp(Dz). We will use this property in the computation of

dispersion compensated noise covariance matrix.

For a single-span WDM system, we will apply the following operations on the discretized

envelope signal, A(z), to eliminate dispersion

• first go to frequency domain by using FFT matrix
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• multiply by exp(−Dz) for dispersion elimination

• go to time domain by using inverse FFT matrix

By following the above steps we find the dispersion eliminated envelope signal as

Adc(z) = F−1[exp(−Dz)F{A(z)}] (5.17)

where Adc(z) is the dispersion compensated envelope signal and F denotes FFT matrix and

F−1 denotes inverse FFT matrix.

For the noise signal we will apply the same steps stated above. However, because

we are mainly interested in noise characteristics rather than the noise itself, we will find

the dispersion compensated noise covariance matrix and use it for further computations.

Assuming that there is only one span in the fiber link, the noise covariance matrix after the

dispersion compensation becomes

Kdc
f (z) = E






exp(−Dz)Far(z)

exp(−Dz)Fai(z)




[
(exp(−Dz)Far(z))∗ (exp(−Dz)Fai(z))∗

]




=


exp(−Dz) Z

Z exp(−Dz)





FE[ar(z)ar(z)†]F∗ FE[ar(z)ai(z)†]F∗

FE[ai(z)ar(z)†]F∗ FE[ai(z)ai(z)†]F∗




︸ ︷︷ ︸
Kf (z)


exp(Dz) Z

Z exp(Dz)




=


exp(−Dz) Z

Z exp(−Dz)


Kf (z)


exp(Dz) Z

Z exp(−Dz)




(5.18)

where E is the statistical expectation operator, Z is the zero matrix with size equal to D
matrix and Kdc

f (z) and Kf (z) are frequency domain noise covariance matrices after and

before dispersion compensation respectively. In the derivation of 5.18 we used the identity

exp(−Dz)∗ = exp(Dz) which is derived before. Note that because the dispersion compen-

sation matrices are diagonal and exp(−Dz)∗ = exp(Dz), the multiplication of the noise

covariance matrix with dispersion compensation matrices from left and right, as depicted

by 5.18, has no effect on the power characteristics of the noise.
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For a single span WDM system, dispersion compensation is straightforward and the

process is stated above. For multi-span WDM link we have to propagate the large desired

signal, A(z, t) and the noise covariance, K(z), along the fiber and apply dispersion compen-

sation at each OA. We will now present covariance matrix propagation methodology along

the fiber.

To compute the noise covariance matrix at the end of the fiber link we will apply the

following algorithm

• Set initial time domain noise covariance matrix to zero matrix: Ktp(z) ←− 0

• For each span

– Add OAs noise covariance matrix, I, to the noise covariance matrix obtained

from the previous span, Ktp(z).That is Ktn(z) ←− Ktp(z) + I, where I denotes

identity matrix.

– Solve the COVODE equation with initial condition Ktn(z) to obtain Ktn(z+L),

noise covariance matrix at the end of the span.

– Compute frequency domain covariance matrix Kfn(z + L) from Ktn(z + L)

– Apply dispersion compensation on Kfn(z + L) to obtain Kdc
fn (z + L), dispersion

compensated noise covariance matrix

– Apply amplification on Kdc
fn (z + L) and obtain Kdca

fn (z + L), attenuation elimi-

nated covariance matrix

– Compute time domain covariance matrix Kdca
tn (z + L) from Kdca

fn (z + L)

– Update the previous Kp
t (z) matrix as Kp

t (z) ←− Kdca
tn (z + L)

• Apply dispersion compensation to the noise covariance matrix - Receiver

In the above algorithm we explicitly assume that

• The noise added by different OAs are uncorrelated.

• The noise added by each OA has un-correlated in-phase and quadrature components.

This is characterized by adding identity, I, matrix that is added at each OA.
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Also in the algorithm we split out the dispersion compensation into to parts

• Dispersion compensation at the amplifier site will eliminate the 95% dispersion along

the span

• Dispersion compensation at the receiver site will eliminate the total remaining disper-

sion along the fiber link.

We found the effect of dispersion on the system by solving the NLSE equation by setting

α and γ parameters to zero and supplied the solution in vector form by 5.14 and stated that

the exp(Dz) matrix, where D is given by 5.13, denotes dispersion effect on the system. For

a single span fiber link we applied the dispersion compensation as shown by 5.18. For multi-

span fiber link we will apply the same methodology shown by 5.18 with a slight change.

Dispersion compensation at the amplifier site will be applied as

Kdc
f (z = L) =


exp(−Dz) Z

Z exp(−Dz)




z=0.95·L

Kf (z = L)


exp(Dz) Z

Z exp(Dz)




z=0.95·L

(5.19)

where L is the span length and Kdc
f (z = L) and Kf (z = L) are the frequency domain

covariance matrices after and before dispersion compensation respectively and Z is the zero

matrix whit size equal to size of exp(Dz) matrix.

At the receiver site, assuming that the accumulated noise covariance matrix in frequency

domain is Kf (z)|z=N ·L, we will apply dispersion compensation as

Kdc
f (z = N · L) =


exp(−Dz) Z

Z exp(−Dz)




z=0.05·N ·L

Kf (z = N · L)


exp(Dz) Z

Z exp(Dz)




z=0.05·N ·L
(5.20)

where N is the number of spans, L is the span length and Kdc
f (z = N ·L) and Kf (z = N ·L)

are the frequency domain covariance matrices after and before dispersion compensation

respectively and Z is the zero matrix whit size equal to size of exp(Dz) matrix.

To eliminate the attenuation effect we will first find the attenuation effect on the sys-

tem and apply the same methodology as done for dispersion compensation. We will find
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the attenuation effect on the system by solving the NLSE equation by just taking the α

parameter and setting β2, β3, and γ to zero. That is

∂A(z, t)
∂z

= −αA(z, t)

⇒ A(z, t) = exp(−αz)A(z = 0, t)
(5.21)

where A(z, t) denotes large desired signal and α is the attenuation constant. To eliminate

the attenuation we will multiply the large desired signal and the noise with exp(αz)|z=L at

the end of each span. After the amplification noise covariance matrix becomes

Kamp
f (z) = E






F exp(αz)ar(z)

F exp(αz)ai(z)




[
(F exp(αz)ar(z))∗ (F exp(αz)ai(z))∗

]




= exp(αz)


FE[ar(z)ar(z)†]F∗ FE[ar(z)ai(z)†]F∗

FE[ai(z)ar(z)†]F∗ FE[ai(z)ai(z)†]F∗




︸ ︷︷ ︸
Kf (z)

exp(αz)

= exp(2αz)Kf (z)

(5.22)

where Kamp
f (z) and Kf (z) are the frequency domain covariance matrices after and before

amplification respectively.

The algorithm for the large desired signal, A(z, t), propagation is as follows

• Initialize A(z = 0, t)

• For each span

– Solve the NLSE equation with initial condition A(z = 0, t) to find A(z = L, t)

– Apply dispersion compensation on A(z = L, t) - Amplifier

– Apply amplification on A(z = L, t)

– Set A(z = 0, t) ⇐ A(z = L, t)

• Apply dispersion compensation on A(z = 0, t) - Receiver
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For single-span WDM system we supplied the dispersion compensation equation in 5.17.

For multi-span WDM system we will use the same equation with slight change. At the

amplifier site we will apply 95 % dispersion compensation and eliminate the remaining

dispersion at the receiver site. Application of dispersion compensation at the amplifier site

results in

Adc(z = L) = F−1[exp(−Dz)|z=0.95·LF{A(z = L)}] (5.23)

where Adc(z = L) is the dispersion compensated large desired signal at the end of the span,

L denotes the span length, F denotes the FFT matrix and −1 denotes matrix inverse. As-

suming that the large desired signal at the receiver is A(z)|z=N ·L, dispersion compensation

at the receiver will be applied as

Adc(z = N · L) = F−1[exp(−Dz)|z=0.05·N ·LFA(z = N · L)] (5.24)

where Adc(z = N · L) is the dispersion compensated large desired signal, L denotes the

span length, N denotes the span number, F denotes the FFT matrix and −1 denotes matrix

inverse.

To obtain the desired channel’s signal envelope, we will apply filtering at the receiver

site. If we denote the matrix χ for filtering operation, the noise covariance matrix after

filtering becomes

Kf
f (z) = E






χFar(z)

χFai(z)




[
(χFar(z))∗ (χFai(z))∗

]




=


χ Z
Z χ





FE[ar(z)ar(z)†]F∗ FE[ar(z)ai(z)†]F∗

FE[ai(z)ar(z)†]F∗ FE[ai(z)ai(z)†]F∗




︸ ︷︷ ︸
Kf (z)


χ Z
Z χ




=


χ Z
Z χ


Kf (z)


χ Z
Z χ




(5.25)

where E is the statistical expectation operator, and Kf
f (z) and Kf (z) are the frequency

domain covariance matrices after and before filtering respectively. Note that all the variables

in 5.25 are in frequency domain. We will use brick-wall filter in our simulations.
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In the propagation of covariance matrix and in order to generate noise samples we have

to find the noise covariances in time domain. We will use the following formula, which is

given in chapter 4, to go back and forth between time and frequency domain covariance

matrices:

Kf (z) = E






Far(z)

Fai(z)




[
(Far(z))∗ (Fai(z))∗

]




=


F 0

0 F





E[ar(z)ar(z)†] E[ar(z)ai(z)†]

E[ai(z)ar(z)†] E[ai(z)ai(z)†]




︸ ︷︷ ︸
Kt(z)


F∗ 0

0 F∗




(5.26)

where Kf (z) and Kt(z) denotes frequency and time domain covariance matrices and F

denotes FFT matrix. Equation 5.26 gives a formula to compute the frequency domain

covariance matrix by using the time domain covariance matrix. Also by using inverse

Fourier transform (inverse FFT) we will use the equation 5.26 to compute the time domain

covariance matrix from the frequency domain covariance matrix.

5.2 Noise Generation

Let assume that Kdcaf
t (z = N · L) denotes the dispersion compensated, amplified and

filtered noise covariance matrix in time domain. To generate noise samples we will compute

the CT(z = N · L), block noise covariance matrix, from Kdcaf
t (z = N · L). Note that

CT(z = N ·L) contains the covariances of all noise samples observed between [0, Tp), where

Tp is the signal period. In order to create sample noise values, we need to extract the

covariances of noise samples that are seen by the receiver. For modulated carrier case, noise

after the filtering is non-stationary as depicted in figure 4.10. Thus the sampling instance,

with sampling period, plays a critical role in noise generation. In our analysis we will create

the sampled noise covariance matrix with respect to time, t = 0 and take the symbol rate

to be 12.5 Gs/sec. For the un-modulated carrier case, noise after the filtering is stationary

as observed from the figure 4.4 implying that covariances of noise samples depends only on

the sampling period not sampling instance.

We can create the sampled noise covariance matrix by extracting the covariances from

CT(z = N · L) matrix. Let define CTr as the sampled noise covariance matrix. Note that
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CTr is complex valued and hermitian. Also note that while CT(z = N · L), is 256 × 256,

the sampled covariance matrix, CTr, is 8× 8.

We will use CTr to create correlated noise samples. We will assume that the noise

impinging on the receiver is zero-mean Gaussian process. Let define the complex noise

vector, n, impinging on the receiver as

n = nr + jni (5.27)

where nr and ni are un-correlated zero-mean Gaussian noise vectors and j =
√−1. To corre-

late noise samples let multiply the noise vector n, by the matrix Q such that E[(Qn)(Qn)∗] =

CTr. We can find the Q matrix as follows

CTr = E[(Qn)(Qn)∗]

= E[(Q(nr + jni))(Q(nr + jni))∗]

= E[Q(nrnr
∗ − jnrni

∗ + jninr
∗ + nini

∗)Q∗]

= Q( E[nrnr
∗]︸ ︷︷ ︸

Identity Matrix

−j E[nrni
∗]︸ ︷︷ ︸

Zero Matrix

+ + j E[ninr
∗]︸ ︷︷ ︸

Zero Matrix

+ E[nini
∗]︸ ︷︷ ︸

Identity Matrix

)Q∗

= 2QQ∗

(5.28)

where E denotes statistical expectation operator.

To find the Q matrix such that CTr = 2QQ∗ we will use the SVD theorem. SVD

theorem states that any complex valued matrix M , can be decomposed into three matrices

U , Λ and V such that [26]

M = UΛV ∗ (5.29)

where U and V are unitary matrices, Λ is a diagonal matrix with positive entries and ∗

denotes complex conjugate transpose operation. For Hermitian matrices U = V .

By using SVD we can find we can find such U , Λ and V matrices so that CTr = UΛV ∗.

If we set the Q matrix to Q = U
√

Λ
2 V ∗ we ensure that CTr = 2QQ∗ holds. That is
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Q = U

√
Λ
2

V ∗

⇒ QQ∗ = (U

√
Λ
2

V ∗)(U

√
Λ
2

V ∗)∗

= U

√
Λ
2

V ∗V︸︷︷︸
textIdentityMatrix

√
Λ
2

U∗

= UΛU∗ = UΛV ∗

= CTr

(5.30)

To compute the system BER value we will create large number of random noise vectors,

multiply the created noise vectors by the Q matrix to correlate them, add the correlated

noise vectors to the sampled large signal A(z, t) vector, determine the symbol sequence at

the receiver, compare the symbol sequence with the symbol sequence transmitted, count

the number of symbol errors and divide the number of symbol errors to the total number

of symbols used in the simulation to find the system’s SER. Note that while the BER value

for DBPSK modulation scheme is same as the SER value, for DQPSK modulation scheme

because there are 2 bits for each symbol, BER value is half of the SER value.

5.3 Simulation Results

In this section we will provide the simulation results that show system BER value for differ-

ent system settings. For simulations we will use a 5-channel system and use 8 logarithmically

equally spaced power levels between 0.1 mW and 10 mW . In the analysis we will set the

noise power such that when there is no Kerr non-linearity and the power of the carriers

are set to 1 mW, the system’s BER value will be 10−4. In the simulation we will use 107

symbol blocks, each containing 8 symbols, for noise samples. However, note that because

the modulation is differential there are actually 7 symbols for each symbol block.

Because the the computational complexity of solving COVODE equation as described

in chapter 4 is so high, for our analysis we will supply the results for just 2 special cases:

• No noise amp: BER is evaluated by ignoring Kerr non-linearity in the system. For this

case CTr matrix becomes diagonal since there is no correlation among noise samples.
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Also note that in this case BER equals to 10−4 when the launched power per channel

is 1 mW .

• Noise amp with no disp: In this case, dispersion is ignored but Kerr non-linearity is

taken into account. Note that dispersion compensation has no significance since there

is no dispersion in the system for this case. For this case, the noise covariance matrix

before channel select filter becomes diagonal, meaning that there is no correlations

between noise samples. However, correlations within noise samples, i.e. in-phase and

quadrature noise components for the same noise sample, do exist. After the channel

select filter, for the selected channel the time domain noise covariance matrix becomes

a full matrix indicating the existence of correlations between noise samples.

Because the solution of COVODE equation and required NLSE equation take much

time, for the simulations provided in this section we used

• Split-Step method for the solution of NLSE equation [25]

• Forward-Euler in the integration of z dependent part of the COVODE equation

• Trapezoid rule in the integration of ∂
∂t dependent part of the COVODE equation

We compared the results of the COVODE equation that are obtained by the above

method and the method that is supplied in chapter 4 and found the results matches each

other.

Before supplying simulation results, let we summarize the steps that we will follow for

noise sample generation and error counting:

• First find the accumulated noise covariance matrix, in frequency domain, Kf (z = N ·L)

before filtering. Please note that, each OA compensate 95 % of dispersion and at the

receiver the remaining dispersion is compensated. Also each OA amplifies both the

large desired signal,A(z, t) and the noise. Thus the Kf (z = N · L) matrix is actually

amplified - dispersion compensated noise covariance matrix.

• Compute the filtered noise covariance matrix Kf
f (z = N · L) as described by 5.25
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• Compute the filtered noise covariance matrix, Kf
t(z = N ·L), in time domain by using

5.26

• Compute CT(z = N · L) by using Kf
t(z = N · L)

• Create a new covariance matrix, CTr, from CT(z = N ·L) . Note that CTr contains

the covariances of the noise samples that are seen by the receiver

• Generate large number of correlated noise vectors by using CTr as described in pre-

vious section

• Add the noise vectors to the large desired signal, which is also dispersion compensated

and filtered, and count the errors by comparing the input and output bit pattern

5.3.1 Noise Amplification

In this section we will concentrate on the noise amplification of the channel that sits in the

middle of the WDM spectrum, where the channel carriers are assumed to be unmodulated.

Figure 5.3.1 shows the noise amplifications that are obtained by using the transfer func-

tion methodology , which is discussed in chapter 3, and covariance matrix methodology,

which is discussed in chapter 4.The graph shows the noise amplification of the middle chan-

nel where the total number of channels are taken to be 1, 3 and 5 and signal power is taken

as 10mW per channel.

Note that as it is stated in chapter 3, because for unmodulated case noise is station-

ary we have computed the noise spectral properties for each channel individually and di-

rectly obtained the noise amplification for each channel. However, in the covariance matrix

methodology case we have propagated the noise covariance matrix that contains the covari-

ances of the noise samples around whole WDM spectrum. Thus in order to find the noise

amplification one has to do filtering at the end of the fiber. In Figure 1 we plotted the noise

amplification of the middle channel that is filtered out, by using brick-wall filter, at the end

of the fiber.

From figure 5.3.1 we observe that

• For 1 channel system the results are exactly same
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Figure 5.5: System parameters: # of channels: 1, 3, and 5, Channel spacing: 25 GHz,
Symbol rate: 12.5 Gs/sec, Launch Power: 10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km,
β3 = 0.128 ps3/km, γ = 2 1/(W·km), L : 80 km, # of spans: 1
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• For 3 and 5 channel system, noise amplification that is obtained by the solution of

COVODE equation is higher than the noise amplification that is obtained by the

transfer methodology case.

The main reason for the difference is the inclusion of side channels in the solution of

COVODE equation. In the transfer function methodology we explicitly assumed that noise

around each channel is stationary, which allowed us to compute the spectral properties of

the noise to compute separately for each channel, and applied the filtering in the beginning

of the solution. However, in the solution of COVODE equation we took the noise around

whole WDM spectrum and propagated the noise spectral properties in that way. Thus noise

amplification shown in figure 5.3.1

• obtained by transfer function methodology : shows the noise amplification for just

taking the middle channel

• obtained by the solution of COVODE equation : shows the noise amplification by also

taking care of the side channels of the middle channel

The inclusion of the side channels increases the noise power at the center frequency

interval [-12.5 GHz 12.5GHz], thus it is reasonable to obtain a higher value compared to just

taking the channel itself. In addition, we expect the difference between noise amplifications,

that are obtained by transfer function and covariance matrix propagation methodology, to

increase as more channels are added to the system. However the increase will not be so much

as more and more channels are added to the system. This is because as more channels added

to the system the effect of the further channels on the center channel becomes negligible.

5.3.2 BER Comparison

In the previous section we supplied the noise amplifications that are obtained by both

transfer function methodology and covariance matrix propagation methodology. In this

section we will supply BER results that are obtained by using covariances of noise samples

obtained by the solution of COVODE equation.

Figure 5.6 shows the BER results, for DBPSK and DQPSK modulation schema, that are

obtained by using the methodology discussed in chapter 3 and by using the solution of the
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Figure 5.6: (95% dispersion compensation at the OAs , rest at the receiver) System pa-
rameters: # of channels: 5, Channel spacing: 25 GHz, Symbol rate: 12.5 Gs/sec, Launch
Power: 0.1-10 mW, α = 0.25 dB/km , β2 = -21.6 ps2/km, β3 = 0.128 ps3/km, γ = 2
1/(W·km), L : 80 km, # of spans: 8

COVODE equation and methodology discussed in this chapter. As stated in the beginning

of the section we will supply the simulation results for just two special cases: No noise

amp and Noise amp with no disp. The results obtained in this section shows the BER of

the channel that sits in the middle.

We also made simulations for modulated carriers. The signal(s) -for the middle channel-

that is/are used in DBPSK and DQPSK simulation is/are shown in figures 5.3.2, 5.3.2 and

5.3.2.

Simulation results for the modulated carrier case is much like the plots given in figure 5.6.
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Figure 5.9: DQPSK Input Signal - Quadrature

This is because we made the simulations just for taking either dispersion or non-linearity

into account. The plot is given by 5.10.

From figure 5.6 we observe that for No noise amp case all plots show the same behavior.

For Noise amp with no disp case the results which are obtained by using the COVODE

equation with transfer function approach have slightly higher BER values compared to BER

values obtained by transfer function methodology. One of the reasons for this difference is

the BER computation methodology. In transfer function methodology, described in 3, we

created noise covariance matrix just for two consecutive noise samples and used it for BER

evaluation. However in the methodology that we presented in this chapter, we computed

the covariance of all noise samples that are seen by the receiver and used the computed

covariance matrix in BER computation.Another reason for the difference is the numerical

solution of NLSE equation. In the transfer function methodology we assume the signal

impinging on the receiver is restored to its original power level. However, in the covariance

matrix case, we are propagating the large desired signal by numerically solving the NLSE

equation and applying filtering at the receiver site which changes the signal envelope.

In this chapter we supplied a methodology to find out the system’s BER value for
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a WDM fiber optical system where the carriers are modulated. We supplied covariance

matrix propagation within fiber spans, noise generation mechanism and BER evaluation

methodology by using the covariances obtained from the solution of COVODE equation.

We also supplied simulation results for two special system settings - No noise amp with and

Noise amp with no disp and showed that for these two special cases two different system

analysis methods - transfer function methodology described in chapter 3 and covariance

matrix propagation described in chapter 4 - give the similar results.
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Chapter 6

CONCLUSION

6.1 Summary

Optical fiber communication systems plays a critical role in today’s communication systems.

Their usage is not limited to telecommunications but include industry, medical and military

application as well.

In this thesis we analyzed the noise effect on system performance of WDM optical fiber

communication systems. We first gave a general information about OFCSs and problems

associated with optical fibers: the affects of attenuation, dispersion and Kerr non-linearity

have been discussed on optical signal in chapter 1.

In chapter 2 we supplied the NLSE equation that governs the complex signal envelope

in a single mode fiber. We also supplied a general overview of noise analysis mechanism

implemented in the thesis.

We focused on un-modulated optical carrier case in chapter 3 where we have used the

transfer function methodology in noise analysis: we first computed, both analytically and

numerically, inter and intra transfer function matrices among channels and used the com-

puted transfer function matrices in the computation of noise spectral densities at the end

of the fiber. We have supplied various plots that shows intra and inter transfer functions

and noise spectral densities for various system settings. At the end of chapter 3 we supplied

simulation results that show WDM system BER performance for DBPSK and DQPSK mod-

ulation schemes. From the simulations we observed that the existence of dispersion greatly

increases the system performance. We also observed that the inclusion of correlations among

noise samples increases the system performance further.

We treated the modulated optical carrier case in chapter 4, where we gave the numerical

formulation of noise covariance matrix, numerical solution of NLSE equation and numerical

solution of COVODE equation that describes the noise covariance matrix propagation along

the fiber. We also developed formulation of noise propagation in frequency domain and
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supplied solution methodology. We have also supplied simulation results that show noise

amplification for one fiber span for different system settings.

In chapter 5, which is the main contribution of the thesis, we gave BER computation

methodology for modulated carrier case. We supplied methodology for noise covariance

matrix propagation within fiber spans, obtaining noise covariance matrix at the receiver and

noise generation for system BER analysis. Due to complexity of the solution of COVODE

equation we supplied simulation results for just to special case where we ignore either

dispersion or non-linearity. For these two special cases we observed that both transfer

function and covariance matrix propagation methodologies gave similar results.

6.2 Future Work

The computational cost of the solution of COVODE equation or the solution of frequency

decomposed formulation of covariance matrix propagation is very high. Thus the propaga-

tion of the covariance matrices within fiber spans take very much time and make modulated

carrier case analysis difficult. This difficulty can be solved by computing the time dependent

transfer functions, that transfers the input covariance matrix to the covariance matrix at

the output of the fiber span. In this case computation of the transfer function matrices

for one fiber span becomes sufficient to propagate the covariance matrix within fiber spans.

The formulation and implementation of transfer function matrices is part of future work.

Due to complexity of the solution of COVODE equation, for modulated carrier case

we supplied simulation results for two special cases that are obtained by ignoring either

dispersion or non-linearity. A detailed analysis in parallel with transfer function matrix

computation is also part of future work.
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