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ABSTRACT

GEOMETRIC DEEP LEARNING OF BRAIN
CONNECTOMES OVER THE SPECTRUM OF
DEMENTIA

Alzheimer’s Disease Dementia (ADD) is a progressive neurodegenerative disorder
that impairs cognitive function with different stages. Accurate diagnosis and monitor-
ing of ADD progression are crucial for early intervention and treatment. In this thesis,
we investigate the application of Geometric Deep Learning, specifically Graph Neu-
ral Networks (GNNs), to brain network analysis for ADD diagnosis, with a focus on

structural and functional brain networks.

The thesis is structured around three primary objectives: (1) evaluating GNNs
for structural, functional, and multi-modal brain network analysis, (2) developing a
novel GNN-based biomarker quantifying structure-function relationship for ADD di-
agnosis, and (3) proposing a novel GNN that is capable of highlighting ADD-related
subnetworks. Through these objectives, we seek to provide both improved diagnostic

tools and deeper insights into the progression of ADD.

In summary, this thesis demonstrates the power and potential of GNNs in diag-
nosing and monitoring ADD, presenting state-of-the-art methods that offer not only
improved performance but also a neurological basis for the explanations of the results.
These advancements aim to enhance both the accuracy and interpretability of ADD
diagnostics, ultimately contributing to a better understanding of disease progression

and facilitating early intervention strategies.
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OZET

DEMANS SPEKTRUMU UZERINDE BEYIN
KONNEKTOMLARININ GEOMETRIK DERIN
OGRENIMI

Alzheimer Hastaligi Demansi (ADD), biligsel fonksiyonlar etkileyen ve farkh
evrelere sahip ilerleyici bir nérodejeneratif bozukluktur. ADD’nin dogru bir sekilde
teshis edilmesi ve ilerleyiginin izlenmesi, erken miidahale ve tedavi i¢in biuiyik onem
tagimaktadir. Bu tezde, Geometrik Derin Ogrenme’nin, 6zellikle Cizge Sinir Aglar’nin
(Graph Neural Networks - GNNs), ADD teghisi i¢in beyin ag1 analizine uygulanmasini,

yapisal ve iglevsel beyin aglarina odaklanarak inceliyoruz.

Tez, li¢ ana hedef etrafinda yapilandirilmigtir: (1) yapisal, iglevsel ve goklu-modal
beyin aglarinin analizi igin GNN’lerin degerlendirilmesi, (2) ADD teshisi i¢in yapi-
fonksiyon iligkisini nicellestiren yenilik¢i bir GNN tabanli biyobelirteg gelistirilmesi ve
(3) ADD ile iligkili alt aglar1 vurgulayabilen yeni bir GNN oOnerilmesi. Bu hedefler
araciligiyla, hem gelistirilmis tam araclart hem de ADD’nin ilerleyisine dair daha derin

bir anlayis sunmay1 amagliyoruz.

Sonug olarak, bu tez, GNN’lerin ADD teshisi ve izlenmesindeki giiciinii ve potan-
siyelini gostermektedir. Sadece gelismis performans sunmakla kalmayip ayni zamanda
elde edilen sonuclarin norolojik bir temele dayandirilmasini saglayan yontemler sunul-
maktadir. Bu ilerlemeler,;, ADD teghislerinin hem dogrulugunu hem de yorumlan-
abilirligini artirmay1 hedeflemekte ve hastaligin ilerleyiginin daha iyi anlagilmasina

katkida bulunarak erken miidahale stratejilerini kolaylagtirmay1 amaclamaktadir.
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1. INTRODUCTION

Dementia is a broad term that describes the decline of cognitive functions, such
as memory and reasoning, which negatively affects an individual’s ability to perform
daily activities. Common signs and symptoms of dementia include heavy memory
loss, difficulty with language and familiar tasks, confusion, and personality changes.
While dementia is more common among older people, it is not a natural part of aging
since many people grow older by not experiencing any signs of dementia. Instead,
dementia arises from alterations in the brain that cause neurons and their connections

to malfunction.

There are various types of dementia, and each of them is linked to specific neu-
rodegenerative disorders. Among these, the most common types are Alzheimer’s Dis-
ease type Dementia, Vascular Dementia, Lewy body Dementia, and Frontotemporal
Dementia. Each type is associated with unique characteristics; for instance, Vascu-
lar Dementia results from damage to blood vessels in the brain or reduced blood and
oxygen flow, while Lewy body Dementia is caused by abnormal deposits of the pro-
tein alpha-synuclein, called Lewy bodies. Despite their differences, they all lead to

progressive brain damage, causing disruption of brain functioning over time.

Among the aforementioned types, Alzheimer’s Disease type Dementia (ADD) ac-
counts for 60-80 percent of the total number of dementia cases. Therefore, it is the most
frequently encountered and studied dementia type [1]. ADD is characterized by protein
deposits in the form of amyloid plaques and neurofibrillary tangles containing amyloid-
beta (Af) peptide and hyperphosphorylated protein tau (p-tau), respectively. These
deposits lead to the destruction of neurons and their connections. As ADD progresses,
it causes significant neuronal and synaptic damage, leading to disconnection syndromes
that impair communication between brain regions. Disconnection syndromes are often
accompanied by brain atrophy—a shrinkage of brain regions resulting in substantial

loss of brain volume. Although the exact causal relationship between atrophy and



disconnection syndromes remains unclear, the two are closely intertwined and are key
diagnostic markers. Diagnostic approaches often aim to evaluate both phenomena, ei-
ther separately or in combination, to understand the progression and impact of ADD

better.
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Figure 1.1. Healthy vs ADD Brain. The top panel illustrates a healthy brain with
normal volume and undamaged neurons. The bottom panel shows an ADD brain
with reduced volume, cortical and hippocampal shrinkage, enlarged ventricles, and

disrupted neurons due to tangles and plaques.

ADD progresses over years before any clinical symptoms occur. Initial deposi-
tion of amyloid-beta peptide and protein tau begins and spreads through the brain
approximately 15 to 20 years before noticeable cognitive impairments. This stage is
the preclinical stage of ADD, where there are no symptoms and brain dysfunction.
As amyloid plaques and neurofibrillary tangles accumulate, clinical symptoms emerge.
Following the preclinical stage, individuals may face emerging memory issues that mem-
ory testing cannot identify. This stage is known as “Subjective Cognitive Impairment”
(SCI) and corresponds to the early stages of ADD. As the condition progresses, the
memory decline worsens and becomes detectable through memory testing. This middle
stage is “Mild Cognitive Impairment” (MCI). In the later stages, as memory continues

to deteriorate, other cognitive areas are also affected, resulting in multiple cognitive



deficits. When these deficits become severe enough to cause functional impairment,
significantly affecting an individual’s ability to perform daily activities, the condition

is classified clinically as ADD.

The long preclinical stage of ADD and the absence of a cure underscore the crit-
ical importance of early diagnosis to manage symptoms effectively and delay disease
progression. Detecting the preclinical stage is currently possible by analyzing biomark-
ers associated with amyloid plaques and neurofibrillary tangles through cerebrospinal
fluid (CSF) analysis and Positron Emission Tomography (PET) scans. However, both

approaches have significant limitations.

CSF analysis is highly invasive. It involves a lumbar puncture to extract a sample
from the lower back, a procedure that can cause discomfort and potential side effects,
such as headache and infection. These drawbacks reduce its appeal as a routine diagnos-
tic tool. PET scans, on the other hand, provide a less invasive alternative by reflecting
metabolic changes linked to neuronal injury. Despite their utility, both methods suffer
from a critical limitation: their lack of specificity for ADD [2]. Many older individuals
with amyloid plaques may never develop ADD, complicating the interpretation of re-
sults. This highlights the necessity of considering clinical history alongside biomarker
data to improve diagnostic accuracy [3]. Consequently, while CSF and PET analyses
offer insights, they fall short of providing a comprehensive and precise understanding

of ADD progression.

To develop a clear understanding of ADD progression, a more detailed description
of the human brain is needed. Magnetic Resonance Imaging (MRI)- based techniques
offer a unique approach to studying the human brain’s structure and function. MRI-
based techniques are non-invasive and can track changes in brain structure and function
over the course of ADD. Thus, brain models that represent the structural and functional

information through the MRI, called brain connectomes, have gained popularity.



Figure 1.2. Brain as a Connectome. Here, the brain is represented as a simple graph
consisting of four nodes. These nodes (A, B, C, D) correspond to brain regions, each
highlighted with a distinct color. The edges between the nodes represent the

relationships between brain regions, which can be either functional or structural.

A brain connectome, or simply a connectome, is a simplified, mathematical de-
scription of the elements and connections organizing the human brain, represented as
a network [4]. The brain is depicted as a graph in this representation, where nodes rep-
resent its elements and edges represent their relationships. Based on this perspective,
two key components to construct a connectome are the network’s elements (nodes of
the graph) and the connections between them (edges of the graph). Defining nodes at
the microscale, such as neurons and synapses, is not feasible due to the vast number of
neurons, approximately 90 billion, in the human brain. Conversely, defining nodes at
the mesoscale, such as brain regions, is more practical since it reduces the number of
elements to a manageable range, typically from tens to thousands. These brain regions
are determined through brain parcellation using predefined anatomical atlases, such as
the Destrieux Atlas [5], which relies on surface structures, or the Schaefer Atlas [6],
which incorporates functional similarities in grouping regions. Identifying brain regions
through such approaches is beneficial for advancing our understanding of the brain’s
structure and functional organization. Lastly, connectivities can be defined as either

structural or functional, leading to the construction of two distinct types of networks:



structural networks (sNETs) and functional networks (fNETSs).

In the context of this thesis, structural connectivity refers to the anatomical path-
ways formed by white matter fiber tracts linking different brain regions. Accordingly,
sNETSs represent the density of white matter fibers between brain regions and are re-
constructed using diffusion-weighted imaging (DWI) and tractography. DWI provides
data on water diffusion within tissues, which is modeled to infer the orientation of white
matter fibers. Tractography, a computational method, estimates these fiber pathways.
It is shown that it can align well with known brain tracts, particularly for major path-
ways [7]. There are two main tractography approaches: deterministic, which follows a
single, most likely fiber orientation per voxel, and probabilistic, which models a range

of possible orientations to account for uncertainty.

fNETSs are based on statistical dependencies between blood-oxygen-level-dependent
(BOLD) signals acquired through functional MRI (fMRI). The BOLD signal reflects
blood oxygenation and flow changes, an indicator of underlying neural activity. Statis-
tical measures are applied to the BOLD signals to infer functional connectivity between
brain regions. These measures are primarily based on correlation measures, such as

Pearson’s and partial correlation.

Initial connectome analyses of ADD progression focused on network parameters
using well-developed graph theory. These initial studies are based on the hypothe-
sis that ADD progression disrupts the brain’s structural and functional organization,
and such disruptions affect the network’s optimality, which can be detected via some
network measures, such as small-worldness and modularity. Based on this assump-
tion, group-based comparative studies identified significant alterations in the network
parameters of fNETSs, such as a loss of small-worldness [8-10], changes in network
modularity [11,12], modifications in network hubs [13], and the presence of anomalies
[14] in ADD patients when compared to control groups. Additionally, a disruption in
sNETs within specific brain regions has been observed in ADD patients [15,16]. How-

ever, despite some promising results from initial studies, these studies lack specificity,



come up with conflicting results, and do not offer insights into the underlying mech-
anisms of ADD progression [17]. To address this limitation, researchers have focused
on overcoming the challenge by leveraging new approaches to identify ADD-specific
changes in the brain. They have conducted new studies using techniques such as com-
munity detection [18], tensor factorization [19], and graph kernels [20] to uncover

specific brain regions affected by ADD progression.

Recently, Geometric Deep Learning (GDL) has been recognized for its success in
adapting deep learning methods to non-FEuclidean domains where conventional distance
metrics and geometric transformations are not applicable [21]. Since brain networks
are graph-structured and do not reside in the Euclidean domain, unlike image or audio
signals, GDL-based methods are well-suited for their analysis. Within this domain,
graph neural networks (GNNs) have gained significant popularity for studying brain
networks and have been applied to various disorders, including ADD [22], Autism
Spectrum Disorder (ASD) [23], and Major Depressive Disorder (MDD) [24]. GNNs are
powerful tools for analyzing brain networks primarily because they can directly pro-
cess graph-structured data. By leveraging graph-based representations of brain con-
nectomes, GNNs have achieved state-of-the-art performance in classifying neurological
diseases, predicting cognitive outcomes, and identifying biomarkers. Additionally, the
flexibility of GNNs in handling diverse graph data types makes them highly suitable

for analyzing both structural and functional brain networks.

Motivated by the potential of GNNs, this thesis aims to explore their applica-
tions to brain networks in understanding ADD progression and aiding early diagnosis.

Specifically, the thesis focuses on three main objectives:

e Conducting a detailed, systematic, and comparative study of GNN models for
analyzing both types of brain networks, with a particular focus on ADD, and
providing a comprehensive justification for their suitability and effectiveness in

this domain.



e Developing a GNN-based biomarker that quantifies the relationship between the
structure and function, utilizing sSNET and fNET, to support the monitoring of
ADD stages.

e Proposing a novel GNN model that highlights critical brain regions, improving
the detection of ADD-related changes.

The remainder of this thesis is organized as follows. Chapter 2 reviews the lit-
erature on the application of GNNs to brain networks in the context of neurological
disorders, identifying gaps in current research and providing the motivation for the
three main objectives outlined above. Chapter 3 details the methodology used to ad-
dress these objectives: it first introduces the GNNs employed in this work, followed
by the development of a GNN-based biomarker for structure-function discrepancy and
the corresponding model, and concludes with the introduction of a novel model that
highlights critical brain regions for ADD progression. Chapter 4 provides details on
the datasets, connectome construction, and experimental setup corresponding to each
objective. Chapter 5 discusses the results, and Chapter 6 concludes the thesis, high-

lighting its contributions and suggesting future directions.



2. LITERATURE REVIEW

Applications of GNNs in the context of neurological disorders can be broadly
categorized into three main approaches based on how the input graph and node features

are constructed:

e Population graph-based methods: These methods do not directly process brain
connectomes. Instead, they construct population graphs where the nodes rep-
resent subjects/patients, and the edges are defined based on the similarity be-
tween subjects. Node features are derived from the brain network data. In this
approach, GNNs process the population graph for downstream tasks, typically
node classification. While these methods do not directly analyze brain networks,
they were among the earliest applications of GNNs in brain disorders. Despite
not focusing on connectomes, these works contributed significantly to the initial
use of GNNs in the field, with a number of studies employing this approach.

e Common graph-based methods: These methods process brain networks with
GNNs, but assume a fixed underlying network structure shared by all subjects,
i.e., all subjects use the same graph. Node features are extracted from brain
network data, and individual variability is captured through the node features.

e Subject graph-based methods: These methods construct individual graphs and
features from brain networks, which are then processed with GNNs. They are the
most widely studied approach and offer a variety of models that are particularly

well-suited for analyzing brain networks.

Population-graph-based methods gained prominence early on due to their founda-
tion in the success of convolution-based GNNs. These GNNs demonstrated their effec-
tiveness in citation network tasks, where they set state-of-the-art results for node classi-
fication. This success inspired the creation of population graphs, where nodes represent
individual subjects and node features are derived from brain network data. Population-

graph-based methods perform node classification on these population graphs, where



node labels correspond to the clinical labels of the subjects.

The pioneering work of Parisot et al. [23] marked a significant milestone by con-
structing a population graph using phenotypic features where edges were defined using
phenotypic features, such as age and sex. Node features were learned representations
of functional network connectivity values generated via an autoencoder. They trained
a Graph Convolutional Network (GCN) in a semi-supervised manner, demonstrating
its ability to handle a large proportion of unlabeled nodes while achieving promising
classification results on ADD and ASD classification. Building on this foundation, Kazi
et al. [25] extended the previous work by introducing an inception-inspired mechanism
into GCN. This mechanism enables nodes to aggregate information from higher-order
neighbors—i.e., neighbors that are not directly connected but are within a certain num-
ber of hops. By incorporating information from these higher-order neighbors, the model
enhances its ability to capture more complex and long-range relationships within brain
networks. Ghorbani et al. [26] tackled the class imbalance issue in population graphs
by identifying and weighting key nodes to reduce bias, demonstrating this method on
Parkinson’s Disease (PD) classification. Lei et al. [27] enhanced the population-graph
framework by incorporating multi-modal features from structural and functional net-
works. Their approach also incorporated higher-order neighbors through random walks
to better encode local neighborhood information, thereby improving performance on
ADD classification. Qiu et al. [28] extended this line of research by employing Graph
Transformers, where only neighboring nodes attend to each other, on population graphs
with multi-modal features from functional and structural networks. This approach led

to better performance than GCN in ADD classification tasks.

However, the efficiency of population-graph-based methods depends heavily on
the quality of the constructed population graph. Specifically, the choice of phenotypic
similarity measures can significantly influence performance. To address this limita-
tion, researchers have proposed various enhancements. For instance, Song et al. [29]
introduced two distinct population graphs for ADD detection: one constructed using

structural networks and the other using functional networks as features. The edges
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of these population graphs were defined based on phenotypic measures. Two sepa-
rate GCN models were applied to these graphs to predict scores. In addition, they
employed an adaptive mechanism where the edges were updated based on these pre-
dicted scores. The adaptation mechanism and construction of two different population
graphs improved graph definitions and enhanced the overall performance. Jiang et
al. [30] computed the edge weights of a population graph by combining a GCN and
a graph kernel applied to functional networks. An additional GCN module indepen-
dently processed the resulting population graph using features extracted from the func-
tional networks. This model was validated in both ADD and ASD classification tasks,
demonstrating its effectiveness in both domains. Chen et al. [31] proposed adapting
the population graph, where node features were vectorized fNETSs, using an encoder
trained on phenotypic features, achieving robust performance on ASD data. Pan et
al. [32] advanced this approach by constructing two distinct population graphs: one
based on phenotypic similarity learned via a pairwise autoencoder and the other on
k-nearest neighbors (k-NN) similarity of functional network features. Both graphs,
which shared the same node features derived from functional networks through fea-
ture selection, were jointly processed by GCNs. This enabled the extraction of shared
and distinct information from each modality, facilitating effective ASD classification.
Huang et al. [33] employed a pairwise encoder on phenotypic features to model pop-
ulation graphs, with node features extracted through recursive feature elimination on
functional networks. They utilized a variation of GCNs capable of edge-specific con-
volution, enabling more nuanced node representations for ADD and ASD classifica-
tion. Zhang et al. [34] first extracted subject-specific functional representations by
applying GCNs to individual functional networks. These representations were used as
features for the population graph and to construct the graph in conjunction with phe-
notypic measures. The proposed method was evaluated on ASD and ADD classification
tasks. Hu et al. [35] utilized the correlation of functional connections to extract higher-
order functional information, combining it with functional connectivities as features
and similarity measures for population graph construction. The resulting population
graph was processed with a GCN, achieving improved performance on an imbalanced

ADD dataset. Yang et al. [36] fused phenotypic and imaging-based similarity measures
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to construct population graphs, employing a spectral-attention-based GNN to model
higher-order relationships for ADD classification. Lastly, Guan et al. [37] separated
fNET into positive and negative components, processing each with an autoencoder to
extract separate functional features. The combination of these features served as node
features for a population graph, which was constructed from representations resulting
from processing these features with a Graph Transformer module, where the top k
nodes were assumed to be connected. The constructed population graph and its node
features were then processed with another Graph Transformer, achieving success in

ADD classification.

Early studies on population-graph-based methods, while foundational, come with
notable limitations. First, the performance of GNN models heavily depends on the
quality of the population graph, which can vary significantly based on the chosen
similarity metrics and graph construction methods. Second, the entire population
graph must be reconstructed for a new patient, making this approach impractical
for real-time or scalable applications. Third, population-graph-based methods are not
well-suited for personalized treatment, as they do not effectively account for individual-
specific characteristics. To overcome these challenges, GNNs should focus on processing

individual brain connectomes directly to enable more personalized and precise analyses.

Common graph-based methods have been proposed as alternatives to population
graph-based approaches. Although they process brain networks directly with GNNs,
they assume a shared graph structure across all subjects. A pioneering work in this
area by Ktena et al. [38] constructed a k-NN graph based on the averaged functional
network of all patients, treating individual fNETs as node features. They employed
siamese GCNs for metric learning, achieving promising results for ASD classification.
Similarly, Zhang et al. [34] constructed a k-NN graph based on the spatial distance
between brain regions from their coordinates. They used a concatenation of multiple
structural networks derived from different tractography algorithms as node features.
Matching vs. non-matching pairs classification was then performed on PD data. Yao

et al. [39] set a distinct common graph for each atlas, where each graph is the group-
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wise average of all subjects. Node features were extracted from functional or structural
brain networks, and each GCN;, specific to an atlas, processed these features using the
corresponding common graph. A contrastive learning approach was employed to train
the GCNs for the classification of ADD and Attention Deficit Hyperactivity Disorder
(ADHD). Lastly, Gadgil et al. [40] developed a spatio-temporal model that combines a
GCN with a Long Short-Term Memory (LSTM) module to capture the dynamic nature
of BOLD signals. This model processes the BOLD signals using a common graph
constructed from the correlation of all concatenated BOLD signals across patients,

focusing on functional differences related to sex and age.

A notable hybrid approach that integrates population-graph and common-graph
strategies is the work of Cui et al. [41]. They identified common and distinct graph
structures shared across all patients using a t-test on functional connections, then
extracted low-dimensional representations of BOLD signal segments through sliding
windows. These representations were used to construct a population graph based on
feature similarity, which was subsequently processed with a convolution-based GNN

for ASD classification.

While common graph-based methods avoid many drawbacks of population-graph
approaches, they remain suboptimal for personalized analysis since they primarily fo-
cus on shared features rather than individual-specific connectome characteristics. As a
result, these methods may lack the precision needed for early diagnosis. To process in-
dividual brain connectomes directly, subject-graph-based methods have been proposed
and they become the most prevalent methods for utilizing GNNs for brain networks.
Many of proposed studies fall into this category, and to present a comprehensive review,

the relevant works are organized into eight key topics:

Dynamicity and Temporal Analysis of Brain Function: This category summarizes

the works leveraging functional dynamics in brain networks.
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Zhang et al. [42] utilized the dynamicity of brain function by combining GCN
with Recurrent Neural Network (RNN). They used structural networks as graphs
and BOLD signals as node features to classify ADD.

Xing et al. [22] extracted dynamic functional graphs using a sliding window ap-
proach to capture the temporal variability in brain function. They then combined
GCN with a LSTM and introduced auxiliary tasks, such as age and sex predic-
tion, to enhance ADD classification performance. Structural volumes were used
as node features in their model.

Kim et al. [43] integrated spatial and temporal attention mechanisms with GIN
to analyze dynamic functional networks constructed from sliding windows on
BOLD signals, highlighting sex-related differences. They constructed these dy-
namic graphs through thresholding and used one-hot encodings with timestamps
as features.

Azevedo et al. [44] employed edge-wise graph convolution in combination with
temporal convolutions to model functional dynamicity alongside spatial infor-
mation. Their work identified sex-related differences. Thresholded functional
networks were used as the graph, with BOLD signals as the node features.
Chen et al. [45] extracted dynamic correlation-based and Transfer Entropy-based
functional networks through sliding windows, referred to as ”efficient networks,”
and encoded them using a combination of spatial graph convolutions and Trans-
formers to obtain functional representations for ADD classification.

Liu et al. [46] extracted dynamic functional graphs and BOLD signal segments
using sliding windows. They processed these with spatial graph convolution and
LSTMs to learn spatio-temporal functional representations for the classification of
ADD, MDD, and Bipolar Disorder (BD). BOLD signals are used as node features.
Ma et al. [47] fused functional representations learned from static and dynamic
functional networks, obtained through a sliding window approach, by combining
GCN with an attention mechanism from multiple atlases for ADD and ASD
classification. For each network, the corresponding BOLD signals were used as

node features.
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e Sivgin et al. [48] proposed an efficient method for modeling dynamic and lagged
functional representation learning. They used thresholded functional networks,
based on percentage-wise thresholding, as the graph and connectivity values as

features for age and sex classification.

Multi-Modal Representations: This category summarizes multi-modal approaches

leveraging both structural and functional networks.

e Souza et al. [49] proposed a multi-modal GCN where structural networks form the
graph topology and functional connections are used as node features to regress
clinical scores.

e Liu et al. [50] used structural networks as graphs and functional connections as
node features while introducing a constraint that nodes within similar structural
communities share similar representations. Their model was tested for BD clas-
sification.

e Zhang et al. [51] developed an end-to-end trainable model that learns fused multi-
modal graphs from functional and structural networks and processes these multi-
modal graphs with spatial graph convolutions for ADD classification. Functional
connectivities were also used as node features.

e Huang et al. [52] introduced attention-diffusion modules to process neighbors of
different orders independently, extracting higher-order multi-modal information,
using structural networks as graphs and functional connections as features, with
bilinear pooling for epilepsy classification.

e Li et al. [53] designed multi-modal graphs using block adjacency matrices, where
off-diagonal blocks represented structure-function relationships learned during
training. Node degree and centrality measures from fNETSs and sNETs were used
as node features. The resulting graphs and node features were processed with
GCN for sex classification and age regression.

e Xia et al. [54] built a multi-modal graph with encoded structure-function re-
lationships in off-diagonal blocks and used an attention mechanism to model

these relationships. Node features were set as the concatenation of sNET and
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fNET connectivities. The resulting multi-modal graph was processed with spa-
tial convolution, informed by prior knowledge of functional subnetworks, for PD
classification.

e Amodeo et al. [55] employed Graph Variational Autoencoders to learn multi-
modal representations for ADD classification. sNETs are used as graphs and
fNET connectivities are used as node features.

e Liu et al. [56] constructed multi-modal fusion graphs from structural and func-
tional networks by selecting important connections from both modalities using
a learnable method. These graphs were encoded with GCN for neuropsychiatric
disorder classification, with fNET connectivities used as node features.

e Wang et al [57] learned cross-modal graph representations distilled from struc-
tural and functional networks using spatial graph convolutions for AD and PD
classification. Each modality used its corresponding connections as node features.

e Kong et al. [24] encoded shared information from structural-static functional
networks and static-dynamic functional networks using spatial graph convolution
for MDD classification. Each modality, including dynamic functional networks,

used its corresponding connections as node features.

Contrastive and Self-Supervised Learning: This category summarizes the appli-

cation of contrastive and self-supervised learning to subject-graph-based methods.

e Zhang et al. [58] employed a GNN with contrastive learning and trainable Bernoulli
masks to enhance functional representations for ASD and ADHD classification.
A fully connected graph was assumed, with frequency fluctuations from BOLD
signals used as node features.

e Wen et al. [59] proposed a masked autoencoder-based self-supervised pretraining
method, where masked portions of a functional graph are reconstructed from the
remaining parts. This approach improved functional representations for ASD,

MDD, and BD classification.
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Pooling and Hierarchical Learning: This category summarizes the works focusing

on the pooling of node features to extract graph level representation.

e Huang et al. [60] employed a GNN module to learn the latent node representa-
tions, followed by clustering based on the probability distribution of these repre-
sentations to obtain a structural representation for PD classification. The initial
graph is constructed using a k-NN graph from sNET, with sNET connectivity
values used as features.

e Wen et al. [61] employed soft assignment on functional networks, guided by prior
knowledge of functional subnetworks like the salience network and the default
mode network (DMN), to perform graph coarsening for ASD classification.

e Chen et al. [62] employed GNN-based soft assignment to learn multiple functional
representations, each aimed to model different functional states. These learned
representations are then processed with an attention module to form the final
graph representation for AD classification.

e Liu et al. [63] utilized GCNs to map finer-resolution atlases to coarser ones, gener-
ating multi-resolution functional representations for ADD and ASD classification.
One-hot encodings were used as features for the {fNET corresponding to each res-

olution.

Attention Mechanisms: This category highlights the works that integrate atten-

tion mechanisms into GNNs.

e Yang et al. [36] used edge-weighted attention for multi-modal representations,
where graphs are functional networks, and node features are structural and func-
tional statistics, combined with hierarchical pooling for BD classification.

e Zhou et al. [64] utilized a combination of local and global attention mechanisms to
learn functional representations and evaluate node importance for ADD diagnosis.
The positive component of fNET was used as the graph, with {NET connectivities

serving as node features.
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e Li et al. [65] integrated GCN and Transformer architectures to capture higher-
order information for ASD classification, using fNET's as both the graph and node
features.

e Yu et al. [66] constructed first- and higher-order functional networks from Pearson
and Spearman-based fNET. These graphs were later thresholded and binarized,

then processed with GAT for schizophrenia classification.

Graph Construction and Adaptive Learning: This category summarizes the works

focusing on the learning and adjusting graphs from input data.

e Zhang et al. [67] employed a GCN with adaptive graph updates to learn functional
representations for depression score regression, using fNET connectivities as node
features.

e Yang et al. [68] generated sparse functional graphs from BOLD signals and pro-
cessed them using a Graph Attention Network (GAT) for ASD classification.
fNET connectivities were used as node feaures.

e Li et al. [69] developed dynamic ”effective networks” from BOLD signals using
Kalman filtering under a causality assumption. Features extracted from these
networks were combined with the resulting graphs and processed using a modified
GAT that incorporates edge weights for ADD classification.

e Xia et al. [70] modeled functional graph construction as a reconstruction problem
and applied directed graph convolution to learned graphs for ADD and ASD
classification. Learned fNETSs were used as graphs and BOLD signals were used
as node features.

e Wang et al [71] learned functional graphs using a Transformer model and pro-
cessed them with GCN for ASD classification. Learned fNETSs were used as the

graphs, with BOLD signals serving as node features.

Innovative Architectures and Applications: This category highlights works em-

ploying novel GNN architectures and applications.
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Kim et al. [72] applied Graph Isomorphism Network (GIN) to functional networks
for identifying sex-related differences. Thresholded fNETSs were used as graphs,
with one-hot encoding features set as node features.

Choi et al. [73] addressed the oversmoothing problem in GCNs by scaling node
locality individually for each node and validated their approach for ADD classi-
fication using structural networks.

Zhao et al. [74] proposed a graph convolution model that uses Euclidean distance-
based node aggregation to learn functional representations for ADHD classifica-
tion. Thresholded fNETs were used as graphs, with connectivity values serving
as node features.

Park et al. [75] utilized Hodge-Laplacian GNNs to extract richer topological in-
formation from structural networks for ADD classification.

Huang [76] et al used Hodge-Laplacian-based methods to predict intelligence
scores from functional networks.

Qu et al. [77] disentangled structural and positional functional encodings within
graph transformers to predict cognitive scores. Thresholded fNETSs were used as
graphs with node features set to connectivity values.

Jiang et al. [78] constructed regularized functional graphs with enhanced small-
world characteristics and processed them using spatial graph convolutions for
cognitive score regression. k-NN fNET were constructed and connectivity values
were used as node features.

Hwang et al. [79] proposed graph convolution with separate node-wise and edge-
wise learning for structural representations in ADD classification. Cortical thick-
ness was used as a node feature.

Xu et al. [80] learned a ”contrastive graph” that highlights differences between
groups and embedded this information to enhance classification performance for
ASD, AD, and PD classification. Thresholding was applied to construct fNET,
with connectivity values acting as node features.

Huang et al. [81] enhanced functional representations with Cycle Convolution and

edge-positional encodings to study intelligence differences.
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Explainability and Subnetwork Analysis: This category highlights works focused
on improving the explainability of GNN models.

e Li et al. [82] identified functional subnetworks linked to ASD-related biomarkers
using a salience mapping method. This approach assigns importance scores to
subgraphs by modeling the posterior probability, capturing the dependence of
biomarkers on specific subgraphs.

e Cui et al. [83] enhanced model performance by learning a mask that highlights
important edges for downstream tasks. They fine-tuned the models on the masked
graphs, validating their approach for BD and PD classification from structural
networks.

e Liet al. [84] introduced region-specific convolutions with region-selection pooling,
which selects key nodes and discards the rest to produce explainable functional
representations for ASD classification. Thresholded fNETSs were used as graphs
and fNET connectivities were used as node features.

e Zheng et al. [85] utilized prototype learning based on Graph Variational Encoders
to extract independent functional subgraphs, applying this approach to classify
ASD, MDD, and schizophrenia. Thresholded fNETSs were constructed as graphs,

with fNET connectivities serving as node features.

As discussed above, various subject-graph-based methods have been proposed.
They utilize different GNN-based models. The primary advantage of GNNs lies in
their ability to utilize the underlying graph structure when producing latent node or
graph representations. However, this advantage is not always demonstrated, as most
studies do not to compare GNNs with alternative approaches that do not rely on the
graph structure. Justifying the use of GNNs is particularly important because, in
some domains, GNNs have been shown to degrade performance when processing graph
data compared to methods that ignore the graph structure [86]. This suggests that, in
some instances, the graph structure itself might hinder node representation learning.
Thus, establishing the suitability and effectiveness of GNNs for brain network analysis

is crucial.
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Various GNN architectures exist, each employing different strategies for leverag-
ing graph structure and producing graph-level representations by pooling. Despite the
availability of such diverse architectures, the challenge of effectively utilizing structural
and functional networks in GNNs remains. Due to their sparsity, structural networks
are inherently more compatible with GNNs; however, edge weights might require pre-
processing to enhance GNN performance. Functional networks, on the other hand,
typically undergo thresholding or k-NN processing to construct appropriate sparse

graphs.

Despite the variations that exist, only a limited number of studies have system-
atically justified the use of GNNs by comparing them with other methodologies and
assessing their performance in terms of feature selection, architectural design, and pool-
ing strategies [87], [88]. Furthermore, these evaluations have not addressed ADD. To fill
these gaps and provide valuable insights into optimal architectures for both structural
and functional networks, this thesis first undertakes a comprehensive, systematic com-
parison of GNN architectures for analyzing structural and functional brain networks,

with a particular emphasis on ADD.

More importantly, existing studies in the literature often overlook the significant
personal variability inherent in brain networks when performing classifications. They
typically operate under the assumption that brain networks sharing the same clinical la-
bel exhibit similarities. While this assumption holds to some extent and is essential for
diagnostic purposes, it relies on comparing a brain with others as an external reference,
which may differ significantly from the brain being evaluated. However, evaluating each
brain based on its own internal reference—focusing on its self-consistency—can pro-
vide more personalized and meaningful insights. This approach acknowledges that
brain networks may vary across individuals and emphasizes that the critical factor is
the internal harmony within each brain. To measure this internal self-consistency, we
propose leveraging the relationship between structural and functional networks within
the brain. While many multi-modal studies treat structural and functional networks

as complementary—either by fusing them or by modeling functional dynamics under
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structural constraints [22,42]—they often overlook this structure-function relationship.
However, it has been shown that this relationship changes as cognitive impairment
progresses [89,90]. Addressing this gap, we propose a GNN-based biomarker that
quantifies the structure-function relationship within the brain. By evaluating both
the structural and functional networks, this approach facilitates effective monitoring

of ADD stages, offering a novel perspective for personalized diagnostics.

A GNN architecture designed for brain networks should not only achieve high
classification performance but also be capable of highlighting the mesoscale structures
within the brain, as understanding the underlying mechanisms of ADD is equally crit-
ical. Recognizing this need, recent explanatory GNN-based methods have been intro-
duced. However, these approaches remain limited in their ability to provide compre-
hensive insights. Attention-based GNNs, on the other hand, have gained traction for
their enhanced interpretability, offering the capability to identify significant connec-
tions while filtering out irrelevant ones. Despite their potential, attention-based GNNs
have not yet been thoroughly explored for brain networks. To bridge this gap, we
propose a novel attention-based GNN that effectively identifies and highlights critical
brain regions and potentially ADD-related subnetworks, contributing both to diagnosis

and understanding of underlying neural mechanisms.

In conclusion, this thesis identifies three significant gaps in the applications of
GNNs to brain networks for ADD. To address these gaps, we establish three main

objectives:

e Conducting a detailed, systematic, and comparative study of GNN models for
analyzing both types of brain networks, with a particular focus on ADD, and
providing a comprehensive justification for their suitability and effectiveness in
this domain.

e Quantify the structure-function relationship within individual brain networks,
proposing a novel GNN-based biomarker that evaluates each brain based on its

internal coherence rather than external references, providing personalized insights
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into ADD progression.
e Develop an attention-based GNN to highlight critical brain regions and identify
ADD-related subnetworks, enhancing the detection of ADD-related changes and

advancing diagnostic capabilities.
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3. METHODOLOGY

The thesis addresses three main research objectives in the application of GNNs

to brain networks for ADD. These objectives are:

e Conducting a detailed, systematic, and comparative study of GNN models for
analyzing both types of brain networks, with a particular focus on ADD, and
providing a comprehensive justification for their suitability and effectiveness in
this domain.

e Quantify the structure-function relationship within individual brain networks,
proposing a novel GNN-based biomarker that evaluates each brain based on its
internal coherence rather than external references, providing personalized insights
into ADD progression.

e Develop an attention-based GNN to highlight critical brain regions and identify
ADD-related subnetworks, enhancing the detection of ADD-related changes and

advancing diagnostic capabilities.

Based on these objectives, this chapter is organized as the following : The first sec-
tion provides an introduction to the fundamentals of GNNs and explores various GNN
models that will be used across all objectives. The second section focuses on quanti-
fying the structure-function relationship within individual brain networks, proposing
a novel GNN-based biomarker for personalized ADD progression insights. The third
section introduces the attention-based GNN, designed to highlight critical brain regions

and identify ADD-related subnetworks.
3.1. Graph Neural Networks
An undirected, weighted graph G = {V, E, A} is defined by three components:

a set of N vertices or nodes (V = {v;}), a set of edges (£ = {e;;}), and an N x N

adjacency matrix A, where a;; represents the weight of the edge e;;, or is zero if no such
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edge exists. Existence of the e;; means that the node v; and v; are neighbors. In the
context of brain networks, the nodes represent cortical brain regions, also referred as
region of interests (ROIs), and the edges signify the structural or functional connections
between these regions. Each node v; is associated with an M-dimensional row vector

x; (either an embedding or feature vector), forming the N x M feature matrix X.

GNNs are a class of neural network architectures designed to process data repre-
sented as graphs. They operate on graph-structured data by learning representations
of nodes, edges, or entire graphs through a combination of graph-specific operations
and neural network techniques. GNNs extend traditional neural networks to graph
domains by leveraging graph topology and associated features to generate descriptive
latent node representations enriched with structural information. Depending on their
architecture, GNNs can be applied to a variety of tasks, including node classification,
link prediction, and graph classification, while supporting both local and global oper-

ations. Formally defining, a GNN can be represented as
H = GNN(X,A), (3.1)

where GNN represents the GNN layer, and H is the latent node representation matrix,
with each row h; corresponding to the latent representation of node i. After applying

a graph-pooling operation, a graph-level latent representation can be obtained as
z = Pool(H), (3.2)

where Pool refers to an operation (e.g., sum, mean, or parametric function) over the
latent node representations, and z is the resulting graph-level latent representation.

This representation can then be used for downstream tasks as

y = Task(z), (3.3)
where Task represents the task-specific layer and g is the prediction. Since brain net-
work analysis primarily involves classification, task-specific layer predicts probability

distribution over classes. The entire model, including the GNN layer, pooling, and

Task layer, is trained using cross-entropy loss, Lcg, defined as

Nc
Lop(@y) == yelog(ie), (3.4)
c=1
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where N¢ is the number of classes, y. is the true probability for class ¢, and 7. is the

predicted probability for class c.

Most GNNs operate locally, constructing latent node representations by aggregat-
ing features from neighboring nodes and updating these representations using paramet-
ric functions. GNNs that rely on local operations can be referred as local GNNs. Their
design is based on the assumption that local information is crucial for constructing a
node’s representation. This locality assumption is widely applied in other domains,
such as image and speech processing, where convolution operations are used to extract
localized features. While graphs inherently reside in a non-Euclidean domain, lever-
aging local information remains essential for learning compact and meaningful node

representations.

Local GNNs adopt a message-passing framework to learn latent node represen-
tations [91]. In this framework, each node iteratively updates its representation by
aggregating information from its neighbors. The forward propagation process in Lo-
cal GNNs can be expressed through two operations: aggregation (V) and update (),

applied iteratively across multiple layers

hf\/(v) = U({h"'}.cv) : aggregate, (3.5)
hi = @,(h}~" hi,,) : update. (3.6)

Here, N (v) represents the set of neighbors of node v, h” is the hidden representation
of node v at layer k and hjk\/(v) denotes the aggregated representation of the neighbors
of node v at layer k. During the aggregation step, information (messages) from neigh-
boring nodes is processed using the aggregation function W. This process, commonly
referred to as message passing, is followed by the update step, where the aggregated
messages and the node’s current representation are transformed into a new latent node
representation using the update function ®. Both the aggregation and update functions

are typically parametric, and their parameters are learned during training.
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In contrast to local GNNs, some variants of GNNs operate globally, aggregating
features from all nodes in the graph rather than restricting the aggregation to local
neighborhoods. These models, referred to as global GNNs, aim to capture non-local
dependencies and global context. Despite the non-locality, global GNNs can still be
described within the message-passing framework using analogous aggregation (V) and

update (®) operations, as shown below

hf\/(v) = V. ({h* '} .cv) : aggregate, (3.7)

h? = @k(hf_l,hf\/(v)) : update. (3.8)

In this case, V' denotes the set of all nodes in the graph, and the aggregation function
U operates over all node features to capture global context. To explicitly distinguish

between local and global GNNs, the aggregation step can be reformulated as follows

vy Uy ({h5 ' uen@) (local aggregation, local GNN)
hy,) = (3.9)

U ({hF1},cy) (global aggregation, global GNN).

This formulation emphasizes the key distinction: local GNNs aggregate information
from a node’s immediate neighborhood (N (v)), whereas global GNNs aggregate infor-

mation from all nodes in the graph (V).

While the distinction between local and global aggregation provides insight into
the scope of information utilized by GNNs, it does not sufficiently capture the diver-
sity of GNN architectures. For a more detailed and meaningful classification, GNNs
can be broadly grouped into three categories based on their underlying design prin-
ciples: Convolution-based Graph Neural Networks, Expressivity-based Graph Neural
Networks, and Attention-based Graph Neural Networks. Convolution-based Graph
Neural Networks adapt convolution operations to the graph domain, aiming to extract
local information efficiently. On the other hand, Expressivity-based GNNs aim to max-
imize the model’s ability to distinguish between different graphs by mapping them to

distinct representations. Finally, Attention-based GNNs integrate attention mecha-
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nisms, which enhance the aggregation process by emphasizing critical connections and
filtering out less relevant ones. Among these, Convolution-based GNNs serve as the

foundation for many modern GNN architectures and will be introduced first.

3.1.1. Convolution-based Graph Neural Networks

Convolutional Neural Networks (CNNs) have achieved tremendous success in
fields such as image, video, and audio processing by leveraging localized convolutional
filters to learn expressive local patterns from data [92,93]. These filters are inherently
translation-equivariant, enabling CNNs to recognize patterns regardless of their spa-
tial location, a property that enhances their robustness and generalization capabilities.
Moreover, CNNs are versatile tools capable of handling data of varying sizes and res-
olutions, making them indispensable in applications ranging from computer vision to

speech processing.

Motivated by CNNs’ ability to capture localized features effectively, researchers
sought to adapt convolutional operations for non-Euclidean domains such as graphs.
Unlike images or audio, graphs have irregular structures that inherently represent re-
lationships between entities, making them suitable for tasks where information lies in
a node’s local neighborhood. Convolutions, being inherently local operators, provide a
natural way to process graph data by aggregating information from a node’s immediate
neighbors. This connection between the locality of convolution and the structure of

graphs inspired the emergence of convolution-based GNNs.

As convolution-based GNNs gained traction, two primary approaches emerged to
define and apply convolutions on graphs: spatial convolution-based GNNs and spec-
tral convolution-based GNNs. Spatial convolution-based GNNs focus on leveraging
the local neighborhood structure of graphs, applying convolution operations directly
in the spatial domain to aggregate features from nearby nodes. In contrast, spec-
tral convolution-based GNNs draw from spectral graph theory, aiming to connect the

graph’s spectral properties with its spatial structure through filters defined in terms
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of eigenvalues and eigenvectors. Together, these approaches represent complementary
strategies for extending convolutional operations to non-Euclidean domains, each of-

fering unique perspectives on graph data processing.

The initial wave of GNN research focused on spatial convolution, where the con-
volutional operation was applied directly in the spatial domain of the graph. These
methods aimed to leverage the graph’s local structure by treating the neighborhood of
each node as the domain for feature aggregation. This approach provided a simple yet

effective way to define graph convolutions by mimicking the locality principle observed

in CNNs.

Spatial convolutional-based GNNs were appealing because of their simplicity and
their natural alignment with the local nature of graph structures. By aggregating infor-
mation from neighboring nodes, these methods efficiently captured localized patterns
and built expressive node representations while preserving the graph’s inherent topol-
ogy. The spatial convolutional approach proved particularly well suited for tasks where
local interactions within the graph play a central role, such as node classification and

link prediction.

Atwood et al. [94] introduced the first model to operate on graphs based on
the principle of convolution, known as the Diffusion-Convolutional Neural Network
(DCNN). DCNN performs a novel diffusion-convolution operation to build node rep-
resentations by incorporating information from neighbors across multiple hops in a
graph-structured input. The model is motivated by the idea that leveraging higher-

order information through graph diffusion can produce strong latent representations.

The diffusion process is represented as a power series of the degree-normalized
transition matrix, which provides a systematic mechanism for including contextual

information from neighbors at various distances (hops) around each node.



29

DCNN takes as input a feature matrix (X) (node features) and an adjacency
matrix (A) (graph structure). To perform the diffusion-convolution operation, the
model computes a tensor P of dimensions N x Np,, X N where N is the node number,
and Nj,p is the maximum hop distance. This tensor encodes a power series of the
degree-normalized transition matrix up to order Np,,, serving as the foundation for
extracting higher-order neighborhood information. The propagation rule for DCNN

can be summarized as
H=0(0 6 PX), (3.10)

where ¢ is nonlinear function, ® is a H X F' matrix containing learnable parameters

of the model and F' is the feature dimension.

In forward pass, tensor multiplication is performed between node features and
power series tensor. Node features, X, is a N X F' matrix and P is a N X H x N tensor.
Multiplication of those gives us a N x H x F tensor. Then, this tensor is multiplied
elemenet-wise by a weight matrix ©. Resulting tensor of activations is a N x H X F
tensor where each node has a latent representation of size H x F. DCNN only entails
H x F parameters making the size of the latent diffusion-convolutional representation

independent of the size of the input.

A pioneering contribution to spatial convolution-based GNNs was made by Hamil-
ton et al. [95], who proposed the GraphSAGE model. GraphSAGE introduces an effi-
cient method for aggregating features from neighboring nodes to compute latent node
representations using a set of aggregation functions. The core idea of GraphSAGE is to
apply an aggregation function to encode information from neighboring nodes into a sin-
gle vector. This aggregated vector is then combined with the node’s own representation

to compute an updated latent representation. The propagation rule of GraphSAGE is



30

defined as follows

h’lf\[(v) = \Ifk(hﬁ_l,Vu € N(U>)7
h} = 0(©".CONCAT(h{ ™", b)), (3.11)

by = b/ [[hy] .

Here, the model computes embeddings iteratively over K layers starting with & = 0,
where the initial node embeddings are the input features. Iterating over K layers
allows model to encode information coming from higher order neighbors up to K hop,

enriching the learned embeddings with multi-hop contextual information.

In each layer, a node first aggregates the representations of its neighbors from
the previous layer, (h*~! Vu € N(v)) into a single vector hf\f(v)' After aggregating
the neighboring feature vectors, the node’s current representation, h®~! is concate-
nated with the aggregated neighborhood vector, hﬁ/(v) and this concatenated vector is
transformed using a fully connected layer, parametrized by ©*, with a nonlinear ac-
tivation function o to produce the updated node embedding. Finally, the latent node

representations are normalized to ensure stability.

GraphSAGE introduces several types of aggregator functions to encode neigh-
borhood information efficiently, including mean aggregators, LSTM-based aggregators,
and pooling aggregators. The general form of the aggregation function, regardless of

its type, is given as
Ty, = f(o({©D}), (3.12)

o is nonlinear activation function, @ stores parameters specific to the aggregator, and

f is the mean, max, or LSTM function applied to the set of neighbor features.

The learnable parameters in GraphSAGE include the weights and biases of the
aggregator functions and the transformation layer applied after the concatenation op-

eration. These parameters are shared across all nodes, making the model scalable



31

and independent of the graph size. This efficient design makes GraphSAGE particu-
larly suitable for graph classification tasks and for predicting node labels in dynamic
or evolving graphs, where the graph structure changes over time or contains a large

number of nodes.

To summarize, spatial convolution-based GNNs excel at leveraging local graph
structures by aggregating information from neighboring nodes, making them particu-
larly effective for tasks focused on localized patterns. However, these methods inher-
ently rely on spatial operations without explicitly accounting for the spectral properties
of graphs. While approaches like DCNN and GraphSAGE have advanced the field by
introducing efficient mechanisms for capturing higher-order neighborhood information,
their focus remains primarily on the spatial domain. This leaves room for methods
that can bridge the gap between local graph structures and spectral characteristics,

offering a complementary perspective for graph representation learning.

Spatial convolution-based GNNs effectively leverage local graph structures; how-
ever, they do not have a direct connection to the spectral properties of graph convolu-
tion. In the Euclidean domain, such as with images, the spatial and spectral aspects
of convolution are well understood and are linked through mathematical tools like the
Fourier transform. In contrast, applying spatial convolution directly to graphs does
not inherently align with their spectral properties. This disconnection limits the ability

to effectively capture the characteristics of the graph signal.

Spectral graph theory provides a rigorous mathematical foundation for analyz-
ing graphs in the spectral domain [96]. Within this framework, convolutional filters
can be defined using using the eigenvalues and eigenvectors of the graph Laplacian,
which allows for operations that process signals based on their frequency components.
Spectral filters are particularly powerful for capturing global patterns and addressing
tasks such as graph signal processing and network-wide pattern recognition, offering a

theoretical underpinning for frequency-aware graph operations.
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However, a key limitation of traditional spectral convolutional filters is their
global nature. These filters act across the entire graph and do not inherently pre-
serve spatial locality, which can lead to unintended aggregation of information from
distant, unrelated nodes. This lack of spatial focus can hinder the model’s ability to

capture fine-grained, localized features that are critical in many practical applications.

To overcome this limitation, spectral convolution-based GNNs introduced meth-
ods for spatially localized spectral convolutions, which aim to balance the benefits of
global spectral analysis with localized feature aggregation. These approaches adapt
spectral filters to focus on a node’s immediate neighborhood while maintaining a theo-
retical foundation rooted in spectral graph theory. By bridging the gap between spatial
and spectral domains, these models provide a more comprehensive framework for graph

convolutions.

Bruna et al. [97] made the first attempt to define spectral convolutional filters
with spatial support by introducing cubic spline kernels. However, their approach fell
short of providing a clear solution for efficiently combining spatial locality with spectral
properties. The pioneering work of Defferrard et al. [98] addressed this challenge by
proposing ChebyNet, the first practical implementation of spatially localized spectral
convolutions. ChebyNet demonstrated that it is possible to achieve spatial localization
within a theoretical spectral framework, marking a significant step forward in graph

convolutional network design.

To gain a better understanding of ChebyNet, it’s essential to clarify the definition
of graph convolution in the spectral domain. In this context, convolution on graphs
is defined using the graph Fourier basis [99]. This basis allows us to project graph
signals into a frequency domain, much like the Fourier transform functions in Euclidean
space. The graph Fourier basis is obtained from the eigendecomposition of the graph

Laplacian, which represents the graph’s underlying structure. The graph Laplacian is

defined as

L=Iy—D 2AD : = UAU"’, (3.13)
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where D = {d;; = > i a;;} is the diagonal degree matrix and Iy is the N x N identity
matrix. The graph Laplacian L is a real, symmetric, positive semi-definite matrix,
therefore, it has a complete set of orthonormal eigenvectors, (1;);—o1.. n—1 associated
with non negative eigenvalues (\;);—o1.. n—1. These eigenvalues can be ordered as 0 =
Ao < A1 < Mgl < Any_1 with Ay = 0 corresponding to the trivial eigenvector 1,
satisfying L1 = 0. These eigenvalues are placed along the diagonal of A, while the

eigenvectors are organized as the columns of U.

The graph Laplacian can also be interpreted as a second-order differentiation
operator. For a signal g € R defined over the nodes of the graph, the Laplacian acts
as

g'Lg = ai,(9(i) - g(h), (3.14)

i€V jev
where a; ; represents the edge weight connection node 7 and node j and ¢(3) is the value
of the signal g on node ¢. This operation captures how the signal g varies across the
graph by comparing the values of neighboring nodes, i.e it measures the smoothness of

the signal over the graph.

A smooth signal is characterized by similar values at strongly connected nodes
(nodes connected by a large edge weight). In this case, Equation 3.14 will return a small
value, indicating that the signal does not vary much between these nodes. In contrast,
if strongly connected nodes have significantly different values, the operation will return

a larger value, signaling a greater difference in the signal across the connection.

Equation 3.14 can be also seen as a specialized form of eigenvector-eigenvalue

equation. Recall the standard eigenvector-eigenvalue equation

Lu; = \ju;. (3.15)
Multiplying both sides of this equation by u} results in

u/ Ly, =\, (3.16)

Since u} is unit vector, this equation shows that the eigenvalues \; represent a measure
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of the smoothness of the corresponding eigenvector u;.

Following the Equation 3.16, low eigenvalues correspond to smooth, slowly vary-
ing eigenvectors, while high eigenvalues correspond to eigenvector that changes abruptly.
Eigenvalue-eigenvector pair carries the notion of frequency-complex exponentials in the
conventional Fourier transform defined in the Euclidean domain. The eigendecompo-
sition of the graph Laplacian provides the graph Fourier basis, where the eigenvectors
u; resemble the complex exponentials, and the eigenvalues \; are analogous to the

corresponding frequencies.

By representing a graph signal as a linear combination of eigenvectors of Lapla-
cian, we can define the graph Fourier transform. The graph Fourier transform of a
graph signal g can be defined as g = UTg and the inverse transform as g = Ug. One
can then define a spectral filter s4(A) in the Fourier domain, a parametric function of

the eigenvalues A of L, which acts on the graph signal g as
sgxg = Usg(A)U"g. (3.17)

This filters amplifies or attenuating the contributions of some of the graph Fourier

components, eigenvectors.

However an arbitrary filter does not guarantee the spatial localization because
resulting matrix from Usg(A)UT may include connections that are not present in the
adjacency matrix. In order to achieve spatial localization, ChebyNet define gy in terms

of a truncated Chebyshev expansion [98§]

K K
k=0 k=0

where Tj(x) are the orthogonal Chebyshev polynomials with support [—1,1], A =

2
)\maz

A — Iy maps the eigenvalues of L (the maximum being A,,4,.) to this domain, and
K is the cutoff on the polynomial order which allows messages from neighbors up to

K hops away to be aggregated.
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To define filters consistent with the support of Chebyshev polynomials, ChebyNet

uses normalized graph Laplacian which is defined as the
Lyorm =D 2LD "7, (3.19)

where L., denotes the normalized graph Laplacian. Like the graph Laplacian, the
normalized graph Laplacian also possesses a complete set of eigenvectors and eigen-
values, carrying a similar notion of frequency-complex exponentials. However, a key
difference is that the eigenvalues of the normalized graph Laplacian are bounded within
the interval [0, 2]. Therefore ChebyNet assumes A, = 2 for practical uses. Final for-

mulation of ChebyNet is
H=[X, LiomX, To(Lyorm)X. .. Tk (Lporm)X]O, (3.20)

where Ty(Lporm) = UTk([X)UT and ©@ € RME+DXFE gre the filter parameters to be
learned. Choice of K allows model to inject higher order relationships. ChebyNet

provides a first attempt to define spatially localized convolutional filters for GNNs.

To further improve ChebyNet, Kipf et al. [100] proposed a simplified version of
ChebyNet called as Graph Convolutional Network (GCN). GCN is the strictly-localized
version of ChebyNet, where the assumptions of K = 1 and 6y = —6; = 6 is made. GCN

formulation leads to
spxg=0(Iy+D 2AD ?)g. (3.21)

This filtered signal can be further normalized to map the eigenvalues of the convolu-
tion operator to the interval [—1, 1], so that vanishing/exploding gradients in a deep

architecture are avoided. The final formulation is given as
H=D :AD X0, (3.22)

where A = A + 1, D is the corresponding degree matrix and ® € RM*F are the filter

parameters to be learned.

Compared to ChebyNet, GCN is significantly simpler, but its primary strength
lies in its ability to form deeper models by stacking multiple GCN layers. By employing
the operation f)_%Af)_%, GCN prevents vanishing or exploding gradients in deep
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models. This is achieved since eigenvalues of the D :AD": operator are scaled to
the interval [—1,1]. As a result, stacking GCN layers allows for effective extraction of
information from higher-order neighbors without the risk of losing information due to

vanishing or exploding gradients during training.

GCN and ChebyNet stand as the two most pioneering works in spectral convolution-
based GNNs, laying the foundation for subsequent advancements. Their success has in-
spired numerous efforts to enhance the effectiveness and efficiency of spectral convolution-
based GNNs. For instance, Wu et al. [101] proposed Simple Graph Convolution (SGC),
which simplifies the GCN architecture by reducing the complexity of stacked GCN lay-
ers. They argued that the primary innovation of GCN lies in its message-passing
mechanism, making the non-linearity introduced by activation functions less critical.
SGC replaces the repeated multiplication of D :AD 2 across layers with a single ma-
trix raised to a power. This approach not only reduces computational overhead but

also preserves the effectiveness of GCN. Both SGC and GCN exhibit low-pass filter

characteristics, enabling them to effectively reduce noise in node features.

While the low-pass filtering nature of GCN is advantageous in many applications,
it can be suboptimal for tasks requiring higher-frequency information. To address this
limitation, Levie et al. [102] proposed using Cayley Polynomials in place of Cheby-
shev Polynomials, while He et al. [103] introduced Bernstein Polynomials to design
more robust spectral filters. These methods provide greater flexibility in defining spec-
tral filters, though their advantages across diverse downstream tasks remain limited.
In a different approach, Li et al. [104] proposed Adaptive GCN, which learns the
graph structure in a task-driven way by adapting the Laplacian matrix during train-
ing. Adaptive GCN updates the underlying graph to better align with downstream
tasks, demonstrating an effective method for customizing graph structures during the

training process.

Although spectral convolution-based GNNs are primarily designed for node clas-

sification tasks on graphs with rich features, their message-passing nature allows them
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to handle graph classification tasks involving multiple input graphs effectively. This
versatility arises from their ability to extract information across each graph through the
lens of the Laplacian matrix, even in the presence of variations in the Laplacian between
graphs. The Laplacian governs the aggregation process, and updating node represen-
tations using the Laplacian is mathematically analogous to applying a second-order
differentiation operation, enabling the model to capture intricate structural informa-

tion within graphs.

3.1.2. Expressivity-based Graph Neural Networks

Earlier GNNs primarily focused on learning latent node representations by adapt-
ing the convolution operation to the graph domain. These models were designed to
work effectively with graphs that have rich node features. While they could be utilized
to learn latent graph representations, they were not primarily focused on this aspect,
leaving it relatively underexplored. Although learning rich latent node representations
may naturally lead to rich latent graph representations, this connection is not well
studied, particularly for cases where graphs lack features. Consequently, the challenge
of effectively handling featureless graphs remained an open question in the early GNN

literature.

Despite the limited focus on latent graph representations within GNN research,
extracting information solely from graph structures has been a well-studied problem
for many years. Researchers developed algorithms to identify distinct graphs, some of
which were applied to machine learning in the form of graph kernels. These kernels,
which measure the similarity between graphs, became a powerful tool for extracting
information from graphs. Among them, Weisfeiler-Lehman (WL) graph kernels [105]
gained particular prominence. Based on the WL graph isomorphism test, WL graph
kernels extract distinct information from graphs. Graph isomorphism, which tests
whether two graphs are structurally identical, played a central role in the success of
these kernels and is worth emphasizing due to its importance in graph representation

learning.
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Building on the principles of graph isomorphism, Xu et al. introduced a pioneer-
ing approach that integrated this concept into GNNs [106]. Their work resulted in
the Graph Isomorphism Network (GIN), a novel architecture designed to map different
graphs to distinct points in the latent space, thereby enabling the learning of optimal
latent graph representations. By leveraging graph isomorphism, GIN offered increased
expressive power and effectively addressed the challenge of featureless graphs. More-
over, Xu et al. demonstrated the inherent connection between message-passing algo-
rithms and the WL isomorphism test, providing a theoretical basis for their approach.
The development of GIN marked a pivotal moment in the evolution of expressivity-
based GNNs, inspiring further research into the expressive power of GNNs for graph

classification through the lens of graph isomorphism.

GIN is inspired by WL graph isomorphism test. The primary purpose of the WL
test is to determine whether two graphs are isomorphic—that is, whether they share
the same structural form. The key idea behind the WL test lies in iteratively updating
node representations using an injective function. This function takes as input a node
(or a tuple of nodes) along with the representations of its neighbors (or the neighbors
of the tuple) and outputs a new representation. This process is repeated until the node
representations stabilize, meaning no further changes occur. By comparing the final

node representations of two graphs, the WL test can identify if they are isomorphic.

GIN implements the simplest form of the WL test, known as the 1-dimensional
WL test or ‘color refinement’, which has proven to be highly effective in many prac-
tical scenarios. However, it is important to note that the WL test, including its 1-
dimensional version, is not a definitive solution for all cases of graph isomorphism.
Certain non-isomorphic graphs may be indistinguishable under the WL test, and this
limitation applies to the 1-dimensional WL test as well, being its most basic and sim-

plified version. Here is the algorithmic flow of the simple 1-dimensional WL test :
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e All nodes initially have the same color. ®(v) = c®(w) for all v,w € V
e Each nodes’ color is updated by the following : c(v) = ¢(c' 1 (v), {7 Hw) : w €
N (v)}) where {.} denotes the multiset and ¢ is an injective function.

e Color refinement stops when there is no update.

1-dimensional WL test and local GNNs share a conceptual similarity in how
they iteratively process node information to capture structural differences in graphs.
In the 1-dimensional WL test, nodes are assigned initial colors, and their colors are
iteratively refined based on their own state and the multiset of neighbor colors. This
process ensures that nodes with structurally different neighborhoods eventually receive
distinct color representations. Similarly, local GNNs iteratively update node features
using a message-passing mechanism, where each node aggregates information from its

neighbors and combines it with its own state.

This similarity can be expressed mathematically. At each iteration, a node’s
representation is upda