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PRODUCT TYPE OSCILLATION TESTS FOR PARTIAL DIFFERENCE
EQUATIONS WITH VARIABLE COEFFICIENTS

ABSTRACT

In this thesis, we will review some of the most well known the results in the
oscillation theory of ordinary difference equations and partial difference equations.
Later, we present new oscillation tests for the partial difference equations. Our main
result improves some of the well-known results in the literature. We also provide a

numerical example where not all previous results in the literature give an answer.

Keywords: Difference equations, ordinary difference equations, partial difference

equations, oscillation, nonoscillation
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DEGISKEN KATSAYILI KISMi FARK DENKLEMLER iCiN CARPIM
TiPLi SALINIM TESTLERI

0z

Bu ¢alismada, adi fark denklemlerinin ve kismi fark denklemlerinin salinimina
iliskin sonuglar1 gdzden gecirilmektedir. Daha sonra, kismi fark denklemleri i¢in yeni
salinim testleri sunulmaktadir. Ana sonucumuz, literatiirde iyi bilinen bazi sonuglari
gelistirmektedir. Ayrica, literatiirdeki dnceki tiim sonuglarin cevap vermedigi sayisal

bir 6rnek sunulmaktadir.

Anahtar kelimeler: Fark denklemleri, adi fark denklemleri, kismi fark denklemleri,

salinim, salinimsizlik
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CHAPTER ONE
INTRODUCTION

Researchers who conduct scientific studies in technological inventions that make our
daily lives easier, in the investigation of various natural phenomena, physical events,
and economic fluctuations describe the problems they encounter with mathematical
models. These models are expressed by mathematical equations. If the independent
variable in the problem is continuous and we will express the relationships between
rates of change of various quantities, the model is expressed with differential equations.
In the case that the independent variable is not continuous, the model is expressed with
difference equations. In this case, one can said that difference equations are a discrete

analogue of differential equations.

Definition 1.0.1. The equation
um+71) = f(mulm—+71—1),u(m+7—2), -, u(m))

for a given function f € C(Ny x R™,R), where Ny := {0,1,---}, and unknown

quantities u(m), m = 0, 1, - - is called a difference equation of order .

Definition 1.0.2. The equation
ar(m)u(m+7)+ar(mu(m+r—1)+--+ao(m)u(m) = f(m), ag(m)a-(m) # 0

is called linear difference equation of order T.

If the coefficients a;(m) (i = 0,1,---,7) depend on m, the equation is called an
equation with variable. If the coefficients a;(m) (i = 0,1,--- ,7) does not depend on
m, the equation is called an equation with constant coefficients.

If B(m) = 0, then the equation is homogenous. If 3(m) % 0, then the equation is

nonhomogeous.

Difference equations appear mostly in some real world problems and approaching

numerically to solutions of differential equations with finite difference schemes. For



instance, consider the transport equation
2+ az, +bz=0 for(z,t) € R x [0,00), (1.1)

where a,b € R (Evans, 2010, § 2.1). In real world applications, it is not always the
case that changes happen instantaneously but involves some response delay. That is,
z; and z, in general depend on z(z,t — 3), z(x — a, t), or z(x — «, t — [3) rather than

z(x,t). Thus, we modify (1.1) as in the following form
2z +az, +bz(xr —a,t — ) =0, (1.2)

where a > 0 and 8 > 0. Using the forward difference approximation for (1.2), we can

write

2(z,t+ ko) — 2(x,t) z(x + ho, t) — z(z,t)
+a
ko ho

+bz(x —a,t— ) =0,

where ko, hg > 0. Supposing that z(x,t) ~ u(m,n), z(z,t + ko) ~ u(m,n + 1),
z2(x 4 ho,t) = u(m + 1,n) and z(x — a,t — ) =~ u(m — 7,n — o), we obtain the

linear partial difference equation

akou(m + 1,n) + hou(m,n + 1) — (ako + ho)u(m,n) + bkohou(m — 7,n — o) = 0.

Although the existence and uniqueness of solutions can be proved for many classes
of equations, it is not possible to obtain the solution with a simple notation or to
clearly state it. For such equations it is important to at least determine how the
solutions behave. Two important areas that examine how solutions behave are
stability theory and oscillation theory. While the stability theory examines whether
small changes in the initial data will cause small changes in the solution or whether
the solution can converge to any equilibrium value according to the initial data, the
oscillation theory examines whether the sign of the solutions will change according to

the initial values.



In this thesis, we will review the results on the oscillation of ordinary difference
equation

u(m—+1) —u(m) + Zpk(m)u(m — 1) =0, m2>0,
k=1

where 7 € N, {pr(m)} C RJ = [0,00) and 7, € Ny := {0,1,---} and partial

difference equations

u(m+1,n)+u(m,n+1)—u(m,n)+zr:pk(m,n)u(m—7'k,n—ak) =0, m,n>0,
k=1

where r € N, {p.(m,n)} C R} and 74, 04 € Ny.

In Chapter 2, we present some theorems in the literature about oscillation of ordinary

difference equations. Firstly, we will give the most fundamental result obtained in

Gy6ri & Ladas (1989) regarding the oscillation of ordinary difference equations.

After, we give more general results that that extends this result. Also, we will

compare these results with examples.

In Chapter 3, we investigate the partial difference equations. Firstly, we will give
necessary and sufficient condition for the oscillation of partial difference equations.
(Zhang & Liu, 1997a, Theorem 3.1). Then, we will present results obtained in (Zhang
et al,, 1995, Theorem 3.4) and (Zhang et al., 1995, Theorem 3.6) that give the
oscillation conditions of the partial difference equation. After, we will give the results

that Zhang and Liu improved these results.

In Chapter 4, we will improve the results for the oscillation of the partial difference
equations. Firstly, we prove a simple but important result which generalizes (Zhang
et al., 1995, Theorem 3.1). Then, we introduce the notion of path, which forms the
snipe of this study, and we prove our new theorems improving (Zhang & Liu, 1997b,
Theorem 2.1) and give several corollaries. Also, we give an example that none of the

results in the literature can deliver an answer.



CHAPTER TWO
ORDINARY DIFFERENCE EQUATIONS

In this chapter, we will consider the ordinary difference equation
u(m—+1) — +Zpk m—1,)=0, m>0, 2.1)

where r € N, {pr(m)} C R} :=[0,00) and 7, € Ny := {0, 1,--- }.

Definition 2.0.1. A solution of (2.1) is a sequence {u(m)} defined for m > —t%,

where T* := maxy {7y}, which satisfies (2.1) form =0,1,---

One can easily see that if {u(m)} is prescribed on {—7*, —7* + 1,--- 0}, then it
is uniquely defined on {—7*, —7* + 1, - }.

Definition 2.0.2. A4 solution of (2.1) is called eventually positive if u(m) > 0 for all
large m, while it is called eventually negative if u(m) < 0 for all large m. A solution

of (2.1) is called oscillatory if it is neither eventually positive nor eventually negative.

First, we will consider the autonomous difference equation
u(m+ 1) )+ Zpku —1) =0, m>0, (2.2)

where r € N, p;. € R and 7, € Ny. Equation (2.2) is associated with the characteristic

equation

>\—1+Z%:O. (2.3)
k=1

In Gyori & Ladas (1989), the most fundamental result on the oscillation of ordinary

difference equations is obtained.

Theorem 2.0.1 (Gy6ri & Ladas, 1989, Theorem 2). Every solution of the autonomous

equation (2.2) is oscillatory if and only if the characteristic equation (2.3) has no roots

in R,



Proof. Assume that every solution of equation (2.2) is oscillatory. Suppose, for the
sake of contradiction, that the characteristic equation (2.3) has a positive root A. But

then u(m) = A™ is a nonoscillatory solution of equation (2.2), which is a contradiction.

Assume for the sake of contradiction, that equation (2.2) has a nonoscilatory solution
{u(m)}. As the opposite of a solution of equation (2.2) is also a solution, we may

assume that {u(m)} is eventually positive. Then eventually,
u(m+ 1) Z pru(m — 1) <0

and so {u(m)} is eventually decreasing. If 7, = 0 forall k = 1,2,--- ,r, then from

(2.2) it follows that

u(m+1) — <1—Zpk>u m=0,1,2,--

andso \g = 1 — >, pr > 0. But in this case equation (2.3) has the positive root
Ao, which is impossible. Hence, we will suppose that 7, > 0 for at least one k£ €

{1,2,--- ,r}. Define the set
F(u):={X€(—o0,00): u(m+1)—Au(m) <0, m>0}

with the convention that all the inequalities in this proof, which involve m, are assumed

to be true for all sufficiently large m.

Clearly,
1€ F(u) and (—o0,0]NF (u)=0.

Therefore, the proof will be complete if we establish the following claim: There is at

least a positive number « such that

AEF(u)=A—ac€F (u). (2.4)



To this end, let us first define the number «. Set

F(\):=A—1+ ipkxﬂv, A € R\{0}

k=1

and observe that F'(co) = oo and F(01) = co. As F'(A) = 0 has no positive roots, it
follows that
a = min{F(\)}

A>0

exists and is positive. Clearly,
1+ pATE=a— A A>0. (2.5)
k=1

Now, let A € F (u). Then, for every k = 1,2, --- ,r and for m sufficiently large,
1
u(m—+1) < Au(m) or u(m—1) < Xu(m)

and by induction
u(m — 1) > X *u(m). (2.6)
Hence, from (2.2), (2.5) and (2.6), we see that
0=u(m+1)—ulm)+ Zpk(m)u(m — Tk)

k=1
r

>u(m+1) —u(m) + Zpk(m))\_Tku(m)

=u(m+1)+ (—1 + zr:pk)\—m> u(m)
>u(m—+1)+ (a— Nu(m)

— u(m + 1) — (A — a)u(m),

which proves (2.4). The proof of the Theorem 2.0.1 is complete. [

Remark 1. Note that if p, € Rtand \ > 1, then (2.3) cannot hold, and

T+1
f 1 _ (t+1) ’
xe(0,1) | (1 — A)A7 77




where T € Ny and we use the convention that 0° := 1.

Corollary 2.0.1.1 (Ladas et al., 1989a, Remark 1). Assume p;, € R™ and

! T + 1)+
k=1 Tk

Then, every solution of the autonomous equation (2.2) is oscillatory.
For the autonomous equation with a single delay term
um+1) —u(m)+puim—71)=0, m=>0,

where p € R and 7 € N, we can give the following more general result.

2.7)

Theorem 2.0.2 (Gy6ri & Ladas, 1991, Theorem 7.2.1). Every solution of the

autonomous equation (2.7) is oscillatory if and only if

,7_7'

> .
p <T+ 1)T+1

Proof. We can get the proof by computing the extreme value of characteristic eqaution

and by applying Theorem 2.0.1. Set
FA):=XA—=1+p\", XeR\{0}.
Then,
FFA)=1—prA ™!

and

F'(h)=1- ]97'/\57_1 =0,

1
where A\ := (p7)7+1.
Also,
F'N) =p(t+1)7A7™2 for A>0.

Clearly, )¢ is only critical point of F' in (0,00) and F' has a minimum at \,. Also,



F(0") = oo and F(00) = co. Therefore, F'(\) has a global minimum in (0, co) at the
point \g.
By the Theorem 2.0.1, every solution of the autonomous equation (2.7) is oscillatory

if and only if F'(A\g) > 0. We simply compute that

F(Xo) =Xo—14+pA~

Thus, F'(Ao) > 0if and only if Ag > - if and only if pr = ATt > (TLH)TJrl if and

only if p > #, as desired. [

Now, we consider the difference equation with a single delay term and a variable
coefficient

u(m+1) —u(m) + p(m)u(m —7) =0, m >0, (2.8)

where {p(m)} C R and 7 € Ny, we can give the following more general result, which

extends Theorem 2.0.2.

Theorem 2.0.3 (Erbe & Zhang, 1989, Theorem 3.1, Theorem 3.2).

(i) Assume that

T

.. T
Then, every solution of (2.8) is oscillatory.
(ii) Assume that
p(m) < m for all large m. (2.10)

Then, (2.8) possesses an eventually positive solution.



Proof. (i) Suppose that there is a solution u(m) of (2.8) with u(m) > 0 for m >

M;. Setting w(m) := % and dividing inequality u(m + 1) — u(m) + p(m)u(m —

7) < 0 by u(m) and rearranging we have

1
mgl—p(m)w(m—ﬂ--~w(m—l), m > My + 7. (2.11)
From (2.9), p(m) > 0 for m > M, and setting M := max{M,, M, + 7} it follows
that u(m) is weakly decreasing for m > M and so w(m) > 1. Also (2.9) and (2.11)

imply that w(m) < 0 for arbitrarily large m. If we set ¢ := liminf,, ., w(m), then

from (2.11) we get

) 1 1 R
hnT—folip wim) 1 <1- llrrllllolgf[p(m)w(m — 1) w(im—1)]. (2.12)

Since lim inf,,, oo [p(m)w(m —7) -+ -w(m—1)] > al™, where o := liminf,,, ., p(m),

we have % <1—af or

A—1

Now, it is easy to see that max,>1{h(\)} = # and hence we obtain v < #,
contradicting (2.9). This completes the proof.
(i1)) We show that
=1 plm)uwm — 1)+ wlm — 1) 214
——=1—pm)wim —71)---w(m — :
w(m)
has a positive solution. To see this, define
1
Tt ) m=M-—7,--- M-1
s(m) == T 1 (2.15)
— M, M+1,---.
1—p(m)s(m—7)---s(m—1) " Mt
From (2.15), it follows that s(m) < 1 and s(M) < ==L so we define
1 1
s(M+1) = < I 2.16)

S l—pM+1)s(M+1—7)---s(M) T



and by induction 1 < s(M + 1),s(M + 2),--- < ZH so that the sequence {s(m)},

T

m = M, M +1,---,1s a solution of (2.14). Next, defining

1, m=M-—71,--- M
u(m) := _
wm =) M1 M2
s(m—1)
it follows that {u(m)} satisfies (2.8). O

Remark 2. Note that for T € N, we have

- 1 T T_ 77
r+I\T+1) (74 1)7HV

For autonomous equations the following theorem is not useful but it is new for (2.8),

1.e., for equations with variable coefficients.

Theorem 2.0.4 ( (Erbe & Zhang, 1989, Theorem 2.1)). Assume that there exists an

increasing sequence {&} C N such that
p(&k) > 1 forallk. (2.17)

Then, every solution of (2.8) is oscillatory.

Proof. Assume that there exist an increasing sequence {&;} such that 1 — p(&) < 0
for all k, i.e., p(§) > 1 for all k. Now, assume that {u(m)} is an eventually positive
solution of (2.8). Then, there exists m; > mg such that u(m) > 0 and u(m — 7) > 0
for m = my,my + 1,---. From (2.8), we see that u(m + 1) — u(m) < 0 for m =
mi,mi+1,---,ie,u(m+1) < u(m)form =my,m;+1,---. Clearly, & > mq+7

for all £ > 0. It follows from (2.8) that

0> (& + 1) — u(ék) + p(&e)ulér)
= u(& +1) — [1 = p(&)]ul(&r) >0

for all £ > 0, which is a contradiction. ]

10



Remark 3. Theorem 2.0.3 (i) and Theorem 2.0.4 are not comparable.

Example 1. Set the difference equation

u(m+1) —u(m) + um—2)=0 form=0,1,---.

For this equation, we compute that

2
42

liminfp(m) = 5

1
M—r00 9
showing that Theorem 2.0.3 (i) is not applicable here. Fortunately,

p(2k) =1 fork=1,2,---,

and thus, by Theorem 2.0.4, all solutions of (2.18) oscillate.

Example 2. Set the difference equation

m = even

l\')lm

7

%, m = odd

u(m+1) —u(m) +

For this equation, we see that

p(m) < =<1 forall m,

NoB il

showing that Theorem 2.0.4 is not applicable here. Fortunately,

5 4 22
D) = 977 57 T

and thus, by Theorem 2.0.3 (i), every solution of (2.19) oscillates.

The following theorem extends Theorem 2.0.3 (i) to (2.1).

11

(2.18)

um—2)=0 form=0,1,---. (2.19)



Theorem 2.0.5 (Tang & Deng, 1998, Theorem 4.1). Assume that

" 1) +1
liminf ) %pk(m) > 1 (2.20)
m—o0 pt A

Then, all solutions of (2.1) are oscillatory.

We need a lemma for the proof of Theorem 2.0.5.

Lemma 2.0.6. Assume that {u(m)} is eventually positive solution of (2.1), and

17iggfz pr(m) > 0. (2.21)
k=1
Then, the set
F(u)={XA>0:u(m+1) = Iu(m) <0, m>0} (2.22)

is nonempty and is bounded.

Proof. Since {u(m)} is the eventually positive solution of (2.1), without loss of
generality, we can set u(m) > 0, for m > — 7, where 7 := max;{7;}. By equation
(2.1), there is u(m + 1) — u(m) = =3 ,_, pe(m)u(m — 7;) < 0, then {u(m)} is
monotonically decreasing. From (2.21), there exist a sufficiently large positive

integer M and a positive number o € (0, 1) such that
Zpk(m) >a, m> M. (2.23)
k=1
Then, by (2.23) and from the monotonicity of {u(m)}, we have
u(m+1) —u(m) < — Zpk(m)u(m) < —au(m).
k=1

So, we have

um+1)— (1 —a)u(m) <0, m> M.

12



This shows that (1 — «) € F (u), that is, the set f (u) is not empty, and because A <
1— “("(”)1) <1l,m=M,M+1,---, forany X\ € F (u), therefore f (u) C (0,1). [

Proof of Theorem 2.0.5. Suppose to contrary that equation (2.1) has a nonoscillatory
solution. Without loss of generality, we may suppose that (2.1) has an eventually
positive solution {u(m)}, that is u(m) > 0 for m > —7, where 7 := max {7 }. Note
that (2.20) implies (2.21). By Lemma 2.0.6, the set F (u) defined in (2.22) satisfies
F(u) # 0 and sup{F (u)} < co. Forany A € F (u), we get

u(m) < (1 =XN)"*u(m—1), k=1,2,--- 7 (2.24)
Substituting (2.24) into (2.1), we obtain,
u(m+1) —u(m) + P(m) u(m) <0
o (L= A

or equivalently
That is,
So

Since Ao := sup{f (u)} exists, we can write

I < pe(m)
f — 3 < 1.
mglMo{ Mo Z TN
As A — g, we get

mlznl\go{z )\0 1-— )\0 } =1 (225)

13



We compute that

min
0<A<1

{)\(1 _1 ) } - :

From (2.25), we get

. . (Tk + 1)Tk+1 . . pk(m)
é%{}:_fﬁ_—m@ﬂ Sé%ozjxﬁfﬂg <1

This contradiction completes the proof. 0

Theorem 2.0.3 can be regarded as a pointwise result, and the following result
improves Theorem 2.0.3 by using the arithmetic mean of the coefficient p over

consecutive 7-terms.

Theorem 2.0.7 (Ladas et al., 1989b, Theorem 1). Assume that

m—1 T+1
.. . T
lliriﬂlfi:mg 7Tp(z) > (T n 1) . (2.26)

Then, all solutions of (2.8) are oscillatory.

Proof. Suppose that the equation (2.8) has a nonoscillatory solution {u(m)}.

We can suppose that {u(m)} is eventually positive since the opposite of a solution

of equation (2.8) is also a solution. Then

u(m +1) —u(m) = —p(m)u(m — 1) <0,

and {u(m)} is decreasing sequence of positive numbers. Then

u(m —7) > u(m)

and so

u(m + 1) — u(m) + p(m)u(m) <0,

14



or equivalently

po) < 1= 5
Then, s s "
Ewsl E(-45) e
Let
o= # (2.28)

Then, from (2.26), it is easily seen that we can take a constant [ such that,

1m
< — 0. 2.29
<B<- ) @), m> (2:29)

1=m—-T

Thus, in view of (2.27),

\]

<t mz ( ”)1)), m> 0. (2.30)

i=m

By using (2.30) and the inequality between the arithmetic and geometric means, we get

<15 (1 - 1)):1_;2 i
1 . 1/’7’ 1/’7’
u(i o u(m) .
= (zzm T > - <u(m N T)> ’ o O’

that is,

u(m —r1

1/7
(M_W)) <1-8 m»o0. 231)

Especially, this implies 0 < § < 1.

Now, observe that

max { (1-— )\)Al/T} = ;1 = oﬁ,
0<A<1 (1 + )=

where « is the positive constant defined by (2.28). Therefore,

l—A<a A7 for 0<A<1

15



and (2.31) yields

éu(m) <wu(m—r7) foralllarge m (2.32)
(0%

By using (2.32) in equation (2.8) and then by repeating the above arguments, we find

that
/8 2
(—) u(m) <wu(m —71) foralllarge m
e
and, by induction, for every £ = 1,2, - - - there is at least an integer m,, such that for
m > mg,
3\ *
<—) u(m) <u(m— 7). (2.33)
«
Next observe that because of (2.29), for m sufficiently large,
m m—1
> pli) > pli) > 78
Hence, for m sufficiently large,
> pli) =M, (2.34)

1=m-—-T

where M := 73 > 0. Choose n such that

- > . 2.35
(a - (2.35)
This is possible because from (2.29), 8 > «. Then for m sufficiently large, say for
m > my, (2.33) is satisfied for specific n, which was chosen in (2.35), also (2.29)
and (2.34) hold, {u(m)} is decreasing for m > my. Now in view of (2.34) and for

m > my + T, there exists an integer m* with m — 7 < m* < m such that

*

3
3

16



From equation (2.8) and the decreasing nature of {u(m)}, we have

ulm* —1) —u(m —7) = ,Z (u(i+ 1) —u(3))

IA
!
T

Il
3
4
N——
A
3*
!
\]

IN
|

hence

Similarly

VAN
|
VR
NE
S
5
~_
=
3
|
-

IA
|

and so

From (2.36) and (2.37) we find

which in view of (2.33) yields

(0) = =(50)-

This contradicts (2.35) and so the proof of the theorem is complete.

17
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Example 3. Consider the difference equation

21
2567

_ 13
u(m+1)—u(m)+ i,
20
[ 256°

We compute that

and

m—1

lim inf _Z

i -3

m—r0o0

29

81

256

. 13 33
llmlnfp( )_m}%_ﬂ
)
1 =3k
41
1=3k+1 _@>
1=3k+2
Vs

L 2567

|

Thus, Theorem 2.0.7 applies to (2.38) but Theorem 2.0.3 does not.

3

4

u(m—3)=0 form=0,1,---

)4.

. (2.38)

Remark 4. Since the condition of Theorem 2.0.7 reduces to that of Theorem 2.0.2, it

follows that Theorem 2.0.7 is sharp.

Remark 5. The condition of Theorem 2.0.7 improves Theorem 2.0.3 (i) since

7 liminf p(m
m—0o0

7

m—1

T

m—1
_Z lﬂgfp ) < liminf Z p(i

m—00

1=

The following theorem improves Theorem 2.0.4 by using sum of consecutive (7+41)-

terms of a single one.

Theorem 2.0.8 (See (Erbe & Zhang, 1989, Theorem 2.5)). Assume that there exists an

increasing sequence {&,} C N such that

Ek

ST opli) =1 forallk.

1= —T

Then, every solution of (2.8) is oscillatory.

(2.39)

Proof. Let {u(m)} be a positive solution of (2.8). Summing (2.8) from (& — 7) to &,

18



we have

&k
u(+ 1) —ul—7)+ Y pliu(i—7) =
=€ —T
Hence, we obtain
&k
w(é +1) —u(& —7) +ul& —7) Y pli) <0. (2.40)
1=E—T

Rearranging (2.40) we have,

&k
(e + 1) — u(§ — 7) (1— > p(z')) <0

=€ —T

and hence
&k
> p(i) <1 (2.41)
1=E—T
This contradicts (2.39) and so proof of theorem is complete. O

Remark 6. Theorem 2.0.7 and Theorem 2.0.8 are not comparable.

Example 4. Consider the difference equation

( 3\

27 _
gy = 3k

u(m+1)—u(m)+ X m=3k+1 u(m—2)=0 form=0,1,---. (2.42)
\%, m:3k+2)
Then, ) .
27
o [T 41 81 [3\"
lim inf 18 - (2
Imin 7;:;3 s 1 =3k+1 128>256 (4)
29 . _
\%, Z—3k+2)
and
( ) 4 3\
27 i=23k 109" m =3k

256°

Z %a i=3k+1p=42 m=23k+1, <1 forallm.

29 111 _
| 2567 2—3k—l—2) == m—3k‘+2)



Thus, Theorem 2.0.7 applies to (2.38) but Theorem 2.0.8 does not.

Example 5. Set the difference equation

um+1)—u(m)+ <20 =4k +1puim—2)=0 form=0,1,---. (2.43)

Then,
)
%, 1 =2k :
il &=, i=4k 4k +1 ] 2\ 3
lim inf 20 s _ 17 S (2.
1}?1’10%1-;_2 5, =4k +1 - }27 <3>

2 =4k +2,4k+3

L =4k +3
y,

Theorem 2.0.7 does not apply. Fortunately,

5, i=2k 1, i=20+1
.§:2<§,i:4k+1 =% =4k :
4 s 26 s

\2—77 Z—4]€+3) \ﬁ’ Z—4k+2)

which shows that Theorem 2.0.8 holds with {&.} = {2k + 1}.

Remark 7. In view of Theorem 2.0.3 (ii), Ladas conjectured if (2.8) possesses an

eventually positive solution under the condition

m—1 - T+1
i;_f)(i) < (7’ T 1) for all large m.

For the next result, we need to define the set

A={A>0:1—Ap(m)>0, m>0}.

Remark 8. Note that the condition in Theorem 2.0.4 is equivalent to saying 1 ¢ A or
A C(0,1).

20



The following theorem improves Theorem 2.0.7.

Theorem 2.0.9 (Yu et al., 1994, Theorem 1, Theorem 4). (i) Assume that

m—oo AEA

m—1
lim sup sup{)\ H 11— )\p(z)]} <1 (2.44)

Then, every solution of (2.8) is oscillatory.

(ii) Assume that there exists \g € A\ such that

m—1

Ao H [1— Xop(i)] > 1 forall large m. (2.45)

1=m-—-T

Then, (2.8) possesses an eventually positive solution.

Proof. (i) Let {u(m)} be an eventually positive solution of equation (2.8). Then,
we have

u(m+1) —u(m) = —p(m)u(m — 1) <0,

and so {u(m)} is an eventually nonincreasing sequence of positive numbers. It follows
from (2.8) that
u(m +1) = [1 = p(m)]u(m) <0.

From Erbe & Zhang (1989) it suffices to assume p(m) < 1. Thus, we obtain
leF(u):={A>0:u(m+1)—[1—Ap(m)u(m) <0}.

Obviously, F (u) C A. It is easy to show that A is bounded and )\ := sup{F (u)} € A.

Forany A € F (u), we have

u(m) < ( I1 [I—Ap(i)]>u<m—ﬂ-

i=m—T

Substituting this into (2.8), we have

u(m+1) — <1 — = p(m) - )u(m) <0.




Further

m+1) (1 sup,sa { [T T[l—Ap(i)]}> =0

which yields that

1

Supm>M{HZ S )\p(z)]} € F(u) for XeF(u)

and so

Ao sup{ni_[ 1—/\p()]}21 for X e F(u).

m>M
r

Let A — )y, we obtain

sup {Ao 10 [1—Aop<z'>1} o1

m>M .
= i=m—T

which yields

ﬁgﬂ{élﬁ%{A.ﬂ [1- Ap(@')]}} > 1,

1=m-—T

which contradicts (2.44) and so the proof of (i) is complete.

(i1)) We shall construct a positive solution of equation (2.8). To this end we choose a

positive integer M such that M > 7 and

m—1

it=m-—T

Define

Then,
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In general, by induction, we obtain

1

= - <1
Ao [T [1 = Aoz (@)p(d)]

z(m)

Thus, {x(m)} is defined. Also, we define

z(m) :==1— Xox(m)p(m), m=MDM+1,---.

Then, z(m) > 0 form > M — 7 and

sy =1— =2 M
[LiZm - 2(2)
Define
1 m=DM—1
u(m) = M—-1
z(i)) om=M,M+1,---.
i=M-—1
Then we have by (2.46)
u(m + 1) u(m — 1)
-1 =0.
umy P gy 7
That is,

u(m + 1) —u(m) + p(m)u(m — 1) = 0.

. om=MM+1,--.

(2.46)

Thus, we obtain a positive solution {u(m)} of equation (2.8). The proof of (ii) is

complete.

O

Remark 9. Theorem 2.0.9 is sharp, i.e., Theorem 2.0.9 becomes a criterion when

{p(m)} be a T-periodic sequence. More precisely, if {p(m)} be T-periodic, then

every solution of (2.8) is oscillatory if and only if

%%{GED—AMM}<1,
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where

(0,55). p*=max{p(1),p(2), -~ ,p(7)} >0
(0,00), p*=0.

Remark 10. By the inequality of arithmetic and geometric means, we obtain

/\nﬁll—/\p <)\( mZ1—Ap )T:A(1—ém§p(¢)y

i=m—T i=m—T i=m—T

e e (Til)ﬁli?"‘mllfp”

for A € A and all large m, where we have applied some calculus to reach the second
line of the inequality. Thus, the condition in Theorem 2.0.7 naturally implies that of
Theorem 2.0.9 (i).

Example 6. Consider the difference equation

52772, m = 4k
u(m+ 1) —u(m) + um—3)=0 form=0,1,---. (2.47)
25 m# 4k
Then,
S e im ARl e me <§:(§>4
s | A8 L4k Soompar | P00\
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However,

s 20 =4k
sup )\ 1— )\ 512
0<>\<% i=m—3 %’ Z# 4k
AL — 807, m = Ak
= sup ,
0<A< 1024 A1 — 8507 (1 20)), m#4k
(
M1 = )| m = 4k
2
A(l_%A) (1_52T72>\)|>\:167345(19_\/2071)7 m#4k‘
(
1 % 0.80, m — Ak
- <1,
\9—(1)0(1833 —67v/201) ~ 0.98, m # 4k

which by Theorem 2.0.9 (i) shows that every solution of (2.47) is oscillatory.

Therefore, Ladas’ conjecture mentioned in Remark 7 is wrong.
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CHAPTER THREE
PARTIAL DIFFERENCE EQUATIONS

In this chapter, we will consider the partial difference equation

u(m—+1,n)+u(m,n+1)—u(m,n)+ E pr(m,n)u(m—r,,n—oy) =0, m,n >0,
k=1
3.1)

where r € N, {p.(m,n)} C Ry and 74, 04 € Ny.

Definition 3.0.1. 4 solution of (3.1) is a double sequence {u(m,n)} of reals defined
form > —1* and n > —o*, where T* := maxy{7;} and o* := max,{oy}, which

satisfies (3.1) for m,n > 0.

Let us rewrite (3.1) in the form

u<m + 17 n) = u(ma TL) d u(m, n+ 1) - Zpk(m> n)u(m = Tk, — Uk)a m,n > 0.
k=1

(3.2)

Letting ¥ := {(m,n) : m > —7*and n > —o*}\N x Ny, we can iterate (3.2) and

write unique solution of (3.1) provided {u(m,n)} is prescribed on .

On the other hand, we may also rewrite (3.1) in the form

u(m,n+1) =u(m,n) —u(m+1,n) — Zpk(m,n)u(m — Tk, n— o), m,n>0.
k=1

(3.3)
oslie o @

8r«+® @ @

770 @ @

6ri® @ O

510 @ @)

4...?.

3ri® O 0:2:-9
2r1@® © 0.0 O
1r:1® ® 6:0 © ©

0/ +® ® O0!'S S & &

o & 0 06 06 0 06 0 0 0 0 o
® © 0 06 0 06 06 0 0 0 0 o

-0;1® © © © 0 06 0 06 0 0 0 o
-T 0 1 2 3 4 5 6 7 8 9

Figure 3.1 Black points denote ¥, blue points denote the calculated points of u(m,n), and red point is
the currently computed point of u(m, n)
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Letting Y := {(m,n) : m > —7t*andn > —o*}\Ny x N, we can iterate (3.3) and

write solution of (3.1) provided {u(m,n)} is prescribed on Y.

Definition 3.0.2. A4 solution {u(m,n)} of (3.1) is said to be eventually positive if
u(m,n) > 0 for all large m,n. Similarity, a solution {u(m,n)} of (3.1) is said to be
eventually negative if u(m,n) < 0 for all large m,n. A solution of (3.1) is said to be

oscillatory if it is neither eventually positive nor eventually negative.

Definition 3.0.3. 4 solution {u(m,n)} of (3.1) is called proper if there is at least
M, X\, € RY such that |u(m,n)| < MA™u™ for all m,n > 0.

It can be proved easily that if the initial condition satisfies either
lu(m,n)| < KAX™u™ for all (m,n) € ¥ or |u(m,n)] < KA™u" forall (m,n) € T

for some K, A, u € RT, then the corresponding solution {u(m,n)} of the autonomous

equation

u(m—i—l,n)—l—u(m,n—i—l)—u(m,n)—i—Zpku(m—Tk,n—Uk) =0, m,n>0, (34)
k=1

where r € N, pr, € R and 74, 0, € Ny, is proper.

We associate (3.4) with the characteristic equation

>‘+“_1+Z)\szak:0’ \ e R. (3.5)
k=1

Theorem 3.0.1 (Zhang & Liu, 1997a, Theorem 3.1). Every proper solution of the

autonomous equation (3.4) is oscillatory if and only if the characteristic equation

(3.5) has no roots in Rt x R*.

We need two lemmas for the proof of Theorem 3.0.1. Computing directly we can

show the following lemmas.

Lemma 3.0.2 (Zhang & Zhou, 2007, Lemma 1.4). Assume that there exist positive
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constants My, M, N such that

|f(m,n)| < Myri'ry, m > M,n> N.

Then, z-transform of { f(m,n)} exists in the region |z1| > 11 and |z3| > 7o

Lemma 3.0.3 (Zhang & Zhou, 2007, Lemma 1.5). We have the following identities.

(i)

z{f(m—1,n—0)} = 2] "2, F(21, 22),

where F'(z1,z2) == z{f(m,n)}.

(i1)

e T—1
ZF(T—Fi,ZQ)Zl_i — ZI(F(Z]_,ZQ) - F(m, z9)2; ),
i=0 m=0

where
F(T41,2) = ZF(T+z,n)22”
i=0
(iii)
oo o—1 oo o—1
SY P it = (3 3 fm g
=0 n=0 m=0 n=0
7—1 o—1
3 mmei )
m=0 n=0
(iv)
oo o—1 o—1
ZZf(mvn)zl mZQn: F(Zlal)ZQ )
m=0 n=0 i=0
where
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T—1
Z{f(m—i-T,n—i—O')} = leg (F(ZDZ?) o F(m722)21
m=0
o—1 71 o—1
- ZF(Zlan)Z2 "+ Z Zf(m7n>zl <2 n)
n=0 m=0 n=0

Proof of Theorem 3.0.1. Necessity. Suppose that characteristic equation (3.5) has a
positive root (Ao, o). Then, it is easy to show that u(m, n) with u(m,n) = \J'uf is a
proper positive solution of (3.4), a contradiction.

Sufficiency. Assume that (3.5) has no positive roots. Let u(m, n) be a proper positive

solution of (3.4). Then, |u(m,n)| < KA\™u™ holds. Let o :== max{\, u}, then
[u(m,n)| < Ka™™,  (m,n) € Nj. (3.6)

Hence, by Lemma 3.0.2 for |z, |22| > «, the z-transform of u(m, n) defined by

oo

z{u(m,n)} = F(z1,2) = Z u(m,m)zy "2y " (3.7)

m,n=0

exists. By taking the image of both sides of (3.4) under z-transform and by using

Lemma 3.0.3, we get

O(21,20)F (21, 20) = ¥(21, 22), |21],|22] > «a, (3.8)
where
O(z1,20) =21+ 20— 1+ ipszkzgk, (3.9)
k=1
W(z1,20) = 21 iu(o, n)zy "+ 2o i u(m,0)z; ™.
n=0 =0

We rewrite (3.8) in the form

Ozt 2 VF (2 2 ) = vz 2 ). (3.10)
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Set
w(zy, 2) = F(z) 2 ZZU m,n)zzy. (3.11)

m=0 n=0
(3.11) has radius of convergence 71 and r, i.e., (3.10) holds for |z| < r; and |2z5] < 79.
Equivalently, (3.8) holds for |z| < % and |z| < % It is known that a power series
with positive coefficients having radius of convergence 7;, = = 1,2 has a singularity
at z; = ry and zp = ry. For (21, 22) € (0,00) x (0,00), according to the condition
¢(z1, z2) # 0. Thus, gzﬁ(r s L) # 0, and hence

w(zy, 2) = (3.12)

11
o
is analytic in the region |z; — 1| < p; and |23 — 15| < po. This is a contradiction for
the singularity of w(z1, 25) at z; = r; and z, = r5. Therefore, we must have r; = oo
and ry = 00, i.e., (3.8) holds for |z1| > 0 and |23| > 0, which leads to u(m,n) = 0 for
all large m, n. Otherwise, the left hand side of (3.8) is not equal to the right hand side.

This contradiction completes the proof. 0

Corollary 3.0.3.1 (Zhang & Liu, 1997a, Theorem 3.2). Assume p, € R* and

Z Tk + o1 + 1)Tk+0'k+1
Pk

Tk O
Tk k

> 1. (3.13)

Then, every proper solution of the autonomous equation (3.4) is oscillatory.

Proof. Suppose that (3.13) is valid. We will prove that the characteristic equation (3.5)
has no positive roots. For A + > 1, (3.5) has no positive roots obviously. For

A+ < 1, we write ¢ defined in (3.9) as

oA p) =1 —=A=p) (—HZm e Uk).

Let
ATk M—Uk
M) = ———. 3.14
Fm) == . (3.14)
It is easy to show that the function f obtains its minimum value at \q := ﬁ and

30



Ok

Ho = 2o 100

T t+op+1
min {FOu )} = £ i) = (T DT

0<A+pu<1 T O

Thus, we get

+ +1 T +op+1
Tk T Tk ) >0

Qs()‘ﬂ) (1_>‘ M(_1+Zk Tk Ok

T O

for 0 < A+ p < 1. This means that (3.5) has no positive roots. All proper solution of
(3.4) oscillate by Theorem 3.0.1, [

Consider the equation
u(m+1,n)+u(m,n+1) —u(m,n)+pu(m—7r,n—0)=0, m,n>0, (3.15)

where p € Rand 7,0 € Nj,.

Corollary 3.0.3.2 (Zhang & Liu, 1997a, Theorem 3.3). Every proper solution of the

autonomous equation (3.15) is oscillatory if and only if

1 T+o+1
NG AR (3.16)

ioad

Proof. Assume that (3.16) does not hold. The characteristic equation of (3.15) is

dA ) =A+pu—1+pA\ "7 =0. (3.17)
Clearly,
T+1 o
>0 3.18
¢(T+0'+17T—|-0'+1> ( )
and
- o 1 (7_ Lo+ 1)(T+O'+1)
= —1 < 0.
¢(T—0—U+1’T+0+1) T—i-a—i-l( T 707 -

Since ¢ 1is continuous, by the Intermediate Value Theorem, there exist
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)\0 € [ e . ) and Ho =

T T such that ¢(\, o) = 0. This means that (3.15)

T+0’+1
has a proper positive solution. By Theorem 3.0.1, (3.15) is not oscillatory. This

completes the proof. [

Consider the equation
u(m+1,n)+u(m,n+1)—u(m,n)+p(m,n)u(m—7r,n—0c) =0, m,n >0, (3.19)

where {p(m,n)} C RJ and 7,0 € Ny.

Lemma 3.0.4 (Zhang et al., 1995, Lemma 2.2). Form > M andn > N, the following

is satisfied:

SO uli+1,5) +uli, j + 1) — uli, §)]

i=M j=N
m+1  n m (3.20)
= > > u(i,f)+ Y u(i,n+1)+u(m+1,N)—u(M,N).
i=M+1j=N+1 i=M+1
Proof. The left hand side of (3.20) is equal to
ZZUH—lj—i— u(i,n + 1) Zu
i=M j=N =M =M
:Z u(i+1,7) +Zu (t+1,N)+ Z (i,m+ 1) Zu
=M j=N+1 =M =M =M
which is equal to the right hand side of (3.20). [

Lemma 3.0.5 (Zhang et al.,, 1995, Lemma 2.5). Suppose that {u(m,n)} is an
eventually positive solution of (3.19). And assume that there exists a positive number

B such that for all large m and n, we have
m—1 n-—1

> pliyg) > B (3.21)

t=m—T j=n—0
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Then for all large s and t,

u(s —7,t — o) < (4)2'

u(s+1,t+1) 32

Proof. Let {u(m,n)} be an eventually positive solution of (3.19). Then, we have
u(m—+1,n) +u(m,n+1) = —p(m,n)u(m—7,n—0) <0

and so u(m + 1,n) < wu(m,n) and u(m,n + 1) < w(m,n). Then, {u(m,n)} is

decreasing in m and n. Then, in view of (3.20),

u(M,N) > u(m+1,N)+ Y "> pli,j)uli—7.j — o)
Z (3.22)
>u(m+1,N)+ fu(m —1,n — o).

In view of (3.22), we have
u(m —7,t) > u(s+ 1,t) + gu(s —7,t), (3.23)

u(s+1,t) > u(m+1,t) + gu(m —7,1). (3.24)

Then, in view of (3.23) and (3.24) we have respectively

N ™

u(m —7,t) > —u(s — 7,1t),

and

Thus,

for all large s and ¢. Similarly,
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for all large s and ¢. Therefore,

u(s+1,t+1) wu(s+1l,t—o)u(s+1,t+1)

u(s —7,t — o) u(s—T,t—J)u(s—i-l,t—a)<<4>2
=\

for all large s and ¢ as required.

]

Lemma 3.0.6 (Zhang et al., 1995, Lemma 2.7). Let o0 = 0. Suppose that {u(i,j)} is

an eventually positive solution of (3.19) and there exists a positive number  such that

for all large m and n, """ p(i,n) > 6 holds. Then for all large s and t,

i=m—T

u(s —7,t)

4
—_— < —
u(s+1,t) = §2

Theorem 3.0.7 (Zhang et al., 1995, Theorem 3.4). Assume 7,0 > 1, and

m—1 n—1 k+1
. o T+o K 210
lrllng_lgg g g p(i,j) > 5 (/{ A 1) , Wwhere k:= )

T+o0

i=m—T j=n—o

Then, every solution of (3.19) is oscillatory.

(3.25)

(3.26)

Proof. Suppose to contrary that {u(m,n)} is an eventually positive solution of (3.19).

Since {u(m,n)} is decreasing in m and n,

um+1,n)+u(m,n+1) —u(m,n) = —p(m,n)u(m—71,n—0)

< —p(m,n)u(m,n).

Thus,
1 1
p(mn) <1 - u(m+1,n) +u(m,n+1)
u(m,n)
<1_ [u(m + 1, n)u(m,n + 1))z
- u(m,n) '

In view of (3.26), we can choose a constant 1) such that

k41 m—1 n-—1
T+o0o K 1
= <Y< — .7
i 2 (K+1> _w_fro-‘z A _p(l’j)

i=m—T j=n—o



for sufficiently large m and n. Thus,

T

[u(i + 1, 5)u(i, j + 1)]2
77, j U,(Z,]) .

Note that by the well known inequality between the arithmetic and geometric means,

we have
le & [uli+ 1, fui,j + 1))
I=m—T j=n—0o U(’l,])
1
N ’"Zl (T i+ Lg)ut, g+ 1) 7
B i=m—T i=m—T U(Z"])
-1 _1 L
. < u(i, m) Ti—[ u(i+1,7) 4
_ A= \ulin—o0) -1 u(i,j)
m—1 u(z,n) ﬁ m—1 n—1 U(Z " 1’]) e
— 70 i_l;[_T(“(Z’” _ g)) Z,_m_”_nl_[_(f( u(i, j) )
m—1 . 1 m-1 .
u(Z, n) 270 u(m’]) 270
=710
i=m—T 'LL(’L, n= U) i=m—T1 u(m - T7J>
>T0 u(m, ) ) e
u(m—T1,n — o)
Thus,

In particular, this implies 0 < ¢ < 1,

_ LA RV VA A N
s () = ()

we thus obtain
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say, for m > M; and n > Nj. If we apply the above equality to (3.19), we obtain

u(m+1,n)+u(m,n+1)—u(m,n) < —p(m,n)(%)u(m,n), m > My, n > Nj.

A similar procedure then leads to

say, for m > My > M; and n > N, > Nj. Inductively, we see that for any positive

integer k, there are integers M}, and N, such that

u(m,n)

u(m—T1,n — o) = (%)k’

for m > M and n > Nj.

Thus, % diverges as m and n tend to infinity. On the other hand,

u(m—71,n—0)  ulm-—7,n—o)ulm+1,n+1)
u(m,n) u(m+1,n+1) u(m,n)
< ulm—71,n—o)u(m+1,n)+ulm,n+1)
“u(m+1,n+1) u(m,n)
u(m—T1,n— o)
= u(m+1,n+1) (1= p(m, n)
< u(m—71,n— o)
“um+1,n+1)

sufficiently large m and n. We may now apply Lemma 3.0.5 and deduce the fact that the

last term in the above chain of inequalities is bounded. A contradiction is obtained. [

Theorem 3.0.8 (Zhang et al., 1995, Theorem 3.6). Assume T > 1, 0 = 0 and

m—1

lim inf E
m,n—00
=m—

i

T+1
p(i,n) > (T :_ 1) . (3.27)

T

Then, every solution of (3.19) is oscillatory.
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Proof. Let {u(m,n)} is an eventually positive solution of (3.19), then

u(m+1,n) —u(m,n) <u(m+1,n) +ulm,n+1) —u(m,n)

< —p(m,n)u(m —7,n) < —p(m,n)u(m,n).

In view of (3.27), we can choose a constant 1) such that

IA
—
|

for sufficiently large m and n. Thus, 0 < ¢ < 1 and

Mﬂlgl_wg

m—T,n)

<12

T7 T B
(7- + 1)7’—1—1 -

which implies

_ulmin) 3 g all large m and n.
u(m—m7,n) ¢
US(;X) is unbounded as s and ¢ tend to infinity like in the proof of Theorem 3.0.7.

On the other hand,the same quantity % is bounded by Lemma 3.0.6. This

contradiction completes our proof. [

Later on, Zhang and Liu improved Theorem 3.0.7 and Theorem 3.0.8 with the

following three results.

Let
A:={A>0:1-Ap(m,n) >0 forall m,n > 0}. (3.28)

Theorem 3.0.9 (Zhang & Liu, 1997b, Theorem 2.1). Assume that

37



limsup,, , ,., p(m,n) > 0 and

m—1 n—
lim sup sup /\< H 11— Ap(z',j)]) <1, (3.29)

m,n—o00 AEA
where S := min{7, o}. Then, every solution of (3.19) is oscillatory.
Proof. Let {u(m,n)} be an eventually positive solution of (3.19). Then, we have
u(m—+1,n) +u(m,n+1) = —p(m,n)u(m—7,n—0) <0

and so u(m + 1,n) < u(m,n) and u(m,n + 1) < w(m,n). Then, {u(m,n)} is

decreasing in m and n. Using u(m,n) < u(m — 7,n — o), we obtain
u(m+ 1,n) +u(m,n+ 1) —u(m,n) + p(m,n)u(m,n) <0
or equivalently
u(m+1,n) +ulm,n+1) = [1 — p(m,n)u(m,n) < 0.
We assume that
F(u) :={XA>0: uim+1,n)+u(m,n+1)—[1=Ap(m,n)u(m,n) <0, m,n > 0}.
Note that if A € F (u), then since

0 <u(m+1,n)+ulm,n+1)<[1—pim,n)u(m,n),

we see that A € A. In other words, f/ (u) is subset of A. Then A is bounded, since

limsup,, , ,o, p(m,n) > 0and f (u) C A.
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Clearly, 1 € f (u) and so F (u) is nonempty set. Let u € F (u), then
u(m +1,n) < [1— pp(m,n)lu(m, n)

and

u(m,n+1) < [1 — pup(m,n)ju(m,n)

for all large m and n. Therefore,

u<m?n) < [1 - ,up(m o 17”)]u(m o 17n)a

u(m—1,n) <[1— pp(m —2,n)ju(m —2,n),

um—71+1,n) <[1—pup(m—1,n)u(m—1,n),

so that

u(m,n) < H [1— pp(i,n)u(m — 7,n)

and

u(m —i,n) < H 1 —pup(m —i,j)ju(m—i,n—0), 0<i<m,

vy < (TTTT (16,90 stm = 7n = )"
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Combining (3.33) and (3.35), we see that

S

u(m,n) < ( 1__[ 1:[ 11— up(i,j)]) u(m—T1,n — o). (3.36)

Substituting the above inequality (3.36) into (3.19), we obtain

u(m+1,n) +u(m,n+1

~—

and hence

u(m+1,n) +u(m,n+1)

- 1—p(m,n)( sup (H 1:[ 1—,ung>> u(m,n) <0.

m>Mn>N il
m—T j=n—o

It follows that

(oo {(T0 T -] |) ero

On the other hand, the condition (3.29) implies the existence of a number § € (0, 1)

such that
m—1 n—1 S
su 1-— 1, <p<l1
o {(T0 T -] Jeo
Thus,
m—1 n—1 é -1 m
su 1 —pup(e, g > =
<m>M,I12>N{ <i:1n_1[7'j:1;[0'[ Iup( j)]> }> 6
so that § € F (u). By induction, it is clear that 5" € F (u) forr = 1,2,---. But this

implies that f (u) is unbounded. Also, remember that f (u) is a subset of A which is
bounded by the assumption limsup,,, ,, .., p(m,n) > 0. This is a contradiction. The

proof is complete. O
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Remark 11. An application of Theorem 3.0.9 to (3.4) yields the oscillation condition

S+ 1 S+1
Note that
1 o+1
(T4 0+ 1)7oH N (02—2, TZ>O B (S +1)5+!
T 0 T+1 - as
o ™ s S
T7

Theorem 3.0.10 (Zhang & Liu, 1997b, Theorem 2.2). Assume that 7,0 > 1,

lim sup p(m,n) > 0, (3.37)

m,n— 00

and

lim sup sup{)\ | 1:[ [1— Ap(i,n)] 1:[ [1— Ap(m — T,j)]} < 1. (3.38)

m,n—00 AEA s >

Then, every solution of (3.19) is oscillatory.

Proof. As in the proof of Theorem 3.0.9, (3.31) and (3.34) hold so that

n) < ( TT (-t T 11— up(m—mﬂ)um—m— 7). (3.39)

=m—T j=n—o

Substituting the above inequality (3.39) into (3.19), we obtain

u(m+1,n) +u(m,n+1)

m—1 n—1 -1
- 1—p(mn<H 1= pupi,n)] ] [ — pp(m —m’)]) u(m,n) <0,

= T j=n—o
and hence

u(m +1,n) +u(m,n + 1)

m—1 -1
—<1- su [1-— i,n)] 1-— m—T, u(m,n) < 0.
{ p(m, <m>ME>N{I 1T 1= H [1— pp( /)) } } (m.,n)

-7 j=n—o
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It follows that

( ﬁ&‘pw(ﬂ 1 pliom)] ] [1—up(m—ﬂj)>) Cr(u)  (340)

-7 j=n—o

On the other hand, the condition (3.38) implies the existence of a number § € (0,1)

such that
m—1 n—1
su A [1—Ap(i,n) [1—Ap(m—r1,j <pB <1
Lo (3T st T 0t ) <
Thus,
m—1 n—1 -1 [
S [1 = pp(i,n) 1 — pp(m =7, > 2,
<m>M5>N (z HT H ]:1—[(7 K ) ﬁ
so that 5 € F (u). By induction, it is clear that 5" € F(u) forr = 1,2,---. But this

implies that f (u) is unbounded. Also, remember that F (u) is a subset of A which is
bounded by the assumption limsup,, , .., p(m,n) > 0. This is a contradiction. The

proof is complete. O

Theorem 3.0.11 (Zhang & Liu, 1997b, Theorem 2.4). Further, assume that T > 1,
(3.28), and

m—1
limsupsup{)\ H 11— )\p(i,n)}} <1, (3.41)

m,n—o00 \EA _
=m—T

where A is defined in (3.28). Then, every solution of (3.19) is oscillatory.
Proof. As in the proof of Theorem 3.0.9, substituting (3.41) into (3.19), we obtain

u(m+1,n)+u(m,n+1)—<1—pim,n) ( 1__[ 11— up(i,n)]) u(m,n) <0,

—T
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and hence

u(m+1,n) +u(m,n +1)

m—1 -1
— <1 —p(m,n) < sup { [1— up(i,n) }) u(m,n) <0.
m>Mn>N |,

It follows that

( sup {H [1— pup(i,n) }) € F (u). (3.42)

m>Mn>N -

On the other hand, the condition (3.41) implies the existence of a number § € (0,1)

such that
[1- Ap(i,n)l} <pB <l

m>Mn>N _r

m—1
sup {)\ H

Thus,

so that & € F (u). By induction, it is clear that 5" € f (u) forr = 1,2,---. But this
implies that f (u) is unbounded. Also, remember that F (u) is a subset of A which is
bounded by the assumption limsup,, ,, .., p(m,n) > 0. This is a contradiction. The

proof is complete. [
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CHAPTER FOUR
NEW RESULT

In this chapter, we prove our new theorems and give several corollaries.
The following lemma establishes equivalence between oscillation of solutions of

equations of the forms

au(m + 1,n) + bu(m,n + 1) — cu(m,n) + p(m,n)u(m —T,n—0c) =0 (4.1)

form,n=0,1,--- and

u(m+ 1,n) +u(m,n+ 1) —u(m,n) + p(m,n)u(m —7,n—0c) =0 4.2)

form,n=20,1,---.

Lemma 4.0.1. Let a,b,c € R" and 7,0 € 7. Then, the following statements are

equivalent.

(i) Every solution of (4.1) is oscillatory.

(i) Every solution of

a’b’
u(m+1,n) +u(m,n+1) —u(m,n) + mp(m, n)u(m—7,n—o0) =0 (4.3)
form,n =0,1,--- is oscillatory.
Proof. The oscillation invariant substitution u(m,n) := %= -v(m,n) shows that
oscillation and nonoscillation of (4.1) and (4.3) are equivalent. [

Remark 12. [t should be also noted that (3.15) admits a proper solution if and only if

so does

pa’b?
CT+J—1 u

u(m+1,n)+u(m,n+1)—u(m,n)+ (m—71,n—0)=0, mmn=0,1,---.
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Remark 13. Lemma 4.0.1 allows us to apply oscillation/nonoscillation results (such

as Theorem 3.0.7—Theorem 3.0.3.2) for (4.2) to (4.1).

Let v = {(«, ;) } be a path on the lattice Z x Z combining the points from (m,n)
to (m — 7,n — o) obtained by moving either left or downwards. Readily, any ~ is
obtained by moving 7-times left and o-times downwards in certain orders, and
consists of (7 + o + 1) pairs, i.e., v = {(ao, 5o), (a1,51),  , (Qrio, Bris)} such
that (v, o) = (m,n) and (@44, Br1s) = (M — 7,n — o). For instance, such a path
isy = {(m,n),(m—1,n),--- ,(m—7,n),(m—7m,n—1),--- (m—71,n—0)}
Mathematically, v is a solution of the problem

7

(a07 50) = (m’ TL)

(04, 8;) = (i—1, Biz1) — (8i,1—s3), i=1,--- 740

k(057'4—0757'—&—0) — (m —7,n— 0)7

where s1, $2,-++ , S740 € {0, 1}. Note that Zﬁf $; =T.

1=

Let I" denote the set of all possible paths on Z x Z from (m,n) to (m — 7,n — o)

obtained by moving either left or downwards. Clearly, the number of paths in I is

("t7) = 22 Note that in the case where 7 = 0 or & = 0, I' consists of a single path

L {(m,n),(m—1,n),---,(m—71,n)}, o=0
{(m,n),(m,n—1),--- (m,n—0)}, 7=0.

Now, we give a simple result, which generalizes (Zhang et al., 1995, Theorem 3.1).

Theorem 4.0.2. Assume 1 & A, where A is defined in (3.28). Then, every solution of
(4.2) is oscillatory.

Proof. Thus, there exist increasing sequences of integers {&x}, {(x} such that
1 — p(&, Ce) < 0 forall £, i.e., p(&, Cx) > 1 for all k. Now, suppose that {u(m,n)}

is an eventually positive solution of (4.2). Then, there is at least m; > my and
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ny > ng such that u(m,n) > 0and u(m — 7,n — o) > 0 form = my,my +1,---
and n = ny,m + 1,---. From the equation (4.2), we see that
u(m + 1,n) + u(m,n + 1) — u(m,n) < 0 form = my,m; + 1,--- and
n = mny,n +1,---, e, u(m + 1,n) < u(m,n) and u(m + 1,n) < u(m,n) for
m=mqy,m;+1,---andn=ny,n; +1,---. Clearly, & > m; +7and (,, > n; + o

for all £ > 0. It follows from (4.2) that

= u(& + 1, ) + ul&p, G+ 1) — [1 = p(&k, CGr)]u(Sr, Cr) > 0

for all £ > 0, which is a contradiction. ]

As an immediate consequence of Theorem 4.0.2, we can give the following

corollary.

Corollary 4.0.2.1. Assume that there exist increasing sequences of integers {& }, {(i.}

such that

P Ge) =1, k=1,2,---.

Then, every solution of (4.2) is oscillatory.

The following theorem is the main of this chapter.

Theorem 4.0.3. Assume 1 € A and

m,n—oo AcA 7=1(ai,B:) €T

T+0o
limsupsup  min {)\ H[l — Ap(ay, ﬁz)]} <1, (4.4)
i—1

where v depends on both m and n. Then, all solutions of (4.2) oscillate.

Before, we proceed with the proof of Theorem 4.0.3, we need to prove two lemmas.

Lemma 4.0.4. If (4.4) holds, then limsup,, ., p(m,n) > 0.

Proof. Assume the contrary that lim,, , .o p(m,n) = 0. Then there exists 0 < ¢ <

46



% such that p(m, n) < ¢ for all m,n > 0. Thus, we estimate

su )\ﬁ[l -\ (Oé‘ ﬁ)] > su {)\(1 . €>\)T+a} - (7- + O.)T—i-a
)\GII:X) Pt Pl&s, O - )\ER - 5(7’ Lo+ 1>T+U—|-1 =
forall v = {(a;, B;)} € I"and m, n >> 0, which contradicts (4.4). 0

Lemma 4.0.5. [flimsup,, ,, ... p(m,n) > 0 holds, then sup{A} < oco.

Proof. Assume the contrary that sup{A} = oo. There exist increasing sequences of

integers {&;}, {¢x} and 0 > 0 such that
p(&k, ) > 0 forall k.
We have 2 € A since sup{A} = oco. Hence, it follows that
2 2
0<1-— gp(fk,{’k) <1- 5(5 = —1 forall k,

which is a contradiction. 0
Now, we are in a position to prove Theorem 4.0.3.

Proof of Theorem 4.0.3. Assume the contrary that {u(m, n)} is an eventually positive
solution of (4.2). Then, there exists m; > mg and ny; > ng such that u(m,n) > 0
and u(m — 7,n — o) > 0 form = my,m; +1,--- andn = ny,ny + 1,---. From

(4.2), we see that u(m + 1,n) + u(m,n+1) —u(m,n) <0 form =my,m; +1,---

andn = ny,ny + 1,---, e, u(m+ 1,n) < u(m,n) and u(m + 1,n) < u(m,n) for

m=my,m; +1,--- andn =ny,n; + 1,---. Again from (4.2), we obtain
u(m+1,n) +u(m,n+1) —u(m,n) + p(m,n)u(m,n) <0 4.5)

form = mg,mo+1,--- andn = ny,ny+1,-- -, where my > my+7andny > nq+o.
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Define

F(u):={X>0: u(m+1,n)+u(m,n+1)—[1—=Ap(m,n)]u(m,n) <0, m,n> 0}

By (4.5),1 € [ (u),ie., F (u) # (. Readily, if A\ € F (u), then A € A, i.e., F (u) C A.
Further, for A € F (u), we have

u(m+1,n) < [1— Ap(m,n)u(m,n)

u(m,n+1) < [1 — Ap(m,n)|u(m,n)

or equivalently

u(m,n) < [1—Ap(m —1,n)]u(m —1,n) (4.6)

u(m,n) <[1—Ap(m,n — D)]u(m,n — 1)

for allma n > 0. Lett1ng7 = {(a07 ﬂO)a (aly 61)7 e Y (aT+U7 /BT+U)} € Fa (46) ylelds

u(m,n) < [1— Ap(aq, B1)]u(au, Br)

< [1 = Ap(au, B1)][1 = Ap(az, Ba)u(az, B2)

IN

<H [1 - Ap(aia ﬁz)]) u(aT+O'7 B‘r+a)

i=1

= (H[l — Ap(ay, 51)]) u(m—r7,n—0) (4.7)

i=1
for all m, n > 0. Substituting (4.7) into (4.2), we obtain

T+o -1
u(m—+1,n)+u(m,n+1)—u(m,n)+ Ap(m,n) (H [1—Ap(c, ﬁl)]) u(m,n) <0

i=1

for all m,n > 0 which yields

u(m+1,n) +u(m,n + 1) —u(m,n) + vAp(m,n)u(m,n) <0 forall m,n >0
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since

T+o
1
su min A 1 — Ap(ag, B <-<1 forallm,n>0
p{v{(ai,ﬁi)}er{ g[ p(a, B )]}} ”

AEA

showing that v\ € F (u). Repeating this procedure, we obtain v*)\ € F (u) for k € N,
which yields sup{fF (u)} = oo since » > 1. However, by Lemma 4.0.4 and
Lemma 4.0.5, we have sup{A} < oo, which is a contradiction since F (u) C A.

Therefore, the proof is completed. [

Theorem 4.0.6. Assume — A" & A, where A is defined in (3.28). Then, every solution
of (4.1) is oscillatory.

Theorem 4.0.7. Assume cfﬁ:% € A and

T+0o _
Tbo T+o—1
limsupsup  min {/\ H [1 iy 1p(az,ﬁz)} } < CaTba , (4.8)

m,n—oo AeA 7=1(ai,B:) €T

where v depends on both m and n. Then, every solution of (4.1) is oscillatory.

Next, we list several corollaries extracted out from Theorem 4.0.7.

Letting v = {(m,n),---,(m — 7,n),(m —7,n—1),--- ,(m —7,n — o)}, we

obtain the following.

Corollary 4.0.7.1. Assume Cfﬁ% € A and

a™h® T+o—1

v
hmsupsup{)\H{ a+ p(m—i,n } H[ o lp(m—r,n—i)}} < CaTbo_ :

m,n—00 AEA i=1

Then, every solution of (4.1) is oscillatory.

Letting v = {(m,n),---,(m,n —0o),(m —1,n—o0),--- ,(m —7,n—0)}, we

obtain the following.

Corollary 4.0.7.2. Assume Cﬂ% € Aand

] g Tb(f T Tba, ' CT+0'—1
lim sup sup /\H 1=A———p(m, n—i) —p(m—i,n—0)| » < =
T o— CT g— aT g

m,n—o00 A\EA i1 i1
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Then, every solution of (4.1) is oscillatory.

Letting

{(m,n),(m—1,n),(m—1,n—1),(m—-2,n—1),---,
)

(m—o—1,n—0), -,

y Ty

(m—m,n—7-1
we obtain the following.

Corollary 4.0.7.3. Assume -2 € A and

C
m,n—00 A€EA i1

- a’b? Y 4
X H{l — )\Wp(m—un—@)]

=1

( g
Tba'
lim sup sup{)\H [1 —A ioilp(m —in—1i+ 1)}

1=0+1

— P
m,n—o00 \EA cte !

T THe
lim sup sup{)\H [1 W (m—i+1,n— z)]
i=1

T

a"b’ . .
X H [1 - A0T+U_lp(m —i,n — @)]
i=1

z a™b” _
X H {1—)\CT+01p(m—T,n—z)}} <

\ 1=7+1

Then, every solution of (4.1) is oscillatory.

Similar to Corollary 4.0.7.3, we can obtain the following.

50

{(m,n),(mn—-1),(m—-1,n—-1),(m—-1,n—-2),--- ,(m—7,n—7
)

i a™b’ ,
X H {1—)\Wp(m—z,n—a)}}<

CT+J—1

aTbe

CT+O’—1

aThe

9
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Corollary 4.0.7.4. Assume 25 € A and

T—Oo THe
lim sup sup{)\ H ll — (Z_ﬁp(m — 1, n)]

m,n—o00 A€A i1

. a™b” . .
X H [l—Acﬂalp(m—z,n—z—&—T—a—i—l)

CT+O'71
< , TZ>O
aTbe

J a™b’ ) )
X H [1—)\6T+0_1p(m—z7n—1+7—0)

z-rr7+1

Tba'
lim sup sup{/\ H ll - ﬁp(m, n— z)]
cTto—

m,n—00 AEA

g a’b®
H [ o 1p(m—f1?+0—7’+1.,n—7?)]

'rba ) ) CT+O‘—1
- lp( —Z+U—T,n—l) <W, 0'27—.

Then, every solution of (4.1) is oscillatory.

Due to the inequality of arithmetic and geometric means, we obtain the following

corollary from Theorem 4.0.3.

Corollary 4.0.7.5. Assume

T4+0 CT+O._1 r+o T+o+1
liminf  max «a;, B;) > , 4.9
m,n—00 y={(a;,f;)} el ;p( 2 atb’ (7‘ + 0o+ 1) (4.9)

where 7y depends on both m and n. Then, every solution of (4.1) is oscillatory.

Combining Corollaries 4.0.7.1, 4.0.7.2 and 4.0.7.5, we obtain the following two

results.

Corollary 4.0.7.6. Assume

C‘r+071 T4+o T+o+1
lrlbng_lgg(Zp m—i,n —i—me T, n— z)) > b (T+U—|—1) . (4.10)

=1

Then, every solution of (4.1) is oscillatory.

Corollary 4.0.7.7. Assume

. z N e . ol s h e T
gfgirg<;p(m,n—2)+;p(m—z,n—0)> > (T+U+1> . (4.11)
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Then, every solution of (4.1) is oscillatory.

In this part, we give a numerical example where all the previous known results fail
to deduce any decision on the oscillation/nonoscillation of solutions but some of our

new results succeed.

Example 7. Consider the partial difference equation

u(m+1,n)+u(m,n+1)—u(m,n)+p(m,n)u(m—3,n—2) = 0form,n=0,1,--- ,
4.12)

where
2D m=20,3,6,---, n=0,3,6, -

—  otherwise.

Figure 4.1 Plot of the coefficient sequence {p(m, n)}. Yellow: =15, Blue: 21

We see that A = (0, $3). Note that

o) > g L 3392 1
m,n — an - = —.
PUT) = 519 512 = (3+ 2+ 1)32H1 432

That is, every proper solution of the minimal autonomous equation

1
u(m+1,n)+u(m,n—|—1)—u(m,n)+ﬁu(m—3,n—2):Oform,n:(),l,--~
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is nonoscillatory by Theorem 3.0.3.2. Further, we compute that

aup {A(mﬂ Hu - Ap(z',m)%}

64
0<A< 8

)
sup {)\(1—5%)3}, m=0,3,6,--
o<y
sup {)\( — 261—4’\)%(1 — 5%)%}, otherwise
L0<A<
)
2(1 - 25)%, m=0,3,6, -

Vv

2(1 — Z2)3(1 — 2)3, otherwise
\

(

1.97665, m =0,3,6, -
> 1.

Q

1.16119, otherwise
\

Hence, Theorem 3.0.9 does not apply for (4.12). For £ = 1, 2, 3, we define

v := {(ao, Bo), (@1, B1), (a2, Ba), (as, B3), (u, Ba), (a5, B5) }
={(m,n),---,(m—k,n),(m—kn—-1),(m—kn—2),---,(m—3n—2)}.

Thus, we compute

5 1 21 345 342 \*"* 15625
Zp(o‘i’ﬁi)zzlx512+6_4:1024> 34241 = 16656
~0.337 ~0.335

Due to Corollary 4.0.7.5, every solution of (4.12) is oscillatory.
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3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1
(a) v = {(3k,30), (3k — 1,30), (3k —

2,30), (3k—3,3¢), (3k—3,30—1), (3k—
3,30 —2)}
n

341

3/ ° °
3/-1 --
3/-2
3/-3 °
3/-4
3/-5

m

3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1
(d) v = {3k, 3¢ — 1), 3k — 1,3¢ —
1), (3k—2,3¢—1), (3k—3,30—1), (3k—
3,30 —2), (3k — 3,30 — 3)}

n

3/+1

3 ° °
3/-1
3/-2 S
3-3 £ °
3/-4
3-5

m

3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1
(8) v = (k.30 — 2),(3k — 1,3¢ —

g
2), (3k—2,30—2), (3k—3,30—2), (3k—
3,30 —3), (3k — 3,30 — 4)}

3-3 ° ° 3-3 . °
34 30-4
35 35

m

3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1

(b) v = {(3k—1,30), (3k—2, 30), (3k—
3,30), (3k — 3,36 — 1), (3k — 3,30 —
2), (3k — 4,30 — 2)}

3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1
(C) v = {(3k—2,30), (3k—3, 3¢), (3k—
3,30—1),(3k—3,30—2), (3k — 4,30 —
2), (3k — 5,3¢ — 2)}

n

3/+1 3/+1
3/ [ ] [ ] 3/ [ ] [ ]
3/-1 e 301 .
3/-2 I 3/-2 <—f
3/-3 [ ] 3/-3 [ ]
34 34
30-5 i 35 N
3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1 3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1
(€) v=1{(Bk—1,30—1), 3k — 2,30 — = {(3k —2,3¢— 1), (3k — 3,36 —
1), (3k—3,30—1), (3k—3,30—2), (3k— 1), (3k—3,30—2), (3k—3,30—3), (3k—
3,30 — 3), (3k — 4,30 — 3)} 4,30 —3), (3k — 5,3 — 3)}
n n
3/+1 341
3/ [ ] [ ] 3/ [ ) [ ]
3/-1 3/-1
3-2 - 3-2 -
3/-3 [ ] 3/-3 [ ]
3-4 J 3-4 J
35 35
m m

3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1
(h) v ={Bk—1,30-2), (3k — 2,30 —
2), (3k—3,3(—2), (3k—3,3¢—3), (3k—
3,30 —4), (3k — 4,30 — 4)}

3k-5 3k-4 3k-3 3k-2 3k-1 3k 3k+1
(1) v = {3k — 2,36 — 2), (3k — 3,3 —

2), (3k—3,3(—3), (3k—3,30—4), (3k—
4,30 —4), (3k — 5,30 — 4)}

Figure 4.2 Paths for different (m,n) points
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CHAPTER FIVE
CONCLUSION

In this section, we list some remarks on our main result Theorem 4.0.3 to conclude

the thesis.

Remark 14. Corollary 4.0.7.5 includes Theorem 3.0.8 with o = 0 and

v:={(m,n),(m—1,n),---,(m—m7,n)}

Remark 15.  Theorem 4.0.3 improves Theorem 3.0.10 with
v = {(m,n),(m—1,n),---,(m—7,n),(m—7m,n—1),--- ,(m—7,n—0)} by

dropping the condition (3.37).

Remark 16. Theorem 4.0.3 improves Theorem 3.0.11 with o := 0 and
v:={(m,n),(m —1,n),---,(m — 7,n)} by dropping the condition (3.37).

Remark 17. Theorem 4.0.3 improves Theorem 3.0.9 by dropping the condition (3.28).
Fork =1,2,--- .7, let vy := {(aF, BF)} be the path from (m,n) to (m — 7,n — o)
passing through the points (m,n), (m —k,n), (m —k,n—o) and (m —7,n—0), and

v ={(o}, B})} € I be the path satisfying

min {H[l — Ap(ay, Bz)}} = H[l — Ap(ag, B7)].

v={(as,B:) }er il paiey

Then, for A\ € A and m,n > 0, we estimate that

m—1 n-—1

IT I =G5

i=m—T j=n—o

TXo—terms

T m—(k+1)
> HK 11 u—Ap(i,n—o)])(

i=m—T

3

] [1—Ap<m—k,j>1>< 11 [1—Ap<z:,n>]>]

j=n—o i=m—k

(r—k)—terms o—terms k—terms

(T+0)—terms

= H H[l - Ap(()‘?’ /Bf)] > H H[l - /\p(aj, 6;)] = (H[l - )\p(ajv ﬁ;)]) )

=1

where the empty product is assumed to be 1. Similarly, for A € A and m,n > 0, we
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estimate that
m—1 n—1 T+0o 7
H [1— Ap(i,5)] > (H[l — Ap(aj, 6;)]) :
I=m—T j=n—0o
Thus, we obtain
m—1 n—1 T+0o s
IT II -2 => (H[l = Ap(aj, 6}‘)]) :
i=m—T j=n—o

This shows that (4.4) is better than (3.29).

Remark 18. By applying Theorem 3.0.3.2, Theorem 3.0.9 and Theorem 4.0.3 to (3.15),

we get the following conditions.

7o

(T4+o+1)7+o+1"

o

» Theorem 3.0.3.2: p >

* Theorem 3.0.9: p > =1, where T := max{1,0}.

(T+1)

(t14+0)7to

» Theorem 4.0.3: p > Ttotl)TTort

Further, we obtain

70° (r+0)(r+0)7 ) Gmen 720

<
(T+o+1)tetl ~ (7404 1)7Fotl

or equivalently

(ioad - (t4+0)™° - T
(T+o+ 1)t " (7 o+ 1)7tott (T 4 )T+

which shows that in the case of autonomous equations Theorem 3.0.3.2 is still better

than Theorem 4.0.3.
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