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ABSTRACT

APPROXIMATION OF EQUILIBRIUM MEASURES BY
DISCRETE MEASURES

Gokalp Alpan
M.S. in Mathematics
Supervisor: Assoc. Prof. Dr. Alexander Goncharov
September, 2012

Basic notions of potential analysis are given. Equilibrium measures can be ap-
proximated by discrete measures by means of Fekete points and Leja sequences.
We give the sets for which exact locations of Fekete points and Leja sequences are
known. An open problem about the location of Fekete points for a Cantor-type

set K () is presented.

Keywords: potential theory, equilibrium measures, Fekete points, Leja sequences,

Cantor-type sets.
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OZET

DENGE OLCULERININ AYRIK OLCULER
YARDIMIYLA YAKLASIMI

Gokalp Alpan
Matematik, Yiiksek Lisans
Tez Yoneticisi: Dog Dr. Alexander Goncharov
Eyliil, 2012

Potansiyel analizin temel kavramlar verildi. Denge olciilerine Fekete noktalar: ve
Leja dizileri yardimiyla yaklagabiliriz. Fekete noktalari’nmin ve Leja dizileri’nin
yerinin tam olarak bilindigi kiimeler verildi. Bir Cantor-tipi kiime olan K () nin

Fekete noktalari’nin konumu ile ilgili agik bir problem tanitildi.

Anahtar sozcikler: potansiyel analiz, denge Olgiileri, Fekete noktalari, Leja

dizileri, Cantor-tipi kiimeler .
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Chapter 1

Introduction

Potential theory originates from the study of gravitation by I. Newton, J. L.
Lagrange, A. Legendre and P. S. Laplace in seventeenth and eighteenth centuries.
The field of gravitational forces was called ‘potential field” by Lagrange. At last
this function was called only ‘potential’ by C. F. Gauss. By using methods of
potentials physicists and mathematicians solved problems related to other forces
such as electromagnetic and electrostatic forces in the nineteenth century. In
order to solve some boundary value problems such as Dirichlet and Neumann
problems and the problem of distribution of signed particles with minimal energy,
different types of potentials such as single layer potential, double layer potential,
Green potential and logarithmic potential are defined. In the twentieth century
potential analysis became a branch of mathematics along with the development

of theory of harmonic and subharmonic functions.

Fundamental theorem of potential analysis is Frostman’s theorem (see 2.2.12)
which states that the logarithmic potential with the equilibrium measure for a
compact set K C C is constant except on a negligible set. The equilibrium mea-
sure p of a compact set K C C is a special measure that minimizes the energy
of a system amongst unit Borel measures. The knowledge of px is important
since by the knowledge of px we can find the Green function for K. The Green
function for K is important since by the knowledge of the Green function Dirich-

let problem can be solved. On the other hand, there are a few cases that px has
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a simple form. For these basic concepts see Chapter 2.

Luckily, it is possible to approximate equilibrium measures by discrete mea-
sures. They can be approximated in the weak-star sense which is the natural
topology for the space of measures. Many sequences can be used to approximate
equilibrium measures. The most important sequences are Leja sequences and

sequences generated by n-point Fekete sets. Unfortunately, the exact location

of Fekete points is known only for a few cases. They are (0, 1), [—1,1] and

-1, 1]d. A Leja sequence is known exactly only in one case, D(0, 1). For detailed

information see Chapter 3.

For Cantor-type sets K and K (7), it may be easier to find the exact location
of Fekete points comparing with simply connected sets. For our attempt to

determine the location of Fekete points for these sets see Chapter 4.



Chapter 2

Introduction to Potential

Analysis

In this chapter, we will present basic concepts of potential theory which will

provide us background information related to Fekete and Leja points.

2.1 Potential and Energy

First, we give a couple of definitions related to logarithmic potential and energy.

Definition 2.1.1. Let (X,T) be a topological space. The Borel o-algebra is
defined as the o-algebra generated by the open sets of X.

Definition 2.1.2. Any measure p defined on the Borel o-algebra of X is called

a Borel measure.

Definition 2.1.3. The support of a positive measure p denoted by supp(u)
consists of all points z such that every open neighborhood of z has positive

measure.

It is easy to see that supp(u) is a closed set.



Definition 2.1.4. Let M (K) be the collection of all positive unit Borel measures
which is supported on the compact set K C C. Let p € M(K). Then the
logarithmic potential associated with p is given by

Ut(z) = /log !

|2 =]

du(t). (1.1)

This integral can take infinite values for z € supp(u).

Definition 2.1.5. Let u(z) = u(z,y) be a real valued function defined in a do-
main D C C. Then wu is said to be harmonic if its second order partial derivatives

are continuous and wu satisfies the Laplace equation
Au(z) = Uy (2) + uyy(2) = 0,Vz € D. (1.2)

Definition 2.1.6. A function u is said to be harmonic at a point zy if it is

harmonic in some neighborhood centered at z.

Theorem 2.1.7. [1] [Mean value property] If u is harmonic in |z — a| < r and

continuous on its closure then we have
1 2 )
u(a) = —/ u(a + re) do. (1.3)
2 Jo

Theorem 2.1.8. [1] The potential U* is harmonic at each point z & supp(u).

Proof. Fix t € supp(u) and z ¢ supp(p). Then there exists an open ball Bg(z) of
z such that ¢t & Bs(z). There exists a branch L of the logarithm in Bs(z) by [2].
Both L and ﬁ are analytic on Bj(z). Hence we have that log ﬁ is harmonic

on Bs(z) since it is the real part of L(-X). Then we have

1
AU (z) = /Alogmdu(t) — 0 (1.4)

Z JR—
since all partial derivatives of log ﬁ are continuous up to degree 2 and we are
integrating over a compact set K. So U* is harmonic in C \ supp(u). O

Example 2.1.9. Let us show that for each r > 0

1 [7 1 logd, if|z| <,
—/ log ——ap =} 1 (15)
2 |2 —ret| log \%I’ if [z] > 7.

—T



If |z| > r, then log | is harmonic with respect to z while |t| < r. Applying

the mean value theorem for harmonic functions we get the result for |z| > r.

If |z| < r then we get,

% :bg ‘Z_%w'de - % / :rrlog ﬁd@ (1.6)
_ % /:log mde ~ log % (1.7)

For |z| = r,
— / log d9 = ,}gq{l % /_ilog mdé = log %, (1.8)

by the dominated convergence theorem.

This was an example of a logarithmic potential with arc length measure on a

circle. Now we give the definition of the (logarithmic) energy.

Definition 2.1.10. Let K be a compact subset of C. Then the logarithmic energy
I(p) for p € M(K) is defined as

_ //log E L () dut) (1.9)

It is easy to see that I(u) > —oo. Since K is a compact set, logﬁ is

bounded below for z,¢ € K. Moreover, p is a unit measure. Therefore we have

I(p) > —oo. As we see in next example, I(u) can take infinite value.

Example 2.1.11. Let K = (a,))_; with N < oo be a compact set in C. Let
y € M(K). Then

/log P Zlog ay). (1.10)

If we put this into the integral we get

1

N
/;log ]anl— p(an) du(t) Z,u am) Z (an) logm

n=1 n m’

(1.11)
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In addition to this, p is a unit measure. Thus, we have pu(K) = p(UY_ ax) =

S u(ax) = 1. This means that there exists k € {1,2,..., N} such that u(ay) #
1

fan—am]

0. For m = k and n = k in the sum, u(az)? log

= 00. Hence I(u) = oo.

As we see in Example 2.1.11, the minimal energy for some compact sets may

take infinite values.

2.2 Minimal Energy and Equilibrium Measure

As we see in the previous section, energy of a set K is bounded below just because
of compactness of this set. Moreover, it has a common lower bound for any unit
Borel measure which implies that 7(x) has an infimum which is different from
—o00, taking over u € M(K).

Definition 2.2.1. Let K be a compact set in C. Then Vi =
inf {I(u) : p€ M(K)} is called the minimal energy for K.

Definition 2.2.2. Let u, be a sequence of finite positive measures with

supp(1,) € K for all n where K is a compact set of C. Then we write i, — p if

nh_)II;O fdu, = /fd,u, Vf e C(K). (2.1)

Theorem 2.2.3. [3] [Helly’s Selection Theorem] If (u,) is a sequence on a com-
pact set K with bounded total mass |u,|(K) then we can select a weak star con-

vergent subsequence from this sequence.

Lemma 2.2.4. [4] If a sequence (p,) C M(K) converges to a measure pn € M(K)
in weak star sense then I(p) < liminf I(p,).

Proof. First, let us define

log i, if |2 >,

k(z) = (2.2)

log, if 2] <,

which is called a truncated kernel.

It has the following properties:



(i) k7 € C(C).
(ii) For z € C k"(z) < log |71‘

(iii) For z € C, k"(z) / log ﬁ as n N\ 0.

By (i) we have

hm//k”z—tdun ) dyin(t) //k:”z—tdu 2) du(t). (2.3)

Using (ii) we get

lim inf / / log ——— dﬂn ) dpin (1) / / k(2 — t) dp(z) du(t). (2.4)

If we let n \, 0 using property (iii) and monotone convergence theorem we reach
the inequality
I(p) < liminf I(py,). (2.5)

]

Definition 2.2.5. The logarithmic capacity of K, denoted by cap(K), is defined

as cap(K) := e”V& where V is the minimum energy of the system.

Note that cap(K) > 0 and it is equal to 0 <= Vi = +oc.
Definition 2.2.6. If cap(K) = 0 then K is called a polar set.

Theorem 2.2.7. [3] Suppose K C C is not polar. Then there exists a measure
px € M(K) such that I(ug) = Vi.

Proof. Let (u,) be a sequence of unit Borel measures in K satisfying
lim,, o I (i) = V. Then by 2.2.3 there exists a measure g and a subsequence
fn, Of pp, such that g, 5 k. By 224 I(pr) < liminf I(p,,) = Vk. On the
other hand by definition Vi > I(ug). This implies tﬁgt I(ug) = Vi. In other
words, we show that for any compact set there is a measure which minimizes the

energy. O

Definition 2.2.8. Let K be a non-polar compact set in C. Then any measure

wr which satisfies I(ug) = Vi is called an equilibrium measure of K.

7



Notation: M*(K) denotes the subset of all positive Borel measures with finite

energy. M (K) denotes all positive unit Borel measures with finite energy.

Now we give two lemma, to prove the uniqueness of equilibrium measure.

Lemma 2.2.9. [1] Let p,v € M*(K). Let p(K) = v(K). Then I(u —

and it is equal to zero if and only if p=v.

Proof. For the proof look at the p.32 of [1].

Lemma 2.2.10. /4] If u,v € M{(K). Then

I(p—v) = 2I(p) + 2I(v) — 41 (“ ; ”)

and ](ng>§](u);l(v)
Proof.
-n-= / log —— [du(=) — dv(2)][dp(t) — dv()]
:](u)—l—l(z/)—//log|Z—it| //log
and

4](“;—’/)—1 V+1(v //log g () vt //log

From these equalities, we reach the following equality easily:

I(p —v) = 2I(p) + 2I(v) — 41 (“ ;r ’/) .

We can rewrite it as

, (u;u) 1)+ 1) I(—v)

To get the inequality (2.7), we use the first part. Instead of 1 (” J”’)

I(u V)
v are unit by 2.2.9, we already get this inequality.

8

put L)

v) >0

v(2) du(t).
(2.10)

(2.11)

(2.12)

. So the inequality is satisfied if and only if /(1 —v) > 0. Since both p and

]



Theorem 2.2.11. Equlibrium measure of a compact set is unique.

Proof. Let p and v be equilibrium measures with p # v. Then by (2.7), ”TJ“” is
also an equilibrium measure. Therefore by 2.6 I(y — v) = 0. On the other hand,

by 2.2.9, I(u —v) =0 <= pu = v which contradicts our assumption. O]

We will denote the equilibrium measure of a compact set K C C by ug) after

this point.

Theorem 2.2.12. [5] [Frostman’s theorem] Let K C C be a compact set where
cap(K) > 0. Then we have,

(a) UFs(z) < Vi for all z € C.
(b) UrE(z) = Vi on K except a set of capacity zero (i.e. quasi-everywhere).

Theorem 2.2.13. [1] If 0 € M;(K) and if U°(z) coincides with a constant F

quasi-everywhere on supp(o) and it is at least as large as F' on K, then 0 = ju.

Frostman’s theorem is also called the fundamental theorem of potential theory
due to its importance determining the equilibrium measure. Frostman’s theorem

and 2.2.13 give us a criterion to find the equilibrium measure in most cases.

Example 2.2.14. [1] Let K = D,.(a) while D,(a) is the closed disk centered at a
with radius 7. Let d§ = 2= where ds is the arc length measure on {z : |z—a| = r}.

Then as we show in 2.1.9,

log 1, if |z —a| <,
U’(z) = (2.13)
log 4, if |2 —al >
Since U? is constant on K, by 2.2.13, dux = %.

Example 2.2.15. Let K = [~1,1] and let dp = dz. Then

. 1 [t 1
Ut(z) = 5 1log P dt. (2.14)



Let z —t = r. Hence
1 [+ 1
Ut(z) = —3 /zl log |r|dr =1 — 5[(1 +2)lnl+z+(1—2)Inl—2]. (2.15)
Now, we have U#(—1) = U#(1) = 1 —log2 and U#(0) = 1. Let us differentiate
Ut(xz) on [—1,1]. (U")'(z) =Inl+4 2 —Inl — x. The derivative (U*)" is equal to
zero only if z = 0 on [—1,1]. Hence (U") increases on [—1,0] and decreases on
[0, 1]. Thus, it can take same values only for two points. Therefore, by Frostman’s

theorem g is not an equilibrium measure.

2.3 The Green Function

Definition 2.3.1. Let K C C and let f : K — R be an extended real valued
function. Then f is said to be lower semi-continuous if for every z € K and o € R
with a < f(x) there is a neighborhood O of z such that for every y € O N K, we
have f(y) > a.

Theorem 2.3.2. [1] The limit function of an increasing sequence of continuous

functions is lower semi-continuous.

Definition 2.3.3. Given a compact set K C C with cap(K) > 0, the Green func-
tion of K with pole at infinity is the function gx(z, 00) defined in the unbounded
component 2 of C\ K with the following properties:

(a) gk (z,00) is harmonic and nonnegative in 2\ {oco}.

(b) lim (gk(z,00) — log|z|) = log m.

|z]—o0

(c) |l‘im gi(z,00) = 0 with z € Q, quasi-everywhere on 2’ € 0S).
z|—z2'

Lemma 2.3.4. [1] [Generalized minimum principle] Let D C C be a domain and
let g be a function such that its first and second partial derivatives are contin-
uous on D and g satisfies Ag < 0 on D. Let g be bounded below and satisfies
lim inf g(2) > m quasi-everywhere 2z’ € 0D. Then g(z) > m, z € D unless it is

z—2z! ze€D
constant.
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Proof. For the proof see p. 39 of [1]. O

Lemma 2.3.5. [1] If u is harmonic and bounded in some punctured disk about

2o then u can be defined at zy so that u is harmonic at z.

Theorem 2.3.6. The Green function with pole at infinity for a set K with

cap(K) > 0 ezists and is unique.

Proof. We first show the existence of the Green function. Let gx(z,00) = Vi —
UMk (z). Let us show that, this function satisfies (a), (b) and (c) of 2.3.3.

(a) By Frostman’s theorem, U#%(z) < Vi for all z € C which gives nonnega-
tivity. Note that supp(ux) C K . Hence UM% (z) is harmonic in 2\ {oo}
which gives the harmonicity of Vi — UF%(2).

(b)

lm (~U"(2)  loglel) = lim [log|z — ¢~ log = dut) (3.1

|z| =00
| o=t
= lim [log du(t) (3.2)
|z| =00 |Z|
: |z -t
< limsup log : (3.3)
teK,z—00 ‘Z|

which is clearly equal to zero since K is a compact set and p is a unit

1

measure. Therefore, we have lim (gx(z,00) — log|z|) = log (&

|z| =00
(c) Similarly, by Frostman’s theorem, U5 (z) < Vi for all z € C and we can

) du(t). This implies that

rewrite U5 (z) as lim [ min (M ,log

M—o0 ’Z—t’

U*Hx is limit of a sequence of continuous increasing functions. Therefore it

is lower semi-continuous by 2.3.2. Hence we can write

UMK (zp) < liminf U*X (z) < limsup U*¥(z) < V. (3.4)

Z—=20 2=z

If UFK(z9) = Vi then lim U"%(z) = Vi by lower semi-continuity. Since
Z—20
Urx is equal to Vi quasi-everywhere on J€) we have lim gx(z,00) = 0
z—z!

quasi-everywhere for 2z’ € 0.

11



Now we show the uniqueness of this function. Let ¢" also satisfy a,b and ¢. Then
9" — gk (z,00) is also harmonic on 2\ {oo}. Since ¢’ is nonnegative and UH¥(z)
is bounded above, ¢" — gk (z,00) is bounded below on 2. By our assumptions
¢ — gi(z,00) vanishes at infinity. Hence by 2.3.5 ¢’ — gk (z, 00) is harmonic at
infinity. Furthermore lim (¢' — gk (z,00))(20) = 0 quasi-everywhere on z, € 99.
Then by the generalizég?ninimum principle ¢’ — gx(z,00) = 0 which completes

the proof. O

Theorem 2.3.7. [6]/[Riemann] Let G C C be a simply connected domain and let
wy € G, a < 21. Then there is a unique conformal map of D onto G such that
f(0) = wy and arg f'(0) = a.

A consequence of this theorem which is very useful for us. Let G be a simply
connected domain with oo € G. Then there is unique conformal mapping from
G onto the exterior of D such that

b
®(q) :b§+bo+?1+.... (3.5)
with ®(0c0) = 0o and ¥’'(c0) > 0.

Theorem 2.3.8. [3] Let Q@ = C\ K be simply connected with K C C is a compact
set. Then gk (z,00) =log |®(2)| , z € Q, where w = ®(2) is the unique Riemann
mapping from ) to the exterior of the unit disk.

Proof. As wee see ® has a Laurent expansion of the form (3.5), with b > 0. Now

we prove this function satisfies a,b and c of 2.3.3.

(a) Since ®(z) maps onto the exterior of the unit disk, |®(z)] > 1 and
log |®(2)] > 0 which gives nonnegativity. Since ®(z) is holomorphic in
O\ {o0}, log ®(z) is also holomorphic there. This implies that log |®(z)]
which is the real part of log ®(z) is harmonic on Q \ {cc} which proves the

first part.
1
(b) Zli_glo(log |D(2)] —log |2]) = zli_)rgo (log% — log ]z\) = log 5 So letting b =
WI(K) shows that part (b) is also satisfied.

12



(c) It maps 0N to unit circle and it is harmonic on 2 which means that it

is continuous there. Hence |1|im |®(z)| = 1 for quasi-everywhere 2’ € 9f)
z|—2/

which implies that ‘1|im log |®(2)| = 0 for quasi-everywhere 2" € 5.
z|—2

O

Example 2.3.9. [1] Let K = [-1,1]. Then ¥ = I (w+ 1) maps the exterior
of the unit circle onto Q := C \ [~1, 1] with ¥(00) = oo and ¥/(c0) > 0. And
its inverse is given by w = ®(z) = 2 + /22 — 1. Therefore, by 2.3.8, gx(z,00) =
log |z + V22 — 1|. Besides, as |z| — o0, v/22 — 1 will behave as z. Therefore,
lim [log |z + V22 — 1| — log|z|] = log2. Hence cap(K) = 3

|z]—00

This example is a good illustration of calculating the Green function and
capacity for a continuum K if the map between the exterior of the unit disk and

unbounded component of C \ K is known or easy to guess.

Our last theorem about the Green function which shows the connection be-
tween potential theory and polynomial inequalities is called the Bernstein-Walsh

lemma.

Theorem 2.3.10. If P,(z) is any polynomial of degree < n, then
|Pa(2)] < [[Palle™x®) 2z € Q, (3.6)

where || P, ||k := max |P,(2)] and Q is the unbounded component of C \ K.
z€E

2.4 Capacity

In this section, we give some basic results about capacity and calculate capacity

of some widely used sets.

Theorem 2.4.1. [/ Let u be a Borel measure on C with compact support with
I(p) is finite. Then
cap(K) =0 = p(K) =0. (4.1)

13



Theorem 2.4.2. [}] If Ky C K, are of positive capacity then cap(K;) < cap(K3).

Proof. Let u(z) = gk, (z,00) — gk, (z,00). It is harmonic on C\ K, clearly. By
2.3.4, in any domain of C containing 0Ks, gk, (z,0) — gk, (z,00) is nonnegative
since gr, (z,00) — gK,(2,00) is nonnegative on 0K,. This implies that u(z) is
harmonic and nonnegative on C\ K,. Moreover |zl\ii>noo 9K, (2,00) — gk, (z,00) is
finite. Hence w is harmonic at {oo}, by 2.3.5. Applying generalized minimum
principle again, we get u(oco) > 0. Using the fact that u(co) > 0 and the definition

of the Green function, we have cap(K;) < cap(K>). O

Theorem 2.4.3. [4] Let K be a compact set and let

d

p(z) = Zajzj, aq # 0. (4.2)

J=0

Then

=

capty (1) = (“255) (43)

|aql

where p™'(K) := {2 € C: p(z) € K}.

Proof. Let K' := p~!'(K). Let Q be the exterior domain for K and €’ be the
exterior domain for K’. Then p(Q2') = Q and p(9€Y') = 0. Let us prove that

9x (p(2), 00) = dgre: (2, 00). (4.4)

Let fi(2) = gx(p(2),00) and fa(z) = dgk/(z,00). Then we have fi|sor = 0 quasi-

everywhere and f; is harmonic on Q \ {oc}. Moreover |l‘im [fi1(2) —log |p(2)]] is
Z|—00

finite. For f, similarly we have f3|sq: = 0 quasi-everywhere and fs is harmonic on
2\ {oo}. In addition, |Z1|iinoo[f1(z) —log |p(2)|] = d[gx+(2,00) —log |z|] +1og |z|* —
log [p(z)lis finite. This implies that |Zl‘iinoo(f1(z) — f2(2)) is finite. Therefore, by
2.3.5, fi(z) — f2(z) is harmonic at {oo}. We have fi(z) — fo(z) = 0 on 99" and
harmonicity of fi(z) — f2(2) on @ including infinity. Therefore, fi(z) — fo(2) is
also bounded below on €. We have exactly same conditions for fy(2) — fi(2).
Then by 2.3.4, fa(z) — fi(z) > 0 and fi(z) — f2(2) > 0 at infinity unless it is

constant. Hence we get fi(z) = fo(2). In other words gx(p(2), 0) = gx/(z, 00).
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Using this, we get
9x(p(2),00) — d log |z| = d (gx:(z, 00) — log|z]). (4.5)
Let us rewrite the right side as

(9x (p(2), 00) — log |p(2)]) + log |p(2)/z"|. (4.6)

Taking the limit of both sides as |z| — oo and using the fact that p(z) also goes

to oo, we get

log + log |aq| = d log (4.7)

1 1
cap(K) cap(K')’
which gives the result just by using the basic properties of the logarithm. O

Example 2.4.4. Let K = [a, b] be an interval on real line. At 2.3.9, we prove that
[—1,1] has capacity 1. Let p(z) = 5%z 4+ 2% Then p~'([a,b]) = [-1,1]. Using

2.4.3, we get cap(p~([a,b])) = cap([-1,1]) = %. Hence cap([a, b]) = 2.

Example 2.4.5. Let K = [~b,—a] U [a,b]. Let p(z) = 2%2. We clearly have
p Y ([a®,b?]) = [-b,—a] U [a,b]. Similar to the previous example, by 2.4.3,

we have cap(p~!([a?,b?]) = cap([—b,—a] U [a,b]) = +/cap([a?,b?]). Therefore,

cap([—b, —a] U [a,b]) = |/ 52 = YPP=?.

2.5 Chebyshev Constant

Let K C C be a compact set. Let M, (K) = pgl)inI}l |z" + p(2)||x where P,_4
denotes the collection of all polynomials of degree less than or equal to n — 1 and
||.]|x denotes the sup norm on K. The problem of finding M, for a given set K
is called the minimax problem. Note that this problem is equivalent to finding

m})n |lp(2)|lx where P! denotes the monic polynomials of degree n.
peEF;,

Theorem 2.5.1. [7] Let K be compact set in the complex plane that contains

more than n + 1 points. Then there exists unique polynomial p(z) such that
M,, = mi 5.1
min [|p(2)|x (5.1)

is satisfied.
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Definition 2.5.2. Let K be compact set in the complex plane that contains more

than n + 1 points. Then the polynomial which satisfies
My, = min |[p(2)llc, (5:2)
is called nth Chebyshev polynomial for K.

Theorem 2.5.3. /8] Let K € C be a compact set which has infinitely many points.
Let 1, = (Mn)% where M, is the sup norm of the nth Chebyshev polynomial for

K. Then 1, converges.

Proof. Since K is compact, there exist disks centered at 0 that contain K. Fix

any disk D which satisfies this condition. Let r be the diameter of this disk.

— n —
Tn < ,"/gle%g‘i(z z0)" < glef}gdz 2| <, (5.3)

for zp € K. This implies that 7, is bounded above.

Then we have,

Let liminf(7,) := a and limsup(7,) := 5. Cleearly, we have oo < . We want
n—o0 n—00
to prove the inverse. Fix ¢ > 0. Then there exists n € N such that 7, < a + e.

Then for any k,l € N, we have the inequality
(2 = 20)'ta(2)"] < 7' + €)™, (5.4)

on K where t,(z) is the nth Chebyshev polynomial for /K. This implies that

Mgy < (o + €)™, So we have

Tkt < 77 (0 + €)1, (5.5)

By the definition of limsup there exists a subsequence of 7, such that
lim,, oo 7,, = 8. But for any v € N we have n,, = nk, + [, such that 0 <1, <n
where k,,[, are uniquely determined by v. Now in the inequality (5.5) put [,
instead of 1 and put k, instead of k. Therefore we have,

nky

Tkt < TR (@ + €) vty (5.6)

Letting v go to infinity, we have < o + €. Since € is chosen arbitrarily, we have
B < a. So we have a« = 3. Since 7, is bounded below by 0 and above by r, this

implies that 7, converges to a real number. O]
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Definition 2.5.4. Let K € C be a compact set which has infinitely many points.
Let ¢,(z) be nth Chebyshev polynomial for K. Let 7, = (M, ) where M, is the

sup norm of ¢, on K. Then 7 := lim (7,) is called the Chebyshev constant of K.
n—oo

Example 2.5.5. [8] Let K = D(0,7) closed disk centered at 0 with radius .
Let pn(2) = 2" + a,_12" "' + - - - ag be a monic polynomial of degree n. Then for

0

2z = re? we have

1 2m

— Pn(2)|2d0 = 1" + |ap_ 17" 2+ -+ Jag]? > " (5.7)
2 Jo

by using fo%e““@ df =0 for k € Z and |p,(2)]> = pn(2)pa(z). This implies that

M,, > r™. But for the polynomial 2", we have m&}?((z") = r". Therefore M, = r".
zE

This implies that, 7, = r, Vr. Hence Chebyshev constant for K = D(0,r) is .

The last section may give to the reader the impression that the Chebyshev
constant and potential theory are quite irrelevant, but as we see in the next chap-

ter, there is a close relationship between the Chebyshev constant and capacity.
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Chapter 3

Fekete Points and Leja Sequences

3.1 Transfinite Diameter and Fekete Points

Definition 3.1.1. Let K be a compact set in C. Let {21, 29,...,2,} € K. Then

2 n—1
1 2z 2 ... 2
2 n—1
1 20 25 ... 2
_ 2 n—1
Vi(z1, 22,y 20) = |1 23 25 ... 2z} (1.1)
2 —1
1 oz, 22 ... z,"
is called the Vandermonde determinant associated with {z1, zo,..., 2, }.

As we prove in section 3.2.1, V(z1, z2,...,2,) = H (2 — z).

1<i<j<n

Definition 3.1.2. Let K be a compact set in C. Let Vo(K) :=
max H (lzj — #|) and d,(K) = max H (lz; — zi])"(n{l).

21,22,.0,2n EK 21,22,.0,2n EK
b I ~n 1§Z<]Sn I »~n 1SZ<]Sn

By compactness argument, there are points z{,25,...,2,, € K such that

|V (24,25, ... 7,27’,L)"<"2—1>| =d,(K). Then F, := {21,2},..., 2.} is called an n-point

Fekete set of K.

Theorem 3.1.3. /8] Let K € C be a compact set. Let d,(K) be defined as in the
definition above. Then (d,(K)) converges to a real number d(K).
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Proof. Let zy,z9,...2,41 € K such that {z1,22,...2,:1} be an (n + 1)-point
Fekete set for K. Then

Vn+1(K) = |(Zl - 22)(21 - 23) e (Zl - Zn+1)V(Z27 23y e 7Zn+1>| (12)
<|(z1 — 22)(21 — 23) . .. (21 — 2na1)| Vi (K). (1.3)

Similarly we have

Vn+1(K) = |(ZQ - 21>(ZQ — 23) e (2’2 - Zn_,_l)V(Zl, 23y e 7Zn+1)| (14)
< (2o — 21)(29 — 23) .. . (22 — Zpy1) | Vo (K). (1.5)

And for n + 1 we have

Vor1(K) = [(zne1 — 21) (Zne1 — 22) -+ (Zne1 — 20)V (21, 22, -+, 20)| (1.6)

< (zn1 = 21) (Zng1 — 22) -+ (21 — 20) [Va(K). (1.7)

Hence multiplying these n + 1 inequalities we get (Vi (K))"™ <
(Vo(K))2(V,)"™. Therefore, we have (V,41(K))" ! < (V,(K))"*'. Taking
WZ(nH) th power of both sides, we get (VnH(K))"("ZH) < (Vn(K))an*l). This
is equivalent to saying that d,, 1 (K) < d,(K). Clearly (d,,(K))5, is a decreasing

sequence bounded above and below by 0. Therefore (d,(K)) is convergent. [

Definition 3.1.4. Let K € C be a compact set. Let d(K) := lim d,(K). Then
n—00
d(K) is called the transfinite diameter of K.

The next result is one of the most important results in potential theory.

Theorem 3.1.5. [3] Let K € C be a compact set. Then the capacity, the Cheby-
shev constant and the transfinite diameter of K coincides i.e.
7(K) = cap(K) = d(K). (1.8)

Proposition 3.1.6. Let K be a compact set in C. Let F,(K) = {z1,29,...,2n}
be an n-point Fekete set of K. Then {z1,22,...,2,} € OK.

Proof. Suppose dk, 1 < k < n, such that z, ¢ K. Let pi(z) = (2 —
21)(z — 29) ... (2 — 2zk-1)(2 — 2kg1 ... (2 — 2,) with z € C. Clearly, pg(z) is an-

alytic on C. Then by maximum modulus principle |pg(z)| takes its maximum
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value for K on 0K. Let w € K be such that |py(w)| = mz}gc(|pk(z)|) Then
zE

|pk‘(w) V(Zla Ry v ey Rh—1y Bh41y -+ Z’n)l > |pk’(zk’) V(Zlv B2y vey Bh—1y Rk41y - - - 7Zn)|
But, this implies that

V(21,22 -« oy Zk1y Zws 2kt 1s -« -5 20| > |V (21,22, -+ Zke1, Zks 2kt 1y - - -5 2n)], (1.9)
which contradicts the fact that {z1, 22, ..., 2,} is an n-point Fekete set. O

Corollary 3.1.7. Let K be a compact set in C. Then cap(K) = cap(OK) and

KK = MoK -

Proof. Since Fekete points lie on the boundary of K we get d(K) = d(0K).
From 3.1.5, we get 7(K) = cap(K) and 7(0K) = cap(0K). Hence, we have
cap(K) = cap(0K). By 2.2.12, U"%(z) = Vi quasi-everywhere on K. Then
UM (z) = Vi on OK quasi-everywhere. Then by 2.2.13, we get ux = poxk- O

Proposition 3.1.8. [6/Let K be a compact set in C. Then

(i) If z* = az 4+ b maps K to K*, then cap(K*) = |a|cap(K).

(1) If |®(2) — ()| < |z — 2| Vz,2' € K, then cap(P(K)) < cap(K).

Proof. (i) If {z1,29,...,2,} is an n-point Fekete set of K then {az; +
baze +b,...,az, + b} is an n-point Fekete set for K*. Hence V,(K) =
|V (21, 22, .., 2)] and V,(K*) = [V (az1 +b, a2z +Db, ..., az,+b)|. Therefore,

(n-1)

Vo (K*) = |a| =z V,(K) ¥n € N. This implies that d,(K*) = |a|d,(K).
Letting n — oo we have d(K*) = |a|d(K). By 3.1.5, we reach the result.

(ii) Let {®(z1),P(z2),...,P(2,)} be an n-point Fekete set for @(K).
Then Vo (®(K)) =[] (e(z) — @) < ]] 5 -2 =

1<i<j<n 1<i<j<n

|V (21,29, ..., 2n)| < Vo (K). Thus, V,(®(K) < V,(K).
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3.2 Applications of Fekete Points to Approxi-

mation Theory

Before giving information about the applications of Fekete points to approxi-
mation theory, we give a couple of basic theorems which make the connection

between Fekete points and approximation theory.

Theorem 3.2.1. [7] Given n+1 distinct points of complex plane zy, 21, . . ., 2, and
complex values wy, wy, ..., w,, there exists a unique complex valued polynomial

pn(2) € Py, such that

where P, is the set of all polyonimals which has degree less than or equal to n

defined on the complex plane.

Proof. Let po(2) = ap2™ + 2,12" "' + ... + ag. Then p,(z) satisfies (2.1) if and
only if
ap+ a1z + ...+ apz" =w; \Vie{0,1,...,n}. (2.2)

This system of n + 1 linear equations has unique solution if and only if

1 20 28 ... 20
2 n
1 2z 2 ... 2
2
Vi(zo, 21,29, .,20) = |1 22 25 ... 20| #0. (2.3)
1 oz, 22 Zn"
Letting 2, = z we get,
1 29 22 28
2 n
1 2z 2§ 2]
2
Vi(zo,21,20,...,2) =1 22 25 ... 2¥|. (2.4)
1z 22 2"
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Vandermonde determinant V'(zg, 21, 22, . . ., z) is clearly in P, and it vanishes at

the points zg, 21, 29, . .. 2,_1. Hence we have,
V(zo,21,22,...,2) = Az — 20)(z —21) ... (2 — 2p—1) ,A € C. (2.5)
By expanding the determinant, we easily see that the coefficient of z, is
V(20, 21, -, %n-1). Therefore,

V(zo, 21,22, -, 2) = V(20,215 -+ oy 2n1) (2 — 20) (2 — 21) ... (2 — 2p—1). (2.6)

Letting z = z, we get the following recursion relation:

V(zo, 21,22, -5 2n) = V(20,215 -+ s Zn1)(Zn — 20) (20 — 21) - -+ (20 — Zn1)- (2.7)

It is easy to see that V(zg,21) = 21 — 20 and V(20, 21, 22) = (21 — 20)(22 —

20)(2z2 — 2z1). Using the recursion formula above and induction we get

V (20,21, 22y -+ -5 2n) = H (zj — z). (2.8)

0<i<j<n

Since z; # z;, Vi # j, then V(zo, 21, 22, ..., 2n) = H (2j — z;) # 0, which
0<i<j<n
prove the uniqueness of the polynomial p,(z). O

1 o (z=20)(z=#1)...(2—2k—1) (2= 2kt 1) (2= 2k} 2)...(2—2n)
Definition 3.2.2. Let [i(z) = (Zk—Z())(Zk—21)---(zk—zk—1)(Zk_Z:+1)(zk_Zk+2)"'(zk_’z")7
k =0,1,...,n, be polynomials of degree n defined on the complex plane where
20,21, - - - 2n € C which satisfy

L, j=k,
le(z)) = 0p; = (2.9)
0, j#k

Then I(2), k = 0,1,...,n, are called fundamental Lagrange polynomials for

pointwise interpolation.

Theorem 3.2.3. Let zy, 21,..., 2, Wy, W1, ..., w, € C. Then the unique poly-

nomial which has degree at most n defined on the complex plane satisfying
Pul2k) = wi, for k=0,1,2,...,n, is given by p,(2) = > p_o wili(2).
22



Proof. 1t is easy to see that > ;_, wili(z) is a polynomial have degree at most n

satisfies Y ,_, wily(z) = wy. It is unique by 3.2.1. O

Definition 3.2.4. Let zg, z1,..., 2, wo,wq,...,w, € C. Then the polynomial
satisfies p,(z) = D p_,wili(2) is called the Lagrange interpolating polynomial

associated with zg, z1, ..., 2,, wo, w1, ..., w, € C.

Theorem 3.2.5. Let F,, .1 = {20,21,...,2n} be an (n + 1)-point Fekete set of a
compact set K C C. Let lx(z), k =0,1,...,n, be fundamental Lagrange polyno-
mials. Then |l,(2)] <1 for k=0,1,...,n and z € K. Moreover, if p,(z) € P,

where P, is the set of all polynomials at most degree n, then

1nll e < (24 1D)lpn]l 5, (2.10)

where [[pa]l,c = max p (2).

Proof. First, let us prove that |l(z)] <1on K. Let k € {0,1,...,n} and z € K

be chosen arbitrarily. Then

[V (20, 21, -« oy k1, 2, 2ty Zkt2y - -+ Zn)] _

|V<ZO> Zly vy Rk—1y Rky Rk+1) Rk+2; - - - ,Zn)| (211)

|(Z—ZO)(Z—Z1)...(Z—Zk—1)(2—Zk+1)(Z—2k+2)...(z—zn)| B B
(2 — 20) (25 — 21) - - (26 — 26-1) (26 — 2641) (26 — Zis2) - - (26— 20)| hk(2)] <1
(2.12)

since {29, 21, .., 2, } is an (n + 1)-point Fekete set for K.

Let p,(2) € P,. Then by the uniqueness of the Lagrange interpolating poly-
nomial, we have p,(z) :== > ,_, pn(2r)lk(2). Then for any z € K, we have

[pa(2)] < Y Ipalz) |l (2)] < Z [pn(2k)] < (n+1) max (pu(2))  (2.13)

ZGFn+1

since |lx(2)| < 1, by the first part. Therefore, we get

12nll e < (4 Dllpnll 5. (2.14)
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Theorem 3.2.6. [7] Let K be a compact set in C and f be a continuous function

on K. Let P, be the set of all holomorphic polynomials defined on the complex

plane which have degree at most n. Then the problem of finding m7i>n max |f(2) —
peEPn z€

p(z)| has a unique solution.

Definition 3.2.7. Let f be a continuous function on a compact set K € C.
Then the polynomial solving the problem m})n max |f(z) —p(2)], is called the best
pEP, z€

uniform approzimation to f on K out of P,.

Definition 3.2.8. Let K be a compact set in C and let ly(z), & = 0,1,...,n,
be fundamental Lagrange polynomials associated with zg, z1,...,2, € K. Then
M(2) =D o |lk(2)] is called the Lebesgue function and A, = max.cx \,(2) is

called Lebesgue constant associated with {zg, 21, ..., 2,}.

The Lebesgue constant is of extreme importance since it links the best uniform

approximation to the Lagrange interpolating polynomial.

Theorem 3.2.9. [9] Let pi € P,, be the best uniform apprizimation out of P, to
a function f which is continuous on a compact set K C C. Let {z,,21,...,2,} be
in K and let p,(f;z) be Lagrange interpolating polynomial such that p,(f;z) :=
Y ro f(ze)li(2). Then we have

1 (2) = pn(f5 2)le < (14 AR)[f(2) = prllx- (2.15)

Corollary 3.2.10. Let f be a continuous function on a compact set K C C and
pu(f; 2) be a polynomial at most degree n that interpolates f on an (n+ 1)-point
Fekete set Fy1 = {z0,21,...,2n} € K, t.e. po(f:2) = 1o f(ze)li(2). Then

17(2) = pua(f5 )l < (n+2)1F(2) = pallx (2.16)

where p} is the best uniform approximation out of P, to f.

Proof. Since {29, z1, ..., 2,} is an (n+1)-point Fekete set for K by 3.2.5, [;(z) <1
on K for every k € {0,1,...,n}. Thus by the definition of Lebesgue function, we
have A\, (2) := >} _o |lk(2)] < n+ 1. Therefore, by 3.2.9 we get

1/(z) = pu(f5 2)llc < (0 +2)11(2) = Pl x- (2.17)
O
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This corollary implies that choosing Fekete points as interpolation nodes is
suitable since it does not grow fast (which is almost optimal in general). It has
polynomial growth in this case. For example choosing equally spaced nodes may

lead to terrible Lebesgue constants which makes interpolation less sensitive.

There are some results for Lebesgue constants related to Fekete points on
some special sets. We mention only one. For example, as you may see on [10], on

[—1,1], the Lebesgue constant grows O(log(n)) which is best possible for [—1, 1].

3.3 Examples Of Known Locations of Fekete

Points

In the previous section, we see that Fekete points can be used for interpolation and
approximation. In spite of the fact that they are excellent nodes for interpolation
there are only a few cases(only three) that we know the location of Fekete points
analytically. These are the unit disk in C, [~1,1], and [—1,1]¢ which is the

d-dimensional unit cube.

Lemma 3.3.1. [7] Let D = [a;;] ,i,j = 1,2,...,n, be an n X n matric with

complex entries. Then we have

| det(D)]> < [ (lara * + laal® + - . + |axa]?). (3.1)
k=1

Theorem 3.3.2. Let D(0, 1) be the unit closed disk in C. Then the solution of
2" =1 constitutes an n-point Fekete set for D(0, 1).

Proof. Let ay,as,...,a, € K. Since |a;| < 1 foralli € {1,2,...,n} by 3.3.1, we
get

V(ao,a1,...,a,)| < (JJ(n)= <nk. (3.2)

Now, we show that the set of n-th root of unity will maximize Vandermonde
determinant. Let z; := eﬂ%, Vi€ 1,2,...,n. HenceZz; := e~ ,Viel,2 ... n.
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Thus,

[V (21,2, z) [P = [ det (25717 |l det (257 i (3-3)
= |det ((27")75=1)" det (257 xm (3.4)

=det (Y 22 s (3.5)
=1

where 7' is the transpose of the matrix. But powers of unity are orthogonal in the
following sense: Zz . 2 zk = ndj;. Therefore, we have a diagonal n x n matrix

which takes the value n along the diagonal. Therefore,

|V(zl,22,...,zn)|2 =n". (3.6)

Thus, |V (21,2, ..., 2,)| = n2. But as we see before, it is the upper bound

for |V|. Therefore, the solution of 2™ = 1 constitutes an n-point Fekete set for
D(0,1). O

Note that n-point Fekete set for D(0,1) is not unique. If each root of unity
of some degreen n is rotated with the same angle 6 then pairwise distances of
each root stay unchanged. Then these rotated points also constitute an n-point
Fekete set for D(0, 1).

Our second example for the exact locations of Fekete points is [—1, 1].

Definition 3.3.3. Jacobi polynomials are orthogonal polynomials with respect
to the weight (1 — 2)*(1 — x)” for [—1, 1] where o, 8 > —1.

There are a variety of ways of characterizing Jacobi polynomials. We give
the characterization with Rodriguez formula: Given «, 3 > —1, the n-th degree

Jacobi polynomial is given by

2nrn!l \ dz

(1= 2)"(1 = 2)'pef(a) = C (i) (-2 o). (37)

There is an electrostatic problem which is stated as follows: Let p,q > 0. If

n unit masses, n > 2, are located at x1, s, ..., x, in [—1, 1] and fixed masses p, q
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at —1 and 1 then how can we maximize the following expression?

T(w1, 22, 1) = [ [ = 2)P(L+20)" J] |z — 2l (3.8)

k=1 1<k<j<n

The answer is stated as a theorem in Szego’s book.

Theorem 3.3.4. [11] Letp,q > 0 and let {x)}}_, where —1 <z, < 1,1 <k <n,
be a system of values which mazximizes T (xq, X2, . .., x,) which is defined as above.

Then {x}}_, are the zeros of Jacobi polynomials i) () where a = 2p — 1 and

£ =2q—1.

Proof. For a maximum, we have E?TTV = 0 or in other saying we get the following
equality:
1 1 1 1
+...+ + cot b 7 _. (3.9)
Ty — T Ty — Tyl Ty — Ty T, —r, T, +1 x,+1

Let f(z) be defined as (z — x1)(x — x2) ... (x — x,). Thus, we get

1) | p g

= 0. 3.10
2f’(x,,)+x,,+1+x,,+1 ( )

Equivalently, we have
(1 =22 f" (v,) +{2¢—2p — (2¢ +2p)x,} + f'(z,) = 0. (3.11)

The last equation means that (1 — z,2)f"(z) + {8 —a — (a + S+ 2)z} f'(2)
is a polynomial of degree n which vanishes for all the zeros of f(x) . Hence
f(z) is a constant times Jacobi polynomial pﬁf"ﬁ ) (x) by the differential equation

it satisfies. O]

Theorem 3.3.5. The (n + 2)-point Fekete set of [—1,1] are the zeros of pfll’l)
together with {—1,1} where p,, is the Jacobi polynomial of degree n with o, 3 = 1.

Moreover, this set is unique.
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Proof. Let p = 1 and ¢ = 1. Then T(z1,29,...,2,) = [[i_;(1 — z)(1 +
1) [ [1<h<jon |75 — | is maximized by the zeros of pi" by 3.3.4. Let n > 2. Then
it is easy to see that n-point Fekete set of [—1, 1] must contain the points —1 and
L. Note that, [ [, (1 —2x)(L+ ) [T e jcn [25 — 2kl = V@1, 20, .. 20, =1, 1),
But, this is uniquely maximized by the roots of pg’l). Therefore the zeros of pnl’l)

together with {—1, 1} uniquely gives (n + 2)- point Fekete set of [—1, 1]. O

For the set [—1,1]¢, (n + 1)%point Fekete sets are also known. To prove this
result, generalized Vandermonde determinant and multivariate polynomials are
used to calculate the Vandermonde determinant. For each n, the Vandermonde
determinant is the determinant of an n? x n® matrix. The n?-Fekete set of [—1,1]%

is given by the tensor product of n-point Fekete set (See [12]).

3.4 Counting Measure Associated with Fekete
Points and Fekete Potential

Definition 3.4.1. Let A, = {z1,29,...,2,} be an n-point set in C. Then the

normalized counting measure associated with {z1, z9, ..., 2,} is given by

v(A,) = %Z% (4.1)

where ¢, is the unit mass at point z.

As we stated before, an n-point Fekete set is the solution of problem of max-

imizing H |z; — z;| where all points are chosen from a compact set K C C.

1
Note that, this problem is equivalent to minimizing H .
1<i<j<n |2 = 2
is an increasing function on R, minimizing the following expressions also give an

Since log

n-point Fekete set for K:

log H %: Z log;. (4.2)

1<i<j<n |2 = 2
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Theorem 3.4.2. [3] Let F,, := {z1,29,...,2,} be an n-point Fekete set of a
compact set K of C such that cap(K) > 0. Then v(F,) = ux where v(F,) is the

normalized counting measure on Fekete points and piy s the equilibrium measure
of K.

Proof. Let 1 be a weak star limit of v(F,). Let log,, x := min (M,logx) . Then

by monotone convergence theorem, we have
. 1 . .
1) = | [1o8 = i)t = Jim_ [ [1oms = ()i (43)
By using the fact that v(F,) = fi implies v(F,) x v(F,) = i X fi, we get

M —o00 n—00

() = lim lim / / gy T () () (4.4)

1
- it S Z OB o (45)
=1 k=1
L 2 1 "2 1
=Jm lm o 3 glogy gt D glgn 0 (46)
1<l<k<n I=k=1
2 1 nM
< lim lim [ =log —— + — .
S i, <n2 AT ) 40
. 1
= ]\/llgnoo log 7= Vi, (4.8)

where V,,(K) = V(21, 22, ..., z,), d is the transfinite diameter and Vi is the min-
imal energy. Thus, we reach that Vi < I(1) < Vik. Hence, we have I(j1) = Vk.
By the uniqueness of the equilibrium measure, we get &t = pux which concludes
the proof. O

Definition 3.4.3. Let F), := {21, 29,..., 2,} be an n-point Fekete set of a com-
pact set K C C. Then U*F)(2) := % >y log ﬁ is called the Fekete potential

corresponding to F,.

There are a couple of results on how fast U*")(z) converges to U< (z). We

give Korevaar’s result.
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Theorem 3.4.4. [13] Let K be a continuum in C. Then there are constants ¢y, ¢z

such that then for every n > 2 we have

logmin {n=2,d(z,0K)} — ¢; < n(|U"%(z) — U"F)(2)|) (4.9)
<logn + loglogn + ¢y, Vz € C (4.10)

where d(z,0K) is the smallest distance from z to the outer boundary of K.

3.5 Spacing of Fekete Points

This is very related to our research topic. There are some results for the distribu-
tion of n-point Fekete sets for continuum sets in C. The asymptotic distribution

changes with smoothness of the outer boundary of the continuum.

Theorem 3.5.1. [13] Let K be a continuum in C. Then gx(z,00) and UMK (z)
are of class Lz’p% on a neighborhood of the outer boundary I' of K.

Recall that, f is of class Lipa around I' if for every z € I', there exists a
neighborhood B.(z) of z such that |f(z,) — f(2)| < |z, — 2|* with z, € B(z).

Theorem 3.5.2. [13] Let K € C be a continuum set. Let gx(z,00) is in Lipa
around the outer boundary I' of K with % < a < 1. Then there exists a 6 > 0

such that for all n € N and n-point Fekete set {z1, 2, ..., 2,} we have

in|z; — > —. 5.1
r]r;é1£1|z] Zk|_n§ (5.1)

For an arbitrary continua, the Green function is of Lip%. Hence we can always

get n? in the denominator, for the theorem above.

Definition 3.5.3. Suppose K € C be a compact set. Then distp(a,b) :=

Sup < | arccos(p(b)) — arccos(p(a))]) is called the Dubiner distance on
Ipllx degp>1 \ d€g P
K.
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Theorem 3.5.4. [10] Suppose that K C C be a compact set. Let F, =
{21, 22, ..., 20} be an n-point Fekete set for K. Then for all z, € F,, we have

T
Z < mi ' , )
s Zr]réla distp(zj, 2k), (5.2)
with j # k.
_ _ (G=m)(z=22)...(z—2k—1) (z—2k+1) (2—2k42) ... (2—2n)
Proof. Let l(2) = TRy e Py | ey T EPT-r B be a fundamental

Lagrange polynomial. Putting p(z) = [x(z) in the definition of the Dubiner

distance, we have

distp(zj, zr) > % (degp| arccos(lx(zx)) — arccos(lk(zj))|) (5.3)
= %| arccos(1) — arccos(0)| (5.4)

=5 (5.5)

[

3.6 Leja Sequences

In the previous section, by using Fekete points, we approximate the equilibrium
measure. In this section, we present Leja sequences which are similar to Fekete

points and do the same job, but locally.

Definition 3.6.1. Let K C C be a compact set. Let zy € K chosen arbitrarily.

Wesay E,, := (20, 21, - - -, 2n_1) is an n-Leja section for K ifforall j = 1,2,... n—
1, we have
7j—1 7j—1
L= _ 1
Ho|zn 1~ #n| = max Horz 2l (6.1)

The sequence E := (z, : n € N) such that E,, = (29, 21,...,2,-1) is an n-Leja

section for every n € N, is called a Leja sequence for K.

Leja sequences are similar to Fekete points because they locally maximize

Vandermonde determinant. If we are given an n-Leja section (zq, 21, ..., 2n-1),
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then V' (20,21, -, 2n_1,2n) = max V(20,21 -+, 2n-1,2) gives us an (n + 1)-Leja
ze

section where z, € K.

Theorem 3.6.2. [1] Let (zo,21,...,2,) i an (n+ 1)-Leja section for a compact
set K in C. Then

1 . o«
n = 0, — UK. 6.2
o n+1; i 7 MK (6.2)
n k-1
Proof. Let s, = Z log = ZZlog . By the definition of
0<j<k<n kT % 13=0 kT %)
(n + 1)-Leja section, we get
j—1 j—1
= mi Vi=1,2,...,n. 6.3
mozn_zm rzrélfrflmzoz—zm’ j=12,...,n (6.3)

1
Hence Z log is minimized by z for all k =1,2,...,n. Thus,
0<j<k<n I

Integrating the right side with respect to ux we get

n k-1

S <)Y UM (z) (6.5)

k=1 j=0
But by Frostman’s theorem, U"*% < Vi on K. Hence,

< n(n—1)

n Vi. 6.6
sn < =5 Vi (6.6)

Let AV be a subsequence of N. Then (0,,),en has a subsequence (0,,)nen; Such

that o,, converges to a unit measure o of compact support in the weak star sense.

Now, let log,,(z) = min{log |z|, M} and let n € N;. Then

> (n + //logM dan(z) don(t) — M= i 1. (6.8)
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Then by (6.6) and (6.8),

I = > lim inf ———
(MK) Ve 2 nlﬁrgo nlen./\/1 (77, + 1)2 on

1
> lim inf </ log,, T don(z) do,(t) — M
Z E—

(6.9)

n—+1

@:TF) (6.10)
> fim / / logMﬁ do(2) don(t) (6.11)

n—oo

m—r0o0

= //log ! do,(z) doy(t) = I(o). (6.12)

|2 =]

Thus, we have I(ug) < I(0) < I(uk), which implies that ¢ = pg, by the
uniqueness of the equilibrium measure. Since N and N; are chosen arbitrarily

(0,)22, converges to g in the weak star sense. O

Notation: The k-th section of a Leja sequence (a,) is denoted by a* =
(ag,as,...,a,). If the sequences (a,) and (b,) are given, then (a®,b?) is equal
to (CLQ, ayy,...,0s5_1, bo, bl, e ;bq—l)-

Theorem 3.6.3. [1/] Let ag = 1 where (a,) is a Leja sequence of D(0,1) C C.
Then 2"-Leja section for unit disk consists of 2"-th roots of unity and if 2"-Leja

section is known then the 2"'-Leja section is given by

G (6.13)

where p is any solution of 22" = —1 and b*" is the Leja section for D(0,1) with
by = 1.

Proof. We use double induction to prove the theorem. If n = 0, then (—1,1) is
a 2-Leja section for (0, 1), clearly. We assume that {a : & < 2"} is the set of
2"-th roots of unity. Then by induction on n, we show that 2""!-Leja section is

given by (6.13). Let m = 2". Then we have to show that
Uik = pbr, k=0,1,...,2"" 1. (6.14)

We prove this by induction on k. Let k£ = 0. According to our induction hypoth-

esis on n, 2"-Leja section is given by 2"-th roots of 1. Hence, a,, should maximize
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|22" — 1]. But, to maximize this expression on the unit disk, 22" must be equal

to —1. Thus, a,, is given by p = pby, which is one of the 2"-th roots of —1.

Let 0 < k < 2" — 1. Now, assume that a,,+; = pb; for j = 0,1,...,k where
(bo, b1, ..., bx) is (k+1)- Leja section for D(0, 1) with by = 1. Our aim is to prove

that
k

k
[ 1brs1 — b5l = max [ ] |2 — b, (6.15)
=0 =

with ayix11 = pbri1. Now, define Wy(z) = (2 — by) ... (2 — br). Hence, we are

looking for a point that satisfies

Wi(bin] = max [Wi(2)]. (6.16)

Let us define w,, 1 x(z) as (z—ag) ... (z—agn_1)(z2—am)(z—2ms1) - - - (Z— Ak
By our induction hypothesis on n, ag, aq,...,asn_1 forms a complete set of 2"-th

roots of unity. Thus,

Wk (2) = (227 = D)(2 = am) (2 — ama1) - - - (2 = Q) (6.17)
By induction hypothesis on k, a,,4+; = pb; for j =0,1,..., k. Therefore,

Wik (2)] = |22 = 1||z — pbo| . .. |z — pby]. (6.18)

Observing that the rotation z — pz leaves the unit disk invariant, we get

max [wai(2)] = max w4k (p2)] (6.19)
= max|(p)"" " lpz = pbol ... Ipz = pbud (6.20)
= ﬁ%f{IWk(Z)HZQ" +1[}. (6.21)

Clearly, |22 + 1| is maximized on 22" = 1. By our induction hypothesis on

n, 2"-Leja section consists of the roots of unity. Since k < 2" — 1, |[Wi(2)] is

on

maximized on z = 1. Hence,

max |wintk(2)] = 2max (Wi(2)]- (6.22)
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Clearly, if a,1x11 = pbrr1 maximizes |W,, 4k (2)|, then a’"*—p’““ = bjy1 maxi-

mizes |Wy(z)|. Therefore, we have

k k
[T 1bess =051 = mfyfn |2 — by (6.23)
=0 ==
which shows that our assumption on £ is true. This also implies the assumption

on n is also true which concludes the proof. O

The next theorem is an example of Leja sequence for ID(0,1). There are no

sets other than (0, 1) for which a Leja sequence is known analytically.

Theorem 3.6.4. [14] Let ¢, = exp <i7r ij2_k> forn = ij2k, Jr € {0,1}
k=0 k=0
with co = 1. Then (c,) is a Leja sequence for D(0,1).

Proof. First, observe that ¢; = e™™ = —1 and {cg,c1} is a 2-Leja section for
D(0,1). By 3.6.3 we can say that if (a*") is a 2"-Leja section, then <a2", eé%cﬁn) is

a 2" Leja section for D(0, 1). Now, let us show that con s = erme, for1 <t < 2™

e3¢ = e oxp <iﬂzjk2_k> = exp <z'7r (Z J27F + T”)) =c¢  (6.24)
k=0

k=0

n—1

where t = ijQk.

k=0

Assume that con is a 2"-Leja sequence. Then
1 am am
Cont1 = (€, €y .oy Cont1_1) = (Co, €1y - vy Con_1,€27Coy .., €27 Con_q) (6.25)
is a 2"*1-Leja section.

Therefore, by induction, for any n, (cg,c1,con) is a 2"-Leja section. Letting

n — 00, (e,) is a Leja sequence for D(0, 1). O
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3.7 Spacing and Distribution of Leja Sequences

In the previous section, we show that by using Leja sequences with discrete mea-

sures we can get the equilibrium measure of a set. If we get the equilibrium

measure, then by definition, we get the logarithmic potential and then the Green

function associated with this set. This shows that the distribution of a Leja se-

quence and the Green function of a set is somehow related to each other. Leja

showed that a Leja sequence for a compact set K C C is uniformly distributed
1

with respect to 5= -2 g, (z,00) on the outer boundary of K where n is used for

normal derivative.

Example 3.7.1. [15] Let K = D(0,7). Then gx(z,00) = gx(z,y,00) = log £l
with 2z = z + iy. As we show before, K has capacity r. Then %g[((m, Y,00) = =

T

on the boundary. Let(a,) be a Leja sequence for K. Then as n — oo, on each
piece 1, ¥ with the same length on the boundary, there will be the same number

of a,, since normal derivative is constant on the boundary.

The next lemma is called Markov’s inequality.

Lemma 3.7.2. Let p, be a holomorphic polynomial of degree n. Then

(O] < 1[lpnll-1.1 (7.1)

Theorem 3.7.3. [16] Let (a,) be a Leja sequence on [—1,1]. Let n > j. Then

1

n—1

Proof. Let p,_1(x) = H(x — x;). Then by Markov’s inequality,

i=1
1 (t)] < ”2||pn—1||[71,1]- (7.3)
Hence by the mean value theorem, we get

|pn71(aj) - pn71<an)|
Aj — Qp

< 0?||pn-ill-1a)- (7.4)

Clearly p,—1(a;) = 0 and by the definition of n-Leja section, p,_i(a,) =
|Pn—1ll(=1,1- Therefore, by (7.4), we have |a; — a,| > =5. O
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Definition 3.7.4. A set I' in C is called C?-arc if there exists a twice continuously
differentiable function v : [0, 1] — C such that /(t) # 0 on [0,1] and " = {~(¢) :
te0,1]}.

The next result is quite important since it gives a characterization for spacing
of Leja points for some general class of sets.

Theorem 3.7.5. [16] Let K C C be a compact set whose boundary is the union
of finitely many C?*-arcs. Let (a;) be a Leja sequence on K. Then there is a

constant cx depending only on K such that for i,j <n, with i # 7,

1
’Gi — Zj| Z CKE. (75)
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Chapter 4

Spacing of Fekete Points for

Some Special Compact Sets

4.1 The Cantor-Type Set K(®

First, let us define K™, Let a > 1,0 < [; < % and 2[¢"' < 1. Then K® =
N2 Es, where Ey = I o = [0, 1], E; is a union of 2° closed basic intervals [, ; of
length [ = [¢ ; and E,;, is obtained by deleting the open concentric subinterval
of length hg := [, — 2[4 from each [, with j =1,2,3,...,2° The Cantor-type

set K@ is non-polar if and only if a < 2 by [17].

Definition 4.1.1. Let o > 1. Then 2"-point Fekete sets of K(® are uniformly
distributed if there exists a 2™-point Fekete set such that on each subinterval of

NT_oEs, there is exactly one point from this Fekete set for all n € N.

The next result belongs A. Goncharov.

Theorem 4.1.2. For a > 2, 2"-point Fekete sets of K® are uniformly dis-
tributed. For o = 2, 2"-point Fekete sets of K are uniformly distributed if
L <1

Proof. Let n € N be fixed. Let N = 2". Now, let Y = (y;); be an N-point

J=1
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Fekete set for N7_yE, and N; s denote the number of points from Y on [; ;. Thus,
23

Z N; s = 2" for all s.
j=1
We fix two sequences of nested basic intervals. Let j; € {1,2} be such that
Nj1,1 = 1gl'i£12 Nj,l' If Nl,l = N1,2 = 211—17 then let jl = 1. Next, we fix j2 with
SIS
251 —1 < j2 < 2j; such that Nj, » = min Nj,. Thus, Nj, .| 41 = min Vj ;.1 where

minimum is taken for 25, — 1 < 7 < 24.

If (y;);_, are uniformly distributed, then N;, = Nj, for all i,j < 2° and
s < n. Suppose, by contradiction there exists so and 7, 7 < 2° with N; 5, # Nj 5.
Without loss of generality, let sp = 1 and so N1 # Naoj. Let Ny < Nyp. Then
ji=1and Nj; <2"' < Ny with Nj,» < 2"2 and in general N;, ;. < 2"* for

1 <k <n. In this way we get
Lin ClLi  no1C... 10 CIja. (1.1)
In particular, I, ,, does not contain points from Y.
Similarly, we find

I ., CI;

n; n—1,

n—1 C ... ]i2,2 C Ii1,1 (12)

with Ny, xy1 = max Njg, for 2ip — 1 <4 < 24, Since Npp > 21 we get
Vp = Nip > 2"k for 1 < k < n. In particular, I;, » contains at least 2
points from Y. Take one of them for some m. Let it be y,,. Let us compare
'V (y1,y2,-- - yn)| and |V (y1,¥2, -« s Ym—1, 2y Ymats - - -, Yn)| - We will show that
the second value is larger. This will mean that Y is not a 2"-point Fekete set

which leads us to a contradiction.

N
Let w(z) := H (z — y;). Our aim is t show that mg" < 1. There are
=1j#m

N, »—1 points from Y \{y,,} on I . So, distance from them to y,, is not larger
than [,,. Also there are N;, , ,—1 — N;, », points from Y on the interval of length

l,, adjacent to I;, ,. Continuing in this way, we get
|w<ym)| < lnNi"71ln,1Ni”*1’”’17Ni"’”71 o llN¢1,1*N¢2,leN*Ni1,1. (1.3)
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Let us show that

2n—2

L 2 N T <l s® (1.4)
Clearly, v,, > 2, so we have 1,1 <1,. Also, v,_; > 3 implies
e A A (1.5)

Vp—2—D5

Applying the same technique for v,,_5 > 5 we get [,"> ° < 1. Doing the same

calculations for other vy, we get (1.4). Thus, we have

2n72

|w(ym)| < lnln—lln—22 . l1 (16)

On the other hand, let u, := Nj, . We have p,, = 0, poq < 1, ..., pp <
27=F _1. Distance from z to the nearest point from Y is not smaller than l,,_; —1,,.
Distance from z to the second nearest distance from Y is bigger than {,,_o—2[,,_1.

Thus, we have

lw(z)||z=Ym| > (ln,l—ln)“"’l(ln,g—an,l)“”—Q’“"—l o (l1—2l2)“1’“2(1—211)N’“1

(1.7)
Arguing as above, we see that the right hand side of (1.7) is larger than
(et = 1) (lng — 200—1)? .. (Iy — 205)*" (1 = 20y)%" '+, (1.8)
Thus we get
|w<ym)‘ < lnlnfllan2 cee l12n_2l02n_171’Z - ym’ (1 9)
|w(z)| (ln,1 — ln)(ln,Q — 21,1,1)2 e (ll — 2[2)2n72(l0 — 211)2n71+1 ’
ln|z - ym|
=27 JM 1.1
(1= 20,2 (1.10)
ln—1 ln—2 2 1 ch
where Il = - (ln—2*21n—1> <_1f211>
Now, we show the following inequalities are valid:
ln—l ln—Q ll 1
. < ) 1.11
ot =2 dps =20 20, S 1-2I (L11)

Let us show that ; ls_+21[ < _127 for s > 0. To have this inequality, the
s+1 s+2 s s+1

inequalities [sls11 — QZEJrl < Aglsi1 — 2l5lgy0 and Il < l3+12 must be valid. We
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have l;19 = IS, and [ = [, If l?QH < 1,** is true, then all inequalities hold.

It is clearly true since for @ > 2, a* +1 —2a = (a — 1) > 0.

For s = 0, we check the inequality llf% < 1_1%. It is valid if I, < [,%. But

since Iy = [;* with a > 2, we have this inequality also. Therefore, we get

L 2n=1-1
e ((h —2)(1 — 2z1)) : (1.12)

For o« > 2 we have

wm)| _ ;o L S
lw(2)| <h ((ll —20)(1 — 2l1)> (1—24)2 (1.13)

<t (N o <1 (1.14)
= 1- 2 ' '

The last line is true since [y < 1—2[; for [; < 1/2 which comes from the definition
of K¢,

Fora=2and ; < i, we have

277,—1

|w(Yom) | 1,2
w(z)] ((h —205)(1 — 211)) (1.15)

since [ = [1¢ = l12, in this case. Since for {; < }l, (ulell)Q) is less than or equal

to 1 we get |1|”152(’$|)‘ < 1. Therefore, we get the contradiction for a > 2 which

completes the proof. O

4.2 The Cantor-Type Set K(7)

A. Goncharov, in his unpublished article “Equilibrium Cantor-Type Sets”, defines
a new class of Cantor-type sets depending on v = (75)$2, which possess fabulous
properties in terms of logarithmic potential theory. Before mentioning these

properties let us show how they are defined. Let v = (7,)22; with 0 < 74 < }l
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for all s. Letting ry = 1 and ry, = ~v,r2 ; for all s € N, define a sequence of
real polynomials inductively: Let Py(x) := x(x — 1) and Pyst1 := Pos(Pas + 1)

for s € N. It is easy to see that P»s has 257! points of minimum with equal

2
o1
4

Moreover, Pss+1 have 2° more zeros exactly at the intersection of y = —r, and
2
y = Pys. Now, define F; := {x € R : Pyst1(z) < 0}. Since ry < TiT‘l, the set E

consists of 2° disjoint intervals I; ;. The length of intervals of the same level are

. The polynomial P,s+1 is zero at the roots of Pps by definition.

values Pys =

generally different. On the other hand, by construction, max ljs — 0ass— o0.
<j<2¢

Clearly, we have E,y1 C E,. Set K(v) = N2 Es.

In potential theory, as we see in previous chapters, a set should be non-polar
(has positive capacity) in order to work on it. This is because of the fact that
important theorems of logarithmic potential theory are valid quasi-everywhere
and most of the time a definition is meaningful only for non-polar sets. Thus, in
spite of the fact that a nice technique is used in 4.1.2, the result of this theorem
is valid only for polar cases. This bitter fact makes this theorem uninteresting in

terms of potential theory.

Now, we give some remarkable properties of K () without proof.

2
Theorem 4.2.1. [18] The set K(v) is polar if and only if lim 27°log — = oc.
5—+00 Ts
If this limit is finite and z & K (), then we have

Pss
G (y)(2,00) = lim 27 log P (Z)| (2.1)

5500 |7

This theorem shows that K(7) is interesting enough since it gives a precise
criterion for polarity. By just defining (v5)22,, we can define infinitely many

non-polar sets.

The next theorem is important for our research topic since it provides a bench-

mark to compare distances of the intervals of the same level.

Theorem 4.2.2. [18] Let v, < 35 for s € N. Then

MY Ys < lis <7172 Ysexp (16 ) 7). (2.2)
k=1

42



Let s € N be given. Let us distribute the mass 27° on each [; ; for 1 < j <27
Let As be the normalized Lebesgue measure on the set E i.e. d\s = (25l]~,s)*1dt
on Ij,. The next theorem actually inspires us to study the location of Fekete

points on K (7).

Theorem 4.2.3. [18] Let v, < 55 for s € N and cap(K(y)) > 0. Then Ay =
HK(v)-

Our hypothesis is that 2"-point Fekete sets of K () is uniformly distributed
by the theorem above. We can make this hypothesis because of the approxima-
tion property of sequences generated by Fekete points to equilibrium measure.
Actually, our main hypothesis is that roots of P form a 2"-point Fekete set for
K (7). The next theorem implies that P possesses extremal property for K(v)

which is an underpinning argument for our main hypothesis.

Theorem 4.2.4. [18] The polynomial Pys + % is the Chebyshev polynomial for
the set K (7).

Our hypothesis, if we could prove, would be interesting enough for the people
who are working potential or approximation theory since, as we mention in the
previous chapter, there are only three cases for which we know the exact location
of Fekete points. The last example is shown only twelve years ago. Thus, if we
show location of Fekete points only for one v = ()22, which makes K () non-
polar, it would be enough. Unfortunately, with the technique used in 4.1.2, we get
equidistribution of 2"-Fekete points of K (7) only for some polar sets which are
trivial sets for potential theory. Actually, there are three possibilities. First, our
hypothesis is wrong for all 4 which make K (7) non-polar. The second possibility
is that our hypothesis is valid only for some 7 which makes K'(y) non-polar. The
last possibility is that the roots of Py. are 2™-point Fekete sets for all n, for all
non-polar K (). This problem is still open and we strogly believe (since we could
not prove it yet) that the second or third possibility is true by the arguments

above.
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